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Abstract—In this article, we consider partially observable timed
automata endowed with a single clock. A time interval is associ-
ated with each transition specifying at which clock values it may
occur. In addition, a resetting condition associated to a transition
specifies how the clock value is updated upon its occurrence. This
work deals with the estimation of the current state given a timed
observation, i.e., a succession of pairs of an observable event and
the time instant at which the event has occurred. The problem of
state estimation for a timed automaton is reduced to the reacha-
bility analysis of an associated zone automaton, which provides
a purely discrete event description of the behavior of the timed
automaton. An algorithm is formulated to provide an approach for
state estimation of a timed automaton based on the assumption
that the clock is reset upon the occurrence of each observable
transition.

Index Terms—Discrete event system (DES), state estimation,
timed automaton.

|. INTRODUCTION

In the area of discrete event systems (DES), a large body of literature
considers logical DES, where time is abstracted and only the order of
occurrences of the events is taken into account. The problem of state
estimation has received a lot of attention considering different observa-
tion structures in different formalisms, in particular automata [1] and
Petri nets [2]. Significant contributions have also been provided in the
framework of timed DES. As an example, Lai et al. [3] proposed a state
estimation approach for a particular class of weighted automata, where
the time information of transition firability is given to weights. The
authors in [4], [5], [6], and [7] addressed the problem of state estimation
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of a class of timed automata under a rather restrictive scenario where the
endowed single clock is reset to zero after each event occurrence. The
state estimation of timed DES has also been considered in [8] and [9],
but no general approach concerning state estimation for a general class
of timed DES exists.

Another active area of research is that of hybrid systems [10], [11],
characterized by the interplay between discrete event and time-driven
dynamics. These systems can be modeled by hybrid automata, and
in particular by timed automata [12] concerning time elapsing as
time-driven dynamics. State estimation of timed automata has also
been studied. In [12], the reachability of locations can be analyzed
by searching the finite quotient of a timed automaton with respect to
the region equivalence defined over the set of all clock interpretations.
However, the reachability is analyzed regardless of any observations.
Tripakis [13] proposed an online diagnoser that keeps track of all
the possible discrete states. Thereby, state estimation problem is the-
oretically solvable. In [14] and [15], timed markings are used for
representing the closure under silent transitions. Observe that in [13],
[14], and [15], only online estimators have been proposed. In particular
the model we consider in this article, that we call timed finite automaton
(TFA) can be either seen as a finite state automaton endowed with a
clock or as a timed automaton [12] whose edges are labeled.

A related problem in a decentralized setting is studied in [16],
where the asynchronous polling of distributed subsystems is called
synchronization. Concerning timed automata, the authors in [17], [18],
and [19] discussed how to define concurrent composition for timed
automata, which can be used to construct complex models.

In this article, we consider a partially observable TFA endowed with
a single clock. The logical structure specifies the set of discrete states
of a TFA, the sequences of events that the TFA can generate and the
observations they produce. The timed structure specifies the set of clock
values that allow an event to occur and how the clock is reset upon the
event occurrence. A timed state of a TFA consists of a discrete state and
a clock value. Our objective is that of estimating the current discrete
state of the automaton as a function of the current observation and of the
current time. The notion of T'-reachability is proposed to describe which
discrete states can be reached with a given timed observation of duration
T'. We show that the problem of T-reachability for a TFA can be reduced
to the reachability analysis of a nondeterministic finite state automaton,
called zone automaton. Thus, the discrete state estimation problem for
the TFA can be studied by the determinization of the zone automaton.

The proposed state estimation approach consists of two steps. When
no observation occurs and time elapses, the state estimation is given by
a finite set of extended states of the zone automaton, which depends
on the current time. When a timed observation occurs, we update the
discrete state estimation and reset the clock value to a finite set of zones
according to the reinitialized observation (RO) assumption. We prove
that the set of all possible state estimates is finite (see Remark 1). This
means that in principle, a finite observer [20] could be constructed with
an offline procedure, paving the way to the verification of a large set
of dynamical properties, such as detectability [21], opacity [22], and



resilience to cyber-attack [23], which depend on the overall behavior
of the system. This is left for future work.

The rest of this article is organized as follows. Section II introduces
the background of DES, timed automata, and time semantics. Section ITI
formally state the problem of state estimation. Section IV illustrates the
approaches to compute zones and to construct the zone automaton. Sec-
tion V provides necessary and sufficient conditions for the reachability
of a state of the timed automaton in terms of reachability analysis in the
zone automaton. Section VI solves the problem of updating the state
estimation according to the latest received timed observation. Finally,
Section VII concludes this article.

1l. BACKGROUND

A nondeterministic finite automaton (NFA) is a four-tuple G =
(X,E,A, Xy), where X is a finite set of states, F is a finite set
of events, A C X x F x X is the transition relation, and Xy C X
is the set of initial states. The set of events £ can be partitioned as
E = E,UE,,, where E, is the set of observable events, and F,,
is the set of unobservable events. We denote by E* the set of all
finite strings on £, including the empty word €. The concatenation
$1 - 8o of two strings s1 € F* and sy € E* is a string consisting of s;
immediately followed by s,. The empty string € is an identity element of
concatenation, i.e., for any string s € £, itholdsthate - s = s = 5 - €.
Given a string in E”, the observation is defined via the observation
projection P, : E* — E? defined as: P,(¢) = ¢, and for all s € E*
ande € E,itis P/(s-e) = P(s)-eife € E,,or P/(s-¢e) = P/(s)if
ec F,.

Let R>( be the set of nonnegative real numbers and N be the set
of natural numbers. A closed interval, i.e., closed on both sides, is
denoted as [m, n], while open or semi-open intervals are denoted as
(m,n), [m,n) or (m,n]. We denote the set of all time intervals and the
set of all closed time intervals as I and I, respectively, where I. C I.
The addition' of I) and I is defined as I, @ I, = {t; + 13 € R |
t1 € I1,ty € I} and the distance range between them as D (11, I5) =
{|t1 7t2| | t] S Il,tz (S Iz}

Definition 1: A TFA is a six-tuple G = (X, E, A, T, Reset, Xg)
that operates under a single clock, where X is a finite set of discrete
states, £ is an alphabet, A C X x E/ x X is a transition relation,
I': A — I, is a timing function, Reset : A — 1. U {id} is a clock
resetting function such that for § € A, the clock is reset to be an integer
value in a time interval I € T.. (Reset(d) = I), or the clock is not reset
(Reset(d) = id), and Xy C X is the set of initial discrete states. [

For the sake of simplicity, we assume that the clock is set to be 0
initially. A transition (z, e, ') € A denotes that the occurrence of event
e € E leads to 2’ € X when the TFA is at € X. The time interval
['((x,e,x’)) specifies a range of clock values at which the event e
may occur, while Reset((z, e, z")) € I, denotes the range of the clock
values that are reset to be and Reset((x, e, z')) = id implies that the
clock is not reset. The set of output transitions at x is defined as O (z) =
{(z,e,2') € Al e € E, o’ € X}, and the set of input transitions at
is defined as I(x) = {(2,e,x) € A|e € E, 2’ € X}.

A timed state is defined as a pair (z,0) € X x Rso, where 6
is the current value of the clock. In other words, a timed state
(x,0) keeps track of the current clock assignment 6 while G stays
at state x. The behavior of a TFA is described via its timed
runs. A timed run p of length k> 0 from to € Rsg to ¢, € Ryg
is a sequence of k41 timed states (z(;).0;)) € X xRy (i =
0,...,k), and k pairs (e;,1;) € E xRy (¢ =1,..., k), represented

I'The addition operation is associative and commutative and can be extended
. . n
to n > 2 time intervals @i:l ;=1 @ e @ I,.

0 € [1,3]? o
d€EA T'(0) | Reset(d)

pl 00,117 @ (zo0,¢,21) | [1,3] (1,1]

0:=1d (z0,b,x3) | [0,1] id
6€0,2]? (z1,a,24) | [1,3] [0,1]

(z2,c,23) | [1,2] id
(zs,a,22) | [0,2] | [0,0]
0eL,2? (za,b,23) | [0,1] | [0,0]

0 :=1id
(a ()

Fig. 1. TFA G w.r.t. the given timing function and clock resetting func-
tion. (a) TFA G. (b) Timing function and clock resetting function.

(e1.01) (exrti)
as ¢ (2(0), 00) = (T(e-1), Oi—1)) (k) , Oy such

that (2(;_1,€;,2¢;)) € A, and the following conditions hold for all
i=1,...,k
1) 9(,,;) c Reset((x(i,l), €, JJ(,;))) and 0(77,1) +t,—t; 1 € F((CL’(,,;,U,
e, ;). if Reset((x(;-1), €, 2())) # id.
2) 9(7) :9(7;,1) + tz - ti—l EF(((L‘(Z‘,]_), €, ‘L(z)))v if Reé(’t((‘L(l,l),

We define the timed word generated by p as o(p) = (e1,t1) (€2, ta)
- (eg, tr) € (E X Rsg)*. We also define the logical word generated
by p as S(o(p)) = erez--- e, via a function defined as S : (E x
R-o)* — E*. For the timed run of length 0 as p : (z(¢), 6(0)), we have
S(o(p)) = € and o(p) = A, where A denotes the empty timed word in
E x Rsg. For the timed word o(p) generated from an arbitrary timed
run p, itis A - o(p) = o(p) = o(p) - A. The starting discrete state and
the ending discrete state of a timed run p are denoted by x,+(p) = 2 (o)
and ., (p) = x (1), respectively. The starting time and the ending
time of p are denoted by t,(p) = to and t.p(p) = i, respectively.
In addition, the duration of p is denoted as T'(p) = ¢, — to. The set of
timed runs generated by G is denoted as R(G).

A timed evolution of G fromty € R tot € R isdefined by a pair
(c(p),t) € (£ x Rsp)* x Rsg, where tg;(p) =t and t.,.(p) < t.
Note that ¢ — t,,(p) is the time that the system stays at the ending
discrete state x.,, (p). Furthermore, we denote as £ (G, t) = {(c(p), t)
(3p € R(G)) zs(p) € Xo,tst(p) = 0,ten(p) <t} the timed lan-
guage of G fromOtot € R, that contains all possible timed evolutions
of G from 0 to ¢.

Definition 2: Given a TFA G = (X, E, A, T', Reset, Xp) and a
time instant 7' € R, a discrete state =’ € X is said to be T-reachable
from2 € X if there exists atimed evolution (o(p), t) € (E x Rsq)* x
R of G such that t —ty(p) =T, z5(p) = 2, and z.,(p) = 2.
In addition, 2’ is said to be unobservably T-reachable from x if
2’ is T-reachable from x with a timed evolution (o (p),t) such that
S(o(p)) € B

In simple words, 2’ is T-reachable from z if a timed evolution leads
the system from x to =’ with an elapsed time 7. If there exists such
a timed evolution that produces no observation, x’ is unobservably
T'-reachable from x.

Example 1: GivenaTFA G = (X, E, A, T, Reset, Xo)inFig. 1(a)
with X = {zg,z1, 22, 23,24}, E ={a,b,c}, A={(xo,c,21),
(o, b, z2), (T1,a,24), (T2, ¢, T3), (T3, a, T2), (x4, b, x3)}, the initial
state in X = {0} is marked by an input arrow. The information
given by the timing function I' and the clock resetting function Reset
defined in Fig. 1(b) is presented on the edges. Given an edge denoting
a transition 6 € A, the label 6 € I'(§)? on the edge specifies if ¢
is enabled with respect to 0; the label 6 :€ Reset(§) (respectively,
0 := id) on the edge specifies to which range 6 belongs (respectively,
specifies that the clock is not reset) after the transition is fired. Consider




a timed run p: (z0,0) "% (22,0.5) X (24,2) “F (24,0) that

starts from x5, (p) = xg at t54(p) = 0 and terminates in T, (p) = x2
atle,(p) = 2. Three transitions (xo, b, z2), (22, ¢, x3), and (x3, a, x2)
occur at time instants ¢; = 0.5, to = 2, and ¢35 = 2, respectively. The
transitions (xzg, b, z2) and (x2,c,x3) do not lead the clock to be
reset, while (z3, a, z2) resets the clock to 0. Given a timed evolution
(o(p),2), it follows that x5 and z3 are 2-reachable from z. O

Ill. PROBLEM STATEMENT

In this work we model a partially observed timed plant as a TFA
G = (X,E,A,T", Reset, X;) with a partition of the alphabet into
observable and unobservable events: E = E,UE,,,. Next we prelimi-
narily define a projection function on timed words.

Definition 3: Given a TFA G with F = E,UFE,,,, a projection
Sunction P : (E x R.o)* — (E, x R.o)" is defined as P(A) = A,
and P(a(p) - (e,1)) = P(a(p)) if e € Euo, or P(a(p) - (e,1)) =
P(o(p)) - (e,t) if e € E,, for the timed word o(p) € (E x Rxp)*
generated from any timed run p € R(G) and for all (e, t) € E x Rx.
Given a timed evolution (o (p),t), the pair (o,,t) = (P(o(p)),t) is
said to be the timed observation. O

Definition 4: Given a TFA G with E = E,UE,,,, and a timed
observation (0,,t), S(o,,t) = {(c(p),t) € E(G,t)|P(c(p)) = 0o}
is said to be theset of timed evolutions consistent with (o,,t), i.e., the
set of timed evolutions that can be generated by G from 0 to ¢ produc-
ing the timed observation (o,,t); meanwhile X (0,,t) = {ze,(p) €
X|(o(p),t) € S(o,, 1)} is said to be the set of discrete states consistent
with (c,,1), i.e., the set of discrete states in which G may be, after
(00, t) is observed. O

This work aims at calculating the set X (o,,t), which includes the
discrete states reached by each timed evolution (o (p),t) consistent
with (o,, t). In addition, this work also provides a range of the possible
clock values associated with each timed evolution (o (p), t).

IV. ZONE AUTOMATON

In [6], a zone automaton is defined to provide a purely discrete event
description of the behavior of a given timed automaton endowed with a
single clock reset at each event occurrence. In this article, we consider a
more general setting, where the clock is not required to be reset at each
occurrence of an event. The resulting zone automaton differs from other
similar structures, such as the one originally introduced in [24] or that
in [25]. The zones associated with a discrete state = partition the clock
values at . The timed automaton in [6] can be seen as a particular case
of the TFA in this article. In this section, a new algorithm is provided
to compute the zones associated with a given discrete state. After that,
we illustrate how to construct the zone automaton based on the zone
automaton in [6]. We first introduce the following definitions.

Definition 5: The set of regions of a discrete state = €
X is defined as R(z) = {[mg, my], (Mg, my + 1), [my +1,m, +
1], (me + 1,my + 2), ..., [M,, M,]}, where m,, (respectively, M)
is the minimal (respectively, maximal) integer in {I'(4)|d € O(x) V
(6 € I(x), Reset(d) = id)} U {Reset(d) # id|d € I(z)}. O

The integer m,. (respectively, M, ) represents the minimal (respec-
tively, maximal) clock value that can enable an output transition at x
and that can reach x by an input transition. Note that for a transition ¢ in-
putting state x, we search minimal (respectively, maximal) value in I'(9)
if 0 does not reset the clock or Reset(9) if ¢ resets the clock. The regions
of z include the integers from m,, to M, and the open segments between
the integers. Given r = [k, k] € R(x) (respectively, r = (k,k+ 1) €
R(x)), where k = my, ..., M, — 1, its successive region is denoted
as succ(r) = (k, k + 1) (respectively, succ(r) = [k + 1,k + 1]). For

Algorithm 1: Computation of the set of Zones Z(x).
Input: A TFA G = (X, E, A, T, Reset, Xp), a
discrete state © € X
Output: The set of zones Z(z)
1 Initialization: let m = m,, M = M,, r = [m, m],

z=r,Z(x)=0
2 while r # [M, M] do
3 let v’ = suce(r)
4 if

[O(z,7) = O(z, 7" )| AN[I(z,7) = I(z,7")] A[(V0 €
O(z,r") U I(x,r"))Reset(d) # id] then
5 |_ let z=zUr'

6 else
7 |_ let Z(x) = Z(x) U{z} and z =1/
8 | letr=1"

o

let Z(z) = Z(x) U{z} U{(M,+00)}

instance, given the discrete state z of the TFA G in Fig. 1, we have
My, = 0, My, = 3, and R(xo) = {[0,0], (0,1),[1,1],...,[3,3]}.

Definition 6: Given a TFA G = (X, E, A, T', Reset, Xy), the
set of output transitions at (x,r) € X x |J,.y R(x) is defined as
O(z,r) ={(z,e,2') € Alec E,2' € X,r CT'((z,e,z))}, and the
set of input transitions at (x,r) is defined as I(z,r) = {(2/,e,z) €
A|ee E,(r C Reset((2/,e,x)) #id) V (Reset((z',e,z)) =
id,r CI'((z',e,2)))}. Obviously, O(z) = U,cp O(x,r) and
I(z) = Urere) (2, 7). u

The set of output (respectively, input) transitions at (z, 7) includes
all the transitions that can fire from x (respectively, reach =) with a
clock value in 7. Based on this definition, Algorithm 1 merges the
regions 7y, Tgi1,- .., € R(z) into a zone if the following condi-
tions hold for : = k+1,...,k": 1) r; =succ(r;_y); 2) I(x,rp) =
I(x,r;),0(z, ) = O(x,1;);3) Reset(6) # idforalld € I(z,r;) U
O(z,r;). Foraregionr € R(z)and atransitioné € I(x,r) UO(z, )
such that Reset(6) = id, the region r is included in Z(z) and no merge
is done with other regions. Note that the partition of zones according to
Algorithm 1 is not optimal, while one can find a more compact partition
by further merging the zones associated with §, where Reset() = id.
In the worst case, the maximum number of zones at x equals the number
of regions at z, namely, 2(M, — m, ) + 2.

Example 2: Consider the TFA G in Fig. 1. Algorithm 1 provides the
set of zones Z(z0) = {[0,0],(0,1),[1,1], (1, 3], (3, +00)}. In detail,
the regions [0, 0], (0,1),[1,1] remain in Z(z() and do not merge
with other regions due to Reset((zg, b, x2)) = id. The zone (1,3] is
obtained by merging the regions (1,2), [2,2], (2,3), and [3,3], which
satisfy the if condition in line 4 of Algorithm 1. |

Definition 7 (See [6]): Consider a TFA G = (X, E, A, T, X;)?
with a single clock that is reset at each event occurrence. The zone
automaton of G is an NFA ZA(G) = (V, E,, A, V}), where

1) V C X xU,cx Z(x) is the finite set of extended states,

2) E; C EU{7} is the alphabet, where the event 7 implies time
elapsing from any clock value 6 € z to any 6 € succ(z) when G
stays at z € X;

3) A, CV x E,; x V is the transition relation, and

2The work [6] assumes that timed automata are associated with a clock that is
reset at each event occurrence; consequently, there is no clock resetting function
to be considered.
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4) Vo = {(z.]0,0]) | z € Xo} CV is the set of initial extended
states. ]
The work in [6] corresponds to the particular case with Reset(d) =
[0, 0] for each transition § € A and a maximal dwell time for each
discrete state. The zone automaton is a finite state automaton that
provides a purely discrete event description of the behavior of a given
timed automaton. Each state of a zone automaton is called an extended
state, which is a pair (z, z) whose first element is a discrete state © € X
and whose second element is a zone z € Z(x) specifying the range
of the clock values. The extended state evolves either because of the
elapsed time 7 or because of the occurrence of a discrete event. In
the former, a transition ((x, z), 7, (x, succ(z))) € A, corresponds to a
time-driven evolution of GG from a clock value in z to another clock value
insucc(z) € Z(x). In the latter, an event-driven evolution caused by an
evente € E from (z, z) leads to (2, z’) indicating that the occurrence
of event e yields «’ with a clock value in 2’.

In this article, the zone automaton associated with a TFA can be con-
structed by implementing the event-driven evolution according to both
the timing function and the clock resetting function. In detail, for each
transition (x, e, 2’) € A, we first determine whether z C I'((z, e, 2'));
if so, foreach zone 2’ € Z(z'), atransition ((x, z), e, (z', 2’)) is defined
if 1) Reset((x,e,a’)) # id and 2’ C Reset((z,e,z")) (the clock is
reset after (x, e, ') occurs), or if 2) Reset((x, e,2')) = tdand z = 2’
(the clock is not reset after (x, e, z’) occurs). We further define the
function f, : V' — X (respectively, f. : V — |J,.x Z(x)) mapping
an extended state in V' to a discrete state in X (respectively, a zone of
the associated discrete state).

Example 3: Consider the TFA G = (X, E, A, T, Reset, Xy)
in Fig. 1. The zone automaton G, = (V, E,,A.,V;) is shown in
Fig. 2. For instance, transition ((xo, [0, 0]), 7, (zo, (0, 1))) implies that
the clock may evolve from 0 to any value in (0,1) if G is at xg.
Three transitions labeled with b go from (z, [0,0]) to (z2, [0, 0]),
from (zo, (0,1)) to (z2,(0,1)), and from (zo, [1,1]) to (z2,[1,1]),
respectively. Each transition implies an event-driven evolution from x
to x5 under the occurrence of a transition (zq, b, z2). [

V. DYNAMICS OF A ZONE AUTOMATON

In this section, we explore the dynamics of a zone automaton GG, =
(V,E;,A,, V) associated with a TFA G = (X, E, A, T, Reset, X;)
and discuss how the timed evolutions of GG are related to the evolutions
of zone automaton (7.

Definition 8: Given a zone automaton G, = (V, E., A,, V) and a
discrete state x of a TFA G, a 7-run at x of length k (1 < k <n)
is defined as a sequence of k extended states (x.z;)) €V (i =

1,...,k), and event 7 € E,, represented as p,(z): (z,21)) —
- (@, z(x)) such that ((z,2(;)), 7, (z,2i+1))) € A. holds for
i =1,...,k — 1. The starting and ending extended states of p,(x)

are denoted as vy (p-(2)) = (2, 21)) and ve, (p-(2)) = (2, 2(k) ),
respectively. The duration range of p.(x) is the time distance of z(;)
and z(y), denoted as d(p-(x)) = D(z(1), 2(x))- O

Definition 9: Given a zone automaton G, = (V, E., A,, V)
of a TFA G, a run of length £ >0 is a sequence of k+ 1 7-
runs pr(z¢)) (1 =0,...,k) at x;y € X, and k events e; € F (i =
1,...,k), denoted f: pr(2(0)) — pr(z(1)) - RIS pr(x@y) (k>
0), such that (ven, (o7 (x(i-1))), €, Vst (pr (T(5)))) € A, holds for i =
1,...,k. Consider p € R(G) starting from ¢, and a time instant

(e1,t1) (erstr)
t > to, where p: (:C(O)’Q(O));)...—M k (@, Ory) (kK =>0),

and t — t;, denotes the time that & stays at x (). The run p is consis-
tent with p and t, denoted p ~ (p,t), if O3y € f.(vsi(pr(x(sy))) for
1=0,...,kt; —t;_1 €d(pr(v@-1)))fori=1,... kandt —t; €
d(pr(x(ky))- The starting and ending extended states of pare vy, (p) =
Vst (p7 (% (0))) ad Vey, (P) = Ven (pr (T (x))), respectively. The duration
range of pis d(p) = @f:] d(pr(z;)). The logical word generated by
pis s(p) =ey e, with s : EX — E*. The set of runs generated by
G.isR.(G.). ]

The dynamics of a zone automaton (G, can be represented by its runs,
each of which is a sequence of 7-runs, which implies the time elapses
discretely at discrete states, connected by an evolution caused by an
event e; € F2. We now provide a sufficient and necessary condition for
the reachability of a discrete state in a TFA and explain the correlation
of the dynamics of a TFA and that of zone automaton.

Theorem 1: Given a TFA G = (X, E, A, T", Reset, Xy), zone au-
tomaton G, = (V, E.,A,, Vp), and a time instant ¢ € R, 2’ € X is
(t — to)-reachable from z € X by (c(p), t) from ¢y € Rypif and only
if there exists a run p in G, such that p ~ (p, t),v5(p) = (z, z), and
Ven (p) = (2/,2'), where z € Z(z) and 2’ € Z ().

Proof:  (if): Let z = T(0)» = T(k)» to, l1,...,tx € REO
and p: pf(w(o))ﬂ% e e—k>p7(w(k)) be a run such that e; € F,
t; —tiy € d(pr(x-ny)) for i=1,... .k t—t,€d(p(xw))),
and t—1ty€d(p). It can be inferred that (ve,(p-(z(i-1)))

ei,  vs(pr(x)))) €A, holds for i=1,...,k. Accord-
ingly, for 4=1,...,k, there exist Oy _1)+t; —1i_1€
fe(Ven(pr(2(i-1)))) and 0y € [f2(vst(p-(2())) such
that (z@-1y,eiry) € O(xi1y, f- (Ve (pr(2(i21))))) and

(i1, €is 2 (iy) € L(x (), f-(vse(pr(2(5))))). It is obvious that
there exists a timed evolution (o(p), t), where the timed run p:

(x(()),@(o))wr--M(m(k),é(k)) satisfies the condition

p~ (p,t). If no event in E occurs in p: p,(x) with t — ¢y € d(p),
then p ~ (p,t), where o(p) = A. Thus, 2’ is T-reachable from z.
(only if): Let (o(p),t) € (E x Rsp)* X Rug be a timed evolu-
tion from ¢, such that x4 (p) =2 and x.,(p) = 2’. The proof
is made by induction on the length k£ of the timed run p. The
base case is for p of length O that involves only the discrete
state  and no transition in G. It is o(p) =1 and zx(p) =
Ten(p) = = 2'. There exists a run p: (z,2) — - — (z, 2)
in G,, where p ~ (p,t). Thus, the base case holds. By denoting
x =) and ' = x (), the induction hypothesis is that the exis-
tence of a timed evolution (o (p),t) generating from t,, where p :

(ZE(O), 9(@)% cee M}(fﬂ(k),e(k)) oflength k > 1 with Ty €

X ande; € Eforalli=1,..., k, implies the existence of a run p :
pf(:z:(o))e—l> e i>p7(gc(;€)) in G, such that ¢t —tg € d(p), t — t1. €
d(pr (X)), ti —tic1 € d(pr(xi-1))) for i =1,... k, vy(p) =
(%(0),2) and ven(p) = (x(k),Z), where z € Z(x(y), and Z €
Z (k). We now prove that the same implication holds for (c(p'),t),

,t
where p': pM(w(kH), O(k+1))- According to p', it is 011y €

Reset((z(x), €x+1, Trr1))) if Reset((T(r). €x+1, T(kt1))) 7 id, or
Okr1) € T((T(r), err1, Tern))) if Reset((z(ry, exr1, T (k1)) =



TABLE |

STATE ESTIMATION OF THE TFA G IN FIG

. 1 UNDER NO OBSERVATION FOR ¢ € [0, 2]

k | Time interval I, | A-estimation V) (2o, [0, 0], ), where ¢ € I, | X\ ), tely
0 00] TG0, 10,00, (72, 10,077 T70,72]
| 1) {20, (0, 1)), (2, (0. 1))} st
2 [1,1] {(‘203[171}) (11,[1 1]),(I2,[1 1]) (137[1 1])} {1‘0,.731,%2.13}
3 (1,2) {(=o, (1,3]), (z1, [1,1]), (z1, (1, 3]), (2, (1,2)), (z3, (1,2))} | {z0, 1,22, 23}
4 (2,2] {(@o, (1,3]), (w1, [1,1]), (1, (1, 3]), (22, [2,2]), (w3, [2,2])} | {wo, 21,2223}

id.Inaddition, 8y + ¢ — tx € I'(( k), €x41, T(k+1)))- Itimplies that

there exists a run o : ﬁMpT(x(kH)) in G, such that 1) €
fZ(vst(pT(x(k+1)))) and 9(k+1) +t'—te J= (Uc'n(p‘r(x(kJrl))))'
Therefore, itis o' ~ (o', t') according to t' — t € d(p-(v(k+1)))) and
t—to € d(p). [

By Theorem 1, if 2’ is (¢t — tp)-reachable from z via (o(p),t)
starting at g, then in G, there exists a run p ~ (p, t) that originates
from (z,z) and reaches (2/,z'), where z € Z(z) and 2’ € Z(2').
In turn, given a run g ~ (p,t) in G, where (c(p),t) starting from
to, it can be concluded that f,(ve,(p)) is (t — to)-reachable from
fx(vse(p)). In simple words, the reachability of &’ from x within time
t — tp can be analyzed by exploring an appropriate run in the zone
automaton.

Example 4: Consider the TFA G in Fig. 1 and zone automaton
G in Fig. 2. A timed evolution ((¢,1.5)(a, 3),4) of G from 0 to 4
implies that x, is 4-reachable from x(, which can be concluded from
arunin G, as p: p-(z0) L> pr(x1) =% pr(x4), where p, () :
(370,[0 0])) (mOa(O 1)) (370,[1,1]) — (a:(,,(l,?)]),

pr(x1) = (@1, [1,1]) = (1, (1,3]) and p, (z4) : (4, [0, 1]). O

VI. STATE ESTIMATION OF TFA

Given a partially observed TFA G = (X, E, A, I', Reset, Xy)
with £ = E,UE,,, in this section we develop an approach for state
estimation based on the zone automaton G ., given a timed observation
(06,t) € (Fo X Rsg)* x Rsg. We partition this section into two sec-
tions. In the first section, we consider the case where G produces no
observation, which is an intermediate step toward the solution of the
state estimation problem under partial observation. In the second sec-
tion, we take into account the information coming from the observation
of new events at certain time instants, and prove that the discrete states
consistent with a timed observation (o, t) and the range of clock value
associated with each estimated discrete state can be inferred following a
finite number of runs in the zone automaton G ,. We make the following
assumption.

Assumption 1 (Reinitialized observations): The clock is reset upon
the occurrence of any observable event, i.e.,

(z,e,2') €A, e€ E, = Reset((z,e,2')) #id O

This assumption is necessary to ensure that the defined zone au-
tomaton contains all relevant information to estimate the discrete state.
Consider a scenario where an observable event occurs without resetting
the clock. In such a case, for future estimations one may need to
keep track of this exact value adding new extended states to the zone
automaton: thus, the state space of the zone automaton could grow
indefinitely as new events are observed. However, it is reasonable to
propose the RO assumption considering typical scenarios where a timer
is used to record the start and completion of an operation indicated by
observable events; the timer is reset whenever such an operation starts
or completes.

A. State Estimation Under No Observation

Definition 10: Given a TFA G = (X, E, A, T, Reset,
Xp) with set of unobservable events FE,, and zone automaton
G,=(V,E,,A,,V,), the following set of extended states
Vi@, 2, 1) = {ven(p) € V | (3p € R.(G2))t € d(p), vst(p) =
(z,2),s(p) € EL,} is said to be A-estimation from (x,z) € V within
t € Rxo. 0

Given a zone automaton, the A-estimation from (x, z) € V' within
t € Ry isthe set of extended states of G, that can be reached following
arun of duration ¢, originating at (x, z) and producing no observation.
If (2/,2') € Vi(z, 2,t), it basically reveals that 2’ is unobservably T-
reachable from « with a clock value # € z according to Theorem 1. In
addition, the zone 2" associated with x’ specifies the range of the value
of the clock. The A-estimation from (z, z) within ¢ can be obtained by
enumerating the runs starting from (z, z) with a duration associated
with ¢. By denoting the maximum number of zones for z € X as Q,,
the complexity for computing the A-estimation is O(¢®| X|) with ¢ =
max,cx |Qql-

Proposition 1: Given a TFA with a set of discrete states X, the set of
unobservable events E,,, and zone automaton G, = (V, E., A, V),
2’ € X is unobservably T'-reachable from = € X, where T" € Ry, if
and only if there exist z € Z(z) and 2z’ € Z(x') such that (2, 2') €
Vi(z,2,T).

Proof: (if): Suppose that there exist z € Z(z) and 2’ € Z(2') such
that (', 2') € Vi(z, z,T). Thereexistsarun pin G, such thatvg, (p) =
(z,2), ven(p) = (2',2'), and p ~ (p,t), where (o(p),t) begins at
to=t—T and S(o(p)) € E;,. By Theorem 1, 2’ is unobservably
T'-reachable from x.

(only if): Let 2’ be unobservably T'-reachable from x. Then, there
exists a timed evolution (o(p),t) from ¢y such that x4 (p) =z,
Ten(p) = x'. Accordingly, there exists a run p ~ (p,t) in G, such
that v, (p) = (z, 2), ven (p) = (2/,2'), s(p) € Eq*m,dndT =t—tp€
d(p), where z € Z(z) and 2’ € Z(a'). Thus, (2/,2') € Vi(z,2,7T).1

Proposition 1 implies that the A-estimation V; (x, z, t) provides the
set of extended states of (G, that are consistent with no observation at
time ¢ starting from x with a clock in z.

Remark 1: According to Proposition 1, V; (z, z,t) C 2V, ie., it is
a subset of the states of the zone automaton, and thus it can only take
a finite number of values. In addition, the RO assumption implies that,
each time a new observation occurs, the set of consistent states is a
subset of the extended states of the zone automaton. Therefore, the set
of all possible state estimations is finite.

Example 5: Consider the TFA G in Fig. 1, where E, = {a}, E,,, =
{b, ¢}, and zone automaton G in Fig. 2. Given the following runs in
G, of duration 1 starting from (¢, [0, 0]) and involving no observable
events: 1) 5y : pr(20);2) P2 @ pr(x0) —= pr(x1);3) ps & pr(20) SN
pr(2); and 4) py : p- (o) SN pr(x2) == pr(x3), where p,(z0) :
(20, 10,0]) > (0, (0,1)) > (w0, [1,1]), e (1) : (1, [1,1]),
pr(2) : (22,[1,1]), and p,(z3) : (z3,[1,1]), it can be inferred that
‘/;L((Eo, [0> 0]7 1) = {(l‘o, [17 1])’ (xlv [1’ 1]) (:U27 [17 1])7 (1'3, [17 1])}



TABLE I
STATE ESTIMATION OF THE TFA G IN FIG. 1 WITH X = X0, to = 0 AND (0, ), t € [0,4]

& o Tlm?tnételr;fal I Vy = ’UE‘L/J" 1 Wi(fz (), f2(v),t —tg_1),t €T X(oo,t) Vi
10.0] {(z0,[0,0]), (z2,[0,0) } {zo, 2}
1] ©.1) {(z0, (0,1)), (21 (0, 1))} {22} | {(62,[0,0]), (e1,[0, 1)}
[1,1] {(zo, [1,1]), (=1, [1,1)), (2, [1,1]), (zs, [1, 1]) } {zo, 1, 22,23}
1] {2, 0,01, (s, 10, 01), (e, [0, 11} {ez, 03, 74]
22 R 63 A e RN (s i O R
) @2, [1, z3, 3, z3, [1,1]), (24, [0, T2, T3, T4 )
2| @ @3) | {2, (1,2), (@0, 0. 1), (o, [1 1)), (o, (1,2)) (o, (1400} | {waza ) o 0,003
13.3] {(zg, [2a2])7(9:37[] ]]) (z3, (1,2)),(923,[2,2]),(@4, (17+°°))} {T2ﬂm37z4}
3 (a 1)(CL ?) [3,3] {(1'2-, [010])} {12}
’ ’ T 3.4 {(z2,(0,1))} {x2}
[4.4] {(22,[1,1]), (z3, [1,1])} {x2, 23}

Table I summarizes the A-estimation and the set of discrete states
consistent with (A, t), where ¢ belongs to a region of [0,2]. a

B. State Estimation Under Partial Observation

In this section, we focus on the most general state estimation problem
when a timed observation is received as a pair of a nonempty timed word
and a time instant. We first propose a general result that characterizes the
set of discrete states of a TFA consistent with a given timed observation,
by means of the extended states reachable in zone automaton.

Theorem 2: Consider a TFA G = (X, E, A, I', Reset, X,) with
set of observable events F,. Given a timed observation (o,,t) €
(Eo X Rog)* X Ry, it is @ € X(o,,t) if and only if there exists a
run p ~ (p,t) in G, such that [, (vs(p)) € Xo, fu(ven(p)) = x, and
(0(p),t) € S(o0,1).

Proof:  (if): In the case that no observation is contained in o,
let 5 be a run in G, where ¢t € d(p), f.(vst(p)) € Xo, fu(Ven (D))
=z, and s(p) € E;_ . In this case there exists (o(p),t) such
that p~ (p,t) and € X(A,t). In the case that there exist
one or more event measurements, let us suppose that x ) € X,
Ty =, and arun in G, as p: pT(x(o))c—1>~~-c—k>pT(gﬂ(k>) such
that P,(s(p)) = S(0,), tiy1 —t; € d(p-(z(y)) with 0<t; <t,
2z €X and ¢; € B for ¢ =0,...,k, denoting t =t;. It can
be inferred that there exists a timed evolution (o (p),t) such that
p~ (p,t) and () is t-reachable from x(p), where the timed run

)(61,751) o Lewoty) (

P (20,00 Tk, Oy ) satisfiesfori =1,...,k
that ¢ — tk (S d(p.,-(ﬁ(k))), t1 — tj,1 < d(pf(m(l,l))), 0(2',1) +
ti —ti1 € T((z(i-1), €5, 7)), Oy € Reset((x(i—1y, e, @) if
Reset((x(;-1), €, T())) #id, and Oy € T((x(i-1), €5, 2(;))) if
Reset((x(;-1), €, T(5))) = id. According to (o(p),t) € S(0o,t),
x € X(0,,t) holds.

(only if): In the case that o, = A, x € X(A,t) holds. There ex-
ists a run p ~ (p,t) in G, such that = is unobservably t-reachable
from xy € Xy via (o(p),t), where P(o(p)) = A. Consequently,
fe(en(p)) = x and (o(p),t) € S(A,t) hold. In the case that o, =
(eo1,t1) * (Cokstr), where k > 1,0 <t; <--- <tp <tande, €
E, (i=1,...,k),itis x € X(0,,t), implying that x is {-reachable
from zg € X at time 0 via (o (p), t) such that P(o(p)) = o,. Conse-
quently, there exists a run g ~ (p, t) in G, such that f, (vs:(p)) = 20
and [ (ven(p)) = x. Let p be a sequence of k runs p; and k ob-
servable events e,;, where t = 1,... k,as p: ﬁoei> cee ﬂm‘)k with
s(p;) = €. Obviously, t — t, € d(py), t; —t;—1 € d(p;—1) hold for
eachi=1,... k. |

Theorem 2 establishes that checking whether = € X' (0,,t) can be
done by searching for runs in G,

Proposition 2: Consider a TFA G with set of observable events
E, that produces two timed observations (o,,%;), (ao,t) € (E, x
R>0)* X Rsq, where o, = (€o1,t1) -+ (€oiy t;)and ¢y < -+ < t; <t

for ¢ > 1. For each timed state (x, 0) reached by a timed evolution in
S(o,,t;),andforeachv € V,(z, z,t — t;),where z € Z(x)andf € z,
it holds f,(v) € X(o,,t) if Assumption RO holds.

Proof: Let a timed run p : (xg,0) Laty), (1), 0c1)) - Lo th),
(eoisti)
(x(k),0(k>) (I 09) where T(1)s---,T(k) € X, e1,...,ep €

E, and P(o(p)) = o,, the timed state (x, 6) is reached by the timed
evolution (o(p),t;) € S(0,,t;). According to Theorem 1, it can be
inferred that there exists arunin G, as p : (zo, [0,0]) — -+ — (z, 2),
where 6 € z. If Assumption RO holds, it implies that there exists
z € Z(x) such that 0 € z and z C Reset((x (), €oi» z)). Given v €
Vi(x, z,t —t;), there exists a run p' : (z,2) — --- — v such that
t—t; €d(p') and P,(s(p')) = e. Given p and 7, it can be inferred
that f,.(v) € X(0o,,t) according to Theorem 2. [ ]

This proposition shows that the state estimation with no obser-
vation can be updated by computing associated A-estimations under
RO assumption. Based on the previous results, Algorithm 2 summa-
rizes the proposed approach to compute X (o,,¢). Consider a timed
observation (0,,t) with o, = (€51,t1) -+ (€on, tn) (n > 1), where
€o1y- -5 €on € E,. The timed observation (o,, t) is updated whenever
an observable event e,; occurs at a time instant ¢;, where i = 1,...,n.
The algorithm provides the estimated states via a set of extended states
Vi C V while time elapses in [¢;_1, ¢;] with no event being observed,
in addition to a set of extended states V; C V of G, consistent with
eachnew observation (e,;,¢;), wherei = 1,...,nandto = 0. Initially,
it is imposed Vo = Vo and V; = ) for all i=1,...,n. Then, for
any ¢ = 1,...,n, the algorithm computes the A-estimation from an
extended state (Z,%) € V;_; within ¢; —¢;_; implying the discrete
states unobservably (¢; — ¢;_1)-reachable from Z with a clock value
in z, and the set V; is updated with the extended states reached by
transitions labeled with e,; from the extended states in V,. After the
set V,, is determined, we initialize V; to be empty and update V; by
including the A-estimation for each (7, 2) € V,, within ¢ — t,,. Finally,
we return the set of discrete states of G associated with V;_as the set of
discrete states consistent with (o, t).

The complexity of Algorithm 2 depends on the size n of the timed
observation. For each pair (e,;,t;), two for loops are executed: 1)
the first for loop at Step 4 is executed at most |V/| times, computing
)-estimation whose complexity is O(¢%| X |), where ¢ = max,c x |Q.|
denotes the maximum number of zones for all discrete states, the
complexity of this loop is O(g* X|?); 2) the second for loop at
Step 7 is executed at most |V/| times, and the for loop at Step 10 is
executed at most 2¢ + 1 times; hence its complexity is O(q?|X]).
Finally, the for loop at Step 13, analogously to the for loop at Step
4, has complexity O(q¢*|X|?). Overall, the complexity of Algorithm 2
is O(n(q!| X |* + ¢2|X|) + ¢*| X[?) = O(ng?| X[?).

Example 6: Consider a timed observation (o,,4), where o, =
(a,1)(a,3), produced by G'inFig. | with £, = {a} and E,,, = {b, c}.
Itimplies that the observable event a has been measured twice att; = 1



Algorithm 2: State Estimation of a TFA.

Input: A TFA G with a set of initial discrete states
Xo, a set of observable events £, C E, a zone
automaton G, = (V, E,;, A, V), and a timed
observation (o,,t) from 0 to t € R>(, where
0o = (eolytl) to (eon:tn) (TL > 1) and
tl,”‘ ,tn € Rzo

Output: A set of discrete states X (o,,1)

tlet Vo=V, to=0and X\, =0
2 for each i € {1,--- ,n} do
3 lete=c¢ey, V;=0and V\ =0
4 | for each (%,2) € V;_; do
5 compute V)\(Z, Z,t; — t;—1)
6 let Vi = VAU Va(Z,Z,t; — Li—1)
7 for each v € V) do
8 let = f,(v) and z = f.(v)
if 32’ € X s.t. z CT((x,e,2’)) then

10 for each 2’ € Z(x') s.t.

2" C Reset((z,e,2")) do
1 | let V;=V;uU {(ﬂc’, 2}
12 let Vy =0
13 for each (z,%) € V,, do
14 compute V\(Z,Z,t — t,,)
15 let V), = V)\UV)\(E,Z,tftn)

16 return X (o,,t) ={z € X | (Fz € Z(x))(z,z) € Vi\}

and t; = 3, respectively, while the current time instantis £ = 4. Table IT
shows how the state estimation is updated while time elapses in the time
interval [0,4] taking into account the two observations of event a. [

VII. CONCLUSION AND FUTURE WORK

In this article, we consider timed automata with a single clock. As-
suming that certain events are unobservable, we deal with the problem
of estimating the current discrete state of the system as a function of
the measured timed observations. By constructing a zone automaton
that provides a purely discrete description of the considered TFA, the
problem of investigating the reachability of a discrete state in the TFA is
reduced to the reachability analysis of an extended state in the associated
zone automaton. Assuming that the clock is reset upon each occurrence
of observable transitions, we present a formal approach that can provide
the set of discrete states consistent with a given timed observation and
a range of the possible clock values. The proposed approach paves the
way for the development of an offline observer, reserved for future
work. In addition, the example provided in this article is intentionally
simplified to illustrate the approach, with real case studies to be explored
in the future. Finally, it is worth exploring the extension of the presented
approach to timed automata with multiple clocks.
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