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We explore the phenomenology of a two-fluid cosmological model, where the field equations of general 
relativity (GR) are sourced by baryonic and cold dark matter. We find that the model allows for a unified 
description of small and large scale, late-time cosmological dynamics. Specifically, in the static regime we 
recover the flattening of galactic rotation curves by requiring the matter density profile to scale as 1/r2. 
The same behavior describes matter inhomogeneities distribution at small cosmological scales. This 
traces galactic dynamics back to structure formation. At large cosmological scales, we focus on back 
reaction effects of the spacetime geometry to the presence of matter inhomogeneities. We find that a 
cosmological constant with the observed order of magnitude, emerges by averaging the back reaction 
term on spatial scales of order 100 Mpc and it is related in a natural way to matter distribution. This 
provides a resolution to both the cosmological constant and the coincidence problems and shows the 
existence of an intriguing link between the small and 
large scale behavior in cosmology. 

The Λ-Cold Dark Matter (CDM) model represents our 
current best understanding of the observed properties of 
the universe, by assuming that only ∼ 5% of its energy 
content is constituted by baryonic matter, while the 
remaining ∼ 95% is exotic. Specifically, ∼ 30% is 
associated to non-baryonic CDM, ∼ 65% to dark energy in 
the form of a cosmological constant (CC) Λ [1]. The former 
allows for a simple explanation of a wide variety of 
observations, ranging from the flattening of rotation 
curves in disk galaxies and the internal dynamics of galaxy 
clusters to cosmological structure formation and 
evolution, the abundances of light elements and the power 
spectrum of the cosmic microwave background radiation 
[1–3]. The CC accounts instead for the observed 
accelerated expansion of the universe [4, 5]. 
Despite these successes, several questions remain open. 
The most pressing ones are perhaps the understanding of 
the nature of the dark components, the explanation of the 
origin of galactic and cluster dynamics in terms of their 
formation and explaining why the CC has the observed 
value and why its energy density is so closed to that of 
matter in the present epoch (the cosmological constant 
and the coincidence problems)[6]. In this letter, we build 
on the results of Ref. [7], which are sufficiently general to 
be applied to various scenarios where cosmology is 
sourced by a two-fluid system. Working in the standard 
ΛCDM framework and using baryonic matter and CDM 
(whose existence is here assumed) as sources of the 
gravitational field, we tackle some of the aforementioned 
problems of late-time cosmology. Specifically, our model 
reproduces, in the static regime, the flattening of galactic 
rotation curves, whereas at small cosmological scales 
explains local inhomogeneities and structure formation. 
This last result, in particular, traces 

 

∗ mariano.cadoni@ca.infn.it 
† asanna@dsf.unica.it 

the origin of galactic dynamics back to structure 
formation. At large cosmological scales, back reaction 
effects of the geometry to the presence of matter 
inhomogeneities are investigated. It is shown that, when 
averaged on spatial scales of order 100 Mpc, they 
reproduce an effective cosmological constant, whose 
order of magnitude agrees with observations (this solves 
the CC problem). The origin of Λ is thus linked to matter 
distribution, which solves the coincidence problem. 

The model.—Our model of late-time cosmology is GR 
sourced by a two-fluid system, consisting of baryonic and 
cold dark matter. We adopt the standard description and 
we model them as two pressureless perfect fluids, 
interacting only gravitationally one with each other, with 
densities ρB and ρDM and 4-velocities Uµ and Wµ 

respectively. The stress-energy tensor is then : 

 Tµν = ρBUµUν + ρDMWµWν. (1) 

It is known that Eq. (1) can be recast as the stress-energy 
tensor of an anisotropic fluid by an appropriate rotation of 
Uµ and Wµ [8]. In the current case, this transformation 
yields 

Tµν = ρuµuν + p∥wµwν, (2) describing an 

anisotropic fluid with zero tangential pressure p⊥. ρ ≃ ρB + 

ρDM (for WµUµ ≃ 1), uµuµ = 

−wνwν = −1 and p∥ can be interpreted as an effective radial 
pressure stabilizing the dark matter halo. This is 
conceptually equivalent to the description of a fluid of 
collisionless particles, where an effective pressure term 
can be associated to the stress tensor modeling the 
anisotropy of the velocity distributions [9–11]. This is 
particularly suited for dark matter, which is believed to be 
made of collisionless particles. The two-fluid approach has 
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the advantage to provide such a description in a natural 
and straightforward way. 

To describe both the galactic and cosmological regime, 
we use the following general, spherically symmetric, 
spacetime metric (we use units with the speed of light c = 
1) 

 ds2 = a2(t)!−eα(t,r)dt2 + eβ(t,r)dr2 + r2dΩ2", (3) 

where α(t,r) and β(t,r) are metric functions, a is the 
cosmological scale factor and dΩ2 = dθ2 + sin2θdφ2. The 
resulting independent Einstein field and conservation 
equations are (we use ′ = ∂r, ˙ = ∂t): 

 

 = 0; (5) 

 

 = 0; (7) 

 . (8) 

In particular, in the static case, Eq. (8) is the generalization 
of the Newtonian hydrostatic equilibrium equation 

 , (9) 

where Φ(r) is the gravitational potential. In fact, using the 
weak field result eα ≃ 1 + 2Φ(r), Eq. (8) gives the Tolmann-
Oppenheimer-Volkoff-like equation: 

 ∂r #r2p∥$ = −r2∂rΦ#ρ + p∥$. (10) 

Galactic regime.— The galactic regime is obtained by 
taking the static limit of Eqs. (4)-(8), which implies the 
scale factor being constant (we set a = 1), and the metric 
functions depending on r only. Integration of Eq. (4) in this 
case gives 

 , (11) 

where M(r) ≡ 4π´ ρ(r)r2dr is the Misner-Sharp (MS) mass 
of the system. The remaining equations are solved 

together with a given profile for the matter density ρ = 
ρ(r). We are looking for solutions reproducing the 
flattening of rotation curves at galactic scales. This can be 
achieved by choosing the following matter density profile 

 , (12) 

with σ a constant. This gives the MS mass M(r) = 4πσr. In 
fact, virializing the galactic motion, we get the velocities v2 

= 8πGσ. We skip a constant term in M(r), which represents 
the contribution of the mass contained in the central 
regions of the galaxy. Here, we are considering only 
galactic scales ≫ kpc, where, according to observations 
(see e.g. Refs. [12, 13]), rotation curves starts flattening. 
With the density profile (12), the field equations can be 
integrated to give 

  ; (13a) 

 , (13b) 

with C and L integration constants. These are galactic 
parameters and could be determined, together with σ, by 
combining rotation curves and gravitational lensing (see, 
e.g. Ref. [14]). 
We note that 

σ 

 p∥ = −ρ = − r2, α = 0 (14) 

also solves the field equations. This solution, giving an 
equation of state (EOS) p∥ = −ρ and a negative pressure, 
dominates for r → ∞, i.e in the transition to the 
cosmological regime. Conversely, the second, positive, 
term in Eq. (13b) dominates at smaller (galactic) scales. 
Physically, this means that, in this regime, the hydrostatic 
equilibrium of dark matter halos is obtained by 
contrasting the gravitational pull with a positive radial 
pressure. On the other hand, at large distances, in the 
transition to the cosmological regime, the hydrostatic 
equilibrium is not reached in the usual intuitive way. It is a 
local equilibrium in which both sides of Eq. (10) separately 
vanish. This is possible only if the EOS is p∥ = −ρ and the 
pressure is negative. As it is already evident from the form 
of the EOS, this is strongly related to the generation of the 
cosmological constant in the cosmological regime (see 
below). 
The existence of solution (14) is a peculiar feature of fluids 
with anisotropies. Static isotropic fluids do not allow for 
solutions with α′ = 0 and p, ρ satisfying p = −ρ. 

Our static solution, describing hydrostatic equilibrium 
of the DM medium, models a spacetime with a conical 
singularity (the relevance of this kind of solution for DM 

( 

" 



3 

has been already noted in [15]). In the simplest case, given 
by Eq. (14), the metric is: 

 . (15) 

The solution is physically acceptable in the weak field limit 
when the the deficit angle is very small: 

 . (16) 

In this limit, the spacetime can be well approximated by 
flat Minkowski space. The flattening of galactic rotation 
curves is observed when the acceleration drops below a0 

∼ ℓ−1 (with ℓ the size of the cosmological horizon). This 
implies that condition (16) is satisfied for r ≪ l, which 
covers not only galactic, but also larger scales where our 
universe appears inhomogeneous, with the density of 
inhomogeneities scaling as 1/r2 [7]. The behavior ρ ∼ 1/r2 

is thus responsible not only for the flattening of galactic 
rotation curves, but also well describes structure 
distribution at small cosmological scales [16]. This means, 
physically, that the dynamical properties of galaxies are 
inherited from structure formation. 
The condition r ≪ l holds true also at scales R ∼ 100 Mpc, 
where our universe begins to appear homogeneous and 
isotropic. It breaks down for r ∼ ℓ, i.e. in the cosmological 
regime where the static approximation is no longer valid 
and we have to consider the full form of the metric (3). 

Cosmological regime.—When a = 1̸ and the assumption 
of staticity of the metric functions is dropped, the system 
of equations (4)-(8) describes the cosmological regime of 
our model. The matter density determines the metric 
function β(t,r), whereas the back reaction of the metric to 
the presence of matter is codified in the function α(t,r) ̸= 
constant [7]. In the decoupling limit, when the back 
reaction can be neglected, the cosmological dynamics is 
described by the standard FriedmannLemaitre-
Robertson-Walker (FLRW) cosmology and decouples 
completely from inhomogeneities [16]. 

In the cosmological regime, exact solutions of the field 
equations (4)-(8) can be found using a method similar to 
that used in Ref. [7]. One first integrates Eq. (5), defines the 
rescaled quantities ˆρ ≡ 3eα(3−rα′)−1ρ, pˆ∥ ≡ eαp∥ and then 
uses an ansatz to separate the standard FLRW dynamics 
from that of inhomogenities and the back reaction: 

a2ρˆ(t,r) ≡ a2ρ(1)(t) + 3 −3erαα′ ' (2)(r) + 

ρ(3)(t,r)(, ρ 

 a2pˆ∥(t,r) ≡ a2p(1)∥ (t) + eα'p(2)∥ (r) + p(3)∥ (t,r)(. (17) 

The system (4)-(8) splits in the usual FLRW equations for 
a, sourced by ρ(1) and p(1)∥ , together with the solutions for 
β and α (see Ref. [7] for the calculation details) . The 

solutions for β is also here given by Eq. (11), with the MS 
mass being M(t,r) ≡ M(1)(t)+M(2)(r)+M(3)(t,r), where M(1) is 
an integration function, while M(2,3) are the MS masses 
associated to ρ(2,3) respectively. Finally, the solution for α 
turns out to be 

 

with A(t) integration function. We note that this solution, 
and in particular the (r,t)-dependent terms, in general, 
removes the conical singularity of the static solution. 

The next step is to describe cosmology near the 
transition scale R to homogeneity and isotropy. In this 
situation, we cannot simply use the general solution 
written above, since it describes also inhomogeneities and 
their interaction with the cosmological dynamics encoded 
in the scale factor a. Also the decoupling limit does not 
seem appropriate because it completely neglects the back 
reaction. The simplest way to circumvent this problem is 
first to split α into functions depending only on r and t, i.e. 
α ≡ αr(r) + αt(t). Then, we expand the solutions near the 
decoupling limit, i.e. rα′r = 0, and near the present epoch of 
our universe, i.e. a2 = 1. Finally, we perform the spatial 
average of the resulting r-dependent quantities. Keeping 
only the leading terms in the expansions, Eqs. (17) give (αt 

can be absorbed by a rescaling of t) 

 ; (19) 

 

where ρ(3), for consistency reasons, is function of r only 
and the spatial averaging is performed on spatial scales of 
order 100 Mpc (see [7] for further details). When ρ(3) ∼ 
1/r2, these equations describe standard FLRW cosmology 
with the averaged back reaction term ⟨ρ(3)⟩r playing the 
role of a cosmological constant, 

 Λ∼ −8πG⟨ρ(3)⟩r, (21) 

corresponding to a perfect fluid with equation of state p = 
−ρ. It is important to stress that spatial averaging at length 
scales of order 100 Mpc solves also the conical singularity 
issue. In fact, the weak field condition (16) is satisfied and 
the t = constant sections of our metric are regular, flat 
Minkowski spacetime. Notice that the emergence of a 
cosmologicalconstant at large scales could 
have been guessed directly from the existence of the static 
solution (14), which dominates at large r. 

Let us now evaluate the order of magnitude of the 
cosmological constant. In Ref. [7] it is argued that ρ(3) ∼ 
ρ(2), since ρ(3) is the energy density of the back reaction of 
the geometry to the presence of matter inhomogeneities, 
described by ρ(2). As we have previously seen, modelling 
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both dark matter at galactic scales and the structure 
formation at small cosmological scales [7, 16] is consistent 

with ρ(2) scaling as 1/r2. We have therefore  , 
where the minus sign is due to the fact that ρ(3) should give 
rise to an attractive force and must behave as an inverse 
power of r, hence Λ ∼ 8πG⟨ρ(2)⟩r. The spatial average can 
be easily computed in terms of the total mass M of dark 
matter inside a sphere of radius R of order 100 Mpc: ⟨ρ(2)⟩r 

= 3M/4πR. We have M ∼ 1018 M⊙ and ΩΛ0 ∼ 1, giving the 
correct order of magnitude of the observed cosmological 
constant [1]. The fact that the energy densities associated 
to matter and Λ are of the same order of magnitude at the 
present epoch does not appear here as a coincidence. This 
solves the coincidence problem of the standard ΛCDM 
cosmological scenario. 

Conclusions.—In the present work, we have presented 
and explored the phenomenology of a cosmological model 
sourced by baryonic and cold dark matter in late-time 
cosmology. Our model allows for a unified description of 
galactic dynamics and cosmological dynamics as well as 

structure formation. The flattening of the rotation curves 
of galaxies, the formation and distribution of structures at 
small cosmological scales and the cosmological constant 
all have the same origin in the distribution of matter 
inhomogeneities and in back reaction of the geometry to 
the presence of the latter. The observed galactic dynamics 
and structure formation and distribution are correctly 
reproduced by assuming the presence of an anisotropic 
component of the pressure and of an 1/r2 scaling of matter 
density. The observed order of magnitude of the 
cosmological constant is explained as the average of the 
back reaction of the geometry at scales where our universe 
starts appearing homogeneous and isotropic. The results 
of our work show the existence of an intriguing link 
between the small and large scale behavior in cosmology. 
Hints on this direction come also from the presence of the 
fundamental acceleration scale a0 in the baryonic Tully-
Fisher relation, which is of the order of magnitude of the 
present Hubble acceleration 
[17]. 
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