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0. Introduction

Given a unital commutative (not necessarily finitely generated) R-algebra A and
a linear subspace V of A, we say that A is generated by V if there exists a set of
generators G of A such that V is the linear span of G, i.e., V = span(G). Equivalently,
A is generated by V if V contains a set of generators of A. This article deals with
the moment problem for A generated by a vector space V which is endowed with a
topology 7y compatible with the addition and the scalar multiplication, namely (V,1y)
is a topological vector space. Moreover, we always assume that the character space of A,
i.e., the set X(A) of all R-algebra homomorphisms from A to R, is non-empty and we
always endow X (A) with the weakest (Hausdorff) topology 7x(4) on X (A) such that for
each a € A the function a: X(A) = R, a — «(a) is continuous and consider on X (A)
the Borel o—algebra B(7x(4)) W.r.t. Tx(4). Our main question is the following.

Main Question. Let (V,7y) be a topological vector space and A an algebra generated by
V such that {a € X(A) : a v is 7y — continuous} # 0. Given a linear functional L on
A with L(1) = 1, does there exist a Radon measure v on X (A) with support contained
in{ae€ X(A):aly is Ty — continuous} such that

L(a) = / a(a)dv(a) for all a € A? (0.1)

X(A)

If a Radon measure v as in (0.1) does exist, then we call v a representing Radon
measure for L. We recall that a Radon measure v on X (A) is a non-negative measure
on B(7x(a)) that is locally finite and inner regular w.r.t. compact subsets of X (A). The
support of v, denoted by supp(v), is the smallest closed subset C' of X(A) for which
v(X(A)\ C) =0. Given K C X(A) closed, we say that v is a K—representing measure
for L if both (0.1) holds and supp(v) C K.

The main difficulty is to understand how different choices of 7y, as well as different
topological properties of L impact the solvability of the Main Question and the support
of the corresponding representing measures. In this article we first focus on the case when
Ty is the topology generated by a Hilbertian seminorm (i.e., a seminorm induced by a
symmetric positive semidefinite bilinear form) and then consider the case when (V, 7v) is
a nuclear space, as nuclear topologies are generated by a system of Hilbertian seminorms.
Let us stress that in this article we also cover instances when K is non-compact and even
non-bounded (for the compact case, see [19] and references therein).

An early study of the Main Question for (V,7y) nuclear can be found e.g. in [13],
[2, Chapter 5, Section 2], [3], [8], [12], [24, Section 12.5 and 15.1], [1], where A is the
symmetric (tensor) algebra S(V) of V. This is a very natural choice as, on the one
hand, any algebra generated by V is isomorphic to a quotient of S(V) by an ideal and,
on the other hand, S(V) is isomorphic to the ring of polynomials having as variables
the coordinate vectors with respect to a basis of V' and the character space X (S(V))
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of S(V) can be identified with the algebraic dual V* of V. In fact, in those works the
nuclearity assumption on V' allows to get the existence of representing measures with
support contained in V', where V' is the topological dual of V. More recently, the role
of the nuclearity assumption on V was discussed in [26, Sections 5 and 6], [10] and [15,
Section 3] while in [16] and [17] a better localization of the support was obtained for
a specific choice of the nuclear space, namely V' = C2°(R"), i.e., the space of infinitely
differentiable functions on R™ with compact support. Note that for V' = R™, the Main
Question for A = S(V') coincides with the classical (finite dimensional) moment problem,
see e.g., [21], [25], [15].

Let us describe the two main results in this article.

First, when 7 is the topology generated by a Hilbertian seminorm ¢, we derive
in Theorem 2.5 a criterion for the existence of a representing measure with support
contained in the characters of A whose restrictions to V' are g—continuous (see also
Remark 2.9 and Theorem 2.8). The criterion is based on the projective limit approach to
the moment problem introduced in [18], that is, we build the representing measure for L
on A from representing measures for L restricted to finitely generated subalgebras of A.
In fact, we prove that a representing measure for L exists if and only if for any finitely
generated subalgebra S of A the restriction L [g is represented by a Radon measure vg
such that the family of all vg’s is concentrated w.r.t. another g—continuous Hilbertian
seminorm p, which has finite trace with respect to ¢. The concentration of a family of
measures is a classical concept in measure theory and is crucial for us, because it ensures
the applicability of our projective limit approach in [18] by implying a Prokhorov type
condition.

Second, in Theorem 2.10 we show that, when A itself is endowed with a Hilbertian
seminorm ¢ and there exists C' > 0 such that L(a?) < Cg(a)? for all a € A, it is enough to
check the conditions in our criterion only on a dense subalgebra of A to get the existence
of a representing measure for L with support contained in the g—continuous characters
of A (see also Theorem 2.11).

These two main results are based on two Hilbertian seminorms ¢ and p. We investigate
different choices of them in terms of the functional L. For example, a natural choice for
p is the Hilbertian seminorm induced by L, i.e., sp(a) := \/L(a?) for all a € A. For this
choice, the concentration of the vg’s holds automatically and so we get more concrete
sufficient conditions for the existence of a representing measure for L in Corollary 2.13
and Corollary 2.14. We then exploit in Corollary 2.16 the choice of sy, to demonstrate how
one can give sufficient conditions only in terms of L to guarantee existence of representing
measures for L [g for all finite subalgebras S. Those corollaries all reveal the fundamental
role played by the Hilbertian seminorm ¢. Thus, in Section 2.3, we explore the case when
no Hilbertian seminorm ¢ on V is pre-given. In particular, in Corollary 2.20 we give
conditions under which one can construct a suitable ¢ and derive a solution for the Main
Question in this case.

Another setting in which it is always possible to obtain a suitable g is when (V, 1) is a
nuclear space. Therefore, in Section 2.4, we prove analogous results for the Main Question
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when A is generated by a nuclear space (V,7y), see Corollary 2.21, Corollary 2.22 and
Corollary 2.23. From those corollaries, some of the results in literature mentioned above
can be retrieved.

The structure of the paper is as follows.

In Section 1, we present our general context, thereby providing definitions and no-
tations. In particular, we review the notions of Hilbertian seminorm and nuclear space
in Subsection 1.1. In Subsection 1.2, we state and prove Lemma 1.6 (about the sup-
port localization of a Radon probability measure on a finite dimensional space with a
Hilbertian seminorm), which we need for the proof of our first main result Theorem 2.5.
Section 2 contains our main results, as described above. Subsection 2.1 is dedicated to
the concept of p-concentration of a family of Radon measures for a given seminorm p,
which is exploited in the subsequent Subsections 2.2, 2.3 and 2.4 when studying the
Main Question for V' endowed with the topology 7y induced by a Hilbertian seminorm
(respectively, a nuclear topology). In Section 3 we apply our main results to the case
when A is the symmetric algebra S(V') of a nuclear space (V,7y), see Corollary 3.1 and
Corollary 3.2. In Theorem 3.3, we consider the case when some of the sufficient condi-
tions for the existence of the representing measure for L on S(V) are only given on a
total subset E of the nuclear space (V,7y). Then the nuclearity allows us to obtain a
Hilbertian norm ¢ on V' but, in order to apply our criterion Theorem 2.10 to the dense
sub-algebra S(span(FE)), we need a Hilbertian seminorm ¢ on S(V'), which we construct
in Lemma 3.5. We note that Theorem 3.3 is a generalization of the classical solution to
the Main Question when A = S(V) with (V,7y) nuclear due to Berezansky and Kon-
dratiev. Finally, in Subsection 4.1 of Appendix 4, we explain the relation between the
notion of trace of a Hilbertian seminorm w.r.t. another and the classical definition of
trace of a positive continuous operator on a Hilbert space. We then compare in Subsec-
tion 4.2 the definition of nuclear space used in this article (due to Yamasaki [30]) with
that due to Grothendieck [11] and Mityagin [22], as well as with the definitions of this
concept given by Berezansky and Kondratiev in [2, p. 14] and by Schmiidgen in [26,
p. 445] (this comparison is needed in Section 3). We also provide in Subsection 4.3 a
complete proof of the measure theoretical identity (2.7), which we exploited in the proof
of Theorem 2.10.

1. Preliminaries

In this section we collect some fundamental concepts, notations, and results which we
will repeatedly use in the following.

Throughout this article A denotes a unital commutative R—-algebra with non-empty
character space X (A).

A subset Q C A is a quadratic module (in A)if1 € Q,Q+Q C Q, and A2Q C Q. The
set > A? of all finite sums of squares of elements in A is the smallest quadratic module
in A. The non-negativity set of a quadratic module @ is defined as
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Kg:={aeX(A):a(a) >0forallac @} C X(A),
which is closed. Given C' C X (A) closed, the set
Pos(C):={a € A:d(a) >0 for all « € C}

is a quadratic module with Kpogc) = C (see, e.g. [18, Proposition 2.1-(i)]).

Throughout this article each linear functional L: A — R is assumed to be normalized,
that is, L(1) = 1.

Given a quadratic module @ in A, we say that a linear functional L: A — R
is Q-positive if L(Q) C [0,00). In particular, each > A?-positive linear functional
L: A — R satisfies the Cauchy—Bunyakovsky—Schwarz inequality, i.e.,

L(ab)? < L(a®*)L(b*)  for all a,b € A. (1.1)

Throughout this article we consider A generated by an R—vector space V endowed
with a locally convex topology, namely a topology induced by a family of seminorms.
Therefore, let us recall that a function p: V' — [0, 00) is a seminorm if p(Av) = |A| p(v)
and p(v+w) < p(v) +p(w) for all A € R and all v, w € V. We denote by B, (p) the closed
semi-ball of radius > 0 centered at the origin in (V, p), i.e., B.(p) :={v € V : p(v) < r}.

A linear functional [: V' — R is continuous w.r.t. a seminorm p on V if there ex-
ists C' > 0 such that |I(v)| < Cp(v) for all v € V. We denote by V) the topological
dual of (V,p), i.e., the collection of all p—continuous linear functionals on V', while
V* denotes the algebraic dual of V. The operator seminorm p’ on Vp’ is defined as
p'(€) = sup,cp, () [((v)| < 0. The weak topology on the algebraic dual (resp., topolog-
ical dual) of (V, p) is the weakest topology on V* (resp., on V) such that for each v € V/
the evaluation function ev,: V* — R (resp., V] — R) is continuous.

We will often use the restriction map ¢y : X(A) — V* defined by ¢y (a) = a |v,
Va € X(A). Note that ¢y is continuous as X (A) is endowed with 7x(4) and V* with
the weak topology.

We recall that the spectrum of a seminorm p is defined as

sp(p) :={a € X(A) : « is p—continuous}.
More generally, for each C > 0 we define
spc(p) :={a € X(A) : |a(a)| < Cpla), Va € A},
which is compact in X (A), as it is closed and continuously embeds into the product

[I.cal—Cp(a),Cp(a)]. Note that the spectrum sp(p) = (J,cn 5P, (p), which provides
that sp(p) is o—compact in X (A) and so Borel measurable.
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1.1. Hilbertian seminorms and nuclear spaces
Throughout this section V' will denote a real vector space.

Definition 1.1. A seminorm p on V is called Hilbertian if it is induced by a symmetric
positive semidefinite bilinear form (-,-) on V| i.e., p(v) = y/(v,v) for all v € V.

Note that a seminorm p on V is Hilbertian if and only if p fulfills the parallelogram
law, i.e., p(v + w)? + p(v — w)? = 2p(v)? + 2p(w)? for all v,w € V, in which case the
bilinear form (-, -), is uniquely determined by p via the polarization identity:

(v,w) =1 (p(v +w)? — p(v)* — p(w)?) for all v,w € V. (1.2)

For this reason, in the following we denote the positive semidefinite bilinear form inducing
p by (- )p.

The term “Hilbertian seminorm”, used e.g. in [29] and [30], is also sometimes replaced
by the term “prehilbertian seminorm” according to the Bourbaki’s tradition [7, V.4,
Definition 3]. Both terms hint to the fact that this type of seminorms can be always used
to construct a Hilbert space (see Remark 4.5).

Let us also observe that there always exists an Hilbertian seminorm on every non-
trivial vector space V. Indeed, if (e;);cs is an algebraic basis of V' then for any x =
Yicrviei € Vandy =) ;yie; €V we can define (x,y) := >, ; ;y;. As only finitely
many summands are unequal to zero, the sum is finite and p(z) := /{x,z) defines a
Hilbertian seminorm on V.

Let us now introduce the notion of trace of a Hilbertian seminorm w.r.t. another one
(see [7, V.58, No. 9]) which will be fundamental in the definition of a nuclear space used
in this article. To this purpose, let us recall that given a Hilbertian seminorm p on V, a
subset E of V is called:

o p-orthogonal if {(eq,ez), = 0 for all distinct elements eq,es € E.
o p—orthonormal if E is p—orthogonal and p(e) =1 for all e € E.

In particular, a p—orthonormal set F is said to be a complete p—orthonormal system of
V if F is total in V, i.e., spcm(E)p = V. Such a system is also known as orthonormal
basis of V.

Definition 1.2. Let p and ¢ be two Hilbertian seminorms on V. The trace of p w.r.t. q is
denoted by tr(p/q) and defined as

sup > ple)?, if ker(q) C ker(p)
tr(p/q) = E€FON(q) e€eE

0, otherwise

)

where FON(q) denotes the collection of all finite g-orthonormal subsets of V.
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When there exists C' > 0 such that p < Cg the following characterization of the trace
of p w.r.t. ¢ holds (by combining Proposition 4.6 and (4.2) in Appendix 4.1):

VE complete g—orthonormal system in V, tr(p/q) = Zp(e)z. (1.3)
ecll

The following properties are immediate from the Definition 1.2.

Lemma 1.3. Let p and q be two Hilbertian seminorms on V' with tr(p/q) < co. Then:

(i) p* < tr(p/qa)q”. ,
(ii) Ve, 8 > 0, tr(ep/dq) = (5)” tr(p/q).
(iii) ¥ W subspace of V, tr(plw /qlw) < tr(p/q).

We are equipped now with all notions needed to introduce the definition of a nuclear
space due to Yamasaki (see [30, Definition 20.1]), which we are going to adopt in this
article.

Definition 1.4. A locally convex space (V, 7) is called nuclear if 7 is induced by a directed
family P of Hilbertian seminorms on V' such that for each p € P there exists ¢ € P with

tr(p/q) < oo.

Definition 1.4 is equivalent to the more traditional ones in [11] and [22], which we
report in Appendix 4.2 for the convenience of the reader (see Definition 4.10 and Defi-
nition 4.11).

Note that a nuclear topology can be always constructed on every vector space V.
However, this nuclear topology has typically no relation with a pre-given topology v
on V. However, when (V,7y) is a separable locally convex space with a Schauder basis,
there exists a dense subspace U of V' on which a nuclear topology stronger than 7 [y
can be constructed.

1.2. Probabilities on finite dimensional Hilbertian seminormed spaces

In the following we introduce a fundamental result about the support localization of
a Radon measure defined on the dual of a finite dimensional real vector space, namely
Lemma 1.6, which is inspired by [29, Fundamental lemma (p. 24)] and will play a crucial
role in the proof of our main result Theorem 2.5. For this, let us recall two properties of
the Gaussian measure on a finite dimensional real vector space endowed with a Hilbertian
seminorm (see [29, p. 26-28] for a proof).

Proposition 1.5. Let g be a Hilbertian seminorm on an n— dimensional R—vector space V
with ker(q) = {0} and E a complete q—orthonormal system of V. Let y be the Gaussian
measure on 'V, i.e.,
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dy(v) == (27) 72 exp (~1q(v)”) dA(v),

where \ is the measure on V corresponding to the Lebesque measure on R™ under the
identification V.— R™, v — ((v,€)q)ecr. Then the following properties hold

(%) f(v,w)idv(v) =1 for allw € V such that q(w) = 1.
(ii) y({v € V 1 |(v)| > 1}) > 771 for all £ € V' with ¢/(¢) > 1, where ¢’ denotes the
operator seminorm on V'.

Lemma 1.6. Let p and q Hilbertian seminorms on a finite dimensional R—vector space
such that tr(p/q) < oo and let p be a probability measure on V'.

If for every e > 0 there exists a 0. > 0 such that u({l € V' : |l(v)| > 1}) < € for all
v € Bs_(p), then for these e,0. we have that

u(Bi(q") = 1= 7(e + tr(p/d=q)),
where ¢’ denotes the operator seminorm on V'.

Proof. Let p be a probability measure on V'. W.l.o.g. we can assume ker(q) = {0},
because otherwise for each complement W of ker(q) in V' we have p—almost surely that
Bi(¢) ={l e V' : |l(w)| € g(w) V w € W} holds. Indeed, on the one hand, it is im-
mediate that B1(¢') = {{l e V' : ¢(I) <1} ={l € V' : |l(v)] < q(v) forallv € V} C
{l € V' : |l(w)| < q(w) for all w € W}. On the other hand, since p?> < tr(p/q)q>,
we have that ker(q) C ker(p) C Bs(p) for all § > 0 and so the assumption on
p in Lemma 1.6 ensures that p({l € V' : |l(v)] > 1}) = 0 for all v € ker(q),
ie, p({l € V' : |l(v)] = 0, Yv € ker(q)}) = 1, which immediately provides that
pw{B1(@)\{l e V' |l(w)| < g(w) for all w e W}} = 0.
Consider

D= (ux)({(Lv) €V x V: Ji(w)] > 1)),

where p X v denotes the product measure between the given measure p on V'’ and the
Gaussian measure v on V. Now, let [ € V' \ B;(¢’). Then Fubini’s theorem on the one
hand, combined with Proposition 1.5-(ii), provides that

D= /7({0 eV i) = 1Hdu(l) > 7 u(V' \ Bi(¢) =71 (1 — u(Bi1(q))) ,
2,

and, on the other hand, combined with the assumption yields that

D = /u({l €V :i(v)] = 1})dy(v) < ey(Bs.(p) + (V' \ Bs.(p))- (1.4)
14
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Moreover, by [7, V, §4.8, Theorem 2], there exists a complete g—orthonormal system F

of V that is p—orthogonal. In particular, p(v)? = <v,e>§p(e)2 holds for all v € V,
eckE
which combined with Proposition 1.5-(i) and (1.3) gives

(V\ Bs,.(p)) < 6.7 /p(v)de(v) =02 ple)’ /<v7 e)ady(v) = 6. %tr(p/q).

v eclk Vv

The latter together with (1.4) and Lemma 1.3-(ii) provides

D <e+06-%tr(p/q) = € + tr(p/8-q). (1.5)
Combining (1.4) and (1.5) yields the assertion. 0O
2. Main results

In this section we are going to present our main results concerning the Main Question
for a unital commutative real algebra A generated by a vector space V first endowed with
a Hilbertian seminorm ¢ and then with a nuclear topology. More precisely, in Subsection
2.2 we first establish a criterion for the existence of a representing measure with support
contained in the set of characters of A whose restrictions to V' are g—continuous (see
Theorem 2.5 and Remark 2.9, as well as Theorem 2.8). When the seminorm ¢ is defined
on the full algebra A, i.e., A =V, this result provides in particular a criterion for the
existence of a representing measure on the Gelfand spectrum of q. We actually show
that when L(a?) < Cgq(a)? for all a € A for some C > 0 then it is enough to check
the latter criterion just on a dense subalgebra of A (see Theorem 2.10). Moreover, in
Lemma 2.18 we provide an explicit bound on L which guarantees the existence of a
Hilbertian seminorm g on A satisfying our criteria.

Exploiting our general criteria, in Corollary 2.16, we identify more concrete sufficient
conditions on L and ¢ for the existence of such a representing measure for L. Those
allow us to clarify in Subsection 2.4 the relation between the solvability of the Main
Question and the presence of a nuclear topology on V. Our general criteria are based
on the projective limit approach introduced in [18] which allows to reduce the Main
Question to a family of finite-dimensional moment problems whose solutions satisfy a
concentration condition to which we dedicate Subsection 2.1.

2.1. The concentration condition

Let A be a unital commutative R-algebra generated by a linear subspace V' C A such
that X (A) # 0, and L a normalized linear functional on A.

As already mentioned, in proving our main results for the Main Question we will
exploit the projective limit approach we developed in [18]. This is based on the construc-
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tion of (X (A), Tx(a)) together with the maps {ms : S € J} as the projective limit of the
projective system of Hausdorff spaces {(X(S), 7x(s)), 7s,7,J}, where

J = {{(W) : W finite dimensional subspace of V'}

is ordered by inclusion, (W) denotes the subalgebra of A generated by W, 7x(g) is the
weak topology on X(S5), for any S,T subalgebras of A with S C T the map wgr :
X(T) — X(S) is the natural restriction and mg := mg 4. The corresponding projective
system of measurable spaces is given by {(X(S), B(7x(s))), 7s,1,J}, where B(Tx(s)) is
the Borel o—algebra w.r.t. 7x(g). Recall that this means that 7s 1 is measurable for all
S C T in J and that g onp g = mg g for all S C T C R in J. Note that replacing
in the above construction J by a cofinal subset J’ of J, i.e., for every i € J there exists
some j € J' such that j > ¢, does not change the projective limit (see e.g. [6, ITI., §7.2,
Proposition 3], [18, Proposition 1.3].)

Roughly speaking, in [18], we establish that there exists a representing Radon measure
for L on A supported in (X (A), B(7x(4))) if and only if for each S € J there exists a
representing Radon measure vs supported in (X (S), B(7x(s))) such that {vs: S € J}
fulfills the so-called Prokhorov condition. In the next subsection we will exploit this result
when studying the Main Question for V' endowed with the topology 7y induced by a
Hilbertian seminorm and we will exploit the given topological structure on V to prove
that the Prokhorov condition (see [18, Section 1.2] and references therein) is satisfied
whenever {vg: S € J} fulfills the following concentration property.

Definition 2.1. Given a seminorm p on V and for each S € J a Radon measure vg on
(X(5), B(tx(s))), we say that {vg : S € J} is p—concentrated (or concentrated w.r.t. p)
if

Ve > 030 > 0: VS € J,Va € Bs(p) NS, vs({a € X(S) : |a(a)] > 1}) < e. (2.1)

This definition is an adaptation to our setting of the notion of continuity for cylindrical
measures introduced in [9, 16, Chapter IV, Section 1.4]. It also easily relates to the notion
of concentrations of cylindrical measures in [27, Definition 1, p.192]. In fact, (2.1) is
weaker than assuming that the cylindrical quasi-measure associated to {vg : S € J}
is cylindrically concentrated on {sp-(p) : C > 0}, namely Ve > 03§ > 0: VS € J,

vs(ms(sps(p)) > 1 —e.

Let us now provide a useful characterization of the p—concentration of a collection of
Radon measures.

Proposition 2.2. Given a seminorm p on V and for each S € J a Radon measure vg
on (X(S),B(rx(s))), we have that {vs : S € J} is p—concentrated if and only if the
following holds
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Ve >03y>0:VS e JVae SNV,vg({a € X(S) : |afa)| <vpla)}) >1—e. (2.2)

Proof. Suppose (2.1) holds and fix e > 0. Taking 0 < ¢’ < § with ¢ as in (2.1), we have

that (2.2) holds for v = 4. In fact, for any S € J, let b € SNV and distinguish the
following two cases.

o If p(b) # 0, then % € Bs(p) NS and so (2.1) provides that vs({a € X(S) : |a(b)] >
)1y < &, which implies vs({o € X(S) : |a(b)| < 22} > 1 -«

o If p(b) = 0, then clearly span(b) C Bs(p) NV NS and so (2.1) gives that
VYA > 0, Va € span(b), vs {a € X(S) : |a(a)| > 1}) < A, ie, Va € span(b),
vs {a € X(S) : |a(a)| < 1}) = 1. Then

Vr > 0, vs ({an(S) : Ja(b)] < %}) 1,

and so we get vs({a € X(S) : |a(b)] = 0}) = 1, which in particular gives that
vs({a e X(9) : o) <20 =1>1-¢.

Conversely, suppose (2.2) holds and fix € > 0. Taking v as in (2.2), we have that (2.1)

holds for 0 < % In fact, for any S € J, let b € Bs(p) N S and distinguish the following
two cases.

o If p(b) # 0, then (2.2) provides that vg({a € X(S) : |a(b)| < vp(b)}) > 1 — ¢ which
implies vg({a € X(5) : |a(b)| < 1}) > 1 —e.

o If p(b) = 0, then (2.2) provides that vs({a € X(S) : |a(b)| = 0}) > 1 — ¢, ie,
vs({a € X(S) : |a(b)| > 0}) < &, which implies vs({a € X(5) : |a(b)] > 1}) <e. O

Remark 2.3. If v is a Radon measure on X(A) s.t. {mgyv : S € J} is p—concentrated,
then

v({a e X(A) : |a(d)] =0Vb € ker(p)}) =1, (2.3)

where mg4v denotes the pushforward measure of v w.r.t. ms. Indeed, using the same
argument as in the proof of Proposition 2.2, we can show that Vb € ker(p),v({a €
X(A) : |a(b)] =0}) = 7r<b>#1/({a € X((b)) : |a(b)| = 0}) = 1. This together with the
fact that {a € X(A) : |a(b)] = 0} is a closed subset of X(A) and v a Radon measure
yields (2.3) by [27, Part I, Chapter I, 6.(a)].

Let us establish now a sufficient condition for the p—concentration of a collection of
representing measures, which we will often exploit in the rest of the article.
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Lemma 2.4. Let A be an algebra generated by a linear subspace V., p a seminorm on V
and L a normalized linear functional on A. If for each S € J there exists a representing
measure vs for L [s and

3C>0: L(a*) < Cp(a)? forallaeV (2.4)
holds, then {vs : S € J} is p—concentrated.

Proof. Let ¢ > 0 and take 0 := /&. Then for all a € Bs(p) N S

vs({a € X(9) : |a(a)| > 1}) < / a*dvs = L(a®) < Cp(a)®* < Cé* < e

X(S)
ie, {vs: S e J} fulfills (2.1). O
With a similar proof Lemma 2.4 holds with (2.4) replaced by the following condition:
Ve>03C>0:L(a*) <Cp(a)* +¢ forallacV. (2.5)

2.2. The case when Ty generated by a Hilbertian seminorm

Theorem 2.5. Let A be an algebra generated by a linear subspace V. C A, q a Hilbertian
seminorm on V such that {o € X(A) : « v is g—continuous} # 0 and J = {{W) :
W finite dimensional subspace of V'}. Let L be a normalized linear functional on A.
There exists a representing Radon measure v for L with support contained in {« €
X(A) : alv is qg—continuous} if and only if there exists a Hilbertian seminorm p on V
with tr(p/q) < oo and for each S € J there exists a representing Radon measure vg for
L1s with support contained in X (S) and such that {vs : S € J} is p—concentrated.

Proof. For each S € J, let vg be a representing Radon measure for L [¢ with support
contained in X (S) and p be a Hilbertian seminorm p on V' with tr(p/q) < oo such that
{vs : § € J} is p—concentrated. Let us first show that the family {vg : S € J} fulfills the
so-called Prokhorov condition by means of the characterization in [18, Proposition 1.18],
that is, we aim to show that for all £ > 0 and for all S € J, there exists K%} C X(S)
compact such that vg(K¥) > 1 —¢ and g (K™) C K for all T € J with S C T.

For any £ > 0, since {vg : S € J} is p—concentrated and tr(p/q) < oo, we can take
6e > 0 as in (2.1) and set r. := (0.4/€) " '1/tr(p/q) ¢. For each S € J, define K5 :=
{a € X(S) : |a(v)] < r-(v) forallv € SNV}, Then K is compact in X(S) as it is
closed and embeds into the compact product [],c gy [—7(v), 7<(v)] via the continuous
map a +— (a(v))yesnv. Now for any S C T in J the inclusion mg (K (™) C K9 holds
by definition and for each S € J the estimate vg(K (%)) > 1 — 14¢ holds by Lemma 2.6
below. Hence, the family {vg : S € J} fulfills Prokhorov’s condition and so we can
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apply [18, Theorem 3.9-(ii)], which guaranteed the existence of a representing Radon
measure v for L with support contained in X (A). It remains to show that the support
of v is contained in {o € X(A) : a [y is g—continuous}. For this, set ¢y : X(A) —
V* a— a [y and

K. :={ae X(A):|aWw)| <rs(v)forallveV} = ﬂ gt (K®)).
SeJ

Then [5, Propositions 7.2.2-(i) and 7.2.5-(iii)] and Lemma 2.6 imply that

V(K.) = lim vg(K™¥) > 1 — 14e.

=1
SeJ

Since K. C ¢y~ (V) = ¢y~ ' (V]) for all € > 0 this yields that v(¢y (V) = 1, ie.,
v has support contained in qbv_l(Vq’) ={a € X(A): aly is ¢g-continuous}.
Conversely, let v be a representing Radon measure for L with support contained in
{a € X(A) : aly is ¢g-continuous}. Then, for each S € J, the push-forward vg := Tg4v
is a representing Radon measure for L [¢ with support contained in X (5). For each

n €N, set K, := ¢y (Bn(q')) and define
= 1
2= — [ 9%d for all v € V. 2.6
p(v) Zln4/v v orall v € (2.6)
n= K,

It is easy to verify that p defines a Hilbertian seminorm on V. Then for each £ € FON(q)
we have that

9 (2.6) =1 5, Lemma 2.7 > 1 ) > 1
IVCHED DN B DL IS SF- 1 K 5 DE-R
eeFE n=1 n K, ecE n=1 n K, n=1 n

that is, tr(p/q) < 2 < oo. To show that {vs : S € J} is p—concentrated, let ¢ > 0
and take n € N such that v(X(A) \ K,) < 27'e. Then there exists § > 0 such that
nt§? < 271 and so, for each S € J and each v € Bs(p) NS, we obtain that

vs({a € X(5) : |a(v)] = 1}) <v({a € X(4) : [a(v)] = 1} N Ky) + v(X(A) \ Kn)

< /@2dus +27le < n4p(v)2 +2 e <e,
Ky,

ie, (2.1) holds. O
Lemma 2.6. For each S € J, the estimate vs(K5)) > 1 — 14¢ holds.

Proof. Let S € J and [ := {W C SNV : W finite dimensional subspace of S N V}.
Let W € I and consider the continuous restriction map ¢w: X(S) — W'. Then the
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push-forward py,, = ¢w,vs is a probability measure on W' satisfying the following
inequality for the € and d. as in the first part of the proof of Theorem 2.5:

pw ({1 € W' l(w)] = 1}) = vs({a € X() : la(w)| 2 1}) <€

for all w € Bs_(pw). Hence, the assumption of Lemma 1.6 holds for these € and J. and
thus,

vs(ow ™ (Bilre 1w)) = piw (Bi(re [w))) 2 1 = T(e + tr(plw /8ere lw)) = 1 — 14e

as tr(pw /dere Iw) < tr(p/dere) and, by Lemma 1.3-((ii)), tr(p/dere) < e.
Since K = Ny éow (Bi(re wr)) by definition, [5, Propositions 7.2.2-(i)
and 7.2.5-(iii)] imply that vg(K®) = limy e vg(dw (Bi(re [w+))) > 1 —14e. O

Lemma 2.7. Let n € N and E € FON(q). Then Y é(a) <n? for alla € K,,.
eckE

Proof. Let o € K,, and set H := span(FE) (for convenience, set « = « [y and ¢ =
q |g). Since E € FON(q) is finite, the space (H,q) is Hilbertian and F is a complete
g—orthonormal system. In particular, a [g€ B, (¢ |’y) and by the Riesz representation
theorem there exists a € H such that a(x) = (z,a), for all z € H and ¢(a) = ¢'(o) < n.

Therefore,

S é@)? =Y ale)? = Y e,a)2 = gla)? < n?

eclE eckE eckE

yields the assertion. O

Using exactly the same proof scheme but exploiting [18, Corollary 3.11-(ii)] instead
of [18, Theorem 3.9-(ii)], it is easy to obtain the following more general version of The-
orem 2.5 including the localization of the support of the representing measure.

Theorem 2.8. Let A be an algebra generated by a linear subspace V.C A, K C X(A)
closed, q a Hilbertian seminorm on V such that {a € K : a |y is g—continuous} # ()
and J = {(W) : W finite dimensional subspace of V}. Let L be a normalized linear
functional on A and Q a quadratic module such that K = Kg.

There exists a representing Radon measure v for L with support contained in {a €
K : aly is g—continuous} if and only if there exists a Hilbertian seminorm p on V with
tr(p/q) < oo and for each S € J there exists a representing Radon measure vs for L|g
with support contained in Kgns and such that {vs : S € J} is p—concentrated.

Remark 2.9.

(1) If in Theorem 2.5 (resp. Theorem 2.8) we assume for each S € J the uniqueness of the
representing measure for L [ ¢ with support contained in X (S) (resp. in Kgng), then
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by [18, Remark 3.12-(ii)] we get the uniqueness of the corresponding representing
measure for L.

(2) If in Theorem 2.5 (resp. Theorem 2.8) we take V' = A, we obtain a criterion for the
existence of a representing measure for L with support contained in sp(q) (resp. on
Kq Nsp(q)).

(3) Combining Theorem 2.5 (resp. Theorem 2.8) and Remark 2.3, it is easy to see that
if there exists a representing measure for L with support contained in {a € X(A) :
a |y is g—continuous} then L vanishes on ker(p) and so on ker(q).

When A is endowed with a Hilbertian seminorm ¢ and there exists C > 0 such that
L(a?) < Cq(a)? for all a € A, we can characterize the representing measures for L with
support contained in sp(q) only through conditions on a dense subalgebra of A.

Theorem 2.10. Let A be an algebra, q a Hilbertian seminorm on A with sp(q) # 0,
B a subalgebra of A which is dense in (A,q) and I := {{W) : W finite dimensional
subspace of B}. Let L be a normalized linear functional on A for which there exists
C > 0 such that L(a?) < Cq(a)? for all a € A.

There exists a representing Radon measure v for L with support contained in sp(q) if
and only if there exists a Hilbertian seminorm p on B with tr(p/q [g) < oo and for each
S € I there exists a representing Radon measure vg for L g with support contained in
X(S) such that {vg : S € I} is p—concentrated.

Proof. By the density of B in (A, q), there is a one-to-one correspondence between the
set of all g—continuous characters of A and the set of all ¢g—continuous characters of B,
which will therefore both denote simply by sp(g). Moreover, let Tg,gya (resp. Tepq)5)
be the weakest topology on sp(¢q) which makes a : sp(q) = R, a — «(a) continuous for
all a € A (resp. for all a € B) and by B(74,(q)4) (resp. B(Tsp(q)5)) the associated Borel
o-algebra. We refer to Appendix 4.3 for the proof that

B(Tsp(q)A) - B(Tgp(q)B), (27)

and so we will not distinguish between the measurable spaces (sp(q), B(Tsp(q)4)) and
(5p(q), B(Tsp(q)5)), which will be both simply denoted by (sp(q), B(Tsp(q)))-

Suppose that there exists a representing Radon measure v for L with support con-
tained in sp(gq). Then, applying Theorem 2.5 for V.= A = B, we get that there exists
a Hilbertian seminorm p on B with tr(p/q) < oo and for each S € I there exists a
representing Radon measure vg for L [g with support contained in X (S) such that
{vs : S € I'} is p—concentrated.

Conversely, suppose there exists a Hilbertian seminorm p on B with tr(p/q) < oo
and for each S € I there exists a representing Radon measure vg for L [g with support
contained in X (S) such that {vg : S € I'} is p—concentrated. Then, applying Theorem 2.5
for V.= A = B (see also Remark 2.9-(2)), we obtain that there exists a representing
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measure v for L [p with support contained in sp(q). We aim to prove that v is actually a
representing measure for L, so it remains to show that L(a) = [a(a)dv(a), Va € A\ B.

Let a € A\ B. By the density of B in (4, q), there exists a sequence (by)neny € B
such that ¢(b, —a) — 0 as n — co. Hence, for any « € sp(q) we get a(b,) — a(a) as
n — 0o, i.e., lim,_ bAn(oz) = d(«). Then, using Fatou’s lemma, we obtain that

/ a(a)?dy = / lim by, (a)?dv < lim inf / bn(a)?dv = liminf L(b?) = L(a?),
n—oo n— oo n—oo
sp(q) sp(q) sp(q)
where in the last equality we used the Cauchy—Bunyakovsky—Schwarz inequality and the
existence of C' > 0 such that L(a®) < Cq(a)? for alla € A. Hence, a € L?(sp(q), B(Tep(q)))

and so a € L (sp(q), B(Tep(q)))-
Then for any M > 0 we have that

/|a ) = b (@)|dv(a /‘ )L ja<any (@) = ba(@) Ligp (y<ary (@)] dr(@)

sp(q) sp(q)

+ / |a(@) Lgjacs)<my (@) — ()] dv(a)

sp(q)

n An(a)ﬂ{/a:u?n(ﬁ)\SM}(a) - Bn(a)‘ dv (o)

sp(q)

= [ 8@ Lssa0ay2a01 @) = ba(@)L 5, 50y (@) ()
sp(q)

+ [ 1@ Lisiacoysan (@)dv(a)

sp(q)

-/

sp(q)

5n(a)‘ L s, (o0 (@) (@) (2.8)

bn(a)| and that v is a representing measure for

. 1
Using that ﬂ{,@:|6ﬂ,(,8)|>M}(O‘) <
L [, we easily see that:

/

sp(q)

~

(b

R
~—
b(
—
IS]
[ V)
~—

=
S

bu(@)] L, 10y (2 M /
5p(0)

Therefore, passing to the limit for n — oo in (2.8), we get that for any M > 0:

lim /|a —b |d1/ /|a |]l{5‘ ﬂ)|>M}( )dl/() M (29)

n—oo

sp(q) sp(q)



M. Infusino et al. / Advances in Mathematics 448 (2024) 109677 17

Since a € L (sp(q), B(Tsp(g))) and |a(e)| Lig.a(p) >y (@) < |a(e)| for all M > 0, we
can apply the dominated convergence theorem, which ensures that:

tin [ 16(0)| L i-an (@)dvia) = [ lim [a(@)] Liajacoysan (@)dv(a) =0

M — o0
sp(q) sp(q)

Hence, passing to the limit for M — oo in (2.9), we obtain that:

lim / la(a) — by ()]di(a) = 0

n—oo
sp(q)

and so

L(a) = lim L(by) = lim / b () dv(a) = / a()dv(a). O

n—oo n— oo
sp(q) sp(q)

With a similar proof, it is possible to show the following more general version of
Theorem 2.10.

Theorem 2.11. Let A be an algebra, K C X(A) closed, q a Hilbertian seminorm on A
with sp(q) N K # 0, B a subalgebra of A which is dense in (A,q) and I = {{(W) :
W finite dimensional subspace of B}. Let L be a normalized linear functional on A for
which there exists C > 0 such that L(a®) < Cq(a)? for all a € A and Q a quadratic
module such that K = Kg.

There exists a representing Radon measure v for L with support contained in sp(q)NK
if and only if there exists a Hilbertian seminorm p on B with tr(p/q) < oo and for each
S € I there exists a representing Radon measure vg for L g with support contained in
Kons such that {vs : S € I} is p—concentrated.

Remark 2.12. All the results in this subsection also hold if the index set J (respectively I)
is replaced by a cofinal subset of it as the correspondent projective limit does not change
(see e.g. [6, 1., §7.2, Proposition 3], [18, Proposition 1.3].)

2.8. A natural choice of a Hilbertian seminorm on A

Given a normalized Y A2-positive linear functional L, the map (a,b) — L(ab) de-
fines a symmetric positive semidefinite bilinear form and so the following is a natural
Hilbertian seminorm on A

sp(a) :== +/L(a?) for all a € A. (2.10)

Then, combining Lemma 2.4 with our main results Theorem 2.8 and Theorem 2.11, we
easily obtain the following two results.
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Corollary 2.13. Let A be an algebra generated by a linear subspace V.C A, K C X(A)
closed and J := {{(W) : W finite dimensional subspace of V}. Let L be a normalized
> A% -positive linear functional L on A and Q a quadratic module such that K = K.

If there exists a Hilbertian seminorm q on V' such that tr(sp v /q) < oo and {a €
K : aly is q—continuous} # O and for each S € J there exists a representing Radon
measure vs for L [g with support contained in Kgns, then there exists a representing
measure for L with support contained in {o € K : a [y is g—continuous}.

Proof. Since L(a?) = sp(a)? for all a € V, (2.4) holds for p = sy, and C = 1. Hence,
Lemma 2.4 ensures that {vg : S € I} is sp—concentrated. This together with the
assumption tr(sy [v /¢) < oo allows us to apply Theorem 2.8 for p = sp, ensur-
ing that there exists a representing Radon measure v for L with support contained in
{a € K : a|y is g—continuous}. O

Corollary 2.14. Let (A, ) be a locally convex topological algebra, B a sub-algebra of A
which is dense in (A,7) and I := {{(W) : W finite dimensional subspace of B}. Let L be
a normalized Y A% —positive linear functional on A and Q a quadratic module such that
K =Kg.

If there exists a T—continuous Hilbertian seminorm q on A with tr(sp/q) < oo and
sp(q) N K # O and if for each S € I there exists a representing Radon measure vg for
L s with support contained in Kgng, then there exists a representing measure for L with
support contained in sp(q) N K.

Proof. The 7—continuity of ¢ and the density of B in (A, 7) provide that B is dense
in (A, q). Moreover, since L(a?) = sp(a)? for all a € A, (2.4) holds for p = 57, C =
1 and V = A, so Lemma 2.4 ensures that {vg : S € I} is sp—concentrated. Then,
by Theorem 2.11, there exists a representing measure for L with support contained in
sp(q)NK. O

Remark 2.15. In Corollary 2.13 and Corollary 2.14 we could actually replace A with
A/ ker(sg,), because it is readily seen from the Cauchy-Schwartz inequality that L van-
ishes on ker(sy,). Moreover, we have that V/ker(sy, [v) = V/(ker(sr) NV) = V/ker(sy)
and, whenever tr(sy [v /q) < oo for some Hilbertian norm ¢, the space V/ker(sy) en-
dowed with the quotient seminorm induced by sy, (and also denoted by s, with a slight
abuse of notation) is separable. Hence, whenever these techniques work, (Vs [v) is
essentially a separable space.

Let us now exploit Corollary 2.13 to obtain more concrete sufficient conditions for the

existence of a representing measure for L in presence of a fixed Hilbertian seminorm ¢
on A.
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Corollary 2.16. Let A be an algebra generated by a linear subspace V.C A, L a normalized
linear functional on A, Q a quadratic module in A and q a Hilbertian seminorm on A
with {o € Kq : oy is g—continuous} # 0. If

(a) L(Q) C [0,00),

(b) for each v €V, Z W:oo,
(c) tr(sp v /q) < oo,

then there exists a unique representing Radon measure v for L with support contained in
{a € Kq : alv is q—continuous}.

Proof. Let J := {(W) : W finite dimensional subspace of V'}. By [18, Theorem 3.17-
()], the assumptions (a) and (b) guarantee that for each S € J there exists a unique
representing Radon measure vg for L [s with support contained in Kgng. This together
with the assumption (c) allows us to apply Corollary 2.13, ensuring that there exists
unique representing Radon measure v for L with support contained in {a € K¢ : o v
is g—continuous}. O

Remark 2.17. Corollary 2.16 still holds if we replace the assumptions (a) and (b) with
the assumption (a’) L(Pos(Kg)) C [0,+00) and in the proof we use [18, Theorem 3.14]
instead of [18, Theorem 3.17]. However, under this replacement, the uniqueness is not
anymore ensured.

The following lemma provides an explicit construction of a Hilbertian seminorm ¢ as
required in Corollary 2.13 and so in Corollary 2.16.

Lemma 2.18. Let A be an algebra generated by a linear subspace V- C A and p a Hilbertian

seminorm on V' such that there exists a complete p—orthonormal system {e, : n € N}
in V. Choose (A\y)nen C Rsg such that Y .2 | A2 < co. Then

=1"'n

;2<v,e">§, YvoeV

defines a Hilbertian seminorm on U := {v eV i Y N2(v,en)s < oo} such that
n=1

tr(p [uv /q) < o0 and U is dense in (V,p).

Proof. For each a,b € U, let us define (a,b), : Z A, 2 a, en)p(b,en), (note that the

Cauchy-Schwartz inequality provides that (a,b), < 00, since (v,v), < oo for all v € U
by the definition of U ) Then <-, )¢ is a symmetric positive semidefinite bilinear form on
U x U and thus, q(v) = /(v, v), for all v € U defines a Hilbertian seminorm on U.
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As {e, : n € N} is a complete p—orthonormal system in V', we have that Parseval’s
equality holds and so

VvelU, p :Zven Z)\ (v, en) _(supAi)q(v}Q,

neN

ie., Yo € U, p(v) < Cq(v) where C := sup,,cy A2 is finite because of the assumption
Yool A2 < oo

Moreover, since for all i, 7 € N we have

o0

(Ai€i, Ajes)q Z 2(eis en)p(Niesenp = 3 A (Nibin) (Aj65m) = 6 j,
n=1

the set {\,e, : n € N} is g—orthonormal. Moreover, for all v € U and all n € N we have
that (v, \nen)q = A\, (v, e,), and so

o0

YoveU, (v,v) i (v, en = Z(U, /\nen>27

n=1

i.e., Parseval’s equality is satisfied, which is equivalent to say that {\,e, : n € N} is
a complete g—orthonormal system in U by [7, Chapter 5, §2.3, Proposition 5]. Hence,
using (1.3), we get that

tr(p [uv /q) = z:p()\nen)2 = Z Mp(en)? = Z N < oo (2.11)
n=1 n=1 n=1

As U contains {e,, : n € N}, we get that U is dense in V. O

Remark 2.19.

(i) If (V,p) is Hausdorff and contains a countable total subset, then the existence of a
complete p—orthonormal system in V' is guaranteed by [7, Chapter 5, §2.4, Corollary
p. V.24]. In particular, such a system exists when (V, p) is Hausdorff and separable.
(ii) If {fn : n € N} is another complete p—orthonormal system in V, then we get
that Y7, A %(v, fu)2 < oo for all v € TU where T is the linear operator
T:V — V given by e, — f, for all n € N. Indeed, since T" maps a complete
p—orthonormal system to another complete p—orthonormal system, T is orthogo-
nal and so for all v € U we get that Y ° | A\ 2(T'v, fn)2 = 307 A2 (T, Tey), =
Yo A2 (v en)2 < oo
(iii) Iterating the construction in Lemma 2.18, we can show that there exists a dense
subset U of (V,p) such that U can be equipped with a nuclear topology stronger
than the one inherited from p.
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Combining Lemma 2.18 with Corollary 2.13, we obtain the following corollary.

Corollary 2.20. Let A be an algebra generated by a linear subspace V.C A and L a
normalized Y A2 —positive linear functional on A such that there exists a complete sg,— or-
thonormal system {e, : n € N} in V. Choose U and q as in Lemma 2.18, and set
JU) :={(W) : W finite dimensional subspace of U}.

If {a € X(A) : oy is sp—continuous} # O and for each S € J(U) there exists a
representing Radon measure vs for L [g, then there exists a representing measure for
L [y with support contained in {a € X ((U)) : a[y is q—continuous}.

Proof. The assumptions ensure that we can apply Lemma 2.18 to (V, sy [v), which
provides a Hilbertian seminorm ¢ on a dense subset U of (V,sy [v) such that
tr(sg Tu /q) < oo. Then {a € X(A) : a [y is sp—continuous} C {a € X((U)) : a v
is g—continuous} and so {a € X((U)) : a [y is g—continuous} # . Hence, we can apply
Corollary 2.13 to L [(yy and get the conclusion. O

In the above corollary the Hilbertian seminorm ¢ on V' is not pre-given as in Theo-
rem 2.5 (resp. Theorem 2.8), but explicitly constructed through Lemma 2.18. The price
to pay for this is that we obtain an integral representation for the starting linear func-
tional L not on the whole of A but just on the subalgebra (U) of A. Note that the
latter subalgebra is actually dense in (A, sr) (or more in general in (A,p) when p is
defined on the whole of A, see Lemma 4.17 in the Appendix) and so Corollary 2.20 pro-
vides a representing measure for L restricted to a dense subalgebra of (A, sr). However,
the representing measure is supported on characters whose restrictions to U lie in the
topological dual of (U, q) and the density of (U) in (A, sy) does not allow us to show
that is supported on characters whose restrictions to V' are in the topological dual of
(V,sr, Tv) and so to get an integral representation for L on the full A. The latter ef-
fect is not an artefact of the techniques used here. Indeed, if V' = {5 is endowed with
the usual norm | - ||, which makes it a Hilbert space, then the associated Gaussian
measure (which is the product of infinitely many one-dimensional standard Gaussian
measures) gives rise to a functional L on S(V) and the Gaussian measure is the only
measure representing L. As sp, [v= || - ||l¢,, the Gaussian measure cannot be supported
on {a € X(S(V)):aly issp [v —continuous} because it is well-known that this set
has measure zero (see e.g. [2, Theorem 1.3].

In the case when U = V, Corollary 2.20 provides a representing measure for the
starting L on the whole A. This is for example the case when (V, 7y/) is separable nuclear
and sy, [y is 7y —continuous, as analyzed in more details in the next subsection.

2.4. Results on the Main Question for Ty nuclear

Corollary 2.13 and Corollary 2.16 nicely apply to the case when the generating sub-
space of the algebra is endowed with a nuclear topology.
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Corollary 2.21. Let (V,7y) be a nuclear space, A an algebra generated by V, J :=
{{(W) : W finite dimensional subspace of V} and K C X(A) closed. Let L be a nor-
malized " A%—positive linear functional L on A and Q a quadratic module such that
K = Kg.

If for each S € J there exists a representing Radon measure vg for L|s with support
contained in Kons and s, [v is Ty —continuous, then for each Hilbertian seminorm q
onV st {a € K : aly isq-continuous} # 0 and tr(sy v /q) < oo, there exists a
representing measure for L with support contained in {o € K : aly is g—continuous}.

Proof. As (V,7y) is nuclear and sy [y is Ty—continuous, using Lemma 1.3 and the
directedness of the generating family for 7, we can easily derive that there exists a
Ty—continuous Hilbertian seminorm ¢ on V such that tr(sy [v /¢) < co. Thus, we can
apply Corollary 2.13 and get the desired conclusion. O

Using exactly the same argument but replacing Corollary 2.13 with Corollary 2.16,
we obtain the following.

Corollary 2.22. Let (V,7y) be a nuclear space, A generated by V', L a normalized linear
functional on A such that L(Y_ A%) C [0,00) and Q a quadratic module in A. If

(a) L(Q) € [0,00),

o)
1 _
(b) for eachv €V, ngl ECD iR

(¢) sp v is Tv—continuous,

then, for each Hilbertian seminorm q onV s.t. {a € Kg : a |y is g—continuous} #
and tr(sy, [v /q) < oo, there exists a unique representing Radon measure v for L such
that v({a € Kq : aly is g—continuous}) = 1.

We can retrieve [26, Theorem 13] from Corollary 2.22 applied to Q = >~ A2. Indeed, in
[26, Theorem 13] the assumption (ii) exactly corresponds to (a) and (b) of Corollary 2.22
for Q@ = Y A% (the alternative assumption (i) corresponds to (a’) in Remark 2.17),
and the assumption of the existence of a 7—continuous seminorm ¢ on V such that
L(v?) < q(v)? for all v € V guarantees that sy [y (a) < g(v) for all v € V, i.e., also (c)
in Corollary 2.22 is satisfied.

Note that if there exists a 7—continuous Hilbertian seminorm ¢ on A such that
L(a?) < g(a)? for all a € A, then not only s; is 7—continuous but also L itself is
T—continuous, since by the Cauchy-Schwarz inequality we have that

|L(a)]* = |L(1-a)” < L(1)L(a®) < q(a)?  for all a € A.

Viceversa, the continuity of L on certain classes of nuclear topological algebra provides
the continuity of sy, allowing us to establish the following result.
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Corollary 2.23. Let (A, 7) be a locally convex nuclear topological algebra which is also
barrelled (respectively, has also jointly continuous multiplication), L a T—continuous
linear functional on A and Q a quadratic module in A. If

(a) L(Q) € [0,00),

— 1 —
(b) for eachv eV, ngl her) 0%

then, for each Hilbertian seminorm q on'V s.t. KoNsp(q) # 0 and tr(sp/q) < oo, there
exists a unique (Kg Nsp(q))-representing Radon measure v for L.

Proof. Let us first observe that the T—continuity of sy, is ensured both when (A, ) is bar-
relled and has jointly continuous multiplication. Indeed, in the first case the T—continuity
of L ensures the existence of a Hilbertian seminorm ¢ on A such that L(a?) < g(a)? for
all @ € A (see, e.g. [26, Lemma 14]) and so, as observed above, s is 7—continuous.
In the second case, the joint continuity of the multiplication provides the existence of
a 7—continuous seminorm p on A such that L(ab) < p(a)p(b) for all a,b € A and so
sp(a)? = L(a®) < p(a)? for all a € A, which shows that sy, is 7—continuous.

Hence, in both cases we can apply Corollary 2.22 for V = A and get the desired
conclusion. O

We can easily retrieve [26, Theorem 15] from Corollary 2.23 applied to Q = > A2
3. The case of the symmetric algebra of a nuclear space

Let us apply the results of Section 2 to the case when A is the symmetric algebra
S(V) with (V, 7y ) nuclear. Corollary 2.22 immediately gives the following result.

Corollary 3.1. Let (V,7y) be a nuclear space, L a normalized linear functional on S(V')
and Q a quadratic module in S(V'). If

(¢) L(Q) C [0,00),

— 1 -
(b) for eachv €V, 7;1 e — O

(¢) splv is T—continuous

then, for each Hilbertian seminorm q on V such that tr(sy [v /q) < oo and {a € Kq :
aly is q—continuous} # 0, there exists a unique representing Radon measure v for L
such that v({a € Kqg : alv is g—continuous}) = 1.

We can retrieve [26, Theorem 16] from Corollary 3.1 applied to Q@ = > A?. Indeed,
the definition of nuclear space in [26, p. 445] is covered by Definition 1.4 (for more details
see Remark 4.16), [26, Theorem 16] the assumption (ii) exactly correspond to (a) and
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(b) of Corollary 3.1 for @ = _ A? (the alternative assumption (i) corresponds to (a’) in
Remark 2.17), and the assumption of the existence of a T7—continuous seminorm ¢ on V
such that L(v?) < g(v)? for all v € V guarantees that s, [v (a) < g(v) for allv € V, i.e.,
also (c) in Corollary 3.1 is satisfied.

If to each v € V we associate the operator A,(w) = vw for any w € S(V), then
we can also retrieve [8, Theorem 4.3, (i) < (iii)] for such operators from the version of
Corollary 3.1 with (a) and (b) replaced by (a’) in Remark 2.17 by taking L = T and
K = Z (see also [15, Theorem 3.11]).

Corollary 3.1 also allows to easily prove the following result.

Corollary 3.2. Let (V,7y) be a nuclear space with Ty induced by a directed family of
seminorms P on V, L a normalized linear functional on S(V) and Q a quadratic module

in S(V). If

(a) L(Q) € [0,00),

S 1 —
(b) for eachv €V, nzzjl I = OO

(c) for each d € N, there exists p € P such that the restriction L: S(V)qs — R is
Dq—continuous, where py is the quotient seminorm on the d—th homogeneous compo-
nent S(V)q of S(V) induced by the projective tensor seminorm p®<,

then, for each Hilbertian seminorm q on V' such that tr(sp [v /q) < oo and {a € Kq :
aly is g—continuous} # 0, there exists a unique representing Radon measure v for L
such that v({o € Kg : alv is g—continuous}) = 1.

Proof. Since L [g(v), is Py—continuous for some p € P, there exists C' > 0 such that
L(v?) < Opy(v) for all v € V. Moreover, as p,; comes from the projective tensor seminorm
p®?, we easily get that p,(v?) < p(v)? holds for all v € V and all d € N, see e.g. [10,
Lemma 3.1]. Using the latter for d = 2, we obtain that L(v?) < Cpy(v) < Cp(v)? for all
v € V', namely that the Hilbertian seminorm sy, [y is p—continuous and so 7y —continuous.
Hence, the conclusion follows at once from Corollary 3.1. O

Using Theorem 2.10 instead of Corollary 2.22, we can prove a slight generalization of
the classical solution to the Main Question for (V, 7y/) nuclear in [2, Chapter 5, Theorem
2.1] (cf. [2, Chapter 5, Section 2.3] and [3]).

Theorem 3.3. Let (V,7y) be a Hausdorff separable nuclear space with Ty induced by a
directed family P of Hilbertian seminorms on V, L a normalized linear functional on
S(V) and K a closed subset of V*. For any n € N and s € P, let 5") the Hilbertian
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N N
seminorm on S(V), given by 5™ (b \/Z Z (bi1,b51)s -+ (bin, bjn)s for any b :=
N =1 =
Sbibine S(V), with NeN and by, €V fork=1,...,n. If
i=1

(1) L(Q) C [0,00), where Q is a quadratic module of S(V) such that K = K¢

(2) there exists a countable subset E of V whose linear span is dense in (V,7v) such
that >, W =00 forallve E

(8) For any d € N, there exists paq € P such that the restriction L: S(V)2q — R is

— (2d) .
P24 —continuous

(4) KNV, #0, where go € P is such that tr(pz2/qz2) < oo

then there exists a representing Radon measure p for L with support contained in KNV,,.

Remark 3.4. If for each d the map V — R,v ~ L(v?) is 7y —continuous, then the
assumption (3) in Theorem 3.3 holds. Indeed, the 7y —continuity of the map V' — R, v —
L(v?) implies that for any d there exists a 74 € P such that |[L(v?)| < 1 forallv € V

d
with 74(v) < 1. Then |L ((#(U)) )

‘L(vd)| <rg(v), Yo e V.

<1forall ve V and so

By using the multivariate polarization identity, this in turn provides that
dd

|L(v1 -+ va)| < Erd(

v1) - ra(vg), Yo, ... ,uq € V.

Then, since (V,7) is nuclear, Lemma 3.5-(1) below ensures that for any p; € P with
tr(rq/pa) < oo we have

d
L)) < CCUPID 560 0) v e (1),

2d)

and hence, in particular, L [g(v),, is ;Béd —continuous.

Lemma 3.5. Let (V,7y) be a separable nuclear space with 7y induced by a directed family
of Hilbertian seminorms P on'V and L a normalized linear functional.

(1) If for some d € N, there exists r € P and 5L,d, such that
|L(v1...v0)| < CpLar(vi)...7(va)  Yoi,...,vq €V,
then for any s € P with tr(r/s) < oo we have that

|L(a)] < Cra(tr(r/s))! 59(a)  VYaeS(V)a.
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Let £ € V* for some r € P and oy the character on S(V) associated to £, which
is uniquely determined by defining cau(vy ... vq) := L(v1)...L(vq) for all d € N and
v1,...,uq € V. If £ € V! for some r € P, then the associate character oy on S(V')
is such that for any s € P with tr(r/s) < oo and any d € N the following holds

lag(a)| < (T’(f)tr(r/s))d ?d)(a) Va € S(V)q4.

If the assumption (3) in Theorem 3.3 holds with continuity constant Cr, 24 and
(Ad)deN, is a sequence of real numbers such that

D A% <, (3.1)
d=0
then the seminorm defined by
o0 2 o0
B(@)? = Mo”2+ 3 NiCr2a (52 V(@) Vai= Y a D es)  (32)
d=1 d=0

is Hilbertian and

[L(a)|* < L(a? (Z/\ ) (a)>  forallac S(V).

Let Cp 4, (Ma)den, and p asin (3), and for each d € N take a seminorm gaq € P such
that tr(paa/qea) < 0o (such a seminorm always exists by nuclearity). If (Na)aen, @S
a sequence of real numbers such that

2

SN
Z —SCLthr(p?d/QQd)d < 00, (3.3)
a—1 'l

then the seminorm defined by

q(a)* = 5 la”? +Zn (@ (a (d’) , Va —Za (3.4)

d=1

is Hilbertian and such that tr(p/q) < co.

Let Cp 4, (Aa)den, and p asin (3), and for each d € N take a seminorm gaqg € P such
that tr(paq/qaq) < oo for alld € N and also tr(qa/q2q) < 0o for alld € N with d > 2
(such a seminorm always exists by nuclearity). If (N4)acn, 5 a sequence of real
numbers fulfilling (3.3) and

Z 6—2 < 00,¥e > 0, (3.5)
d= d
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then ¢ € V* is qg-continuous if and only if oy is ¢ continuous, i.e., V:I'Q and sp(q)

are isomorphic, where ¢ is as in (3.4).
Proof.

(1) This is a direct consequence of the multilinear Schwartz kernel theorem for nuclear
spaces, see e.g. [4, Lemma 6.1 and Theorem 6.1].

(2) By the r—continuity of ¢, we obtain that |ay(vy ... va)| < 7/(€)%r(vy)...7r(vg) for all
v1,...,vq € V. Hence, the result directly follows from (1) applied for L replaced
with ay.

(3) Let d € N and b := Zbﬂ big € S(V)g with N e N and by, € V for k=1,...,d.

i=

Since the assumption (3) of Theorem 3.3 holds and b? € S(V)aq, we have that

L(b?) < ngpgd (b2) Moreover, since b? = Z Z bi1 - bigbp1 - - bpg, we obtain

i=1h=1
that
N N N N
@(2‘1)(52) - Z Z bi1,0j1) paa * * * (bids bjd) paa Z Z bn1: Ok1) pay =« * (Onds Okd) pa
i=1 h=1 j=1Fk=1
N N 2
- (Z Z bi1, le p2d " <bid7 bjd>p2d>
i=1 h=1
N N
= Z Z bll’ le P24 " <bida bjd>p2d = ﬁi(d) (b)2
i=1 h=1

Hence, we get that

L(b?) < Coapza® P (6?) < Coapaa P ()2, Wb e S(V)a. (3.6)

Let (Aa)aen, as in (3.1) and a := Y72 jal® € S(V). Then there exists D, € N
such that a(® = 0 for all d > D, and so we get that

L<a>|2§|L<a2>|s§_“j§jL< D)L (a) df_jli\/( )JL((M)Q)
_ <Z\/T>
< (57) (o ()
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(i 6) Da __(d) 2
Z A2 ) (231001 + > A3Caapzd @ (o)
d=1
(Z Af) pla)?
d=0

Since (V, 7y) is Hausdorff and separable, we have that for each d € N there exists a
complete gag—orthonormal system Fy in V' (see Remark 2.19).

Then B := {Leil e,

N
mal system in S(V) and thus, for any (Ag)aen, as in (3.1) and (14)4en, as in (3.3),

:n € No,€5,,...,€;, € En} is a complete g—orthonor-

we obtain that

b N3Coapaa® (es, - - €1,)?
S S S
o

eceB d=1é€;q,....eiy; €Lq "l

NS AaCaapaa(eiy)® - - paa(eis)”
_ _g + Z Z d )2 d

o Giei,. e €Ea g
A = A2 ) )
=043 40 Y paalen)? D paales,)
Mo = Md ei, €Eq -y
XN M a
==+ Z —5 Caqtr(paa/qea)” < oo.
o =M

Hence, tr(p/q) < oo.

Let us first show why the existence of a seminorm go4 with the properties as in the
statement is guaranteed by the nuclearity of V. As P is directed, for each d > 2
there exists a seminorm roq € P such that pag < rog and g2 < r94. Then, by the
nuclearity of V', we can choose a gaq € P such that tr(req/geq) < oo and hence, by
definition of trace, tr(p2q/geq) < oo and tr(gs/geq) < oo for all d > 2.

Let ¢ be go-continuous. Then, for any d > 2, we get that

0@ @)2)] < (65()tr(a2/020)* G (@ D)), VoD € S(V)
while, for d = 1, we have that
jae((@M)?)] = 6(aV)? < g5(0)g2(aM)?, Ve S(V)1 = V.
Moreover, arguing as in (3), it is easy to see that for all d € N

5a" (@ D)?) = 3D (@ D)2, VoD € S(V),.
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Now, for any a := > 5, a® € S(V), there exists D, € N such that a¥ = 0 for
all d > D,. Thus, setting g := 14q4(0)~% (1 + tr(ga/q2q)) " for all d € Ny and
exploiting the previous three inequalities, we get that

(@] < Jaela?)] < (i g ) <§: i ‘”«a(d)f))
d=0 d=0

< (Z ﬁf) (ﬁ%a(‘”l + 17 ¢5(0)%q2(atM))?
d=0
Dg

B AT O e ) 2)

d=2
< <Zﬁd‘2> q(a)?,
d=0

which provides the G—continuity of ay since (Zsozo ﬁ;z) < o0 by (3.5).
Conversely, if ay is §—continuous, then there exists C' > 0 such that

(V)] = lee(v)] < C4(v) = Cmaa(v), YoeV. O

Proof of Theorem 3.3. Let I’ := {(F) : F finite subset of E}.

Recall that (X (S(V)), 7x(s(v))) is isomorphic to V* equipped with the weak topology.
Then, by the generalization of the classical Nussbaum theorem to any finitely generated
algebra (see e.g. [18, Theorem 3.16]), the assumptions (1) and (2) ensure that for each
S € I there exists a unique Kgns-representing measure vg for L [g. Moreover, the
separability and the nuclearity of (V,7y) as well as the assumptions (1) and (3) ensure
that we can apply Lemma 3.5 and get two Hilbertian seminorms p and ¢ on S(V') such
that tr(p/§) < oo and L(a?) < (350 A;°) #(a)? for all a € S(V). Thus, by Lemma 2.4,
{vs : S € I} is p-concentrated.

Also the density of span(E) in (V,7y) given by assumption (2) implies the density
of S(span(E)) in (S(V),q). Then, by Lemma 3.5-(5) we have that sp(q) is isomorphic
to Vq'2. Thus, exploiting also the assumption (4), the conclusion follows by applying
Theorem 2.11 to A := S(V), ¢ = q, B := S(span(E)), p = p but with I replaced by its
cofinal subset I’ (cf. Remark 2.12). O

We can retrieve [2, Chapter 5, Theorem 2.1] from Theorem 3.3, because their definition
of nuclear space (V,7) is covered by Definition 1.4 (for more details see Remark 4.14),
their regularity assumption on the starting sequence [2, Chapter 5, Section 2.1, p.52]
corresponds to Theorem 3.3-(3), their positivity assumption [2, Chapter 5, (2.1)] is
equivalent to Theorem 3.3-(1), and those together with their growth condition in [2,
Chapter 5, (2.5)] imply that Theorem 3.3-(2) holds (see Proposition 3.6 below). For the
convenience of the reader, we restate their growth condition in our setting:
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3 E C Vcountable s.t. span(E) is dense in (V,7) and C{z;} is quasi-analytic(3.7)

’ |L(or - vap)|
where z;, := <sup pgk(’l})> sup —2%) Vk e N,
v P2k (

veE Uy~ U2k)

pai and ;5579(%) are as in Theorem 3.3-(3).

Note that this stronger condition is introduced in [2, Chapter 5, Theorem 2.1] to face the
problem that the sum of two infinitely differentiable functions each belonging to a maybe
different quasi-analytic class is not necessarily belonging to one of the two quasi-analytic
classes or to any quasi-analytic class at all, see [20, Theorem XII].

We now prove in detail the above mentioned implication.

Proposition 3.6. Let (V,7y) be a separable nuclear space with Ty induced by a directed
family of seminorms P on V', L: S(V) — R linear such that (1) and (3) of Theorem 3.3
hold. If (3.7) is fulfilled, then Theorem 3.3-(2) holds.

Proof. Let us preliminarily observe that for each £ € N and each v € V' we have
L(v?*) < z. (3.8)

Since the class C{z} is quasi-analytic and (3.8) holds, also C{+/L(v?*)} is quasi-analytic.
This together with the log-convexity of (\/L(v?*))en ensures, by the Denjoy-Carleman

1 o . . . .
theorem, that kz=:1 Evrcai oo holds, which provides the conclusion. (For a review

about log-convexity and quasi-analyticity see e.g. [14]) O
4. Appendix

In the following we first explain the relation between the notion of trace of a Hilbertian
seminorm w.r.t. to another and the classical definition of trace of a positive continuous
operator on a Hilbert space. Then we compare the definition of nuclear space used in
this article due to Yamasaki [30] with the more traditional ones due to Grothendieck
[11] and Mityagin [22], and with the definitions of this concept given by Berezansky and
Kondratiev in [2, p. 14] and by Schmiidgen in [26, p. 445], whose results we compared
to ours in Section 3. Finally, we provide a complete proof of the measure theoretical
identity (2.7), which we exploited in the proof of Theorem 2.10.

4.1. Trace of positive continuous operators on Hilbert spaces

Let us start by recalling the definition of trace of a positive continuous operator on a
Hilbert space, which we also denote with the symbol tr.
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Definition 4.1 (cf. [7, V.50, (24’)]). Given a Hilbert space (H, (-,-)), the trace of a con-
tinuous and positive operator f: H — H is defined as

tw(f) = sup 3 ew flen)), (4.1)

€1,...,€ .
Lyeees no;—1

where n ranges over N and ey, ..., e, € H ranges over the set of all finite sequences that
are orthonormal w.r.t. (-, ).

In fact, by [7, V.48, Lemma 2], we have that for every complete orthonormal system
{e; 11 € Q} in H the following holds

tr(f) =Y (e, fles). (4.2)

i€Q

If D C H is dense, then there exists a complete orthonormal system in H that is
contained in D. Therefore, in (4.1) it suffices to let eq,...,e, € H range over the set of
all finite sequences in D that are orthonormal w.r.t. (-, -).

For the convenience of the reader, we also recall here some fundamental classes of
operators that will be needed in showing the relation between traces mentioned above.

Definition 4.2. Given a Hilbert space (H, (-,-)), we say that a bounded linear operator
f: H — H is trace-class if tr(v/f*f) < oo, where f* denotes the adjoint of f. The
positive bounded operator /f* f is called absolute value of f.

Definition 4.3. Given two Hilbert spaces (H1,p1) and (Hz, p2), we say that a continuous
operator f: Hy — Hs is

(1) Hilbert-Schmidt (or quasi-nuclear) if tr(f* f) < oo.
(2) nuclear if there exist (v, )nen € Hy and (wy,)neny € Ha such that

o0

Zpl Un p2(wn) < 00 and f Z vn p1

n=1 n=1

Note that (v,)nen C (Hi,p1) and (wy)nen € (Ha, p2) can be chosen to be orthogonal
(see, e.g., [28, Corollary, p. 494]).

Proposition 4.4. Let f: (Hy,p1) — (Ha,p2) be a nuclear operator. If H C Hy closed,
then flg: H— f(H) is also nuclear.

Proof. Since f is nuclear, there exists (vp)nen C (Hi,p1) and (wp)nen C (Hz,p2)
orthogonal such that f(-) = Y07 (-, vn)p,wn and Y oo p1(vn)p2(w,) < oo. Then

n=1
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f(vn) = (Un,vn)p,wy for all n € N, since (vp)pen € (Hi,p1) is orthogonal, and so
(wn)nen C f(H). Furthermore, for each n € N there exist z,, € H,y, € H* such that
Up = Xy, + Yn. Thus,

o0 o0
Z T, Ty, + Yn)p, Wn = Z(z,xn>plwn for all x € H.
n=1 n=1

Moreover, (@, yn)p, = 0 implies that p1(z,) < p1 (xn + yn) = p1(vy) for all n € N and
hence, 3777 1 pi(zn)pa(wn) < 32571 p1(vn)p2(wn) < 0

We are ready now to relate Definition 1.2 and Definition 4.1.

Remark 4.5. A Hilbertian seminorm p on a real vector space V' can be always used to
construct a Hilbert space out of V. Indeed, p induces a seminorm on V, := V/ ker(p)
given by v+ ker(p) — p(v) and denoted, with a slight abuse of notation, also by p. Thus,
(Vp,p) is a pre-Hilbert space, as p clearly induces an inner product on V,. Now, V,, is
dense in the completion Vp of (Vp,p) and so p extends to a norm p on Vp which makes
(V,,P) a Hilbert space.

Proposition 4.6. Let p and q be two Hilbertian seminorms on a real vector space V.

(1) Ifker(q) C ker(p) then u: Vg — V,,v+ker(q) — v+ker(p) is well-defined. Note that
u s injective iff ker(q) = ker(p).

(2) If there exists C > 0 such that p < Cq, then u is continuous and uniquely contin-
uwously extends to w: (qu) — (Vp, D). Moreover, T is injective iff for any Cauchy
sequence (vy) in Vg s.t. u(vyn) converges to 0 in p we have that v,, converges to 0 in
q.

(3) tr(p/q) < oo if and only if w is Hilbert-Schmidt, i.e., tr(w*u) < oo, where w* denotes
the adjoint of u.

Proof. (1) For any v € V, let us set for convenience [v], := v + ker(q) and [v], =
v+ker(p). Recalling the notation and the properties introduced in Remark 4.5, it is easy
to see that ker(¢) C ker(p) implies (1), because under this assumption [z], = [y], implies
2 — y € kex(p) and 5o [zl = [g]p, ie., u([z]y) = u(lyly).

Moreover, suppose that « is injective and that there exists v € ker(p) \ ker(g). Then
[v]lg # [0]q and [v], = [0],. Hence, on the one hand the injectivity of w ensures that
u([v]q) # [0]p, but on the other hand u([v],) = [v], = [0], which leads to a contradiction.
Conversely, if ker(p) = ker(q), then w is the identity which is clearly injective.

(2) Suppose there exists C' > 0 such that p < Cq. Then ker(q) C ker(p) and so u is
well-defined by (1). Also, for any [v], € V; we have p(u([v]q)) = p([v],) = p(v) < Cq(v) =
Cq([v]q), i.e., u is continuous and so can be uniquely extended to the completions giving
the desired .
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For proving the second part of (2), suppose that @ is injective and let (v,) be a
Cauchy sequence in V s.t. p(u(v,)) — 0. Then, by completeness, there exists w € V,
such that g(v, — w) — 0 and so, by continuity of @, p(u(v,) — @(w)) — 0. Therefore,
Pa(w)) < B(E(0n) —(w))+PE(0n)) = Pu(vn) —T(w)) +p(u(en)) — 0, k., B(E(w)) = 0
that is u(w) = 0. Hence, the injectivity of @ implies that w = 0 and so that g(v,) =
q(vyn) = q(v, —w) — 0.

Conversely, suppose that for any Cauchy sequence (v,,) in V s.t. p(u(vy,)) — 0 we have
q(v,) = 0. If w € ker(u) C V, then there exists a Cauchy sequence (w,,) in V, converging
to w, i.e., g(w, —w) — 0. By continuity of @, we have that p(u(w,) — u(w)) — 0 but
u(w) = 0 and so p(u(w,)) = p(u(wy,)) — 0. Hence, our assumption implies g(w,) — 0
and so g(w) < g(w, —w) + q(w,) — 0, which is equivalent to w = 0 and so provides the
injectivity of @.

(3) directly follows from the following observation

tr(u*w) = . sup Z([ez‘]qﬂ*ﬂ([ei]q»ﬁ

. .
1seees n =1

i=1
- - Def
1.2
= sup Y (edpledp)p= sup D (eiei)y = tr(p/q),
€1,--;€n i=1 €1;---5€n i=1
where n ranges over N and ey, ...,e, € V ranges over the set of all finite sequences that

are orthonormal w.r.t. (-,-),. O

Proposition 4.7. Let p and q be two Hilbertian seminorms on V. If ker(p) = ker(q) and
tr(p/q) < oo, then V; is separable.

Proof. Suppose that V, is not separable. Then there exists (e;); € J orthonor-
mal basis of V; with J uncountable. Since g(e;) = 1 for all j € J and ker(p) =
ker(q), we have that p(e;) > 0 for all j € J. However, tr(p/q) < oo implies that
SUPpeN SUPj, i e Sor_ip(ej)? < oo and so for all but countably many n—tuples
n (ej); € J we have Y _, p(ej,)* = 0, which contradicts the fact that p(e;) > 0 for all
jed. O

Corollary 4.8. Let p and q be two Hilbertian seminorms on V' s.t. there exists C' > 0 such
that p < Cq then u injective and Hilbert-Schmidt implies that V; is separable.

Corollary 4.9. Let A be an algebra generated by a linear subspace V. C A, and L a
normalized linear functional on A such that L(>. A%) C [0,00). If q is a Hilbertian
seminorm q on' 'V such that tr(sp [v /q) < oo, then the space V/ker(sr) endowed with
the quotient seminorm induced by si, (and also denoted by sy with a slight abuse of
notation) is separable.
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Proof. Let us endow V; with the quotient seminorm induced by ¢, which we also denote
by ¢ with a slight abuse of notation. As tr(sy v /¢) < oo, Lemma 1.3-(i) ensures the
g—continuity of sy, [y and so that ker(q) C ker(sz). Then the quotient seminorm induced
on V, by s, v actually reduces to itself, i.e., Vo € V, inf{sy (v+w) : w € ker(¢q)} = s (v),
and can be continuously extended to a norm p;, on the completion V; of V;. Hence, both
(V,,pr) and (V,,q) are Hilbert spaces.

Consider ker(sz) in (V,,g) and denote by ¢ the quotient norm induced on V, /ker(sr,)

by g (respectively by sz, the quotient norm induced on V;/ker(sy) by 5z). Then § is
a Hilbertian norm as (Vq,q) is a Hilbert space and we have the following orthogonal

N 1 -
decomposition V, = ker(sy) @ker(sz) . Then (V,/ker(sz), §) is a Hilbert space. Hence,
_ L _ _
denoting by 7 the orthogonal projection V; onto ker(sz,) , we get V,/ ker(m) = 7(V), i.e.,

— L
Vy/ker(sp) = ker(sy) . Exploiting this isomorphism and the fact that ker(sy) is closed
in (V,,q), it is easy to see that any finite g-orthonormal subset {¢;},;=1,. s with J € N

in V, /ker(s,) provides a finite g—orthonormal subset {h;};—1.. s =71 ({€}j=1.. )
in V,. By density, for each n € N and each j € {1,...,J}, we can choose hg»") eV
such that g(h; — hg»n)) < 1/n. Orthogonalizing {hgn)}je{17.__,(]} via the Gram-Schmidt
process, we obtain a g—orthogonal subset {egn)}je{ljmJ} in V defined inductively by

(n) o(n) n . (n (™)
eg”) = hgn) and e,(:l) = hé") - Zkfl ey Daon) gor ol & > 2. Defining efc )= (k(n))
; : a(eS

I=L (e ey
for all kK € N, we get a g—orthonormal subset in V. So for each k € {1,...,J} as n — oo
we get inductively that q(eén) — hi) — 0 and hence H(ein) — hi) — 0. Thus, for each
€ > 0 there exists N € N such that E(egm — hj) <¢e/J for all j and so

Z sp(€) = Z st(hj) < Z sL(egN))—i—Egtr(sL l'v /q) +e.

j=1,...,J j=1,..,J j=1,..,J

As this holds for an arbitrary finite G-orthonormal subset {€;};=1.... s, we have by the defi-
nition of the trace that tr(sz./¢) < tr(sr v /q)+¢, which together with tr(sy, [v /q) < oo
implies tr(s7,/¢) < oo. Then, since the kernel of s7, in V, /ker(sz,) is clearly trivial, so it is
the kernel of ¢ in V; /ker(s.,). Hence, Proposition 4.7 provides that (V,/ker(sz)) / ker(q)
is separable, i.e., Vq/ ker(sy) is separable. As the latter space is also metric, we have that
its subspace V, /ker(sy) is also separable. Moreover, since ker(q) C ker(s) C V, we get
that V,/ker(sy) = V/ker(sz) and so V/ker(sr) is also separable. O

4.2. Other definitions of nuclear space

The definition of nuclear space used in this article, namely Definition 1.4, is due to
Yamasaki but it is equivalent to the more traditional definitions of nuclear space due to
Grothendieck [11] and Mityagin [22], which we report here for the convenience of the
reader (see e.g. [30, Theorems A.1, A.2] for a proof of these equivalences).
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Definition 4.10. A TVS (V,7) is called nuclear if 7 is induced by a family P of semi-
norms on V such that for each p € P there exists ¢ € P and there exist sequences
(Vn)nen CV, (In)nen € V* with the following property

Zp(vn)q'(ln) < oo forallv eV withv = Z ln(v)v, wW.r.t. p,
n=1

n=1

here ¢’ denotes the dual norm of g.

Definition 4.11. A TVS (A, 7) is called nuclear if 7 is induced by a family P of seminorms
on V such that for each p € P there exists ¢ € P with d,,(Uy,,U,) € O(n~?) for some
A > 0, where U, denotes the (closed) semiball of p and d,,(Uy, Up) denotes n—dimensional
width of Uy w.r.t. Uy, that is d,(Uy, Up) is defined as

inf{¢ > 0:U,; CV,,_1 + cU, for some V,,_1 C V with dim(V,,_1) =n — 1}.

Using Proposition 4.6, it is easy to establish that Definition 1.4 coincides with the
following one.

Definition 4.12. A TVS (V,7) is called nuclear if 7 is induced by a directed family
P of Hilbertian seminorms on V such that for each p € P there exists ¢ € P with

ker(q) C ker(p) and the continuous extension u: (V4,q) — (V,,P) of the canonical map
u: (Vq,q) = (V,, p) is Hilbert-Schmidt, i.e., tr(T*w) < oco.

This equivalent reformulation of Definition 1.4 allows more easily to see its relation
with the definitions of this concept given by Berezansky and Kondratiev in [2, p. 14] and
by Schmiidgen in [26, p. 445] whose results we compare to ours in Section 3.

Definition 4.13 (¢f. [2, p. 14]). Let I be a directed index set and (H;, p;)icr a family of
Hilbert spaces such that V' :=[,.; H; is dense in each (H;, p;) and for all 4, j € I there
exists k € I with 4,j < k and (Hy,pr) C (Hi,pi) as well as (Hg,px) C (Hj,p;j). The
space V endowed with the topology 7 induced by P := {p; : i € I} is called nuclear
if for each ¢ € I there exists j > 4 in I such that the embedding (H,,p;) C (H;,p;) is

Hilbert-Schmidt.

Remark 4.14. Berezansky and Kondratiev’s Definition 4.13 of nuclear space is covered
by Definition 4.12 (and thus, by Definition 1.4). Indeed, let (V,7) be a nuclear space
with defining family (H;, p;)icr in the sense of Definition 4.13. Since for each i € I we
have that ker(p;) = {o}, we get V,,, = V. This together with the fact that V is dense in

each (H;,p;) ensures that the completion (V,,D;) is isomorphic to (H;,p;) for all ¢ € I.
Thus, for ¢ < j in I the embedding (H,,p;) € (H;,p;), which is Hilbert-Schmidt by

assumption, coincides with w: (ij,ﬁj) — (V,,,D;)- Hence, (V, 7) is nuclear in the sense
of Definition 4.12.



36 M. Infusino et al. / Advances in Mathematics 448 (2024) 109677

Definition 4.15 (¢f. [26, p. 445]). Let (H,,pn)icn be a sequence of Hilbert spaces such
that (H,,pn) C (Hp,pm) for all m < nin N. The space V := [\ ~_, H,, endowed with the

topology 7 induced by P := {p, : n € N} is called nuclear if for each m € N there exists
n € N such that the embedding (H,,, p,) C (Hpm, pm) is nuclear (see Definition 4.3-(2)).
Remark 4.16. Schmiidgen’s Definition 4.15 of nuclear space is covered by Definition 4.12
(and thus, by Definition 1.4). Indeed, let (V,7) be a nuclear space with defining family
(Hp, pr)nen in the sense of Definition 4.15. For each n € N, since ker(p,) = {o},
we get that V, =V C H, and so that the completion (V, ,p,) is isomorphic to a
closed subspace of (H,,,p,). As the embedding (H,,, pm) C (Hyp,pr) is nuclear, also its
restriction 7 to me is nuclear by Proposition 4.4. The continuity of r guarantees that
r(Vp,) Cr(V,, ) =7(V) =V =V, and so the map r coincides with @: (V,, ,P,,) —
(V.. Pn)- Hence, @ is nuclear. Then [28, Theorem 48.2] ensures that tr(v/T* %) < oo, i.e.,
u is a trace-class operator (see Definition 4.2). Since the family of trace-class operators
on a Hilbert space forms an ideal in the space of bounded operators on the same space
(see e.g. [23, Theorem VI.19]), we have that tr(@*u) < oo, i.e., u is Hilbert-Schmidt.
Thus, (V,7) is also nuclear in the sense of Definition 4.12.

4.8. Two auxiliary results

We provide here a proof of (2.7), which we used in the proof of Theorem 2.10 as well as
a result Lemma 4.17 about dense subalgebras of topological algebras which we exploited
in the analysis of Corollary 2.20.

Proof of (2.7). For notational convenience, let 74 := 744 and 758 = 7,5. We
preliminarily observe that

¢(a):= sup Ja(a)|= sup |a(a)], Va € sp(q)
ac€A:q(a)<1 a€B:q(a)<1

and so ¢’ is lower semi-continuous w.r.t. both 74 and 72. Hence, all sublevel sets of ¢’ are
closed in both (sp(q),7*) and (sp(q), 72), i.e., Bn(q' )¢ € A N 78, for all n € N, which
gives in turn B, (¢') € B(4) N B(r?). This together with the following two properties

(i) 7N Bu(¢) =8N B.(¢), ¥YneN.
(i) B(t9) N B.(¢) =B(r¢ N B,(¢)), V¥YneN,Cec{A, B},

provide that

(i1)

B(rY) 0 Bu(d) 2 B(r4 0 Ba(¢) £ B(r? 0 Bu(¢) & B(r%) 0 Ba(q') € B(rP).



M. Infusino et al. / Advances in Mathematics 448 (2024) 109677 37

The latter ensures that if Y € B(74) then Y N B,(¢') € B(r?) for all n € N and so
that Y = U,y Y N Bu(d') € B(rP), ie., B(*) C B(7?). The opposite inclusion easily
follows from 78 C 74. Hence, B(t4) = B(r?). O

It remains to show (i) and (ii).

Proof of (i). Let n € N. Since 78 C 74, we have that 74 N B, (¢') 2 72 N B,.(¢'). For
the opposite inclusion, let « € sp(q) N B, (¢’) and recall that for any C € {A, B} a basis
of neighborhoods of « in the topology 7¢ N B, (¢') is given by

{Uey....corn 1 k€N,er,...,c € C, N> 0},
where

Uey,....on(@) = {y €sp(q) : |&(7) = Gi(a)] < Afor j=1,...,kand ¢'(y) < n}

We need to show that for any k € N, ay,...,ar € A and € > 0 there exist by,...,b, € B
and 6 > 0 such that Uy, . p,.6(0) C Uy, . apie(@).

Fixed k € N, ay,...,a; € A and € > 0, by the density of B in (A, q) we can always
choose by,...,b, € B such that g(a; —b;) < 5 for j = 1,..., k. Then taking 6 < 5 we
have that for any 5 € Uy, p,.s() and any j € {1,...,k} the following holds:

1B(aj) — alay)| < |B(aj) — B(b;)] +18(b;) — alby)] + |a(by) — alay)]
<ng(a; —b;) +06+ng(b; —a;) <e

ie., B € Uqy,. ape(a) and hence Up, . p,.6(0) CUqy, ape(a). O

Proof of (ii). Let n € N and C € {A, B}.

We have already showed that B, (¢') € B(7%) and so 7¢ N B, (¢') C B(7%), which in
turn implies that B(7¢) N B, (¢') 2 B(¢ N B,(¢')).

Now let ¢ : sp(q) N Bn(¢')N — sp(q) be the identity map. On the hand, the
continuity of i = (sp(q) N Bu(q), 7N Bu(¢))N — (sp(g), ) provides that i

(sp(q) N By(q'), B(° N By(q))) N — (sp(q), B(r7)) is measurable. On the other hand,
B(t¢)N B, (¢') is the smallest o—algebra on sp(q) N B, (¢') making i measurable. Hence,
we have that B(1¢) N B,(¢') € B(7¢ N B,(¢')). O

Lemma 4.17. Let A be an algebra generated by a linear subspace VC A and 7 a topology
on A such that (A, 7) is a topological algebra. If U is a subspace of V. which is dense in
(V, 7 1v), then (U) is dense in (A, T).

Proof. Let w € U and v € V. Then there exists a net (vq)aecs with v, € U such that
vq — v. Since the multiplication is separately continuous, we have that wv, — wv and
hence wv € (U).



38 M. Infusino et al. / Advances in Mathematics 448 (2024) 109677

Now let us take also u € V.
We will show by induction on n that

ViyeoyOp €V =010, € (U),Vn € N, (4.3)

which implies that (V) = (U) and so the conclusion A = (U).
Let us first show the base case n = 2. If v1,v2 € V then there exist nets (uq)aer and
(wg)pes with uq, ws € U such that u, — v and wg — ve. Since the multiplication is

separately continuous, for each u € U, we have that uwg — wve and hence uve € (U). In

particular each u,vy € (U) and, using again the separate continuity of the multiplication,

UqV2 — v1v2. Hence, vivg € (U).
Suppose now that (4.3) holds for a fixed n and let vy,...,v,41 € V. Then there
exists (ga)acr with g, € U such that g, — v,41. Moreover, by inductive assumption,

v1---v, € (U) and so there exists (hg)ges with hg € (U) such that hg — vy - vy,.
Then for any u € U, by the separate continuity of the multiplication, we have that
hgu — v1 - - vy, - u and hence vy - - - vy, - u € (U). In particular for each o € I we get that

V1 Uy c go € (U). Thus, using again the separate continuity of the multiplication, we

obtain that vy -+ vy - go = V1 -+ Uy - Vpy1 and SO vy -+ Uy - Upy1 € (U). O
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