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ARTICLE INFO ABSTRACT

Keywords: The paper deals with new formulations of a Lagrange interpolant polynomial based on the
Lagrange interpolation nodes of the well-known anti-Gauss rule. A first representation is given in terms of the
Orthogonal polynomials classical Christoffel-Darboux kernel appropriately modified. The second one closely follows the

Anti-Gauss formula
Barycentric formula
Christoffel-Darboux

barycentric form of the classical Lagrange polynomial, while the third formulation represents
the interpolant as a combination of an orthonormal family of polynomials with respect to
the discrete anti-Gauss inner product. Numerical tests show the performance of the explored
forms.

1. Introduction

The Lagrange interpolation of a given function f at a set of nodes {x; };’=1 has attracted the attention of many researchers for
both theoretical and computational reasons [1]. Theoretically, the central issue concerns convergence, which is strongly influenced
by the so-called Lebesgue constants, the best behaviour of which is logarithmic divergence [2,3]. Consequently, considerable effort
has been devoted to identify sets of interpolation nodes that guarantee such behaviour [4]. Several studies [4] have shown that, in

specific function spaces, good candidates are zeros of orthogonal polynomials {p,}, with respect to a weight function w, i.e.,

b
P P = / PaOP (W) dx = {0’ " &
a ¢, >0, n=m.

In terms of numerical computation, a new formulation of the Lagrange polynomial, i.e. the barycentric form, was developed in
the late 1940s. Its advantages, robustness, and numerical stability have been emphasized in [5,6]. When the interpolation nodes
coincide with the zeros of orthogonal polynomials, a more stable formulation can be obtained through the Christoffel-Darboux
kernel, which plays an important role in the theory of orthogonal polynomials and approximation of functions; see, for instance [7].

In 1996, D. Laurie introduced for the first time new polynomials j,,; of degree n+ 1 [8] defined in terms of the classical monic
orthogonal polynomials {p,},

_ PP
PP
In that paper, he studied these polynomials proving that their zeros %, are real, distinct, belong to the interval [a, b] for a large class
of weight functions w, and interlace the zeros of p,. These polynomials were employed in the context of the numerical integration.
In particular, Laurie developed the so-called anti-Gauss quadrature rule whose n+ 1 nodes are the zeros X, of the polynomial given
in (2). This quadrature formula is of considerable interest for several reasons, ranging from estimating the error of the classical

Puy1 (%) 1= 2p, 11 (x) + (a, — x)p,(x), a, )
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Gauss rule to construct more accurate schemes. Consequently, it has been generalized and extended in various directions [9-14],
and applied in several contexts [15-20].

Very recently, polynomials (2) were carefully analysed to assess whether their zeros provide a suitable set of nodes for creating
optimal Lagrange type interpolation processes on the real semi-axes [21]. Motivated by this result, and by virtue of new current
studies on bounded domains [22], the aim of this paper is to provide new formulations for the Lagrange polynomial based on the
zeros of p,,, hereafter called the anti-Gauss Lagrange polynomial

L) = 3 A0 G Ao = [[ o = P @
w1 (S5 & k) K - -% B F) = %)

The main goal of Section 2 is to provide a modified Christoffel-Darboux kernel adapted to our polynomial and, based on it,
to obtain a first stable representation of the Lagrange polynomial (3). Section 3 is devoted to the derivation and analysis of a
barycentric form of the interpolant. In Section 4, we also provide an orthogonal expansion. We emphasize that, in this last case,
with respect to the Lagrange polynomial based on the zeros of the classical orthogonal polynomials, the main novelty lies in the
proof of this representation. In fact, the exactness of the Gauss or anti-Gauss quadrature rule cannot be exploited for the expression
of the related coefficients [4, Chapter 4]. Finally, in Section 5, we provide numerical examples showing the performance of the
proposed formulations.

2. Anti-Gauss Lagrange polynomial in a Christoffel-Darboux type form

The aim of this section is to prove that the fundamental Lagrange polynomial 7, can be expressed in terms of the Christoffel
numbers of the anti-Gauss formula [8] and a suitably modified classical Christoffel-Darboux kernel [4, Chapter 2]. As a consequence,
we derive a first, stable formulation of the Lagrange polynomial; see Theorem 2.2.

Definition 2.1. Let {p,(w,x)}, be the sequence of orthonormal polynomials with respect to w, p,(w,x) = y,x" + -+, y, > 0. We
define the modified Christoffel-Darboux kernel as

_ 1 i
K, 0. x.9) 1= K,(w0,,9) = 3,(0,00,0,9), - K,(@0,%,9) = ¥ p;0.)p; . ).  n20. &)
Jj=0

Proposition 2.1. For every x # y, the modified Darboux kernel (4) can be expressed as

PuOByy1(X) = Py (X)P 1 (Y)

2¢,(x —y) > nz0, ®

K,,(w, X, Y) =
where ¢, is given in (1).

Proof. From [4, Theorem 2.2.3], one has

Yn Put (W0, )P (0, ) = py (W, )Py (W, ¥) Pt D22 () = PP ()

K,(w,x,y) = , (6)
Yn+1 X=Yy cn(x_y)
being p,(w,x) = p,(x)/ \/a By combining (4) with the second identity of (6), we obtain
2¢,(x = MK, (W, %, ) = 2[py1 (I, () — P, OPs1 )] — (x = ¥)p, ()P, )
At this point, the assertion follows noting that the last term can be written as
(x = Y, )P, = (@, — %) — (@, — | p,()p, ),
and using (2). []
In order to state our first main theorem, let us recall the Christoffel numbers of the anti-Gauss formula [23]
. 2¢c,
Bpim—— k=1,....n+1. @
Pn(xk)P,H_l(xk)
Theorem 2.2. The following identities hold true forn >0and k=1,....,n+1,
Cr(x) = A K, (w, x, %), I = [Ky(w, %, %)) " and  Zi(x) = J’(w—w (8)
K, (w, %, %)
Consequently, the anti-Gauss Lagrange polynomial interpolating a continuous function f defined in [a, b] is given by
n+l
Lo ()= ) TR, (w, x, %) £ (%) ©)
k=1
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Proof. Let us prove (8). An evaluation of (5) at y = %, and considering that p,,,(X;) = 0 yields

R, (.. ) = L2 ns 0
2¢,(x — %)
ﬁn+l(x)
ﬁ:H_l(ka)(X—ik) ~
second one immediately follows by evaluating the above expression at x = %, and using ¢, (%;) = 1. The last identity of (8) follows
by combining the first two. Relation (9) is a consequence of the first assertion. []

Therefore, by (3) and (7), we have for x # X, that Zk IZ,,(w, X, %) = = ik(x), which proves the first thesis. The

3. The barycentric formulation of the anti-Gauss Lagrange polynomial

In this section, we give a barycentric formulation for the anti-Gauss Lagrange polynomial. This representation inherits essentially
the same structure as the well-known barycentric form available in the literature [5,6].

Theorem 3.1. The anti-Gauss Lagrange interpolant can be written in the following barycentric form for a continuous function f defined
in [a, b]

n+l

D -
Y —
= X — X 1

L= x#%. o= o —. (10)
N o] Py Ki)
& x- X
n+l ®
Proof. By (3) we have L,.((f,x) = j,y () Z k~ f(%y). At this point (10) follows by considering that
& x - %
n+1 n+1

~ 5 (o
1= 14 = —_—
k; () Pn+1(X)k§1 a5y O

Remark 3.1. Let us note that the barycentric weights w, involve the first derivative of p,,,. However, this computation can be
A Pa(%)

avoided by using (7) getting w, = >
C

n

4. The orthogonal expansion of the anti-Gauss Lagrange interpolant

In this section, we provide an orthogonal expansion of the anti-Gauss Lagrange interpolating polynomial. To this end, let us
introduce the following modified orthonormal family

pj(w, x), ji=0,....,n—1,
¢;(x)=141 ]
Tip"(w’ x), j=mn,

and note that the modified Darboux kernel introduced in Definition 2.1 can be expressed as

R,(w,x,5) = Y ¢,()6;() = )0, $(x) = [po(x), ... b, (X)]. (11)
j=0

Proposition 4.1. The family {¢, ..., ¢,} is orthonormal with respect to the discrete anti-Gauss inner product

n+1

(f+&)ac = Y, S FEE0),
k=1
namely, (¢;,¢;)ag = 8;j, for 0 < i, j < n, where §,; stands for the Dirac delta.
Proof. Firstly note that by combining (8) with (11), we have

Ci0) = Y b 08,E). k=11, (12)
j=0

J

Let P, denote the space of polynomials of degree at most n. For each fixed i = 0, ...,n, since ¢, € P,, the Lagrange interpolation
n+l

formula gives ¢;(x) = z fk(x)qb,-(fck), from which substituting (12) yields
k=1

n n+l n
bi(x) = Y b;(x) <2 im,m)qs,-(xk)) = ) ;i b)ags  i=0,.,m.
k=1 Jj=0

J=0

3
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Then, a comparison of the coefficients furnishes the thesis. [J

Note that the above proposition allows us to give also an alternative proof to the second identity of (8). In fact, let us define the
square matrix Q of order n+ 1 as

O =\ &), k=1...n+1, j=0,....n (13)

Note that by Proposition 4.1, it easily follows that (07 Q);; = §;;, for 0 < i,j < n, from which QTQ = I,,, = 00T, where I,,,
represents the identity matrix of order n + 1. Hence, Q is an orthogonal matrix. Moreover,

QO = 20,0, =\ 14 Y ;)b = \/ A Ay K,(w, %, %), Vick=1,...n+1
Jj=0 Jj=0

Then, using QQT = I,,,,, we obtain

5ik

K,(w, %, %) = , I<ik<n+]l. a4

B

A

i

Theorem 4.2. The anti-Gauss Lagrange interpolant of a function f continuous in [a, b] admits the orthogonal expansion

n n+1
Ly (0= ¢;¢,00, ¢ = Y A fGb; () =0T A, j=0,..n, (15)
k=1

Jj=0

where A = diag(A, ..., A1) £ = [f(&)), ... &,y )], and O is given in (13).

n
Proof. Let f be a function, and define P,(x) := Z ¢;¢;(x), with the coefficients c; given in (15). Then, for every i = 1,...,n+1,
j=0

we have

n n+1 n+1 n n+1
Prx) =) [Z Zkf(w,(fck)] &) =Y A f (%) [ ¢,(>~c,->¢,-(fck>] =Y A fEIR, W, %, %),
k= 0

j=0 Lk=1 1 Jj= k=1
n+l 5.
where the last identity is due to (11). Now, by virtue of (14), we deduce P/(%;) = z I f ) —2— = f(&,). Thus, P, € P,
k=1 vy

interpolates f at the n+ 1 distinct nodes %, ..., %,;,. By uniqueness of polynomial interpolation, we have P/(x) = L, (f.x), which
proves (15). [

5. Numerical tests

The aim of this numerical test is to give a comparison of the proposed formulations in terms of stability. In (3), the fundamental
polynomials Z,(x) have a denominator that may become very small when %, is very close to % ;- Hence, for n sufficiently large, we
may have overflow in the computation of Z,(x) for some k. Analogously, underflow can occur when the denominator is large and
we evaluate the fundamental polynomial at a point close to a node X;. Here, we want to explore whether the other formulations
can avoid underflow and overflow problems, thereby enabling the construction of a Lagrange interpolant for sufficiently large n.
This is crucial for approximating non-smooth functions with a certain level of accuracy.

In each example, we approximate a given function f by the anti-Gauss Lagrange polynomial associated with a weight that is
fixed in each test. Then, we compute the maximum absolute error as

&) =11 = LoD, i={N,K,B,0}, 1e6)

where ey means that L, is computed using the nodal representation (3); ek refers to representation (9), whereas ¢ and €, concern
the barycentric form (10) and the orthogonal expansion (15), respectively.

Test 1. Let us consider the anti-Gauss polynomial (2) defined in [—1, 1] associated to the monic Chebyshev orthogonal polynomials
pn(x) = 217" cos (narccos(x)), with respect to the weight w(x) = (1 — x)~!/2. In [15, Theorem 2] it has been proved that

sin (n arccos x
sin(narccosx)

~ —nl-n 2 _ =
Ppp1(x) =2 n-1 (0" = 1), Un-1(0) = sin(arccos x)

Therefore, the zeros of such a polynomial are X;, = cos ((n —k+ 1)%), k = 1,...,n + 1. Note that this set is an optimal set of
nodes for the convergence [24]. Let us now consider the Lagrange polynomial interpolating the functions f|(x) = |x| + % + x? and

fo(x) = =05 at the zeros %,. Table 1 reports the maximum absolute error at 100 equidistant points in (=1, 1), by using (16). As
we can see, the three developed forms are more stable than the nodal representation. Indeed, they allow the computation of the
anti-Gauss Lagrange polynomial for large n, providing a more accurate approximation of the function f.
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Table 1

Absolute errors for the functions f, and f, in Test 1.
n ex(f1) ex(f1) eg(f1) eo(f1) ex(f2) ex(f2) eg(f2) €o(f2)
32 1.77e-02 1.77e-02 1.77e-02 1.77e-02 9.95e-05 9.95e-05 9.95e-05 9.95e-05
64 7.59e-03 7.59e-03 7.59e-03 7.59e-03 1.47e-05 1.47e-05 1.47e-05 1.47e-05
128 4.66e-03 4.66e—03 4.66e—03 4.66e-03 1.35e-06 1.35e-06 1.35e-06 1.35e-06
256 9.45e-04 9.45e-04 9.45e-04 9.45e-04 3.82e-07 3.82e-07 3.82e-07 3.82e-07
512 4.83e—-04 4.83e—-04 4.83e—04 4.83e-04 4.09e-08 4.09e—-08 4.09e-08 4.09e—-08
1024 NaN 1.05e-04 1.05e-04 1.05e-04 NaN 3.37e-09 3.37e-09 3.37e-09
2048 NaN 3.70e-05 3.70e-05 3.70e-05 NaN 1.39e-10 1.40e-10 1.39e-10

Table 2

Absolute errors for the functions g, and g, in Test 2.
n ex(g) ex(g1) €p(8)) €o(g1) en(g) €x(82) €p(gy) €0(82)
32 7.89e—-06 7.89e—-06 7.89e—06 7.89e—-06 1.99e-04 1.99e-04 1.99e-04 1.99e-04
64 5.77e-07 5.77e-07 5.77e-07 5.77e-07 3.34e-05 3.34e-05 3.34e-05 3.34e-05
128 7.72e-09 7.72e-09 7.72e-09 7.72e-09 7.87e-06 7.87e—06 7.87e-06 7.87e—06
256 2.73e-09 2.73e-09 2.73e-09 2.73e-09 2.03e-06 2.03e-06 2.03e-06 2.03e-06
512 1.42e-10 1.42e-10 1.42e-10 1.42e-10 4.21e-07 4.21e-07 4.21e-07 4.21e-07
1024 NaN 1.32e-11 1.31e-11 1.32e-11 NaN 7.72e-09 7.72e-09 7.72e-09
2048 NaN 3.13e-12 2.12e-14 3.12e-12 NaN 4.18e-09 4.18e-09 4.18e-09

Table 3

Absolute errors for the functions #, and h, in Test 3.
n en(hy) ex(hy) ep(hy) eo(hy) ey (hy) ex(hy) eg(hy) €o(hy)
32 9.07e-06 9.07e-06 9.07e—-06 9.07e-06 2.93e-02 2.93e-02 2.93e-02 2.93e-02
64 8.80e-07 8.80e-07 8.80e—07 8.80e-07 1.43e-02 1.43e-02 1.43e-02 1.43e-02
128 6.10e-08 6.10e-08 6.10e-08 6.10e-08 6.98e-03 6.98e—-03 6.98e-03 6.98e-03
256 5.69e—09 5.69e—09 5.69e—09 5.69e—09 2.51e-03 2.51e-03 2.51e-03 2.51e-03
512 4.84e-10 4.84e-10 4.84e-10 4.84e-10 8.85e—-04 8.85e—04 8.85e-04 8.85e—04
1024 NaN 1.78e-11 1.78e-11 1.78e-11 NaN 1.83e-04 1.83e-04 1.83e-04
2048 NaN 1.19e-12 1.19e-12 1.19e-12 NaN 5.46e-05 5.46e-05 5.46e—-05

We remark that in this specific case, thanks to [15, Theorem 2], the barycentric weights are given by
o =2"2/n (=1, g =2""/ncos(a(n—k+1), k=2,..,n, Wpp1 = 2" /n,

and the factor 2"~! /n can be dropped since it appears both in the numerator and denominator of (10). Without this simplification,
the formula is far less stable. Indeed, in Table 1 we obtain NaN for n = 1024 and 2048.

7
3

9
Test 2. Let us now approximate the functions g;(x) = sin(x) + ‘x - %| and g,(x) = e* cos(2 — x)# in [-1, 1], by using the anti-Gauss

Lagrange associated with the second-kind Chebyshev weight w(x) = V1 —x2. It is well-known [8] that the zeros %, € (-1, 1).
Moreover, by [22, Theorem 4.1], this interpolation process is optimal in spaces of continuous functions. We remark that, unlike in
Test 1, we do not have closed-form expressions for the weights and nodes. Therefore, these quantities were computed numerically;
see, for instance, [8,9]. As in Test 1, for the barycentric formulation, we adopted the numerical precaution of cancelling the common
factor 2" /z appearing in the numerator and denominator in (10). Indeed, in this case, the weights are given by

2n - - . sin((n + 1) arccos x)
w, =—AU (X)), k=1,...,n+1, with Uvix)=——-—-
k= g Tk n(%e) n(%) sin(arccos(x))
Table 2 summarizes the numerical results. As in the previous test, the nodal representation becomes unstable for large values of n,
whereas all the other formulations remain stable.

Test 3. In this example, we approximate A (x) = |x|7/ 2 cos x and hy(x) =10g(0.5 + |x|) in the interval [—1, 1], using the interpolating
polynomial (3) associated with respect to the weight w(x) = (1 —x)!/4(1 +x)~'/*. Here again, a and  fulfil the conditions established
in [8], ensuring that the nodes X, remain internal to the domain. Moreover, this interpolation scheme is optimal [22] in spaces of
continuous functions. As shown in Table 3, all three formulations provide accurate approximations of the function, even for large
values of n. Also in this case, the nodes and weights were computed numerically [8,9]. For the barycentric weights, we used the
expression w, = A,p,(w, %) = 4.p,(%)/ \/Z, obtained by cancelling the common factor 2¢, 172 appearing in both the numerator and
denominator of (10).
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