arXiv:2108.09600v1 [cond-mat.stat-mech] 21 Aug 2021

Which moments are appropriate to describe gases with
internal structure in Rational Extended Thermodynamics?

Takashi Arima

Department of Engineering for Innovation National Institute of Technology, Tomakomai College,

Tomakomai, Japan
Maria Cristina Carrisi
Department of Mathematics and Informatics, University of Cagliari, Cagliari, Italy
Sebastiano Pennisi
Department of Mathematics and Informatics, University of Cagliari, Cagliari, Italy

Tommaso Ruggeri®

Department of Mathematics and AM?, University of Bologna, Italy

Dedicated to Luigi Preziosi for his 60 birthday

Abstract

Motivated by a recent paper of Pennisi in the relativistic framework [[I]], we revisit the
previous approach of two hierarchies of moments critically and propose a new natural
physical hierarchy of moments to describe classical rarefied non-polytropic polyatomic
gas in the framework of Molecular Rational Extended Thermodynamics. The differen-
tial system of the previous approach is proved to be a principal subsystem of the present
one. The main idea is that at the molecular level, the total energy is the kinetic energy
plus the energy of internal mode due to the rotation and vibration, and the increasing
moments contain this total energy as power in which the power index increases with
the number of tensorial indexes. In particular, we consider the case of 15 moments, and
we close the system using the variational method of the Maximum Entropy Principle.
We prove the convexity of entropy and the possibility to put the system in symmetric
form. This more rich kinetic framework may be interesting also as possible applica-
tions to biomathematics or other fields in which kinetic models were applied recently
with success.
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1. Introduction

The kinetic theory offers an excellent model for highly rarefied gases. The cel-
ebrated Boltzmann equation is widely used in many applications and is still now a
challenge for its difficult mathematical questions. Cercignani was one of the world
leaders that gave fundamental papers on this subject that are collected in the books
[2} 3]. More recently, the Kinetic theory was used in fields very far from gas dynam-
ics like in biological phenomena, socio-economic systems, models of swarming, and
many other fields (see, for example, [4. |5, 6] and references therein).

Rational Extended Thermodynamics (RET) is a theory that wants to offer a phe-
nomenological model that is a sort of bridge between the Navier-Stokes-Fourier the-
ory and the Boltzmann equation. RET is strictly related to the molecular approach,
so-called molecular ET which adopts the Maximum Entropy Principle (MEP) as the
closure of moments associated with the distribution function. This theory is described
in the two editions of the book of Miiller and Ruggeri [[7, /8] and is substantially limited
to the monatomic gas as the original Boltzmann equation.

More recently, an extension of RET was given to include polyatomic and dense
gases. This new approach starts with the paper of Arima, Taniguchi, Ruggeri, and
Sugiyama [9] and is strictly related to the extension of the kinetic theory of polyatomic
gas thanks to the refreshed idea given by Borgnakke and Larsen [10] and the mathe-
matical treatment due to the French mathematicians Bourgat, Desvillettes, Le Tallec,
and Perthame [[L1]]. The state of the art on this subject is summarized in the two books
of Ruggeri and Sugiyama [12] [13]].

This paper aims to give first a brief historical summary of this new approach for
rarefied gases and to recognize in the case of many moments some critical limitations
on the choice of the moments. Starting from a new idea of Pennisi in the relativistic
framework [1]], we will propose a new more physical choice of moments and we discuss
in particular the simplest case of 15 fields as an example of the new approach. Such a
more sophisticated model including also internal mode such as rotation and vibration
of a molecule might be useful to use the gas theory as an analogy for other scientific
branches as mentioned before.

2. A brief survey of moment hierarchies in Rational Extended Thermodynamics

To understand the aim of the present paper, it is necessary to give a brief survey
of the classical and relativistic structure of RET for rarefied gases associated with the
moments of kinetic theory. The interested readers can find more details in the recent
book of Ruggeri and Sugiyama [13]].



2.1. Monatomic Gas

In the phenomenological Rational Extended Thermodynamics (RET) [8] of monatomic
gas, there exists a single hierarchy of field equations:
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where the state of the gas can be described by the distribution function f(x, ¢, §), being
respectively x = (x;), & = (&), t the space coordinates, the microscopic velocity and the
time. Q denotes the collisional term, m is the atomic mass, and the moment with n = 0,
denoted as F™, is the mass density p.

To obtain the closed set of field equations for the moment system (IJ), it is necessary
to find the constitutive theory for the last flux and production terms. For example, the
Euler system, whose fields are the mass density F(= p), momentum density F = pv,
where v; is the velocity, and energy density F)! = pv* + 2pe where ¢ is the internal
energy and v = vpy' = v + 13 + 13, is the case with N = 2 taking the trace of the
second-order tensor. The case N = 3 taking the trace of the third-order tensor (ET;3)
corresponds to the well-known Grad 13-field theory [14] whose fields are the traceless

part of momentum ﬂuxl] F f‘lflﬁand energy flux F)! in addition to F¥, FM and F)'.

This situation has a relativistic counterpart. The first relativistic version of the mod-
ern RET was given by Liu, Miiller and Ruggeri (LMR) [[15] considering the Boltzmann-
Chernikov relativistic equation [[16} [17, [18]]:

pOuf = Q. 3

in which the distribution function f depends on (x%, P?), where x® are the space-time
coordinates, p“ is the four-momentum, d, = 9/0x%, c denotes the light velocity, m
is the particle mass in the rest frame and «o,8 = 0,1,2,3. The relativistic moment
equations associated with (3)), truncated at tensorial index N + 1, are nowﬂ

BpA™ @ = [0 with p=0, -, N @)

IThe angle brackets indicate the traceless part of the tensor U;;: Ujy = Ujj — %U 10

2When n = 0, the tensor reduces to A%. Moreover, the production tensor in the right-side of @) is zero
for n = 0,1, because the first 5 equations represent the conservation laws of the particle number and the
energy-momentum, respectively.
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When N = 1, we have the relativistic Euler system, and when N = 2, we have the LMR
theory of a relativistic gas with 14 fields:

dP =

0,AY =0, 0,A% =0, 9,A% =17, B,y=0,1,2,3; I =0).  (6)

In the relativistic case, differently from the classic one, we need to take all indexes
in (@) because when we take the trace pair of two or more indexes in the moments

of (), we obtain a lower order tensor due to the constraint on the four-momentum:

Pap® = m*c®.

In a recent paper, Pennisi and Ruggeri [19] (see also [[13]]) proved that the classical
limit of (4) gives a precise single hierarchy of the moment equations of classical case
(T). In fact, they proved that, for a given N, there exists an integer s = 0, 1,..., N such
that the moments expression in the classical limit is:
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where £ = &7 +&+&;. This means that for s = 0 all the N indexes are different and then
we have contraction of two indexes as s increases until the highest moment is a scalar
because all the indexes are contracted. The importance of this result is that N = 2N and
then N is even and the integrals defining the moments can be integrable. Concerning
the integrability of moments see [20} 21]]. According with this general result, the LMR
theory converges, in the classical limit, to Kremer’s monatomic ET4 theory [22], not
Grad’s theory (thus ET;3) as was proved also in previous papers [23} 8, [19].

2.2. Polyatomic Gas

Although RET was well-established and applied to the study of the linear and non-
linear waves [12], its applicability range was limited to monatomic gases. After some
previous attempts [24} [25], RET for rarefied polyatomic gases was proposed from the
phenomenological viewpoint by Arima, Taniguchi, Ruggeri and Sugiyama [9]. Be-
cause of the dynamic pressure related to the relaxation of the molecular internal modes
which was absent in monatomic gases, the number of fields is now 14 (ETy4), which



dynamics is described by a binary hierarchy of field equations:
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where F(= p) is the mass density, F;(= pv;) is the momentum density, Gy = pv2 + 2p¢e
is two times the energy density, F;; is the momentum flux, and G is the energy flux.
Differently from the case of monatomic gases, ¢ includes the energy of the internal
mode. F;j and Gy are the fluxes of F;; and Gy, respectively, and P;; (P # 0) and
Ou; are the productions with respect to F;; and Gy;, respectively. In the monatomic
singular limit, it converges to the monatomic ET3 theory [26} (12} [13]].

The binary hierarchy was justified and also derived from molecular ET [26} 27] by
using a kinetic model where the distribution function f depends on an extra variable 7
that takes into account the internal degrees of freedom of a molecule such as rotation
and vibration [10, [111, i.e., f = f(x,t,&,1), where f(X,t,&,1)dxd€ is the number
density of molecules with the energies 7 at time ¢ and in the volume element dx d§
of the phase space (6D position-velocity space) centered at (x,€) € R? x R®. The
Boltzmann equation is formally the same as the one of monatomic gases (2)), but, for the
collision term Q(f), we take into account the influence of internal degrees of freedom
through the collision cross-section. In this case, the macroscopic quantities such as F,
F;,F;j, Gy and Gy, are now the moments defined as follows:
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Here ¢(7) is the state density corresponding to 7, i.e., ¢(Z)dI represents the number
of internal state between J and 7 + dJ. As it can be easily seen in @I), the moments
F,..i; are free from the microscopic energy I and the Gy;,..;, are moments of the sum
of the microscopic kinetic energy mé?/2 and the microscopic internal energy 7. As Gy
is the energy, except for a factor 2, we have that the F’s are the usual momentum-like
moments and the G’s are energy-like moments.

From the Boltzmann equation (2), we obtain a binary hierarchy of balance equa-
tions (B). After the derivation of the 14-field theory [27], the theory with the binary
hierarchy was generalized to the case with any number of moments [28| [29] with the



so called (F, G)-hierarchies:
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From the requirement of the Galilean invariance and the physically reasonable solu-
tions, it is shown that M = N — 1. The case with N = 1 corresponds to the Euler
system, and the one with N = 2 corresponds to ET 4.

Recently, Pennisi and Ruggeri first constructed a relativistic version of polyatomic
ET theory with (@) in the case of N = 2 [30] (see also [31] 32]) whose moments are
given by
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where a distribution function f(x®, p?, I') depends on the extra energy variable 7, sim-
ilar to the classical one. In [30]], by taking AYBY) instead of A% in (TT)5 as fields, the
relativistic theory with 14 fields was proposed. It was also shown that its classical limit
coincides with ET4 based on the binary hierarchy (8) [9]. The beauty of the relativistic
counterpart is that there exists a single hierarchy of moments, but, as was noticed by
the authors, to obtain the classical theory of ET)4, it was necessary to put the factor 2
in front of 7 in the last equation of (TT)! This was also more evident in the theory with
any number of moments where Pennisi and Ruggeri generalized (TT) considering the
following moments [[19]:
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In this case, we need a factor nZ in (I2) to obtain in the classical limit the (F,G)-
hierarchies (I0) . We remark that when N = 2, the 15 moments theory with the triple
hierarchy and not the binary one is obtained in the classical limit, because now the
third order tensor is A%?” and not its traceless part. Based on (12)), the same authors
studied the classical limit in [19] and obtained the following set of classical moments
equations:
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The H*’s hierarchy coincides with F’s hierarchy (9) for s = 0 and with G’s hierarchy
for s = 1. For s > 2, there emerge new kind of hierarchies. For example, when N = 2
and s = 2, the number of moments is 15 adopting the following moment in addition to
the 14 moments appearing in (8)
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The theory with 15 moments with the new moment was the subject of the paper
[33].

A claim of (I2) ((T4) for classical case) is that the integrand of the moments is
the sum of the rest energy mc? (kinetic energy mé”/2) and nf (sI) not the internal
energy 7. This fact seems unphysical because we expect that we have the full energy
at molecular level, i.e., mc? + I in relativistic context and m§2 /2 + I in the classical
framework.

To avoid this unphysical situation, Pennisi first noticed that mc*(mc?* + 21) appear-
ing in (I3 are the first two term of (mc* + I)? and the same is for what concerns in
(12) (mc*)"'(mc* + nI) that are the first two terms of (mc? + I')". Therefore he pro-
posed in [1]] to modify, in the relativistic case, the definition of the moments by using
the substitution:

(m'~ (mc* +nI)  with (mc®+1)", (16)

i.e., instead of (I2)), the following moments are proposed:
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This is more physical because now the full energy appears in the moments and
moreover this does not modify the relativistic theory of ET4 studied in [30]]. Instead,
if we take the full triple tensor A%?” in (6]), we have a new theory with 15 fields that is
the subject of a paper in preparation by the present authors.

a7

In the following sections, we construct a classical RET theory where, in analogy
with (T6), we modify the classical moments substituting

2\n=1 2 ) n
(] (2 ) win (2] "



In an incoming paper, we will prove that this modifications coincide with the classical
limit of the new relativistic theory with the moments given in (I7).

The plan of the paper is: in Sect. [3) we propose the new hierarchies of moment
equations and in Sect. [5] as a simple case, we study the theory with 15 moments.

3. New moment hierarchy for polyatomic gas

As it has been discussed in the previous section, we may consider the moments
such that the full energy appears at molecular level, i.e., the sum of the microscopic
kinetic energy mé&?/2 and internal energy 7. For this reason and according with the
previous classical limit of polyatomic gas (I3) with (T4) and the new assumption (I8),
we assume the following moment equations as more suitable physical moments for
polyatomic gases:
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The cases with s = 0 and s = 1, respectively, correspond to the previous F- and G-
hierarchies defined in (@), i.e.,
H
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On the other hand, the hierarchies with s > 2 are newly emerged.

We remark that, similarly with the monatomic case , the order of the highest
moment is even, i.e., 2N, and the highest moment is scalar. This fact indicates that, in
principle, the moments can be integrable.

The intrinsic (velocity independent) variables are the moments in terms of the pe-
culiar velocity C; = v; — &; instead of &; as follows:
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By inserting & = v; + C; into (20)), the velocity dependence of the moments is obtained
as follows:
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Concerning the derivation of (Z1), see [Appendix A] We remark that, since 0 < r < s
and 0 <k < N —r, H; , is expressed by the velocity independent moments with the
lower order tensor.
The flux (20), is decomposed into the convective and the non-convective part. The
velocity dependence of the non-convective flux is expressed as follows:
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Similarly, the velocity dependence of the production terms are also expressed as fol-
lows:
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The results 1), @3), 24) with 22) are in perfect agreement with the general theorem
on Galilean invariance given by Ruggeri in [34] for a general balance law system.
4. Equilibrium values of the moments

Let us recall the equations of state of the non-polytropic gases:

k
p=ppT)= ZB,OT, &= ep(T), (25)

where p,eg, T denote as usual the equilibrium pressure, the equilibrium specific in-
ternal energy and the absolute temperature, while kg is the Boltzmann constant. The
equilibrium distribution function of the gases is deduced as follows [35} 36]] :

fe = X fE (26)

where fg is the Maxwellian distribution function and fé is the distribution function of
the internal mode:
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with the normalization factor (partition function) A(T') defined by
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where the average of the internal energy parameter 7 is made with respect to ¢(J)d 1.
From (27)), and (28), the equilibrium distribution function of internal mode satisfies

f N freIdI = 1. (29)
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The specific internal energy is the moment of fz as follows:
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where s§ and 82- are the equilibrium kinetic (translational) and internal specific ener-
gies defined by
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The identities (30) are obtained by taking into account (26), (27), and (28) and by
evaluating the derivative of (28] with respect to T. Therefore, if we know the partition
function A(T) by a statistical-mechanical analysis, we can evaluate le(T) from (30),
(see for more details [36]). Vice versa, if the caloric equation of state is known, from
(B0)2, we can evaluate the function A(T') in integral form with respect to T as follows:

T I ’
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where Ag and T are the inessential constants.
By adopting (26) with (Z7), we can evaluate the equilibrium moments as follows

(sec[Appendix B):
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where A, is the equilibrium distribution of the internal mode with respect to 7 and is
expressed as follows:

i = fo fE( )¢(I)dI (32)
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By taking the derivative of A, with respect to 7, we obtain the following recurrence
formula:

dA, o
App1 = Tﬁ +(r+&HA,, Aj=1,

where
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Examples of the equilibrium moments are given in the following:
AP = L (154 128 + 48]+ 487),
P
3
A2 = 5, (35 + 208" + 42! + 487),
P
3
A = T (105 + 908" + 528! + 2482l + 8TE!" + 368" + 88"),
p4 (34)
aF = s, (315 +210&" + 607 + 762} + 24'¢] + 8Tl + 82"%),
1e
4
AYE = ’%(945 + 8408" + 648¢! + 48217 + 4168"¢! + 96818 + 192T¢!”
P
+64T¢l/8 + 16T°¢]" + 3608'% + 962" + 168'*).
where
! 1
A _ Gy . ;_ dep(T)
=— with ¢l =—L—2 35
&=y With a=—n (35)

being the specific heat of the internal mode, and ¢!’ = dél/dT and &I = d*¢l/dT?.
We emphasize that ¢! > 0.

5. New ETj;5 for polyatomic gases

Let us study the system (I9) for a given N. When N = 1, the system is the Euler
system. When N = 2, (T9) reduces to the 15 moments as follows:
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For later convenience, we summarize the macroscopic quantities in (36) defined as the
moments of f as follows (see (19), (20)):
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The velocity dependence of the moments can be deduced from (ZI)) in the present

case N = 2, and it is obtained as follows:

F=p,

F; = pv;,

F;; = ﬁij +pvivj,

Gu =Gy +pv’,

Gui = Gui + Gy + 2F v + pvPyy,

H? = A% +4Guv; +2G” + 4I:ﬂ,~‘,~v,~v.,~ + pv4.
Similarly, the velocity dependences of the fluxes (23) and productions ([24)) are obtained
as follows:
Fij = I:",-jk + I:",-jvk + I:"jkvi + I:"kivj + PViVV,
Guik = Guir + Guivic + Guvi + 2F vy + 2Fqvpv; + 2F vy + Fyv? + Guviv + pvvivg,
H,f = I-AI,% + B + 4G i + 2Gv? + AGvive + 4Fijkv,-vj + 26V + AF vy + 4F,-jv,-vjvk + pv4vk,
P =Py,
Qui = 2viPy + Oui,
J? = dvv P+ 4vi O + J2.

Besides A2, the velocity independent part of the moments are related to the follow-
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ing conventional fields:
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and these are related to the intrinsic moments as follows:
Gu=20e=20"+&"), Fy=3P=3p+1D), Fujy=-0u Gu=2q,

where the temperature of the system 7 is introduced through the caloric equation of
state

e =¢ep(T).

Remark: As the mass density, momentum and energy density are equilibrium vari-
ables, we have in (39),,3 that in the moments we can put f or fg indifferently and
therefore concerning energy we have:

oK K
e=¢&" +¢& =¢gp +&g,

where X and &’ are defined in (39)4 5 and therefore are nonequilibrium variables that
are not equal to sIE( (T) and sg(T), respectively. The same concerns the nonequilibrium
pressure % that is not equal to the equilibrium pressure p at temperature 7' due to the
non-zero dynamic pressure IT (see (39)e.7).

Let us decompose the intrinsic part of H? into the equilibrium part shown in (34)
and the nonequilibrium part A as follows:

2
f f (c2 42 ) £ o(D)dIdC = £-(15 + 128" + 45" + 4¢!) + A,
R3 P
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where A is defined by

+00 2
A= f f m(c2 + 25) (f - fr) ¢(I)dIdC. (40)
R3 Jo m

The constitutive quantities are now the following moments:
A +oo
Fij = f f mCiCiCy f () dIdC,
R3

Guix = f f (c2 +2- )c,-ck f o) dIdC,
]R3

f f (c2 +2= ) Cy f o(I)dIdC,
]R3

that are needed to be determined for the closure of the differential system together with
the production terms P;;, Qy; and J>.

5.1. Nonequilibrium distribution function derived from MEP

To close the system (36), we need the nonequilibrium distribution function f, which
is derived from the MEP. According to the principle, the most suitable distribution
function f of the truncated system (36) is the one that maximizes the entropy density

=t [ [ " flog f oD d1de.
R3 JO

under the constraints that the density moments F, F;, F;;, Gy, Gy, H? are prescribed as
in (37) [37,7,18]]. Therefore, the best-approximated distribution function fis is obtained
as the solution of an unconstrained maximum of

L(f)=—kaR}f0 Flog.f ¢(1) dTdé

/I(F—fwfo mfgo(f)dfdg)u,-(F,-—Lfo mfg-‘igo(f)dfdﬁ)
wag(my= [ [ mregemarag)vulci- [ [ s (@22 ) enarae)
+00 +00 2
cufon- [ [ mf(§2+2n£1)§;<p(f)dfd£)+§(H2— [ [T mrfesad) sa(f)dfds],

where A, A;, A;j, 4, p;, and £ are the corresponding Lagrange multipliers of the con-
straints. We obtain that the approximated distribution function f;5, which satisfies

SLISf =0, is

fis = exp(—l - kﬂ){) with
? @1

2
X = A+ E+ EEA; + (fz + Z),U + (52 + Z)filli + (52 + 2) <
m m m

14



As f is a scalar independent of frame, we have y = ¢ where the hat indicate the
same quantity evaluated in the rest frame v; = 0. In this way, we have the velocity
dependence of the Lagrange multipliers (according with the general theorem given in
[34]]). We remark that the Lagrange multipliers as fields symmetrize the system (36)),
and are called as main field [21},[38}[13]]. For later convenience, we denote the main field
asw’ = {4, A;, Aij, 4, 4;, £} and its velocity independent part as @' = {/Al, /Ali,/Alij,ﬁ,ﬁ,-,Z}.

Recalling the usual thermodynamical definition of the equilibrium as the state in
which the entropy production vanishes and hence attains its minimum value, it is pos-
sible to prove the theorem [39| 40] that the components of the Lagrange multipliers of
the balance laws of nonequilibrium variables vanish, and only the five Lagrange mul-
tipliers corresponding to the conservation laws (Euler System) remain. On the other
hand, in [27], it was proved that the distribution function maximizes the entropy den-
sity with the constraints of 5 moments F, F; and G of the equilibrium subsystem is
given by (26). Therefore, in equilibrium, fis coincides with the equilibrium distribu-
tion function (26)) with Lagrange multipliers given by

2 _1 +V2 1 = Vi _ 1
E_T g 2 b g — T’ ,uE_2T7 (42)

Aipe =0, Au, =0, i, =0, g =0,

where g = €g(T) + p/p — T's is the equilibrium chemical potential. We remark that
Ag, Aig, 1 in (@2) are the main field that symmetrize the Euler system as was proved
first by Godunov (see [41} [12]).

When we adopt (@1)) to derive the closed constitutive equations, we need to take
care of the Junk’s problem [42] that the domain of definition of the flux in the last
moment equation is not convex, the flux has a singularity, and the equilibrium state lies
on the border of the domain of definition of the flux. To avoid these difficulties in the
molecular ET approach, we consider, as usual, the processes near equilibrium. For this
reason, we expand (4T)) around an equilibrium state as follows:

fis = fE(l - kﬂ)?),
B
(43)

- < 27 27 27\
)2:/1+Ci/li+C,-Cj/l,-j+(C2+—)ﬂ+(C2+—)C,ﬁi+(C2+—) Z,
m m m

where a tilde on a quantity indicates its velocity independent nonequilibrium part. In
the following, for simplicity, we use the notation f instead of fis.
Inserting (@3) into (39) and ([@0), we obtain the following algebraic relation for

15



Lagrange multipliers:

0 HOIE 1212”5 BUE  ARE i
k AOE  BOIE AUE  BRIE 15
-3 = I:Iu I—{lllmgz I'AIU I-Alll 3
0 HI\E Hl | H2|E H3\E ,l:l ’
_ ’:n_s A PE glfllE ORE  [AE I'e

0 HOE O s
(6—q)(H' Al )(

i limm

)

Taking into account (34), as the solutions of {@4), the nonequilibrium parts of the La-
grange multipliers are obtained as follows:

T

kg E -
and "o = Hyp g A

3 _ 1 1 Al2 Alr =1 Al =1 =12 Al =1
A= ST {1(4¢]> — aTel's' - &l(15 + 208" +48")) + 1210 (¢] - &)},
3 3 NI A
V=T {relfi+ 3+ 2eHm},
~ _ 1 Al iy =l INIAR &
A= T (el +5)+ el M1+ 311},
~ p ~
$= T ® (45)
28+
"=+ syt
Gi=-—>r 4
Tl +5)pT ™
By 1
Aijy = 5= 0y

2pT

where IT is the nonequilibrium variable introduced instead of A defined by

5 1 T'\I/
H:-(‘—’A+6 C,H) (46)
R\p ¢,
with
6‘1,2
R = (28] +3)(28] +5) + 4T¢&) — 2T*—— +2T%¢]". 47)
C

v

5.2. Constitutive equations

By using the distribution function (@3) with (#3]), we obtain the constitutive equa-
tions for the fluxes up to the first order with respect to the nonequilibrium variables as

16



follows:

N 2
Fij = 26£—+5(Qk6[j +q0ik + 4i0 i),

2
Guiy = 28" +5) %6, + 28" + DE1s,; + ¢! + 5P115, - 28 + 1 Loy,
P P P P

02 = 4 p

=% 3. (35 + 27l + 108" + 26](2&" + 7)) g1

5.3. Entropy density and flux
The entropy density £ satisfies the entropy balance equation:

oh

0
s + 5_)ci(hw +¢i) = Z, (48)

where ¢; and X are, respectively, the non-convective entropy flux defined below and the
entropy production studied in (52)).

By adopting {@3) with (@3)), we obtain the entropy density within the second order
with respect to the nonequilibrium variables as follows:

32ef+3) , R -, 1 P
Y] 1 = a7 T T oAl sy AT
8clpT 6pT pT 2ct +5)p°T

h=ps - aiqi- (49)

This means that the entropy density is convex and reaches the maximum at equilibrium.
When R > 0, the entropy density is convex and then the system (53) provides the
symmetric form in the main field components. Concerning the condition R > 0, we
will discuss in Sect.

Similarly, the entropy flux is obtained as follows:

+00
6=~k f f Cif log f ¢(7)dTdC
R3 JO

1

1 -
=— iH’
T q

e — g i gl - —
G e+ 57D T pri + 51 T T

5.4. Production terms with BGK collisional model
In the present paper, we evaluate the production terms, for simplicity, with the usual
BGK model:
1
Q) = ~—(f = fe). (50)
Taking into account (38)) and (50) we have:
. 3 . 1 A 2 1
Py=—=I1, Pyj=—-0up = —=qi, JP=-=A 51
w=—2IL " Pip=—oay, Qu=-—q J - (5D

According to the symmetrization theorem [38| [12| [13]], the entropy production
defined in (@3) is obtained as the scalar product between the main field u’ and the

17



production vector f given by (38). Moreover, from the consideration on the velocity
dependence of the fields studied in [34]], the production is same with the scalar product
between the velocity independent part of the main field @’ and the velocity independent
part of the production vector f. In conclusion, by taking into account (@3) and (31)), we
have

A A I1 A O (ij i ~A
S=w f=S=w0 =22 0,;,=2 4 op L4 22
37 T T T (52)
32¢0 +3) 1 R -, 11 2 1
= -IP + —IT’ = OpOGj t+ qgi.

+ —_— _— .
4lpT 7t 8pTr | 2pT 7 T+ 57

Under the condition that R > 0, we notice that X > 0.
In order to evaluate more precisely the production terms, a generalized BGK with
two relaxation times is used in the literature [43]144] (see also [36 45} 46]).

5.5. Estimation of R: convexity of entropy density and positivity of entropy production

As we have seen in (@9) and (52)), if R defined in (@7) is positive, the entropy
density is convex and the entropy production is positive. To estimate R, we need the
dependence of the specific heat on the temperature. As an example, let us consider the

2.0, T T T T 45 T T T T

<& 1 Sl U ]
3sf

30

251

0 00200 300 400 3500 0 100 200 300 400 3500
TIK] T[K]

0.0 <

Figure 1: Dependence of the dimensionless specific heat of internal mode ¢/ (left) and R (right) for normal-
Hydrogen (solid line) and para-Hydrogen (dashed line) on the temperature 7 in the temperature range from
30K to 500K.

case of normal hydrogen and para hydrogen gases in a low temperature range where we
can safely neglect the contribution of the vibrational mode. The reason of the choice of
the gases are the following. First, since the value of the specific heat of the hydrogen
gases is small, the value of R is small. Second, the temperature dependence of ¢/ is
important in the estimation of R. As we will see in Fig. |1} the temperature dependence
of normal hydrogen is monotonic as usual gases and the one of para hydrogen has a
peak at a temperature.

18



The specific heat of the internal mode is estimated on the basis of statistical me-
chanics [47, 48] as follows:

& log Z, 1
&= P (,6" )

B " kgT

where Z, is the partition function due to the rotational modes. The partition function
is given by

— 7878
Zrol - ZggZu“;

Z, = Z 21+ 1)exp [-BBI(1 + 1)],
I=even

7, = Z @1+ 1)exp [-BBI1 + 1],
I=odd

where [ is the quantum number of the orbital angular momentum and B = #2/2I =
12.09 x 10722 [J][49] with I and % being the moment of inertia of a molecule and the
Planck constant divided by 2, respectively, and g, and g, are defined by

normal — hydrogen : g, =3/4, g,=1/4
para — hydrogen : 8. =0, g, =1

The temperature dependence of ¢! and R is shown in Fig. [l| From the figure, R is
positive. The situation is similar for other gases.
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6. Closed field equations

Using the constitutive equations above, we obtain the closed system of field equa-
tions for the 15 independent fields (o, v;, T, 11, oy, gi, A) :

dp
E + —(pV)
Opv; 6
6lj + e {[p + 10165 — oijy +pv,-v_/-} =0,
0
6 { Q& +3)+pv } — {Zq, [ Q& +5)+ ZH] =200y +pv2v,-} =0,
2 311
{3 (p+10) +pv 2 qk +5(p + IDvy — 2041y vi + pv- v —7

—0j) + PveV />

1
i0j + 2[p + b — o jvie = 20wV + PV<:V/>V/(} = T

S—:I%Q’I% QDI

{ E
2q; + [p(2£‘1 +5)+ ZH] Vi = 20 gy + pvzvi} +

AI/

0 1 Te 1 p
+ 6_ S |2 +5)p + (28" + T + (2 + 5) A + 6 - Q& + 7)—0'<ik> (53)

4 2” +7 ,
- ———qvidi + 2 (q,vk +qvi) + (p+ vy + [(28 +7p + 4H] ViV
- O'(,'k>V2 - 20’(/;()\)111,' - 2V[Vk0'<;/> +pV2V,~Vk} = —; (HV,‘ —ouyv + qi) s

0 2
o {% (15 + 128" +42] + 42"2) + A + 8vig; + 20 [p(2&' + 5) + 20T] - vy 07, + pv4} +

df 4
+ axk{2c1+5p[35+2”h+108 + 2228 +7)]qk+;(35+208 +4¢] + 48",

"1/
4028 +7)—6 o

L

4 E(25{,+5)+1

"I/
vk( A+6 S H)+—
C

v

wll — 4(25‘1 + 7)§V/0'<[k>

20047 , 200 +7 N 5 2 4
+ 426’ " 5v qr + 8mvkv1q1 + 2(20‘, +7p+ 4H)v Vi — 4o ayV v — v oy + pvig

1
=—— (4HV2 - 4V<,~V,'>O'<,','> - 8v,~q,- + A) .
T . ]

The system (33) is formed by 15 equations in the 15 unknown and is closed provided
we assign the equilibrium equations of state (23) and the relaxation time. We may
notice that the closed field equations of p,v;,IT and o, are same with ET14, and the
effort of the new moment appears only in the equation of g;.

The closed set of the field equations are also expressed with the material derivative
denoted by a dot on a quantity such as

af _ of

f:E-’- 6x,
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Then we rewrite the closed field equations in the following form:

6\/]
=0,
6)61
pv Bp L oIl 60'<,k>
Tox  0x;  ox ’
2 T 6v, [‘)vk aq,
TR 1 A ()
"% +3p {(p+ Vax T T o
4el gy, 10eT+9_ oy, 4¢! oy 10 9 1 8el aq,
o P Al 5 T e, ol st i | 55 Al Al P
6cl+9"0x,  6CL+9 0x, 6¢L+9 Oxy 3 7 ox\2¢0+5 3(2¢! +3)(2¢! +5) 0x;
v <J 0 1 4 (9q<,« 1
_4 _ _
axy  1i%x, (2@{,+5)

2@ +50x, T
a1+ 2 [)v, 1+ 2 61/1‘ 4 2 av,
i 260 +5) Yoy 260 +5) g% " 260+ 5% 9x,

+5 oT
2 {( + Doy, - 0'<il>}a—xl—

BH (90'0[) 1 Tﬁ']/ N
I1 A 2 __
{(P i + oy} ((9 v ox, R » 6 19x, ot 5 q,,

. 8Telr p? 4 Al’p 8p

A+rin- 2 +5) (At P 2P (3426 — eyl 2%

+{ 2c1+3p z 2 )( * 0 )+p(2“+3)( * Y) }a
__ 8
p(2¢ 1 3)

p+po—

. ov, ovj
Ojy + 0 W g +20 “ma_le -2(p+ID—

17)
% (H5i1 - 0'<il>) —7 (54)

(3 +2¢ - Téf’)cr(lk)Tl; ~~qim-

472812 ) aT
+ 4p— {(2 +7) + (2Te” + T2y - } q

20T + (el + 57
8p { 2TAI, } 6q, 8 61_[ § »60’(,‘1)

Tl T @dr3ed+s)

—qi + —q; :——A.
0x; ,anxi Pq 0x T

6.1. Maxwellian iteration and phenomenological coefficients

The Navier-Stokes-Fourier theory is obtained by carrying out the Maxwellian iter-
ation [50] on (34) in which only the first order terms with respect to the relaxation time
are retained. The method is based on putting to zero the nonequlibrium variables on
the left side of equations (34)4567:

41 oy, ovi. 28! 45 kg OT
IT=- - i 2pT— ;== : ——, 55
Pl v 9ax, T T g AT ey Y
and 5 ,
8p2 Tel' o
A=l S O (56)

p 28l +30x
Recalling the definitions of the bulk viscosity v, shear viscosity y, and heat conductivity
« in the Navier-Stokes-Fourier theory:

ov; Bv<, oT
I=-v—, ijy = =2 i —K53 57
Vaxi 0-< ij) /’ta ]> qi = Kaxl ( )
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we have from (53)) and (57)):

46(, 22‘£+5 kg
V:66’+9PT’ U=pT, K= > pz‘r, (58)

that are the same of 14 moments [13]. Therefore the Maxwellian Iteration of ET,5 and
ET)4 give both the same parabolic Navier-Stokes-Fourier system.

7. ETy4 as Principal subsystem

Since ET;;s includes a larger set of the equations compared to the ET 4, it is natural
to expect that the ETy4 is a special case of ETs, although the theories are based on
different entropy densities which maximize the corresponding system. In fact, ET)s
includes ET4 as special case because it is a principal subsystem according with the
definition given in [40].

In fact, in the present case, the ET}4 is obtained as a principal subsystem of ET5
under the condition £ = 0, i.e., from @7,

M=o,
or, in other words putting in the first 14 equations of (54),
pTey

A=-6L
J

11,

and the last equation of (34) is deleted.

8. Polytropic Gases

As a special case, let us consider a polytropic gas in which ¢ linearly depends on
T, that is, the specific heat is a constant, and the caloric equation of state is given by

_Dkg
T2m
where the constant D denotes the internal degrees of freedom and in the monatomic

gas D = 3. In this case we have from (33) and (33)
, D-3

= CV = T

Moreover, as was obtained in [[L1} 27], the measure ¢(J) is explicitly expressed
with respect to the internal degrees of freedom D as follows:
D-5

o(I)=1I% where a= —5

Then, the moments of the internal mode (32) is expressed simply as follows:

&

él

: Tr+a+l)
T Te+1)
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where I'(z) is the gamma function.
In the present case, R given in (7)) becomes:

R =D(D +2),
and is positive. Then, from (#6), the relation between A and IT is the following:
~ P
M= ———A 59
D(D +2)p )
The field equations using the material derivative (54) are expressed as follows (with
IT and A related by (39)) :

av,
+ =0,
p Pom =
. [)p BH (90’<,k>
,'+—+
Vit % T ox  oxm
2T 6v1 Ovk 6611
T+ EALP =0,
Dp{( ) U”‘)a Bx,
%D—3 %+5D—6H@_zD 3 v1+ 4D -3) aql —11_[
3 D Pox, T 3D  ox 3 D T o T 3D(D + 2) O, ’
6 a 4 56](: 1
0'<tj)+‘7(u>a_+20'<l(t>a L 2(p+ H)8x> D+28x>:_;0-<ij>’
i J

09

T+

. +D+4 8v1+D+4 6v,~+ 2 6\11
4 D+2qlﬁxl D+2q’ax, D+2CH(9x,-

D+2 p Jel or p dp
+ Llp+m+ —L—— Aoy -t — - L (1165 - oay) =
2 T {(p DD +2)p ) 1 ”} o o2 o= ow) o

1 oIl 60’(,1) 1
I 0; [} -~ Y
p{(l7 ) l+0'<1>}(axl o, 24
. D+4 ov; dvi 8 aJp
A A+ 8- H ——8 i —qi—
+( D )61 <k)6x pq O0x;
or 8 (9 8 ol 8 (9 : 1
+4(D+4)£ Pl +—pﬁ—-q,-—+ T _ A,
pT " 0x;  p dx; p  Ox; " ox T

By carrying out the Maxwellian iteration, from (]3_3[), the relation between the vis-
cosities and heat conductivity and the relaxation time is the following:

_2D-3 _ _D+2 kg
T3 p P HEPR A=
and, from (36), A is expressed as follows:
A=0.

9. Monatomic gas limit

The monatomic gases are described in the limit D — 3 then (60)4 becomes:

on . o _ (1w
ek (2 2 61
o ox ( +6xk) ©h

23



This is a first-order quasi-linear partial differential equation with respect to I1. As it
has been studied in [26], the initial condition for must be compatible with the case
of monatomic gas, i.e., I1(0, ) = 0, and, assuming the uniqueness of the solution, the
possible solution of Eq. (61) is given by

I(¢,x) = 0 (for any 7). (62)

If we insert the solution and D = 3 into (60), the solutions of the present ETs
converge to those of the monatomic 14 theory given by Kremer [22].

Appendix A. Galilean invariance of moments

Since the velocity independent variables are the moments in terms of the peculiar
velocity C; = v; — & instead of &, by inserting & = v; + C; into (20), the velocity
dependence of the moments is obtained. By defining the set

={(k1, k2, k3) k1 20, kp 20, k3 >0, ky + ko + k3 = s},

the moments are expressed with the use of the Leibniz polynomial as follows:

21y
H ., = f f f (v +Ci) e (v, + Cy,) (c2 +2Cw +V —) @(I)dIdC
g R3 m

h k
h s! f f+°° ( 5 2])' o [ 2\ks
- LA Ciy Coviy vy [P+ =) @Civiy= () e dIdC
Z(p)@l,kszs)es kilky!ks! R Jo JCa pid " m ( ) ¢

p=0
h
h s! [ ) )
p k] ! kz' k’;‘ J1+ iy (1ip J1 ky
p=0 (kykpkzyes AT
h
h s! ks A i ;
= —— 2k (y?)7 A ot ey, Ly
_Z(p klikz'/@vz (V) Hj/. iy ep i 63,7 Vit Vi Vi Vi, -
p=0 (ky.kp.k3) €S MAC R

Weremark 0 <k <s,p<h<N-ski+ky+p<s—ks+p<s+p<s+N-s=N
andO0<ky+p<s—ki.

By putting k; = r, ko =k — p and k3 = s + p — r — k and expressing the summation
Dk kaknes S Do Z”p ", we obtain (ZT)). In fact, 0 < k; < s becomes 0 < r < s; after
that, 0 < k, < s —k; becomes p <k < s+ p—r. The condition 0 < k3 is automatically

satisfied.

Appendix B. Equilibrium moments

The equilibrium moments are

B =m f f f&Ci,---C (C2+%) o(I)dI1dC
( ) K oI 2\5— 27 !
f f SEFECy -+ C(CP) "(—) o(I)dIdC
R3 m
) oo (2] q
= m | fEC, (€Y TUdC 427 |2 f fE( ) ¢<I>df}.
R3 m 0

4=0
(B.1)
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In the first parenthesis we can recognize moments with respect only to the peculiar ve-
locity that coincide with ones with the Maxwellian distribution function F l’llff i‘; defined
below. In fact, recalling (29), we have

iyipip

Fr|E = fmeCl']C[z e Ci;,(cz)r QO(I) d1dcC

= f mfEC;Cp, -+ Ci,(CPYdC = F[INE .
From the Maxwellian distribution function (27);, we obtain the explicit expression in
terms of p and T as follows:

h
r+k

. kyT
FriE =h:;l(2r+h+1)!!(37) Sty G-

i1ipe+ip

For example, we have

2
- 5 ~oE _ P
PO =p, F?]!E = poijs F?)i = " (5ij5rs + 0,05 + 6is6jr) ,

ijrs

3
AE P
F.= = 7; (6ij6rs +0ir0js + 6i56jr) ’
4
FYE — o450
03

The integral in the second parenthesis in is a moment of the equilibrium
distribution of the internal mode with respect to I that is (32). Then, (3)) is obtained.
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