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Summary

We present a new, simple, and easy-to-implement one-dimensional phononic system whose
spectrum exactly corresponds to the Hofstadter butterfly. The system consists of masses that
are coupled by linear springs and are mounted on flexural beams whose cross-sections (and,
hence, stiffness) are modulated. We show that this system is the simplest version possible
to achieve the Hofstadter butterfly exactly; in particular, the local resonances due to the
beams are an essential component for this achievement. The butterfly emerges when a phase
parameter that controls the spatial frequency of the cross-sectional modulation is varied. We
examine the various approaches to producing spectral butterflies, including Bloch spectra for
rational parameter choices, resonances of finite-sized systems and transmission coefficients
of sections of finite length. For finite-size systems, we study the localisation of the modes by
calculating the inverse participation ratio, and detect a phase transition characterised by a
critical value of the stiffness modulation amplitude, where the state of the system changes
from mainly extended to localised, corresponding to a metal-insulator phase transition. The
obtained results offer a practical strategy to realise experimentally a system with similar
dynamical properties. The transmission coefficient for sections of finite length is bench-
marked through the comparison with Bloch spectra of the same finite-sized systems. The
numerical results for the transmission spectra confirm the evidence of a phase transition in
the dynamical state of the system. Our approach opens significant new perspectives in order
to design mechanical systems able to support phase transitions in their vibrational properties.

1. Introduction

The recent growth in the exploration of quasiperiodic wave systems has been driven by their
ability to support complex, exotic and often fractal spectra. These have the potential to expand
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2 B. DAVIES AND L. MORINI

the design space for dynamical metamaterials and meta-structures beyond classical periodic
configurations, improving their potential in terms of wave control and providing the possibility
to exploit different phenomena in future applications, especially for what concerns the so-
called topological effects (1, 2). One of the most famous examples of a fractal spectrum is
the Hofstadter butterfly (3), which has been the inspiration for a wealth of recent studies
considering the spectra of structured media with incommensurate periodic modulation. These
studies span many different physical domains, including quantum mechanics (4), photonics
(5, 6), phononics (7 to 12) and vibro-acoustics (13, 14), but all seek to obtain images of spectra
that resemble the Hofstadter butterfly when the modulation parameter is varied. This modula-
tion parameter is usually a geometric parameter which characterises the relative phase of the
modulation and captures the system’s periodicity or aperiodicity (typically corresponding to
rational or irrational values, respectively). The modulated spectra typically display fractal and
self-similar properties, qualitatively reminiscent of Hofstadter’s famous butterfly image (3).

In his seminal 1976 paper on the energy levels of Bloch electrons in irrational magnetic
fields (3), Hofstadter obtained the famous }butterfly’ spectral pictures by finding the eigenvalues
& of Harper’s equation (15):

gn+1)+gn—1) + AcosQuen)g(n) = Eg(n), neZ, (1.1)

for different values of the parameter ¢. This is often stated with a phase-shift parameter within
the cosine, as in (3, 15), but this butterfly spectrum does not depend on this parameter whenever
¢ is irrational (16), so we choose to omit it here. As we will see further in this work, varying
the value of 4 can alter the nature of the eigensolutions yielding to states of the system which
have different dynamical properties with respect to the most widely studied variant of (1.1)
corresponding to 4 = 2 [17].

The spectrum of the eigenvalue problem (1.1) has been studied extensively and has led
to some longstanding and notoriously challenging problems in spectral theory (17 to 19).
However, several simple properties of the spectrum have been well known since Hofstadter’s
original work. For example, any eigenvalue € of (1.1) must satisfy -2 -1 <& <2+ 1 and £ is
an eigenvalue if and only if —€ is an eigenvalue.

The main recent interest from the mechanical metamaterials and phononics community in
designing systems with spectra corresponding to the Hofstadter butterfly has been motivated by
the possibility to exploit the fractal nature of these spectra to control different wave phenomena
and optimise the associated dynamical properties. The key to producing this type of phononic
structures is to modulate their parameters sinusoidally, as in (1.1). Several different quasiperi-
odic systems have been implemented with Harper-type modulation on the coupling strengths
(1, 2,7 to 9, 11). In these examples, the coupling strength is typically modulated by varying
the positions of resonators on a homogeneous substrate (such as an elastic plate or beam). This
yields pictures that qualitatively resemble the Hofstadter butterfly, in the sense that they have
a pattern of many different spectral gaps that are shifted when the modulation parameter ¢ is
varied. However, for a system to correspond exactly to (1.1) (such that we are able to leverage
the whole range of mathematical results that have been developed for this operator), we need
to perform “on-site” modulations by varying the locally resonant elements themselves. Only a
few mechanical systems with on-site modulation have been previously proposed, for example
by (13, 14) in arrays of coupled acoustic resonators, by (10) in a LEGO beam, and by (20) in
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HOFSTADTER BUTTERFLIES IN PHONONIC STRUCTURES 3

granular chains with local resonances provided by either an external restitution mechanism or
an internal single-degree-of-freedom resonance.

The other important practical question is, given a model for a physical system (with suitable
modulation), how to generate images reminiscent of the Hofstadter butterfly spectrum from
(1.1). A common strategy in the literature is to compute the eigenmodes of a finite-sized
sample. However, the introduction of boundaries adds additional eigenvalues to the spectrum,
corresponding to edge modes (1, 2, 9, 14). Although these modes, which are localised at one
of the boundaries of the system, are interesting in their own right (e.g. they have interesting
topological properties (1, 2, 9, 14)), it is often desirable to remove them to recover the classical,
unpolluted butterfly. Algorithms have been proposed for identifying edge modes (by studying
their profiles) and removing them from the spectrum (21), but this is computationally expensive
for high-resolution plots. In this article, we will show further how the restriction to rational
modulation parameters ¢ is a computationally efficient way to produce high-resolution butter-
fly spectra. This is because any rational ¢ will yield a periodic system (albeit potentially with
a very large unit cell), meaning conventional methods (e.g. transfer matrices) can be used to
compute the Bloch spectra. We will also show how both these spectra (finite eigenvalues and
Bloch spectra) are reproduced by studying the transmission coefficients of finite-sized sections
of the phononic system, with a resolution that increases with the length.

In this work, we present a new design for a simple phononic system that supports Hofstadter
butterfly spectra. The system we propose can be implemented on a table-top setup using masses
coupled with springs mounted atop beams with varying thickness. We show these systems
are minimal, in the sense that it is not possible to remove any elements and still realise
Hofstadter’s butterfly (in particular, the modulation of the local beam resonances is essential).
We will present a comprehensive theoretical exposition of the problem and survey the different
strategies for making butterfly pictures (Bloch spectra, finite spectra and transmission spectra),
highlighting the differences between the approaches (such as differences in resolution and
tendency to produce polluted spectra). For finite-sized systems, we highlight a transition from
a banded to an unbanded spectrum where most of the states are grouped in very narrow
sets such that it is difficult to define them as a band. By calculating the inverse participation
ratio (22) of the different eigenmodes, we determine a critical value of the amplitude of the
beam stiffness modulation associated with a change in the dynamic state of the system, which
becomes from mainly extended to localised, similarly to a metal-insulator phase transition.
This result, confirmed by the analysis of the transmission spectra, shows that the features
of relatively simple one-dimensional systems may be profitably exploited for the design of
phononic structures supporting phase transitions in their dynamical properties. This could
open new perspectives towards the realisation of tuneable waveguides operating alternatively
as insulators or as vibration conductors.

2. Mechanical system

We consider a mechanical system whose spectrum corresponds exactly to the Hofstadter but-
terfly. The system is composed of a system of masses that are mounted on Euler-Bernoulli
beams and coupled by linear springs. We suppose that the masses all have identical mass m, the
springs all have identical stiffness k and the physical and geometrical properties of the beams
are modulated such that the nth beam has stiffness K,,. This is depicted in Fig. 1.
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Fig.1 We consider a system of masses that are mounted on Euler-Bernoulli beams and coupled by linear
springs. The specific case we consider in this work has identical springs with stiffness k and identical
masses m but modulated beams with stiffness K,,, which we choose such that the system is described by
Harper’s equation (1.1).

In order to derive the governing equation for this system, we consider the forces acting on a
given mass. We neglect any influence of gravity on the system, so the only forces acting on
a given mass are due to the springs and the beam (gravitational effects are generally small
compared to the magnitude of the spring forces in this type of structures, and their consideration
would require the inclusion of a vertical displacement in the governing equations adding a
degree of freedom to the problem). Suppose that the nth mass has displacement u,,(¢). Then,
the spring on the right of the nth mass exerts a force k(u,, .1 — u,) on the nth mass. Similarly,
the spring to the left of the nth mass exerts a force given by —k(u,, — u,,_;). Finally, the mass
also experiences a restorative force due to the deflection of the beam. This force is proportional
to its displacement and is given by —K,u,. Summing these three forces to give the total force
on the nth mass, we find that Newton’s second law gives

d2
mmun = —k(u, — uy_1) + k(upy1 — up) — Kpity. (2.1)

Let us study the propagation of time-harmonic waves through the system, so that we can
write u,(t) = g(n)exp(iwt) for some frequency w € R. Substituting this ansatz gives the discrete
difference equation

—w*mg(n) = —k(g(n) — g(n — 1)) + k(g(n + 1) — g(n)) — Kng(n). (2.2)

We now choose to modulate the stiffness K, in such a way that (2.2) becomes Harper’s equation
(1.1). For this purpose, we introduce the expression K,, = 3EI,, /I3, where the Young’s modulus
E and the length [ are assumed to be the same for all beams, whereas the second moment of
area I,, is modulated. The modulation of I,, can be performed, for example, for rectangular or
elliptical cross-sections. For rectangular cross-sections, the second moment of area is given by
I, = a,h®/12, where a,, is the width perpendicular to the direction of deflection and h is the
width parallel to the deflection. To achieve the modulation as in Harper’s equation (1.1), we
choose to vary a,, according to the law a,, = a(1 + b — cos(2w¢n)), so that

! _a,h® _ an?
nTo12 T 12

(1 + b — cos(2mpn)), (2.3)
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HOFSTADTER BUTTERFLIES IN PHONONIC STRUCTURES 5

where ¢ and b are non-dimensional parameters satisfying 0 < ¢ < 1 and b > 0. Conversely, in
the case of elliptical cross-sections, I, is given by
T 5 wap
I,= Zocn,B = T(l + b — cos(2m¢n)), 2.4)
where a,, is the semi-axis perpendicular to the direction of deflection, modulated through

the relationship o, = a(1 + b — cos(2w¢n)), and § is the semi-axis parallel to the deflection.
Substituting the expressions (2.3) and (2.4) into the formula K,, = 3EI,, /I3, we obtain

K, =C(1 + b — cos(2m¢n)), (2.5)
where for rectangular and elliptical cross-sections the mean stiffness parameter C is given by

_ Eah® and C_37rEocB3

413 43 (2:6)

respectively. It is important to note that the assumption of b > 0 is made so that K,, is always
positive (we have that b < K,, <2 + b for any n and ¢). In this case, (2.2) can be rewritten as

2.7)

C(1+b)_a)2_m )

gm+1)+gn—-1)+ %cos(Zmﬁn)g(n) = (2 +

Considering this quantity on the right-hand side as a pseudo-energy £ =2+ C(1 + b)/k —
w?m/k, we see that this equation is equivalent to Harper’s equation (1.1).

Based on the Gershgorin circle theorem (23), the operator on the left-hand side of (2.7) can
have spectral radius at most 2 + C/k. We can use this estimate to bound its eigenvalues and
conclude that
C(1+b) «w’m

<242

(&
2y s Kk

C
<2+ —.
- k

As a result, we have that

C_b <w?< w (2.8)
m m
As a result, there is always a low-frequency band gap up to at least w =+/Cb/m (in practice,
this low-frequency band gap will often be much larger than this estimate, as we will see below).
This system is designed to be as simple as possible but have a spectrum that is equivalent
to Hofstadter’s butterfly. Masses coupled by linear springs is the natural candidate for toy
models of waves in periodic (or modulated periodic) media (see e.g. (24). and any subsequent
undergraduate textbook). In particular, mass-spring systems provide immediate analogues
of tight-binding Hamiltonians. However, such a system is not sufficient to obtain Harper’s
equation, as demonstrated in Appendix A. In order to be able to obtain the correct on-site
modulation in the difference equation, we needed to introduce local dispersion to the system.
We chose to achieve this through the addition of the Euler-Bernoulli beams, which introduce
local resonances.
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6 B. DAVIES AND L. MORINI

3. Bloch spectra for rational modulation parameters

If the parameter ¢ in the modulation (2.5) is rational, then the oscillations of cos(2z¢n) are
commensurate with the periodic lattice. As a result, a repeating unit cell can be identified and a
Bloch ansatz applied to find the spectrum. In particular, if ¢ = q/L where q and L are coprime
integers, then the function n — cos(2r¢n) will be periodic with period L. We will denote this
period as L(¢) to emphasise that it depends on ¢.

To compute the Bloch spectrum, it is convenient to rewrite the difference equation (2.7) as a
matrix equation

(g(g(:)D) =M, () (g(fz(z)l)) where M,(w) = (2 +

C(1+b)  w*m

- %cos(27r¢n) —1>.
1 0
(3.1)

Hence, if we have a configuration that is periodic with period L(¢), then we can write

L-1

gn+L@) |\ _ g(n) -
(g(n L L) 1)) = My 4)(@) (g(n - 1)) where My s)(w) = gMHi(a)). (3.2)

The Bloch modes of the system are those which satisfy g(n + L(¢)) = exp(iL(¢)x)g(n) for all n,
where the Bloch momentum « is a real-valued parameter. Comparing this ansatz with (3.2) we
see that the dispersion relation assumes the form

det(Mys)(@) — exp(L($))I) = 0. (3.3)

Using the fact that det(Mj, ) = 1, we can write the expression (3.3) as follows

u? — tr(Myg)(@)u +1=0, (3.4)

where the quantity u = exp(iLx) is commonly known as the Floquet-Bloch eigenvalue. Multi-
plying the (3.4) by exp(—iLx), we achieve the condition exp(iLx) + exp(—iLx) — tr(Mpg)(@)) =
0, leading to 2cos(Lx) — tr(Mpgy(w)) =0, and finally to the equivalent expression for the
dispersion relation

cos(L) = St (Myp(®)) (3.5)

We can use this formula (3.5) to generate a Hofstadter butterfly image, shown in Fig. 2. We
consider the rational values of ¢. For each value of ¢, we can compute the matrix M ¢)(w) using
the product in (3.2) and then use the dispersion relation (3.5) to compute dispersion curves.
Some exemplar dispersion curves are shown for ¢ = 0.05, ¢ = 0.11, ¢ = 0.75 and ¢ = 0.645 in
the sub-plots in Fig. 2. The corresponding lengths of the unit cells are, respectively, L(0.05) = 20,
L(0.11) =100, L(0.75) = 4 and L(0.645) = 200. From these examples in Fig. 2 it is clear that the
Bloch spectrum becomes increasingly intricate for larger L(¢) as the number of spectral bands
increases accordingly. Note also that the width of the irreducible Brillouin zone [0,77/L(¢)] is
scaled by L(¢), which is why the bands appear very flat in cases where L(¢) is large.
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HOFSTADTER BUTTERFLIES IN PHONONIC STRUCTURES 7
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Fig. 2 Hofstadter butterfly in the Bloch spectra of a periodic system with a rational modulation param-
eter. Here, we take unit masses with m = 1, spring constants k = 0.5 and modulation according to (2.5)
with parameter values b = 0.1 and C = 1. In the central plot, Bloch spectra are computed for the rational
values ¢ = 0,1/400,2/400,...,399/400,1. The four sub-plots show the dispersion curves for four specific
values of ¢.

The central plot in Fig. 2 is the result of combining the dispersion curves for each value
of ¢ = 0,1/400,2/400,...,399,/400,1. For each value of ¢, we plot all the values of w? which
lie somewhere on a dispersion curve (the associated value of the Bloch parameter x is not
accounted for in this plot). The use of Bloch analysis necessitated the restriction to rational
values of ¢, however it is typically the case the spectra at irrational values is well approximated
by a sufficiently close rational value (where the two spectra should be compared in a Hausdorff
sense, by taking the maximum of the distance between the two sets) (25).

In some cases, the right-hand side of the dispersion relation (3.5) can be simplified. For
example, when ¢ = 0, the system is a singly periodic array of masses and springs mounted on
beams and equation (2.7) becomes

(3.6)

2
g1+ 1)+ g1 — 1)+ Tg(n) = (2 TECLL %)g(n)

We know the solutions must have the form g(n) = exp(ixn), which leads to the dispersion
relation

k Cb C
2_ K ¢ L
W= (2 + k 2 X cos(x)). 3.7)

In general, however, such concise formulas relating w and x explicitly are not tractable so the
Hofstadter butterfly shown in Fig. 2 must be obtained numerically from (3.5). Studying (3.7),
we see that the phononic system has a high-frequency band gap above the critical frequency
w? = (2k + C(2 + b))/m. Any such singly periodic system will have a similar high-frequency
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8 B. DAVIES AND L. MORINI

band gap, so we can directly deduce that any more complicated system with a larger unit cell
will inherit a similar high-frequency band gap (26, 27).

4. Discrete spectra for finite structures

Let us now consider the case where we have a finite-sized piece of the mechanical system
consisting of N + 2 masses. Suppose that we fix the position of the end masses, such that their
displacement is always zero. Then, we can write that g(0) = g(N + 1) = 0 and we are left with a
system of N equations for the displacements of the N free masses, as specified in (2.7). Thus, the
eigenvalues w? can be calculated easily as the eigenvalues of a tri-diagonal matrix. Further, in
this setting, it is straightforward to ask questions about the nature of the associated eigenvectors
and whether they correspond to localised modes confined to a specific site of the system or
distributed vibrations where the energy is spread out over a large region and consequently we
observe the oscillation of almost all the masses composing the structure.

The localisation of the finite-sized system’s eigenvectors can be quantified using the inverse
participation ratio (IPR) (22), defined as

N
IPR= =" — (4.1)

For any eigenvector of the considered finite system, corresponding to an eigenvalue w?, the
quantity (4.1) indicates the inverse of the number of the occupied sites in the structure, so when
the oscillations are equally distributed and all the masses are vibrating, we have IPR =~ 1/N.
This corresponds to energy propagating through the system. In the opposite situation of extreme
localisation, when only one site is vibrating with the associate frequency, we have IPR ~ 1.
Consequently, for structures composed of a large number of sites N, the IPR take values in
the interval [0,1]. A small value indicates that the vector (g(n)) is delocalised, meaning the
eigenmode propagates wave energy through the system, whereas a value close to 1 corresponds
to wave energy being localised.

The strong dependence of the value of the IPR on the ratio C/k and the implications on
the layout of the Hofstadter butterfly spectra are illustrated by the numerical results reported
in Fig. 3. The butterfly spectra shown in this figure are associated to finite-sized structures
composed of N = 200 free masses with m = 1, k = 0.5, b = 0.1 and different values of C. We
considered C = 0.5 corresponding to C/k =1 (Fig. 3(a)), C =1 yielding C/k = 2 (Fig. 3(b))
and finally C = 5 associated with C/k = 10 (Fig. 3(c)). We can clearly see that for C/k = 1 the
spectrum possesses well defined bands and almost all eigenvalues w? correspond to eigenvectors
with IPR values close to zero, as indicated by the colour map. Only the few edge states that cross
the larger band gaps are localised, such as those corresponding to ¢ = 0.0625 and ¢ = 0.875
reported in the plots at the sides of the spectrum.

For C/k = 2, we can note that the larger and better defined band gaps detected assuming
C/k = 1 become even wider and new gaps with similar shape appear between them. This is
clearly a self-similar (multi-fractal) behaviour governed by the variation of the modulation
amplitude C/k, and it is in agreement to what observed in several comparable systems (10, 12
to 14, 20). Also for this case, the localised states are associated with the eigenvalues crossing the
larger gaps, as shown by the eigenvectors plotted in Fig. 3(b). As we will see further in Fig. 3(d),
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(d) Metal-insulator transition (¢ = (1+/5)/2)

Fig. 3 Hoftstadter butterfly in the discrete set of eigenvalues of a finite-sized structure with N = 200
free masses and fixed end conditions. Here, we take unit masses with m = 1, spring constants k = 0.5
and modulation according to (2.5) with parameter values b = 0.1 and either (a) C = 0.5, (b) C =1 or
(c) C = 5. In each case, the central plots show the discrete spectra computed for the rational values
¢ = 0,1/400,2/400,...,399/400,1. The colour of each point indicates the inverse participation ratio (IPR)
of the associated eigenvector. Additionally, four exemplar eigenvectors have been picked out, show in the
inset plots. Finally, (d) shows how the mean IPR (averaged over all 200 eigenvectors) varies as a function
of C/k, for fixed ¢ = (1 +/5)/2.
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10 B. DAVIES AND L. MORINI

C/k = 2isacritical value for the amplitude of the modulation, associated with a change in the
dynamical properties of the system.

Fig. 3(c) shows that as C/k increases further and reaches, for example C/k = 10, the larger
gaps lose their characteristic shapes, and we have a transition to an almost unbanded spectrum.
Indeed, for this case, the states appear in very narrow sets such that it is difficult to distinguish
band gaps and propagation curves for most of the domain except the four main large gaps. As
indicated by the colour map, most of the eigenvalues correspond to eigenvalues with IPR close
to 1, and then to localised states as those associated with ¢ = 0.0625,0.175,0.95,0.875 reported
on the sides of the spectrum.

The behaviour of the spectrum illustrated in Fig. 3(a) to (c) is a demonstration of the
phase transition that we can observe in this system, governed by varying the amplitude of
the modulation C/k. In order to study this phenomenon, in Fig. 3(d) we present the inverse
participation ratio averaged over all the eigenvectors (mean IPR) as a function of the ratio
C/k. In this case, we have 200 eigenvalues corresponding to the number of oscillating masses
composing the considered finite-sized structure. For C/k < 2, the mean IPR varies slowly and
has values much smaller than 1, of the order of 107!, while for C/k > 2 it starts to grow
much faster until it asymptotically reaches the value 1. This means that for C/k < 2 most
of the eigenvectors have an IPR much smaller than 1, corresponding to non-localised modes
associated with the vibration of many of the masses composing the system (see for example the
cases with ¢ = 0.175 and ¢ = 0.95 in Fig. 3(a) and (b)). Conversely, for C/k > 2 the number
of eigenvectors with higher IPR increases until almost all of them have IPR ~ 1, and then they
correspond to extremely localised states characterised by the vibration of a single or a few nearby
masses (see for example the four cases shown in Fig. 3(¢c)). We can deduce from this analysis that
C/k = 2 represents a critical value of the stiffness modulation amplitude, and that for C/k > 2
the dynamical state of the system changes from mainly extended to localised, similarly to the
metal-insulator phase transition observed in several one-dimensional structures investigated in
condensed matter physics (22, 28).

The observed metal-insulator transition is in agreement to what predicted by the rigorous
spectral analysis of systems described by similar differential operators (17, 18). It could have
important applications for designing structures with tuneable mechanical properties which can
switch from transmitting vibrations in selected intervals of frequencies to localising them and
storing their energy.

5. Transmission spectra for finite structures

We now compute the transmission coefficient for a finite-sized portion of the introduced
mechanical system analogous to the one considered in the previous Section by adopting the
approach set out in (29). We show that by varying the vibration frequency as well as the
modulation parameter ¢, the layout of the transmission coefficient reproduces the butterfly
spectrum reported in Fig. 3.

Let us decompose the field at mass n into waves propagation from left to right and from right
to left, giving the expression

g(n) = A, exp(ixn) + B,exp(—ixn) = g*(n) + g~ (n), (5.1)

for some wave number x. The superscripts + and — indicate the components propagat-
ing in positive (from left to right) and negative (from right to left) direction, respectively.
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‘We can write that

gn+1)\ _ Apexp(ix(n + 1)) gn) \ _ Ay exp(ixn)
( g(n) ) = Q) (Bn exp(—ix(n + 1))) and (g(n - 1)) =Q(0) (Bn eXp(—iKn))’ (5.2)

where Q(x) is the matrix

1 1
Q) = (exp(—ix) exp(ix))' (5.3)

We now adapt the matrix equation (3.2) to study the case of a finite-sized non periodic structure
composed of N masses. Specializing the expressions (5.2).;) and (5.2) ) respectively for n = N
and n = 1 and substituting them into (3.2), we obtain

N
where My (w) = HMn(co).

n=1

Anexp(ix(N +1)) \ _ _ A exp(ix)
(BN]\éxp(—iK(N + 1))) = QU™ My (@) (Bléxp(—ik))’

(5.4)

The matrix Ty = Q(x) "My (w)Q(x) in (5.4) is the transfer matrix of the section of length N
it relates left- and right-propagating waves at the first mass with those at the (N + 1) mass.
Assuming that the first mass is located at the left-boundary of the finite sample while the (N +
1) is at the right end and using the definition (5.1), we introduce the notation gf =gt(1),

g =g (1), g7 =g*(N + 1), g7 =g (N + 1). Equation (5.4) can be written in the form

g\ . (&
) en ) o

For calculating a transmission coefficient, it is useful to rephrase (5.5) in terms of a scattering
matrix, which relates outgoing and incoming waves. The appropriate relation is

- +
)=+ (E) =

where due to the unimodularity property of My (detMy =1), the scattering matrix Sy
is given by

_ (TN 1
_ (Tn)22 (TN)22
Sy = 1 (Tn)12 (5.7)
Tn)e (Tn)a

Then, if we assume that there is no wave incident from the right (meaning that g;” = 0), we can
see that the transmitted field is given by

+
8 1
t==2=(S\)u=

—_ 5.8
g (Tn)22 (>8)

9202 1890300 z0 Uo 1senb Aq L zZ£058/20068qu/L/6//8101e/wew(b/wod dno-olwepese Wwoil pepeojumoq
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and the reflected field is

e
_ _l+ = Sy = _(Tn)n

r :
g (TNn)22

(5.9

Finally, the reflection and transmission coefficients are given by |r|? and |t|?, respectively.

We now use the formulas (5.8) and (5.9) to compute transmission spectra for finite-sized
quasiperiodically modulated arrays including N masses. On either side of the section of length
N, we assume that it is attached to infinite, singly periodic arrays (i.e. the ¢ = 0 structure).
Within the periodic structure, given an operating frequency w, we can use the dispersion
relation (3.7) to calculate the wave number x (which is used in Q(x) when calculating Ty).

The resulting transmission spectra are shown in Fig. 4. By varying the phase parameter
¢ we see the Hofstadter butterfly emerge. We show the transmission coefficient for sections
of length N =100 and N = 20 in Fig.4(a) and (b), respectively. We can see that the resolu-
tion of the butterfly increases in larger systems. It is important to note that we have chosen
parameter values such that C/k =1 which is below the critical threshold metal-insulator
transition (C/k = 2), such that the eigenmodes of the system propagate energy. If we assume
C/k > 2, then the modes are exponentially localised meaning that the transmission is small
at all frequencies and we do not see the butterfly emerge. This behaviour is highlighted by
Fig. 4(e) and (f), which show how the mean transmission coefficient (averaged over all the
frequencies in the range 0 < w? < 3) decreases quickly as C/k is increased. We can observe
that, in agreement to what detected in previous Section, the decrease of the mean transmission
coefficient becomes particularly evident for C /k > 2, until at C/k = 2.5 it becomes of the order
10~2 for N = 100 and approximately 10~7 for N = 20. This confirms that for C/k > 2 almost all
the frequencies correspond to localised modes and the considered finite-sized structure behaves
like an insulator for the mechanical vibrations. For comparison, in Fig. 4(c) and (d) we show the
butterflies obtained by computing the Bloch spectra with the same sections taken as the unit
cell. The change in resolution is clear: from the N = 100 system we can clearly see the fractal
collection of gaps, but this is somewhat blurred in the N = 20 system. In both cases, we have
some pollution with extra eigenvalues appearing in the band gaps (compared to what we expect
for Bloch spectra, based on Fig. 2). This is due to the fact that for many of the values of ¢ used
in these calculations, although the full system is periodic its unit cell is much larger than 20 or
100 masses, so we are artificially cutting the unit cell, which has the effect of slightly distorting
the spectrum away from the classical Hofstadter butterfly.

6. Concluding remarks

In this work, we have devised a one-dimensional phononic system that produces the Hofstadter
butterfly exactly. This system is composed of simple discrete elements where the crucial mod-
ulation can be achieved by varying quasiperiodically the thickness of the beams on which the
masses are mounted. We surveyed the various different ways of achieving the butterfly (Bloch
spectra, eigenvalues of finite-sized samples and transmission spectra) and highlighted how they
achieve differing resolutions and varying tendencies to have spectra polluted by edge modes.
We found that the frequency spectrum can be strongly modified according to the variation of
amplitude of the modulation and we determined a critical value for this parameter, associated
with a change in the dynamical state of the system from mainly extended to localised, in
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N =100, C/k =1 N=20,C/k=1

N Iy a : ] | -
-H MMWNMWWW‘,W . \|q“«”w’pl ;
a5 ”n‘.“M““.N

0 0.2 0.4 0.6 0.8 il
]

N

transmission |¢|?

(d)3f: N=20,C/k=1

107°

2.5 0

Mean transmission
Mean transmission

0.5 1 15 2 2.5

0 0.5 1 1.5 2
Clk C/k

Fig. 4 Hofstadter butterfly in the transmission coefficient of a finite-sized system. Here, we take unit
masses with m = 1, spring constants k = 0.5 and modulation according to (2.5) with parameter values
b =0.1and C = 0.5. As a result, we have C/k = 1 so the eigenvectors are generally delocalized. For each
value of ¢ and w, we plot the transmission |t|?, as in (5.8). (a) shows a system with N = 100 masses
whereas (b) shows a smaller system with N = 20 masses. For comparison, (c) and (d) show the Bloch
spectra of the same finite-sized systems with periodic boundary conditions. Finally, (¢) and (f) show the
mean transmission (averaged over the full frequency range 0 < w? < 3) as a function of C/k for fixed

$=01+5)/2.

analogy with the metal-insulator phase transitions investigated in condensed matter physics.
This phase transition is highlighted also in the analysis of the transmission coefficient, rep-
resenting for this simple vibro-mechanical structure the easiest way to generate experimental
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14 B. DAVIES AND L. MORINI

data. Our numerical results show how even considering a relatively short array (20 masses) the
transmission spectra layout gives a reproduction of the butterfly. This provides the possibility
to design relatively easy-to-implement systems which can be alternatively transparent (in the
sense that the eigenmodes propagate energy) and opaque (in the sense that most of the modes
are localised) according to different amplitude of the modulation of the beams thickness. These
results could open new perspectives towards the realisation of phononic structures whose
behaviour can range from that of a sort of conductor to an insulator-like device for what
concerns the propagation of mechanical vibrations.

The Harper-type modulation considered here is just one of the quasiperiodic patterns studied
in the literature. The other widely studied one-dimensional class of patterns are the so-called
(generalised) Fibonacci tilings, which are known to have fractal spectra (30 to 33) and have
been shown to have some topological equivalence with the Hofstadter butterfly (34, 35). In two
or more dimensions, there is an exciting variety of quasiperiodic patterns, which are largely
unexplored for realising novel metamaterial phenomena (36, 37).
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Appendix A. General Hofstadter butterfly conditions

In this appendix, we derive general conditions for a one-dimensional system to have a spectrum that is
equivalent to the Hofstadter butterfly. This will show that simpler versions of the system considered in
this work, for example, with the local resonances (due to the beams) removed, do not have sufficient
complexity to be able to recover Harper’s equation. Similarly, the modulation needs to be on these local
resonances (as opposed to on the coupling strengths or, equivalently, on the spacing between the resonant
elements).

Suppose we have a one-dimensional system that is fully characterised by a two-element state vector

u, = (;‘) (A1)

Further, suppose that the propagation of waves through this system is described by a 2 X 2 unimodular
(i.e. having determinant equal to 1) transfer matrix T,, which is allowed to depend on the position index
n, in the sense that

Wy = Tnun' (Az)

We can relate this system to Harper’s equation (1.1). It holds that

An+1 = (Tn)llAn + (Tn)IZBn' (A3)
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Further, by inverting (A.2) we have that
Apy = Tpo1)nAn — (T Bae (A4)
Adding (A.3) and (A.4), we find that
Anp + Ay = [T + (Tl Ay + (T = (To)r2] By (A5)
Thus, we can see that if a system has a unimodular transfer matrix T, that satisfies
(T + (Ty_1)y = E —2cos(2men), (A.6)
for all n € Z, where € is a real-valued pseudo-energy (that does not depend on n), and
Tz = (Tho 2 =0, (A7)

for all n € Z, then equation (A.5) reduces to Harper’s equation (1.1), meaning that the system has a
spectrum that is equivalent to the Hofstadter butterfly. An interpretation of these conditions is that (A.6)
means the “on-site” modulation follows the Harper-type law and (A.7) means the coupling between
elements is kept constant.

Consider a simplified version of the system considered in this work, which is an array of masses coupled
with springs. Suppose that the n ™ mass has mass given by m,, and the n ™ spring has spring constant k,,.
We consider a time-harmonic wave propagating along this array and let u,e®’ be the displacement of the
n " mass and f,e’“* be the harmonic force acting on that mass. Then, the transfer matrix for this system
is given by (38)

1

1 -
Uy — kn Up1
(fn) B mnwz <fn1>. (A8)
m,w* 1 — ——

Clearly, for the coupling condition (A.7) to hold, we must have all the springs be identical, so we need to
take k, = k for all n. Then, to meet the on-site condition (A.6), it must be the case that

2
M,
k

= & — 2cos(2m¢n). (A9)

This can only be possible if m,,_; or k depend on w, which is not the case in a simple mass-spring system.

The most straightforward way to achieve frequency-dependent local properties in a mechanical system
is through the introduction of local resonances, which was the motivation introducing the Euler-Bernoulli
beams in the system considered in this work. In this case, we can (somewhat trivially) write the difference
equation (2.7) as a 2-by-2 system

gn+1)\ [4+¢c- CUZTm — 2cosmgpn) —1 g(n)
( 2() ) = ( ; 0 )(g(n - 1))' (A-10)

In which case, it is immediately clear that the conditions (A.6) and (A.7) are satisfied, subject to the
appropriate choice of the pseudo-energy £.
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