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Abstract

In this paper, we introduce the concept of a (lattice) skew Hilbert algebra as a natural generalization of Hilbert algebras. This
notion allows a unified treatment of several structures of prominent importance for mathematical logic, e.g. (generalized)
orthomodular lattices, and M V-algebras, which admit a natural notion of implication. In fact, it turns out that skew Hilbert
algebras play a similar role for (strongly) sectionally pseudocomplemented posets as Hilbert algebras do for relatively
pseudocomplemented ones. We will discuss basic properties of closed, dense and weakly dense elements of skew Hilbert

algebras and their applications, and we will provide some basic results on their structure theory.
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2 Analysis of implication in non-distributive logics

1 Introduction

Hilbert [22] was the first to single out the importance of the implicative fragment of classical logic,
namely the calculus obtained from classical propositional logic by assuming as axioms a given set
of classical tautologies containing just the connective implication. This logical system, later called
propositional calculus of positive implication [23], was revealed to be amenable to smooth algebraic
investigations by means of Henkin’s implicative models [21]. Their duals, known as Hilbert algebras
after Diego’s works on the topic [15, 16], have been the subject of intensive and incredibly deep
inquiries over the past years; see, e.g. [4—0].

We introduce skew Hilbert algebras and lattice skew Hilbert algebras with the aim of
generalizing the {A,V,—,1} resp. {—, l}-reduct of algebras which, unlike Heyting algebras,
are not distributive and so non-pseudocomplemented although they can be equipped with
a term-definable implication-like connective. Indeed, our theory frames for the first time
in a common class of first-order structures (generalized) orthomodular lattices (and their
implicative reducts) [1], Hilbert and Heyting algebras, basic algebras and their subvariety of
MV-algebras [10] (see Corollary 4.23). As a consequence, our contribution will single out
minimal properties of algebras we abstract from that actually determine their universal algebraic
features.

In this article, we aim to generalize the concept of a Hilbert algebra to a context in which the
‘distributivity of implication over itself” ((HS) in Definition 2.1) need not hold in general. Indeed,
Hilbert algebras provide the equivalent algebraic semantics in the sense of Blok and Pigozzi [3] of the
implication fragment of intuitionistic propositional logic. Therefore, if we stick to the original notion,
a large number of prominent structures for algebraic logic, e.g. generalized orthomodular lattices,
orthomodular lattices and MV-algebras, which indeed admit a natural notion of implication [18],
are left out. It seems therefore quite natural to try to extend the very notion of Hilbert algebra to a
wider framework. We will see that skew Hilbert algebras play a similar role for (strongly) sectionally
pseudocomplemented posets [13], i.e. posets with a top element and in which every principal order
filter is a pseudocomplemented poset, as Hilbert algebras do for relatively pseudocomplemented
ones. In particular, we highlight the connections between skew Hilbert algebras and orthomodular
implication algebras [11]. Precisely, we will show that orthomodular implication algebras are indeed
(term equivalent to) a subvariety of skew Hilbert algebras, axiomatized by two further identities.
Then, making use of this result, we axiomatize the class of generalized orthomodular lattices within
the class of skew Hilbert algebras, introduced by Janowitz in [26] (see also [1]), and we show that
they form in fact a variety. As a consequence, we obtain a characterization of orthomodular lattices
in the framework of skew Hilbert algebras. Moreover, we show that (strong) skew Hilbert algebras
can be regarded as proper generalizations of lattices with sectional antitone involutions (see [10])
which are term-equivalent to basic algebras.

Let us now summarize the discourse of the paper. In Section 2, we dispatch all the necessary
preliminaries on Hilbert algebras, bounded posets with operations, and (sectionally) pseudocom-
plemented posets. In Section 3, we discuss the concept of a (lattice) skew Hilbert algebra and we
provide some examples thereof. In Section 4, we discuss how some structures having an underlying
poset with sectional antitone operations, like orthomodular implication algebras, and lattices with
sectional antitone involutions, can be framed within the theory of skew Hilbert algebras. In Section 5,
we describe basic properties of closed, dense and weakly dense elements of skew Hilbert algebras.
In Section 6, we will investigate the structure theory for the variety of lattice skew Hilbert algebras.
Furthermore, we introduce the concept of a deductive system on a skew Hilbert algebra. A full
characterization thereof will follow. Finally, we introduce a notion of ‘order-compatible’ congruence
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Analysis of implication in non-distributive logics 3

for skew Hilbert algebras that need not be lattice-ordered. Then, we show that, also in this case,
many of the results from the lattice-ordered case still hold.

2 Basic concepts

The concept of a Hilbert algebra was introduced by Diego (see [15, 16]) and studied intensively by
Rudeanu (see [28, 29]). Let us recall its definition.

DEFINITION 2.1

A Hilbert algebra is an algebra (4, x, 1) of type (2, 0) satisfying the following identities and quasi-
identities for all x, y,z € 4:

(H1) xxx=1;

(H2) ifxxy=yxx=1,thenx =y;

(H3) ifxxy=yxz=1,thenx*xz=1;

(H4) xx(y=*x) ~1;

(HS) (rx@*2)*((x*y)*(x*xz)) ~1.

Because of (H1) — (H3) the binary relation < on A defined by
x <y ifandonlyif xxy =1 (x,y € 4)

is a partial order relation on A. From (H1) and (H4) we conclude x* 1 & x* (x*x) & 1; thus, 1 is the
top element of (4, <). Hence, a Hilbert algebra can be alternatively defined as a poset (4, <, *, 1)
with top element 1 and with a binary operation * satisfying the following conditions:

e x <yifandonlyifx*xy=1,
e X < ykX,
e xx (¥*xz) < (x*p)* (X*x2);

see, e.g. [15, 16, 28, 29].

Let us now recall several useful concepts from the theory of posets. Other concepts used in this
paper are taken from monographs [2, 20].

Let P = (P, <) be aposet,a,b,c € Pand 4,B C P.

By A < Bwe mean x < y, for all x € 4 and all y € B. Instead of 4 < {b}, {a} < B and {a} < {b}
we simply write 4 < b, a < B and a < b, respectively.

Now, we define the lower and upper cone of 4 as follows:

LA) :={xeP|x <A,
UA) :=f{xeP|x>A).

Instead of L(AU B), L(AU{b}), L({a, b}) and L(U(A)), we simply write L(4, B), L(4, b), L(a, b) and
LU (a), respectively. Similarly, we proceed in analogous cases.

The element c is called the relative pseudocomplement of a with respect to b, in symbols ¢ = aob,
if ¢ is the greatest element x of P satisfying L(a,x) € L(b). If x o y exists for all x,y € P, then P is
called relatively pseudocomplemented and o is called relative pseudocomplementation.

Relatively pseudocomplemented posets were investigated by three of the present authors in [12].
Relatively pseudocomplemented posets which are meet-semilattices are often called implicative
semilattices or Brouwerian semilattices [27].
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4 Analysis of implication in non-distributive logics

It was shown by Rudeanu [28] that the class of relatively pseudocomplemented posets is a
proper subclass of the class of Hilbert algebras. In fact, a Hilbert algebra (4, *, 1) is a relatively
pseudocomplemented poset if and only if for all x,y € 4, x * y is the relative pseudocomplement of
x with respect to y.

If a relatively pseudocomplemented poset (4, <) is a lattice, then it is called a relatively
pseudocomplemented lattice; see [2]. In such a case, for all x,y € 4, x oy is the greatest element z of
A satisfying x Az < y.

It is well known that every relatively pseudocomplemented lattice is distributive; see, e.g. [20].
In order to extend relative pseudocomplementation to non-distributive lattices, the first author intro-
duced in [7] the so-called sectionally pseudocomplemented lattices. Recall that a lattice (L, v, A)
is called sectionally pseudocomplemented if each of its intervals [y) is pseudocomplemented, or
formally, if for every a, b € L, there exists a greatest element ¢ of L satisfying (a Vv b) A ¢ = b. This
element c is called the sectional pseudocomplement of a with respect to b and will be denoted by axb.

Of course, every relatively pseudocomplemented lattice is sectionally pseudocomplemented but,
for instance, the five-element non-modular lattice N5 is sectionally pseudocomplemented but not
relatively pseudocomplemented; see [7, 13] for examples and details.

The concept of a sectionally pseudocomplemented lattice was generalized to posets in [32] as fol-
lows: let (4, <) be a poset and a, b € 4. An element ¢ of 4 is called the sectional pseudocomplement
of a with respect to b if it is the greatest element x of 4 satisfying L(U (a, b),x) = L(b). This element
¢ will be denoted by a*b. A poset (4, <) is called sectionally pseudocomplemented if for all x,y € A
x *x y exists. Of course, in the case of lattices, this concept coincides with the above one introduced
for lattices. A unary operation’ on 4 is called

e antitone if x < y implies y/ < X/,
e an involution if x" ~ x,

for all x,y € 4. A unary operation ' on a bounded poset (4, <, 0, 1) is called

e a complementation if L(x,x') = {0} and U(x,x) = {1},

for all x € A. An orthoposet is a bounded poset (4, <,’, 0, 1) with an antitone involution " which is a

complementation. An ortholattice is a lattice which is an orthoposet.
Let us recall the following result from [13].

PROPOSITION 2.2
The class of sectionally pseudocomplemented lattices forms a variety which is determined by the
lattice axioms and the following identities:

e zVy<x*x((xVY A(VY),
e XVYA(xxy) ~y.

The following two results were also proved in [13].

PROPOSITION 2.3
Let (P, <, *, 1) be a sectionally pseudocomplemented poset with top element 1. Then the following
hold for all x,y,z € P:
(i) x<yifandonlyif x*y=1;
(i) lxx=~ux
(i) x*x(y*xx) =~ 1;
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Analysis of implication in non-distributive logics 5

@iv) if yxx=1,thenx* ((x*y)xy) =1;
(v) if xxy=1,then (y*z)*x (x*xz) = 1.

REMARK 2.4

By (i) and (iii), we derive x < y*x and also x < (y*x)*x. Therefore, ifx < y,thenx <y < (x*y)*y
whence x < (x*y)*y. By (iv), we have that x < (x*y) %y provided x and y are comparable with each
other. In order to avoid this rather restrictive condition, we define a sectionally pseudocomplemented
poset (P, <, *, 1) with top element 1 is called a strongly sectionally pseudocomplemented poset if it
satisfies the identity for all x,y € P:

(Vi) x < (x*y)*y.

PROPOSITION 2.5
An algebra (P, *, 1) of type (2, 0) can be organized into a sectionally pseudocomplemented poset if
and only if it satisfies

xxx~xxl~1,
xxy=y+x=1impliesx =y,
xxy=yxz=1impliesxxz =1,
LU, p),x % y) = L(y),

L(U(x,y),z) = L(y) implies z * (x x y) = 1.

The last two conditions are formulated with respect to the partial order relation < defined by x < y
ifandonly ifx xy = 1 (x,y € P).

3 Skew Hilbert algebras

As mentioned above, the class of relatively pseudocomplemented posets is a proper subclass of the
class of Hilbert algebras. The aim of this section is to discuss the concept of a skew Hilbert algebra.
We will see in Section 4 that skew Hilbert algebras play the same role that Hilbert algebras play in the
implicative fragment of intuitionistic propositional logic, w.r.t. basic algebras of which orthomodular
lattices and MV-algebras are proper subvarieties (see [10]). In other words, we will show that
lattices with sectional antitone involutions (which are term-equivalent to basic algebras) give rise
quite naturally to skew Hilbert algebras, once sectional involutions are interpreted as parameters for
implications. Also, we will see that generalized orthomodular lattices can be regarded as a proper
subvariety of lattice skew Hilbert algebras. As a consequence another proof of the fact that these
algebras form a variety is obtained.

DEFINITION 3.1

A skew Hilbert algebra is a poset S = (S, <,%,1) with a binary operation * and a constant 1
satisfying the following conditions:

(S1) x<yifandonlyifx*y=1;

(82) ifysxx=1,thenx* ((x*y)*xy) =1;

(S3) ifxxy=1,then (y*z) % (x*z) = 1;

(84) L(U(x,y),x*y) = L(y).

If S satisfies the identity

(82°) xx((xxy)*y) ~1
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6 Analysis of implication in non-distributive logics
instead of (S2), then it is called a strong skew Hilbert algebra. If (S, <) is a lattice and S satisfies
conditions (S1), (S2°), (S3) and (S4), then S is called a lattice skew Hilbert algebra.

If one wants to remove from Definition 3.1 the explicit assumption of an underlying partial order,
one can just remove < from the signature, add three further axioms (indeed quasi-equations) to the
definition of skew Hilbert algebras which ensure the reflexivity, anti-symmetry and transitivity of
the relation ‘x < y ifx x y = 1’, namely

e xxx=1,
e xxy=1landysxx=1imply x =y,
exxy=1landysz=1implyx*xz=1

and replacing (S4) by a suitable first-order condition. It is worth noticing that every lattice skew
Hilbert algebra is strong.
From (S4), we obtain x € L(x) = L(U(y,x),y * x) whence x < y *x, i.e.

(1) xx@x*xx)~1.
From (S1) and (1), and the reflexivity of <, we conclude x * 1 & x * (x xx) = 1, i.e.
2) xx1=1,

and hence, 1 is the top element of the poset (S, <). From the fact that 1 is the top element and (S4)
we finally obtain L(1 xx) = L(U(1,x), 1 *x) = L(x), i.e.

(3B) lxx=x.

EXAMPLE 3.2
Every poset with top element can be converted into a strong skew Hilbert algebra. Namely, if
(S, <, 1) is a poset with top element 1 and * denotes the binary operation on S defined by

I, if x <y;

THy= [ y, otherwise,

then (S, <, %, 1) is a strong skew Hilbert algebra.

REMARK 3.3
If (S, <, %, 1) is a skew Hilbert algebra, then according to (S4)

L(U(x,y),x*xy) = L(y)

which shows that the infimum U(x,y) A (x * y) exists and hence the previous is equivalent to the
equality

Uk, ) AN(x*xy) =y.

(Here, U(x,y) A (x % y) means the infimum of the subset U (x, y) U {x * y} of the poset (S, <).) Thus,
in case x > y, we obtain x A (x * y) = y.

Concerning the relationship between skew Hilbert algebras, Hilbert algebras and sectionally
pseudocomplemented posets, the following can be said.
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Analysis of implication in non-distributive logics 7

REMARK 3.4

o A skew Hilbert algebra is a Hilbert algebra if and only if it satisfies (H5).
e A (strong) skew Hilbert algebra is a (strongly) sectionally pseudocomplemented poset if and
only if it satisfies the condition

L(U(x,y),z) = L(y) entails z * (x x y) = 1.

In other words, a skew Hilbert algebra is a sectionally pseudocomplemented poset if and only
if x % y is the sectional pseudocomplement of x with respect to y.

Comparing Definition 3.1 with Propositions 2.3 and 2.5, we conclude immediately that every
(strongly) sectionally pseudocomplemented poset can be considered as a (strong) skew Hilbert
algebra. The following example shows in part (b) that the converse assertion need not be true.

A natural question to ask is the following: is every skew Hilbert algebra whose underlying poset
is a lattice strong, i.e. does it satisfy identity (S2’) automatically? Part (a) in the following example
shows that this is not the case.

EXAMPLE 3.5

(a) IfL = (L, V, A) denotes the lattice shown in Figure 1

1
c e
a b
0
FIGURE 1
and * the binary operation on L defined by

x| 0 a b ¢ d e 1
o1 1 1 1 1 1 1
ald 1 d 1 d e 1
bla a 1 1 1 1 1
cl0 a b1 d e 1
dla a e ¢ 1 e 1
e|l0 a d ¢ d 1 1
110 a b ¢ d e 1
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8 Analysis of implication in non-distributive logics

then (L, <, %, 1) is a skew Hilbert algebra which is not strong since
ate=dxb=(axb)xb.
(L, <,%,1) is not a Hilbert algebra since
ax(0xe)=axl=1Le=dxe=(a*x0)*(axe).

(L,V, A) is not a sectionally pseudocomplemented lattice since the sectional pseudocomple-
ment of a with respect to b does not exist.
(b) LetP = (P, <,1) denote the poset with top element 1 shown in Figure 2

1

a b
FIGURE 2

and * the binary operation on P defined by

*xla b ¢ d e 1
all b 1 1 1 1
blc 1 ¢ d 1 1
cla b 1 d e 1
dla b ¢ 1 e 1
ela b ¢ d 1 1
lia b ¢ d e 1

Then (P, <, %, 1) is a skew Hilbert algebra. Clearly, it is not a lattice, and it is not a sectionally
pseudocomplemented poset since there is no sectional pseudocomplement of ¢ with respect
to a. Moreover, (P, <, *, 1) is not a strong skew Hilbert algebra since

bfa=cxa=(b*a)*a.

We close this section by showing that lattice skew Hilbert algebras form a variety.

THEOREM 3.6

Let L = (L,V, A, %, 1) be a lattice with a binary operation * and a constant 1. Then L is a lattice
skew Hilbert algebra if and only if it satisfies the following identities:

L) xx@xvy =1,

(L2) xx*((xxy)*xy) =1,

L3) (xVvy)*kz)x(x*xz) =1,

(L4) VYA G*xy) ~y.
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Analysis of implication in non-distributive logics 9

PROOF. Concerning the right-to-left direction, note that (L4) implies directly (S4). By (L1), one has
xxx =x*(xVx)=1. By (L4), wehavex A 1 = (x Vx) A (x xx) = x. Therefore, 1 is the top
element. If x < y, then, by (L1), x *y = x % (x Vy) = 1. Conversely, if x x y = 1, then (L4) yields
X <xVy=xVyA (x*y) =y This shows that (S1) and (S3) hold. Identity (L2) coincides with
(S27), while (L3) and (S1) imply (S3). The left-to-right direction is straightforward and it is left to
the reader. O

Analogous to the case of skew Hilbert algebras, from (L4), we obtain
X=Q@VX)AN@*x) <y*x,
i.e. (1), and from (L1) and (1), we conclude
xxlAxkx(xx(xVX)Ax*xx*xx)~I1,
i.e. (2), and hence 1 is the top element of the lattice (L, vV, A). Finally, from (2) and (L4), we obtain
Ixx~(1Vvx)A(lxx)=xx,

ie. (3).

COROLLARY 3.7

The class V of lattice skew Hilbert algebras forms a variety determined by the identities for lattices
and identities (L1) — (L4).

It is evident that the variety of lattice Hilbert algebras and the variety of sectionally pseudo-
complemented lattices (see Proposition 2.2) are subvarieties of ). Precisely, a lattice skew Hilbert
algebra is a sectionally pseudocomplemented lattice if and only if it satisfies the identity z vV y <
x*x ((xVy) A (zVy)). It is worth noticing that this identity is not satisfied by the lattice skew Hilbert
algebra from Example 3.5 since

evVl=eLb=cxb=cx(cne)=cx((cVv0)A(eV0)).

REMARK 3.8

In contrast to both (a) and (b) in Example 3.5, sectionally pseudocomplemented lattices satisfy
the identity x < (x * y) = y. This can be seen as follows: if (P,V,A,*) is a sectionally
pseudocomplemented lattice and a, b € P, then

((@axb)vb)A(@Vvb)y=(@xb)yAr(avb)=(aVvb)A(axb)=0>h,

and hence,
a<avb<(axb)xb.

4 Applications

The aim of this section is to provide several motivating examples of skew Hilbert algebras. In
particular, we highlight the connections between skew Hilbert algebras, orthomodular implication
algebras [11], generalized orthomodular lattices [26] (see also [1]) and lattices with sectional
antitone involutions. Precisely, we will show that (lattice) skew Hilbert algebras represent a common
generalization of the aforementioned structures, once a suitable notion of implication is defined
and their implicative subreduct is taken into account. In fact, orthomodular implication algebras are
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10 Analysis of implication in non-distributive logics

indeed (term equivalent to) a subvariety of skew Hilbert algebras. Then, making use of this result, we
axiomatize the class of generalized orthomodular lattices within the class of skew Hilbert algebras.
As a consequence, we obtain a characterization of orthomodular lattices in the framework thereof.
Finally, we show that lattices with sectional antitone involutions (basic algebras) can be framed
within our general theory. Since M V-algebras are indeed associative basic algebras, our results can
be clearly shifted to MV-algebras. Among other results, we have an alternative proof of the fact that
the aforementioned algebras are completely specified by means of their implicational reduct together
with, eventually, lattice operations.

In [11], two of the present authors together with R. Halas introduced the concept of an
orthomodular implication algebra. The main motivation for discussing this notion was generalizing
to the case of orthomodular lattices the fact that in Boolean algebras the properties of the implication
operation can be modelled by a so-called implication algebra. This structure itself can be considered
as a join-semilattice with 1, whose principal filters are Boolean algebras. In what follows, we will
assume the notion of an orthomodular lattice understood. The reader may consult [1] for an account.
As discussed in [11], orthomodular implication algebras can be axiomatized as follows.

DEFINITION 4.1

An orthomodular implication algebra is an algebra A = (4,-,1), of type (2,0) such that the
following conditions hold:

(Ol) x=1,

(02) x(x) =1,

(03) (x=x,

(04) (y)y = (),

05) ()2 (x2) =1,

(06)  (((((((()2)2)2)X)X)2)x)x = (((xy)y)2)Z.

(It should be remarked that axiom (O6) comes from the fact that this axiom is satisfied by the
implication operation in orthomodular lattices.) For the reader’s convenience, let us recall that,
setting x V y = (xy)y, for any orthomodular implication algebra A, (4, Vv, 1) is a join-semilattice
with top element 1, whose induced order is specified by x < y if and only if xy = 1.

DEFINITION 4.2

[11, Definition 5] An orthomodular join-semilattice is an algebra of the form A = (4,v,1,(? : p €
A)) where (4, V, 1) is a join-semilattice with greatest element 1 and for each p € A4, 7 is a unary
operation on [p, 1] such that ([p, 1], v, Ap,?,p, 1) is an orthomodular lattice where A, denotes the
meet operation corresponding to the partial order induced by V.

LEMMA 4.3

[11, Theorems 2 and 3] Let A = (4,,1) and B = (B,V,1,(? : p € B)) be an orthomodular
implication algebra and an orthomodular join-semilattice, respectively. Setting, for any x,y € 4 and
z € [x,1]

xVy:= (xy)yandz* := zx,
and, for any x,y € B,

x-y=@xVvy’,
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Analysis of implication in non-distributive logics 11

the following hold:

(i) S(A) =,Vv, 1, : p € A)) is an orthomodular join-semilattice;
(i) A(B) = (B, -, 1) is an orthomodular implication algebra.

Interestingly enough, any orthomodular implication algebra naturally gives rise to a skew Hilbert
algebra, as the following theorem shows.

THEOREM 4.4
Let A = (4, -, 1) be an orthomodular implication algebra. Then, upon setting x x y = (x V y)y, and
x <yifandonly ifxy = 1, A = (4, <, *, 1) is a skew Hilbert algebra, which satisfies

(1) (rxy)xy=@*x)*x,
(1) (((((((xxy) k) kz)kz)*z) *X)*X)*z)*X)kx = ((x*%p) *p) *2) *z.

Conversely, if S = (S, <,*, 1) is a skew Hilbert algebra satisfying (i) and (ii), then setting x - y =
(x Vy) %y, where x V y := (x *y) * y, one has that (S, -, 1) is an orthomodular implication algebra.

PROOF. (S1) Ifa < b, thena * b = (a v b)b = bb = 1. Conversely, if (a V b)b = ax b = 1, then
aVv b <b,ie a<b.(S2) Suppose that b x a = 1. Hence, b < a. Consider a * ((a * b) * b). Then,

ax((axb)xb) = (aV ((((aV b))V b)b))((((aV b)b) Vv b)b)
= (a Vv (((ab) v b)b))(((ab) v b)b)
= (a v ((ab)b))((ab)b)
= (aV (aVv b))(aVb)
=(aVa)a

=aa=1.

(S3) Suppose that a < b. Now, (bxc)*(axc) = ((bVvc)e)*((aVe)e). Sincea < b,aVve < bVve. Then
by [11,Theorem (ix)], (bVvc)c < (aVc)c. Consequently, (bxc)*(axc) = ((bVvc)e)V((ave)e))((aV
o)e) = ((ave)e)((ave)e) = 1.(S4) L(U(a, b), axb) = L(U(a, b), (avb)b) = L(U(a, b), (avb)?), in
the interval [b, 1], which is an orthomodular lattice (see the proof of [11,Lemma 4 (ix)]). Therefore,
L(U(a,b), (aV b)b) = L(aV b, (av b)?) = L(b), since (aV b) A (aV b)? = b. Concerning condition
(i), note that (x x y) x y = ((x V»)y) Vy)y = (x Vy)»)y = (x Vy)x)x = (((x Vy)x) VX)x =
(y * x) * x by (04). (ii) follows similarly by (O6). Concerning the converse direction, we prove that,
setting, for any a,b € S,av b := (axb)*xband d := axp, foranyp € Sanda € [p,1],
S, Vv, 1, : p €9)) is an orthomodular join-semilattice. Therefore, by applying Lemma 4.3(ii), one
has that, setting x - y = (x V ») x y, (S, -, 1) is an orthomodular implication algebra. Let a,b € S.
Clearly, a,b < (a* b) * b = (b * a) * a, by (i). Now, suppose that a,b < c. Then, by applying (S3)
twice, one has (a x b) xb < (c*b) xb = (b*xc) *c = 1 * ¢ = c. We conclude that (S,Vv,1) is a
join-semilattice with 1 as its top element. Let p € S. Clearly, the operation ” on the interval [p, 1], is
an antitone involution by (S3) and (a * p) *p = a V p = a, for any a € [p, 1]. Moreover, setting, for
any x,y € [p, 1], x Ap y 1= (& Vv )P)P, it is easily seen that A, is the meet operation whose dual is
Vv on [p, 1]. Since, for any x € [p, 1], one has that x A ¥’ = x A (x * p) = p (by (S4)), one has that
xAp(xxp)=pandsox Vv’ = (" A, x)P = pP = 1. We conclude that ([p, 1],V, A,,”,p, 1) is an
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12 Analysis of implication in non-distributive logics

ortholattice. Finally, assume that p < x < y. By (ii), one has

y=xVvyVvp
= (((xxy)*y) *xp) *p
= ((((((((Ce  y) # y) % p) * p) * p) *X) % X) % p) % X) %X
= ((((xVY) Vp)*p)VX)%p) VX
=0’ VvxPVvx
=@y A X))V

Therefore, ([p, 1], Vv, Ap,?,p, 1) is an orthomodular lattice. O

We note that any orthomodular implication algebra induces a strong skew Hilbert algebra.
However, this algebra, in general, may not be lattice-ordered, since the underlying poset could be
a join-semilattice only.

DEFINITION 4.5

A sectional orthomodular lattice is a structure A = (4, V, A, 0, : p € A)) such that (4, v, A,0) is
a lattice with a bottom element 0 and, for any p € 4,7 : [0,p] — [0, p] is an antitone involution on
([0, p1, <) such that ([0, p], v, A,?, 0, p) is an orthomodular lattice.

For the reader’s convenience, let us recall the notion of generalized orthomodular lattice, which
will play a relevant role in the development of the present section.

DEFINITION 4.6
[26] A generalized orthomodular lattice is a sectional orthomodular lattice A = (4, V, A, 0,7 1 p €
A)) satisfying, for any x, y,p € A4, the following additional condition:

x <y <pentails ¥’ =x" A y.
From now on, we will denote by GOM L, the class of generalized orthomodular lattices.

LEMMA 4.7
Let A = (4,V,A,0,% : p € A)) be a sectional orthomodular lattice. Then A is generalized
orthomodular if and only if it satisfies

A~ xA)Y Aa.

PROOF. Note that, since xAa < a < aVb, from the above condition, one has (xAa)? = (xAa)?V? Aa.
The converse direction is trivial. O

Given a lattice A, let us denote by A? = (4, v?, A?) the dual of A, i.e. the lattice obtained from
A by setting, for any x,y € 4, x SAB y ifand only if y <A x. Clearly, if A is an orthomodular lattice,
then its lattice dual A? equipped with an antitone involution defined in the obvious way, is again an
orthomodular lattice.
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Analysis of implication in non-distributive logics 13

REMARK 4.8

Let A = (4,V,A,0,(P : p € A)) be a sectional orthomodular lattice. It is easily seen that, once
endowed with unary operations inherited by A, A? is an orthomodular join-semilattice (with 0 as its
greatest element) which is also a lattice.

Lemma 4.9 shows that it is possible to frame by means of two natural identities the theory of
generalized orthomodular lattices within the class of orthomodular join-semilattices.

LEMMA 4.9
LetA = (4,V,A,0,( : p € A)) be a generalized orthomodular lattice. Then A? = 4,V A0, :
p € A)) is a (lattice-ordered) orthomodular join-semilattice satisfying, for any x,y,z € 4,

xvyY =@V vy (B)

Conversely, for any lattice-ordered orthomodular join-semilattice A = (4,V,A, 1, (P : p € A))
satisfying (B), Al = (4, VO AY T, (? : p € A)) is a generalized orthomodular lattice.

PROOF. Clearly, (4, V?,0) is a join-semilattice. Moreover, from Definition 4.6 and Lemma 4.7, we
have that A? = (4,v?, A?,0, : p € A)) is an orthomodular join-semilattice that satisfies equation
(B). The converse is immediate. (]

Making use of Lemma 4.9, we obtain the following theorem.

THEOREM 4.10
LetA = (4,V,A,0,F : p € A)) be a generalized orthomodular lattice. Then setting, for any x, y € 4,
xy = (x V2 ), A(A?) = (4,-,0) is a lattice-ordered orthomodular implication algebra satisfying

& ((xVy)yAZ)Vy. (B

Conversely, any lattice-ordered orthomodular implication algebra satisfying (B*) induces a general-
ized orthomodular lattice.

PRrROOF. By Lemma 4.9, A? = A, v A0, : p € A)) is a lattice-ordered orthomodular join-
semilattice satisfying equation (B). Hence, by Lemma 4.3, A(A?) = (4,-,0) is an orthomodular
implication algebra satisfying (B*). Conversely, if A = (4, -, 1) is a lattice-ordered orthomodular
implication algebra satisfying (B*), then, by Lemma 4.3, S(A) = (4, V, A, 1, (P : p € A)) is a lattice-
ordered orthomodular join-semilattice satisfying (B), and so (S(A))? is a generalized orthomodular
lattice, by Lemma 4.9. (]

The following corollary is a direct consequence of Theorem 4.4.

COROLLARY 4.11
GOMUL is term equivalent to the variety of lattice skew Hilbert algebras satisfying the following
identities:
(D) (xxy) sy~ (y*x)*x,
(i1) ((((((((Cc % y) * p) * 2) % 2) % 2) *kX) *kX) *2) kX) kx 2 (((x k) *y) *2) %z,
(iii) xxy ~ (x V(@ AZ) VY.
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14 Analysis of implication in non-distributive logics

It is well known that orthomodular lattices are generalized orthomodular lattices with top element
1. Therefore, the above results characterize orthomodular lattices in the variety of lattice skew Hilbert
algebras with bottom element 0.

COROLLARY 4.12

GOML forms a variety. The variety OM L of orthomodular lattices is term equivalent to the variety
of lattice skew Hilbert algebras with bottom element 0 satisfying conditions (i)—(iii) of Corollary
4.11.

In what follows, given an orthomodular lattice A, we will denote by 7 (A) its associated skew
Hilbert algebra. Note that, in general, if A is an orthomodular lattice, then 7(A) need not be a
relatively sectionally pseudocomplemented lattice as the next example shows.

EXAMPLE 4.13
Consider the orthomodular lattice MO, depicted in Figure 3 with * defined as follows:

* |0 a d b b 1
o(1 1 1 1 1 1
ald 1 d4d b b 1
dla a 1 b b 1
b|b a d 1 b 1
bV|b a d b 1 1
110 a d b b 1

Then (MO», Vv, A, %,0, 1) is a lattice skew Hilbert algebra. However, it is not sectionally pseudocom-
plemented: the first condition of Proposition 2.2 fails. Indeed, for x = a, y = 0, and z = b, one has

bvO0£d =ax0=ax(@Arb)=ax*({(aVv0)A(bV0)),
i.e. the first condition of Proposition 2.2 fails.

1=0

0

FIGURE 3

The next theorem shows that, indeed, orthomodular lattices inducing sectionally pseudocomple-
mented lattices are Boolean.
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THEOREM 4.14
LetA = (4,Vv,A,’,0, 1) be an orthomodular lattice. Then H(A) is sectionally pseudocomplemented
if and only if A is a Boolean algebra.

PROOF. Clearly, any Boolean algebra is sectionally pseudocomplemented by setting x * y = x" Vv y.
Concerning the converse direction, by Remark 3.4, for any a,b € A, a * b is the sectional
pseudocomplement of a with respect to b. Therefore, x * 0 = (x v 0) v 0 = x’ is the largest
element ¢ € 4 such that x A ¢ = 0. Hence, we have that the following condition is fulfilled:

xAy=0 ifandonlyif y<ux'
In other words, A is uniquely complemented, i.e. A is in fact a Boolean algebra. O

As has been pointed out above, orthomodular lattices induce prominent examples of (lattice)
strong skew Hilbert algebras by setting x * y := (x v y)’ v y. However, it is conceivable to wonder
whether any orthomodular lattice can be endowed with a * operation satisfying certain different,
preferable conditions. Indeed, given a bounded poset P = (P, <,’,0,1) with a unary operation ’

satisfying 0’ & 1, it seems reasonable to define

1 ifx <y,
xxy:=1 x ify=0, M
y  otherwise,

for all x,y € P, and then check whether S(P) := (P, <, %, 1) is a skew Hilbert algebra. The following
result provides a smooth characterization of bounded posets with a unary operation which lend
themselves to accommodate the construction in condition (1).

THEOREM 4.15
Let P = (P, <,’,0,1) be a bounded poset with a unary operation ' satisfying 0’ ~ 1 and 1’ ~ 0.
Then the following are equivalent:
(1) S(P) is a skew Hilbert algebra;
(i1) S(P) is a strong skew Hilbert algebra;
(iii) for all x € P the following hold:
(a) x' = 1lifandonlyifx =0,
(b) ’is antitone,
() x=x,

(@) Lx,x") = {0}.

PROOF. Let S(P) = (P, <,*, 1) and a, b,c € P. Then,

1=b if1 < b,
lxb={ 1'=0=0b ifb=0,
b if1 £b#0.

This shows 1 * x & x which will be used in the sequel. (i) = (iii):
(a) Because of (S1), the following are equivalent: @’ = 1;a*0=1;a < 0;a = 0.
(b) Because of (S1) and (S3), anyone of the following statements implies the next one: a < b;
axb=1;bx0)*x(@x0)=1;0*ad =1;b <d.
(¢) Because of (S1) and (S2), anyone of the following statements implies the next one: 0 < a;
Oxa=l;axd" =ax((@ax0)x0)=1;a <d".
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16  Analysis of implication in non-distributive logics

(d) Because of (S4), we have L(a,a’) = L(U(a),a’) = L(U(a,0),a * 0) = L(0) = {0}.
(iii) = (ii):

(S1) Because of (a), we have

1 if a <b,
axb=1d#1 ifatb=0,
b£1 ifazb0.

(S2’) Because of (¢), we have
ax(lxb)y=axb=1 if a <b,

ax((@axb)xb)=1 a*x(d *0)=axd’ =1 if b=0,
ax(bxb)y=ax1l=1 ifagb#0.

(S3) Ifaxb=1,thena < b because of (S1) and hence

bxco)yx1=1 if a <c,

(bxc)x(axc)=1 b xd =1 if c=0,
cxc=1 ifagfc#0
because of (b).

(S4) Because of (d), we have L(U(a, b),a x b) =

L(Ub),1) =LU(b) = L(b) if a<b,

=1 L(U(a,0),d) = L(U(a),d') = L(a,d’) = {0} = L(0) = L(b) if b=0,

L(U(a,b),b) = L(U(a,b),U(b)) = LU(b) = L(b) if a£b#0.

(i1) = (i): This is trivial. O

As it has been pointed out above, orthomodular join-semilattices can be framed within the theory
of (strong) skew Hilbert algebras. It is natural to ask whether any skew Hilbert algebra can be
regarded as a poset having sectional antitone operations. In the sequel, we provide a positive answer
by proving that any skew Hilbert algebra can be regarded as a poset whose sections can be endowed
with a Brouwerian pseudocomplement. As a consequence, we conclude that skew Hilbert algebras
can be regarded as a proper generalization of lattices with sectional antitone involutions [10].

DEFINITION 4.16

A poset with sectional Brouwerian pseudocomplements is a structure A = (4, <,1,% : p € A))
such that (4, <, 1) is a poset with top element 1, and, for any p € 4, ([p, 1], <,?, 1) is a poset with a
unary operation ” such that, for any x,y € [p, 1],

(BP1) x < yimplies P < xP,

(BP2) x <xP,

(BP3) L(x,x") = L(p).

In the sequel, we will denote by PSB, the class of posets with sectional Brouwerian pseudocom-
plements. The next remark shows that the above definition makes sense.
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REMARK 4.17
Note that any poset A = (4,<,1,(? : p € A)) with sectional Brouwerian pseudocomplements
satisfies, for any x € 4,

I"~x and x*~1.

Indeed, let p € 4. One has L(1”) = L(1,17) = L(p). Moreover, 17 = p entails | < 1?7 = pP.
We conclude p” = 1. Therefore, if a € [p, 1], thena < 1 entails p = 17 < a”, i.e. [p, 1] is closed
under ?.

PROPOSITION 4.18
Let S = (S, <, %, 1) be a skew Hilbert algebra. Then setting, for any p € Sandx € [p, 1], ¥’ := x*p,
S, <, 1, P : p €S)) is a poset with sectional Brouwerian pseudocomplements.

PROOF. Let S = (S, <, %, 1) be a skew Hilbert algebra. (BP1) holds by (S3). (BP2) is a consequence
of (S2), while (BP3) follows from (S4), since x > p. ([

Proposition 4.18 shows that every skew Hilbert algebra naturally gives rise to a poset with
sectional Brouwerian pseudocomplements. However, if conditions (BP1) and (BP2) are supposed
to hold for all elements of a poset A with sectional Brouwerian pseudocomplements, then A can be
turned into a skew Hilbert algebra. Moreover, this correspondence is one-to-one.

DEFINITION 4.19
A poset A with sectional Brouwerian pseudocomplements is said to be strong if conditions (BP1)
and (BP2) hold for any x,y,p € 4.

We denote by sPSB the class of strong posets with sectional Brouwerian pseudocomplements.

THEOREM 4.20
Let S = (5,<,%,1)and A = (4,<,1,( : p € A)) be a strong skew Hilbert algebra and a strong
poset with sectional Brouwerian pseudocomplements, respectively.

(i) Setting, for any x,y € S, ¥ := x * y, one has that
B(S) = (S,<,1, (7 :peA)

is a strong poset with sectional Brouwerian pseudocomplements.
(i1) Setting, for any x,y € 4, x x y := ¥, one has that

H(A) = 4, <,%, 1)

is a strong skew Hilbert algebra.
(iii) H(B(S)) = Sand B(H(A)) = A

PROOF. (i) By Proposition 4.18, B(S) is a poset with sectional Brouwerian pseudocomplements.
Moreover, it is easily seen that, by (S3) and (S2’), (BP1) and (BP2) hold for any x,y,p € 4. (ii)
We prove that H(A) satisfies (S1), (S3), (S4) and (S2’). Concerning (S1), assume that a,b € A are
such that @ < b. Then one has that | = »° < a?, by Remark 4.17, and so a * b = 1. Conversely,
if a® = 1, then a < a®” = 1> = b, again by Remark 4.17. (S2°) follows by (S1) upon noticing that
in any strong poset with sectional Brouwerian pseudocomplements x < (¥")”, for any x,y € A4. (S3)
follows directly by (S1) and the fact that, for any x,y,z € 4, we have that x < y implies y* < x°.
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18  Analysis of implication in non-distributive logics

Concerning (S4), note that ab < lentails b = 1° < ¢??. Therefore, a, b < a’® implies a?? e U (a,b),
L(U(a, b)) C L(a®®) and L(U(a, b),a®) = LU(a,b) N L(a®) € L(a®®) N L(a®) = L(a®®,a®) = L(b),
by (BP3). (iii) Straightforward. O

COROLLARY 4.21
The class of strong skew Hilbert algebras and sPSB are term equivalent.

COROLLARY 4.22
The class of lattice skew Hilbert algebras and the class of lattice-ordered sPSBs are term equivalent.

Upon recalling that a lattice with sectional antitone involutions is a structure A = (4, V, A, :
p € A),0,1) such that (4, v, A,0, 1) is a bounded lattice and, for any p € 4, ([p, 1], V,A,P,p, 1) isa
lattice with antitone involution, the following corollary easily follows.

COROLLARY 4.23
The class of lattices with sectional antitone involutions is term equivalent to the variety of lattice
skew Hilbert algebras with bottom element 0 satisfying

(x*y) %y~ (y*x)*x.

We close this section by discussing the relationship between skew Hilbert algebras and BCK-
algebras. More specifically, we will show that the two classes of structures intersect exactly at Hilbert
algebras. Therefore, they must be regarded as ‘alternative’ generalizations of the structures they
abstract from.

The notion of a BCK-algebra was introduced by Imai and Iséki [24, 25] in 1966. This concept has
motivations ranging from set theory to classical and non-classical propositional calculi. Over the past
years, it has attracted the attention of practitioners in group theory, functional analysis, probability
theory, topology, fuzzy set theory and so on. See [17] for an account. A BCK-algebra A is an algebra
(4, 0,0) of type (2,0) such that, for any x,y,z € 4,

(BCK-1) ((xoy)o(xoz))o(zoy) =0,
(BCK-2) (xo(xo0y)oy=0,

(BCK-3) xo0x=0,

(BCK-4) xoy=0andyox=0implyx =y,
(BCK-5) 0ox=0.

It can be proven that, for any BCK-algebra A, the binary relation < such that x < y if and only if
x oy = 0 is a partial order having 0 as the minimal element [17, Proposition 5.1.1]. Moreover, it
is easily seen that, for any x € 4, x 0 0 = x [17, Proposition 5.1.3]. Now, let A be a BCK-algebra,
and let A% = 4, <9, 0) be the structure where * is a binary operation such that, for any x,y € 4,
x %y =yox, and <? is a binary relation such that x < y iff x % y = 0. Clearly, <? is a partial order
dualizing <. We have the following lemma.

LEMMA 4.24
Let A be a BCK-algebra. Then A? is a strong skew Hilbert algebra if and only if the following
quasi-equation holds:

zx(zxy) =0entailszxy = 0. (h)
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PROOF. Suppose that A? is a skew Hilbert algebra. Then one has that z < z x y implies that z €
L(U(z,y),zxy) = L(y). Soz < y,i.e. zxy = 0. Conversely, it is easily seen that (S1),(S2),(S3) hold.
Concerning (S4), by y < x*y, one has that L(y) € L(U(x,y),x*y). Moreover, ifz € L(U(x,y),x*y),
then by properties of BCK-algebras 0 = zx (x*)) = x*(zxy). Therefore, x < zxy.Sozxy € U(x,y)
and we conclude z < z x y. By (h), we have z < y. (I

In the proof of the next theorem, we will take advantage of the next identities which hold in any
BCK-algebra:

(yoz)ox=(yox)oz. (ex)

THEOREM 4.25
Let A be a BCK-algebra. Then A? satisfies (h) if and only if it is a Hilbert algebra.

PROOF. Concerning the non-trivial direction, let us first observe that y * (y % ((v * (¥ * X)) * x)) =
y#((*(Y*x))* (y*xx)) = 0, by (ex) and (BCK-2). Therefore, by (h), one has y* ((y* (y*x)) xx) = 0
and so, by (ex), (¥ * (¥ xx)) *x (y xx) = 0, 1.e. y x (y * x) = y * x. Moreover, by (ex) and (h), one has

Xx(x(xxz2) =y*(X*2) (a)
and, by several applications of (ex) and (BCK-1),
(xxy) * (2 ((z5x) *xy)) = (xxy) * (2% x) * (2 %))
=(z*x)*((x*y)* (z*y)) =0.

Therefore, we have also

(xxp) % (z*(z*x) %)) =0. (b)
Finally, we compute
Xx((x@x*2) x ((xxy)*2) =@ *@x*2)) % @x*((x*xy) *xz)) (ex)
=@x(x*x2)*x((x*xp) * (x*2)) (ex)
= (k (xx2)) * (x % ((r*y) * (x*2))) (a)
=0. (b)

By several applications of (ex) to the left-hand side of x * ((y * (x % z)) * ((x * y) * z)) = 0, one has
(xx@xz))*((x*xy)*x (x*xz)) =0.

Since it is well known that the latter condition implies that A? is a Hilbert algebra, our result
follows. O

Note that Theorem 4.25 obviously holds also for BCI-algebras [24]. Indeed, any BCI-algebra A
such that A? is a skew Hilbert algebra must satisfy 0 o x = 0, namely it is a BCK-algebra.

5 Special subsets of skew Hilbert algebras

In this section, we will describe basic properties of some special subsets of skew Hilbert algebras,
and so generalizing some well-known properties enjoyed by Hilbert algebras. In particular, we will
highlight the connections between the set of ‘closed’ elements of a bounded skew Hilbert algebra
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20  Analysis of implication in non-distributive logics

and orthoposets. Then, we will investigate the relationships between the set of dense and weakly
dense elements in a skew Hilbert algebra.

The above results are motivated by generalizing analogous obtainments for Hilbert algebras.
Indeed, it is well known that closed (regular) elements in Hilbert algebras form a Boolean algebra.
Moreover, we will single out some properties of dense elements in a skew Hilbert algebra A which,
like in Hilbert algebras framework, form a subalgebra of A.

It can be noticed that, in the skew Hilbert algebras from Examples 3.5 and 3.2, the elements of
the form x x 0 form a Boolean algebra. In what follows, we show that, in general, this is not the
case.

For any skew Hilbert algebra S = (S, <, *, 1) with bottom element 0, put X' := x 0 for all
x € Sand S’ := {x' | x € S}, and let O(S) denote the bounded poset (', <,’,0, 1). (Observe that
0=1eSand1=0€8)

The next theorem describes the connections between skew Hilbert algebras and orthoposets.
Recall the definition of S before Theorem 4.15.

THEOREM 5.1

(1) LetS = (S, <,%,1) be a skew Hilbert algebra with bottom element 0. Then
(a) O(S) is an orthoposet;
(b) S(O(S)) =Sifandonlyif ' =Sandx*y=yforallx,y € Swithx £y # 0.
(i) LetP = (P,<,’,0,1) be an orthoposet and S(P) = (P, <, *, 1). Then
(¢) S(P) is a skew Hilbert algebra with bottom element 0 satisfying P’ = P and x * y = y for
all x,y € P withx £ y # 0 (wherefrom we conclude that it is strong);
(@ OEEP) =P

PROOF.
(i) LetS(O(S)) = (8',<,0,1)and a,b € S.

(a) Since 0,1 € &, (5,<,0,1) is a bounded poset. Moreover, ' is a unary operation on S’.
Because of (S3), ’ is antitone. By (S2), we have a < &”. From this, we conclude @’ < a”’
and by (S3) also "’ < d'. Together, we have @’/ = a’ showing that’ is an involution on
S’. Finally, because of (S4), we conclude L(a,a’) = L(U(a,0),a’) = L(0) = {0} and,
since ’ is an antitone involution, U(a,a’) = (L(d’,a)) = {0’} = {1} showing that " is a
complementation on (8, <, 0, 1).

(b) This follows from

b= l=axb ifa<b,
@OV = 1 d =axb ifb=0.
(c) This follows from Theorem 4.15.
(d) LetO(SP)) = (P,<,7,0,1) and @ € P. According to Theorem 4.15, S(P) is a (strong)
skew Hilbert algebra. Moreover, P = P and at = d'. 0

REMARK 5.2

Theorem 5.1 shows that the mappings @ and S establish a one-to-one correspondence between the
skew Hilbert algebras (S, <, *, 1) satisfying S’ = Sandx *y = y forall x,y € S withx £y # 0
(which are automatically strong) on the one hand and orthoposets on the other.
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EXAMPLE 5.3
If Og :={0,a,b,a’,b’,1} and Og = (Og, V, A,’, 0, 1) denotes the (non-modular) ortholattice shown
in Figure 4,

1=0
b/ a/
a b
0
FIGURE 4
and * the binary operation on Og defined by

* |0 a d b b 1
o|1 1 1 1 1 1
ald 1 d b 1 1
dl|lb a 1 b b 1
b|b a 1 1 b 1
bVld a d b 1 1
110 a d b b 1

then S(0¢) = (Og, V, A, %, 1) is a lattice skew Hilbert algebra and, by Theorem 5.1, O(S(Qg)) = Os.
Recall that a Boolean poset, in the sense of Tkadlec [30], is an orthoposet P = (P, <,’,0, 1) such

that, for any x,y € P,
xAy=0 ifandonlyif x <y

It can be shown that an orthoposet P is Boolean if and only if the following LU-identity holds (see
[9D:

U(L(x,y),2z) = U(L(U(x,2), U(y,2))).

PROPOSITION 5.4
LetS = (S, <, %, 1) be a sectionally pseudocomplemented skew Hilbert algebra with bottom element
0. Then the orthoposet O(S) is Boolean.
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PROOF. Let a,b € S’ witha A b = 0 (in §’), and consider L(a,b) (in S). If ¢ € L(a,b), then
" eOS)andc” <a,b.Soc <" <0=anb. Therefore, L(U(b,0),a) = {0} and, by Remark 3.4,
a<b. O

LEMMA 5.5
Let S = (S, <, %, 1) be a skew Hilbert algebra with bottom element 0 and @ € S. Then a = a” A
(d”’ *xa).

PROOF. We have ¢” > a by (S2). From Remark 3.3 we obtain a = a” A (@” * a). O
Let S = (§, <, *, 1) be a skew Hilbert algebra with bottom element 0 and a € S, and define
F,i=xeS|x' =a),
D) :={xeS|x¥ =0},
W(S) := {x € S| there exists some y € S with " * y = x}.

The elements of D(S) and W (S) are called dense and weakly dense, respectively. Note that (see [12]),
for a Hilbert algebra S = (S, <, %, 1) with bottom element 0,

e S'"ND(S) ={1};
e D(S) is an upper subset of S;
e (D(S), <,%,1) is a Hilbert subalgebra of S.

LEMMA 5.6
Let S = (S, <, %, 1) be a skew Hilbert algebra with bottom element 0. Then,

() D(S) S W(S);
(i) S'NwES) ={1}
(iii) ' ND(S) = {1};
(iv) D(S) is an upper subset of S;
v) (D(S), <,%,1) is a skew Hilbert subalgebra of S.

PROOF. Suppose that S = (S, <, %, 1) is a skew Hilbert algebra with bottom element 0.
(i) Ifae D(S),thend =0andhencea=1%a=ad"*ae W(S),ie D) C W(S).
(ii)) Leta € &' N W(S). Then a = ¢’ * ¢ for some ¢ € S by definition, and ¢’ = a by Theorem
5.1, item (i)(a). Correspondingly, we have (¢” * ¢)” = ¢” * ¢ and also ¢ < ¢”. Moreover, since
c <’ xc,wehave ¢’ < (" *¢)’ =" *c. By (S4), we get

L(c) = L(U(",¢), " xc) = LU, " xc) =L(",c" %) = L(c").

Thus, ¢ = ¢”” and consequently a = 1. Hence, we obtain S N W (S) = {1}.

(iii) Follows from the inclusion given in (i) and (ii).

(iv) Leta € D(S)anda < b. This yields axb = 1, and from (S3), we also obtain (b*0)*(ax0) = 1.
Since a € D(S), then (b * 0) % 0 = 1 which implies b % 0 = 0. Hence, we get b € D(S).

(v) This follows from the fact that D(S) is an upper subset of S and hence a,b € D(S) implies
b <axbe D). O
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EXAMPLE 5.7
Consider the lattice (S, <) shown in Figure 5

0

FIGURE 5

which is sectionally pseudocomplemented with the following binary operation:

¥*10 a b ¢ d e 1
of(1r 1 1 1 1 11
ald 1 b 1 d 1 1
blc a 1 ¢ 1 1 1
cld a b 1 d 1 1
dlc a b ¢ 1 1 1
el0 a b ¢ d 1 1
110 a b ¢ d e 1

Automatically, S = (S, <, %, 1) is a skew Hilbert algebra with bottom element 0. We have
D(S) = {e, 1},
W(S) = {a,b,e,1},

and hence D(S) # W (S). Moreover, W (S) is not an upper set of S since b € W(S) and b < d, but
d ¢ W(S).

REMARK 5.8
However, in the bounded Hilbert algebra case, the sets of dense and weakly dense elements coincide
(see [12,Lemma 3.7] for the inclusion W (S) C D(S)).
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6 Congruences in skew Hilbert algebras

In this last section, we will investigate the structure theory for the variety V' of lattice skew Hilbert
algebras (see, e.g. [8]). In particular, we will show that V is arithmetical and weakly regular.
Moreover, since any congruence on a lattice skew Hilbert algebra is determined by its 1-coset,
a further task will be characterizing these sets by introducing a suitable notion of filter and then
proving that the complete lattice of filters on a lattice skew Hilbert algebra L is isomorphic to the
complete lattice of congruences on L. Furthermore, by extending an analogous notion for Hilbert
algebras (see, e.g. [4]), we will introduce the concept of a deductive system. A full characterization
thereof will follow. Finally, we will consider a notion of ‘order-compatible’ congruence for (strong)
skew Hilbert algebras which need not be lattice-ordered. In turn, we show that, under minimal
requirements, many of the aforementioned results hold.

First, let us recall the following concepts.

Let C be a class of algebras of the same type and }V a variety with equationally definable constant
1. Then the class C is called

congruence permutable if ® o @ = @ o ® forall A € C and ®,® € ConA;

congruence distributive if (OVOYANY = (OAP)V(PAW) forall A € Cand ©, @, ¥ € ConA;
arithmetical if it is both congruence permutable and congruence distributive;

weakly regular if for each A = (4,F) € C and all ®, ® € ConA with [1]® = [1]®, we have
O =09o.

The following is well known (cf. [8], Theorem 3.1.8, Corollary 3.2.4 and Theorem 6.4.3).

e The class C is congruence permutable if there exists a so-called Maltsev term, i.e. a ternary term
p satisfying
PO,X,3) X p(y,x,X) X .

e The class C is congruence distributive if there exists a so-called majority term, i.e. a ternary
term m satisfying
m(x,x,y) & m(x,y,x) ~ m(y,x,x) ~x.

e The variety WV is weakly regular if and only if there exists a positive integer #» and binary terms
t,...,t, such that

t(x,y) =---=t,(x,y) = lifand only if x = y.

We are going to show that the variety V of lattice skew Hilbert algebras satisfies very strong
congruence properties.

THEOREM 6.1
The variety V of lattice skew Hilbert algebras is arithmetical and weakly regular.
PROOF. Since the underlying posets are lattices, )V is congruence distributive. Now, put
P(x,y,2) = ((xxy) x2) A ((z %) *X).
By (L2), we have z < (z * x) *xx and x < (x * z) * z and hence
p,x,z) R (x*xx)*2) A(zxx) *x) & (1 %x2) A(zxx) xX) RzA((z%X) xX) Xz,

px,z,2) A (x*x2) *2) A ((zx2) xx) = ((xx2) x2) A(L*xx) & ((x*2) *2) AXx XX,
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i.e. p is a Maltsev term which means that V is also congruence permutable and therefore arithmetical.
For weak regularity, consider the binary terms

Hx,y) :=xxy,

nH(x,y) =y*x.

Clearly, 1 (x,x) & f2(x,x) =~ 1. Conversely, #1(x,y) = t2(x,y) = 1 implies x < y < x and therefore
xX=y. (]

Weak regularity means that every congruence ® on a lattice skew Hilbert algebra L is fully
determined by its kernel, i.e. the congruence class [1]©®. Since @ is also a lattice congruence, every
class of it is a convex subset of L. Hence, our first task is to describe these classes. For this purpose,
we introduce the following concept.

DEFINITION 6.2
Let L = (L, Vv, A, %, 1) be a lattice skew Hilbert algebra. A filter of L is a subset F' of L containing 1
such that x x y,y *x x,z x v,v x z € F implies

VD) x@VY),xAZ)xPAV),(xxz)x(YxV) eF.

Let FilL denote the set of all filters of L. For any subset M of L, define a binary relation @ (M) on L
as follows:

@ M) :={(x,y) € L* | x % y,y*x € M}.

The relationship between congruences and filters in lattice skew Hilbert algebras is illuminated in
the next two theorems.

THEOREM 6.3
LetL = (L, Vv, A, *,1) be a lattice skew Hilbert algebra and ® € ConL. Then [1]® € FilL and for
any x,y € L,

(x,y) € ® ifandonly if x x y,y % x € [1]O,
ie. ([1]1©) = O.

PROOF. Let a,b € L. If (a,b) € ®,thenaxb,b*xa € [a*a]® = [1]O, ie. (a,b) € P([1]O).
Conversely, if (a,b) € @ ([1]@), then a x b, b * a € [1]® and hence, using (3) and (L2),

a=anN((axb)xb)® (1xa)AN(1xb) O (bxa)*a) ANb=b,

i.e. (a,b) € ©. This shows @ ([1]®@) = ©. Due to the substitution property of & with respect to v,
A and *x we see that [1]® satisfies the conditions from Definition 6.2 and hence [1]® € FilL. (]

Theorem 6.3 witnesses that lattice skew Hilbert algebras are weakly regular.
We can also prove the converse.

THEOREM 6.4
Let L = (L,V, A, %,1) be a lattice skew Hilbert algebra and F € FilL. Then @ (F) € ConL and
[1(@(F)) =F.
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PROOF. Let a, b, c,d € L. Evidently, @ (F) is symmetric and since 1 € F and x * x ~ 1 by (L1), it is
also reflexive. Assume a * b, b x a,c * d,d * ¢ € F. Then, by Definition 6.2,

(aveysbvd),bvd)yx@ve),anc)xbAad),(brd)yx(anc),(axc)x(bxd),(bxd)x(axc)eF,

whence
(avebvd),(anc,brnd),(axc,bxd) e ®(F).

Hence, @ (F) has the substitution property with respect to all basic operations of L. Since the variety
V is congruence permutable, @ (F) is also transitive; see, e.g. Werner’s theorem [33] or Corollary
3.1.13 in [8], and hence @ (F) € ConL. Finally, the following are equivalent:

ac[l)(@F)) & (a, 1) e D(F)
Saxl,lxaeF
< l,aeF
SaeklF,
and hence [1](® (F)) = F. O

It is elementary to check that for every lattice skew Hilbert algebra L, (FilL, C) is a complete
lattice.
The following corollary follows from Theorems 6.3 and 6.4.

COROLLARY 6.5
For every lattice skew Hilbert algebra L, the mappings @ +— [1]® and F +— & (F) are mutually
inverse isomorphisms between the complete lattices (ConL, €) and (FilL, ©).

Since the operation * may serve as implication in the logic based on a skew Hilbert algebra, we
can consider also corresponding deductions. For this reason, we introduce the following concept.

A deductive system of a skew Hilbert algebra (S, <,x*, 1) is a subset D of S containing 1 and
satisfying the following condition:

ifae D,be Sanda*xb € Dthenb € D.
In the sequel, we use the following convention: if (G, *) is a groupoid, 4,B € G and a, b € G, then

AxB:={xxy|xed,yeB}
Axb:={x*xb|xed}
axB:={axy|yeB]}.

THEOREM 6.6
LetL = (L, Vv, A, %, 1) be a lattice skew Hilbert algebra, ® € ConL, F € FilL. and a,b € L. Then,

(1) every class of @ is a convex subset of (L, <);
(i) F is a deductive system of L;
(iii) F is a lattice filter of L;
(iv) a*x(FAa)CFand (Fx(F *xa))xaCF.
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PROOF.

(1) If ¢,d €[a]® and c < b < d, then

b=cvbeldvVblO® =[d]® =[a]®.
(i) If a,axb € F, then
b=1xbelaxbl(®F)) =[1](P(F)) =F.
(iii)) If a € F, then
avbel[lVvbl(e(F)) =[11(®F)) =F.

Moreover, if a, b € F, then
anbe[lA1(@WF)) =[1(®F)) =F.

(iv)
ax(FAa)Clax(IAa|(PF)) =[ax*al(PF)) =[1|(PF)) =F,

(Fx(Fxa)xaC[(1x(1xa)xal(@F)) =[(1*a)*xa](P(F)) = [axa](P(F)) =

= [1)(@(F)) = F. -
In what follows, we consider congruences in non-lattice skew Hilbert algebras.
Non-lattice skew Hilbert algebras have only one everywhere defined operation, namely .
However, the concept of a congruence should respect also the partial order relation. Hence, we
present the following definition.

DEFINITION 6.7
A binary relation p on a poset (P, <) is called min-stable if whenever (a, b), (c,d) € p, a and c are
comparable with each other and b and d are comparable with each other, then

(min(a, ¢), min(b, d)) € p.

Now, we define a congruence on a skew Hilbert algebra as follows.

DEFINITION 6.8
Let S = (S, <, *, 1) be a skew Hilbert algebra. Then,

e an algebraic congruence on S is a congruence on its reduct (S, *);
e a congruence on S is a min-stable algebraic congruence on S.

Let ConS denote the set of all congruences on S.

REMARK 6.9
Note that any congruence on a lattice skew Hilbert algebra L = (L, V, A, %, 1) is automatically a
congruence on the underlying skew Hilbert algebra L = (L, <, *, 1).

However, a congruence on a skew Hilbert algebra that is a lattice may not be a congruence on the
underlying lattice (see the following counter-example).
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EXAMPLE 6.10
Let (L, v, A) denote the lattice considered in Example 3.5 (a), and define a binary operation * on L
by

10 a b ¢ d e 1
o1 1 1 1 1 1 1
alO0 1 b 1 d e 1
b0 a 1 1 1 1 1
c|0 a b 1 d e 1
d|0 a e ¢ 1 e 1
e|l0 a d ¢ d 1 1
1{0 a b ¢ d e 1

If we set
6 = {0y U{a? U{b,e}* U{c,d, 1),
then S := (L, <, *, 1) is a lattice skew Hilbert algebra, ® € ConS, but ® ¢ Con(L, Vv, A) since
(c,d) € ®,but (c Aa,d Na) = (a,0) ¢ O.

Using the min-stability property of congruences in skew Hilbert algebras we can prove the
following theorem.

THEOREM 6.11
Let S = (S, <,%,1) be a skew Hilbert algebra and ® € ConS. Then every class of ® is a convex
subset of (S, <).
PROOF. Ifa,c € S, b,d € [a]® and b < ¢ < d, then by (S2), we obtain
(cxd)yxb=1xb=b<c<(cx*xb)xb.
So ((c xd) x b, (c * b) * b) € ® and hence by min-stability of ®, we have
(b,c¢) = (min((c * d) * b,c), min((c * b) x b,c)) € ®

which implies ¢ € [b]® = [a]®. O

We now investigate quotients of skew Hilbert algebras and strong skew Hilbert algebras with
respect to their congruences.

Let S = (S, <, %, 1) be a skew Hilbert algebra and & be an algebraic congruence on S. We define
a binary relation <’ on S/® by

[a]® < [b]® if and only if [a]® * [p]® =[1]® (a,b € S).

Recall that a poset (P, <) is called up-directed if for any x,y € P, there exists some z € P with
x,y < z. Hence, every poset that has a top element is up-directed.
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DEFINITION 6.12
An algebraic congruence ® on a skew Hilbert algebra S = (S, <, %, 1) is called strong if it satisfies
the following condition for all a,b € S:

[a]® < [b]® if and only if there exists some ¢ € [h]® witha < cand b < c.

We naturally define the term strong congruence as being a strong algebraic congruence which is
min-stable.

THEOREM 6.13
Let S = (S, <, *, 1) be a skew Hilbert algebra with a, ay, . ..,a,, b € S for some n € Z*. Further, let
® be an algebraic congruence on S. Then,
(1) a < bimplies [a]® <’ [b]O;
(i1) if S is strong, then O is strong.
If ® is a strong algebraic congruence, then
(iii) every class of @ is up-directed;
i) U([a]10,...,[a;]1®) ={[x]® | x € U(a)....,a,)} in (S/O,<).
If ® is moreover a strong congruence, then
(v) (S/©,<’)isaposet.

PROOF.
(i) Ifa <b,thenaxb = 1 whencea*xb © 1,iec. [a]® * [b]® = [a * b]® = [1]O, thus
[a]® <’ [b]O.
(ii) Suppose that S is a strong skew Hilbert algebra. If [a]® <’ [0]©, then a * b ® 1 and hence
a < (axb)xb € [l xb]l® = [b]®. So one can put ¢ := (a * b) * b and we have also
b < c. If, conversely, there exists some ¢ € [b]® with a < ¢, then according to (i), we have
[a]® <’ [c]® = [b]6O.
(i) For the following items, we have to assume that © is a strong algebraic congruence.
(iii) Let b,c € [a]®. Then [b]® <’ [c]®. Hence, there exists some d € [c]® = [a]® such that
b<dandc <d.
(iv) Assume [a¢]® € U([a1]®,...,[a,]®). Since O is strong, for all i € {1,...,n}, there exists
some b; € [a]® with a; < b;. Because of (iii), ([a]®, <) is up-directed and hence there exists
some ¢ € [a]® with by, ...,b, < c. This shows

[@a]® =[c]® € {[x]® | x € U(ay,...,a,)}.

The reverse inclusion follows from (i).

(iv) Now, assume that ® is moreover min-stable (i.e. @ turns into a strong congruence).

(v) Obviously, <’ is reflexive. Now, assume [a]® <’ [b]® and [b]® <’ [a]®. Since O is strong,
there exists some ¢ € [b]® with a < ¢. Because of [¢]® = [b]® <’ [a]®, there exists some
d € [a]® withc < d. Since a < ¢ < d, a,d € [a]® and ([a]®, <) is convex, we conclude
¢ € [a]®. Therefore, [a]® = [c]® = [b]® which proves the antisymmetry of <’. Finally, let
c € S, and assume [a]® <’ [b]® and [b]® <’ [c]®. Then, from the fact that © is strong, we
can find some e € [b]® with a < e and because of [¢]® = [b]® <’ [c]® some [ € [c]O
with e < f. From a < e < f, we have a < f which implies [a]® <’ [f]1® = [c]®© by (i),
proving the transitivity of <. 0
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Note that we have used the expression U (M) for a subset M of §/© though (S/©, <) need not
be a poset. But the meaning of U (M) is clear.

From (iii), we conclude that if (S, <) satisfies the ascending chain condition (in particular, if S is
finite), then every class of a strong algebraic congruence ® has a greatest element. However, this is
not true in general. To see this, consider the following example.

EXAMPLE 6.14
Let S = (S, <, 1) denote the poset with top element 1 shown in Figure 6

1
g
c A
a b
FIGURE 6
and * the binary operation on S defined by

x|la b ¢ d e f g 1
all £ 1 1 1 f 11
ble 1 1 d e 1 1 1
cla b1 d e [f g 1
dia b ¢ 1 e f g 1
ela b ¢ d 1 f 1 1
fla b ¢ d e 1 1 1
gla b ¢ d e f 1 1
lla b ¢ d e f g 1

Then (S, <, *, 1) is a skew Hilbert algebra which is not strong since
atb=fxb=(axb)xb.
Moreover,
O = {a,b}* U{c}? U{d,e,f,g 1}

is a congruence on S and ([a]®, <) = ({a, b}, <) has no greatest element. From (iii) of Theorem
6.13, we conclude that @ is not strong.
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THEOREM 6.15
Let S = (S, <,%, 1) be a skew Hilbert algebra and & an algebraic congruence on S such that every
class of © satisfies the ascending chain condition. Then ® € ConS.

PROOF. Suppose (a,b), (c,d) € ® where a and ¢ are comparable with each other and b and d are
comparable with each other. We have the following four possibilities:

(@) a<candb <d,
(b) c<aandd <b,
(¢) a<candd <b,
(d c<aandb <d.

It is evident that in the first two cases (min(a, ¢), min(b,d)) € ©. Now, consider case (c). We have
a<candd < b.Putag :=aand ¢y := c. Thenag ® a,cy @ cand cy > ag. If c¢g = ag then
a=ag = cy = c O dand we are done. Otherwise, we have cg > ag. Put a; := (co * ag) * ag. Then,

a1 O (cxa)xa® (dxb)yxa=1%xa=a

and a; > ¢p according to (S2). If a; = cg, thena ® a; = ¢p = ¢ © d and we are done. Otherwise,
we have a; > c¢g. Put ¢ := (aj * co) * cg. Then,

c1® (axc)xc=1*xc=c

and ¢ > aj according to (S2). If c; = aj, thena ® a; = ¢1 ® ¢ © d and we are done. Otherwise,
we have ¢; > a;. Putay := (¢ * ay) * ay. Then,

a) O (cxa)xa® (dxb)yxa=1xa=a
and a; > ¢ according to (S2). By going on in this way, we get a chain of the form
*) ag<co<ar<cir<ay<---,

where ag := a, ¢g := c and

ag := (Ck—1 * Qg—1) * ag—1,

¢k = (ak * Cp—1) * Ck—1
for & > 0. Moreover, a; ® a and ¢; © c for k > 0. If the chain (*) would be infinite, then

ay<ay<ay <---

would be an infinite ascending chain in ([¢]®, <) contradicting the assumption that this poset
satisfies the ascending chain condition. Hence, there exists some m > 0 such that either ¢,, = a,, or
am+1 = cp- In the first case, we have

a®ay,=c,®cO®d,
whereas in the second case,
a® a1 =cy ®cOd.
This shows a @ d in case (c). Case (d) is symmetric to case (c). (I

From the preceding theorem, we obtain: if (S, <) satisfies the ascending chain condition (in
particular, if S is finite), then every algebraic congruence on S is a congruence on S. Moreover,
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if S is in addition a strong skew Hilbert algebra, then every algebraic congruence on S is a strong
congruence on S.

We are now going to show that although the class of strong skew Hilbert algebras does not form a
variety, each of its members is weakly regular.

Analogous to the lattice case, we define the following.

DEFINITION 6.16
Let S = (S, <, *, 1) be a skew Hilbert algebra and F a subset of S containing 1. We say that

(a) F'isaxfilter of S if it satisfies the following condition for all x,y,z,v € S:
(F1) ifx*xy,yxx,z*v,vxz € Fthen (x*z)* (y*xv) € F.

(b) Fisafilter of S ifit is a x-filter of S and satisfies the following condition for all x, y,z,v € S:
(F2) ifxxy,y*xx,zxv,v*z € F, x and z are comparable with each other, and y and v are

comparable with each other then min(x, z) * min(y,v) € F.
(c) F is a strong *-filter of S if it is a *-filter of S and satisfies the following condition for all
x,yes:

(F3) ifx*y e F then there exists some z € Ssuchthatx,y <zandzxy e F.

(d) Fisastrong filter of S if it is a filter satisfying (F3).

Let FilS denote the set of all filters of S. It is elementary to check that for every skew Hilbert
algebra S, (ConS, ©) and (FilS, €) are complete lattices. For any subset M of S, put

(M) :={(x,y) € 82 | x*y,y*x € M}.
The relationship between congruences and filters in strong skew Hilbert algebras is illustrated by the
following theorems and corollaries.
THEOREM 6.17
Let S = (S, <, *, 1) be a skew Hilbert algebra and ©® a strong congruence on S. Then,
(x,y) € ® ifand only if x x y,y xx € [1]O,
ie. d([11®@) = 6.

PROOF. For a, b € S, the following are equivalent:
(a,b) e ®([110) & axb,bxa e [1]O
& [a]o < [b]O < [a]O
& [a]® = [b]®
& (a,b) € ©.
O
We have shown that every strong congruence ® on a skew Hilbert algebra is fully determined by

its 1-class [1]®. Hence, we can draw the following conclusion.

COROLLARY 6.18
Strong skew Hilbert algebras are weakly regular.
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PROOF. Let S = (S, <,*, 1) be a strong skew Hilbert algebra and ®,® € ConS. Thus, ©, @ are
strong from Theorem 6.13. Suppose that [1]® = [1]@. Then, by Theorem 6.17, we obtain

(a,b) e ® S axbbxac[l]l® & axb,bxac|[l]® < (a,b) € D. -

The preceding corollary is not true in the more general case of skew Hilbert algebras (see the
following example).

EXAMPLE 6.19
Let S = (S, <, 1) denote the poset with top element 1 shown in Figure 7

1

o/
e c d
a b
FIGURE 7
and * the binary operation on S defined by
x|la b ¢ d e f 1
all d 1 4 1 1 1
ble 1 1 1 e 1 1
cla b 1 d e 1 1
dla b ¢ 1 e f 1
ela b ¢ d 1 f 1
fla b ¢ d e 1 1
lla b ¢ d e f 1

Then (S, <, *, 1) is a skew Hilbert algebra which is not strong since
atb=dxb= (axb)xb.
We have a congruence given by
O = {a)? U{b)? U{c)?Uldef, 1}
It is readily checked that [1]© is a (strong) filter. However, a x b,b x a € [1]©® but (a,b) ¢ O.

We can prove also the converse of Theorem 6.17.
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THEOREM 6.20
Let S = (S, <,%,1) be a skew Hilbert algebra and F a *-filter of S. Then @ (F) is an algebraic
congruence on S and [1](® (F)) = F.

PROOF. Let a,b,c,d € S. Evidently, @ (F) is symmetric and since 1 € F and x *«x = 1, it is also
reflexive. Let us show that (a, b), (c,d) € @ (F) implies (a x c,b * d) € ®(F). We have a *x b, b *
a,c *d,d * ¢ € F by definition. From (F1), we get

(axc)*(bxd) eF,
(bxd)*x(axc)eF

which yields (a % ¢,b * d) € @ (F) by definition. Hence, @ (F) has the substitution property with
respect to *. If (a, b), (b, c) € @ (F), then

axc=1%x(axc)=((b*xb)x(axc) €eF,
cxa=1x(cxa)=(b*xb)*x(c*xa)€eF,
and hence (a,c) € @ (F). This shows the transitivity of @ (F). Finally, the following are equivalent:
ae[ll(®F)) & (a, 1) e ®F)
& axl,lxaekF
& l,ae F
s aek,
showing [1](® (F)) = F. O

COROLLARY 6.21
Let S = (S, <, %, 1) be a skew Hilbert algebra and F a x-filter of S.

(a) IfF e FilS, then @ (F) € ConS.
(b) If F is strong, then @ (F) is strong.

PROOF. Leta,b,c,d € S.
(a) If(a,b),(c,d) € @(F), a and c are comparable with each other and b and d are comparable
with each other then from (F2), we get

min(a, ¢) * min(b, d), min(b, d) * min(a,c) € F,

i.e. (min(a, ¢), min(b,d)) € @ (F). This shows that @ (F)) is min-stable.

(b) Assume [a]®(F) <' [b]®(F). Then (ax b,1) € ®(F),i.e.a* b € F. From (F3), we get that
there exists some ¢ € S suchthat a,b < candc* b € F. Since | = b % ¢ € F, we obtain
c € [b]®(F), i.e. D(F) is strong. 0]

The following corollary follows from the above theorems and corollaries.

COROLLARY 6.22
For every strong skew Hilbert algebra S, the mappings @ +— [1]® and F' +— & (F) are mutually
inverse isomorphisms between the complete lattices (ConS, C) and (FilS, C).

The following result is analogous to the corresponding result for lattice skew Hilbert algebras.
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THEOREM 6.23
Let S = (S, <, %, 1) be a skew Hilbert algebra, F € FilS, and ¢ € S. Then,

(1) F is a deductive system of S;
(i) F is an order filter of S;
(i) SxF CF;
(iv) cx(FAc), Fx(Fxc)xcCF.
PROOF. We use the fact that the filter F' is the 1-class of the congruence @ (F).
(1) If aeF,beSandaxb e F,then

b=1%belaxbl(®F)) =[1](@F)) =F.

(i) faeF,beSanda <b,thena*xb =1 € F and hence b € F by (i).
(iii) If aeSandb e F,thenaxb € [ax 1](P(F)) =[1](®(F)) =F.
(iv)
cx(FAe)Slex(IA)(PWE)) =[cxc(PF)) =[1(PF)) =F,
FxFxc))xc S [(1x(1*xc)xc)(PEF)) =[(1%c)*c](PF)) = [c*c|(P(F)) =

= [1[(@(F) =F. .
According to Theorem 6.23, every filter of a strong skew Hilbert algebra S = (S, <;%,1) is a

deductive system. However, to prove that a subset M of S containing 1 is a deductive system, we

need not assume that M is a filter but we can suppose a simpler condition; see the following result.

PROPOSITION 6.24
Let S = (S, <, %, 1) be a strong skew Hilbert algebra and M a subset of S containing 1 and satisfying
(M * (M %x)) *x € M for all x € S. Then M is a deductive system of S.

PROOF.Letae Mand b € S. Wehave 1 € M. If a < b, then
b=1xb=(axb)xb=(ax(1xb)xbe (MxM=b))xb M.
Hence, if axb € M, then, because of a < (a*b) xb, we have (a*b) *b € M. Therefore, we conclude

b=1xb=(((axb)xb)*((axb)*xb))xbec (Mx(M=xb))xb M. .
Observe that the condition mentioned in Proposition 6.24 is just the second one from (iv) of
Theorem 6.23.
For the concept of an ideal of a universal algebra which corresponds to our concept of a filter and
for the concept of ideal terms, the reader is referred to [31]. In particular, for ideals (alias filters) in
permutable and weakly regular varieties see also [8] for details.

DEFINITION 6.25
An ideal term for lattice skew Hilbert algebras is a term #(x1, .. .,X,, V1, - - - , ¥n) in the language of
lattice skew Hilbert algebras satisfying the identity

tx1,...,x5,1,..., 1) = 1.
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Of course, there exists an infinite number of ideal terms in lattice skew Hilbert algebras. The
following list including four ideal terms is a so-called basis for filters in lattice skew Hilbert algebras,
1.e. filters can be characterized by this short list of ideal terms.

Consider the following terms for lattice skew Hilbert algebras (L, Vv, A, %, 1):

tx,y,z,u) ;= (x VYY) A (z*x)) Au,
=1,
02(X1,X2,X3,X4, 1,2, ¥3,14) = (#(X1,X2,Y1,12) V £1(x3,X4,3,4)) * (X2 V X4),
13(X1,%2,X3,X4, V1,12, V3, 14) := ({(X1,%2,11,2) A 1(x3,X4,13,14)) * (X2 A X4),

14(x1,%2,X3,X4,Y1,12,V3,¥4) ‘= (t(x1,X2,Y1,12) * t(X3,X4,3,¥4)) * (X2 * X4).

LEMMA 6.26
We have

tx,y,1,1) =y,

HX, Y, X % y,y *X) ~ X.

PROOF. We have
1Ly, LD =0V AQx ) Al=xVY)AYy=y
according to (3) and
1y, x %y, y*x) = (X Vy) A ((xxy) ) A(y*x) =
=(VI)AQ*))A((xxy)*y) =xA((x*y)*y) =x
according to (L2) and (L4). O

LEMMA 6.27
The terms ¢1, . . ., 14 are ideal terms for lattice skew Hilbert algebras.

PROOF. We have
n~1,
L(x1,x2,x3,%4, 1, 1,1, 1) & (#(x1,x2, 1, 1) V £(x3,x4, 1, 1)) % (x2 V x4) =
A (xp Vxg) % (2 Vxg) A1,
1301, x2,x3,x4, 1, L, 1, 1) & (1(x1,x2, 1, 1) A 1(x3,x4, 1, 1)) % (x2 A xg) =
~ (X2 Axg) % (X2 Axg) =1,
ta(x1,%2,x3,%4, 1,1,1,1) & (#0x1,x2, 1, 1) * £(x3,x4, 1, 1)) * (x2 * x4) ~

R (X2 ® x4) * (X2 *x4) ~ 1.

The closedness with respect to ideal terms was also introduced by Ursini [31].
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DEFINITION 6.28

A subset A of alattice skew Hilbert algebra L = (L, V, A, *, 1) is said to be closed with respect to the
ideal terms #;(x1, ..., Xp, V1,--.,Vm), i € I, ifforeveryi € I, allxy,...,x, € Landally,...,y, € 4
we have #;(x1,..., X0, V1,...,Vm) € 4.

Now, we prove that the ideal terms listed before Lemma 6.26 form a basis for filters, i.e. filters
are characterized as those subsets which are closed with respect to these ideal terms.

THEOREM 6.29
Let L = (L, V, A, %, 1) be a lattice skew Hilbert algebra and F C L. Then F € FilL if and only if F
is closed with respect to the ideal terms 71, . . . , #4 listed before Lemma 6.26.

PROOF. If F € FilL, then F' = [1](® (F)) according to Theorem 6.4, and if
Ly X V15 Vm), L€ {L,...,4}),
are the ideal terms listed in Lemma 6.27, a1, ...,a, € Land by,...,b,, € F, then
tial,...,an,b1,...,by) € [ti(ar,...,an, 1,..., D@ F)) =[1](PF)) =F
according to Lemma 6.27 and hence F is closed with respect to the ideal terms 71, . . ., #4. Conversely,
assume F to be closed with respect to the ideal terms #1,...,%. Then 1 = ¢ € Fandifa,b,c,d € L
andaxb,bxa,c+d,d*c € F, then
(ave)yxbvd) = {tab,axb,bxa)Vitic,dcxd,dxc))*(bVvd) =
=t(a,b,c,d,axb,bxa,cxd,d*c) €F,
(anc)yx(bnrd) = {t(a,b,axb,bxa) ANt(c,d,cxd,dxc))*(bAd)=
=t1(a,b,c,d,axb,bxa,cxd,d*c) eF,
(axc)x (bxd) = (t(a,b,a*xb,bxa)xt(c,d,cxd,d*c))*(bx*xd) =
=t4(a,b,c,d,axb,bxa,cxd,d*c) e F
showing F' € FilL. O

REMARK 6.30
Let us note that the term ¢ from the proof of Theorem 6.29 gives rise to a Maltsev term. Namely, if

tx,y,z,u) ;= (x Vy) A (z*y) Auand
qx,y,2) ‘= t(X,z,Xx %,y *X),
then
q(x,y,2) = (x V2) A ((x*p) % 2) A (y *x),
g, x,2) =@ VOOA(x*xx)*x2) Axxx) =@x Vo)Al x2)Al=xV2)Az=2z
qx,z,2) = (X V) A ((xx2) x2) Azxx) = (ZVX)A(Zzxx) A((x*2)xz) =

=xA((x*z)*xz) =x.
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Observe that the Maltsev term ¢(x, y, z) is different from that in Theorem 6.1.

In the following, we write a A b A ¢ instead of inf(a, b, ¢).
Now, we introduce a certain modification of the notion an ideal term (for posets) which need not
be defined everywhere. This will be used in the sequel.

DEFINITION 6.31
A partial ideal term for skew Hilbert algebras is a partially defined term T'(x1,...,Xs, V1, .., Vm) IN
the language of skew Hilbert algebras satisfying the identity

T(xt,...,xp,1,...,1) =~ 1.
This language contains also a binary operator U (x, y).

Note that since a skew Hilbert algebra has a top element 1, the set U(x,y) will always be non-
empty.

Using the concept of partial ideal terms, we will also try to describe filters in strong skew Hilbert
algebras. Similar to Lemma 6.27, we first get a list of three partial ideal terms which will be shown
to suffice.

Consider the following partial terms for skew Hilbert algebras (S, <, *, 1):

Ty, zu) :=UX,y) A (zxy) Au,

To(x1,%2,%3,X4, 1, Y2, 3, ¥4) = (T(x1,%2,¥1,12) * T (x3,X4,¥3,¥4)) * (X2 * X4),

T3(x1,Xx2,%3,X4,Y1,Y2,¥3,¥4) = (T (x1,x2,y1,¥2) A T(x3,X4,)3,y4)) * (X2 A X4).

LEMMA 6.32
We have

T(x,y,1,1) =y,
T(X,y,x%y,y*X) X X.

PROOF. We have

Ty, 1, ) = Uy A(lxy) Al = Uy Ay=y

according to (3) and Remark 3.3 and
Ty, x*y,y*x) ~ U,y A((x*y)*p) A (y*x) ~
U@, AE*x) A((xxy) xy) 2 x A ((ky) *y) 2 x
according to (S2’) and Remark 3.3. O

LEMMA 6.33
The partial terms 77, 7>, T3 are partial ideal terms for skew Hilbert algebras.
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PROOF. We have

T

%

11

Tr(x1,x2,x3,%4,1,1,1,1) = (T(x1,x2, 1, 1) * T(x3,%4, 1, 1)) * (x2 % x4) ~
A (g % xq) * (2 % x4) A 1,

T3(x1,x2,x3,x4,1, 1,1, 1) &~ (T(x1,x2, 1, 1) AT(x3,x4, 1, 1)) % (x2 Axg) =

X (xp Axg) k(g Axg) ~ 1.

Now, we define closedness with respect to partial ideal terms.

DEFINITION 6.34

A subset A of a skew Hilbert algebra S = (S, <,%,1) is said to be closed with respect to the
partial ideal terms 7;(x1, ..., Xp, V1ye e - n ,Vm), 1 € I, if for every i € I, all x1,...,x, € S and all
V1, -,Vm € A we have that T;(x1,...,X,Y1,...,Vn) is defined and T;(xq,...,Xu, V1, .,Vm) € 4.

Although our ideal terms are only partial, we can prove that every subset of a strong skew Hilbert
algebra S closed with respect to them is really a filter of S.

THEOREM 6.35
Let S = (S, <, %, 1) be a strong skew Hilbert algebra and F a subset of S that is closed with respect
to the partial ideal terms 77, T, 73 listed in Lemma 6.33. Then F' € FilS.

PROOF. We have 1 = T} € F. Now, assume a,b,c,d € Sandax b,bxa,c *d,d * ¢ € F. Then,
(axc)*x(bxd)= (T(a,b,axb,bxa)*T(c,d,cxd,d*c))*(bxd)=
=Thr(a,b,c,d,a*xb,bxa,cxd,d*c) €F.

Moreover, if a and ¢ are comparable with each other and b and d are comparable with each other
then we apply the partial term 73 to derive

min(a, c) * min(b,d) = (T'(a,b,a*b,bxa) AT(c,d,cxd,d*c))*(bAd) =
= Ts(a,b,c,d,a*xb,bxa,cxd,d*c) €F.
This shows F € FilS. U

REMARK 6.36
Let us consider the partial term T'(x,y,z,u) := U(x,y) A (z *x y) A u defined before Lemma 6.32 and
put

Ta(x,y,2z) :=T(x,z,x % y,y % X),
ie.
Ta(x,y,2) = U(x,2) A((x*x)) %x2) A (¥ *X).

Of course, this is only a partial term because the infimum in 74 need not exist for some elements
from a skew Hilbert algebra (S, <, *, 1). It is of some interest that in the case of strong skew Hilbert
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algebras this partial term behaves like a Maltsev term. Namely, we can easily compute
T, x,2) =U@X,2) A(@*xx) x2) A(x*xx) =U@2) A(lx2) Al =U(x,z) Az =2z,
T4(x,z,2) = Ux,2) A((xx2) x2) Azxx) = (U@z,x) Az*x)) A((x*2) *z) =
=xA((x*z)*xz) =x.
Moreover, these expressions 74 (x, x, z) and T4(x, z, z) are defined for all x,z € S.

For every lattice skew Hilbert algebra L = (L, Vv, A, %, 1) and every M C L, let (M) denote the
filter of L generated by M.

The connection between filters generated by a certain subset and congruences on lattice skew
Hilbert algebras is described in the following proposition.

PROPOSITION 6.37
Let (L, Vv, A, *, 1) be a lattice skew Hilbert algebra, M C L and a € L. Then,
Q(F(M)) = OM x {1}),
(1@ M x {1})) = F(M).
In particular,
P(F(a)) = O(a, 1),
[11(@(a, 1)) = F(a).

PROOF. Since M x {1} C & (F(M)), we have

OW x {1}) € ®FM)).
Hence, one has

[11(@M x {1})) € [1|(®FM))) = F(M),

by Corollary 6.5. Because of M C [1](®(M x {1})), we have

FM) < [1](@M x {1})),
and hence,

Q(F(M)) € P([1I(OWM x {1}))) = OM x {1}),

again by Corollary 6.5. O

An analogous result holds for strong skew Hilbert algebras.

7 Conclusion and future research

In this paper, the class of skew Hilbert algebras has been introduced with the aim of including
within a unified landscape of several classes of structures arising as algebras of (even non-
distributive) logics. In particular, we have shown that orthomodular implication algebras, gener-
alized orthomodular lattices, lattices with sectional antitone involutions (basic algebras) and their
subvarieties can be regarded as (lattice) skew Hilbert algebras once a subreduct containing — and 1
is taken into account. Several results concerning special subsets of elements in Hilbert algebras
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have been generalized to our framework. Finally, the structure theory of skew Hilbert algebras
has been outlined showing that many characterizing features of the aforementioned algebras rest
on very minimal requirements. However, as it happens, this paper raises more problems than it
solves.

Recall that a skew Heyting algebra [14] is a co-strongly distributive skew lattice (4, A, V, 1) whose
principal sections 1 u can be equipped with a binary operation —, such that (1 u, A, V,—,,u, 1)
is a Heyting algebra. The natural question arises if connections between skew Heyting algebras and
skew Hilbert algebras exist. Indeed, it is easily seen that any skew Heyting algebra A forms a poset
with sectional Brouwerian pseudocomplements by setting ¥’ = (y Vx vV y) —,, y, for any x,y € 4.
Moreover, for any skew Heyting algebra A, the quotient A/D (where D is Green’s congruence over
A) is a generalized Heyting algebra and so it can be a fortiori regarded as a lattice skew Hilbert
algebra. However, there are skew Heyting algebras A whose — operation does not induce a skew
Hilbert algebra as the next example shows.

EXAMPLE 7.1
Let us consider the skew Heyting algebra A described by the following Cayley tables and Hasse
diagram:

a d
b c
FIGURE 8

- |la 1 b ¢ d Ala 1 b ¢ d Via 1 b ¢ d
all 1 b b a ala a b b a ala 1 a d d
l{a 1 b ¢ d lla 1 b ¢ d 1{1 1 1 1 1
b|1 1 1 a a b|b b b b b bla 1 b ¢ d
cla 1 a 1 1 cle ¢ ¢ ¢ c cla 1 b ¢ d
dla 1 b b 1 dld d ¢ ¢ d d|la 1 a d d

Note that L(U(a,d),a — d) = {a, b} but L(d) = {d, c}.

Therefore, a further research task will be investigating the relationship between skew Heyting
algebras and skew Hilbert algebras.

Finally, as it has been pointed out in Section 3, skew Hilbert algebras need not be lattice ordered.
Therefore, a natural question rises: is any (strong) skew Hilbert algebra embeddable into a lattice
ordered one? If not, under which condition(s) does it hold? Moreover, can any skew Hilbert algebra
be join- and meet-densely embedded into a complete lattice skew Hilbert algebra? Put another way,
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does any skew Hilbert algebra have a MacNeille completion? If not, under which conditions does it
hold? We leave the development of this stream of research to future inquiries.
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