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Application of Taylor-Fourier Analysis to
Photoplethysmography Signals for Instantaneous
Heart Rate Measurement
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Abstract—Photoplethysmography is gaining increasing atten-
tion for the measurement of heart rate (HR) and heart rate
variability (HRV), but the accuracy and reliability of measure-
ment results remain questionable when obtained from wearable
devices, prone to recording movement artifacts and other dis-
turbances caused by poor sensor-skin contact. HR and HRV
information is typically extracted in the time domain, from
the estimation of inter-beat intervals, which can be confidently
identified only when the signal is very clean. This paper proposes
an alternative time-frequency approach to the HR estimation,
based on the Taylor-Fourier analysis, which allows obtaining
the instantaneous HR, as opposed to the traditional beat-to-beat
average HR, with associated benefits in terms of time resolu-
tion (especially for HRV measurements), no quantization, and
enhanced robustness in presence of moderate signal distortion.
Experimental tests on a healthy subject wearing the Empatica E4
wristband have been complemented by additional validation on a
dataset of recordings from 18 healthy subjects, using the same de-
vice; in all cases, the results from the proposed method have been
compared to HR measurements from electrocardiography, with
very good agreement. The results have also been compared to
the closest alternatives for instantaneous HR estimation, relying
on the Short-Time Fourier Transform, or on the Empirical Mode
Decomposition combined with the Hilbert Transform, confirming
the noticeable benefits provided by the proposed model-based
approach, particularly evident in its ability to better reveal the
high-frequency HR oscillations, mainly caused by respiration.

Index Terms—Photoplethysmography (PPG), Biomedical sig-
nal processing, Time-domain analysis, Frequency-domain analy-
sis, Fourier transform, Taylor series.

I. INTRODUCTION

Photoplethysmography (PPG) is an optical technique that
consists of illuminating a peripheral area of the skin with
an appropriate light source and measuring the variation in
the transmitted or reflected light caused by the microvascular
blood volume changes in the subcutaneous tissue. The most
common PPG implementations use either a pulse oximeter
applied onto a finger, typically in clinical settings, or a watch-
like device worn on the wrist, more suitable for fitness tracking
or other long-term monitoring applications. In recent years,
remote PPG (rPPG) has emerged as a non-contact alternative
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to traditional PPG, based on cameras to detect subtle skin color
changes caused by blood volume fluctuations.

The analysis of PPG (or rPPG) signals can provide useful
physiological information, including heart rate (HR), arterial
oxygen saturation, and blood pressure [1]. In particular, accu-
rate and continuous measurement of HR and HR variability
(HRV) is crucial to reveal subtle variations reflecting un-
derlying physiological processes, important for many clinical
and wellness applications, such as monitoring cardiac health,
stress [2], and sleep quality [3]. Strictly speaking, as PPG
sensors detect blood pulse waves, PPG can only estimate
the pulse rate (PR) and pulse rate variability (PRV) [4], as
opposed to the HR and HRV, which are measured by the
electrocardiography (ECG). Nevertheless, PRV and HRV can
often be used interchangeably for assessing cardiovascular
health in healthy subjects, as they generally reflect similar
physiological processes. Therefore, in this paper, HR and HRV
are used to indicate also PR and PRV, respectively, unless
otherwise specified.

Current research directions in the field of instrumentation
and measurement can be broadly divided into traditional
(contact) PPG and rPPG. Contact PPG has seen advancements
that blend deep learning and signal processing techniques
to address motion artifacts and inter-subject variability. Cas-
caded frameworks integrating Group Sparse Mode Decom-
position with CNN-BiLSTM-Attention networks have im-
proved HR estimation accuracy [5], while domain adaptation
strategies with dual-level Gaussian-based weighting enhance
cross-subject generalization [6]. On the signal processing side,
motion artifact reduction using pre-quality checks, Hankel
matrix decomposition with Singular Value Decomposition, and
spectral filtering have further strengthened the robustness of
PPG-based HR estimation [7]. Similarly, recent advancements
in rPPG have primarily leveraged both learning-based [8]-[10]
and signal processing [11] approaches, although the specific
algorithms are generally different, because of the different
nature of the PPG and rPPG signals. Since the present work
focuses on contact PPG only, a detailed review of the state of
the art in rPPG signal processing is outside the scope of this
paper.

Contact PPG is still the most common solution, due to its
higher signal reliability and suitability for wearable health
monitoring applications. Despite being a better-established
technique, it is still characterized by important aspects that
merit further research. One of the main challenges in the use
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Fig. 1. Examples of a clean PPG signal (top), from which the IBI can be
successfully estimated, and a distorted PPG signal, affected by movement
artifacts (bottom).

of PPG for HR and especially HRV measurements is that
PPG signals are very prone to becoming distorted, because of
movement and poor sensor-skin contact [12], [13]. Typically,
HR and HRYV are estimated by measuring the duration between
consecutive pulses in a PPG signal, similar to what is done
with ECG signals. However, unlike the R peaks of the well-
known ECG’s Q-R-S waveform, the PPG signal peaks are
less pronounced, causing uncertainty in accurately localizing
them or even rendering them indistinguishable when severely
distorted by artifacts. In fact, the shape and quality of PPG
signals depend on a variety of influencing factors, many
of which cannot be easily controlled and contribute to the
uncertainty of the measurement result [14]. Examples of clean
and distorted PPG signals are reported in Fig. 1; the inter-beat
interval (IBI) can be accurately estimated from the end points
of the diastolic phase only when the signal is clean. For this
reason, it is not uncommon for a wearable PPG sensor with
traditional processing algorithms to miss or wrongly identify
a large percentage of heart beats, possibly even close to 50 %
[15].

While low-quality signals may be acceptable for those appli-
cations requiring only an average and not necessarily gapless
estimate of the HR, accurate and continuous measurements are
essential for analyzing HRV. Additionally, IBI-based methods
offer limited time resolution, making them unsuitable for
capturing rapid physiological changes. Thus, there is a clear
need for improved techniques capable of providing reliable,
instantaneous HR measurements, even in presence of moderate
signal distortion. As an alternative to traditional IBI-based
techniques, time-frequency methods provide a more robust
framework for tracking dynamic physiological signals. These
methods aim to capture how the spectral content of a signal
evolves over time, making them natural candidates for tracking
HR in dynamic conditions.

Commonly used time-frequency methods adopt the short-
time Fourier transform (STFT), wavelet transform (WT),
and the Empirical Mode Decomposition (EMD) combined
with the Hilbert transform (HT), also known as the Hilbert-
Huang Transform. The STFT is the application of the Fourier
transform (FT) to short overlapping windows. It has been
successfully used, in combination with adaptive filtering [16]
or Kalman filtering [17], to estimate HR from PPG waveforms

during physical exercise. However, the STFT suffers from
the intrinsic limitation of inversely proportional time and
frequency resolutions, which makes it unsuitable to estimate
small and fast HR variations. Frequency interpolation tech-
niques, such as zero-padding, can improve the resolution,
but they do not completely overcome this intrinsic limitation
of Fourier Transform-based methods, because the accuracy
of the result is still limited by the validity of assumptions
made about the signal, spectral leakage effects and noise.
The WT partially addresses such a limitation of the STFT,
because it provides coarser time resolution for lower-frequency
components and finer time resolution for higher-frequency
components; therefore, it provides advantages in case of large-
bandwidth signals, and for this reason, applications of WT to
extract HR from PPG focus on signal quality assessment and
artifact removal [18]—-[20]. However, the WT loses its benefit
when the signal presents smaller and narrowband disturbances,
and it reveals the same intrinsic limitation of the STFT when
attempting to estimate small and fast HR variations. Finally,
the HT can be used to construct an analytic signal, from which
the instantaneous phase and frequency can be extracted. While
this technique is relatively straightforward in case of a single-
tone signal, the interpretation of the results becomes more
difficult in presence of multiple frequency components. This
is the reason why the use of HT to estimate HR from PPG
requires suitable decomposition (e.g., the EMD) [21] and/or
filtering techniques, which add complexity and may decrease
accuracy.

This paper proposes a novel application of an alternative
time-frequency domain approach to PPG signal processing,
based on the Taylor-Fourier (TF) analysis. Unlike the FT,
the TF method can estimate time-varying harmonics within
the window of analysis, by modeling their time evolution as
truncated Taylor series. The TF analysis has been initially
introduced in the power system field, to estimate voltage
or current phasors in dynamic and non-sinusoidal conditions
[22]-[24]; however, it has recently found applications to
biomedical signal processing too, including blood pressure
measurement [25], functional near-infrared spectroscopy [26],
and electroencephalography [27], [28]. The TF approach is
well suited for HR extraction from PPG, because PPG signals
are quasi-periodic, with slow variations of the fundamental
frequency (HR), they are non-sinusoidal and are characterized
by slowly time-varying harmonic amplitudes and phases. The
main novelty of this method, compared to the ones mentioned
above, is that it is based on a (simple) parametric model of the
PPG signal, and therefore it introduces a priori information
in the signal processing that allows achieving superior per-
formance, compared to non-model-based, non-parametric pro-
cessing techniques, such as STFT or HT combined with EMD.
This results in fine time resolution and excellent sensitivity to
frequency variation, sufficient to allow tracking the small and
fast HR variations caused by respiration (which is the fastest
known physiological process affecting HR, on a scale of a few
seconds), thus providing an unprecedented trade-off between
accurate and responsive instantaneous HR estimate.

This paper extends the results of a preliminary investigation
into the potential benefit of a TF-based analysis of PPG
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signals, presented in [29]. Compared to [29], this paper reports
a new mathematical analysis to inform the choice of the pro-
posed TF model configuration, and, importantly, the validation
of the TF-based HR estimation, using ECG as a reference. The
mathematical analysis of the TF method performance provides
a helpful tool to investigate how different model settings are
likely to affect the results, so a robust design choice can be
made. This includes, e.g., properly suppressing the effect of
harmonics present in the PPG signal, while avoiding the risk of
overfitting data, which would create artificial high-frequency
oscillations in the estimated HR, with no physiological mean-
ing. The validation has been carried out on both the data
experimentally acquired as part of this study and an online
dataset containing recordings from other 18 healthy subjects.
Like most other signal processing techniques, the TF analysis
requires reasonably clean signals, so it has been applied
to PPG signals recorded under largely motion-artifact-free
conditions. In these conditions, the proposed method achieves
accuracy and percentage of discarded data comparable to the
results from a traditional IBI-based analysis, but much finer
time resolution. The application of the TF analysis to more
disturbed signals (e.g., recorded during physical exercise) is,
in principle, still possible, but it would require some artifact
removal pre-processing, which is not discussed in this paper. It
is worth noting, though, that artifact removal pre-processing is
usually somewhat independent of the HR estimation algorithm;
e.g., in [17], the STFT-based HR estimation is preceded by
subspace decomposition denoising and followed by a Kalman
filter for further smoothing; similarly, in [21], the HT-based
HR estimation is preceded by adapting filtering and followed
by spectral masking. The same (or similar) denoising methods
could be used also in combination with the proposed TF-based
HR estimation.

The principles of the TF analysis are briefly recalled in
Sec. II, followed by a description of the wearable devices
used for the data collection in Sec. III, and by a detailed
analysis of the TF algorithm settings and performance in
Sec. IV. Two sets of results are then presented in the following
sections, namely experimental results recorded from a healthy
subject during night sleep, in Sec. V, and results from a
dataset of shorter recordings from other 18 healthy subjects,
in Sec. VI. Finally, Sec. VII reports a quantitative comparison
to the results provided by the closest alternative methods for
instantaneous HR estimation, namely STFT and HT combined
with EMD, to confirm the benefits of the proposed approach.

II. HR MEASUREMENT THROUGH THE TAYLOR-FOURIER
APPROACH

The objective of this paper is to present a new method
for measuring the instantaneous HR from PPG signals. In
turn, considering the quasi-periodic nature of those signals,
instantaneous HR is here defined as the rate of change of
the phase angle of the underlying fundamental component,
divided by 27. The adopted idea is to convert HR measure-
ment into a model identification problem. For this purpose,
a suitable parametric representation of the waveform has to
be formulated and fitted to the incoming samples of the

PPG signal, considering a sliding time window. The structure
of such representation must be able to capture the most
significant information from the analyzed waveform, so that
the instantaneous HR can be extracted from its parameters.

According to this approach, the starting point is to analyze
the shape of a typical PPG signal that, unfortunately, depends
on several factors, both physiological (individual’s health, HR,
respiration rate, blood pressure, arterial stiffness, etc.) and
sensor-related (sensor type, body measurement site, quality of
sensor-skin contact), some of which are likely to change during
the recording [14]. Nevertheless, a general yet straightforward
mathematical model can be used to represent a clean PPG
waveform s(t) in a time window of a few seconds. Remem-
bering that it is a quasi-periodic signal, it can be written as the
sum of H harmonic oscillations with time-varying amplitudes
and phases, in addition to a slowly-varying offset, which can
be considered as the 0™ order harmonic. It is worth stressing
that neglecting such amplitude and phase modulations of the
components (namely adopting a stationary signal model as
it happens in FT-based approaches) would typically result in
gross approximation. Therefore, we have

H
s(t) = Z ap(t) cos (hwit + @ (t)) (1)
h=0

where ap(t) and @p(t) (with @g(t) = 0) are the slowly
modulated amplitude and phase angle of the A" order har-
monic component, respectively. Moreover, w; = 27 f1, being
f1 the reference fundamental frequency, which is somewhat
arbitrary (within a reasonable range) for this signal model
formulation. In fact, considering a given waveform, a different
choice for f; would just affect the linear time-dependency of
{en(®)}neqr,...my-

This model contains information about the instantaneous
HR, which is

2

2w dt

Frearn(t) 2 1 <w1 + d¢1(t)> .
In principle, fheart(t) can be estimated by properly fitting the
model (1) to the observed segment of PPG signal. In turn, this
requires parameterizing the time-dependency of amplitudes
and phase angles; however, because of the structure (1), it
would lead to a nonlinear optimization problem, which is not
convenient. Instead, (1) can be rewritten in a different form,
leading to an equivalent representation that is linear in the

parameters. In detail, we have

M=

s(t) = S (e, (t) cos (hwyt) — kg, (t) sin (hwit))  (3)

>
Il

0

(kh(t)ejhwlt =+ Eh(t)e—jhwlt) (4)

I
N =
M=

h=0

having introduced j as the imaginary unit, - denoting complex-

valued quantities and - the conjugate operator, while defining
ke, (t) = an(t) cos (pn(t))
ks, () = an(t) sin (n(t)

) S)
Fa(t) = an()e? " = ke, (t) + jks, (¢)
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which implies k., (t) = ao(t) and ks, (¢) = 0. According to
(3), for a generic time instant ¢ belonging to the analyzed
interval, s(t) is written as the linear combination of sinu-
soidal and cosinusoidal terms at the harmonic frequencies,
whose instantaneous amplitudes are the elements of the set
{ke, (t), ke, (t) Yhego,...,ry- From a different perspective, (4)
decomposes s(t) into pairs of counter-rotating complex expo-
nential terms: one belongs to the underlying analytical signal,
the other is its negative frequency image. The time-varying
parameters defined in (5) can be approximated by truncated
Taylor series of degree Nj, centered in the measurement
instant ¢ = t,,, leading to a TF model for the signal s(t)
that can be written using either real-valued or complex-valued
coefficients, as

H Ny
s() =St~ ti)" (06, cos (hwit) — oy, sin (hwrt))
h=0n=0
(6)
1 H Ny o et s
:g Z Z(t - tm) (Uhme + Thne ) @)
h=0n=0

Recalling (4), the complex-valued coefficient &y, is thus
proportional to the n'" derivative of &y, (t) evaluated in t = t,,.
It follows that o, , and o5, , (namely the real and imaginary
parts of &y, ), proportional to the n'" derivatives of the
respective functions k., (t) and ks, () in t = t,,,, are the P
real-valued TF model parameters to estimate from a segment
of signal having appropriate length, with

H
PZN()+1+QZ(Nh+1). )
h=1

It is worth highlighting that a proper choice of fi, so
that {@n(t)}heqa,.. sy exhibit rather small variations in the
observed time interval, enables achieving good results with
lower-degree expansions, resulting in a simpler and more
robust model structure. On the other hand, small errors in
selecting f; with respect to the optimal value have minimal
impact on the results, as will be shown in Sec. IV-C.

It is usually convenient to define a window containing an
odd number of samples, 2L + 1, with the measurement instant
t,, corresponding to the central sample. In this way, the real-
valued coefficient formulation (6) of the TF model can be
written in the discrete-time domain and in matrix form as

000,0
$(tm + LTs)
s = : =C- |7l hr 9
S(tm - LTG) e
_USH,NH_

where T is the sampling time and C is a known matrix, once
f1and {Np}peqo,....my are fixed, written according to (6), thus
reflecting the structure of the adopted TF model. Moreover, s is
the column vector of the samples, while r is the column vector
of the residuals, containing the deviations between samples
and their corresponding reconstructions from the model. Both

parameters and residuals depend on the measurement time t,,,
which is here omitted for the sake of a lighter notation.

Provided that 2L +1 > P and that C has full column rank,
the best estimates &, , and &, , (with h € {0,..., H},
n € {0,...,Np}) of the unknown model parameters can
then be calculated from the samples of the measured PPG
signal Spmeas(t), as the solution of a linear least squares (LS)
optimization problem, which is

G = argmin ||r|| = argmin||s — C - o|| (10)
o o
with ||-|| indicating the Euclidean norm. Its solution is
G ]
~ Smeas (tm + LTs)
§= || =D (11
Ts1,0
Smeas(tm - LTe)
_&SH,NH_

where D is the pseudo-inverse of C (T indicates the transpose),
namely
D=(CT.-C)'.Cm. (12)
The TF approach is applied to the PPG signal using a sliding
window, moved by one sample at a time, so the instantaneous
values of the harmonic amplitudes and phases can be estimated
for each point, at the center of the window. In particular, the
time evolution of a TF model parameters results from the
convolution between the rows of D and the incoming samples.
Matrix D can be partitioned as

D= [dCO,O e dCH,NH dSl,o dSH.NH]T - (13)

Therefore, vectors d., , and ds, , contain the coefficients
of the finite impulse response (FIR) filters that allow es-
timating o, , and oy, ,, respectively. In turn, considering
the complex-valued formulation (7) of the TF representation,
On,n 1s obtained by processing the samples with a FIR
filter whose complex-valued coefficients are the entries of
dpn = d.,, + jds, .. Moreover, an estimate fhear(tm)
of the instantaneous HR can be obtained according to its
definition (2), based on the measured phase derivative of
the fundamental component. Importantly, in the center of the
window (t = t,,), such phase derivative depends only on the
0" and 1% degree coefficients of the Taylor polynomial. In
fact, assuming N7 > 1, we have

d@l(t) _ &51,1601.0 - 681,0&01,1 _ R} [5-171(21,0]
dt |,_, 630 T2, EE

(14
where éh,n and gy ,, are the estimates of 73, and g .,
respectively and ' [-] indicates the imaginary part operator.
Estimating the instantaneous HR through (2) and (14) offers
the potential advantage of better time resolution and no IBI
quantization error, compared to the traditional time-domain
estimation from the distance between the end points of the
diastolic phase of the PPG signal.
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A. Analysis of Computational Complexity

HR estimation through TF approach requires solving (10)
for each measurement instant. The sought estimate ¢ is found
as in (11), i.e., computing the pseudo-inverse D and applying
it to the vector of samples s. The latter step is equivalent
to the application of a bank of FIR filters that extract the
components of interest from the waveform. In particular, since
the HR corresponds to fiear, only the entries corresponding to
the fundamental and its derivative needs to be obtained, thus
using only the four rows of D given by dlm, d;yo, dlm, and
dT  as the taps of four FIR filters. Filtering computational
complexity is O(Ng), with Ny = 2L + 1 being the number
of samples used around each measurement instant, and thus
depends on the adopted window duration and sampling rate.

The computation of D is usually achieved through the
Householder QR decomposition of C and the number of
floating point operations (flops) thus depends on Ng and on
the number of parameters P. Typically P < Ng and, under
this assumption, the main contribution in terms of flops is
proportional to P?Ng, thus again O(Ng). It is important to
underline that D is computed only once for the entire signal (or
for a long segment of the signal, as required by the considered
TF model update strategy), thus its computational load can be
almost neglected at runtime.

Finally, once the estimates o, ,, 0s, 4, O¢,,, and 0, , are
obtained through the four filters, respectively, fhem(tm) is cal-
culated combining (2) and (14), with negligible computational
impact.

IIT. DATA COLLECTION

For an initial feasibility study, the proposed TF approach
has been applied to PPG signals collected from the Empatica
E4 wristband, worn by a healthy subject (male, 37 years old)
while sleeping at night, for five consecutive nights. The E4
is a state-of-the-art device equipped with a PPG sensor, an
electrodermal activity (EDA) sensor, a 3-axis accelerometer
and an infrared thermopile. It has been used in many research
works, including studies on the accuracy of wearable devices
[12], [13], [15]. Alongside the E4, the subject wore also the
Shimmer3 ECG unit, a wearable five-wire ECG device, with
configurable sampling rate (a 250 samples-per-second rate
was used for these tests). A schematic illustration of the two
devices and their positions on the body is shown in Fig. 2.

The E4 PPG sensor combines green and red light, and
measures the light reflected from the skin on the wrist. The
measured light during green exposure contains most of the
information on the pulse wave, whereas the measured light
during the red exposure provides a reference that is said to be
used to cancel movement artifacts, although this technique is
not completely effective. The output PPG signal is obtained
using a proprietary algorithm, whose details are not known,
apart from the fact that it removes the mean value and
it introduces a fixed time delay of 1.125 s, which can be
corrected offline; the sampling rate of the signal is 64 samples
per second.

Each recorded signal is around 7 to 8 hours long. The
sleep condition offers the advantage of producing a recording

Shimmer3 ECG unit
-

Empatica E4

Fig. 2. Schematic illustration of the data collection setup, showing the
Shimmer3 ECG unit on the chest and the Empatica E4 wristband on the
left wrist.

relatively free from movement artifacts, although some occa-
sional movement takes place, which changes the orientation
of the device (as can be seen from the accelerometer reading)
and possibly the sensor-skin contact pressure. This, in turn,
produces intervals with different signal quality. The proposed
method has not been tested on signals affected by larger
movement artifacts (such as those recorded during physical
exercise), because large portions of those signals would have to
be discarded, unless artifact removal techniques are employed,
which are outside the scope of this paper. This challenge is
common to most signal processing technique, thus it does
not represent a specific limitation of the proposed method. In
principle, the TF approach for HR estimation can be applied
to PPG signals under non-rest conditions too, as long as they
are sufficiently clean, because the dynamic characteristics of
the HR on the short time windows of the TF analysis remain
dominated by the effect of respiration, the so-called respiratory
sinus arrhythmia (RSA), which shows similar patterns in rest
and non-rest conditions. Other dynamic characteristics of the
HR will be different in the two scenarios, but they manifest
themselves only on longer timescales, so they are largely
irrelevant to the TF analysis.

The IBI values are calculated by the E4 software as dif-
ference between two consecutive end points of the diastolic
phase, as illustrated in Fig. 1, when the signal quality is good
enough to allow identifying those points with high confidence.
The IBI calculated during one typical night recording is shown
in Fig. 3 and compared to the IBI calculated from the ECG
signal, much less sensitive to movement artifacts and other
disturbances. Fig. 4 shows the spectrogram of the PPG signal
for the same recording, calculated over 5-minute windows,
together with the overall Fourier spectrum and the value of the
peak (fundamental) frequency over time. Fig. 4 also shows that
the PPG signal is non-sinusoidal, with at least four harmonics
clearly visible in some intervals. Distinct spectral components
at frequencies below the fundamental one also seem to appear
at some times (the same feature is observed also in other
recordings). Those components may be associated with the
respiratory rate and its modulating effect on the heart rate,
but their origin is not investigated further in this paper. It is
worth noting, however, that the proposed TF approach could
be easily adapted to include also other frequency components
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IBI from PPG (s)

acceleration (g)
=]
—

IBI from ECG (s)

time (s) «10%

Fig. 3. Top: IBI values (black dots) estimated by the E4 software; the red
bands indicate the intervals where the signal quality did not allow a successful
estimation of the IBI, and they represent 28 % of the total recording time.
Middle: acceleration along the three axes (x-blue, y-red, z-yellow), measured
by the E4 accelerometer. Bottom: IBI values estimated from the ECG signal.
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Fig. 4. Top: spectrogram of the PPG signal, calculated with a time resolution
of 5 minutes (300 s). Middle: overall spectrum of the PPG signal. Bottom:
peak (fundamental) frequency in each 5-minute window, used as fi estimate
in the TF model.

in the model, if necessary.

IV. TF MODEL SETTINGS AND PERFORMANCE ANALYSIS
A. TF Models, Fitting and Filtering

As explained in Sec. II, measuring the HR with the proposed
approach firstly requires evaluating the TF model parameters,

namely &1, and &1 ; in the complex-valued formulation. Both
of them are related to the fundamental component: according
to (4) and (7), they correspond to k1 (¢) and its first derivative
evaluated in t = ¢,,,. Moreover, the estimates come out from
(11) as the result of a LS model fitting. Therefore, results are
as good as the signal approximation by the TF model (6) in
the considered time window. This reveals that the TF model
configuration must be carefully selected, based on the expected
features of typical PPG signals.

From a different point of view, 01 o and &1 ; are obtained by
processing the samples with two FIR filters, whose coefficients
are the elements of 8170 and 51171. Recalling (12) and (13),
the structure of the TF model directly affects the frequency
responses of these filters, which are d; o(jw) and d; 1 (jw),
respectively.

For a predetermined filter length of 2L + 1 samples and
sampling interval T}, increasing N7 > 1 (namely the Taylor
expansion degree for the fundamental component) results in a
wider passband centered on f;. On the one hand, this enables
tracking faster variations of the parameters, while better coping
with instantaneous HR values that differ from f;. On the other
hand, an unnecessarily broad passband increases the sensitivity
to noise and disturbances.

Including the generic A" order harmonic (h # 1) in the TF
model with a N, degree expansion introduces N}, + 1 zeros
at frequencies h f; and —h fi in the filter responses. Therefore,
this enhances the robustness of fundamental-related estimates
with respect to spectral interference from frequency compo-
nents located near hf1. The drawback is that the magnitudes
of the sidelobes generally increase, leading to worse rejection
of noise and disturbances at frequencies not considered in the
TF model.

B. TF Model Configuration and Filter Responses

From the preliminary analysis of PPG signals, the spec-
trograms suggest that their spectral content is essentially
bounded below the 7™ order harmonic; therefore, H = 7 has
been selected. The Taylor expansion degree should be chosen
together with the window length, as a longer window will
require a higher expansion degree to follow the relevant HR
dynamics. A window length corresponding to approximately
4 heartbeats was empirically determined to be an appropriate
choice for all signals considered in this work. Given this
window selection, N1 = 3 is large enough for capturing most
part of the HR dynamics; the same expansion degree has been
selected for the other included harmonics.

The offset is supposed to have already been removed from
the signal by the E4 software, but no information about the
adopted algorithm is available from the manufacturer. There-
fore, it is safer to still include the zero-frequency component
in the TF model, as it may not have been completely canceled.
However, given its very low expected amplitude, the degree
of its Taylor expansion has been limited to 1 (i.e., Ny = 1).
With these selections, the TF model structure includes a total
of 58 real-valued parameters, to be estimated from 257 signal
samples.

Adopting f; = 1Hz as a typical HR value and considering
the previous choices (in particular, an observation interval of
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Fig. 5. Magnitude responses of the FIR filters for estimating the complex-
valued parameters 61,0 (red) and 71,1 (blue). The inset shows the trends near
f1 =1Hz.

4's plus one sample), the frequency responses JLO(jw) and
dy1(jw) of the FIR filters can be derived; their magnitudes
are reported in Fig. 5. The two zeros at 0 Hz and the multiple
zeros that enable mitigating interference from harmonics up
to the 7™ order are clearly visible. Four zeros are also located
at —1 Hz, thus suppressing the impact of the counter-rotating
complex exponential term corresponding to the fundamental
component (see (4)). The inset shows the flat passband of
|d10(jw)| centered on f; and the linear trend of |dj 1 (jw)]
with slope close to 27, since the latter behaves like a partial-
band differentiator in the neighborhood of f;.

C. Performance Analysis

Once the TF model has been configured, it is worth inves-
tigating the accuracy that can be achieved in estimating HR
through (2) and (14), using benchmark signals that mimic, in
a simplified but useful way, some possible non-ideal situations
that may happen in real-world applications.

In general, HR differs from f;, which is the assumed
fundamental frequency value adopted in the TF model. It is
important to quantify the resulting HR error (HRE), defined as
the difference between estimated ( fheart) and actual (fpear) HR,
when the signal parameters are estimated using the proposed
TF approach. For this purpose, the test signal

s1(t) = Acos (Wheartt) (15)

is introduced, with wheay = 27 fhearr- Recalling (2) and (14),
it is possible to obtain an approximated analytical expression
for the resulting HRE, assuming that wpey falls within the
passband of the FIR filter for extracting &1, (otherwise
unacceptable errors occur). Under this hypothesis, HRE is the
superposition between a constant and a sinusoidal contribu-
tions. Its peak value is

S(d}@ (jwheart))
2R (d1,0(jWheart))
n |d1 1 (_jwheart)dl,o(jwheim) — d1.1(jwneart)d1,0(—jWheart)|

27T|d170(.jwheart) |2

HREpeak ~ fl - fheart +

_|_

(16)

0.1
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Fig. 6. Peak heart rate error as a function of its deviation with respect to fi:
comparison between simulation results (blue, solid) and analytical prediction
(red, dashed) under sinusoidal conditions

Fig. 6 shows the peak HRE achieved by the adopted TF con-
figuration as a function of the deviation A fyeart = fheart — f1-
Moreover, it compares the simulation results to the values
predicted using (16), highlighting the excellent agreement. The
adopted TF model guarantees good robustness with respect
to HR values differing from f;. Thanks to the 3" degree
expansion of the fundamental term, HRE..x is very flat for
|A fheart|] < 0.1Hz (its value is lower than 1 mHz) remaining
below 14 mHz for frequency deviations up to 0.2 Hz.

In practical applications, the PPG signal $pe,s(t) does not
contain just the fundamental term at frequency fhear, but it is
the superposition of several narrowband components. Among
them, harmonics (characterized by frequencies multiple of
fneart) have the largest magnitudes, as highlighted in Sec. III,
but other non-negligible components may also be present. For
this reason, it is of paramount importance to test the robustness
of the proposed HR measurement method with respect to
additive narrowband disturbances. A test signal is defined for
this purpose, composed of a sinusoidal term at frequency
fheat = f1, representing the useful part, and a sinusoidal
disturbance whose frequency is fy # f1. Its expression is

s9(t) = Acos (wit) + Agcos (wat + pa) (17)

with wgy = 27 fy. Even in this case, under the assumption
Adldy 0(jwa)| < A, it is possible to obtain an approximated
closed-form expression for the corresponding HRE. It has a
sinusoidal time evolution, with peak amplitude given by

Aq

HRE ek =~ Jg (wq) A

1 _ _
Ja(wa) = 5= (JduiGwa)l + ldia(=jwa)l) — (8)

thus proportional to the ratio between A, and A (i.e., the rela-
tive amplitude of the disturbance), with a sensitivity coefficient
Jd (wd).

Fig. 7 reports J4(w,) as a function of the frequency sepa-
ration between HR and disturbance (namely A f; = fq — f1),
when it is larger than 0.75 Hz; this means that f; is swept from
0 to 0.25Hz, and from 1.75Hz up to the Nyquist frequency.
Firstly, Jg(wq) resulting from (18) is compared to that obtained
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(blue, solid) and analytical prediction (red, dashed)

from numerical simulations (A; = A is considered), obtaining
a very good match. Moreover, the beneficial effect of having
included the set of frequency components {Afi}neq2,... 7}
in the TF model is evident. In fact, recalling Fig. 5 and
(18), the multiple zeros in JM( jwgq) (and the resulting broad
stopbands) heavily mitigate the HRE contribution induced by
the presence of harmonics. HRE sensitivity is maximum at
Afy = —0.75Hz (its magnitude is about 0.15Hz) and as-
sumes a local maximum around A f; = 1.5 Hz. Nevertheless,
the spectrograms of the PPG signals discussed in Sec. III show
weak spectral content both at very low frequencies and in
between the harmonic grid.

V. TF-BASED HR MEASUREMENT RESULTS AND
ECG-BASED VALIDATION

The TF approach introduced in Sec. II has been applied
to the signal described in Sec. III, with the empirically-
determined model configuration explained in Sec. IV, i.e.: a
window length approximately equal to 4 heart beats (rounded
to an odd number of samples), 7 harmonics (H = 7), a 3rd.
degree Taylor expansion for all non-zeroth order harmonics
(Np, =3, for h € {1,...,H}), and 1%-degree expansion
for the O™-order harmonic (Ny = 1). The window length is
kept fixed for the entire signal, and it is determined based on
the average HR, calculated by applying the FT to the entire
signal. However, to obtain a more accurate estimate of the
fundamental frequency f; used in the TF model, its value is
updated every five minutes, based on the calculation reported
in Fig. 4. A more accurate local estimate of f; is not required,
because the TF approach is sufficiently robust with respect to
small errors in its selection, as noted in Sec. II and thoroughly
analyzed in Sec. IV-C. A summary of the main steps involved
in the calculation of the instantaneous HR and its average
during each heartbeat is reported in Algorithm 1.

To assess the robustness of the TF results, the HR at each
time instant is computed also using a model with only 6
harmonics (H = 6), and the absolute difference from the
previous result with /I = 7 is calculated, as shown in Fig. 8.
The expectation is that, when the signal is almost stationary,

Algorithm 1: TF-Based HR Estimation Pipeline
Input: PPG(t), ECG(t)
Output: HR(t), TF-H Ry,
Segmentation: Divide PPG(t) into non-overlapping
5-minute segments with & samples each:

PPG;(t) = PPG{ti—1)k+1,--->Lik },

2 Obtain HR(t): {

sfori=11t M do

4 Compute: f; 1 = argmaxy |[FFT(PPG;(t))[;

5 Apply TF with window length ~ 4 heartbeats,
No =1, {Nn}tnep

-

i=1,...,M

..... =3, H=6,T;

6 Obtain HRi,H:6(tk) and HRi7H:7(tk) )

7 if |HRi’H=7(tk) — HRi,H:G(tk” > (0.002 Hz then
8

9

‘ discard t;;
end
10 else
1 | Save HR; p—z(ty);
12 end
13 end

14}

15 Obtain TF-H R,,: {

16 Detect time instants of R-peaks R, from ECG(t);
17 Let T), = {ty € [Rp, Rpt1]}s

18 Let T = {t}, € T}, | tx not discarded};

19 for each interval [R,, R, 1] do

20 | if T, # T}, then

21 Min. tol.: discard the entire interval;
22 Makx. tol.:
TF-HRugp = iirsy > HRim=r(ty);
Pt eTy
23 end
24 end

25}

not excessively distorted and clean from external disturbances,
the HR estimation will be almost identical in the two cases,
and any of the two estimates could be used as the final HR
estimate, but the one from the more complete model (H = 7)
is preferred, as it is likely to be slightly more accurate. On the
other hand, a larger difference may indicate a higher distortion
(caused by a sudden transient or external disturbances) or a
stronger noise superimposed onto the signal. An empirically
determined threshold of 0.002 Hz is chosen for the absolute
difference, to identify the results (below the threshold) that
are highly likely to be accurate. In the considered signal,
reported in Fig. 8, 94.4 % of the HR samples are deemed to
be acceptable, according to this criterion (i.e., the difference
between results with 6 or 7 harmonics is below the 0.002 Hz
threshold), and similar figures are obtained also for the other
recorded signals in this study. It is interesting to note that, in
many cases (but not always), the samples above the threshold
correspond to the parts of the signal where the E4 could not
calculate the IBI because the signal was not clean enough.
However, there are also many time intervals where no IBI
values are available, but the TF results appear to be acceptable,
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Fig. 8. Raw PPG signal (black) and absolute difference between the TF-
estimated HR with H = 6 and H = 7 (magenta); the cyan horizontal line
indicates the chosen threshold of 0.002 Hz, while the red bands (same as in
Fig. 3) indicate the intervals where the E4 software could not estimate the
IBI because of the poor signal quality, for comparison.

according to the adopted criterion, as discussed in more details
at the end of this section.

A. Comparison to ECG

The ECG signal recorded alongside the PPG is used for the
validation of the proposed approach, as the HR estimated from
the ECG is expected to be more accurate and can be adopted as
a benchmark in this work. However, the comparison between
ECG and PPG presents a challenge, because of the time delay
between the two signals. First, the two recording devices
have different and independent clocks, which may introduce
a time misalignment between the signals; second, and more
important, there is a physiological time-varying delay between
ECG and PPG, which means that any attempt to synchronize
the two clocks would still not remove the issue and, therefore,
is not worth pursuing.

The inherent lag in PPG signals compared to ECG is
well-documented, as it results from the time required for the
blood pressure wave to travel from the heart to the peripheral
measurement site. This lag is crucial for accurately aligning
PPG and ECG signals. Pulse Transit Time (PTT) refers to the
time that the pulse wave, generated by the heart’s contraction,
takes to travel from the aortic valve to peripheral sites. Pulse
Arrival Time (PAT) includes both the pre-ejection period (PEP)
— the interval from the onset of ventricular depolarization (the
Q part of the QRS complex in ECG) to the opening of the
aortic valve — and the PTT, as illustrated in Fig. 9. In practice,
PAT is often measured from the R peak of the ECG, as it is
more clearly identifiable than the Q wave, to the midpoint of
the PPG pulse. This approach is preferred because the peak
or foot of the PPG pulse can be more susceptible to motion
artifacts, which may introduce significant errors [30]. PAT can
be determined by recording ECG and PPG simultaneously, and
studies in the literature have shown that average PAT values
vary significantly depending on the chosen reference point and
exhibit beat-to-beat fluctuations [31]. In principle, by shifting
the PPG signal to account for the PAT, the PPG and ECG
can be synchronized, enabling more accurate comparisons.

PPG

ECG

1A
\;‘ \'1

Fig. 9. Illustration of Pulse Transit Time (PTT) and Pulse Arrival Time (PAT)
in generic ECG and PPG signals.

However, the PAT is not known in this work, so it will have
to be empirically determined. Due to the time-varying nature
of the PAT, and possibly also of the clock drift between the
two wearable devices, the optimal time shift is re-calculated in
every S-minute interval, according to the procedure described
below.

The HR measurement from ECG (ECG-HR) is obtained
from the distance between consecutive R peaks, and therefore,
it is an average HR in each R-R interval. For a meaningful
comparison, the HR derived from the PPG according to the
proposed approach (TF-HR) is averaged in the same interval,
and the error is calculated as the difference between that
average value and the ECG-HR. In each R-R interval, the TF-
HR may include some samples that are deemed not acceptable
according to the criterion explained above (and illustrated in
Fig. 8), and should therefore be discarded. Two options are
available in this case: the most conservative approach is to
completely discard the TF-HR in the entire R-R interval that
contains at least one non-acceptable sample; on the other hand,
the least conservative approach is to discard only the non-
acceptable values and calculate the average TF-HR in the R-
R interval based on the remaining samples. In either case, the
error (difference) between the averaged TF-HR and the ECG-
HR is aggregated over a 5-minute interval, by calculating the
root mean square error (RMSE). This RMSE is used as the cost
function in the optimization process to determine the optimal
time shift between ECG and PPG that minimizes the RMSE.
The resulting (minimized) RMSE values in the most and least
conservative cases are plotted in Fig. 10. With the most con-
servative approach, the RMSE varies from less than 0.01 Hz
to around 0.05 Hz, calculated based on a total of 74.4 %
acceptable R-R intervals in the entire signal; it is interesting to
note that this percentage is in line with typical percentages of
IBI values calculated by the E4 software (72 % in this case).
On the other hand, the least conservative approach allows
comparing HR values for almost all R-R intervals, but the
RMSE increases up to around 0.15 Hz in some parts of the
signal. These results suggest that the proposed TF approach
can provide very accurate measurements, when discarding a
number of R-R intervals comparable to those discarded by
the E4 software, or it can provide more complete information
across the entire signal, if a larger error is accepted.
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Fig. 11. Top: Clean 1-minute extract of the PPG signal. Bottom: Instantaneous
TF-HR (black line), compared to the ECG-HR (red dots) and the HR
calculated as inverse of the IBI provided by the E4 software (blue dots).

B. High-Frequency HR Oscillations

An important benefit of the proposed TF approach, as ex-
plained in Sec. II, is that it allows estimating the instantaneous
HR with better time resolution than that provided by the IBI,
without the quantization error that affects the IBI. This is
exemplified in Fig. 11, showing a clean 1-minute extract of
the signal, where the instantaneous TF-HR is compared to
the ECG-HR and the inverse of the IBI provided by the E4;
the time instant associated with each ECG-HR sample is the
middle point between the two corresponding R peaks, and
similarly for the E4’s IBI samples. In this 1-minute extract,
all E4’s IBI values are present, and all TF-HR values are
acceptable according to the criterion illustrated in Fig. 8. The
results shown in Fig. 11 confirm the excellent accuracy of
the TF-HR, possibly even better than the E4’s IBI in this
case, but they also reveal how the finer time resolution of
the TF-HR allows a better visualization of the high-frequency
HR oscillations, typically caused by the respiration’s effect on
the parasympathetic system activity (RSA). Such a finer time
resolution may be beneficial for the HRV analysis, although
HRV is not explicitly investigated in this paper.

“ il \“' h fi U-! M ’ l'L ll ’LH

§ 0||||"II||‘ Illlll | | H

1111 Hi“n\ mu \HH\ hfm il
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Fig. 12. Top: 1-minute extract of the PPG signal, deemed by the E4 software
to be of insufficient quality for the IBI calculation. Bottom: Instantaneous TF-
HR (black line), compared to the ECG-HR (red dots). The red bands mark
the time instants when the TF-HR is deemed to be not acceptable, according
to the criterion illustrated in Fig. 8 (but it is still plotted).

Interestingly, a similarly accurate TF-HR measurement is
obtained also in some intervals where the E4 software could
not calculate the IBI. An example of this is the 1-minute
extract reported in Fig. 12, where the PPG signal is visibly
distorted and contains also sudden changes in both amplitude
and frequency, but the TF-HR is still acceptable according
to the proposed criterion in almost the entire interval, with
few exceptions. The agreement with the ECG-HR is still
remarkably good, even during the fast transients.

VI. STATISTICAL ANALYSIS ON WCS DATASET

The experimental investigation reported in Sec. V was con-
ducted on a single subject, albeit with multiple recordings that
provided similar and consistent results. For a more complete
validation, the proposed method is applied also to a public
dataset. Several benchmark datasets are commonly used for
evaluating HR estimation from PPG signals, particularly by
comparing against ECG-derived ground truth. These include
the TROIKA dataset [32], [33], the IEEE Signal Processing
Cup 2015 dataset [5]-[7], [17], [21], PPG-DaLiA [5], [6],
BAMI-I and BAMI-II [5], CapnoBase, MIMIC II, and UQVS
[34]. Across these datasets, standard evaluation metrics focus
on assessing the deviation of PPG-based estimates with re-
spect to reference ECG-based values, and include Root Mean
Square Error (RMSE), Mean Absolute Error (MAE), Average
Absolute Error (AAE), Average Error, Relative Error, and
instantaneous HR error.

In this study, the Wearable and Clinical Signals (WCS)
dataset was chosen [35], [36], despite being less commonly
used in the literature, because it offers the best consistency
with the signals collected in this work, in terms of PPG
sensor (Empatica E4) and acquisition conditions (movement-
free baseline signals). The WCS dataset contains recordings
from 18 healthy subjects (6 males and 12 females, average
age of 27.6 years, standard deviation of 7), and it is publicly
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Fig. 13. Instantaneous TF-HR (black line) estimated for Subject 1 of the

WCS dataset, compared to the ECG-HR (red dots) and the respiration signal
(green line). The inset shows an enlarged view of a 1-minute interval, to better
appreciate the correlation between TF-HR and respiration.

available on request. Alongside the Empatica E4 recordings,
it includes also ECG and a respiration signal (the elongation
of an elastic patch placed on the chest), both measured by
a clinical device, namely the Thought Technology FlexComp
unit; both signals are sampled at a rate of 2048 samples per
second. For each subject, two 5-minute signals were recorded,
one at rest (baseline) and one during movement. In this study,
only the first one is considered, for consistency with the
conditions of the experimental results reported in Sec. V.

The TF analysis is performed in the same way as described
in Sec. V, and with the same TF model configuration. The
only difference is that, in this case, each signal is only approxi-
mately 5-minute long, so only one value for f; is estimated and
used for the entire signal, which varies in a range from 0.92 Hz
to 1.54 Hz, for the 18 subjects. Similarly, only one time shift
between ECG and PPG is estimated and compensated for the
entire signal, and a unique HR RMSE value is calculated for
the entire signal. It should be noted that the respiration signal is
already synchronous with the ECG, as they are both recorded
from the same unit. The criterion used to determine whether
a TF-HR sample should be accepted or flagged as bad data is
the same as in Sec. V, with the same threshold of 0.002 Hz,
which works remarkably well on all subjects. As before, two
options of minimum or maximum tolerances are considered,
where the minimum tolerance consists of discarding the entire
R-R intervals containing at least one flagged sample, whereas
the maximum tolerance approach discards only the individual
unacceptable samples within the R-R intervals.

The instantaneous TF-HR for Subject 1 is shown in Fig. 13,
while a summary of the results for all 18 subjects is reported in
Table I, in terms of the HR RMSE values introduced in Sec. V,
calculated again in the most and least conservative cases
(indicated as minimum and maximum tolerances, respectively,
in the table). Fig. 13 also shows the respiration signal, which
confirms that the high-frequency oscillations in the TF-HR are
indeed caused by the respiration, as expected: the HR increases
during inhalation and decreases during exhalation.

The results in Table I are generally in line with the results
presented in Sec. V: the percentage of acceptable TF-HR sam-

ples according to the adopted criterion is always well above
90 %, and in most cases above 95 %; the HR RMSE is less
than 0.025 Hz (with one exception) in the most conservative
case and less than 0.09 Hz in the least conservative case; the
percentage of accepted R-R intervals in the most conservative
case is again in line with typical percentages of IBI calculated
by the E4’s software, although the IBI values are not included
in the WCS dataset, so a direct comparison is not possible.

These results reveal that the proposed TF method, with the
same model configuration (i.e., same number of harmonics,
Taylor degree, etc.) and the same criterion to accept or dis-
card samples (including same threshold), can be successfully
applied to a range of PPG signals, collected from different
subjects and with different heart rates, albeit all in rest
conditions.

VII. COMPARISON TO STFT AND HT

As explained in the Introduction, the current state of the
art on PPG signal processing includes two main alternative
approaches to instantaneous HR estimation, namely the STFT
and HT combined with EMD. The former is a frequency-
domain method that relies on a short window of analysis
to approximate an instantaneous HR estimation, whereas the
latter is a time-domain method that provides a truly instanta-
neous HR estimation. Both methods are applied here to the
WCS signals, to illustrate their key limitations, compared to
the proposed TF approach, which essentially stem from the
non-model-based nature of both STFT and HT, as opposed to
TF.

A. Instantaneous HR Estimation Performance

The application of the zero-padded STFT is adapted from
[17]. The window of analysis is set to about 4 heartbeats, like
for the TF method used in this paper, for a more meaningful
comparison. On the other hand, the equivalent frequency
resolution achieved with zero-padding is set to around 16 mHz
(1 bpm), like in [17]. The denoising and smoothing steps
adopted in [17] are not implemented, as they are not required
here, due to the movement-free acquisition conditions.

To better illustrate the intrinsic limitations of the STFT,
Fig. 14 shows a 1-minute extract of a clean part of a PPG
signal (the same shown in the inset of Fig. 13). The top plot
confirms the expectations from the theoretical considerations
already presented: First, there is a smoothing effect which pre-
vents the STFT-HR from fully following the faster variations,
because the STFT-HR is not a truly instantaneous estimate, but
an average over the selected window; a shorter time window
would alleviate this problem, but it would also make the result
more sensitive to noise and spectral leakage. Second, there is
a visible quantization effect caused by the limited frequency
resolution; increasing the zero-padding can help only up to
a certain extent, because it is only an interpolation method,
while the intrinsic frequency resolution remains limited by the
chosen window of analysis. In conclusion, while the STFT-HR
can broadly follow the lower-frequency HR dynamics, it leads
to larger errors in the instantaneous HR estimate, and also in
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TABLE I

SUMMARY OF WCS DATASET RESULTS

Subject | Fundamental | Accepted TF-HR ‘?“eptef R,;R HR RMSE (Hz) ‘?“cep“’;l R,;R HR RMSE (Hz)
no. frequency (Hz) samples (%) mt_erva s (%) w. min. tolerance intervals (%) Ww. max. tolerance
w. min. tolerance w. max. tolerance
01 1.11 98.60 87.46 0.0060 98.58 0.0393
02 1.50 98.75 88.24 0.0106 98.87 0.0101
03 0.92 95.28 43.93 0.0171 98.57 0.0426
04 1.24 94.04 59.09 0.0599 98.66 0.0880
05 1.54 96.28 90.13 0.0234 98.93 0.0536
06 1.42 97.01 84.12 0.0125 98.71 0.0227
07 1.37 98.24 89.56 0.0087 99.13 0.0159
08 1.11 95.95 73.42 0.0143 98.77 0.0293
09 1.17 96.83 88.01 0.0096 98.90 0.0184
10 1.53 94.67 76.55 0.0113 98.56 0.0270
11 1.29 97.45 87.90 0.0068 98.94 0.0165
12 1.09 93.90 62.58 0.0194 98.68 0.0371
13 1.17 98.04 90.45 0.0072 99.01 0.0201
14 1.23 95.62 71.32 0.0146 98.62 0.0310
15 1.23 97.88 85.47 0.0059 98.81 0.0176
16 1.30 96.54 80.16 0.0130 98.84 0.0285
17 1.16 94.88 69.89 0.0167 98.71 0.0339
18 1.27 97.67 86.54 0.0081 98.92 0.0220
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Fig. 14. Comparison between instantaneous HR estimated by TF (black line),
STFT (blue line, top plot) and HT (green line, bottom plot) methods, for a
clean extract of the Subject 1 recording in the WCS dataset. The red dots
represent the HR estimated from the ECG.

the average HR over one heartbeat, as illustrated in more detail
in the next subsection.

The bottom plot of Fig. 14 shows the HR estimated using
the HT, following a similar procedure to what presented in
[21]. The raw PPG signal is decomposed into Intrinsic Mode
Functions (IMFs) using the EMD algorithm, based on iterated
signal envelope extractions. The HT is then applied to each
IMF, and the instantaneous HR is estimated at each discrete
time instant as the frequency (phase derivative of the analytical
signal) of the IMF with the highest instantaneous amplitude,
within a frequency range around the STFT-HR estimate, with
a tolerance of £0.05 Hz. When there is no IMF with an
instantaneous frequency within the specified range, no result
is reported for that time instant. This is the same procedure
adopted in [21], except for the STFT-HR calculation, which
here is based on the STFT implementation described above,

for consistency.

The results confirm that the HT approach overcomes the
main limitations of the STFT (low-pass filtering behavior
and poor frequency resolution), but it leads to much larger
high-frequency oscillations, with consequent large errors in
the instantaneous HR estimation, as well as a large number
of discarded data. This happens because the IMF used to
estimate the instantaneous HR does not correspond exactly
to the fundamental component of the PPG signal; in other
words, the EMD does not separate the PPG signal into its
harmonic components, as it is driven by the signal itself,
instead of being based on a model of the signal, like the TF
method. The lack of a proper signal model is indeed the main
characteristic, common to both the STFT and HT, that limits
their performance compared to the model-based TF method.

B. Average HR Estimation Errors

Even though the main advantage of the proposed TF-HR
estimation lies in its ability to estimate the instantaneous HR
with good accuracy, large frequency bandwidth and low noise,
it is also interesting to analyze its performance when used to
calculate an average HR in each heartbeat.

Sections V and VI already defined the procedure to calculate
the difference (error) between the average TF-HR in each
heartbeat and the corresponding HR value provided by the
ECG. The same procedure is applied to the STFT-HR and
the HT-HR. For a fairer comparison, here no TF-HR data
is excluded. Because of this, however, using metrics such as
the RMSE would not be meaningful, because they would be
largely affected by outliers. Instead, the percentiles of the error
distributions are analyzed.

Fig. 15 shows the box plots of all errors between average
PPG and ECG HR estimates, obtained from the three con-
sidered methods (TF, STFT and HT), for all 18 recordings
contained in the WCS dataset, in the rest condition. All
three methods provide almost perfectly unbiased estimates,
but with noticeable differences in the distribution of errors.
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Fig. 15. Box plots of the errors between average HR estimated from the
PPG and ECG, using the three considered methods (TF, STFT, HT). The red
line represents the median, the blue box the interquartile range, and the black
whiskers the boundary of the distribution, excluding the outliers (red crosses).
Not all outliers are displayed in the plot, for compactness of representation.

The proposed TF method achieves the narrowest distribution,
followed by the STFT and by the HT. The interquartile
ranges (difference between 75" and 25™ percentiles) for the
STFT and HT are 53 % and 100 % larger than for the TF,
respectively. This indicates that the TF approach provides
advantages not only in the instantaneous HR estimation, but
also when used to estimate an average HR over each heartbeat.

VIII. CONCLUSIONS

A time-frequency approach was proposed for the HR es-
timation from PPG signals, based on the TF analysis, well
suited for the quasi-periodic non-sinusoidal oscillations with
time-varying amplitudes and phases, characteristic of PPG
signals. Its key benefit compared to traditional non-model-
based, non-parametric methods is that it provides sample-by-
sample instantaneous HR measurements, without being subject
to the delicate tradeoff between time and frequency resolution
affecting FT-based approaches, or the high-frequency artifacts
and difficult interpretation of HT-based alternatives.

The method was tested on Empatica E4 recordings from a
single healthy subject, during sleeping at night, and further
validated on the publicly available (on request) WCS dataset
including 18 healthy subjects. In both cases, ECG signals
are processed to calculate a benchmark HR from the dis-
tance between consecutive R peaks. Remarkable agreement
was found with ECG-based HR measurements, once proper
time alignment was performed, thus confirming the proposed
method accuracy. Selecting an appropriate window length,
Taylor expansion order and number of harmonics allows an
excellent fit of clean parts of the signal, and a model mismatch
criterion has also been proposed to identify noisy or highly-
varying (affected by movement artifacts or other disturbances)
portions of the waveform. In the clean parts of the signal, the
estimated instantaneous HR is in very good agreement with
the IBI measurements provided by the E4 software, with the
advantage of better time resolution and no quantization error.
Reliable HR estimates are obtained also from some of the
less clean parts of the signal, where the E4 software could
not provide IBI values. Furthermore, the finer time resolution
of the obtained HR sequence allows better highlighting the

known relationship between high-frequency HR oscillations
and respiration (RSA). Quantitative comparison to HR esti-
mates by STFT and HT reveals not only better accuracy and
robustness to noise in tracking the faster HR variations, but
also lower errors in the calculation of average HR during each
heartbeat.

This study was based on signals recorded at rest, free
from large movement artifacts. In case of larger disturbances,
additional denoising pre-processing steps will be required, and
examples of them are already available in the literature. Those
denoising methods are essentially independent of the core
algorithm used for HR estimation, so, in principle, they could
be used with the proposed TF analysis too, though testing this
combination remained outside the scope of the present work.
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