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ARTICLE INFO ABSTRACT
Keywords: The following fully nonlinear attraction-repulsion and zero-flux chemotaxis model is studied:
Chemotaxis
Attraction-repulsion u=V- ((u + 1™~ 'Vu — yu(u + 1)™~1Vo
Nonlinear production +Eu(u + 1ym! Vw) + du— in @x(0,T,,.). (<>)
Bounded

oundedness TV, = Av — (]5(’, v) + f(”) in Qx , Tmax)’

Tw, = Aw — y(t, w) + gu) in 2%(0,T,,,)-

Herein, 2 is a bounded and smooth domain of R”, for n € N, y, &, A, u, r proper positive numbers,
my,my,my; € R, and f(u) and g(u) regular functions that generalize the prototypes f(u) =~ u* and
g(u) = u', for some k,I >0 and all u > 0. Moreover, 7 € {0,1}, and T,,,, € (0, 0] is the maximal
interval of existence of solutions to the model. Once suitable initial data uy(x), Tvy(x), Twy(x) are
fixed, we are interested in deriving sufficient conditions implying globality (i.e., 7,,,, = o) and
boundedness (i.e., [[u(-, D)l = (q) + 10 Dl o) + [0(, Dl oy < C for all 1 € (0, 0)) of solutions
to problem ({)). This is achieved in the following scenarios:
> For ¢(t,v) proportional to v and y(f, w) to w, whenever r = 0 and provided one of the
following conditions
M my+k<my+1, ) my+k<r, (III)m2+k<m1+§
is accomplished or 7 = 1 in conjunction with one of these restrictions
() max[m, + k,my; +1]<r, (ii) max [m, + k,m3 +1] <m; + i,
(iii) m, + k <r and m; +1 < m, +§, @Gv) my +k <m +§ and my+1<r;
> For ¢(t,v) = %‘ Jo ) and y (1, w) = |.(_12\ /o, &), whenever z = 0 if moreover one among
D, (D, (1) is fulfihed.
Our research partially improves and extends some results derived in Jiao et al. (2024); Ren and

Liu (2020); Chiyo and Yokota (2022); Columbu et al. (2023).

1. Introduction and motivations
1.1. Some indications on attraction-repulsion chemotaxis models

The general formulation of an attraction-repulsion chemotaxis model, incorporating logistic sources and linear or nonlinear
productions, can be expressed as follows:
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u, =V - (D)Vu — S@W)Vv + T)Vw) + h(u) in Q2 x(0, Ty

v, = Av — P(t,v) + f(u) in Qx (0, Tpay)s

Tw, = Aw — y(t, w) + g(u) in 2% (0, Ty @
u,=v,=w, =0 on 02 x (0, T,4.),

u(x,0) = uy(x), To(x,0) = Tvy(x), Tw(x,0) = Twy(x) x € Q,

where 2 is a bounded and smooth domain in R”, n € N, and D), S(), T(u), h(u), ¢(t,v), y(t, w), f(u) and g(u) are functions
with specific regularity properties. Furthermore, z € {0, 1} and additional regular initial data uy(x) > 0 and 7vy(x), 7wy(x) > 0 are
provided. The subscript v in (-), denotes the outward normal derivative on Q2 and T,,,, € (0, o] represents the maximal temporal
instant up to which solutions to the system do exist.

This model holds practical significance since it is applicable to studying inflammation in Alzheimer’s disease. In this framework,
microglia secrete both attractive and repulsive chemicals, and the system above describes the overall mechanisms of the involved
quantities. In the specific linear diffusion, sensitivities and productions case (i.e., D(u) = 1, S@w) = yu, T(u) = éu, and f(u) = g(u) = u),
and in the absence of dampening external terms (i.e., hA(u) = 0), for ¢(t,v) = v and w(¢, w) = w in [1] the authors provide insights
connected to gathering mechanisms for (1) and develop numerical analyses within bounded intervals, particularly when = = 0.

1.2. The attractive and the repulsive models

Model (1) results from a combination of these perturbed signal-production mechanisms with aggregative effect
u, =V - (D@Vu—SwWVv)+h(@w) and v, = Ao — ¢(t,v) + f@), in 2% 0, T, 2
and repulsive one
u=V-DwVu+TuVw)+h(w) and tw,=Aw -y, w)+gw), in 2x(0,T,,,)- 3)

In order to properly frame model (1) in the context of biological mechanisms, let us describe it in terms of the phenomena formulated
in problems (2) and (3). The related partial differential equations are primarily employed to depict phenomena involving the
spatial-temporal distribution of unicellular organisms (denoted as u = u(x, t)) within a confined and impenetrable environment (£2,
with (-), = 0 on 0£2). The movement of these organisms is influenced not only by natural diffusion (i.e., V - D(u)Vu), but also by
the gradient of a chemical signal v = v(x,t), referred to as a chemoattractant, which is produced at a rate f(u) and leads to the
aggregation of cells through the cross-diffusion —V - S(u)Vv. Additionally, a chemorepellent w = w(x,1), secreted at a rate g(u),
contributes to the cell repulsion by means of the counterpart +V - T'(u)Vw; moreover, an external source h(u) with both increasing
and decreasing effects on the cell distribution takes part in the phenomena. Naturally, in order to have well-posed systems, some
initial configurations for cell density and chemical signals must be given; these are denoted by u(x, 0) = uy(x), Tv(x,0) = Tvy(x), and
Tw(x,0) = Twg(x).

Regarding model (2), for the specific choice D(u) = 1, S(u) = yu, ¢(t,v) = v, f(u) = u and h(u) = 0 (for which essentially the
chemical signal v increases with u), the natural homogenizing effect of the diffusion might be insufficient to make sure that the cell
density equally disperses in the environment; indeed, the drift/cross-diffusion term (i.e., S(u)) may force the system to experience
a gathering process, resulting in the formation of highly concentrated spikes at some instants. This phenomenon, called chemotactic
collapse or blow-up at finite time, is intimately related to the value ym (being m = [, u, the initial mass of the particle distribution)
and the dimension »n. Mathematically, T,,,,, is finite and the solution (u, v) becomes unbounded at T,,,,.. Notably, when n = 1, blow-up
phenomena are excluded and in this case T,,,, = o and the solution (u,v) is bounded. However, for n > 2, chemotactic collapse
occurs when my surpasses a critical value, herein denoted by m . If my is lower than m ,, no instability appears in the cells’ motion.
These findings are part of broader analyses, which explore existence and properties (globality, uniform boundedness, or blow-up)
of solutions to the boundary-value problem associated to (2), especially in the parabolic-elliptic version (z = 0). Further details can
be found in references such as [2-6] and others.

If in problem (2) we fix D(u) = 1, S(u) = yu, ¢(t,v) = v, h(u) = 0, and = = 1, by replacing the linear segregation f(u) = u with a
nonlinear one of the type f(u) ~ u*, with 0 < k < % (for n > 1), implies (see [7]) that all solutions remain bounded. On the contrary,
when 7 = 0 and ¢(t,v) = ﬁ fQ u, it is known that in spatially radial contexts (see [8]), % plays the role of critical value; indeed,
solutions are bounded for any n > 1 and 0 < k < %, while blow-up phenomena may occur when k > % (As it will be specified below,
the term ¢(t,v) = %I f_Q u influences on the production of v in a nonlocal way: see Remark 1.)

On the other hand, in the case of linear production rate, combining (2) with terms representing population growth or decay,
such as logistic sources (see [9]), seems quite natural. The equation for the particle density becomes

u, =Au— yV-@Vo)+ h(u),

with h(u) generally taking the form h(u) = Au— pu”, where A, u > 0 and r > 1. The mathematical intuition suggests that the presence
of a superlinear dampening effect may lead to boundedness and smoothness. This has been established for large u (especially when
r =2, ¢(t,v) = v, as shown in [10,11] for respectively = = 0 and = = 1). However, for certain values of r > 1, blow-up has been
demonstrated in the parabolic—elliptic formulation, first with ¢(z, v) IIEI fg u for dimension 5 or higher [12] (see also [13] for a

recent improvement), and later even in three-dimensional domains, with r < g and for the choice ¢(z,v) = v (see [14]).
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Finally, moving our attention to the situation where the produced signal w has repulsive consequences on the cells’ motility,
and this corresponds to model (3), to the best of our knowledge no results regarding blow-up scenarios are available. This is likely
due to the repulsive nature of the mechanism, and the existing literature on this topic is relatively limited, as seen in references
like [15,16] which analyse similar contexts.

1.3. An overview on the state of the art for the linear version of model (1)

What we have discussed for the purely attractive mechanism (2) can be also observed for attractive-repulsive models with linear
diffusion and drift terms. To be more precise, when in system (1) we set D(u) = 1, S(u) = yu, T (u) = u, results dealing with blow-up
and boundedness of solutions have been derived for specific expressions of the equations for v and w. We mention two situations,
known in the literature as local and nonlocal models.

The local model: ¢(t,v) = pv, y(t,w) = dw

P The nonlogistic case (h(u) = 0)

> The case 7 = 0: In the case of linear growth for both the chemoattractant and the chemorepellent, i.e., f(u) = au, a > 0,
and g(u) = yu, y > 0, the difference © := ya — &y between the parameters describing the impacts of the attraction and
the repulsion, plays a crucial role. Specifically, when ® < 0 (indicating a regime where the repulsion dominates the
attraction), all solutions to the model are globally bounded in any dimension. Conversely, when & > 0 (emphasizing
now, that the attraction is the dominating effect) and » = 2, unbounded solutions can be detected (for further details,
see [17-21]). On the other hand, for more general expressions of the production laws f and g, and more exactly those
generalizing the prototypes f(u) ~ au*, k > 0, and g(u) ~ yu', | > 0, the following recent results valid for n > 2 apply [22]:
For any a,f,7,6,y >0,and / > k > 1 (or kK > [ > 1), there exists &* > 0 (or &, > 0) such that if &£ > &* (or & > £,), any
sufficiently regular initial datum uy(x) > 0 (or uy(x) > 0 small in some Lebesgue space) leads to a unique classical
solution which remains uniformly bounded in time. Moreover, the same conclusion holds for any «, 8,7, 4, y,& > 0, and
any sufficiently regular uy(x) > 0 if the conditions 0 < k < 1 and / = 1 are satisfied (see also [23] for further improvements
in some situations).

> The case 7 = 1: The research in [19] establishes that in two-dimensional domains, when f(u) = au and g(u) = yu,
sufficiently smooth initial data lead to solutions that are globally bounded in time. This holds true if the condition © < 0
is met (where © = ya — &y) and either

p=6 or -— M / uy(x) < C(R), for some constant C(£2) > 0.
202 Q
Additionally, in three-dimensional ball-shaped domains, [24] highlights the occurrence of blow-up at a finite time under
the condition @ = ya — &y > 0.

P The logistic case (h(u) = Au— pu", A, 5> 0, r>1)

> The case r = 0: For linear rates of the chemoattractant and the chemorepellent, f(u) = au, « > 0, and g(u) = yu, y > 0,
finite time blow-up is proved in [25] under the assumption ® = ya — £y > 0 in n-dimensional balls (n > 3), for some
r = r(n) close to 1 (additionally, also estimates of the blow-up time are given). Otherwise, for nonlinear behaviour of f
and g (f(u) ~ u*, gu) ~ u'), in [26] the authors show, inter alia, that if k < max{/,r — 1, %} all solutions are globally
bounded; the related long-time behaviour of these solutions is studied in [27].

> The case r = 1: For r = 2 and in the three-dimensional setting whenever u is sufficiently large, boundedness and rate of
convergence to constant equilibria are discussed in [28].

The nonlocal model: = = 0, ¢(t,v) = ‘—!12' Jo f), w(t,w) = ‘—!12' Jo 8w

In [29] it is proved, together with other results, that for f(u) ~ au* and g(u) ~ yu' with k > % and k > I, unbounded solutions
can be detected, in absence of logistics. By contrast, also in the case 4 = 0, in [23] the authors show the boundedness of solutions
provided that k </ or k=1 and O := ya — &y <0, orl=ke(0,%)and620.

So far, we only restricted our discussion to linear diffusion and sensitivities in model (1). Conversely, this project aims at
providing results for alike models (both including local and nonlocal effects) involving nonlinear diffusion and drift terms, whose
prototypes are D(u) ~ u™, S(u) ~ u",T (u) ~ u™3, where m;, m,, m; € R.
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2. The nonlinear local and nonlocal models, known results and main claims

From the pure mathematical point of view, our attention is direct to these two systems, one of local type (indicated with (L))
and the other of nonlocal nature, (N):

u=V- ((u + DMV — yuu+ 1™~V + Eu(u + l)mS’IVw) + Au—pu”  in 2% (0,T,,,,),
v, = Av — v+ f(u) in 2x(0,T,,,,)
Tw, = Aw — 5w + g(u) in QX (0, Ty )
u,=v,=w,=0 on 02 x (0,T,,,,),
u(x,0) = uy(x), Tv(x, 0) = 7vy(x), Tw(x, 0) = TWH(X) x e,
and
u, =V ((+ D™™Vu— pu@u+ 1™ Vo + Eu + D™ 7Vw) + du— pu” in 2% (0,T,,,),
0=tv— -~ [ rw+ rw in Qx(0,T,,,).
2] /o
1 .
0=A4w — ﬁ A gw) + g(w) in 2%x(0,T,,,,) %)
u,=v,=w,=0 on 082 X (0, T,,.1)s
u(x,0) = uy(x) x e,
JovGx,tydx = [, w(x,1)dx =0 for all t € (0, T, )

Remark 1. In problem (£), the equation v, = 4v — fv + f(u) describes the local interaction between the involved quantities at
each spatial point x; contrarily, in (N') the nonlocal term ‘—!12' Jo f(u) appears, and it takes into account the entire distribution of u
all over the domain Q. (Naturally, the same observation can be done for the equations related to w.)

Additionally, let us clarify that in the nonlocal model, v and w stand for the deviations of the chemoattractant and the
chemorepellent (and not for the chemicals themselves). Since by definition the deviation is the difference between the signal
concentration and its mean value, it follows that the means of v and w vanish, exactly as specified in the last positions of problem

(N). As a consequence, v and w change sign.

Consistently with the above problems, this paper is contextualized in the framework of a series of results dealing with local
and nonlocal, and linear and nonlinear, attraction-repulsion chemotaxis systems; in particular this research improves and extends
already known analyses in the literature (we will give more details in the sequel).

More specifically, as far as we know, for such discussed fully nonlinear versions, the literature is rather poor; nevertheless, issues
dealing with boundedness and blow-up of solutions have been addressed. More precisely, for problem (£) we mention the works
[30,31], where in the first the authors ensure the boundedness of solutions, for both = = 0 and = = 1, under suitable assumptions
on the data; in the second boundedness and blow-up analyses, in this case for the simplified parabolic-elliptic—elliptic version, are
discussed. For the nonlocal problem (N), and in the context of nonlinear productions, in [32] blow-up scenarios have been detected
for m; € R and m, = m3 = 1; in turn, in the recent paper [33] this result has been extended to the case m; € R and m, = m; € R.
As to the boundedness counterpart, at this point we simply make reference to [34]. (Since in this research we will improve some
results derived in [23,30,31,34], we will spend more words on these papers in the below Remarks 2 and 3.)

2.1. Presentation of the main theorems

In order to present our claims, some positions have to be previously fixed. In particular, here we assume that €, sources f,g
and the initial data u = uy(x), Tvy = Tvy(x) and rw, = Twy(x) are such that

Q cR".neN, is a bounded domain with smooth boundary 92,
f.2 :10,00) > R, with f,g € C([0, 00)), Q)
Uy, TVg, TWwy : 2 — R, with uy, 70y, Tw, € WH(Q);
moreover, we suppose, for a,/,k >0 and 0 <y, <y,
0<f(s)<a(s+ DX and yy(s+1) <g(s) <y (s +1). (5)
Additionally, we will frequently invoke these
Assumptions 2.1. Forn €N, m|,my,m3 €R, k,I >0 and r > 1 let us set:
(A) my+k<my+1; (A my+k<r;, (A3) my+k<m +%; (A my+1<r;, (As) my+1<m +%.

The above preparations allow us to state the following two theorems.
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Theorem 2.2. For t =0, let 2, f,g,u, comply with hypotheses in (4), (5), A, u, y.& .6 > 0 and q > n. Additionally, let one among
(A}, (A,), (As) in Assumptions 2.1 hold true. Then, problems (£) and (N') admit a unique solution

ue CUA x[0,00)) N CHHA % (0, 0)) and v, w € C*(Q % (0, 0)) N LL ((0, o0); W H1(Q)),

loc

such that u is nonnegative and u, v, w are bounded on Q x [0, o). In particular, v, w are as well nonnegative on Q2 x [0, co) for problem (L).

Theorem 2.3. For r = 1, let the remaining hypotheses of Theorem 2.2 be satisfied. Additionally, let one among (A,) and (A,) jointly
with one between (A,) and (As) in Assumptions 2.1 hold true. Then, problem (£) admits a unique solution

ue %2 x[0,0) N C>'(Ax(0,)) and v, w € COUA X [0, 0)) N C>' (2 X (0, 0)) N L ((0, o0); W (),

loc

such that u, v, w are nonnegative and bounded on Q X [0, ).

As anticipated in the introductory part, let us specify in which sense our results improve what known so far in the literature.

Remark 2 (Comparisons with nonlocal problem (N')). Let us make these observations.

P Nonlinear diffusion and sensitivities (m;, m,,m; € R): in [34, Theorem 1.1] boundedness for problem () is achieved for each
of the following cases:
@ my+1<my+k+1and my+k <m +—, @) my+k <mz+1<m +—, (i) max{m, + k,m3 +1} <r <m, +—
It is seen that assumption (A4,) in Theorem 2.2 is sharper with respect to (ii), and (A,) with respect to (iii) and finally, (A53)
with respect to (i).

P Linear diffusion and sensitivities (m; = m, = my = 1): in [23, Theorem 2.3] boundedness for problem (\) is established,
among other situations, whenever:
(@k<I;(b) k=1€(0,2)and 6, := ya —&ry > 0.
Evidently, if from the one hand (a) is recovered from (A,), on the other hand, also in this case some milder conclusions can
be observed: in the specific (A;) improves (b) and provides a further situation where / > 0 and k € (0, %)

Remark 3. (Comparisons with local problem (£)) Even for the local problem, the present analysis gives some more precise insight
in the context of attraction-repulsion chemotaxis mechanisms.

P Nonlinear diffusion and sensitivities (m,, m,,m; € R):

> 7 = 0:In [31, Theorem 3.1 and Theorem 3.5], where the authors consider the problem with linear productions (k =1 = 1),
globality of solutions is carried out for the case m, < mj3, so leaving room for the case m, > ms; in particular, for either
my < my or my = my and Oy = ya — &y, < 0 (naturally, for k = / = 1 we have y, = y,), boundedness is, respectively,
achieved. Indeed, assumptions (A,) and (A;) of Theorem 2.2 can be used independently by the relation between m,
and ms.
Furthermore, Theorem 2.2 extends [30, Theorem 1.3], where only the case m; € R, m, = my = 1 and k,/ > 1 is
addressed; particularly assumption (A;) is less restricted than [30, Theorem 1.3, (i)], since it requires the extra restriction
1 <r<k+1and (A,) provides a further condition. Oppositely, [30, Theorem 1.3, (ii)] coincides with (A,), whereas [30,
Theorem 1.3, (iii)] covers the limit case r = k + 1, not studied in our work.

> 7 = 1: In [30, Theorem 1.1] boundedness of solutions is established, inter alia, if

max{m2+k,m3+l}<m1+Z or max{my+k,my+I}<r (6)
n

are fulfilled. In this way, ((A4,), (A4)) and ((A3), (As)) of Theorem 2.3 coincide with (6), but ((A,), (As)) and ((A5),
(A4)) provide a further scenario towards boundedness.

P Linear diffusion and sensitivities (m; = m, = m; = 1): For © = 0 if we compare Theorem 2.2 with [23, Theorem 2.1], not
only the same conclusion given in the second item of Remark 2 still applies but even [23, Thorem 2.1, (2)] is turned into a
weaker condition. For the fully parabolic case, assumption (A3) and (As) of Theorem 2.3 imply /, k € (0, %), so improving [23,
Theorem 2.2].

3. Adjusting parameters and recalling necessary results

Let us now dedicate ourselves to summarizing some tools which will be used in our reasoning. These are connected to algebraic
inequality and regularity results for Partial Differential Equations.

Lemma 3.1. Let A,B >0 and d,,d, > 0 be such that d, + d, < 1. Then, for all ¢ > O there exists ¢ = ¢, > 0 such that

AY“B2 < e(A+B)+ec.

Proof. The proof can be found in [35, Lemma 4.3]. [
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Lemma 3.2. Let Q C R” satisfy condition in (4), n > 0 and q > max{n, %}.
o Elliptic regularity: Let 8 € (0, 1). If y € C?(Q), then the solution z € C**%(Q) of

{—Az+r/z=v/ in Q,

z,=0 on 09,
is such that
Vz e L®(Q). 7)

Moreover for any ¢, p > 0, there is C, > 0 such that

E/Qz"Sp/Qy/"+Cp</Qy/>q. ®

o Parabolic regularity: Let T € (0,0]. Then, for w € Li([0,T); L)) and z, € W>4(Q) with d,z, = 0 on d<, there exists
Cp = Cp(2,4, |2llyr24q)) such that every solution z € Wli’c"([o, T); L9R) n LY ([0,T); W>9(Q)) of

loc

z,=Az—nz+y in2x(0,7T),

0,z=0 on 022 x(0,7T),
z(+,0) = z, on £,
satisfies
t t
/ eS/ [Az(-, 5)| ds < Cp [1 +/ esflw(~,s)|q ds] foralt e (0,T). 9
0 Q 0 Q

Additionally, if w € L*([0,T); L1(£2)) then

Vz € L®((0,T); L®(R)). (10)

Proof. Relation (7) is an obvious consequence of [36, Theorem IX.33]. For estimate (8), we indicate [37, Lemma 2.2] (and also [22,
Lemma 3.1]) and we point out that the power ¢ may be replaced by any other one larger than 1. (Since ¢ will be chosen arbitrarily
large we preferred to synthesize the nomenclature.) On the other hand, for (9) we refer to [38, Lemma 3.6], whereas for (10)

n

q
we can invoke [39, Lemma 4.1] and the embedding Wl’(n—zm (2) c L*(L), valid for ¢ > n. (The reason why we need ¢ > i is
understandable seeing [38, Lemma 3.6].) []

The following lemma defines crucial parameters; its proof is based on some of the relations fixed in Assumptions 2.1.

Lemma 3.3. Let n, k,I,m;, my, my be as in Assumptions 2.1 and let relations (A;) and (As) be valid. Then, there exists p > 1 such that,
forall p>p, ¢g>1and

ptm -1 ptm—1 ptm =1 ptm -1
L2 2(p+my+k—1) L 2p+my+k-1) 2 2p+mz+I—1) L 2p+my+l-1)
R S N T Sy R e S oy Wy
2 2 n 2 2 n
prm;—1 ptm;—1 ptmy—1 _ ptm -1 ptmy—1 _ ptmy—1 2 )
2 2 2p 2 2 p+q
0,(p) 1= ————, 03(p) == ————, 04(p) ' = ———, o(p) 1= ————,
prm—1 1 1 prm—-1 1 1 prm—1 1 1 +m—1
2 2 + n 2 2 + n 2 2 + n P !
these relations hold:
0<o<l1, (11a)
0< %9 <1, (11b)
0<6,<1, (119
0
0< % <1, (11d)
0<6,<1, (11e)
0
0< % <1, (11
0<6,<1, (11g)
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0
0< % <1, (11h)
0<6;<1, (111

where (11e) and (11f) are valid only for [ > 1.

Proof. First let us consider the function 6(p). Since lim,_,,, 8(p) = 1, we have that 0(p) is definitively positive; on the other hand,
0(p) increases for p sufficiently large so that 1 is an upper bound. Therefore, (11a) is proved. Relations (11c¢), (11i), (11b) and (11d)
follow by means of analogous arguments, once for (11b) and (11d) conditions (A3) and (As) are respectively taken into account.
Let us consider now the functions 6,(p) and o, (p). Relations (11e) and (11f) are consequence of

0
tim 6y(p) = tim 2222 L0y foris 1.
p—o p=o 2 !
In the same way, relations (11g) and (11h) are given for every g > 1.
From all of the above, once the parameters of our problem and any ¢ > 1 are fixed, it is possible to find p > 1 (depending itself
on the parameters and also on ¢) such that the previous relations are complied for every p > p. []

For our purposes and for reasons which will be clear later on, the value of p > p > 1 derived in the above result can be taken
arbitrarily large.

4. Local existence and extensibility criterion

A first necessary step on which our computations have to rely is the local-in-time existence of classical solutions to systems
(£) and (N). The succeeding requirement is, indeed, providing a criterion capable of turning such solutions into global ones. The
following lemma focuses on these two aspects.

Lemma 4.1. For v € {0,1}, let 2, f, g, uy, tvy and tw, comply with hypotheses in (4). Moreover, let y,&, f,8, A, u > 0, m;,my,m; € R,
r> 1, and q > n. Then, there exist T, € (0, 0] and a unique solution (u, v, w) to problems (£) and (N"), defined in 2x(0,T,,,,) and such
thatif =0

u € COUQ %[0, T, ) N CPHR X (0,T,,,,)) and v, w € CHOUQ X (0,T,0)) N L2, (0, T, ); WH(Q)),
whereas if t =1
u € CO2 X [0,T,y00) N CHH (R X (0, T,y )) and v, w € COU2 X [0, T0)) N C2H(2 X (0, ) N L (0, Trp); WH(L)).

The components (u, v, w) of solutions to problem (L) are nonnegative, whereas for (N') only u is nonnegative.
In addition,

if Tpx <co then limsup [lu(-, )]l Lo () = 00 12)

t=Tax

Finally, if u € L*((0,T,,y), L?(£2)) for all p > 1, then u € L*((0,T,,4y), L*(R)) and T,,,, = .

Proof. Existence and uniqueness of solutions can be established using well known techniques based on fixed point arguments and
elliptic and parabolic regularity results: we refer to [40-43].

Let us spend some words on the last implication. Naturally u = u(x, 1), with (x,7) € 2 x(0,T,,,), also classically solves problem
(A.1) in [44, Appendix A] for

D, tu) =+ DM, o) = —yu+ D7 'Vo+ Eu(u+ 1) 'Vw,  gx, 1) = Au— .

Specifically, by making use of the Neumann boundary conditions, we can see that (A.2)-(A.5) are cornplied with. On the other
hand, for any 4,4 > 0 and r > 1, it holds that Au — pu" has a positive maximum L at u,, = ERE , so that from g(x,f) < L in
£ x(0,T,,,) the second requirement in (A.6) is verified for any ¢, > 1. Since, by hypotheses u S L°°((0 T ax): LP(R2)) for every
p > 1, we have that /Q u” is uniformly bounded on (0,7,,,,) for p arbitrary large (without relabelling it) and henceforth conditions
(A.7)-(A.10) are fulfilled. As to the first assumption of [44, (A.6)], if ¢ = 0 in problem (£) (or model (N)), from the obtained
inclusion u € L*((0,T,,,,); L?(2)) we have f(u) € L*((0,T,,,,); L?(£2)), and in turn relation (7) provides Vv € L*((0,T,,,,.); L*(£2)),
and similarly Vw € L%((0,T,,,); L*°(2)). For = = 1 we directly invoke (10); in both cases we have that, for any ¢; > 1,
f € L®((0,T,,,,); L7 (£)). As a consequence of what explained, we have the claim by virtue of [44, Lemma A.1] and the extensibilty
criterion (12). [
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5. Some a priori estimates

In this section we will dedicate ourselves to deriving some uniform-in-time estimates of the previously obtained local solution
the investigated problems. In this framework, from now on we will tacitly assume that

> all the constants ¢; (i = 1,2, ...) appearing below are positive,
> the triplet (4, v, w) indicates the local solution to models (£) or (V) (naturally recognizable from the context), obtained in
Lemma 4.1.

The forthcoming lemmas hold for models (£) and (V).

Lemma 5.1. The u-component is such that the mass [, u(x,t)dx is uniformly bounded over (0,T,,,), more specifically,

1
—
/ u< M :=max / up(x) dx, <i|9|’—1> for all t € [0, Tyy)-
Q Q H

Proof. This property can be proved by integrating over £ the first equation of the models and then by applying the Holder inequality
and ODI comparison principles. []

Lemma 5.2. Let the hypotheses of Lemma 3.3 be valid and let p > 1 be the value therein found. Then, for every ¢,€,,€, > 0 and for every
p > p, there exist some constants cj,cy,c3,¢4,Cs5,cg Such that

-1 +my -1 |2
é / W yprmrl o P / Vu+ 1) ' +¢; on(0,T,,,). provided (A;), (13a)
Q p+m =1 Jo
-1 p—1 phm =112 .
é/(u+1)p+’"3Jr < —2/ |V(u+ N2 | +cy on (0,T,,,), provided (As), (13b)
Q @+m =1 Ja
p—1 pmy—112
@/(u+1)P+’"r1/(u+1)l gg,/(u+1)“’"3”*'+—/ ‘V(u+l)72 +c3 0n (0, Ty (13c)
Q Q Q (p+m —12 Jq
p_l ptmy—1 2
6/(u+ l)”+'"3_1w§£2/(u+1)1’+’”3+1_1 +—/ 'V(u+l)72 +cg 0n (0, Ty (13d)
Q Q (p+m —12 Jo
ptmy—1
prmy =112 703
—/ ’V(u+ D2 <c5—cq (/ (u+ l)”) on (0,T,,,,)- (13e)
Q Q

Proof. Let us show (13a). Under assumption (A3), taking into account (11a), (11b) and the boundedness of the mass (Lemma 5.1),
we can derive through the Gagliardo-Nirenberg, used in its less common version proved in [45, Lemma 2.3], and Young’s inequalities
this bound

2p+my+k—1)
ptmy—1 -1
PN +my+k—1 _ prmy
C/(u+ HPrm =¢|\w+1)"2 Uptmy k1)
Q L rm-lo ()

0 1-6

ptmy—1 ptmy—1 ptmy—1 e
<cy “V(u+l) 2 w+1) 2 2 +|w+1) 2 2
L2(Q) Lrrm=t Q) LPm=T (@)
b
prmi=1 2\ 2 p—1 pm -1 |2
<cg (/ 'V(u +1 2 ) togL ——— / 'V(u+ )2 +c1 on (0,T,,,0).
Q P+m =1 Ja
(We point out that we have made use of
(A4 B)* <25(A*+ B®) forall A,B,s >0, (14)

which we will employ without mentioning it if not necessary.)
Similarly to what we have done before, by supposing (As), estimate (13b) is obtained by applying in this case (11c) and (11d),
so entailing

2ptmy+-1)
prmy =1 || T
PN +my+l—1 _ 1
C/(“ + 1Pt =¢||(u+1) 2 2pmy+i=1)
Q L prmp-l (@)

0, 1-6; ptmy—1

u+1) 2

ptmy—1

<cq19 (”V(u +1) 2

ptmy—1

w+1)" 2

+

2
L2(Q) Lrtm-1 ()

ptmy—1
<cnp (/ 'V(u+ 1) 2
Q

o

o]
_2z
Lp+m1—l Q)
p—1

Al m e, forall
+cjg L ——mm— Vu+1)" 2 +c or all t € (0, T, .
> 12 <p+m1—1>2/g' Wb ’ 2 O )

8
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In order to prove (13c) we distinguish the cases / <1 and / > 1. If 0 < / < 1 the boundedness of the mass, given in Lemma 5.1, and

Young’s inequality yield
@/(u+ 1yP+ms=l /(u+ 1% §c13/(u+ Pl < gy /(u+ Pl L e on (0, T),)-
Q Q Q Q

On the other hand, if / > 1 we first have to introduce ¢ > max {/,m; 4+ — 1}. Subsequently, by applying twice the Holder inequality,

we get by relying on Lemma 3.1
!

e A
e/(u+1)”+’”3“/(u+1)’ <cg [/(u+1)ﬁ+m3+1—1]P ’ [(/(u+1)”>q ]
Q Q Q Q (15)

241
551/(u+1)ﬂ+'"3+’—'+gl (/(u+1)q>” +c15 forall 1 € (0,Tpy,)-
Q Q

Now we focus on the second integral of the right-hand side of (15). By exploiting (11g), (11h) and Lemma 5.1, a combination of
the Gagliardo-Nirenberg and Young’s inequalities gives

Py —
£ </ (u+ 1)") =€, 2
Q P (g
p+m1 1|0 ptmy—1 ||1=0a ptm—1 o2
<ci6 ”V(u +1) w+1 2 + |[(w+1) 2
L2(Q) Lrtm=t Q) LT ()
0y04

=
+c3 on (0,7,,,.),

pimp—112\ "2
Vu+1) 3 P [ Vu+1
Sc"(/g‘ b > T = (p+m1 1)2/' kD2

which plugged in the previous one concludes the proof.
As to (13d), again by means of the Young inequality and relation (8), recalling the definition of g in (5) we can write

1J+m3 1+1
6/(u+1)”+”’3_1w§p/(u+1)"+m3+]—1 +c19/
Q Q Q
prmy+i-1

<p / e+ Dyl / s+, < / g(u)) ’ 16)
Q

ptmy+i-1

552/(u+1)1’+’"3+’-‘ + ¢99 </(u+1)’> ' for all ¢ € (0, T)y)-
Q Q

For / < 1, due to Lemma 5.1 the last integral of the right-hand side of (16) is bounded, and we have

6/(u+1)”+'"3_]w<52/(u+1)"+'"3+1 Vhey on (0, Ty
Q

Instead, for / > 1, by virtue of (11e), Lemma 5.1, and (11f), the Gagliardo—Nirenberg and Young’s inequalities imply

ptm3+i-1
! i p+my—1 1|91
co| [ W+ =cg |+ 1) -
o) Lp+m1—] )
p+ml 1 02 ptmy—1 1_‘92 ptmy—1 it
<co HV(u+l) u+1 2 (u+1 2
L2(Q) Lrtmi—1 Q) LT ()
916

2\ T2
> + co3

pmy—112
Vu+1) 2 ‘+c4 for all 1 € (0,T,,,,,),

ptmy—1
<99 </Q'V(u+l) 2

SL/
(p+m =12 Jo

and we conclude by plugging the bound above into (16).
Finally, let us prove (13e). Taking into account (11i) and Lemma 5.1, a further application of the Gagliardo—-Nirenberg inequality

leads to

/(u+1)1’—

<c24<”w+l)

_»
pmy—1

2p
LT ()

+m1 -1

w+1

2p

prmy—1
_2
Lp+m|—l Q)

2 e
+ 1) on (0,7,,,,)

03 1-63 ptmy =1

w+1

ptmy—1

wu+1)

p+m -1

2
Lp+ml—l Q)

L2(Q)

0
pmy—1 |2 p+l:n13—1 pmy—1
o (s ) e

obtaining the claim after basic manipulations in the previous estimate. []
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Lemma 5.3. For the value of p > 1 found in Lemma 3.3, let for p > p define the functional ¢(t) by
Q1) = / @+ 17,
p
and for j € {m,, m3}, let
u .
Fi() := / a@+ 1P 3 da. a7
0

Then, for all t € (0,T,,,,) and some cyg and cy, it holds

4 pmy -1
(PI(I)S—m/‘V(“‘FD

2

(p—l);(/ sz(u)AU+(p—l)§/ F,,,g(u)Aw—czg/(u+1)"+’_1 + cg0. (18)
Q Q

Proof. By differentiating the energy functional, we have
d0= [ @iyt
/(u+1)1’ WV (@ + D™ Vu) - /(u+1)P 'V (u(u+ 1™ v)
+ 5/(u+ DY (uu+ D™ Vw) +,1/(u+ Pty — /(u+ DPY on (0,T),y,,).
Due to the divergence theorem, the three first integrals on the right-hand side make that the above identity becomes
o =—(p- 1)/(u + )P V2 4+ (p— 1);(/9 u(u + 1P =3vy . Vo
(p—l)e:/u(u+1)l’+mz 3Vu - Vw+/1/(u+1)1’— u— /(u+1)” Y for all 1 € (0,T,,,).

By recalling (17), we rewrite the previous expression as

rooN 4(p
Q== (p+ml_1)2/‘V(M+1)

- 1);(/ VE,, @) Vo-(p- 1)5/ VE,, @) - Vi
Q Q :

+ A/(u+1)p_1u—y/(u+l)p_lu' on (0, T,,,),
Q Q

and again the divergence theorem provides

FooN 4(1’
pN)=m —— orm _1)2 / ‘V( +1) ‘ —(P—1))(/_(2Fm2(u)AU+(P—1)5/91‘","3('4)4'4]

! (u+1)”_1u—,u/(u+l)”_1u', for all 1 € (0,T,,4,)-
Q Q0
The inequality
(u+1)” 1+’</(u+1)1’ 1u’+/(u+1)1’ U on (0,T,,.),

justified by 1r1equa11ty (14), leads to the further bound

’ _ 4(p
@) < p+m1—1)2/‘v(u+l)

-(p- 1)){/ F,,wAv+(p - 1)5/ F,,(wAw
Q Q (19)
+ /1/(M+ 1)”+/4/(u+ - = /(u+ 1y~ for all 1 € (0, T, ).
Q Q 2 Ja
Finally, a double application of Young’s inequality (recalling r > 1) gives
A/(u+ 1’ + ﬂ/(u“' l)p_l /(u+ l)p—l+r +c3p on ©, max)
Q Q

which, in conjunction with inequality (19), leads to (18). [

From now on we will distinguish the analyses for the local problem and the nonlocal one.

5.1. Study of the local problem (L)

Let us separate the elliptic and parabolic cases, i.e., 7 = 0 and 7 = 1, respectively.

10
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5.1.1. The parabolic—elliptic case: T =0

Lemma 5.4. For the value of j > 1 found in Lemma 3.3, let conditions (5), (A,), (A,) and (A;) be satisfied. Then, u €
L¥((0, Ty5), LP(82)) for all p > p.

Proof. The second and third equations in (£) allow the substitution of 4v and 4w in (18), obtaining once nonpositive terms are
dropped

4 my 71 2
@) <- -0 / ‘V(u + 1) ‘ -(p- 1))(/ m, @) (B — )+ (p— 1)5/ F,,, () (6w — g(u))
(p+my —1)? 2 e 7
—Cog / W+ 1P ooy
4( 1) (20)
p—
Gtm = 1)2 / 'V(u+ n—2 ‘ +(p— 1))(/9 Fp, ) f () + c31 /Q F,w —(p— 1)5/9 F,, (w)gw)
—Cog / @+ DM ey on (0, )
Q
With some calculations, by using the definition in (17), we find that
; ptj—1 . ; pj—1 _
Sp+j_1u SF,(M)SP+J._1((14+1) 1). (21
By considering (5), (20), and (21), we have
d<— =D _ / ‘V(u LT g ¢ /(u + yprmkel e, /(u + Dprmly
(p+m; — 1)2
- 034/ AL (TSN ) RN /(u + P 4 e
N + !il 2 (22)
- _de-D / V) 2 +c32/(u+ 1tk +c33/(u+ 1yl
(p+my —1)?

- c35/(u+1)”+m3+l '+c34/(u+1)’—c28/(u+1)” I 4 cpg  for all t € (0,T,,,)

where we have rearranged the term proportional to — f, u?*"~!(u + 1)’ through (14). Let us deal with the two terms [, (u+ 1)’ and
[+ 1Pm=Ly, For every I > 0, we have thanks to the Young inequality that for all ¢ > 0

c
é/g(u+ N < % /Q(u+ 1P~ 4 eg6 on (0, T, (23)
(for I < 1 the boundedness of the mass (see again Lemma 5.1) would provide a sharper estimate), whereas through (13d) applied
with &, < ¢35, from (22) we derive for all 7 € (0,7,,,,)
p+m —1 2
o< —037/ Vu+1)"2 | +egy /(u + 1yprmatk=l oo /(u + 1yprmaH=l % /(u + 1P 4 egq. (24)
Q Q Q

Now we use assumption (A,) to write by Young’s inequality

cgz/(u+1)ﬁ+'"z+k 1 <038/(u+1)”+m*+l Vbeqo on (0,

which, introduced into (24), provides after neglecting the term from the logistic source

2
+c4 forallte(0,T,,,).

m—l

@) < —C37/ ‘V(u+ H 2

The same estimate, up to constants, is obtained with assumption (A,) by controlling _/_Q(u + 1)Prmatk=1 with / o+ 1)»~+_ invoking
the Young inequality, or relying on assumption (A;) by exploiting (13a).
Finally, inequality (13e) yields the initial problem
prmy =1
@' (1) S cqp — cq30(t) ™3 on (0, Tp,4y)»

o)=L / Wy + 17,
PJao
o3

and ODI comparisons arguments ensure ¢(f) < max {(p(O) (C“; )” b=t } forall t € (0,T,,,). [

5.1.2. The parabolic-parabolic case: T = 1

Lemma 5.5. For the value of p > 1 found in Lemma 3.3, let conditions (5), (A,), (A3), (A,) and (As) be valid. Then, u €
L®((0,T,,,), LP(R)) for all p > p.

11
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Proof. We start dealing with bounds for the terms / F,, (w4v and / Fy,(wAw. Relations in (21) and Young’s inequality provide
for all ¢ € (0.

> mux)
+my —1+k

0=z | Fr@avs =1z [ Bl seq [@errmim s [wenrmtlees [ e

and analogously
pmy =1+l
- 1)5/ F,,(wAw < /(u + Dyprmati=l g c46/ |[Aw| T . (26)
Q Q Q

For z =v, n =, v = f(u) (and using (5)) and ¢ =

1 ptmy+k—1
/ eS/ |[dv]  F  ds<Cp <1+/ /(u+1)ﬂ+mz+’< 1ds> on (0, Tan)s 27)
0 Q

and, reasoning similarly for the third equation in model (£),

1 ptmy+i—1 ~
/ eS/ ldw| T ds< Cp <1+/ /(u+1)”+'"‘+’ 'ds> for all t € (0, T),,,)- (28)
0 Q

By substituting (25) and (26) into (18), we obtain
pmy +k 1
/(u+1)l’+mz+k T+ eys /lAvl /(u+1)p+m3+’ !
(29)

4 +m -1
(p’(z)s—(”—/ ‘V(u+1)
p+M3+I 1
+ c46/|Aw| —c28/(u+l)”+’ Utcgg 0N (0, Tppy)-

p“"ZTHH, inequality (9) allows us to write

(p+m; —1)?

Now we add to both sides of (29) the term ¢(¢), and successively we multiply by e’. Since e’ ¢’ (1) + e'@(t) = %(e’(p(t)), an integration

over (0,7) provides for all r € (0,7,,,,)
t _ +m -1 pmoy+k—1
e'o(t) <p(0) + / ¢ <— X-b > / ‘V(u +) 2 / (w+ 1Pl g / ||~ &
0 (p+m —1) ) (30)
prmy+i—1
+/(u+ 1ypma+i=1 +c46/|Aw| T+ —/(u+ 1)P—c28/(u+ Pt +029> ds.
Relations (27) and (28), in conjunction with Young’s inequality (recall r > 1) entail on (0, 7,,,,) once inserted into (30)
! ! A(p—1 pmy -1 |2
< / uP < el p(t) <p(0) +/ e <—("—)2 / Vu+1) 2| + c47 / (u + 1prma+h=]
P Jo 0 (p+m =17 Jo Q (31)

c
+egg /Q(u+1)”"'3*’*1 - %/ﬂ(wl)ﬂ*’*l +c49> ds.

At this stage, analogously to what we have done in the previous lemma, if restriction (A,) is supported with one between (A,) and
(As), Young’s inequality and (13b) make that bound (31) is turned into

e / wP < egg+ces(ef — 1) for all 1 € (0,T,,,,)- (32)
Q

The same procedure applies if we take into account (A;), implying (13a), with either (4,) (by means of Young’s inequality) or
(As), ensuring (13b).
Henceforth, also in this case inequality (32) is derived and as a consequence, in each of the above situations, we conclude that

/ w <csy on(0,7,,) O
Q
5.2. Study of the nonlocal problem (N)

Lemma 5.6. Let the hypotheses of Lemma 5.4 be valid. Then, u € L*((0,T,,,), L?(£2)) for all p > p.

Proof. Starting from relation (18), the second and the third equations in model (N) lead to

4

, (p el (p-1¢
(ﬂ(t)s—m/'w +D) 2 ‘ +(p—1))(/sz(u)f(u)+ o] QFm3(u)/Qg(u)

- (p—l)ﬁ/ F,, (u)g(u)—czs/(M+1)”_1+r+629

< _Hp-b /‘V(u+l) et /(u+l)p+'"2+k The /(u+1)l’+'"3—1/(u+1)’
R P—c) 53 54

- c55/ uPm =l 4 1) —czs/(u+1)p 4 L eag  for all t € (0, T)yy),
Q

12
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where we have taken in mind the properties of F; and f and g fixed in (5) and (21), and dropped nonpositive terms. In turn, thanks
again to (14), we have

, Ap-1) /
HN———-7-—
A —c

—c56/g(u+1)p+”'3+l_l+057/Q(u+1)’—028/9(14+1)"_1+’+c29 on (0, T)py)-

With the aid of estimate (23), by exploiting (13c) with &; < ¢54, we obtain on (0, T},,,,)

ptmy—1 2
Vu+1) 2 ' +cs3/(u+ 1)P+m2+k—1 +c54/(u+ 1)p+m3—1 /(u+ 1)1
Q Q Q

ptmy—1
2

2 C
rp’(t)s—cn/Q'V(uH)_ +cs3 /Q(u+1)"+"’2+"‘1 —Csg /Q(u+1)"+"’3+"1 - %L(u+l)p_l+r+659.

Since up to constants the previous estimate coincides with (24), we can follow the same arguments of Lemma 5.4 to conclude. []

6. Proof of Theorems 2.2 and 2.3

For r = 0, we use respectively Lemma 5.4 and Lemma 5.6, supported by the extension criterion in Lemma 4.1; in this way
Theorem 2.2 is established. Theorem 2.3 is evidently obtained by invoking Lemma 5.5.
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