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Abstract

In this note we consider degenerate chemotaxis systems with porous media
type diffusion and a source term satisfying the Hadamard growth condition.
We prove the Holder regularity for bounded solutions to parabolic-parabolic
as well as for parabolic-elliptic chemotaxis systems.
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1. Introduction
Let us consider the following class of degenerate chemotaxis systems
uy = div(Vu™) — xdiv(ui~'Vov) + B(x, t,u, Vu), in RY x (¢ > 0),
Ty = Av —av + v, in RVx(t>0), (1.1
u(z,0) =up(x) >0, v(z,0)=1vy(zx) >0, in RY,
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with N >2 m>1,q> max{mT“, 2} and a, x > 0. The constant 7 is taken
nonnegative. When 7 = 0 we are in the parabolic-elliptic case and, when
7 > 0, we are in the parabolic-parabolic case. In the latter case, without loss
of generality, we may assume 7 = 1 . The initial data (ug(z), vo(x)) satisfies

{ up(w) >0, up(z) € LR N LYRY), ul' € HY(RV), 12)

vo(x) >0, vo(x) € LYRN) N WLP(RY),

with 1 < p < .
A pair (u,v) of non negative measurable functions defined in RY x [0, T], T >
0 is a local weak solution to (1.1) if

u € L=(0,T; LP(RY)), u™ € L*(0,T; HY(RY)), v € L>=(0,T; H'(RY)),

and (u, v) satisfies (1.1) in the sense that, for every compact set  C RY and
every time interval [tq,%s] C [0, 7], one has

/’C udx

to
:/ /B(a:,t,u,Vu)w dxdt;
11 K

to
/ TUYdx
K

to to
+ / / [ — 7oy + (Vo, Vw)} dxdt = / /(—cw + u)dxdt,
t t1 JK t1 JIK
for all locally bounded non negative testing function ) € W1’2(0, T; L*(K))N

(1.4)
L2 (0, T: WiP(K)).

loc

+/ / [_ wiy + (Vu™, Vip) — xu'™(Vo, V) | dx dt
y Tt UK (1.3)

In the last years, there was a growing interest in the chemotaxis systems.
We recall that Keller and Segel in the seminal paper [15] proposed a mathe-
matical model describing the aggregation process of amoebae by chemotaxis.
For such a reason, nowadays, such kind of systems are named Keller-Segel in
their honour. Recently many authors studied systems with porous medium-
type diffusion and with a power factor in the drift term (see [12], [13], [14],
[16], [21] and the references therein). In this note, we consider a degener-
ate chemotaxis model with porous media type diffusion with m > 1. When
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m =1, q=2, B =0, the system (1.1) is reduced to the classical Keller-Segel
system. In our model, the diffusion of the cells (div(Vu™)) depends only on
own density and degenerates when v = 0. The number m denotes the inten-
sity of diffusion and the exponent ¢ in the drift term takes in account the
nonlinear aspects of the biological phenomenon. Moreover we assume x > 0
which means that the cells move toward the increasing signal concentration
(chemoattractant). For sake of simplicity, we take x = 1.

This model relies on the presence of the the source term B which describes
the growth of the cells. Some experimental evidences (see [1]) show that B is
a nonlinear term and satisfies natural or Hadamard growth condition, more
precisely it satisfies the inequality (see [5], [7])

|B(x,t,u, Vu)| < C|Vu™? + ¢(z,t), C >0, (1.5)
with ¢(z,t) in the parabolic space Lé’@x(bo) = L"(0,00; LY(RY)). The pres-

ence of this term makes more challenging the math approach of this system
(see the monograph by Giaquinta [9]).

In literature a great part of the results concerns the case B = 0 where,
depending upon the choice of m and ¢, it is possible to find initial data for
which we have global existence and initial data for which blow-up in finite
time occurs (see [12], [13], [14], [22] and references therein). To our knowl-
edge, in the more general case B # 0, the global existence of the solutions and
the blow-up phenomenon are not still studied in fully detail. For the above
reason, we will work in a bounded time interval [0, 7] i.e. before the eventual
blow-up time, assuming, therefore, that the solution u remains bounded.

In the next future, we intend to investigate the existence, uniqueness, bound-
edness and blow up of the solutions.

For the existence, our idea is to approximate the system with regular ones
whose existence of the solution is known. By the regularity results that we
will prove in this paper, the approximate solutions are equi Holder continuous
and, by well known theorems, it is possible to find a subsequence converging
to a couple of Holder continuous functions (u,v). Then, we will try to apply
a compactness result such as Minty’s lemma ( [18]) to prove that the couple
(u,v) is a weak solution of the system.

In order to prove the existence, we will try to follow the Kim and Lee
approach ([16]).

The estimates concerning the boundedness of the solution should be ob-
tained modifying to our context the classical DiBenedetto estimates (see, for
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instance, Chapter 5 of ([5]).

For the global existence and the blow up issues, we intend to draw inspi-
ration from the works by Winkler ([24], [25]).
For the solutions to (1.1) with B = 0 and 7 = 1, Ishida and Yokota in
[12] proved that a weak solution exists globally when q < m + £ without
restriction on the size of initial data, improving both Sugiyama ([20]) and
Sugiyama and Kunii results ([21]) where ¢ < m was assumed. In [13], the
authors established the global existence of weak solutions with small initial
data when q > m + 2, while in [23] Winkler proved that there are initial
data such that if ¢ > m + % the solution blows up in finite time. Moreover,
in [14] uniform boundedness of nonnegative solutions was derived assuming
q<m-+ %
If B =0 and 7 = 0, the existence in large of the solutions was proved in
the case of m > q — % without any restrictions on initial data and in the
case 1 < m < q— & only for small initial data ([21]). We refer to [1] for
(local and global) existence and nonexistence of solutions to different classes
of Keller-Segel type system.
If B#0and 7=0,m=1,¢ =2, in [17] the authors investigated blow-up
phenomena and obtained a safe time interval of existence for the solutions
by deriving a lower bound of the blow-up time.
In [16], following the De Giorgi approach, Kim and Lee proved regularity and
uniqueness results for solutions to degenerate chemotaxis parabolic-parabolic
system assuming that the source term is vanishing.

In this paper we focus our attention only on the local Holder regularity
of the solution (u,v). More precisely, we give a unitary and more organic
proof that allows us to treat in the same framework a more general equa-
tion (with source term) either in the parabolic-parabolic case and in the
parabolic-elliptic case.

Our approach is based on suitable a-priori estimates on the function v that
solves the second equation of (1.1) and on De Giorgi-DiBenedetto approach (
4], [5], [6]) for proving regularity of u™. The regularity of v, either for 7 = 1
or 7 = 0, follows in a straightforward way from classical results theory (see,
for instance, [5], [10], [19]). The proof has however some remarkable differ-
ences from the classical approach by DiBenedetto. In this paper we focus
our attention only on the real novelties. When the modifications are based
only on technicalities, we quote the corresponding papers by DiBenedetto
and when it is a structural modification we give a detailed proof. Our main
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result is

Theorem 1.1. (Regularity)

Let u be a locally bounded local weak solution of (1.1) and let B satisfy (1.5).
Then (z,t) — u(x,t) is Holder continuous in RY x (0,T) and there exists
a, € (0,1) such that, for every e > 0, there exists a constant y(g) > 0 such
that

[ (w1, 1) — W (22, 1) < Y(e) (w1 — wa| ™ + [ty — o] 7)),
for every pair of points (x1,t1), (z2,t2) € RY x (e,T).

The scheme of this paper is the following: in Section 2 we present some
preliminary lemmas that will be used to prove our main results.

In Sections 3 and 4 we consider the parabolic-parabolic chemotaxis sys-
tem. We study the behavior of u™ near the ess inf u™(First Alternative),
and near the ess sup u™(Second Alternative) respectively and combining
these estimates we have the Holder continuity of the solution. The Section

5 is devoted to the study of the Holder regularity for the parabolic-elliptic
chemotaxis system.

2. Preliminary results

In this section we present some results we will use in the sequel.
In RY, define the N-dimensional cube centered at the origin and wedge
2R: Kr = {z € RN/IIEE?E:VMA < R} and let |Kg| be its measure. Let
<i

Qr(T) := K x [0,T]. Consider the parabolic space L¢"(Qr(T)) with the

norm T L
lollenrouay = ([ ([ Twltds)ar) < .
0 Kg

Moreover, for p > 1, w belongs to the space
VP(Qr(T)) = L>(0,T; LP(Kg)) N LP(0, T; W' (KR))

if ||w|lyeQper) = eS(SJSTupllwlle(KR) + [IVw|| Lo (@r(r)) < 00

Define V¥ (Qr(T)) = L=(0,T; LP(Kg)) N LP(0,T; W, P (Kg)).
The proof of the following lemmata can be found in the monograph [5].



Lemma 2.1. (Sobolev Lemma) Let ((x,t) be a cut off function compactly
supported in a cube Kr, R > 0 and let u(x,t) be defined in RN x (t1,t5), for
any to > t; > 0. Then

Il g, v, < IV 2o
and, for some C' > 0,

| |5U| |%2(t1,t2;L2(RN))

_ — = 2
<0( sup ICullZaum) + 11V(C0)IBagy yzaqamy ) 1G> O}/ 752,

(t1<t<t2)

(2.1)

For the parabolic spaces, the following embedding inequality holds.
Lemma 2.2. (Embedding Lemma) There exists a positive constant v, =
Y1 (N, p) such that for every function w € Vi (Qr(T))

[wl|zar @y < Mllwllve @y (2.2)

where p, q,r satisfy the relation

N
+ = =
pq

S |-

N
Ea

and in the case 1 < p < N, the admissible range is q € [p, NN—Z)], r € [p, o).

Lemma 2.3. (Fast geometric convergence Lemma). Let (X;) and (Y;), i =
0,1,... be two sequences of positive numbers satisfying the recursive inequal-
ities

X e DXL X2V, Vi < e bi(X, + V')

with ¢,b > 1 and k,& > 0 given numbers. If

14k 14k

Xo+ Y3 < (2¢)" 7 b 22, o =nmin(k,a),
then (X;) and (Y;) — 0 as i — oo.

Steklov averages.
Since the solutions of (1.1) possess a modest degree of regularity in the time
variable, we utilize the Steklov average u;, of the weak solution u, for h > 0:

1 t+h
up(+,t) = E/ u(, 7)dr.
t
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For a complete statement of Steklov averages and for their convergence to
u, as h — 0, we refer the reader to [5] and [6]. Then we point out an
alternative formulation of weak solution to (1.1): fix t € (0,7), let h > 0
with 0 < t < t+ h < T and replace in (1.3) with ¢, = t and to = t + I
choosing a test function v independent on 7 € (¢,t+ h), dividing by h, using
the Steklov averages we get

/ [(un) ) + (Vu™)p, V) — x (w7 V), Vo ldedr

Kxt (2?))

=/ B(z,t,u, Vu) dzdr,
Kxt

for all locally bounded non negative testing function ¢ € W,2*(0, T; L*(KC)) N
Ly, (0, T; Wy "(K)).-

Integrating over [t,t5] and letting h — 0, (2.3) gives (1.3).

We introduce now apriori estimates on the LP? — L? norm of the solutions
of evolution equations with

1<p <p<oo,

< % (2.4)

D=

1
v
Consider the following Cauchy problem :

{ vy =Av—av+w, (x,t)€RY x(t>0), (2.5)

o(,0) = vo(a), xRV,

then by classical LP? maximal regularity properties (see for instance [11], see
also [21]) we have:

Lemma 2.4. (Heat) Let v be the solution to (2.5). If vy € WYP(RY) and
w € LOO(O,OO;LPI(RN)_), with p,p’ in (2.4), then for t € [0,00), there exist
positive constants Cy, Cy, depending on p,p’ and N such that

{ o) r@yy < [lvol|o@yy + Collw(T)|] oo 0,110 @) (2.6)

V() r@yy < |[VvollLo@yy + Collw(T)]| oo o.1:10' ) -

An essential tool for the regularity are the energy estimates. Define (k —
u™) ((k —u™)_, resp.) as k —u™ if k > u™ (™ — k if & < u™, resp.)
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and 0 otherwise. Here we state these estimates only for (k — ™), (omitting

the sign +), being the other case specular. Let ¢, r > 1, 0 < k < % and
introduce ¢q,7 related to ¢,r, K by the formulas:
1 21 1 21

P Ch ) f“), PR {Ch 0) fr@. (2.7)

q q r r

Lemma 2.5. (Local Energy Estimates) Let t; < ty, q > 2, m > 1 and let
(u,v) be a locally bounded weak solution of problem (1.1).

Then there exist constants v* > 0 and C > 0 depending only upon the data
and ||u|| oo gV x (1)), Such that for a cut-off function n compactly supported
i Kgr and for every level k,

/Kth2 nz[/o(k_um)cb(f) dé“] dr +~* /: /KR IV (n(k — u™)[dzdt
< Cm( /tltZ/KR(k — u™)*| V| dadt +/t:2/KR[/O(k_um21>(§)dg} (| dvdt

o[ e | [Faia] ™)

t1

(2.8)
with ®(&) := (k — &)w ¢ and App(t) = {z € Kg : (k —u™) > 0}.

Proof. The proof of this estimate follows an argument similar to the one by
DiBenedetto ([5]) and for the reader’s convenience we give here a detailed
proof.
Starting from the definition of weak solution with the Steklov averages (2.3)
and with ¢ = —(k — u™)n?, integrating from ¢, to ¢ty and letting h — 0, we
obtain

- [ uy(k — u™)n*dxdt + [ Vu™ - V(—(k — u™)n?)dvdt
@ @ (2.9)
= /~uq_1V7J V(=(k —u™)n? dvdt + /B(—(k —u™))nPdxdt,

Q Q

where we have denoted by Q := Kp x [t1,ts]. We rewrite (2.9) as My + M, =
Ms + M,.

For k > u™ the following identity holds

d k—u™
—/KR(k —u™)n*u; dr = 1 pr (/0 @(f)df) n’dx, (2.10)

mKR
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with ®(&) defined in (2.8). Integrating by parts the right side of (2.10) with
respect to t leads to

- (] ade)tar- - [ / T b )t

m KgrXta Krxty

9 k—u™
- (/ q’(fﬂf)ﬁ ne daxdt = My — Mg — Mis.
0

Q

By standard calculations we derive

Ma= [ [9((k = wypPdode ~ [ (1~ Vo dodt = Moy~ Mon,
Q Q

My= /Q—w«k: — ")) (Vo) —/@(k —u") VitV o) = Mo + M.

By using the Young inequality we have

1
Ms, < §/~ IV (k — u™)n|*dzdt+
Q

I
5/ / uQ(q_l)n2|VU|2dxdt = M311 + M312.
t1 Krn{(k—u™)>0}

In the same manner we obtain
1
M3y < 3 /(k —u™)?|Vn|?
Q
1 [t
+ = / / w? V0?2 | Vol 2dadt = Mag, + Mag,.
2 Jh JRpn{(k—um)>0}

With Ay g(t) = {z € Kg : (k—u™(x,t)) > 0}, applying the Holder inequality
first in the variable x and then in ¢ we obtain

2(a-1) , [t2 tN\T, [t BT N
M312 + M322 S ,u+’" (/ ( |VU|2qu>th) </ Ak7R(t) ! dt) .
t1 Kgr t1
!

We first observe that Lemma 2.4 is satisfied with w = u, p = 2¢, p' =

2,3 — %1 =% ,q= %%,m in (2.7), then for (t5 — t;) small enough there




exists a constant [, > 0 such that

( /f ( /K R Vofrds) dt)’

1
172

<2l~+ {C‘O sup (/ |u(x,t)]2dm>2+</ |Vvo(:v)]2qu> 2(1} (ty — t1)7 = I,
t1<t<teo Kgr Kgr

(2.11)
By inserting (2.11) in (2) and using (2.7) it follows that
2(q—1) to 7 2(1+k)
Mz + Moy < Iy p1 ™ (/ Ag r(t) th) ) (2.12)
t1

Note that I, isa constant depending on ||u||zeo (s, 1) 22(icx)) a0d || VUo (@) || L20(kcp) -
In order to estimate the term M, we recall that, since we are using the trun-

cation (k —u™), we take k = i~ + 5% . By assumptions on B and taking

into account that (k —u™) < % <1

250

My <C[ |V(k—u™)|*n* dedt + /gb(k‘ — u™nPdxdt = My + Mys.
Q Q

An application of the Young Inequality leads, for a suitable v > 1, to
My =C / IV (k — ™) Pdadt
Q

C
< 5/ |V (k — um)n\zdxdt + C/(k — um)ZIVn\dedt = My, + Mypo.
Q Q

to 7 %(1+I€)
My :[¢(k — u™)n?dedt < @] o) (/ Apr(t) th) :
Q t

We observe that, choosing C' small enough, we have for a suitable constant
v >0
My — M3y — My > ’Y*/~ |V (k — u™)n|*dxdt.
Q

Collecting all the previous inequalities obtained for M;, i = 1,...4, the lemma
is proved. [

We conclude this section recalling the preliminaries necessary for the reg-
ularity machinery.
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Consider 0 < R < 1 sufficiently small. Set Q(2R, R*™¢) := Kyp x [-R*™¢,0],
where € is a positive number to be chosen later. We set

py = esssup u, p_ = essinf u™, w= essoscu"=pL— pu_.
Q(2R,R2—¢) Q(2R,R?~¢) Q(2R,R?~¢)

Let sg be the smallest integer such that

w 1 w
90:%<1, (121—%7 CL():Z (213)
with A > 2% A a positive constant to be determined later. We introduce
sub cylinders with center at (0,7) : Q' (R,0,*R?) = Kg x [t — 0,1] := Q%(0),
with 6 = 6, *R? and

Q(R,az*R?) == Qn(a), with Qh(0)CQn(a) (2.14)

without loss of generality, assume that (%)* > R°. If for any R < 1 this does
not hold, we have w < AR& and there is nothing to prove since the oscilla-
tion is then comparable to the radius. Next, if w > AR&, we prove that the
oscillation of u™ is reduced by a fixed factor in the set @ R(é), by analyzing
two complementary alternatives. In the first alternative, let us assume that
there exists a subcylinder Q% () where u™ is away from its infimum.

Under such hypothesis, we are able to prove that the oscillation decreases of
a fixed factor in that sub cylinder. Then, by using the so-called expansion
of positivity in time, we are able to transport that information to the top of
the original cylinder, in the "right ”sub cylinder.

In the second alternative we examine the case when in all the cylinders Q%(é),
u™ is essentially away from its supremum and we prove that the oscillation
decreases by a fixed factor also in this case directly in the whole cylinder.

3. 1% alternative in the parabolic-parabolic case

In this section we examine the first alternative with 7 = 11in (1.1): i.e.
there exists a cylinder Q% () where

[{.0) € Quid): wm <+ )] _

. 3.1
QR (0)] &y

11



with the positive constant v to be defined later.

To work in this context, we need the so-called critical mass and expansion
in time lemmata. For more details about these definitions, see, for instance,
the review paper [8].

We start with the folllowing lemma.

Lemma 3.1. (Critical mass Lemma) Let us consider the cylinder Qb(0)
defined in (2.14) and let sy be defined in (2.13). Then there exists a number
v € (0,1) such that, if

A w N
{(,1) € Qr(0) : u™ < p+ 553 < v [QR(O)], (3.2)
then w .
m . t (n
Ut > pet oy, ae in Qg(e). (3.3)

Proof. First we estimate fo(k_um) O (&)dE, with (&) (
prove that there exist two positive constants ¢ < %, and ¢ >

ITm’ such
that , (™) ,
gM S/ B(E) de < @ M) (3.4)
(6o + p—)° 0 (6o + pu—)”
with a =1 — % For 0 < u™ < k, we derive
(k—um) (k—um) 1
[ e@a= [ - - -
0 0
B kkl—oc _ (um)l—a B k.?—oc _ (um>2—a
N 1l—a 2—«
We introduce the function
kl—oz _ m\l—a k,2—o¢ _ m\2—« k—u™ 2
) B e e (k)
l1—« 2 —« (B + )2
with 7(0) = (k)*~ <m - 5) and r(0) > 0, if c < Wl(?—a) Moreover

(k) = 0. Now we observe that r/(u™) < 0if ¢ < 1. As a consequence, the
function r(u™), initially positive, is decreasing up to (k,0) and always non
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negative in 0 < ™ < k. For the inequality on the right of (3.4) following
the previous steps, we define the function
(k)l—a _ (um)l—a kQ—a _ (um)Q—a 5 (k _ um)2
— —¢
l—« 2—« (O + )

g(u™) =k

— i 1
and g(k) = 0 and ¢(0) < 0 if ¢ > T @ a)

its minimum reached at «™ = (9205{‘ 7a- Then g is negative and (3.4) is proved.

Now we are ready to prove Lemma 3.1.

Let us introduce some techmcal tools. Let us construct a family of nested
cylinders Qg, (0 ) with R; = 2ﬁ1, 1=20,1,2,... for which the assumptions
of Lemma 3.1 hold. After a translatlon we assume (0,¢) = (0,0). Let ¢; be a
piecewise cut-off function in Qg,(A) such that

Moreover g is decreasing up to

0< gi(xat) < 17 (:E,t) € QRZ(QA% Cz = 17 (:L‘,t) € QRi+1(é)a

(; =0, on the parabolic boundary of QR.(é);
_ 1 (3.5)
i+1 22(z+1)
A < ) 0 S 1 =~
VGl < = (6 S mapa

Apply the Energy Estimates (2.8) over the cyhnders Q #,(0) to the truncated
w

functions (k; — u™) with k; = p_ + ST + SESSEEE =0,1,2,.... In (2.8)

the first term on the left, the second and the third on the right include the

term fo(kfu ) ®(&) d¢ : then with k replaced by k;, by using (3.4), we have

(ki—u™) ||Cz(k —u >||L2 .
2 RN B "
/ il JRRCEGERT S . (3)

In (3.6) we take the supremum in time since ¢y is arbitrary. From (2.8)

13



multiplied by k§ = (u— + 6p)* and using (3.6), we get

sup  |[Gi(ks — u™)Zagscn,) + K6 IV (G (ki = w™)[Z2 (s,

—08 R?2<t<0

0
< cmkg{/ / (ki — u™?|VG[? dudt
-0, “R%J Kp,

' /ZR /K (k5™ (ki = u™)2 ]G (Gl dadt
0

2

+ (/ - | Ak, R, (t)ﬁ:dt) F(Hﬂ)}
—05 R

92(i+1) ;2 [0
< Cmkg{ (1 4+ m)f oo Ap | (8)dt
< omig{ e mi o [ 1Akal®

0 o\ 2(14k)
s a7
6y “R2

with Ay, gr,(t) = {z € Kg, : v™ < k;}. In order to simplify the computations
we perform the following change of time variable in (3.7): 2z = 65t. As
a consequence we have Qg () = Q; = Q(Ry, R2); u(x,t) — u(z,0,%2) =
v(z,2); C(x,t) = ((x,2); dt =0;%dz. We obtain

‘?SZSQHI)’HQ(& = V)22 0scn,) + IV (G (R = V™) L2
—R2,0

, 2(1+r)  (3.8)
w2 22(z+1) ke ko 0 # T

SCm{(lwﬂ)%so R? é'ZiHea(f—i) /R2|Zi(z)|qdz }

7 0 — I3

with Z;(z) = {z € Kg,, : v""(2,2) < k;} and |Z;| = fi)m | Z:(2)|dz.
The sequence (Z;) is connected with two sequences (X;) and (Y;) so defined:

. (fi’Rg |zi<z>|2dz>
(] . }/7: —

Xi = ) )
which satisfy Lemma 2.3. In fact we prove that X, ,; < ¢ 16°(X} T +
Xayteya = NL+2 By inequality (2.1) in the Sobolev lemma (Lemma

14



2.1) applied to (k; — v™) we have

R - ko W2 920i+1) et

1Gi (ki = v™)|[T2(q,) < Cm(e—o) (1+m)22TR2IZ¢| N+2
3.9
2 a 0 F Fen) ( )

+‘Z1’N7+290T / |Zl(2)‘3d2§ .
_R?
Moreover, we have
|§z<kz - Vm)|2d$dz

o (3.10)

0 . w 9
> ki1 — ki|2/_R2|{(l’az) € Rip1 V™ < ki1}|dz = (W> | Zi41l,

from (3.9) and (3.10) we derive the following upper bound of |Z;1|:

k 4(i+2) 9
|Zisa| < Cm(z)"q (L +m) |Zi] T
0

w N 0 ) 7 (1+r)
+ (280+i+2)_2|Zi|m‘90T (/ ]Z,-(z)|q‘dz) } (3.11)

-R
7 2(1+k)
1Zi(2)|7dz) }

|1 a(i-2 2

§C16l _2‘Z’L’1+NL+2 +90(7‘ a)’Zi|N12 (/
R —R?

where the constant ¢ depends on the data and r and 7 in (2.7). Divide (3.11)

by |Q;+1]: in the first term on the right we have

R L N
RZRYY2 RYY2 T p(Nt2)5h,

7

and in the second term

2 2
2 [/ i 7(1+r) 0 7 2(1+5)
2173 ([ |2 0a:) g (e 1zl
Y = avm R VL
Then P )
X2'+1 S c 161{XZ n+2 + ga(g_l) Ri+1 XiN+2Y; +1€}.

0

15



Recalling that g—a < —6 we have
ca(2

1
] (&—# <

0

+) < Nk, we obtain

Re(Z-1)7

choosing € such that

_2
X1 < c 16 {X ey XZ.N“Yi“H},

where ¢ is a constant independent of R, w, A
Now we prove that

Yip1 < c 164(X; + Y;'™). We have

2 1 0 r _l %
Vil = b = | [ (=)
i+1

)]
—R?_‘_l {EERi+1:Vm(I,Z)<ki+1}
1 0 . ~ % %
< T / / (G —v™) dr | dz| .
Rit1 -RZ,, Rit1

Then (from k; 41 to k;)

i+1’ki+1 - ki|2 S |KR¢+1‘71 Hé(

ARl
Moreover, we apply (2.2) in Lemma 2.2 to the truncated Cl(

L ;(k; —v™), which is
zero on the boundary from the definition (3.5) of ¢;. Then from the inequality
(3.8) we have

Visrlkeor = kif? < K| 1k~ ™) By € W[ G ks = v B
0

szRiﬂw(cnziHcQ(/Jz |dz) )
—R?

with ¢ =

e \3’

Cm~y(1 + m)(;;o )2 22D

A (3.12)
TR Cm~6 . Then from (3.12)
w222(i+1) 1
Yipn <6 . KRy [ Zi]
{ 20R! e
(5%

2(14k)
0 i 7
PO, ([ 1z
(250) —R%

We conclude that Yi,; < & 16°(X; + Y;'**). The sequences X;, Y; satisfy
Lemma 2.3 with b = 2% and

1 1 14k
Xo+ ¥ < ()% (50

= 1.
C 16 V<
16



Then X;,Y; — 0 as i — oco. With such v the hypothesis (3.2) of Lemma 3.1
holds, then as a consequence, returning to the original coordinate in time,
we obtain (3.3). O

Now we exhibit the second lemma.

Lemma 3.2. (Ezpansion in time Lemma) For every vy € (0,1), there exists
a positwe integer s1, depending only upon the data and independent of w, R
such that for all t € (t — 6,0)

m w
er Kr:u (:E,t)<,u_—|—271}‘§ I/l‘K%},

[ %(1+H)
"dt) .

Since for any t € [—t ‘AkR ‘ < |Kg| we have

0 £\ ) NG 1}
( / Apr(?) th) < (¢ (KRl)T)
—*

2(1+n) R2 2(1+N) 1

< |KR|7:/q N |}(R|R]\“i 2(1+ky
a(=5-)
0 90 7

Proof. First we estimate ( fto Ay r(t)

(3.13)

where r satisfies (2.7).

— o 20tr) 2(1+n)
« =
Moreover, we have RV%0," 7 < RNk=¢

have % > 2e. Then Nk —

. Pick € so small in order to

(H“) > g2 (H“ and taking into account

1+K) 2(1+m)
< (¢

that (%)* > R®, it follows RN*="7 @) 7 Insert the last estimate

in (3.13) to get

0 i\ 2(1+R) 2(14k)
F W\ 7
( / Apr(t) dt) < |Kg| (Z) . (3.14)

—t*

Now we prove Lemma 3.2. Let sy be the smallest positive integer such
that 55 < 1. Let s; > sp+ 2 an integer to be stated later. By Lemma 3.1,

in Kgx( —0,1), u>(,u,—|—m)ma.e.
Set k = (/UL_+23(°)Jﬁ)%, ¢= (2%1)% Define in K'r x (t—0,0)




where H = esssup (k—u).. We have ¢(u) < In* <%) :
Kg X(f—éi))

. 1 1
Since H < (pu_ + 20%)% — p™, neglecting pu™ and observing that f(u_) :=
1

(M_QSO%)% — p™ attains its max value at p_ = 0, we have
. 1
o(u) < —(s1 — s9) In2. (3.15)
m
A Op(u, _ A 02¢(u A
Moreover, ¢'(u) = gi) = H—(@—i)++é’ @' (u) = % = (¢'(u))* and by

Lemma 3.1 at the level time t—0, ¢(u) = 0 in Krx {t—0}. To prove Lemma
3.2 we consider the definition of weak solution with the Steklov average. Pick
as test function ¢ = (*(up))'€?, where £ = £(x) is a cut-off function with
E=1 inK%, £=0on 8K§, V¢l < % For any t —6 <t < 0 understanding
h — 0, we directly compute

/ /KR bt (u)(P*(w)) € dwdr

- //K (i-6 t)(vum) -V ((¢*((w)€?) dodr
R / /K (F-0.1) (Vo) -V ((§%(w)'€7) dadr (3.16)

: //K§ X(tlé,t)(cqvum)l + ¢) (¢ (u)) ¢ dxdr

0 0o 0 0
< —/ ldt +/ Jdt—l—/ let—l—/ Lodt.
-0 -0 -0 -0

For the first term on the left hand side

p(w)€)?)edxdt = p(u)€))?da.
L e = [ (o) (317)

K p x{t}
1 1

To obtain an estimate from below of the term on the right in (3.17), let us
integrate in the smaller set

Pi={x € Kpu:u(z,t) < (u_+ 2%)%}, te(t—10,0).

18



In such set P, we have

1

In this inequality, we apply (u_ + 2%)% < (u_)m + (5% )m.
Moreover, the right hand side is a decreasing function in H. Then for t €
(t —6,0), with H < k — ,ul,/m, we have

A 1
k—pm

p(u) > In™ .

pu) = In™ —

Then R
C .
/ @2(’&)(133' Z ﬁ(Sl — S0 — 1)2 ln22 ‘P‘, (318)
P

with C' is a constant depending on ||u||;~. Let us estimate the terms on the

right hand side of (3.16).

—I=— [ WV [(2((V)PE2 + 2p(V)E?
Kg
4

+4p PEVE dr < —2m u™ N1 4 @)pE | Vulda

Kpg
1

+ 4m/ "Vl |p € |VElde = — 1) + I
K

~

s inequality we have

. 1 1
L=4m [ u"o(—=¢|Vul)(V2VE) <dm [ u" e [—90’252 Vul?| + [VEP| da

Moreover, by Young

=m u™ o |Vl dr + 4m/ u™ o |VE[Pdr = Iy + I
Kpgr
4

Kg
J= / IV (V)€ 4 20(V)E + ApdEVE] d
Kpg

<2 [ w14 Tl Veldo +4 [ el el veVelda
KR KR
ry q

Jy+ Js.

19



By hypothesis on ¢, we can splitq — 1 in the sum of two positive term of
the form q—1="-+ (q — mT“) Using again Young’s inequality in J; we
obtain

J < / (14 @)% u™ e | Vul*de +/ (1 + @)% u?T ™ Vo2 dx
K Kpg

R
4 4

= jn + JA127
Jy — 4 /K o [(1¢' [ Vo)) (| VED] da
R

< 2/ P uPI 22 Vol *da + 2/ p|VEPdr = Jo1 + Jaa
KR KR
q £
NotAe thatA —j —L— j + le + fzg S (—jl + j11 + f21 + fz1> + (f22 + j22)
+(J12 + Jo1 + Lo).  Since L; < 0, we have

— jl —+ jll + jgl + le S —(m — 1)/ um—190/2§2 |Vu|2dx < 0,

Kr
4

a negative term that can be neglected.

Ioy + Jog = 4m um G| VEPdr + 2/ Q|VE?

Kpgr Kpg
1 1

o6 0 o 204k)
5| VEPdr < — 50 — - r| ’
< C’l/K o |VEFde < Cy(s1 — so 1)ln2R4 (/ (|Akq| dt) ,

—0

4
(3.19)
with C; = 4mp/~' + 2. Now we can estimate
Jiz + Jax
= / (1 + Q)¢ u72e2 |Vl *dx + 2 / PPPutI 22 V| P da
Kg Kg (3.20)

< 3/ w2 (1 4 @) Vo P d.
Kpg

T

20



An integration in time of (3.20) yields

0
/Auu + J)dt

—0

201
< [1, i(31 —509)In2 ( > // 5 |Vo|*dxdt,
m QR

where the estimate 1+ ¢ < L(s; — s9) In2 is used, thanks to (3.15).
Following the details in computing (2) and (2.11) there exists a positive
constant I, such that

// | Vo|dadt < I, (/ (| Ay, R| dt) Z(I:k). (3.22)

Thus, inserting (3.22) in (3.21) , we have

(3.21)

0
/A(J12+J21)dt
—60
3 951 2 0 B 2(1jk) (323>
< M+ E(Sl —So>ln2 (?) ]u (/_é(|Ak’{f|th) .

Now we estimate L,. Since ¢ € LTy
following estimate holds

BN (150)> aPPlying Hélder inequality, the

2(1+k)

281) )(/O(Mk’fﬁdt) T (3.24)

7

Q(9

0
/A[A/th S 2[(81 — 80) 1H2(
—0

Using the estimate (3.14) applied to Kz and adding (3.23) with (3.24) , we
obtain

0
/A(le + Jo1 + Ly)dt
—0

251 2¢—2 3 251 W
< (o= so) 27 (2t 2y, )1y ()

waso (3.25)

21



Inserting (3.18), (3.19) and (3.25) into (3.16), we obtain

1 \2 .
<%> (81 — 80)2 1n22 ’P’
26 2a(1_+k)
< 2mCi (51 = s0) In 2| K g (Z) (3.26)
291/ 202 3 2% wy =F
+ (o1 =02 (2ol )1 ()

Dividing by m%(sl — 80)? In?2, choosing A and s; sufficiently large, we con-
clude

6
|p| S _ 2m301%
C(s1 — S0)In2

(m)2& 2q_2 3 291 N M
+ = o ( w2+ 2]|9|| > K (_)
C(Sl — 80) 1n2 (Iu+) m w ||¢||LQ§ | fl A
= 11|Kx|.

4

O

Now, using Lemma 3.2 and following the same argument developed in
Chapter III, Section 6 of [5], in the subcylinder Kz X (t—60;(%)% 0), one
can prove that the numbers v; and s; of Lemma 3.2 can be chosen a priori
depending only upon the data and independent of w and R, such that we

have
u™ > o+

a.e. (x,t) € K% X <t—(90_a<§)2, O).

This concludes the 1% alternative, because we have proved the reduction of
the oscillation in that sub cylinder. Thanks to the expansion of positivity
in time (for more detail about this now a classic tool, see [5]) we are able
to transport this information to the top of the original cylinder. In fact, we
have shown that in the sub cylinder located at the top, there exist numbers
m = (1 - QTIH), and A; > A that can be determined a priori in terms of the
data, such that

231+1

either ess osc u™ <1y w or w< AlRi.
Q%(Q)
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4. 2™ alternative for the parabolic-parabolic case

Suppose that the assumption of the first alternative is violated, i.e. for
all subcylinders Q% (0) C Qr(a)

w

‘ {(J:,t) € Qi) (1) < po+ o

})> v|Qr().

(4.1)
We can rewrite (4.1) as

{@ne@ud) (.t > n - 2} <1-v)|Qe®)]  (42)

In order to estimate the measure of the set where v (z,t) > py — 5% within
Kg, we use the following lemma proven in [5].

Lemma 4.1. (t* Lemma). Fiz Q%(0) C Qr(a) and assume that (4.2) holds.
There exists a time level t* € [t — 05“R*,t — £0;,“R?] such that

. w 1—-v
HxEKR:um(x,t )> /”_EHSl_z | KR].
2

Now let us evaluate the measure of the set {z € Kp: u™(z,t) > py — 52},
t € [t*,0], where s; > s, is an integer to be fixed later on.
At this end, pick H = ess sup (u™ — (uy — 55)) . In Kg x [t*,0], consider
Kgrx[t*,0]
the function

H w w
H = my — l + ]{} = -— = .
i) = ot =" (gt ) b= = e =
Note that
1 H
P (u™) = > 1,

H—(um—k)+c> H—(um—k)+c—
P (™) = (@' (u™)?, Ve =V, V' =" Vu™

Lemma 4.2. (Logarithmic Lemma) There exists an integer sy > So, such
that if H > =, then

2517

1/2

er Kpr:u™(z,t) >u+—2%}’ < (1— Z) |Kg|, Vt €[t",0].
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Proof. Split Kr = K(_o)r + Kor,0 < 0 < 1. Making use of the defini-

tion of weak solution, via the Steklov average, pick as test function ¥(u}’) =
m(up)®(?(upr)) €2, where § = £(x) is a cut-off function, £ = 1in the cube K(_q)r,
¢ =0on 0Kg, |V¢ < %.

For any t* <t <0, letting h — 0, we get

// (P (um)E)ydrdr = / P (um) / P (um)Ed.
Kpx(tt) KRX{t} KRX{t*}
Define

_ /; /K (Vu™) - Vipdadr + /tj /K (W' Vv) - Vopdadr

t t
+ / / C|Vu™* drdr + / ovdxdr
t* JKp t* JKpg

t t t t
= —/ Idr +/ JdT+/ L1d7+/ Lodr
t* t* t* t*

and, from the definition of weak solution, get the following inequality

/ o > (u™)E du S/ . ©*(u™)E du
Ki_oyrx{0 Krx{0
(=R N (4.3)

= / ©* (W™ dx +/ (=1 +J+ Ly + Ly) dt.
Kpx{t*} tr
T_‘O estimate the term fK(l_g)RX{t} ©*(u™)€? dx define
P={r e Kqg_oyp:u™(x,t) > py — 55}, with t* <t <0.
Using the notation ¢(u™) = ¢(H), in P we have ¢(H) > (s1 —sp—1)In2
(to prove this estimate we refer the reader to Chapter II, Section 3-(ii) in
[5]). Hence by Lemma 4.1

1—
/ ©?(u™)E* dr < In*2(s; — s0)? ( Z) | K| (4.4)
Krx{t*} 1—-3

2

and

/_ ©*(u™)dx
Px{1 (4.5)

> (51— 80 — 1)21n22‘{x € Kooyt u™(,t) > pry — %H
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Our aim is to estimate fﬁ(—] +J+ Ly + Ly)dt.

—I=- mu™ ' Vu - [(2m(m — Du" " (Vu)pe'e® + 2mu™ (V)€
Kpg
+2mu™ (V)& 4+ dmu™ | Vulpg'¢VE] do < —2(m — 1)/ uH(Vu™|) o' ¢ da
Kpgr
—2m u" (1 4 )2 |Vu™Pde + 4m | ™ VU™ o € |VE|de = 1) — I, + Is.
Kr Kr

Moreover, by Young’s inequality we have

1 1
Iy=4m | u"'o(—=¢'Vu™)(V2VErr <dm [ u™ g {—90’262 V™ |? 4 |VE? | da
Kg V2 Kg 4

=m [ u™ o Vum | de 4 4m u" o |VEPdr = I3y + Iy
Kpr Kpg

J:/ AV [Qm(m — Du" 2 (Vu) e’ €2 + 2mu™ (V) '€?
Kpgr

+2mu" " p(V' )€ + dmu™ o' VE] da < 2(m — 1)/ 2o € |Vu™||Vo|de
Kgr

+2m [ w1 4 )23 VU |Volde + dm [ w200 €| V|| VE da
KR KR

- Jl + J2 + Jg.
Using Young’s inequality and the fact that ¢’ > 1 we have

Ji = (m— 1)/ u” g VU Pda + (m — 1)/ P2 Vo3

R

= Ju + Joo.
Using Young’s inequality in J; we obtain

1 1
B<om [ w1+ ) () [§|Vum|2 ; éuwrwﬂ

Kgr

=m [ W1+ o) (@) EIVU P +m| w1+ ) uP P V)
Kgr Kgr

= Jo1 + Joo,
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Jy=dm [ u" e [(PuIEV[)(IVE])]

Kpg
<2m u" U 3E2 Vo ? + 2m u™ | VEP = Jay + Jaa.
Kgr Kpg

Note that —1 + J + Ly + Lo < (=11 + J11) + (=1 + Jo1 + I31 + Ly)
+(Is2 + J32) + (Ji2 + Ja2o + J31) + Lo.
Moreover

—L+J=—(m-— 1)/ u VU™ 2o e2dr < 0
Kpg
and
—Iy+ Jo1 + I3+ L1 < —m(1 — 2C) / u™ %2 [Vu™ A da;
Kpgr

taking C' < 1/2, we obtain a negative term that can be neglected.

I3o + J3o = 4m u™ o |VE[Pdr + 2m u™ | VE?
Kn Kn (4.6)

= 6m u™ o | VEPda.
Kpg

It follows that
Ji2 + Joo + I3

= (m— 1)/ 0P Vo Pde +m | ™ (1 4 @) a3 | Vo Pd
K

R Kpg

+2m upp?u? 7 3E2 | Vo2 dr < 3m 0 u* 3| Vol de

Kgr Kpg
+3m [ u™(1+ @)@*u® 33|Vl de < 3m [ (1+u™)(1+ ) u* | Vol2da.
Kgr Kpg

From the last inequalities, taking in account (3.3) and (3.15) we deduce

/ (1+u™) (1 + ) u* 2| Vol dzdt
Qr(t*)

281 2 2qg—3
< b1+ (o) () o) [ @ivops
w QRr(t*)
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Following the details in computing (2.11), there exists I,, such that

0 i %(l—i-l-ﬁ)
/ €2|V’U|2dl'dt < ]u (/ Ak,R<t)‘th>
Qr(t*) t*

where ‘Ak,R(t)‘ = ‘ {zeKp:um>py —52} ‘
Thus by using (3.13) and (2.7) we have

0
/ (Jig + Joo + J31)dt
”

281 2q-3

< 3mlu(1+ py)(1+ (51— s0) In2)—-py™ |Kg| <—

Also we have by (4.6)

0
/ (Isy + Jao)dt < 6m(sy — s0)In2 ()™ 'y |Kg| 6,°

t* (4.7)
(29)%(sy — so) In2 P!

< 6ym
wOC

Now we estimate Ly. Since ¢ € L™ (RN x (¢ > 0)), applying Holder inequality
we have

0 991 0 RN (€EC.)
/Lgdt < 2mu” (s — so)ln2— H¢HQTQR (/ (]Ak,Rﬁdt) . (4.8)
¢ -0

*

Adding (4.8) to (4.7), we have

0
/ (Jiz + Joo + Jz1 + Lo)dt
t

*

281 29-3 280 204(1+k)
SSmfu(1+u+)(1+(51—30)1112)(w) py | R’(A)
951 250 2"‘<1T+k)
om o1 = s0) m2( )] 1ellrgne () VKRl
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At the end we obtain the final estimate

0
/ (=1 +J+ Ly + Lo)dt
t*

951\ 2 203 950 22(tK)
<3m I (1 + pg)(1+ (51— S0)In2) <—> py" (7) | KR|
w (4.9)
_ 2° 250 \
+2m | <sl—80>1n2(w)]|r¢||m3 o () 1EK

(250) (51 — s9) In2 pP!
ot 2

+ 6my

| KR

o

By inserting (4.4), (4.5) and (4.9) in (4.3) and dividing by (s; —so—1)?In?2,
we obtain

2
S1 — So 1—v
Kpr: t) > - — K
|{x€ R u (’T ) /’L+ 251} <81_50_1) <1_%)| R|

(1 + (51 — So) In 2) (251)2 203 (250> 2a(i+k)

(81 — So — 1)2 1112 2 w + A

+3m L,(1+ u™) | KR

2a(1+k)

m—1 s
2 K
+ m<81—80—1)21H2w H¢H ’ R’

(2°0) (51— so) 7"
w® 02 (s1—590—1)?In2
= (A+Bl+BQ+C+NU) |KR‘,

+ 6ym |KRr| + No|Kg|

where we used the fact that

HxEKR u™ >,u+—zis}‘ HxEK(l SR U™ >/L+——H+N0]KR\

2
Choosing o such that No < 1%, s; such that (L‘Sol) (1-1iv)(1+v),

S1—S0—
we have A< 1—v?and C< 11/ and for such o and sp, let A be such that
B, < 1V2 and By < 11/ and thls implies the statement of Lemma 4.2. ]

The second alternative is concluded estimating the measure of the set
where v (x,t) > iy — 55,8 > so within a sub cylinder of QR(%). This can
be done via the following two lemmata which proofs can be deduced from
Lemma 8.1 and Lemma 9.1, Chapter 3 in [5].
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Lemma 4.3. For every v* € (0,1), there exists s* > sy, independent on R, w
such that

<o 1en(3)

Hx c QR(g) cu(x,t) > py — o5

with A = 2%, ay = T

Lemma 4.4. The number v* (and s*) can be chosen such that

m w . R 17w\ /R\?
u <x7t)§/’b+_W7 a.e.an<§,§<28*) 5 )

The reduction of the oscillation concludes the 25 alternative.
Following the approach by Di Benedetto (see [5], Chapter III), the two alter-
natives imply the Hoélder continuity of u™, hence Theorem 1.1 is proved in
the parabolic-parabolic case.

5. Holder continuity to the parabolic-elliptic chemotaxis system

The aim of this section is to extend the results obtained in the previous
sections for the system (1.1) with 7 = 1, to the following parabolic-elliptic
degenerate system (7 = 0) in RY x (¢ > 0)

uy = div(Vu™) — xdiv(u''Vv) + B(z, t,u, Vu),
0=Av—av+ u,

with nonnegative initial data satisfying (1.2). Our approach is unitary and
does not see the difference between the parabolic-parabolic and parabolic-
elliptic cases. For this reason the proof of Holder continuity of u" follows
almost entirely the steps of the Sections 3 and 4 for the parabolic-parabolic
case. In this section we will focus our attention only on the main differences.
First, let us state a-priori elliptic L? estimates.

Consider the elliptic equation

—Av+av=w, xRN
By classical L? regularity results ([2], [3])
[lv(@)llw2e@yy < cllw(@)]] e @) (5.1)
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where ¢ is a constant depending upon p, N and a.

Let us start now the study of the 1%¢ Alternative.

In order to extend the result in Lemma 3.1 we must consider the terms
containing |Vvl|, and there, instead of (2.6), we have to use the estimate
(5.1). The same must be done in the analogous of Lemma 3.2.

Let us explain some details. To construct the sequences X; and Y; the Lemma
2.5 must be applied. More precisely, we must change the estimate of the term
with |Vol| (see (2.11)) present in

/ / 20-D2| Vo |2dzdt
Kr M{(k— um)>0}
1
2(g—1) r = to r'(g:i) r;l
< ,U_A,_qm </ (/ ’VU|2quE>th) (/ Ak’R(t) « )dt> .
t1 Kr t1

By using (5.1) with w = u and p = 2¢, we obtain

(/:(/KR!WF%:(;) dt)l < c(/:’ Hu||2’"dt) <E, (5.3)

with E, a positive constant depending on sup ||u||s,- Replacing (5.3) in
t1<t<ta

(5.2)

(5.2) and using (2.7) we get

. 2
2(g—1) t2 z 7 (1)
// 2(g—1) 2|VU| drdt <EuM+ (/ Ak,R(t) th) .
K V() 50) "

Inserting the last inequality in the computations of Lemma 3.1 and checking
the validity of Lemma 3.2, we derive also for the parabolic-elliptic case that
the oscillation of u™ is reduced by a fixed factor.

For the 2"¢ Alternative, we observe that Lemmata 4.2 and 4.1 hold by re-
placing in the estimate of |Vv| the constant I, with the constant £, defined
n (5.3). So also in this case the oscillation is reduced. Exactly as in the
parabolic-parabolic case, this implies the Holder continuity of u™.
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