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A formal framework to characterize and control/optimize the flow past permeable membranes
by means of a homogenization approach is proposed and applied to the wake flow past a
permeable cylindrical shell. From a macroscopic viewpoint, a Navier-like effective stress
jump condition is employed to model the presence of the membrane, in which the normal
and tangential velocities at the membrane are respectively proportional to the so-called
filtrability and slip numbers multiplied by the stresses. Regarding the particular geometry
considered here, a characterization of the steady flow for several combinations of constant
filtrability and slip numbers shows that the flow morphology is dominantly influenced by
the filtrability and exhibits a recirculation region that moves downstream of the body and
eventually disappears as this number increases. A linear stability analysis further shows the
suppression of vortex shedding as long as large values of the filtrability number are employed.
In the control/optimization phase, specific objectives for the macroscopic flow are formulated
by adjoint methods. A homogenization-based inverse procedure is proposed to obtain the
optimal constrained microscopic geometry from macroscopic objectives, which accounts for
fast variations of the filtrability and slip profiles along the membrane. As a test case for
the proposed design methodology, the cylindrical membrane is designed to maximize the
resulting drag coefficient.
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1. Introduction

The behavior of wake flows past permeable bodies and membranes is of considerable interest
owing to its large range of applications, both in nature and engineering. Several insects,
as thrips and wasps, present bristled wings, offering a considerable aerodynamic benefit
when compared to impervious wings in terms of propulsion efficiency per unit weight of
the wing itself (Ellington 1980; Barta & Weihs 2006; Jones et al. 2016). Owls are renowned
for their silent flight, which stems from the particular microscopic permeable structure of
the hair composing the wings (Wagner et al. 2017; Jaworski & Peake 2020). The dandelion
seeds are transported in the air by a structure called pappus, which behaves as a parachute.
The presence of voids drastically decreases the falling velocity and stabilizes the steady
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2

flow (Cummins et al. 2018; Ledda et al. 2019). At smaller scales, thin permeable shells are
of essential importance for unicellular organisms as a key point in their displacement and
feeding strategies (Asadzadeh et al. 2019). Within the vascular system of plants, permeable
microstructures called sieve plates are crucial for sap translocation (Jensen et al. 2016).

Besides these natural examples, there are several industrial applications concerning flows
through permeable structures with a plethora of microscopic properties and pore sizes,
ranging from millimeters for particle filtration to nanometers for desalination (Fritzmann
et al. 2007; Elimelech & Phillip 2011; Matin ez al. 2011) and wastewater recovery (Shannon
et al. 2008; Rahardianto et al. 2010). At larger scales, the flow around permeable bluff bodies,
as parachutes and nets, is gaining more and more interest (Cummins et al. 2018; Labbé &
Duprat 2019). Fog water harvesting systems, particularly employed in arid climates (Olivier
2004; Labbé & Duprat 2019), are built using either nets (Park et al. 2013) or harps (Shi et al.
2018; Labbé & Duprat 2019).

In these last examples, a deep understanding of aerodynamic flows investing permeable
structures is crucial and, for decades, the uniform flow past a solid or porous circular cylinder
has been the testing ground to train the understanding of flows around bluff bodies. The
flow past a solid circular cylinder is steady for low values of the Reynolds number. The
steadiness of the wake is broken at a critical Reynolds number of 46.7 (Jackson 1987;
Provansal et al. 1987), beyond which the flow undergoes an instability that leads to a
two-dimensional oscillatory flow characterized by the alternate shedding of vortices, i.e.
the renowned von Karmdn vortex street (Williamson 1996). At larger Reynolds numbers
Re ~ 192, the two-dimensional wake becomes unstable and three-dimensional structures
develop, whose characteristic trace is still the two-dimensional alternate shedding of vortices
(Barkley & Henderson 1996). The sequence of bifurcations that a flow may encounter can
be approached in the context of bifurcation theory and linear stability analysis (Chomaz
2005; Theofilis 2011). These methods are now largely employed and their reliability in the
prediction of instability thresholds and shedding frequencies close to the threshold (Barkley
2006) is now well assessed, spanning different length scales, from microfluidics systems
(Bongarzone et al. 2021), to bluff body aerodynamics (Meliga et al. 2009) and industrial
applications such as wind and hydraulic turbines (Iungo et al. 2013; Viola et al. 2014; Pasche
et al. 2017).

A largely investigated field in fluid dynamics is the control of the flow instabilities. One of
the first studies on the control of the von Karman vortex street via modifications of the solid
surface and velocity can be traced back to Prandtl, who controlled the flow past a circular
cylinder using the blowing effect of a small hole on the surface (Willert ez al. 2019). Castro
(1971) studied experimentally the flow around perforated flat plates for Reynolds numbers
of order 10*, finding that the vortex shedding was inhibited if the voids-to-material ratio
(porosity) is sufficiently large. Two different regimes were distinguished: a solid behavior
in which the von Karman vortex street is present, with a downstream displacement of the
mean recirculation region and the vortices formation region, and a regime in which the
vortex shedding is quenched. Zong & Nepf (2012) performed an experimental study on
circular cylinders composed of arrays of smaller cylinders, for Reynolds numbers of order
10*, showing that also in this case the von Kdrman vortex street was inhibited for large
porosities, with results similar to those of the numerical study of Nicolle & Eames (2011).
Recently, Steiros & Hultmark (2018) developed a theoretical framework to evaluate the drag
coefficient behavior for flat perforated plates, for Reynolds numbers of the order of 10°. In
a similar investigation for circular perforated plates, Steiros et al. (2020) also showed how
variable distributions of holes may strongly modify the flow morphology and the resulting
aerodynamic forces. Other analytical investigations on the aerodynamic forces on porous
airfoil have been performed in Hajian & Jaworski (2017) and Baddoo et al. (2021). In



87

88

89

90

91

92

93

94

95

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136

3

Hajian & Jaworski (2017) a potential flow model to evaluate the aerodynamic forces on
thin permeable airfoils was proposed. The presence of a porous structure was described
by a seepage flow rate through the permeable surface. Baddoo et al. (2021) generalized
this analysis to the unsteady case such as pitching and heaving motion or gust loads. Other
experimental investigations focused on the drag variation of porous disks at low Reynolds
numbers (Strong et al. 2019) and on the fluid-structure interaction of porous flexible strips
(Pezzulla et al. 2020), to name a few. Ledda et al. (2018) performed a study on the effect
of the permeability on the stability of the steady and two-dimensional flow around porous
rectangles, obtaining a general permeability threshold beyond which the wake is steady.

In the works cited above, two essentially different ways to model porous structures can
be distinguished. Pore-scale models should be preferred for their high reliability (Icardi
et al. 2014; Crabill et al. 2018), but have the inconvenience of being very expensive from a
computational point of view, especially when one needs to characterize the flow with respect
to variations of the pore properties. An alternative to expensive pore-scale simulations is
the use of averaged models like Darcy equation (Darcy 1856) or its Brinkman extension
(Brinkman 1949). These models are computationally less expensive than their full-scale
counterparts and allow one to find a solution that is equivalent to the full-scale solution in an
averaged sense. However, one of their limitations resides in the presence of free parameters,
such as the permeability, which depend on the microscopic properties of the structure. While
these parameters were a priori unknown in the seminal work of Darcy, we are now able,
thanks to multi-scale techniques such as homogenization (Hornung 1997), to determine the
values of the parameters from the solution of closure pore-scale problems. For this reason,
homogenization provided relevant insights towards the modeling of multiscale fluid-structure
interactions, extending the classical Darcy model to treat inertia within the pores (Zampogna
& Bottaro 2016; Zampogna et al. 2016) and handling with interfaces between porous and
free-fluid regions (Lacis & Bagheri 2017; Lacis et al. 2017; Lacis et al. 2020). In Zampogna
& Gallaire (2020) homogenization revealed itself as a suitable tool to describe flows around
inhomogeneous microstructured permeable surfaces or membranes, opening the path to a
more formal approach in the characterization and design of membranes and filters.

The flow modifications induced by permeable membranes may find several applications.
As mentioned above, the dandelion pappus, which can be modeled as a permeable membrane,
shows values of the drag coeflicient larger than if the pappus was completely impervious
(Cummins et al. 2018). Therefore, the modification of the permeability of a membrane is
a strategy to control and optimize the flow morphology. Lagrangian-based approaches are
one category of optimization procedures, which found large interest in the fluid dynamics
community, and are based on a variational formulation that allows one to compute gradients
at low cost through the use of the so-called adjoint variables (Luchini & Bottaro 2014).
Several studies were developed in a Lagrangian framework, as in the case of the sensitivity
to baseflow modifications (Marquet et al. 2008), steady forcing in the bulk (Boujo et al.
2013; Meliga et al. 2014) or at the solid walls by blowing and suction (Meliga et al. 2010;
Boujo & Gallaire 2014, 2015), for different objectives and flow configurations. Adjoint-
based sensitivity analysis tools can therefore be used as a building block for optimization
procedures, in steady (Camarri & Iollo 2010) and unsteady (Nemili er al. 2011; Lemke
et al. 2014) configurations. In Schulze & Sesterhenn (2013) an adjoint-based optimization
procedure to obtain the optimal permeability distribution for trailing-edge noise reduction
was proposed, in which the porous medium was modeled via the Darcy law.

Despite the increasing interest for multi-scale structures in fluid mechanics, systematic
approaches for the homogenization-based design and optimization of permeable membranes
are still lacking. In the present work, we aim to bridge this gap by linking the obtained
optimal profile of permeability to a real, realistic, full-scale structure (that can be eventually
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Figure 1: Top panel: fluid flow configuration considered in the present work and its typical
structure past the cylindrical permeable shell (I'j,, in red) of diameter D, where we
denoted the length of the recirculation region Lg and its distance Xg from the rear of the
body. The angle « is measured counterclockwise starting from the rear. The superscript -~
indicates that the generic variable f is evaluated in the outer fluid region while the
superscript -* refers to the inner fluid region. Bottom panel: zoom on the shell to highlight
its microscopic structure in cylindrical coordinates, made by replication of solid inclusions
denoted by M with boundary dM and sketch of the elementary unit cell in dashed line,
whose tangential-to-the-surface size is €. The fluid domain within the unit cell is denoted
by FF while its upper and lower boundaries are indicated respectively with U and D.

built). For this purpose, we propose a formal framework for the optimization of permeable
membranes, applying it to the particular case of wake flows in the low to moderate Reynolds
numbers regime. We exploit the concepts of stability analysis, homogenization theory and
gradient-based optimization so as to give a procedure to obtain the full-scale structure
satisfying user-defined macroscopic flow objectives. The paper is structured as follows.
In Section 2 we introduce the mathematical formulation of the problem and describe the
homogenization-based design procedure. We then apply the procedure by first studying, in
Section 3, the steady solutions of the flow equations and their linear stability with respect
to infinitesimal perturbations. Section 4 is devoted to the geometric reconstruction of the
microscopic geometry for salient cases and to the comparison with the homogenized model.
In Section 5, we then move to a gradient-based optimization of a membrane with variable
properties, and in Section 6, using a homogenization-based inverse procedure, we retrieve
the full-scale geometry of the considered membrane from the optimal properties found in
Section 5 and eventually compare the properties of the full-scale structure to those predicted
by the homogenized model.

2. A formal framework to support the design of microstructured permeable
surfaces

In this section, we introduce the main physical hypotheses, strategy and tools to aid the design
of microstructured membranes in order to tune their aero- and hydro-dynamics properties.



156 2.1. Problem formulation and model description

157 We consider a two-dimensional permeable cylindrical shell of diameter D subject to an
158 incompressible flow of a Newtonian fluid of constant density p and viscosity u, whose
159 free-stream velocity is U, as depicted in figure 1. The cylindrical shell is constituted by a
160 mono-disperse repetition of solid inclusions, whose characteristic length scale is denoted
161 as £. Since £ < D we can introduce a separation of scales parameter defined as the ratio
162 between the two length scales at play:

¢
163 e =—=<1. (2.1)
D

164 Under this assumption, a homogenized model is employed to describe the flow through the
165 membrane (Zampogna & Gallaire 2020), which is macroscopically represented by a smooth
166 surface with zero thickness. In the outer and inner pure-fluid regions splitted by the permeable
167 shell, the incompressible Navier-Stokes equations hold. The velocity #* and pressure p*
168 fields are introduced, where the superscript * denotes dimensional variables. Introducing the
169 Cartesian coordinate system (x1,x>) (figure 2), these equations read (i, j = 1, 2):

k% * kK %k & * %k

170 POt ¥ PU;O M = ~0ip +Maj]2ui’ (2.2)
Fu; = 0.

171 The flow through the membrane is described by an effective stress jump model, consisting of
172 the discontinuity in the fluid stress and the continuity of velocity across the permeable shell,
173 denoted here with Iy (red line in figure 1). Labelling with the superscript ~ and * variables
174 evaluated respectively in the outer and inner fluid regions, as shown in figure 1, the interface
175 conditions at the membrane I'j read (i, j, k = 1,2)

* ket o k—
ui—ui —I/tl-

176 * * H— H— * * * 2.3
u; :%M,-j (ij (p* ", u )—ij (p +,u+))nk (2.3)

177  where Zj. « 1s the jk—th component of the stress tensor defined as

178 Zj.k (p",u") = —p" 0k + p(0;uy + 9u;), (2.4)

179 and the components of the tensor M;; (figure 1) are

180 Mij = quﬂ‘j — aninj, (2.5)

181 where L,, F), are evaluated by solving microscopic problems within the elementary unit cell
182 introduced in figure 1, in the local reference frame (t, n) = ((—sin(a), cos(a)), (cos(a), sin(a@)))
183 (cf. Zampogna & Gallaire 2020, and Section 4.2 for a detailed description of these problems
184 and their solution). We note that the generic tensor N;; of the original condition developed
185 in Zampogna & Gallaire (2020) is replaced here by —M;; since, in the present work, we
186 consider only solid inclusions which are symmetric with respect to I'j,; and we assume that
187 inertia is negligible within the pores.
188 By considering D and U respectively as reference length and velocity scales, we obtain
189 the following system of non-dimensional equations:

) dju; = -0 Ly
190 tl/tl'+1/tj Ui = — ip+R—e jjui

diu; =0,

(2.6)

_ pUD

191  where we introduced the Reynolds number as Re . The non-dimensional interface
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condition on I'j, reads:

u; = u:' =u. (2 7)
ui = ReMij (S (p~ u™) =Xy (p*,u®)) ny, '
1
ij(p,u) = —péjk+ﬁ(8juk+6kuj), (28)
Mij = Ll‘il‘j — T'nil’lj, (2.9)

where £ = €L, and F = €F,, are respectively labelled as slip and filtrability numbers. The
interface condition (2.7) thus states that the velocity at the membrane is proportional to
the Reynolds number and to the tensor M;;. According to Zampogna & Gallaire (2020),
the tensor M;; describes the geometry of the microscopic problem with negligible inertial
effects within the microscopic domain, in an adimensionalization which makes the problem
independent of the macroscopic Reynolds number. In the macroscopic perspective, the
relative importance between inertial and viscous effects is taken into account by Re in
equation (2.7). More specifically, the velocity locally tangential to the interface is proportional
to L, while the normal velocity is proportional to ¥ . Therefore, the filtrability and slip
numbers denote the capability of the flow to pass through and slip along the membrane,
respectively. Different limiting behaviors of the interface condition (2.7) are thus identified.
When ¥ = 0, the flow cannot pass through the membrane but it can slip along it. This
situation is analogous to the one outlined in Zampogna et al. (2019) for rough surfaces, and
the resulting boundary condition is formally analogous to the so-called Navier-slip condition.
When £ = 0, a no-slip condition is imposed on the tangential velocity, while the normal one
varies in proportion to . This situation can be interpreted as an averaged Darcy law through
the membrane, where the viscous effects and thus the slip at the interface are neglected
(Zampogna & Bottaro 2016). Other limiting cases occur for ¥ = 0 and £ = 0, which
corresponds to a solid wall condition, and for ¥ — oo and £ — oo, which corresponds
to the imposition of the continuity of stresses across the microscopic elementary volume
whose size tends to zero, and thus to the absence of the solid structure. Since the flow
configuration is solved numerically, we refer to the caption of figure 2 for an explanation
of the boundary conditions imposed on the remaining boundaries of the computational
domain. These conditions, in non-dimensional form, read u; = 1, up = 0 at the inlet and
(=poij + %8 iu;)n; = 0 on the lateral and outlet boundaries.

2.2. Homogenization-based design

In the existing literature, works on permeable bodies and membranes were focused on the
evaluation of the macroscopic parameters of the membrane (slip and filtrability) starting from
the microscopic geometry. Other works treated the above-mentioned macroscopic quantities
as free parameters in order to characterize, modify and optimize the fluid flow surrounding the
porous body, without providing an explicit link between these parameters and the microscopic
structure of the membrane. Here, we propose to fill the gap between these two aspects by
an inverse formulation of the homogenized model that on one hand is extremely efficient for
parametric studies and on the other hand allows one to deduce the microscopic geometry
which realizes given distributions of £ and 7.

The inverse formulation aims at deriving the microscopic characteristics of the membrane
based on the macroscopic features of the steady flow. In the present paper, an efficient
workflow to deduce full-scale structures starting from the homogenized model is adopted
(cf. the top frame of figure 3). The generic workflow therefore firstly consists of an analysis
where the homogenized model is employed. The implementation of the homogenized model
implies a decoupling between the microscopic structure and the macroscopic effect on the
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Figure 2: Computational domain considered in the present work. The regions denoted
with N represent the different mesh refinements used when approaching the permeable
shell. At the inlet '}, a free-stream condition with a Dirichlet boundary condition of the
form u*{ =U and “; = 0 is imposed, while on the lateral boundaries I'1,; and at the oulet

Iout the stress-free condition (—p*6;; + ,uaj’fu:.‘)n j = 0is used. On the interface I'jy
conditions (2.3) are imposed.

flow. On the one hand, parametric studies and optimizations are simplified owing to the
reduced number of parameters; on the other hand, the retrieval of the full-scale structure
is performed in a second step, when the macroscopic feedback embodied in the scalar
parameters of the homogenized model is already known.

For illustration purposes, the workflow is specialized to analyze the flow configuration
shown in figure 1, leading to the following procedure:

e Using the homogenized approach described in the previous section, we perform a
parametric study for varying £ and ¥, by solving the steady version of equations (2.6-2.7)
for different values of the Reynolds number.

e We characterize the topological properties of the steady flow (e.g. the characteristic
dimensions of the recirculation region) and the aero/hydro-dynamics properties of the
permeable shell as, for instance, its drag coefficient.

e The validity of the performed investigation, carried out assuming that the flow is steady,
is verified by linear stability analysis (Chomaz 2005; Theofilis 2011). The latter has the
advantage to characterize the stability of the steady solution with a computational cost
comparable to that needed to compute steady solutions, thus making it suitable for the
performed parametric study.

e Once the variety of possible steady solutions is reduced by excluding the unstable
configurations, for which the steady analysis would be inappropriate, the objective to be
optimized is defined, e.g. the maximum drag coefficient for a fixed Reynolds number.
Therefore, the values of £ and ¥ that maximize the objective function are identified. This can
be done by employing adjoint procedures for spatially-homogeneous membrane properties.
However, since in this work we perform a parametric study, the values are directly deduced
from the latter.

e We then move from the macroscopic perspective to the microscopic one, aiming
at identifying the geometry of the membrane that corresponds in macroscopic terms to
the optimal configuration previously identified. We therefore perform the microscopic
simulations described in Zampogna & Gallaire (2020) for a fixed geometry by varying
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(SECTION 5)

Figure 3: Top frame: generic workflow to efficiently analyze a flow configuration via
homogenized models integrated in classical analyses like, for instance, parametric studies,
stability analysis or adjoint-optimization finalized to identify configurations of interest.
The retrieval of the full-scale physics for the identified configurations is done in a last step
leading to a substantial reduction of the complexity of the optimization problem. Bottom
frames: the generic workflow has been specialized in the present paper to design
permeable membranes. Colors and red numbers are used to correctly place each step of the
procedure adopted in the present paper in the generic workflow. A homogenized model is
used to characterize a specific flow configuration in a direct formulation. This allows one
to identify a set of objectives and the corresponding values of the macroscopic parameters
realizing these objectives. Homogenization is then used in an inverse formulation to
associate the values of the macroscopic tensors with a specific microscopic geometry.

the fluid-to-solid ratio of the porous shell. We thus define the microscopic geometrical
parameters and €.

e We eventually verify the accuracy of the resulting structure by comparing the full-scale
simulations with the homogenized results.
The outlined technique has the great advantage to drastically reduce the complexity of the
problem and give a parametric map of the properties of the flow by varying the microscopic
geometry of the membrane. An extension of this technique to treat the case of a microscopic
geometry that varies along the membrane is obtained by a gradient-based optimization
implemented via a Lagrangian approach, detailed in Section 5.2. In particular, we consider as
a starting point the configuration, with constant slip and filtrability numbers, that maximizes
the drag coefficient. We evaluate the sensitivity of this predefined objective function (drag
maximization) with respect to spatial inhomogeneities of the properties of the membrane and
perform a gradient-based optimization. The resulting structure is then obtained by following
an inverse procedure based on the microscopic calculations of Zampogna & Gallaire (2020),
but extended to the case of variable properties along the membrane.

We finally underline that the procedure, illustrated here for the specific case of a wake
flow, is of general validity and can thus be applied to a generic flow.

3. Case study: flow past a cylindrical porous shell

In this section, we report the results of the direct part of the procedure sketched in figure
3, preparatory to the homogenization-based geometrical reconstruction and Lagrangian
optimization, constituting the inverse part of the procedure. We characterize the steady
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Figure 4: Streamlines of the flow past the cylindrical permeable shell at Re = 50 for
L =107 and four different values of F: (a) F = 1074, (b) F = 1073, (¢) F = 1072, (d)
F=3x1072,

flow in terms of the recirculation region and drag coefficient, and then we move to the
stability properties of the steady wake and the features of possible unsteady modes.

Equations (2.6) are numerically implemented via their weak formulation in the finite
element solver COMSOL Multiphysics, using a domain decomposition method (cf. for
instance Quarteroni 2017) to couple the outer and inner flow. In this framework, the
macroscopic model (2.7) acts like an interface condition between two different fluid domains.
In order to exchange information from the outer to the inner domain, the stress jump condition
is implemented by exploiting the interface integral emerging from the weak formulation,
while, to exchange information from the inner to the outer domain, the continuity of velocity
is imposed via a Dirichlet boundary condition. We exploit the built-in solver for non-linear
systems, based on a Newton algorithm. The spatial discretization is based on the Taylor—Hood
(P2-P1) triangular elements. The unstructured grid is made of five different regions of
refinement (figure 2), whose edge densities have been chosen after a convergence analysis
reported in Appendix A.

The eigenvalue problems resulting from the linear stability analysis carried out in Section
3.2 are solved with the COMSOL Multiphysics built-in eigenvalue solver, based on the
ARPACK library; mesh convergence is checked also for this problem and it is reported in
Appendix A.

3.1. Steady flow characterization

The steady wake past a circular solid cylinder is characterized by a recirculation region
that is symmetric with respect to the x;-axis. We denote with (U, P) the steady solution of
equations (2.6). Since, by construction, we do not introduce any further asymmetry, also the
flow past the permeable cylindrical shell is expected to be x;-symmetric. For this reason,
we only report the flow field in the region x, > 0. For the present analysis, we introduce
the length of the recirculation region Lg and its distance from the rear of the body Xg as
defined in figure 1. In figure 4 we report the flow streamlines for different values of ¥ when
Re =50 and £ = 107*. At low values of 7, e.g. ¥ = 107%, the wake is similar to the solid
case, i.e. characterized by a recirculation region attached to the rear of the cylinder (Xg = 0).
As the value of ¥ increases, the recirculation region detaches from the body and moves
downstream. A further increase in ¥ implies a size reduction of the recirculation region
(LR), and at very large values of 7, i.e. ¥ = 3 x 1072, the recirculation region eventually
disappears (Lr = 0).

In figure 5 we report the variation of the recirculation region with ¥, for different slip
numbers £ and for Re = 50. Independently of the value of the slip number, a behavior similar
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Figure 5: Streamlines identifying the recirculation region past the cylindrical permeable
shell at Re = 50 for different values of #. Each panel corresponds to a single value of L.

to the one described in figure 4 is observed. For a fixed filtrability number, an increase in £
leads to a slight decrease of Lg, while Xg does not vary noticeably.

A complete characterization of the flow morphology requires also the analysis of the effect
of the Reynolds number. In figure 6 we show the recirculation regions for fixed filtrability
number ¥ = 1072, for different values of £ and for Re = 50, 75, 100, 110. For Re = 50, the
flow is characterized by a recirculation detached from the body such that Lg ~ 2. At Re =75,
the recirculation region moves downstream and L increases. This effect is enhanced at large
values of the slip number. In the last case, Re = 110, the recirculation region moves further
downstream and Lg decreases, and eventually disappears for large values of L.

The evolution of Lg and Xg with £, ¥ and Re is summarized in figure 7. The quantities

Lg and Xg have been deduced by a Matlab script which evaluates the position of the zeros
of the horizontal velocity field sampled on the line x, = 0. In analogy with the solid case,
Ly increases with Re (fig. 7a)). The curves are grouped in clusters. Each cluster represents
different values of Re, and each curve within the cluster a different value of L. For Re = 25,
Ly decreases with 7 until the recirculation region disappears for # ~ 1072, A similar trend
is observed for Re = 50, but in this case the recirculation region disappears for larger values
of ¥. For Re > 50, interestingly, the recirculation region grows as the filtrability number
increases. Lg reaches a maximum and decreases, until the recirculation region disappears
for ¥ ~ 1.5 x 1072. For all cases, an increase in £ leads to a slight decrease of Lg, while
the trend with F does not change.
As shown in fig. 7b), the distance between the body and the recirculation region, Xg, increases
with F, reaching a maximum value approximately equal to 2 for Re = 100, while the effect
of L is negligible. An increase in Re leads to an increase in the distance Xg, but the trend
with # remains unchanged.

The morphology analysis of the steady wake shows that Lrg and Xg are controlled by the
slip and filtrability numbers. Large values of the filtrability number # strongly influence the
flow, implying detached and small recirculation regions, or even the absence of recirculation.
The slip number £ slightly modifies the shape and distance of the recirculation region, for
fixed filtrability number, whilst the qualitative behavior remains unchanged. An increase in
the Reynolds number, for large values of 7, leads to an initial increase in Lg, followed by
a decrease and eventually vanishing, while Xg monotonically increases. The outlined wake
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Figure 7: Panel a): length of the recirculation region past the cylindrical permeable shell
Lg for F € [1073,2 x 1072] and £ € [1073,2 x 1072]. Each cluster represents a single
value of Re. From the top to the bottom: Re = 100, 75, 50, 25. Panel b): distance of the
recirculation region from the rear of the body Xg for the same values of the parameters.
From the top to the bottom Re = 50, 75, 100.

morphology strongly resembles the one observed for the wake of porous rectangles (Ledda
et al. 2018), where the permeability plays a role similar to the filtrability number.

When the Reynolds number increases, the inertia of the fluid increases and tends to enlarge
the recirculation region, whereas the flow can pass through the body more easily, since the
velocity at the membrane is proportional to Re (equation 2.7). The result of this competition
is the non-monotonic behavior of the recirculation region size with Re.

We conclude our characterization of the steady wake past a permeable cylindrical shell by
considering the drag coeflicient

Cp = 2515 (Zjk (P7,U7) = Zjk (P*,U")) nyoy, drI, (3.1)
l—‘cyl

i.e. the drag exerted by the fluid over the outer () and inner (*) sides of T'jy, respectively. The

drag coeflicient of a solid cylinder decreases with Re (Fornberg 1980). The same behavior

is observed in the permeable case (cf. figure 8), where, at each value of Re, we observe

clusters of curves analogous to figure 7. While £ produces slight variations in Cp, the trend
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in the variation with # depends on the Reynolds number considered and shows two different
types of behavior. Up to Re = 15, the drag coefficient decreases with #. From Re = 20,
Cp slightly increases with #, and this effect is more pronounced as Re further increases.
For larger values of Re the curve representing the Cp against # is no more monotonic and
for Re = 100, a clear peak is observed, for ¥ ~ 1.25 x 1072, Surprisingly, the maximum
drag coeflicient Cp ~ 1.34 is larger than the one for the solid cylinder, Cp = 1.06 (Fornberg
1980). Beyond this value of 7, the drag coefficient decreases.

In the following, a physical insight on the described drag behaviour is provided. Since the
maximum is observed by varying the filtrability, while the slip does not have any significant
effect on this behavior, we fix £ = 10~ and we focus on the effect of the sole F in the
range [1074,5 x 1072], for Re = 100. Note that the maximum of the drag coefficient in
this specific case is obtained for ¥ ~ 1.2 x 1072, which is inside the range considered
here. We perform an analysis of the different sources of drag, dividing them in a pressure
contribution, i.e. (AP)n; = —(P~ — P*)ny, and in a viscous stress contribution (AZY}.)n =
(er (U") —Zi’j (U*))nj, where Z;k U) = ﬁ (0;Ui+0, Uj). These contributions are reported
in figure 9a. The global pressure and viscous contributions to the drag are the integrals of
the corresponding curves in figure 9a. Analyzing the integral of the pressure and viscous
contributions we observe that (i) the viscous contribution is approximately ten times smaller
than the pressure one (except for the case ¥ = 5 x 1072) and (ii) the viscous contribution
increases with 7, while the pressure contribution has a maximumat 5x 1073 < & < 1072, As
a result, the non-monotonous behavior of Cp vs F can be largely explained by investigating
the sole pressure contribution. In the almost-solid case, ¥ = 10~ (blue line), there is no
fluid motion inside the cylinder, and the inner pressure is constant, as shown in the left
frame of figure 9b. Therefore, the inner pressure does not contribute to the drag and the
distribution of external pressure is the only responsible for integral forces. Focusing on the
upper half of the cylinder (x, > 0), in the front part, for (3/4)7 < a < =, the pressure
contribution is positive and becomes negative for 7/2 < a < (3/4)x. This suction region
reduces the total drag since it acts on the front part of the cylinder. In the rear of the cylinder,
the pressure contribution is positive with an almost constant negative value, which is the so-
called base region. As the filtrability increases, a fluid motion manifests in the inner region of
the cylinder, which is associated to a non-uniform distribution of inner pressure (see central
frame in figure 90). The pressure difference in the upstream part of the cylinder decreases as
the filtrability increases since the membrane is progressively more permeable. Thus, an inner
flow, oriented towards the downstream face of the cylinder, is generated. As a result of the
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Figure 9: Panel a): pressure (left frame) and viscous stress (right frame) contributions to
the drag following the cylinder surface. The angle « is measured counter-clockwise
starting from the rear. The colours denote different values of ¥ = 1074 (blue),

F =5 x 1073 (orange), ¥ = 1072 (yellow), ¥ = 5 x 1072 (purple). The slip number is
kept fixed to £ = 104 Panel b): streamlines (black bold lines) and iso-contours of the
pressure for the steady flow around and through the permeable circular membrane, for
different values of ¥ and £ = 107+

blockage represented by the downstream cylinder face for the inner flow, the inner pressure
increases moving downstream, as indicated by the concavity of the streamlines (see figures
9b). At the same time, the external base pressure in the downstream surface of the cylinder
is not significantly affected by ¥ provided that ¥ < 1072. As a result, the contribution to
drag of the pressure difference in the downstream face of the cylinder is larger than for the
solid case for ¥ < 1072. Figure 9a supports this discussion from a quantitative viewpoint.
In particular, comparing cases with 7 < 1072 it is possible to see that, as F increases, (i)
the suction at @ =~ (3/4)x decreases (thus increasing the drag), (ii) the drag contribution of
the upstream face decreases and (iii) the drag contribution of the downstream face increases.
At low filtrabilities, (i) and (iii) dominate over (ii), while at larger values of ¥ the term (ii)
becomes predominant. Concerning the viscous contribution, although more modest, figure
9a shows that it monotonously increases with 7.

Conversely, as F is further increased, see the case ¥ = 5X 10‘2, the upstream contribution
drastically decreases due to the larger filtrability of the membrane. The substantially higher
velocities of the inner flow and the larger filtrability cause a very mild increase of the inner
pressure when approaching the downstream part of the membrane. This is again shown
also by the streamlines (see right frame in figure 95) which are almost straight in the inner
region. Moreover, the larger flow across the downstream part of the membrane decreases
the pressure jump between external and internal flows in that area. As a net result, the
pressure contribution to drag, in comparison with the impermeable case (here approximated
by F = 10~%) decreases also in the downstream region. Although the viscous contribution
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Figure 10: Marginal stability curves in the plane (7, Re). Each curve is associated with a
different value of slip number £ = 1074 (blue), L = 1073 (orange), L = 1072 (yellow),

£ =2x 1072 (purple). The inset shows a zoom in for large values of #. The colored
bullets represent the value of the Strouhal number along the marginal stability curve in the
region depicted in the inset.

to the drag increases, the total drag decreases because it is quantitatively dominated by the
pressure, whose contribution rapidly decays.

In this section, we characterized the morphology of the steady flow, describing the effect
of the slip and filtrability numbers. However, not all steady solutions previously described
can be observed, as some of them may be unstable with respect to perturbations, thus leading
to unsteady configurations. Since time-dependent simulations for every studied case (far
beyond 1000) are a monumental task, we perform a stability analysis, well-known to give
very accurate predictions of the bifurcations for the case at issue in computational times
comparable to the ones of the steady analyses (Chomaz 2005; Theofilis 2011). Thus, in the
following we study the stability of the steady flow solution as £ and ¥ are varied.

3.2. Stability analysis of the steady flow

As mentioned in the previous section, to complete the analysis of the chosen flow configura-
tion, we now establish for which combinations of (Re, F, £) the solution is linearly stable
with respect to perturbations and thus likely to be observed. The occurrence of bifurcations
of the flow leading to different configurations is studied in the framework of linear stability
analysis (Chomaz 2005; Theofilis 2011). We consider the flow solution as the superposition
of the steady solution denoted as [U(x, y), P(x, y)], outlined in the previous section, and of
an infinitesimal unsteady perturbation. We thus introduce the following normal mode ansatz

ui(x,y,t) = Ui(x,y)+oi;(x,y)exp (1t), p(x,y,t) = P(x,y)+op(x,y)exp (At), (3.2)
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Figure 11: Real part of the eigenvector #i| associated with the marginally stable eigenvalue
for Re = 46.7, £L =102 and ¥ = 1073 (panel a) and for Re = 87, L = 10~* and
F = 1.075 x 1072 (panel b). The velocity eigenvectors are normalized by their Ly norm.

where o < 1. At O(1) the steady version of the flow equations are obtained, satisfied by
[U, P], and at O (o) the following system of equations is obtained

1

A A 7 ) 2 fi
/ll/ti+l/tjajUi+Ujajui = _aip+ﬁajjui’ (3.3)
01'121‘ =0
T A'_" =0-
Ui =u; =1Uu; (3.4)

i = ReM;j (Zjx (@™, p7) — Zji (@, p)) n,
together with the homogeneous Dirichlet boundary condition at the inlet 'y, i = i, = 0,
and the stress-free condition on the sides I'iy and at the outlet gy, (—p6;; + é@ id;)n; = 0.
Equations (3.3, 3.4), together with the boundary conditions on I';;;, I'14¢, ['pys, define an
eigenfunction problem with, possibly, complex eigenvalues A = Re(A) + iIm(A). The real
part of the eigenvalue is the growth rate of the global mode, and the imaginary part its

angular velocity. We introduce the associated Strouhal number defined as St = % The
flow is asymptotically unstable if there exists at least one eigenvalue with positive real part,
otherwise it is asymptotically stable. The absence of unstable modes therefore ensures the
occurrence of the steady solution, while their presence gives useful information about the
emerging unsteady flow configuration.

We turn now to describe the results of the linear stability analysis. The solid case exhibits
a Hopf bifurcation at Re = 46.7 that drives the flow to a state that is periodic in time,
characterized by the alternate shedding of vortices, the so-called von Kdrmén vortex street
(Barkley 2006). Ledda et al. (2018) showed the suppression of this vortex shedding mode
for large enough values of the permeability, in the case of porous rectangular cylinders. A
preliminary analysis on the permeable membrane shows that the above-described mode is
also the only one that destabilizes the steady wake in the range 10 < Re < 130. In figure
10 we report the marginal stability curves (i.e. the locus of points with Re(1) = 0) in the
(F, Re) plane, for different values of £. The marginal stability curves define a stable and an
unstable region in the (7, Re) plane. At low values of ¥ and £, the critical Reynolds number
Re., for the marginal stability coincides with the solid one, i.e. Re., = 46.7. An increase
in £ leads to a slight increase in Re., that reaches a maximum approximately equal to 50
for £ = 0.02. For ¥ > 1073 the critical Reynolds number increases. We identify a critical
value of ¥ = ¥, beyond which the steady solution is stable. This value depends on the
Reynolds and slip numbers. For fixed £, ¥, initially increases with Re, reaches a maximum
and decri:ases. Among all cases, the maximum value ¥, =~ 1.08 X 1072 is achieved for
L~ 107"

The imaginary part of the eigenvalue well approximates the oscillation frequency of the



473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507

508

509
510
511
512
513
514
515
516
517

16

nonlinear limit cycle in marginal stability conditions (Barkley 2006). In the inset of figure
10, we report the value of the Strouhal number along the marginal stability curve. We do
not observe substantial variations in the Strouhal number with respect to the solid case, i.e.
St =~ 0.116 (Norberg 2003).

In figure 11 we report the spatial distribution of Re (#1) for two different cases, on panel
a) characterized by a recirculation region close to the cylinder, and on panel ») characterized
by a recirculation region far downstream. In both cases, the unstable mode leads to a vortex
shedding similar to the solid case one, as already anticipated. As the recirculation region
moves downstream, the onset of the vortex shedding is displaced downstream and the flow
in proximity of the cylinder is almost steady.

The analysis of the stability properties of the steady wake shows the strong stabilization
effect of the filtrability number. The marginal stability curves strongly resemble those outlined
in Ledda et al. (2018, 2019). In particular, the vortex shedding is suppressed for large enough
values of the filtrability. This similarity is confirmed by the spatial distribution of the unstable
mode, that moves downstream with the recirculation region of the steady flow. Indeed, the
stability properties of the wake can be related to the extent of the so-called absolute region of
instability in alocal stability analysis (i.e. performed for the velocity profile at each streamwise
location, see Monkewitz 1988; Giannetti & Luchini 2007), that roughly corresponds to the
recirculation region. As shown in Ledda et al. (2018), there is a critical value of the extent
of the recirculation region beyond which the flow becomes unstable. When large values of
the filtrability are considered, the recirculation region is small or even absent, and thus the
vortex shedding is suppressed. For fixed ¥ ~ 1072 and £ and increasing Re, the recirculation
region initially increases and then decreases its dimensions (cf. figure 6). Therefore, the first
destabilization and subsequent stabilization for fixed ¥ and L is due to the non-monotonic
behavior of the length of the recirculation region with Re, which crosses the critical value
for the marginal stability twice.

By comparing the marginal stability curve with the drag coefficient, we deduce that the
maximum of Cp for the steady flow occurs for a stable configuration for all values of Re.
Interestingly, a permeable circular membrane exhibits a larger drag than the equivalent solid
one, and this maximum occurs when the steady flow is stable.

In the present section, we performed a parametric study under the framework of bifurcation
theory in order to exclude the unstable configurations from the variety of steady solutions
obtained in Section 3.1. In the next section, we propose a methodology to obtain the full-
scale design of the structure by fulfilling some objectives on the macroscopic behavior of the
steady flow, under the constraint of stable configuration.

4. From objectives to full-scale design

In the previous section, we performed a parametric study on the steady solution of equations
(2.6, 2.7) and the stability properties of the resulting wake, considering £ and ¥ as free
parameters. In the present section, we outline a procedure for the objective-based full-scale
design of the permeable circular membrane. We first define macroscopic objectives to be
fulfilled and, performing microscopic simulations, we identify the geometry which best
satisfies the macroscopic requirements. We consider cylindrical permeable shells formed by
an array of elliptical inclusions, distributed with a constant angular distance, of axes /; and
[, (normalized with the microscopic characteristic length) aligned along the tangential and
normal directions to the membrane, respectively, in the range 0.02 < [, [, < 0.98.
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Figure 12: Isocontours of Cp for Re = 100 in the (7, £) plane. Symbols identify the
configurations listed in table 1. The marginal stability curve for the value of Re considered
is represented by a bold solid line line (all cases on the right side of the curve are stable).

4.1. Choosing the design objective

An important macroscopic property is the drag exerted on the solid structure by the incoming
fluid. Several attempts of controlling this integral quantity, defined by equation (3.1), by
permeable surfaces have been carried out, some of them focused on minimizing the drag
(Garcia-Mayoral & Jiménez 2011; Abderrahaman-Elena & Garcia-Mayoral 2017; Gémez-de
Segura & Garcia-Mayoral 2019), others investigating the conditions for drag maximization
(Cummins et al. 2017, 2018).

We fix Re = 100 and we study the variation of Cp with £ and ¥. In figure 12 we
report the iso-contours of Cp on the (F, L) plane. The bold solid line corresponds to the
marginal stability boundary for Re = 100. Among all these possible solutions for the drag
coefficient, we select the maximum value of the drag coefficient (Cp = 1.339), which occurs
at F = 1.25x 1072, £ = 5 x 1073 (denoted by O in figure 12) and in the following will be
compared with the full-scale simulations. For the sake of completeness, we select other three
values of Cp denoted by O, >, x in figure 12, to verify the faithfulness of the homogenized
model in the parameters space (7, L) for constant £ = 107, Note that the case denoted
with % is unstable, but we use it as an additional test case owing to the large recirculation
region that this configuration exhibits.

4.2. Linking the microscopic geometry to the macroscopic properties: elliptical inclusions

We now turn to describe the procedure for the determination of the microscopic geometry
based on the macroscopic flow properties identified in the previous subsection. We first
perform microscopic simulations in the domain depicted in figure 13a (dashed rectangle)
whose lengths are adimensionalized with the microscopic length £, so that the results do not
depend on the separation of scales parameter £ = %, according to Zampogna & Gallaire
(2020). Within this domain, two different microscopic problems need to be solved to calculate
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Figure 13: Panel a): Sketch of the membrane (red dashed line) with a zoom on the
microscopic elementary cell used to calculate L; and F),. The tangential- and
normal-to-the-interface axes of the solid inclusion are respectively denoted with /; and [,
and normalized by ¢. Panel b): isocontours of F,, = % (left) and L; = % (right) on the
plane (Iy, [,,), in logarithmic scale. Blue-to-red colors indicate positive values of F;, and
L; while gray-scale refers to negative values of L;. The lines identify the isocontours of
the possible couples (I, I;) whose symbols correspond to different couples (7, L) of
figure 12. Each point on those lines is a good candidate to realize the desired value of ¥
and £, upon adjustment of the value of €. The selected values of /; and [, are labelled
with white arrows for each case.

542 F, and L;; they read respectively

~3;Q + 0, F; =0 inF
6,~Fi =0 in F
F,=0 on OM
543
Znn (Q, F) =-1 on U
Znn (Q, F) =0 onD

Fi, QO periodic along t

Ly
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and
~OiR+35L; =0 in F
o;L; =0 in F
L;=0 on O0M 42)
Y (R,L)=-1 on U
X (R,L)=0 onD
L;,R periodic along t,
where i,/ = t, n, i.e. the equations are written in the local frame of reference of the cylinder

surface. We refer to figure 13a for a definition of F, M, U and D. In the microscopic problems
(4.1) and (4.2) the scalar fields R and Q appear. They relate the value of the pressure on
[y to the upward and downward fluid stresses and do not contribute to the determination of
the macroscopic flow through the membrane (cf. Zampogna & Gallaire (2020) for a detailed
explanation). In the purpose of the present work, we are not directly interested in microscopic
fields representing the solution of these problems, but we need only to know the quantities
F, and L, which appear in the macroscopic model via equation (2.9), where the symbol ~
denotes the spatial average used in Zampogna & Gallaire (2020), i.e.

“= lim
U-D |FU Ml

- dXx, 4.3)
1nt riBIAIIt F]F
with Fﬁlt and Fi“ft the fluid and solid parts of I'j,; within the unit cell, as sketched in figure
13a. The linear problems (4.1) and (4.2) are numerically solved for each couple (/;,1,),
0.02 < [}, I, < 0.98 (with a step of 0.01), via their weak formulation implemented in
the finite-element solver COMSOL Multiphysics. The spatial discretization is based on
the Taylor—Hood (P2-P1) triangular elements for F-L and R-Q, respectively. We refer to
Zampogna & Gallaire (2020) for further detail about the solution of the microscopic problems.

After averaging the solution of the microscopic problems, we deduce F,, and L,, whose
1socontours are reported in figure 135 as functions of the two axes /,, and /;.

The parameters ¥ and £ are then calculated by a renormalization of F,, and L; with
respect to the macroscopic length scale, i.e.

F =¢F, and L =¢l,. 4.4)

While in a direct approach the parameters defining the full scale geometry /;, [, and &
are given and the corresponding filtrability and slip numbers are evaluated, in the inverse
procedure they need to be determined based on the choice of a given property that has to be
satisfied by the fluid flow. Actually, there is no one-to-one relation linking # and £ to the
microscopic geometry. Once filtrability and slip are chosen, one has potentially full freedom
in the choice of the microscopic structure. This choice is essentially related to the geometrical
shape of the microscopic inclusions, in this case ellipsoidal ones with variable axes, and to
their relative size with respect to the macroscopic length, as outlined in figure 135, where
several configurations satisfy the desired values of ¥ and £, each one associated with a value
of &. For the sake of clarity we list the steps to follow in order to determine these geometrical
parameters which allow us to define the microscopic geometry of the permeable shell:

e According to the previous subsection, we identify a pair (¥, £) = (¥*, L") of interest.

e We find in the /; — [,, plane the possible pairs of (I, [,) that can give the correct set
(F*, L*). These values are found by evaluating the ratio ¥*/.L*, which is not depending
on & (since F, and L, are proportional to ). The potential values of /,, and [, are those
associated to the black solid lines in figure 135, which realize C, upon renormalization by
the proper value of ¢ that is still undetermined.
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Figure 14: Comparison between full-scale and equivalent model for case x and O
identified in figure 12. The microscopic geometry forming the cylindrical shell, sketched
for each case in the grey insets on the left, is the result of the inverse procedure explained

in Section 4.2. Left column: flow streamlines for the full scale case (black dashed lines)
and for the macroscopic model (blue solid lines). Central and right column: horizontal and
vertical velocities, U; and U, sampled on the cylindrical shell using the angle @ measured
counterclockwise starting from the rear. Dashed lines represent the full-scale model, blue
lines the macroscopic model and red stars the average of the full-scale model, calculated
applying a discrete version of the integral in equation (4.3), based on a 1-point Gaussian
rule, to the velocity profile in each microscopic elementary cell forming the membrane.
Numerical values of €, ¥, £ and other representative values of the fluid flow (Cp, XRr,
LR) are listed in table 1 for each case.

e Among the potential candidates, the final value of & and thus the values of (/;,1,) can
be chosen based on other constraints (like, for instance, the minimization of microscopic
anisotropy, i.e. [; = [, the minimization of & or the satisfaction of geometrical properties of
the medium like the fluid-to-solid ratio).

e Once the value of ¢ is selected, there is only one couple (I;,[,) that satisfies the

macroscopic values of ¥* = &F,, and L* = gL,. We then deduce F,, and L;, and eventually
l; and [,,.
The values of €, [; and [,, are deduced for each case highlighted by the symbols in figure 12.
Table 1 shows the values found for each case, corresponding to the white pointers in figure
13b. For the cases denoted by O, » and O the values of (/;,[,,) have been chosen so as to
obtain a value of £ of order 10~!, while for the case % the value of (,, I,,) guarantees minimal
anisotropy with the constraint £ < 0.045.

The final full-scale geometries are thus obtained by distributing the inclusions along the
membrane centerline I';,;, with a constant angular distance among them given by A¢ =
2| £], with [ -] the integer part in order to have an integer number of inclusions along the
cylindrical shell. Two examples of microscopic geometries obtained are depicted in figure 14,
where 69 and 32 inclusions are employed. Once the full-scale geometry is built the reliability
of the inverse procedure is verified as explained in the next section.
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N & L, Iy F L Ccp CEC Lp LE? xgp xi°
69 4.49x1072 0.08 024 5.0x1073 1.0x107% 1.264 1.259 7.386 7.358 0.431 0.421
32 9.82x 1072 0.12 0.06 1.25%x 1072 5.00%x 1073 1.338 1.339 - - - -
31 1.01x107" 0.02 038 12x1072 1.0x10™* 1350 1334 - - - -
10 3.14%x 107! 0.02 050 3.0x1072 1.0x10™* 1.365 1239 - - - -

O v O x*

Table 1: Relevant geometrical and physical parameters for the cases chosen in figure 12; N
indicates the number of inclusions forming the membrane, the superscript £€ denotes
quantities calculated using model (2.7) on I';;;; while the absence of superscript denotes
quantities evaluated from the full-scale solution.

4.3. Comparison between the homogenized and the full-scale results

We verify the faithfulness of the homogenization approach and the subsequent retrieval of
the microscopic geometry by comparing the results obtained using the equivalent model with
the feature-resolved flow past the full-scale permeable shell. To deduce the full-scale flow,
the Navier-Stokes equations are solved in the full-scale domain, where each solid inclusion
forming the membrane is explicitly taken into account in the fluid domain and thus in the
mesh. The full-scale problem is solved by the finite-element solver COMSOL Multiphysics,
using the same numerical setup as for the macroscopic flow solution. In order to have spatially
converged results, mesh M1 (cf. table 2) has been modified in the vicinity of the full scale
structure. A circular refinement region of diameter 1.1L has been added with a resolution
chosen in order to guarantee at least 107 cells between two adjacent solid inclusions whose
boundary has been discretized using at least 50 segments. The boundary conditions on
iy, Tour and I'y,;, are the same as in the case of the macroscopic model (2.7), while we
impose a no-slip condition on the walls of each microscopic inclusion, i.e. u;|r,, = 0.

In figure 14 we report two sample comparisons of the flow fields obtained with the
homogenized model and with the full-scale simulations (cases x and O identified in figure
12), together with the velocities at the membrane. In both cases, we observe a good agreement
between the two approaches, with an error on the velocities along the membrane of the order
of &, as expected.

In table 1 we report the reference values (Cp, Lg, Xg) for all cases identified in figure
12. Also in this case, we observe an overall good agreement, even for extremely large values
of &, which are far beyond the rigorous domain of validity of the theory. Only for the case
denoted by O the differences in the Cp are non-negligible, suggesting that a maximum value
of & beyond which macroscopic model (2.7) is no more applicable lies between 10~! and
3.5 x 107'. A complete validation also requires the comparison of the stability properties
of the flow between homogenized model and full-scale simulations, reported in figure 15.
We observe a good agreement between the spectra, and in particular the leading eigenvalues
are well described by the homogenized model. Considering the one with largest real part,
the relative errors on the absolute value are 0.25% for the case x (1 = 0.076 + 0.641), and
0.6% for the case O (1 = —0.039 + 0.721). We finally stress the importance of the validation
described above, since it constitutes a strong proof of the faithfulness of the model developed
in Zampogna & Gallaire (2020) in the case of flows with non-negligible macroscopic inertia.

In this section, we outlined a method for the geometrical reconstruction of the microscopic
geometry based on the macroscopic properties of the membrane, thus concluding the first
branch of the scheme described by figure 3. We note that the homogenized model, combined
with the stability analysis technique, allows us to perform a parametric study spanning a
massive range of possible geometries with extremely fast outputs. The flow through the
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Figure 15: Comparison between the homogenized and full-scale results of the stability
analysis. The crosses and the circles denote the eigenvalues obtained from the full-scale
structure and from the homogenized model, respectively, for the two reported cases.

resulting microscopic structure shows a good agreement with the homogenized model, thus
giving confidence to the parametric study carried out in Section 3. We verified the validity of
the homogenized model through permeable membranes for Reynolds numbers of the order of
102. The error on the final solution is of order &, thus degrading the solution when extremely
large values of & are considered. Nevertheless, the homogenized model gives also in these
cases fairly reasonable results that can be used as guidelines in a first parametric study, before
optimizing the resulting microscopic structure.

The previous analysis was focused on membranes with monodisperse and identical
microscopic inclusions along the centerline of the membrane. In the following, we analyze
the opportunity to exploit membranes of variable permeability by employing a Lagrangian-
based optimization, i.e. we focus on the second branch of the diagram of figure 3, in the
inverse procedure part.

5. Adjoint-based optimization of membranes of variable properties

The purpose of the present section consists of finding profiles of # and £ which are optimal
with respect to a given objective, here specifically the maximization of the drag coeflicient.
To accomplish this task, a variational approach is used.

5.1. Sensitivity with respect to variations of the slip and filtrability numbers

In this section, we introduce the theoretical framework for the adjoint-based optimization of
the structure of the membrane. We recall that, at the interface, we denote with the superscript
-* the variables evaluated in the inner part of the cylinder and with -~ those evaluated in the
outer part. Any small modification 6 M;; of the tensor component M;; (i.e. variations of ¥
or L) induces a perturbation (6u, dp) on the flow field such that (u, p) = (U + éu, P + 6p).
The drag coeflicient, i.e. the objective in the Lagrangian framework, is written as follows:

Cp = 2% (S50 (pmou™) = Ey (p*,u™)) meé; dr. 5.1)
r

cyl

The modification 6 M;; thus perturbs the drag by 6Cp according to

5o =2 (. (6p™.0u7) - Xy (59" 6u")) ity A= § T, CooMi T
eyt eyt
y ' (5.2)
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The quantities (6u™*, §p*) are the solution of equation (B 3) reported in Appendix B, where
a formal derivation of the sensitivity functions (i.e. the functions describing the variations
of the objective Cp with respect to the control variable ¥ and L) is carried out. In the
Lagrangian framework, the sensitivities of the drag coeflicient with respect to variations of
L and F are

V#Cp = —Reu;ﬁ (Zjk (P7,U7) = Zjk (PT,U")) ninjnk (5.3)

and
V. Cp = Reu! (Zjx (P7,U7) = Zji (PT,UY)) tit;ms, (5.4)
where the Lagrange multipliers (z, p™, u'"), also called adjoint variables, are the solution

of the following linear problem

(9iuj =0, uj.d-Uj - Ujéjuj = 0ip* + Laz I/tﬂ'L in Q

ReYjj"i
(Zik (=™ u™) = Zi (=p™,u™)) ne =" =0 on Ty (5.5)
ulf+ = uj_ on it
and
ul" = Re " M7! (uT_ —-20 ) on[j (5.6)
i Jji j 1j ints .

together with the adjoint boundary conditions uj = 0 at the inflow, 62qu( = ”; = 0 at the

transverse boundaries and X; (—pT, uT) ni + uknkuj = 0 at the outflow. At this point, it is
clear that in order to understand how the control variables ¥ and £ influence the objective
function Cp via equations (5.3, 5.4), the linear problem (5.5) has to be solved, without
the necessity to explicitly evaluate the perturbed state (u, p) = (U + déu, P + 6p). The linear
adjoint problem presents an advantage in terms of computational time with respect to the non-
linear problem for (u, p), and is suitable for a gradient-based optimization with a progressive
update of the distribution of the membrane properties.

In figure 16a we report the variation of the drag coefficient with 7, for fixed £ = 5x 1073
(black dots), together with the prediction given by the sensitivity analysis (solid lines), close
to the configuration of maximum Cp identified by the O symbol in figure 12. Note that, at
this stage, we keep # uniform along the membrane. A good agreement is observed, in the
vicinity of the points where the sensitivity is evaluated, i.e. 67 =~ 0.01F. The deviation
becomes more important for variations larger than 67 =~ 0.01F, showing a rather strong
effect of non-linearities close to the point of the maximum drag coefficient. In figure 166 we
show the distribution of sensitivity along the upper part of the cylinder, for three cases. The
distribution exhibits a non-monotonic behavior, with positive values in the front and in the
middle of the membrane, and negative values close to the rear of the cylinder.

The same analysis is performed for uniform variations of £ (figure 17). In this case,
we observe a monotonic behavior, and the variations of the drag coefficient with £ are
considerably smaller than those observed when varying ¥ . The distribution, at low values of
L ~ 5% 1073 shows a peak at @ = 130°, that decreases with £, and is negative in the other
regions of the membrane.

In this section, we derived the sensitivity of the drag coefficient with respect to variations
of ¥ and L. In the following, we exploit the sensitivity analysis to introduce a gradient-based
optimization for the geometry of the membrane, when both the filtrability and slip numbers
are varied together, so as to find the optimal distribution of ¥ and £ to maximize the drag
coeflicient.
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Figure 16: Panel a): variation of the drag coefficient with 7, for £ = 5 x 1073, directly
evaluated from macroscopic model (2.6, 2.7) (black circles) and predictions of the
gradient via the sensitivity approach (coloured lines) carried out around the configurations
identified by coloured circles. Panel b): distribution of sensitivity with respect to # along
the y > O part of the cylinder, i.e. 0 < @ < m, for the configurations denoted with colors in

panel a).
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Figure 17: Panel a): variation of the drag coefficient with £, for ¥ = 0.03, directly
evaluated from macroscopic model (2.6, 2.7) (black circles) and predictions of the
gradient via the sensitivity approach (coloured lines) carried out around the corresponding
coloured circles. Panel b): distribution of sensitivity with respect to £ along the y > 0
part of the cylinder, 0 < @ < 7.

706 5.2. Optimal distribution of the properties of the membrane

707 The sensitivity functions found in the previous section are used here to obtain the optimal
708 distributions of # and L that maximize the drag coefficient. The starting profiles of F
709 and L for the gradient-based optimization are uniform. We chose different values of the
710 initial guess, among which 7 = 1.25 x 1072 and £ = 5 x 1073, i.e. the values that
711 - maximize Cp when the permeable membrane is formed by a repetition of a single microscopic
712 inclusion (case denoted by the O symbol in figure 12). We implement gradient-ascent iterative
713 procedure, using as initial guess (% and £(?). At each iteration (i), the value of the gradients

714 V;i) Cp and V%) Cp are evaluated by the adjoint analysis proposed above. We thus update
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Figure 18: Results from the gradient-based optimization. Final distribution of (a) ¥ and
(b) L, when both ¥ and £ are optimized for different initial guesses (coloured lines) and

when only variations of ¥ are considered with initial guess F(0) =0.0125 and
£ =0.005 (red dashed line). The various initial guesses are 7 () = 0.0125 and
£ =0.005 (blue), ¥ =0.005 and £ =0.0125 (orange), F(? = 0.0025 and
£©0) =0.0025 (yellow), F© =0.005 and £ =0.005 (purple), F@ =0.01,
£O =0.01 (green).

the distribution of ¥ and £ in the direction of the gradient as follows
F) =0 4 vOCpsF  and L0 = L0+ VP CporL, (5.7)

with fixed step sizes 6F = 1072F @ and 6 £ = 1072 L. During the optimization procedure,
the values of ¥ and L have to remain strictly positive, to avoid non-physical values. Besides,
too small or too large values jeopardize the inverse procedure, since large differences in the
dimensions of the microscopic inclusions are difficult to handle without considering large
values of the parameter £, which degrade the accuracy of the homogenized model. Typical
procedures to regularize the problem are based on the introduction of auxiliary variables
to transform the inequality conditions into equality ones (Schulze & Sesterhenn 2013), or
on the truncation of the gradient when the threshold values are reached (Lin 2007). In this
work, for the sake of simplicity, we apply the latter procedure and we restrict the research
of the optimal profiles to the intervals 1073 < F, £ < 1.5 x 1072, At each iteration, values
of ¥ or L larger (resp. lower) than the threshold value, due to an increase (resp. decrease)
along the gradient direction, are imposed to be equal to the threshold value. The iterative
procedure is stopped when the relative difference between two successive evaluations of the
drag coefficient is less than 1074,

In figure 18 we report the optimal distribution of ¥ and £ along the semi-cylinder found
via the iterative algorithm, for the optimization with both # and £, with different initial
guesses. Note that, depending on the initial value, a different number of iterations is needed to
achieve convergence. While the final distribution of ¥ does not show significant variations
with the initial guess, the profiles of £ are different. In the rear part, 0 < @ < 7/2, L
remains constant and equal to the initial value. For @ ~ x/2, all distributions collapse to
the lower threshold value, and in the front part they assume different values. However, the
effect of the slip number on the final value of the drag coefficient (figure 19a) is small and
the differences are below 0.5%. Therefore, the effect of the filtrability is predominant and
the optimal distribution of ¥ is weakly influenced by L. We thus consider the case in which
the slip number is kept fixed, while the optimization is performed only on . The resulting
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Figure 19: (a)Variation of the drag coeflicient during the optimization procedure, for
different initial guesses, as a function of the iteration number rescaled by the total number
of iterations required to reach convergence. (b) Variation of the drag coefficient during the

iterative procedure of the gradient-based optimization, when both 7 and £ (blue dots)

and only ¥ (orange dots) are varied, with initial guess #(©) = 0.0125 and £ =0.005.
In the insets, we report the distributions of # for different iterations, the horizontal and

vertical axes of the insets correspondto 0 < @ < rand 0 < F < 1.55 X 1072, respectively.

distribution (red dashed line in figure 18a) is very similar to the other ones optimized both
with respect to  and L. Both approaches converge to a similar value of Cp (figure 19b),
which is = 6% larger than the maximum drag obtained with uniform membrane properties.
We therefore conclude that the optimization procedure leads to significantly larger values of
Cp, in which the effect of the filtrability is predominant, with a weak dependence on the
initial guess.

The increase of drag in the optimal configuration can be related to the previous observations
in the case of constant filtrability. The optimization procedure tends to increase the filtrability
in the front part (o ~ m) of the cylinder and at @ ~ 7/2, while it tends to decrease itata ~ 7 /4
and a ~ (3/4)r. Compared to the constant filtrability case, the curvature of the streamlines is
enhanced, thus leading to a more marked recompression in the inner part of the downstream
portion of the membrane. This effect, leading to an increase of global drag, is enhanced in
the optimal configuration since the flow is more constrained to pass through the front and
the streamlines leave the cylinder through a narrower region, at @ ~ 7/2, owing to the large
values of filtrability in these regions. This constraint further magnifies the effects of the inner
pressure gradients presented in the constant properties case. The analysis of the distributions
of slip number shows that the drag is not influenced by variations of slip in the rear part of
the cylinder.

In this section, we performed an adjoint-based optimization of the flow with respect to the
drag. The typical computational time for one step of the optimization is equivalent to the
one of a steady calculation of the non-linear Navier-Stokes equations, i.e. around one minute
for a common laptop computer. Since on average 30-60 iterations were needed to achieve
convergence, with the presented simple algorithm, one optimization lasts for 30-60 minutes.
The decoupling between microscopic properties and macroscopic effects on the flow allows
one to move from a generic shape optimization problem to an optimization problem for the
two scalar distributions 7 (@) and £ («), making the optimization procedure straightforward
to implement compared to a full-scale case. Once the distribution of membrane properties is
known, the inverse procedure has to be applied to choose the microscopic structure. In the
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following, we aim at retrieving an optimal full-scale structure of the membrane starting from
the optimal profile of # found in the present section.

6. Full-scale design of membranes of variable properties

In order to fulfill the inverse procedure introduced in figure 3, we link the optimal distribution
of filtrability and slip found in Section 5.2 to a real full-scale structure of the permeable shell
where the microscopic solid inclusions vary in shape and/or size. Since the effective stress
jump condition developed by Zampogna & Gallaire (2020) has not been initially thought for
membranes formed by solid inclusions of variable shape along the membrane, the first step
to reach our objective is to modify and prove the validity of the macroscopic model for this
case.

6.1. Application of the effective stress jump model to the case of membranes with
fast-varying microscopic geometry

The easiest way to compute the microscopic tensors within the homogenization framework
consists of assuming that the solid structure consists of a periodic repetition of a given unit
cell (cf. for a review Hornung 1997). To relax this assumption one may assume that the
variations of the microscopic structure are slow (cf., for instance, Dalwadi et al. 2016) and
hence solve the microscopic periodic problems (4.1) and (4.2) over each periodic unit cell and
then compute the effective macroscopic tensors by averaging the microscopic solution over
each cell. In the context of the present work, since fast variations of # and £ can be noticed
in the optimal distributions of figure 18, we need a model to link the effective properties to
the microscopic geometry, without any assumption about the nature of the variations of the
inclusions along the membrane. The macroscopic model of Zampogna & Gallaire (2020) is
adapted here so as to describe this case when the following hypotheses are valid:

e the permeable shell is the surface of a rotational body, whose radius is R;

e the constraint /D < 1 is still valid.
Under such assumptions, the macroscopic curvature is neglected in the microscopic domain
as also done in Zampogna & Gallaire (2020) and the microscopic problems (4.1) and (4.2)
are solved in the entire cylindrical shell, F;,;, sketched in figure 20b, defined as

Fror = Ul]'\:]]Fi’ (6.1)

where F; is the fluid domain within the i — #/ unit cell sketched in figure 206 and N the
total number of solid inclusions on the shell. On the left and right sides of F;,;, we impose
periodic boundary conditions as we are dealing with the surface of a rotational body. With
these modifications, i.e. solving the microscopic problems (4.1) and (4.2) over F;,, instead of
over each F;, the assumption of slow variations of the microscopic geometry is superfluous
and a fast-varying microscopic geometry can be studied and associated with the optimal
profile of ¥ found in the previous subsection.

To validate the model, we first calculate the microscopic quantities associated with two
different distributions of solid inclusions along the membrane, D1 and D2. They represent
an example of slow- (D1) and fast-varying (D2) microscopic geometries (cf. table 3). The
distribution D1 is represented in the Cartesian frame of reference in figure 20a and in the
local frame of reference of the cylinder in figure 205. The values of ¥ and L for distributions
D1 and D2 are shown in figures 21a and 21b, respectively. While blue stars represent the
values extracted from the solutions computed within F,,,; by averaging over each unit cell, the
light-blue circles represent the values of ¥ and £ deduced by classical calculations over each
periodic unit cell F;. In the case of slow variations of the microscopic structure, the periodic
problems (4.1) and (4.2) over the unit cell provide acceptable results for the effective tensors.
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Figure 20: Panel a): example of a cylindrical shell formed by variable microscopic
inclusions, corresponding to distribution D1 in table 3. Panel b): sketch of the
microscopic domain, [F;,;, built by “unrolling” the cylindrical shell (red and blue unit
cells correspond to their “rolled” counterpart in panel a). In order to deduce averaged
profiles of F;; and L; the solution is averaged within each cell over the green dashed line.
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Figure 21: Values of ¥ and £ along F;,; (blue stars) and corresponding values computed
within each cell F; (light-blue circles) for distributions D1 (panel @) and D2 (panel b)

described in table 3.

Conversely, the important discrepancies between the blue and light-blue profiles represented
in panel b) show that fast-variations of the microscopic geometries affect in a relevant way
the values of the effective quantities ¥ and £ and microscopic problems (4.1) and (4.2) have
to be computed over the entire microscopic domain F;,;.

The last statement is supported by the comparison between the full-scale and the equivalent
model that can be done once the effective values of ¥ and £ have been found. As shown in
figure 22, the macroscopic velocities evaluated over the membrane are in perfect agreement
with the full-scale profile for the case D1 of slow-varying geometries. The drag coeflicient
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Figure 22: Comparison between the full-scale solution and the macroscopic model for
distribution D1 and D2 (panels a and b respectively). All quantities are evaluated over the
equivalent membrane I';;;. Dashed lines represent the full-scale model, blue lines the
macroscopic model where the values of the effective tensors have been calculated in F; .y,
light-blue dot-dashed lines correspond to the macroscopic model where the values of the
effective tensors have been calculated in each periodic unit cell F; and red stars are the
average of the full-scale model.

computed from the equivalent solution, CgQ, is equal to 1.225, with a relative error with
respect to the full-scale solution of = 1.5%, in the order of the approximation. No substantial
differences are noticed using the values of the effective tensor extracted from F;,; or from
each periodic unit cell F;. On the contrary, when distribution D2 is considered (figure 22b),
the use of the effective tensor calculated within F,,, allows us to drastically reduce the error
between the full-scale simulation and the macroscopic model.

6.2. Retrieving the full-scale microscopic geometry from the optimal F -L-profiles

In the previous paragraph we showed that the effective stress jump condition of Zampogna &
Gallaire (2020) is reliable also in the case of fast-varying microscopic geometries when the
adequate precautions described above are taken into account to formulate the microscopic
problems (4.1, 4.2). We thus apply it to link the optimal distributions of effective filtrability
and slip profiles found in Section 5.2 to a distribution of microscopic solid inclusions in
order to design an optimal cylindrical membrane for drag maximization. For the sake of
simplicity, we consider the case in which the optimization procedure is performed only on
the value of F, letting £ vary accordingly to the microscopic calculations. This allows us to
focus our attention only on circular (rather than elliptical) inclusions of variable radius. As a
consequence, the profile of £ is unequivocally defined once the ¥ profile is retrieved. This
simplifying assumption has a marginal effect on the resulting optimal drag since the latter is
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Figure 23: Variation of the optimal # -profile with «. Blue lines correspond to the values
of ¥ found in Section 5.2 while red squares to the values of # reconstructed from the
microscopic problems in F;,;. Black dashed lines correspond to the profiles reconstructed
via a piecewise cubic interpolation of the red square-profile. In the left panel 23 inclusions
have been placed on the cylindrical shell (¢ = 0.1369) while on the right one 47 inclusions
have been used (& = 0.0667). A larger number of inclusions allows us to better reconstruct
the ¥ profile.
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Figure 24: Flow past the optimal cylindrical structure deduced from the profile of ¥

computed in Section 5.2. A total number of 23 solid inclusions (sketched in dark gray in
panel b) have been placed on the cylinder leading to a value of & equal to 0.137. Top row:

comparison between full-scale and macroscopic solution. In the left panel the flow
streamlines for the full-scale simulation (black lines) and for the macroscopic model (blue
lines). In the central and right panels the horizontal and vertical velocities are represented
over [';;;;. Black dashed lines represent the full-scale solution, blue lines the macroscopic
model, where ¥ and £ are evaluated using the reconstructed profiles (cf. figure 23), and
red stars the averaged full-scale profile. Bottom row: isocontours of pressure (left panel),
horizontal (center panel) and vertical velocity (right panel) around the cylindrical shell. In

the left panel also flow streamlines within the shell have been represented to better

appreciate the flow behavior.
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Figure 25: Same as figure 24 for a total number of 47 solid inclusions on the cylinder,
leading to & = 0.066.

only weakly affected by L. Nevertheless, the following procedure can be straightforwardly
generalized to variable distributions of both # and L, by considering for instance elliptical
inclusions as in Section 4.2. The numerical implementation is based on a bisection method
(see Appendix C), where at each iteration the value of the radius of each inclusion is
adjusted so as to reach the aimed values of ¥ up to a relative tolerance of 1%. For the
iterative procedure to be well defined, an initial guess has to be taken. A good candidate
is the value of # given by the case of perfectly periodic microstructures. The separation
of scales parameter ¢ is a free parameter and has to be chosen to unequivocally define the
radius of the solid inclusions. The resulting distributions are sketched in figure 23 for two
different values of £ = 0.1369, 0.0667, corresponding to 23 and 47 solid inclusions over the
cylinder, respectively. We reconstruct the continuous ¥ and £ profiles via a piecewise-cubic
interpolation (black dashed lines in figure 23) of the piecewise constant values obtained
from the solution of the microscopic problems averaged in each unit cell (red squares);
however, we verified that the following results were not affected by a different choice of the
interpolation. As last check, we perform macroscopic and full-scale simulations in order to
i) confirm the validity of the model in this case and i) check that the full-scale geometry
actually maximizes the drag coeflicient, as predicted in the Lagrangian-based optimization
procedure. Figures 24 and 25 provide qualitative and quantitative information about the flow
past the two retrieved full-scale optimal structures. According to panel a) of those figures,
for both values of & the full-scale solution reproduces well the behavior and properties of the
macroscopic flow calculated using the optimal profile of ¥ . The drag coefficients calculated
over the two full-scale structures are C5 013 = 1.427 and C570-9%%7 = 1.412, while the
corresponding one estimated by the macroscopic model is equal to 1.414, exhibiting an error
of about 1% in the worst case. The variability of the microscopic inclusions is shown in
panel b) of figures 24 and 25, where a focus on the pressure and velocity fields across the
cylindrical shell reveals the presence of local microscopic flow structures that become less
and less important as & decreases. We refer to table 3 for the geometrical data used to build
each full scale structure and to figure 28 for their visualization.

These last findings accomplish the procedure sketched in figure 3. As previously shown,
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the inverse procedure admits multiple solutions, whose number can be further reduced by
imposing other kinds of geometrical or functional constraints to the problem considered.

7. Conclusions and perspectives

In this work, we proposed an approach for the homogenization-based optimization of
permeable membranes. We considered as a test case the wake flow past a permeable
circular cylinder. The first part of the procedure was a parametric study of the steady
flow configurations and their stability with respect to perturbations. In this framework,
the membrane was modeled by the effective stress jump interface condition developed in
Zampogna & Gallaire (2020), for symmetric configurations with respect to the centerline
of the membrane. Under these conditions, the membrane properties are described by two
scalars, the filtrability and the slip numbers, the former representing the ability of the fluid
to pass through the membrane while the latter its ability to flow along the tangential-to-the-
membrane direction. The flow morphology strongly resembles the one outlined in Ledda
et al. (2018). The recirculation region past the cylinder detaches from the body and moves
downstream, becomes smaller and disappears, as the filtrability number was increased.
An increase in the slip number showed a decrease in the dimensions of the recirculation
region. Interestingly, for large values of the filtrability number, the drag coefficient presents a
maximum that is substantially larger than the drag coeflicient of an impermeable cylinder. A
bifurcation diagram was identified via the stability analysis, which unraveled the stabilization
of the steady wake for large values of filtrability, a situation similar to the one outlined in
Ledda et al. (2018). The unstable mode leads to a vortex shedding whose onset region moves
downstream as the filtrability is increased.

Once the unstable configurations were excluded from the analysis, the second part of
the work was focused on the reconstruction of the membrane based on the values of
filtrability and slip numbers, identified to obtain proper macroscopic characteristics of the
flow. We considered different test cases, among which the conditions that maximize the drag
coefficient. We also outlined a procedure to recover the microscopic geometry that satisfies the
constraints of filtrability and slip numbers, for elliptical inclusions. The agreement between
the homogenized model and the full-scale simulations was very good, proving not only
the faithfulness of the inverse procedure, but also the accuracy of the effective stress jump
condition which was initially tested in Zampogna & Gallaire (2020) only in the Stokes flow
regime.

The third part of the work was devoted to the optimization of a membrane whose filtrability
and slip numbers were allowed to vary along the cylinder and to the reconstruction of the
corresponding microscopic structure. As a test case, we considered as optimal objective
the maximization of the drag coeflficient. We first evaluated the sensitivity with respect
to variations of the filtrability and slip numbers and thus performed a gradient-ascent
optimization, using as initial guess the values of filtrability and slip numbers that maximize
the drag in the case of constant membrane properties. In this test case, we obtained an
increase in the drag coeflicient of 6% with respect to the case with constant membrane
properties, and thus of 34% with respect to the solid case. We then introduced a procedure to
recover the microscopic structure that satisfies an optimal filtrability distribution, focusing on
circular inclusions. The introduction of a new modified domain of validity of the microscopic
problems associated with filtrability and slip numbers allowed us to correctly link these
quantities to a full-scale geometry. Also in this case the agreement was fully satisfactory, thus
validating the proposed approach both for constant and variable distributions of filtrability
and slip numbers along the membrane.

This work aims at giving a rationale to the application of homogenized models to design
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membranes in the context of flow control, providing fast and accurate predictions and the
opportunity to directly link macroscopic characteristics of the membrane to microscopic
geometries. Thanks to the generality of the macroscopic model, real three-dimensional
permeable shells can be handled at the cost of adding only one more parameter, representing
the ability of the fluid to flow along the second tangent-to-the-membrane direction, much
lower than the cost of adding approximately 1/& degrees of freedom due to the meshing of
a real full-scale three-dimensional membrane. The potential of the method stems from the
decoupling between microscopic properties and macroscopic effects on the flow, which
allows one to have a plethora of possible microscopic configurations giving the same
macroscopic flow. This decoupling drastically simplifies the adjoint-based optimization
procedure, allowing to obtain a single distribution of membrane properties which can
be satisfied by an infinite number of possible microscopic geometries; the number of
corresponding microscopic geometries can be further reduced by imposing other constraints.
Despite the theoretical and analytical complexity of the homogenization technique, the final
result consists of a simple boundary condition for the macroscopic flow model that enables
to explore a vast range of geometrical configurations, with the great advantage of a drastic
reduction of the complexity and computational times needed to carry out the solution.

This work may be extended in several ways. The procedure explained here is a first step
towards a rational design of membranes; if integrated with a model describing the equivalent
transport of diluted substances across a permeable wall it represents a potential answer to
the necessity identified in Park et al. (2017) to find the right balance of filtrability between
a fluid and a diluted substance. The comparisons considered in the present paper show that
the homogenized model well reproduces the flow behavior in the case of inertial flows. The
differences with respect to the full-scale solution are larger for cases in which the microscopic
Reynolds number, Re ;.o = UL/ v, is large (cf. for instance the case denoted by O in table |
where Re,icro = 25). This pushes us to proceed toward an extension of the model for high-
Re flows, where the inertia of the flow within the membrane cannot be neglected (Zampogna
& Bottaro 2016).

We conclude by observing that the interweaving of homogenization theory, bifurcation
analysis and adjoint optimization methods showed great potential, opening up the path to a
rational design of complex structures that can find a wide and varied range of applications
in fluid dynamics.
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Appendix A. Mesh convergence

In this section, we report the results of the mesh convergence. We considered the case
Re =100, F = 1.25x 1072 and £ = 5x 1073. We verified both the convergence with respect
to the size of the domain and with respect to the number of elements. The results are reported
in Table 2, for the drag coefficient and for the unstable eigenvalue studied in Section 3.2.
We initially increased the number of elements for the mesh M1, veryifing the convergence.
We therefore increased the domain size to verify its effect. We conclude that the number of
elements and the size of the domain have a small impact on the baseflow and global stability
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Mesh X1lin Xlout X2lat Nl N2 N3 N4 Nins No. Elements CD Re(/l) Im(/l)
M1 -30 9 25 1 125 5 133 319 144008 1.339894 -0.03687 0.71985
M2 -30 90 25 1.25 1.55 6.3 16.7 39.8 161896 1.339888 -0.03685 0.71980
M3 -30 9 25 15 19 75 20 478 187498 1.339888 -0.03678 0.71986
M4 -30 90 25 2 25 10 26.7 63.7 241094 1.339886 0.03673 0.71999
M1B -45 120 375 1 125 5 133 319 164918 1.333833 -0.03831 0.71867
M1C -60 180 50 1 125 5 133 319 193202 1.334047 -0.03843 0.71878

Table 2: Results of the mesh convergence. The edge densities are denoted with &V, for
different regions as depicted in figure 2.
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Figure 26: Overview of the mesh denoted by M1 in table 2 used for the macroscopic
computations. In each colored inset recursive magnifications approaching the cylinder are
shown. In the light-blue inset prismatic layers adjacent to the fictitious interface [’ can
be noticed; they have been added in order to well evaluate the normal-to-the-membrane
fluid stress and integral quantities like the drag force acting on the cylinder.

results, two significant digits remaining constant for every measured quantity. The mesh M1
(shown in figure 26) is suitable for the study and it has been used throughout the work.

Appendix B. Derivation of the sensitivity of the drag coefficient with respect to
variations of the membrane properties

We propose here an extensive derivation of the sensitivity functions briefly introduced in
Section 5.2. For the sake of clarity, we recall that, at the interface, we denote with the
superscripts -+ and -~ the following limits

f = lim f

i —1
X 1—‘mt

(B1)

with I ot and F;;t the outer and inner sides of I'jy. The drag coefficient, i.e. the objective

in the Lagrangian framework, is defined in equation (5.1). According to this equation, any

small modification of the tensor component M, ; modifies the drag by 6Cp according to
Vm;;CpoM,; dl,

oCp = 2‘7{
r
(B2)

where (du*,dp*) is the linear perturbation to the base solution induced by the variation
of the membrane tensor, whose governing equations can be deduced by substituting the
perturbed variables (u = U + du, p = P + dp) in equations (2.6, 2.7) and read

(S5 (6p. 6u™) — i (5p*, 6u™)) ndy; dT = f

cyl 1—‘cyl
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8i6ui =0, 5uj(9jU,~ + Ujajéui = —C()iép + Laz.éui in Q

/ Re™jj
ut = u: = 6”1' on ant
979 i i B3
Su; = ReM;j (Zjx (6p~,6u~) — Zjx (6p*, ou*)) ny+ ©
+ReSM;; (Zjx (p~ u™) — Zjk (p*,u®)) nk on i ,

980 together with boundary conditions 6u; = 0 at the inletand X ;% (6p, ou) ny = 0 at the outflow.

981  Weintroduce the Lagrange multipliers (u", p*, u'") referred to as the adjoint solution, and
982 define the functional

J (u,p,uT,pT,u“,M) = Cp
—/p*(?iuidQ
Q
- / uj (ujajui - GJ-Z,-j (p,u)) dQ
Q

_jé ul" [uj = ReMij (Zjx (p™.u7) = Zj (p*.u*)) ni] T,

983 B4)
984 whose gradient with respect to any variable f is

985 0T 55 = 1im Y +€0N =T (BS)
8f e—0 €
986 The variation of the drag coefficient thus reads:
N N
o0Cp = 0 ——0oM;;, B6
987 D= T (u’p)+(9/\/(,-j Mi; (B6)

988 since the gradient of the functional with respect to the adjoint variable is zero as long as the
989 state equation is satisfied. The gradient with respect to (u, p) is

0g o
6(u, )=2—7§ Zi'(5 ,6u )—Zi' 0 +,6u+ n~(5l~dl“
3 (u,p) p - ( jlop J ( p )) Jjo1

- / pTaiéu,-dQ
Q

—/Mz- (Ujajéui+5uj8jU,- —6J~Zij ((5]?,511)) dQ
Q

- é ul" [Suy — ReMij (Zjx(6p~,6u") — Zjx (6p*, 6u™)) ni | dT

990 B7)
991 Integrating by parts and using the divergence theorem, we obtain analogous boundary terms
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Figure 27: Adjoint field for Re = 100, F = 1.25 x 1072, £ = 5 x 1073, Panel a): from top

uJr pT. Panel b): uJ{T (blue curve) and uy (orange curve) evaluated over

[y for a € [0, ].

to bottom, ”1 ,

992  at [} for the inner and outer problems, to which we add those of the interface condition:

‘Nj
0 (u,p)=
9 (u, p)
}{ Zij (5}9_, 5u_) nj (25,‘1 — uj_ + MZTReMki)
Fim
+ (Zij(—pT_, uT_)nj + Uknkuj_ — ulﬁ) ou; dI’
- ‘7{ Zij (6p+,6u+) n; (26i1 - l/t:.r+ + uZTReMk,-)
993 Fim (B8)

+ (Zij(—p“, u™n; + (Ugng) u:H) Sufdl
+‘7§ —%j (6p,6u)n]u + (Z,]( phu )n +Urnyu; )6u Al
oQ

+/(9iu26p dQ
Q

1
/uaU U@u—@,p ——(912] jéu,dﬂ
Q

994 Exploiting the relation 6u = du* = du~, canceling the surface term on Q and the boundary

995 terms on [, and 0Q, we define (uT, pT) as the solution to the adjoint linear equations

(9,-u:f =0, Ltj.ain - Ujajuj = 0ipT + L (92 T in Q

Re JJ
996 (Zix (-p',u™) =T (~p™, u™)) g —ul" =0 on iy (B9)
u:.H = uj_ on I'jnt
997 with
995 ul' = ReTIMG! (ul"=261;)  onT, (B10)

999 together with adjoint boundary conditions u* = 0 at the inflow and Z; (—-p,u") ng +
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Uiny uj = 0 at the outflow and lateral boundaries of the domain I'j,. We thus have:

0
§Cp = ané/\/(,-j =@ ul ReSM;; (Zjx (P7,U) = Zji (P, U"))ni dl. (B11)
ij
Since M;; = Lt;t; — Fn;n;, we are able to evaluate the sensitivities with respect to # and
L separately. Specializing equation (B 11) for F we obtain

int

0
5CD = %6? = —f ulﬁReé?"ninj (ij (P_, U_) - ij (P+a U+)) nk dr. (B 12)
l—‘inl
The sensitivity with respect to ¥ thus reads
V#Cp = —Reu] min; (Zjx (P~,U7) = Zjic (P*,U*)) g, (B 13)

while, applying the same procedure with respect to £, we obtain
VCp = Reu! t;t; (Zjx (P7,U7) = (P, UY)) ng. (B 14)

It is finally clear that the gradients of Cp can be evaluated only if the solution of the adjoint
problem B 9 is known. As a matter of example, in figure 27 we report the adjoint fields
', p",u’) for Re =100, F = 1.25x 1072 and L =5x 1073.

Appendix C. Geometrical data associated with the full-scale structures analyzed
in Section 6

In Section 6 different full-scale geometries with arbitrary varying solid inclusions have been
proposed. Table 3 lists the parameter needed to build the cylidrincal shell for each case.
Distributions D1 and D2 correspond to test cases 1 and 2 that leads to the profiles of #
and £ depicted in panels b) and c) of figure 22, while distributions D3 and D4 correspond
to the optimal full-scale structures found in Section 6.2 with € equal to 0.1369 and 0.0667,
respectively. Each entry of the table contains the value of the radius of the i — ¢ circular solid
inclusion, normalized by £. The i—th inclusion is positioned at an angle @ = Zﬁ” (i — 1) where
N = 23 for distributions D1, D2, D3 and N = 47 for distribution D4. To have a visual idea of
which kind of structures we are dealing with, in figure 28 a visualization of the corresponding
full-scale membrane geometries is represented for the distributions listed in table 3.

For the sake of clarity we list the main steps of the bisection algorithm used to reconstruct

the inclusions’ distributions D3 and D4 listed in table 3. We denote with R;m) the radius
of the i-th inclusion forming the membrane, adimensionalized with the microscopic length,
according to table 3. The superscript (m) is used here to denote the m-th iteration of the
bisection method.

e two initial guess values are taken respectively equal to RY*" —eRV“" and RY*" + eRP"

where RP¢" is the radius of the inclusion which realizes the value 7—;0’7 " as if the lattice was
periodic, with 77" the optimal filtrability evaluated in the i — ¢/ cell;

e at each iteration (m) and for every i the quantity ?;(m) is evaluated by solving the
microscopic problem (4.1) on the whole cylinder as explained in Section 6;

o if f(m) - ?;Op " < 0 the radius of the i-th inclusion at iteration (m) is decreased of a
quantity 0.5|R\"™ — R,

o if ﬁ(m) - FF "> 0 the radius of the i-th inclusion at iteration (m) is increased of a
quantity O.5|Rl.(m) — Ri(m_l) l;

e the procedure is repeated until convergence, i.e. when |7—"l.(") = FPNNIFP < ol
where tol = 0.01.
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D1 | D2 | D3 D4

0.10(0.10|0.070 | 0.0300
0.11/0.40|0.130{0.0320
0.1210.120.280 | 0.0750
0.13/0.40|0.370|0.1170
0.1410.140.090 | 0.2100
0.15/0.40|0.043 | 0.2750
0.16|0.40 | 0.050 | 0.3000
0.17]0.17|0.050 | 0.2300
0.1910.40]0.390 | 0.0550
0.20(0.19]0.015|0.0150
0.220.40| 0.063 | 0.0090
0.2310.220.062|0.0135
0.220.40|0.062 | 0.0140
0.20(0.220.063 | 0.0110
0.19/0.40|0.015 | 0.0060
0.180.19]0.390 | 0.0500
0.170.40|0.050 | 0.3200
0.16{0.17|0.050 | 0.3300
0.15]0.40|0.043 | 0.0008
0.1410.15 | 0.090 | 0.0085
0.13/0.40|0.370|0.0132
0.1210.130.280 | 0.0149
0.11/0.40|0.130|0.0160
- - - 10.0160

[ T NN T N TR N 0 NN S g g S g S Sy -
RO OO VOO AN NDE WD, VORI W — -~

Table 3: Values of the radius of the i—th solid inclusion, adimensionalized with the
microscopic length, for i = 1, ..., 24 for distributions D1, D2, D3 and D4. Please notice
that, in distribution D4, 47 solid inclusions are present and the radius of the j — th
inclusion for j = 25, ...,47 is equal to the radius of the i — ¢/ inclusion, satisfying the
formula j =47 —i+1.
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