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Abstract: Filtering properties and local energy distribution in different classes of periodic micro-
structured elastic systems are analysed in this work. Out-of-plane wave propagation is considered
in continuous and discrete elastic systems arranged in series and parallel. Filtering properties are
determined from the analysis of dispersion diagrams and energy distribution within different phases
in the representative unit cell. These are determined analytically by implementing a transfer matrix
formalism. The analysis given in the work indicates quantitatively how to couple phases, having
discrete and continuous nature, in order to tune wave propagation and energy localisation.
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1. Introduction

It is well known that infinite periodic structures behave as filtering systems. In such
media, the Floquet–Bloch analysis evidences that there are some ranges of frequencies
where, in absence of dissipation, waves propagate without attenuation, while, in the
remaining frequency ranges, waves decay exponentially, with a decay exponent that can
reach values not achievable by dissipative effects. Such frequency intervals are addressed
as pass bands and stop bands, respectively. This well-known filtering effect has been
recognised in various fields, such as acoustics, optics, elastic waves [1] and electromagnetic
waves [2].

Filtering properties of periodic systems have been investigated in the vibration of
crystal lattices [3] and widely applied in engineering designs, including electrical, acoustic
and mechanical filters [4,5], microwave transformers and waveguides [6,7], periodically
layered structures [8,9], and beams [10], plates [11,12] and membranes [13] with periodic
supports.

If the system is finite, the wave propagation does not exactly obey the Bloch waveform
and numerical solutions of the wave response have been computed by traditional matrix
methods [14], two-way state-flow graph method [15] and eigenfunctions symmetries [16].
The results of the Floquet–Bloch waves in periodic systems can be conveniently applied
to finite systems and, therefore, to real structures, exhibiting similar transmission proper-
ties [17,18], even for a small number of repetitive units [19]. In such a case, it is more correct
to denote the frequency intervals as propagation and non-propagation ranges. Note also
that, in real structures, defect and imperfections in the structural porperties can introduce
a ‘disorder’, which, within a certain range, slightly alters the dispersion properties of a
system [20], especially in the acoustical branches [21].

Dispersion analysis for elastic lattices [22–25] evidences that the discrete nature of
the elastic system gives rise to dispersion, namely a nonlinear relation between the fre-
quency and the wave vector, where the number of bands is associated with the number
of Lagrangian coordinates within the unit cell. In such systems, special properties, such
as wave beaming and occurrence of band gaps, are achieved by varying periodically the
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stiffness and the density of the lattice components [26,27]. Parenthetically, another source of
dispersion comes from the geometry and boundary conditions, as in Structural Mechanics,
where, starting from the three-dimensional continuum theory and following an asymp-
totic procedure, structural models like in beams, plates or shells are obtained, which are
dispersive. Well-known examples are flexural waves in plates and beams or Lamb waves
(see, for example, [28]). Applications combining structural models and periodic systems
include periodic lattices composed of Rayleigh beams [29,30], resonant metawedge due to
rods on the boundary of an half-space [31] and gyroscopic beams periodically attached to a
plate [32,33].

In three-dimensional continuous systems, dispersion is generated by heterogeneities,
which can be, for example, in the form of laminates [34,35] or inclusions in particulate
composites, addressed as photonic crystals when the microstructure is periodic [36,37].
Dispersion of elastic waves in continuous systems with prestress was discussed in [38,39]
and in structured media in [40,41].

For mono-dimensional periodic structures, different analytical and numerical tech-
niques were proposed in order to apply Floquet–Bloch conditions using the superposition
principle in the linear regime [42]. Analytically, the transfer matrix approach was ap-
plied in [43–45] and the quasi-periodic dynamic Green’s function in [19,46]. Alternatively,
the semi-analytical Rayleigh–Ritz method from a variational formulation was presented
in [47,48]; if the geometry is more complicated or additional finer details need to be embed-
ded in the model, the Floquet–Bloch condition can be implemented numerically in Finite
Element packages (see, for example, the nice application to a real bridge in [49]).

Analytical models are in general more difficult to implement, but they can clearly
identify the influence of different structural parameters on the dispersion properties. The
quasi-periodic Green’s function is a very elegant formalism, but the application to problems
governed by the Helmholtz type of equations has the drawback that the Green’s function is
singular at the origin [46], while, for flexural problem governed by the biharmonic fourth-
order equation, the Green’s function is bounded at the origin [19] and singularities identify
the bounds for the dispersion curves corresponding to a homogeneous structures (see the
‘light lines’ in [50]). The transfer matrix can be obtained both analytically and numerically
and has the property to maintain the same size when different units are connected, since
internal variable are automatically eliminated. It has been given in analytical form for quite
complicated structures in [51] and for quasi-crystals where the distribution of the internal
microstructures follow different Fibonacci sequences [52,53].

In this work, we propose a transfer matrix formalism, with the aim of combining
units with discrete and continuous nature; in addition, we analyse the effect of arranging
different units in series and parallel. Due to the nature of the dynamic problem, the non-
hermitian transfer matrix belongs to a symplectic space and its eigenvalues are reciprocal if
real, and complex conjugated with unit modulus otherwise [43–45]. Parenthetically, the
properties of the transfer matrix can also be evaluated in the invariant space, where, due
to energy conservation, the determinant is one and the number of independent invariants
is half of the even dimension of the matrix itself. In our case, the matrix has dimension
2 and it is sufficient to evaluate only the trace to determine the dispersion relation. Such
simplification gives the possibility to easily identify the dispersive effects of different
structural parameters, which are analysed in detail in the present work.

The research extends the previous analyses performed in [41,45], by considering a
problem governed by the Helmholtz operator in which the microstructure is arranged both
in series and in parallel. The arrangement in series proposed here is a generalisation of
the model proposed in [41]. The continuous and discrete character is not trivial and dates
back to the concept of structural or structured interface, which was introduced in a seminal
work [40] and applied in the elastostatic regime [54–56] to denote a structural element that
involves non-local interactions. The discrete character is a result of a proper asymptotic
approximations that was developed in [57] and a nice application on the homogenisation
of damage in an elongated structure can be found in [21]. The scope of the work is the
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description of the filtering properties and energy distribution for wave propagation in
periodic elastic structures having a discrete and continuous character and arranged in series
and parallel. The description of the filtering properties is obtained from the inspection of
dispersion diagrams, while the final investigation describes the energy distribution within
different components of the unit cell. The parametric analysis developed here shows which
are the mechanical parameters that govern the band distribution for different arrangements
and nature of the phases. Particular attention is devoted to internal resonators, which play
an important role in several applications [58,59]. The parametric analysis also evidences
the conditions for which a highly localised effect is obtained and the possibility to have
multiple localised resonances.

In Section 2, we define the transfer matrices for continuous and discrete units and
for different combinations in series and parallel. The single components of the transfer
matrices for all cases is reported in Appendix A. Dispersion relations and the corresponding
behaviours are analysed in Section 3, where, in normalised form, the parametric analysis in
terms of frequency and elastic impedance ratios is detailed. In Section 4, the energy distri-
bution in different units is studied, while concluding remarks are given in the Conclusions,
Section 5.

2. Materials and Methods

Antiplane shear waves are considered, in the time-harmonic regime with radian
frequency ω. At normal incidence the spatial distribution U(x) of the displacement com-
ponent u(x, t) = U(x)e−iωt, along the z-axis perpendicular to the propagation direction x,
satisfies the Helmholtz-type equation of motion:

d2U(x)
dx2 +

ω2

c2 U(x) = 0, c =
√

µ

ρ
, (1)

where µ is the shear modulus of the linear elastic isotropic medium and ρ its density (note
that the Helmholtz equation also describes low frequency waves in a rod. For longitudinal
waves, U is the longitudinal displacement and c =

√
E/ρ, with E being the Young’s

modulus; for torsional waves, U is the angle of twist and c =
√

µ/ρ). The wave form can
be expressed in terms of complex amplitudes A and B as:

U(x) = Aeikx + Be−ikx, k = ω/c, (2)

where k is the wavenumber.
In a homogeneous layer of thickness d, located between the initial coordinate x0 and

the final coordinate x1 = x0 + d, displacements satisfying Equation (1) and corresponding
tractions τ(x) = µ ∂U/∂x at points x0 and x1 are related by means of the unimodular trans-
fer matrix M = [mij]. Collecting displacement and traction in the generalised displacement
vector v(x) = [U(x) τ(x)]T , within a unit cell:

v(x1) = M v(x0), (3)

or, explicitly:  U(x1)

τ(x1)

 =

 m11 m12

m21 m22

 U(x0)

τ(x0)

. (4)

In the following, we compute the explicit form of the transfer matrix for different
interface configurations. First, we show the transfer matrix for a single layer or unit of
continuous or discrete nature; then, we couple the transfer matrices of the single layers to
obtain the global matrix for systems composed of units arranged in series or in parallel.
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2.1. Single Unit Transfer Matrix

For the continuous layer of Figure 1a, the transfer matrix takes the form [60]:

Mc =

 cos φ
1
Q

sin φ

−Q sin φ cos φ

, (5)

where φ = kd is the phase increment, d the layer thickness and Q = kµ.

Figure 1. Single units. (a) Continuous layer with shear modulus µ and density ρ. ( b) Discrete unit
with mass m and stiffness γ.

The transfer matrix for the discrete system given in Figure 1b is [41]:

Md =


γ−mω2

γ

2γ−mω2

γ2

−mω2 γ−mω2

γ

. (6)

As a consequence of the symplectic structure of the problem, energy conservation
implies that the transfer matrices are unimodular; such a property holds also for more
complex elastic systems. Therefore, the evaluation of only the first invariant of M, i.e., the
trace, will be sufficient to determine the dispersion properties.

2.2. Transfer Matrix for Units in Series and Parallel

We combine now in three different ways the single units described in the previous
Section: in particular, we consider configurations in series (Figure 2a), in parallel (Figure 2b)
and the special one described in Figure 2c. For simplicity, we indicate with:

Mi =

 m(i)
11 m(i)

12

m(i)
21 m(i)

22

, i = α, β, χ (7)

the single unit transfer matrix.
For the systems shown in Figure 2a, with two units arranged in series, the global

transfer matrix is simply obtained by multiplying single unit matrices [60], namely:

MS = Mβ Mα =

 m(α)
11 m(β)

11 + m(α)
21 m(β)

12 m(α)
12 m(β)

11 + m(α)
22 m(β)

12

m(α)
11 m(β)

21 + m(α)
21 m(β)

22 m(α)
12 m(β)

21 + m(α)
22 m(β)

22

. (8)
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If the single units α and β are disposed in parallel as in Figure 2b, the corresponding
matrix MP has components:

m(P)
11 =

m(α)
11 m(β)

12 + m(α)
12 m(β)

11

m(α)
12 + m(β)

12

,

m(P)
12 =

m(α)
12 m(β)

12

m(α)
12 + m(β)

12

,

m(P)
21 =

(m(α)
12 + m(β)

12 )(m(α)
21 + m(β)

21 )− (m(α)
11 −m(β)

11 )(m(α)
22 −m(β)

22 )

m(α)
12 + m(β)

12

=
m(α)

12 m(β)
21 + m(α)

21 m(β)
12 + m(α)

11 m(β)
22 + m(α)

22 m(β)
11 − 2

m(α)
12 m(β)

12

,

m(P)
22 =

m(α)
22 m(β)

12 + m(α)
12 m(β)

22

m(α)
12 + m(β)

12

. (9)

Figure 2. Different arrangements of single units. (a) Two units in series. (b) Two units in parallel.
(c) Three units: α and β are in series and χ is inserted in parallel at the interface between the others
phases.

The transfer matrix for the structured system of Figure 2c can be computed by con-
sidering the three single units, α, χ̂, β, in series, i.e., MT = Mβ M̂χ Mα, where M̂χ can be
computed from the components of the transfer matrix Mχ of the unit χ in the following
manner:

M̂χ =


1 0

m(χ)
21

m(χ)
22

1

. (10)

Needless to say, it is trivial to check that MS, MP and MT are unimodular.

3. Results

In Brun et al. [41], following [60,61], it has been shown how to make use of the transfer
matrix approach to study the dispersion properties of periodic elastic systems. In particular,
we consider a micro-structured system made up of a repetition of a certain unit cell and we
apply the Floquet–Bloch condition v(x1) = eiφv(x0), where φ = k d is the Floquet–Bloch
parameter, k is the wave number and d is the total length of the unit cell.

Remembering that v(x1) = M v(x0), the condition det(M − eiφI) = 0, with I the
identity matrix, gives the dispersion relation. By taking advantage of the unimodularity
of M, in order to obtain the dispersion relation, it is sufficient to compare the trace of
the transfer matrix of the unit cell with the trace of the transfer matrix of an equivalent
homogeneous layer with a transfer matrix in the form of Equation (5).
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3.1. Two Continuous Layers in Series

First, we consider a two-layer continuous system with a unit cell matrix given by
Equation (8), with Mα = M1 and Mβ = M2, as in Equation (5); the dispersion relation
takes the form:

cos φ = cos
(

d1

c1
ω

)
cos
(

d2

c2
ω

)
− 1

2

(
Q1

Q2
+

Q2

Q1

)
sin
(

d1

c1
ω

)
sin
(

d2

c2
ω

)
, (11)

where the subscripts 1 and 2 indicate the two continuous phases. Relation (11) corresponds
to the equation obtained by Bigoni and Movchan [40] (their Equation (38), in which their
parameter dh is now φ) and by Brun et al. [41] (their Equation (14)).

The dispersion relation (11) is shown in Figure 3 (diagrams have been created in
Wolfram Mathematica (version 12.0)). It presents propagating and no-propagating bands in
which the group velocity ∂ω/∂k can be either positive or negative. In Equation (11), φ plays
the role of the Floquet–Bloch parameter, so that the nature of the solution changes from pass
band when φ is real, that is for | cos φ| ≤ 1 and |trM| ≤ 2, to stop band when φ is complex,
that is for | cos φ| > 1 and |trM| > 2. When φ is complex, we take φ = π − iζ or φ = iζ
(ζ > 0), where ζ = log(| cos φ|+

√
cos2 φ− 1) is the decay exponent of the exponentially

decaying solution.

Figure 3. Continuous laminate. Dispersion diagram and decay exponent ζ for a two-layer continuous
system. The Bloch parameter Re[φ] (continuous black lines) and the decay exponent ζ (dashed grey
lines) are given as a function of the angular frequency ω. The material and geometric parameters
are: shear moduli, µ1 = 33× 103 MPa, µ2 = 201× 103 MPa; mass densities ρ1 = 2300 kg/m3,
ρ2 = 7800 kg/m3; phase lengths d1 = 0.27 m, d2 = 0.73 m.

In the quasi static limit, for ω → 0 and k→ 0, the structured medium appears to be
non dispersive with homogenised phase and group velocity both equal to

√
µ̄/ρ̄, where:

µ̄ =
µ1µ2

d1µ2 + d2µ1
d and ρ̄ =

d1ρ1 + d2ρ2

d
, (12)

are the homogenised shear modulus and mass density, respectively, with d = d1 + d2. Note
that the homogenised shear modulus and mass density are equal to the harmonic and
arithmetic means, respectively, of the phases values.
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We introduce now the homogenised characteristic frequency:

ω̄ =

√
µ̄

ρ̄

1
d

, (13)

which contains the length-scale factor d; correspondingly, we define the characteristic
frequencies:

ω1 =

√
µ1

ρ1

1
d1

, ω2 =

√
µ2

ρ2

1
d2

, (14)

having ratio ηc = ω1/ω2 and the following elastic impedances:

q1 = d1
√

µ1ρ1, q2 = d2
√

µ2ρ2, (15)

having ratio ξc = q1/q2, so that the quantities | ln ηc| and | ln ξc| measure the contrast
between the two phases. Then, the dispersion relation (11) can be recast in the adimen-
sional form:

cos φ =
1
4
(1 + ξc)2

ξc
cos φ+ −

1
4
(1− ξc)2

ξc
cos φ− , (16)

where:

Ω =
ω

ω̄
, δ =

√
1 + η2

c +

(
ξc +

1
ξc

)
ηc ,

ω

ω1
=

Ω
δ

,

φ+ =
1 + ηc

δ
Ω , φ− =

1− ηc

δ
Ω . (17)

In Figures 4 and 5, the frequency distribution of the bands is analysed as a function of
the frequency ratio ηc and impedance ratio ξc, respectively. The first seven bands are given
in grey in Figure 4 for the impedance ratio ξc = 0.22 and in Figure 5 for the characteristic
frequency ratio ηc = 0.5.

Figure 4. Continuous laminate. Band distribution as a function of the characteristic frequency ratio
ηc = ω1/ω2. Normalised frequency Ω = ω/ω̄ is given for the impedance ratio ξc = q1/q2 = 0.22.
Filled areas indicate propagating bands. The dashed line corresponds to the case analysed in Figure 3.
Blue circles highlight periodicity points.
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Figure 5. Continuous laminate. Band distribution as a function of the impedance ratio ξc. Normalised
frequency Ω is given for the characteristic frequency ratio ηc = 0.5. In the upper right, a detail of
the band distribution is given. On the bottom right, the same results are presented in term of ω/ω1.
Filled area indicates propagating bands.

The diagrams are symmetric with respect to ln ηc = 0 and ln ξc = 0, respectively,
and it is evident that there is a not-monotonic dependence of the band frequencies on the
ratio ηc.

When ηc = 1 (ln ηc = 0), despite the fact that the phases have the same characteristic
frequency, dispersion, identified by the presence of stop and pass bands, is due to the
impedance mismatch (i.e., ξc 6= 1).

Note that:

lim
ηc→0,∞

1 + ηc

δ
= lim

ηc→0,∞

|1− ηc|
δ

= 1, (18)

implying φ+, φ− → Ω, so that the right-hand side of the dispersion Equation (16) reduces
to cos Ω. Therefore, for extreme characteristic frequency contrast between the phases, the
dynamic behaviour of the laminate tends to be non dispersive with homogenised shear
modulus and mass density given in Equation (12). In approaching this limiting values of
ηc, narrowing pass bands are localised around frequencies Ω = nπ, n ∈ N0 (see Figure 4
for large | ln ηc|).

The right-hand side of Equation (16) is a periodic function of Ω if the ratio (1 +
ηc)/(1− ηc) is rational; periodicity points are the contact points between different bands
highlighted with blue circles in Figure 4. For example, if we pose the attention on the
dashed line corresponding to ηc = 1.98, the semi-period is ΩP = ΩA′0

= 11.95 and
ΩA′i

= ΩAi + ΩP, ΩA′′i
= ΩAi + 2ΩP, (i = 0, 1, · · · , 4) (see also Figure 3).

From Figure 5, it is possible to note that the central frequency of each band increases
monotonically with | ln ξc|, having a minimum at ξc = 1. There, the two phases have
the same elastic impedance and the behaviour is not dispersive. In fact, for ξc = 1, the
right-hand side of Equation (16) reduces to cos φ+.

Bandwidth decreases at larger impedance contrast, tending to zero as | ln ξc| → ∞; the
central frequencies of the bands, in term of ω/ω1 (see the bottom right plot in Figure 5),
are:

ω

ω1
= mπ and

ω

ω1
= n

π

ηc
m, n ∈ N0. (19)

3.2. Phases in Parallel

We analyze now the effect of a discrete or continuous phase of a finite dimension
arranged in parallel to the previously described bilayer.

3.2.1. Single Oscillator in Parallel

We start with a discrete oscillator as in the insets of Figure 6b or Figure 6c (from now
on, for visualisation purposes, we indicate the spring horizontally). The transfer matrix
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of the unit cell is the matrix MT described at the end of Section 2.2, where Mα and Mβ are
as in Equation (5) and Mχ as in Equation (6). We introduce the characteristic frequency
ωm =

√
γ/m, the impedance qm =

√
γ m/dm (dm is a length parameter that can be taken

equal to unity) and the frequency and impedance ratios ηm = ω1/ωm and ξm = q1/qm,
respectively. Then, the dispersion relation has the normalised form:

cos φ =
1
4

[
(1 + ξc)2

ξc
cos φ+ −

(1− ξc)2

ξc
cos φ−

]
+ (20)

− 1
4ξm

[(1 + ξc) sin φ+ + (1− ξc) sin φ− ]
ηm
δ Ω

1−
( ηm

δ

)2Ω2
.

Note that Equation (20) is the same as Equation (16) plus an additional term on the
right-hand side with a singularity at (ηm/δ)Ω = 1 (i.e., ω = ωm).

20

15

10

5

0.5 1 1.5 2 2.5 3 p

W

Re[ ],F z

20

15

10

5

0.5 1 1.5 2 2.5 3 p

Re[ ],F z

W

20

15

10

5

0.5 1 1.5 2 2.5 3 p

Re[ ],F z

W

(a) (b) (c)

1.46

g m

m r1 1, m r2 2,

g m

m r1 1, m r2 2,m r1 1, m r2 2,

Figure 6. Oscillator in parallel. Dispersion curves (continuous black lines) and decay exponent
(dashed grey lines). Normalised frequency Ω is given for ξc = 0.22 and ηc = 0.5. (a) Bi-layered
laminate. (b) Bi-layered laminate with oscillator, with ξm = 8.71, ηm = 1.260. (c) Bi-layered laminate
with oscillator, with ξm = 8.71, ηm = 0.525.

In Figure 6, dispersion diagrams are shown for the simple bi-layered laminate (part
(a)) and for the cases where two different oscillators are included in the unit cell (parts
(b) and (c)). For the laminate, ξc = 0.22 and ηc = 0.5, whereas the two oscillators are
characterised by the impedance and frequency ratios ξm = 8.71, ηm = 1.260 (case (b)) and
ξm = 8.71, ηm = 0.525 (case (c)). It is evident that the introduction of the oscillator induces
a localised effect in the neighbourhood of its characteristic frequency ωm without altering
the dispersion properties of the system in the rest of the frequency spectrum. In particular,
it creates a thin stop band if ωm is in a pass band of the laminate (see case (b) in Figure 6)
and a pass band if ωm is in a stop band of the laminate (see case (c) in Figure 6).

Note that, for Ω = δ/ηm, the decay exponent ζ → ∞, as shown in the insets of
Figure 6b,c, annihilating a propagating wave at this particular frequency.

Note also the slope inversion effect of the dispersion curves. In fact, for the simple
laminate, different branches alternate the slope (namely, the group velocity) from positive
to negative and vice versa. The introduction of the discrete resonator generates two
consecutive curves with group velocity of the same sign.

In Figure 7, the distribution of the bands are given as a function of the ratio ηm for
ξc = 0.22, ηc = 0.5 and ξm = 8.71. It is shown that in the whole range of ηm considered,
the perturbation induced by the oscillator is always localised closed to the characteristic
frequency of the oscillator and slightly larger when ωm approaches the upper or lower
limit frequencies of one band. Note also that in the limit ξm → ∞, Equation (20) tends
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to the dispersion Equation (16), except in the neighbourhood of the singularity point
(ηm/δ)Ω = 1, where a competing effect between ξm and 1− (ηm/δ)2Ω2 arises.

Figure 7. Oscillator in parallel. Band distribution as a function of the characteristic frequency ratio
ηm. Normalised frequency Ω is given for ξc = 0.22, ηc = 0.5 and ξm = 8.71. Dashed lines indicate the
two cases analysed in Figure 8, ηm = 1.26 and ηm = 0.525, respectively.

In contrast, in Figure 8 it is shown that the impedance ratio ξm governs the transition
between a discrete–continuous-like behaviour, for large negative values of ln(ξm), and
a continuous-like one for large positive values of ln(ξm). In particular, when the elastic
impedance of the oscillator tends to infinity, namely for ln ξm → −∞, the leading order
term in Equation (20) is:

[(1 + ξc) sin φ+ + (1− ξc) sin φ− ]
ηm
δ Ω

1−
( ηm

δ

)2Ω2
. (21)

Figure 8. Oscillator in parallel. Band distribution as a function of the impedance ratio ξm. Normalised
frequency Ω is given for ξc = 0.22 and ηc = 0.5. (a) ηm = 1.26, (b) ηm = 0.525. Dashed lines indicate
the characteristic frequency of the oscillator.

In this case, each unit cell behaves as the clamped two-phase system of finite size,
sketched in the inset in Figure 8a, whose discrete eigenfrequencies are the roots of the term
within square brackets in Equation (21). These values correspond to the central frequencies
of the tiny bands for large negative ln ηm. Note the presence of an infinite number of bands
due to the continuous phases, but band intervals of increasingly negligible size, as a result
of the discrete oscillator.

When the elastic impedance of the oscillator is relatively small, namely for large ln(ξm),
the ratio 1/ξm makes the contribution of the term (21) in Equation (20) small, except in
the vicinity of the characteristic frequency Ω = δ/ηm. In such a case, the continuous-like
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behaviour is similar to the one in Figure 7. The transition between the different behaviours
described above is roughly in the interval −5 ≤ ln(ξ) ≤ 0, and the interaction between the
continuous and the discrete phases can be attributed to the expression (21) divided by 4ξm
in Equation (20).

The width of the stop band generated by the oscillator with ηm = 1.26 (Figure 8a)
increases monotonically as ξm decreases, while the propagating band created by the oscilla-
tor with ηm = 0.525, namely the first optical pass band, has maximum bandwidth in the
transition zone, for −3 ≤ ln(ξm) ≤ 0 (Figure 8b).

3.2.2. Continuous Phase in Parallel

We investigate now the effect of a continuous phase arranged in parallel at the interface
of the bi-layer laminate system, as indicated in the inset of Figure 9a. The transfer matrix
MT of the unit cell can be built as for the case of a single oscillator in parallel with the
difference that Mχ is now in the form of (5). We introduce the additional characteristic
frequency and impedance ratios as ηp = ω1/ω3 and ξp = q1/q3, respectively, where
ω3 =

√
µ3/ρ3/d3 and q3 = d3

√
µ3ρ3 refer to the phase in parallel, as shown in the inset of

Figure 9a.
The dispersion relation takes the form:

cos φ =
1
4

[
(1+ξc)2

ξc
cos φ+ −

(1−ξc)2

ξc
cos φ−

]
+

− 1
4ξp

[
(1+ξc) sin φ+ +(1−ξc) sin φ−

]
tan

η3

δ
Ω. (22)

Figure 9. Continuous phase in parallel. Results are given for ξc = 0.22, ηc = 0.5. (a) Dispersion
curves (continuous black lines) and decay exponent (dashed grey lines) for ξp = 1.20, ηp = 0.60.
(b) Band distribution, where Ω is given as a function of the impedance ratio ξp (ηp = 0.60).

The terms within the first square bracket on the right-hand side of Equation (22)
correspond to the right-hand side of the dispersion Equation (11), describing the ef-
fect of the two continuous phases in series. The comparative analysis between the dis-
persion Equations (20) and (22) shows that they only differ in the terms including the
singularity, namely:

ηm
δ Ω

1−
( ηm

δ

)2Ω2
and tan

ηp

δ
Ω. (23)

The two above expressions have simple poles at the corresponding characteristic
frequencies, a single frequency Ω = δ/ηm for the discrete case (we do not consider the
negative frequency Ω = −δ/ηm) and the multiple frequencies:

Ω̃ ' 1 + 2 n
2

π
δ

ηp
, n ∈ N0, (24)
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for the continuous one.
Similar to the dispersion equation for the discrete resonator, the second term within

square brackets on the right-hand side of Equation (22) reflects the presence of the con-
tinuous phase in parallel. The comparative analysis between the dispersion diagrams of
Figures 6 and 9a reveals that the presence of the continuous phase in parallel introduces
multiple flat bands in the vicinity of the normalised eigenfrequencies:

Ω̃ ' 1 + 2 n
2

π
δ

ηp
, n ∈ N0, (25)

when ξp is sufficiently large. These are the eigenfrequencies of the finite system indicated in
the top right inset in Figure 9b, where the single continuous phase in parallel has clamped
and free boundary conditions.

This effect is similar to the case of Section 3.2.1: for the discrete oscillator, a single
additional band is created, whereas for the continuous phase, multiple bands are generated
in the neighbourhood of the eigenfrequencies reported in (25), the constant frequency
interval between eigenfrequencies being ∆Ω̃ = πδ/ηp.

Indeed, this is particularly evident by looking at the band distributions as a function
of the characteristic frequency ratios ηm in Figure 7 and ηp in Figure 10, which reveal
that the bands created by the bi-layered laminate (which can be recognised looking at
the limit ln(ηm), ln(ηp) → −∞, respectively) are perturbed in correspondence of the
eigenfrequencies of the system arranged in parallel: a single eigenfrequency for the discrete
oscillator, multiple ones for the continuous phase.

Figure 10. Continuous phase in parallel. Band distribution as a function of the characteristic frequency
ratio ηp. The distribution of the bands are given in term of the normalised frequencies Ω = ω/ω̄ on
the left and Ωp = ω/ωp on the right. Impedance and frequency ratios are: ξc = 0.22, ηc = 0.5 and
ξp = 1.20. The dashed line at ηp = 0.6 indicates the configuration of Figure 9a.

It is also interesting to focus the attention on the optical band corresponding to the
the continuous phases in parallel for large values of the characteristic frequency ratio ηp;
to this purpose, on the right of Figure 10, the band distribution is also given in terms
of the normalised frequency Ωp = ω/ωp. We note that the pass bands are bounded by
frequencies, which can be determined analytically from simple finite mechanical models
regarding the additional phase χ in parallel. The lower bound corresponds to the system
with two free ends and the upper bound to the system with clamped and free boundary
conditions as detailed in the inset of Figure 10. Clearly, the free, clamped or elastic boundary
condition is determined by the dynamic interaction between the bi-layer (arranged in series)
and the resonator (arranged in parallel).
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3.3. Single Oscillator in Series

We consider a discrete oscillator arranged in series between the two continuous
phases as in the inset of Figure 11. The transfer matrix of the unit cell can be obtained by
direct multiplication of the transfer matrix of the single phases as in Equation (8), namely
MS = Mβ Mχ Mα, where Mα and Mβ are in the the form of (5) and Mχ in the form of (6).
The dispersion relation is:

cos φ =
1
4

[
(1+ξc)2

ξc
cos φ+ −

(1−ξc)2

ξc
cos φ−

][
1− 2

(ηm

δ

)2
Ω2
]
+

− 1
4ξm

[
(1+ξc) sin φ+ +(1−ξc) sin φ−

]
ηm

δ
Ω + (26)

− ξm

ξc

[
(1+ξc) sin φ+ −(1−ξc) sin φ−

]
ηm

δ
Ω
[

1−
(ηm

δ

)2
Ω2
]

.

In this case, the characteristic frequency of the discrete oscillator is ωm =
√

2γ/m
and its elastic impedance is qm =

√
2γ m; they define the frequency ηm = ω1/ωm and

impedance ξm = q1/qm ratios as previously.
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Figure 11. Oscillator in series. Dispersion curves (continuous black lines) and decay exponent (dashed
grey lines). Normalised frequency Ω is given for ξc = 0.22, ηc = 0.5, ξm = 8.71 and ηm = 1.265.

In Figure 11, the dispersion diagram and the decay exponent are shown for the bi-
layered laminate with the discrete oscillator arranged in series.

The presence of the discrete oscillator drastically alters the dispersion properties in
the whole frequency range: as a consequence of its introduction, narrower and narrower
pass bands are obtained at increasing frequency; on the other hand, the central frequency
of each band is determined by the continuous phases. By inspection of Equation (26), it is
clear that the polynomial terms in (ηm/δ)Ω, associated with the discrete oscillator, change
the dispersive behaviour of the micro-structured system. Polynomial terms in (ηm/δ)Ω
increase in magnitude with the frequency and generate wider and wider stop bands, where
cos φ > 1. Such a polynomial dependence induces larger attenuation, as evidenced by the
decay exponent ξ in Figure 11, which has increasing maximum values passing from one
stop band to the next one.

In turn, the frequency position of the narrower and narrower pass bands are deter-
mined by the continuous phases, associated with the trigonometric terms in φ+ and φ−,
which make the absolute value of the right-hand side of Equation (26) less than 1.

The continuous nature of the micro-structured system is also linked to the fact that the
system is not a low-pass filter and, in principle, it can support waves without a frequency
upper limit.

The distributions of the bands in term of the eigenfrequency ratio ηm and the impedance
ratio ξm are detailed in Figure 12a,b, respectively. The oscillator eigenfrequency Ω = δ/ηm,
indicated in dashed grey line, is a threshold between two different behaviours: below
this critical eigenfrequency, the system has a “continuous” dispersive character, where the
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sizes of pass and stop bands are in general of the same order. In particular, in the limit
ηm → 0, the dispersion Equation (26) reduces to (16) associated with the laminate described
in Section 3.

Figure 12. Oscillator in series. Distribution of the propagation band frequency Ω as a function of the
ratios ηm and ξm. Results are given for ξc = 0.22 and ηc = 0.5 with ξm = 8.71 in (a) and ηm = 1.265
in (b). The grey dashed lines indicate the characteristic frequency of the oscillator.

Above this threshold value, the system has the “discrete-continuous” character de-
scribed in Figure 11, with highly localised pass bands over the all frequency axis that are
positioned accordingly to the continuous phases.

Finally, it is interesting to look at the limiting cases: for ξm → 0 each cell behaves as
the double-clamped bilayer, already described in Section 3.2.1 and indicated in the insert
of Figure 12b, whose eigenfrequencies are the zeros of (21). For ηm, ξm → ∞, each unit
cell behaves like a finite continuous bilayer with stress free boundary conditions whose
eigenfrequency are the solutions in term of Ω of the equation:

[(1 + ξc) sin φ+ − (1− ξc) sin φ− ]Ω = 0. (27)

Note that in the case ξm → ∞, there is an additional eigenfrequency corresponding to
Ω = δ/ηm.

For the purpose of completeness, we list in Appendix A the transfer matrices of the
systems described above.

4. Energy Distribution

In this section, we detail the energy distribution between different units for some
configurations in series and in parallel described previously.

We compute the total energy e(t) starting from the balance of mechanical energy (or
theorem of power expended):

d
dt

K(t) + Pint(t) = Pext(t), (28)

where K(t) is the kinetic energy, Pint(t) the stress-power and Pext(t) the external mechanical
power. The balance Equation (28) can be applied to every part of the considered system,
in particular, to the single phases or the unit cell. Since a conservative mechanical system
is considered, the external mechanical power Pext(t) can be expressed by virtue of the
rate of external potential energy Uext(t), namely Pext(t) = −dUext(t)/dt, and the stress
power Pint(t) can be expressed by virtue of the rate of internal potential energy (or total
strain energy) Uint(t), namely Pint(t) = dUint(t)/dt. By means of these assumptions, the
balance of mechanical energy implies that the total energy e(t), sum of the potential energy
U(t) = Uint(t) + Uext(t) and the kinetic energy K(t) is conserved (constant) during a
dynamical process:

e(t) = K(t) + U(t) = const. (29)
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Then, in a continuous phase α, the total energy Eα is obtained averaging e(t) over a
period 2π/ω as:

Eα =
1
2

µαk2
α(Aα Āα + Bα B̄α)dα , (30)

where Aα and Bα are the complex amplitudes of the displacement Uα(x), as in Equation (2),
and Āα and B̄α their complex conjugates. The complex amplitudes may be computed
from the transfer matrices of the single phases or the unit cells; in particular, referring for
simplicity to a single continuous phase α disposed between x0 and x1 = x0 + dα:

vα(x1) = Mαvα(x0) = e±iφα vα(x0), (31)

where vα(x) = [Uα(x) τα(x)]T . Therefore, the transfer matrix Mα has eigenvalues e±iφα

corresponding to propagation towards the positive and negative x-direction, respectively,
and eigenvectors ṽ±α . Then, following the representation (2):

ṽ±α = Hαa±α , with Hα =

[
eikαx0 e−ikαx0

ikαµαeikαx0 −ikαµαe−ikαx0

]
, a±α =

{
A±α
B±α

}
. (32)

Relation (32) can be inverted to obtain the two sets of complex amplitudes a+α and a−α .
The energy Eχd of the single oscillator arranged in parallel can be expressed in term of

the amplitudes of the continuous phase 1 of Figure 13, identified with the label α:

Eχd =
1
2

γ mω2(γ + mω2)

(γ−mω2)2

[
Aα Āα + Bα B̄α

2
+Re(Aα B̄αei2φα)

]
. (33)

Figure 13. Energy distribution between different phases as a function of the radian frequency ω.
Dashed lines correspond to the bi-layered system, while the continuous line corresponds to the bi-
layered system with the oscillator disposed in parallel (indicated in black). Material and geometrical
parameters are the same as Figure 6a,b. Pass band frequency intervals are indicated at the top and at
the bottom of the plot.
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The energy Eχc of the continuous phase arranged in parallel can be computed by
implementing the relevant transfer matrix as given in Equation (10). Finally, the energy ESd
of the single oscillator arranged in series is given by:

ESd =
1
2

γ

(2γ−mω2)2

[
2γ2 − γ mω2 + m2ω4

2
(Ad Ād + Bd B̄d)−

−(2γ2 − 3γmω2)Re(Ad B̄d)

]
. (34)

where Ad and Bd are the complex displacement amplitudes.
In Figures 13–15, we present the distribution of the energies within the phases as a

function of the frequency ω for the mechanical systems described in the previous section,
where the additional phase is arranged in parallel and in series. The energies are normalised
by the total energy stored in the unit cells and are presented with dashed lines for the
bi-phase system and with continuous lines for the different tri-phase systems. We note that
the energies corresponding to waves propagating in opposite direction are coincident in
the propagating bands and distinct in the stop bands. In the last case, the upper curves
correspond to the propagation direction.

Figure 14. Energy distribution between different phases as a function of the radian frequency ω.
Dashed lines correspond to the bi-layered system, while the continuous line corresponds to the
bi-layered system with the continuous phase disposed in parallel (indicated in black). Results are
given for ξc = 0.22, ηc = 0.5, ξp = 0.75 and ηp = 1.47. Pass band frequency intervals are indicated at
the top and at the bottom of the plot. Arrows indicate resonance frequencies of the phase arranged in
parallel to the bi-layered system.

In Figure 13, we present the effect of the discrete oscillator arranged in parallel. The
comparative analysis with the two-phase system shows that, in correspondence of the
characteristic frequency ωm, the energy is almost entirely localised in the discrete oscillator,
whereas, departing from this frequency, the behaviour tends to be practically coincident to
the bi-laminate. This is fully consistent with the outcomes of Figure 7.

The effects of the continuous phase arranged in parallel are shown in Figure 14. It
can be seen that the continuous phase arranged in parallel localises most of the energy in
correspondence of its eigenfrequencies (indicated with three arrows), even if the amount of
stored energy does not reach the same peak as for the discrete oscillator.

Finally, in Figure 15, the effect of the discrete oscillator arranged in series is shown.
As for the dispersion diagram, the introduction of the discrete phase radically changes the
dynamic behaviour of the continuous phases. It is noted that the energy is concentrated in
the oscillator in correspondence of its characteristic frequency, but not in the thin pass band
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opened at higher frequencies. Furthermore, the high energy concentration in the phases in
the higher frequency stop bands is an indication of the high level of attenuation, as shown
in Figure 11.

Figure 15. Energy distribution between different phases as a function of the radian frequency ω.
Dashed lines correspond to the bi-layered system, while the continuous line corresponds to the
bi-layered system with the oscillator disposed in series (indicated in black). Details of the second
and third pass-bands are given on the right. Material and geometrical parameters are the same as
Figures 6a and 11. Pass band frequency intervals are indicated at the top and at the bottom of the plot.

5. Conclusions

Filtering properties of systems having a continuous and discrete character and ar-
ranged in series and parallel have been considered. The analysis has been done by imple-
menting a transfer matrix approach; the analytical model simplifies the identification of the
contributions of mechanical properties, phase character and arrangement.

The model has been given for out-of-plane shear waves, which are governed by
Helmholtz type equations of motion, so that the results can be easily extended to other
physical applications governed by the same type of equation, such as longitudinal or
torsional waves in a rod (for sufficiently low frequencies), as well as acoustics and optics.

Several properties have been detected, which can be implemented in different applica-
tions.

In the laminate system, it has been shown that dispersion is induced by the elastic
impedance contrast, namely for ξc 6= 1, whereas the frequency contrast does not necessarily
introduce any dispersion.

For oscillators arranged in parallel, localised effects are obtained, where most of
the energy is confined in the resonators. This effect is implemented when tuned mass
dampers are added to a structure in order to damp dangerous vibrations. The simple model
developed in this work shows that energy localisation is higher for the discrete oscillator,
but the continuous one gives the possibility to obtain this effect at multiple frequencies.
The analysis also shows that this type of localisation, where the dispersive behaviour of
the system in series is strongly perturbed only in the neighbourhood of the resonance
frequencies of the oscillator, is retrieved when the elastic impedance of the resonator is
sufficiently small.

If systems having discrete and continuous character are arranged in series, the disper-
sion properties drastically change, combining the effect of creating tiny pass/stop bands
typical of discrete systems with the frequency periodicity or quasi-periodicity induced
by the continuous ones. Such behaviour, addressed as continuous–discrete like, can have
direct application in delay-line components, where there is the necessity to slow down
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waves and energy propagation, which is associated with the group velocity (the slope of
the dispersion curves), with a small amount of reflection.

A similar continuous discrete-like behaviour is obtained for a phase arranged in
parallel, when the elastic impedance of the resonator is sufficiently high. In both cases,
it is possible to predict the central frequencies of the tiny pass bands by evaluating the
eigenfrequencies of an isolated single unit cell with ad hoc boundary conditions. These
types of systems can be implemented in order to propagate selected frequencies at a constant
interval. For the systems in parallel, this behaviour is obtained when the elastic impedance
of the resonator is sufficiently high, while for the system in series, this is obtained when the
frequency of the incoming wave is above the resonance frequency of the discrete oscillator,
a condition that is reasonably easier to reach in technological applications.

The transition regions between the continuous-discrete and the continuous-like be-
haviours can be explored to enlarge the frequency intervals, where the localisation induced
by the resonators is still effective.

The results presented in this work can find applications that range from the control
of mechanical vibrations in large scale structures, such as slender bridges, to frequency
filtering in Micro and Nano Electro-Mechanical Systems.
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Appendix A. Transfer Matrices

We list the components mij (i, j = 1, 2) of the unit-cell transfer matrices for the me-
chanical systems described in Section 3.

• Bi-layer system:

m11 = cos φ1 cos φ2 −
Q1

Q2
sin φ1 sin φ2,

m12 =
1

Q1
sin φ1 cos φ2 +

1
Q2

cos φ1 sin φ2,

m21 = −Q1 sin φ1 cos φ2 −Q2 cos φ1 sin φ2,

m22 = cos φ1 cos φ2 −
Q2

Q1
sin φ1 sin φ2; (A1)

• Bi-layer system with oscillator in parallel:

m11 = cos φ1 cos φ2 −
Q1

Q2
sin φ1 sin φ2 −

1
Q2

cos φ1 sin φ2
mω2γ

γ−mω2 ,

m12 =
1

Q1
cos φ2 sin φ1 +

1
Q2

cos φ1 sin φ2 −
sin φ1 sin φ2

Q1Q2

mω2γ

γ−mω2 ,

m21 = −Q1 cos φ2 sin φ1 −Q2 cos φ1 sin φ2 − cos φ1 cos φ2
mω2γ

γ−mω2 ,

m22 = cos φ1 cos φ2 −
Q2

Q1
sin φ1 sin φ2 −

1
Q1

cos φ2 sin φ1
mω2γ

γ−mω2 ; (A2)
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• Bi-layer system with continuous phase in parallel:

m11 = cos φ1 cos φ2 −
Q1

Q2
sin φ1 sin φ2 −

Q3

Q2
cos φ1 sin φ2 tan φ3,

m12 =
1

Q1
cos φ2 sin φ1 +

1
Q2

cos φ1 sin φ2 −
Q3

Q1Q2
sin φ1 sin φ2 tan φ3,

m21 = −Q1 cos φ2 sin φ1 −Q2 cos φ1 sin φ2 −Q3 cos φ1 cos φ2 tan φ3,

m22 = cos φ1 cos φ2 −
Q2

Q1
sin φ1 sin φ2 −

Q3

Q1
cos φ2 sin φ1 tan φ3; (A3)

• Bi-layer system with oscillator in series:

m11 = cos φ1 cos φ2
γ−mω2

γ
− 1

Q2
cos φ1 sin φ2 mω2 −

Q1 sin φ1 cos φ2
2γ−mω2

γ2 − Q1

Q2
sin φ1 sin φ2

γ−mω2

γ
,

m12 =
1

Q1
sin φ1 cos φ2

c−mω2

γ
− 1

Q1Q2
sin φ1 sin φ2 mω2 +

cos φ1 cos φ2
2γ−mω2

γ2 +
1

Q2
cos φ1 sin φ2

γ−mω2

γ
,

m21 = −Q2 cos φ1 sin φ2
γ−mω2

γ
− cos φ1 cos φ2 mω2 +

Q1Q2 sin φ1 sin φ2
2γ−mω2

γ2 −Q1 sin φ1 cos φ2
γ−mω2

γ
,

m22 = cos φ1 cos φ2
γ−mω2

γ
− 1

Q1
sin φ1 cos φ2 mω2 −

Q2 cos φ1 sin φ2
2γ−mω2

γ2 − Q2

Q1
sin φ1 sin φ2

γ−mω2

γ
. (A4)
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