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Abstract: A growing interest in the preservation of historical masonry
constructions led to analysing in detail the structural behaviour of masonry
vaults. In the last decades, several approaches have been proposed to analyse
vaults” behaviour under static and dynamic loads, which depends on different
parameters such as shape, mechanical properties of masonry and brick patterns.
In this paper, the static behaviour of a historical masonry sail vault, characterized
by a complex brick pattern and by a segmental shape, is analysed. Such typology
of vaults is widely diffused in the area of Cagliari, where many of them have
been built during the XIX century. Some hypotheses about the constructive
techniques adopted are investigated. In particular, the role played by the
arrangement of the bricks is considered. The purpose is to check whether the
adopted bricks pattern allows construction of vaults without formwork. Starting
from a geometry model which has been reconstructed from a complete laser
scanner survey, a finite element model is developed to perform a construction
stage analysis. Thus, the evolution of the stresses acting on the different parts
composing the vaults during the construction process is studied, assuming that
no formwork has been used.
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1 Introduction

The growing interest in the preservation of historical unreinforced masonry constructions
led to studying, in an ever more detailed way, the behaviour under static and dynamic
actions of the different structural elements which characterize this type of structures such
as vaults, arches and buttresses (Boothby, 2001). This attention paid by the scientific
community has conducted to a continuous development of the analytical and numerical
approaches useful for the evaluation of the structural behaviour of historical masonry
constructions (Barazzetta et al.,2020; Brandolisio & De Luca, 2021; Bui et al., 2017;
Lourenco, 2002; Nougayrede et al., 2022; Sandoval & Roca, 2012). Furthermore, a special
attention to integrated retrofitting for existing masonry buildings aimed at improving their
structural and thermal performance is growing, see for example Sassu et al., 2017, Mistretta
et al., 2019, Giresini et al., 2021.

Among the wide range of structural elements which characterize the historical
constructions, masonry vaults stand out for their importance because, in addition to the
architectural value, they represent the first curved structures built to cover an underlying
space (Como, 2013). The static and dynamic behaviour of masonry vaults is determined
by different parameters such as geometry, mechanical properties of the masonry, brick
patterns and construction technique (Bertolesi et al., 2019; Boni et al., 2021; Tralli et al.,
2014; Wendland, 2007). During the last decades, different approaches have been proposed
to evaluate the static and dynamic behaviour of masonry vaults (O’Dwyer, 1999, Creazza
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et al., 2002, Milani et al., 2009, Grillanda et al., 2021). Numerical methods have been
demonstrated to be an important tool for the evaluation of the structural behaviour of
masonry vaults. It is possible to classify the numerical approaches into three main groups:
(i) continuum-based approaches (e.g. finite element method), (ii) limit state analysis
approaches and (iii) discrete element modelling.

For the first group, considering a good compromise between the accuracy of the results
and the computational effort, macro-modelling approach represents a good strategy for the
evaluation of the global behaviour of masonry vaults (Di Pasquale, 1992; Milani & Tralli,
2012). With this approach, it is possible to avoid implementing the masonry texture, and
allowing, in this way the evaluation of large-scale masonry structures characterized by
complex and irregular geometry. An alternative strategy is represented by the micro-
modelling approach that allows to simulate the orthotropic behaviour of the masonry but
is characterized by a large computational effort due to the number of the elements involved
(Milani et al., 2016; Theodossopoulos et al., 2003). A possible compromise between the
two above-described approaches is represented by homogenization approaches which were
widely used in the past (Cecchi & Sab, 2002; Milani et al., 2006).

For the second group, a useful method to evaluate the structural behaviour of masonry
vaults is represented by the Limit State Analysis considering a kinematic (upper bound) or
static (lower bound) approach. An advanced development of Limit State Analysis is
represented by Thrust Network Analysis (Block et al., 2006; Fraternali, 2010; Marmo &
Rosati, 2017; Veenendaal & Block, 2012).

Finally, according to the third approach with the Discrete Element Modelling (DEM),
it is possible to implement the considered structure through the repetition of its fundamental
constitutive materials, whatever the type of brick and mortar, is considering that in historic
masonry usually the mortar joints are the weakest points, and the blocks are stiffer and
stronger than the mortar, DEM approaches are particularly suitable to represent the correct
behaviour of masonry structures (Cundall & Hart, 1993; Foti et al., 2018; Lemos, 2007;
Lengyel, 2017).

In this paper, the static behaviour of a historical masonry sail vault characterized by a
complex brick pattern and by a segmental shape, is analysed in detail with a humerical
model. Starting from the geometry of the vault obtained through a complete laser scanner
survey, a finite element model is developed using MIDAS FEA (Midas, 2022) software
and a construction stage analysis is performed to evaluate the evolution of the stresses
acting on the different parts of the vaults during the construction process, assuming that no
formwork has been used. Moreover, a sensitivity analysis was performed to evaluate the
minimum value of masonry tensile strength which allows the construction of the vault
without the presence of formworks. Finally, the comparison of the results obtained by the
construction stage analysis and by the execution of a standard analysis without considering
the sequence of construction phases is discussed, highlighting their differences.

2 From Laser Scanner to structural model

The case study taken into consideration in this work, is a typical masonry sail vault of
Cagliari which was built around the X1IX century (Cazzani etal., 2020; Cazzani et al., 2021;
Casu, 2013; Wendland, 2007) and is located at the ground floor of a historic building in
the city downtown (Figure 1). This vault is characterized by several different brick
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arrangements with (Figure 2) and by the lowered shape, which is almost flat in
correspondence to the crown. Four boundary arches limit its plan dimensions that are 5.88
x 5.68 m; the arch maximum rise is 1.48 m in correspondence to the key bricks.

Figure 1 (a) Location of the analysed masonry vault and (b) historic building where the vault
is placed
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The vault thickness is equal to 12 cm except for the lower parts located in
correspondence to the interfaces between the vault and the masonry columns where the
vault is 24 cm thick.

Considering the particular aspects that characterize this vault, in order to reconstruct its
effective geometry both at macro-scale (vault shape) and at micro-scale (brick pattern) a
series of rigorous laser scanner surveys have been performed (Figure 3 and 4).
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Figure 3 Laser scanner surveys results: vault shape

Figure 4 Laser scanner surveys results: brick patterns

Starting from the 3D point-cloud laser scanner geometry, the contour-level curves
which define the surface of the vault and the position where the brick arrangement change
have been defined (Figure 5a). A set of polylines have been then used to reconstruct a
NURBS (Non-Uniform Rational Basis-Splines) surface representing the vault (Figure 5b)
through a 3-D modelling software (Rhinoceros, 2020). The geometry obtained is
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significantly different to the ideal one, and this issue influences the structural behaviour of
the analysed vault (Argiolas et al., 2019).

To evaluate stress pattern acting on the different parts composing the vault during the
construction process, a 3D finite element model has been implemented in a FEA software
(Figure 6) using 32670 six node triangular plate elements while for the four boundary
arches, beam elements have been adopted. The maximum mesh size of the six node
triangular plate elements is equal to 5 cm while each arch is implemented with 262 beam
elements. The effect of the other parts of the building was considered with a set of boundary
conditions. In particular, in correspondence to the four arches simple supports acting along
the horizontal direction have been applied to simulate the presence of the other adjacent
vaults and of the perimeter masonry walls of the building while at the interface between
vault and masonry columns both vertical and horizontal simple supports have been
inserted.

Figure 5 (a) Polylines of sections obtained from the data cloud and (b) NURBS surface

(b)

Figure 6 FE model, the different colours indicate the parts of the vault that are built during the
different construction phases

Pinned (X-Y GCS)

Pinned (X-Y-Z GCS)

The masonry mechanical parameters considered in the FE model have been selected
considering literature values, which are listed in Table 1 where vy is the unit weight, E; and
E> are the values of Young’s modulus in the parallel and perpendicular direction to the bed
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joints respectively, v is Poisson’s modulus (for the sake of simplicity, and in absence of
more accurate measurement a unique value has been adopted, regardless of the considered
directions), Gi is the shear modulus in 1-2 plane, Gy is the shear modulus in 2-3 plane
and Ga; is the shear modulus in 3-1 plane. Furthermore, to take into account the masonry
orthotropic behaviour, a series of local coordinate systems have been defined, for each
different arrangement of bricks (CSys, see Figure 7) in order to better describe the resulting
mechanical behaviour. It is important to highlight that only one type of masonry material
has been assumed for the vault and the differences in terms of masonry patterns have been
considered in the FEM only by varying local coordinate systems.

Table 1 2D orthotropic mechanical properties of the masonry (Bertolesi et al., 2016)

y E: E> v G2 Gas Ga1
[kN/m?] [MPa] [MPa] [-] [MPa] [MPa] [MPa]
18 1450 1000 0.1 545 2725 272.5

Figure 7 Example of local coordinate systems

Brick pattern
CSys

3 Construction stage analysis

To evaluate the structural behaviour of the different parts of the masonry vault during the
construction process, construction stage analysis has been performed. Only self-weight
acting as dead load is here considered. Figure 8 shows the seven phases by which the
construction process has been modelled.
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Figure 8 Construction phases

Phase 1 Phase 2

Phase 3 Phase 4

Phase 5 Phase 6

Phase 7

Starting from the presence of the boundary arches (phase 1), the sequence of the
different construction phases that characterizes the analysed vault, has been determined
according to the change of the brick arrangement (phase 2-7) without the use of formworks.
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Indeed, each segment of the vault can resist to its own weight thanks to its specific shape
that can create an effective path to the applied loads, allowing to transfer then to the
boundary arches.

Figures 9-11 show the results, expressed in terms of vertical displacement and major
and minor principal stresses which were obtained for each phase. The first construction
phases (phases 1, 2, 3 and 4) are characterized by low vertical displacements, which do not
exceed 2.00 mm while during the phases 5, 6, and 7 the increment of the vertical
displacement appears almost constant. The maximum value of the vertical displacement
calculated at the end of the construction of the vault (phase 7) is equal to 3.56 mm and
occurs in correspondence to the vault crown. Furthermore, the final trend of the vertical
displacement appears slightly asymmetric due to irregularities that characterize the surface
of the vault in terms of the asymmetry of brick arrangements.

Analysing the stress evolution during and at the end of the masonry vault construction
process, the maximum tensile stresses occur in correspondence to the key bricks of the
boundary arches, reaching values equal to about 0.20 MPa. As it is shown in Figure 10,
this value of tensile stress occurs from the first construction phases. Considering the
compressive stress, the maximum value obtained is equal to 0.64 MPa. In contrast to what
has been observed for the tensile stresses, the value of the compressive stresses acting on
the different parts of the vault increases significantly starting from phase 5 (Figure 11).

To investigate the effects of the construction process and of the presence of the different
bricks arrangement on the results obtained at end of the construction stage analysis, a
comparison between a standard static analysis with and without the presence of the
different bricks arrangement has been performed. In the latter case, the masonry was
considered as an isotropic material having Young modulus E = 1450 MPa, Poisson
modulus v = 0.1 and unit weight y = 18 kN/m®. Figures 12-14 summarize the results of this
comparison, respectively in terms of vertical displacements, minor principal stresses and
major principal stresses. It is possible to notice that the maximum vertical displacement
obtained through the execution of standard static analysis is equal to 1.84 mm and to 1.46
mm respectively with and without the presence of the different bricks arrangement, values
which are significantly lower than that calculated in phase 7 of the construction stage
analysis. This can be justified since in the construction stage analysis the effects of vertical
displacements are cumulated phase by phase and produce hence a larger effect, about twice
the value that is produced by a standard static analysis.
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Figure 9 Vertical displacement
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Figure 10 Major principal stress
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Figure 11 Minor principal stress
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Figure 12 Comparison between the result obtained from construction stage analysis and from
standard static analysis: vertical displacements

Construction Stage analysis Standard static analySiS with brick arrangements
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Figure 13 Comparison between the result obtained from the construction stage analysis and from
standard static analysis: major principal stresses
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Figure 14 Comparison between the result obtained from the construction stage analysis and from
standard static analysis: minor principal stresses
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Looking at stresses, it is possible to notice the fundamental role of the brick
arrangements producing different mechanical behaviour which influence the distribution
along the vault surface.

Higher values of tensile stresses occur considering the construction stage analysis.
Indeed, as highlighted in Figure 13, the maximum value obtained through the execution of
a standard static analysis, is equal to 0.15 MPa regardless of the presence or absence of
different brick arrangements.

Table 2 Comparison of the results obtained from the different numerical analyses

Tz S-Major S-Minor

[mm] [MPa] [MPa]
Construction stage analysis 3.53 0.27 0.64
Standard static analysis with brick arrangements 1.84 0.14 0.33
Standard static analysis without brick arrangements  1.46 0.11 0.26

4 Non linear behaviour and sensitivity analysis

To evaluate the minimum tensile strength that the masonry must exhibit in order to build
the vault without formwork, construction stage analysis based on the seven phases
described in Section 3 has been conducted adopting for the masonry a smeared cracking
model available in the used FEA (Barbosa et al., 2010; Crisfield, 1986; Lofti & Shing,
1991; Saloustros et al., 2019; Vecchio & Collins, 1993). This model has been largely used
for the assessment of historical masonry structures (e.g. Clementi et a., 2016; Franchi et al.
2021; Micelli & Cascardi, 2020). In addition, a sensitivity analysis has been performed
considering a masonry tensile strength value ranging between 0.30 MPa and 0.10 MPa.
Figures 15-20 show the evolution of crack patterns in the different parts of the vault during
the construction phases for value of tensile strength respectively equal to 0.30 MPa, 0.25
MPa, 0.20 MPa, 0.15 MPa and 0.10 MPa and where in blue and purple the presence of
partially open cracks has been indicated while the open and closed cracks have been
highlighted in green (Petrangeli and Ozbolt, 1996). The results obtained from sensitivity
analysis confirmed that it is possible to build the masonry vault without formwork only if
the masonry is characterized by a tensile strength at least equal to 0.10 MPa. Indeed, for
value of masonry tensile strength below 0.10 MPa, there is the formation of significant
crack patterns from the first phases of the construction which lead to the collapse of the
involved parts of the vault, before the completion of the construction process. Going more
in detail, when the masonry is characterized by a value of tensile strength ranging between
0.30 MPa and 0.25 MPa, there is no formation of significant crack patterns during the
construction process of the vault: only localized cracks are found in correspondence to the
zones near the boundary arches. For tensile strength value equal to 0.20 MPa, it is possible
to notice the formation of widespread crack patterns always in the zones close to the key
bricks of the masonry boundary arches. Analysing the results obtained when the masonry
has tensile strength equal to 0.15 MPa, it is possible to notice the formation of a series of
cracks along the surface vault, also in zones not so close to the masonry arches. The
formation of important crack patterns along the vault surface is evident in the case of tensile
strength equal to 0.10 MPa, which occur from the first construction phases. Finally, Figure
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21 reports the maximum value of crack width that occurs for each construction phase for
the above-mentioned five values of masonry tensile strength taken into consideration in
this work. It is possible to notice that, as the tensile strength of the masonry decreases, there
is a significant increase in the crack’s width.

Figure 15 The evolution of the crack patterns during the phase 2

ft = 0.30 MPa ft=0.25 MPa

”
p

ft=0.20 MPa ft=0.15 MPa

[F] Parttially open
- loading
Partially open

- unloading
[07] Fully open

- loading
Fully open

- unloading
Closed
[ Mocrackyet

ft=0.10 MPa



On the construction stage analysis of historical masonry vaults

Figure 16 The evolution of the crack patterns during the phase 3
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Figure 17 The evolution of the crack patterns during the phase 4
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Figure 18 The evolution of the crack patterns during the phase 5
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Figure 19 The evolution of the crack patterns during the phase 6
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Figure 20 The evolution of the crack patterns during the phase 6
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Figure 21 Maximum value of crack width obtained for each construction phase
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5 Conclusions

In this paper, the structural behaviour of typical sail masonry vault which were built in
Cagliari area in XIX century and are characterized by the presence of different brick
arrangements, is investigated during the different construction phases, modelling the vault
as if it were built without the use of formwork. It is important to notice that, considering
reported in literature, this aspect was never investigated before in detail.

Starting from the 3D point cloud laser scanner geometry, a NURBS surface
representing the vault was reconstructed using a 3-D modelling software. The NURBS was
then imported in a FEA software for developing of a FE model and a construction stage
analysis, which simulate the construction process of the vault, has been carried out to
investigate the evolution of the stresses acting on the different parts of the vault. The results
which were obtained from the construction stage analysis, were compared with those
obtained from the execution of a standard static analysis considering (or not) the presence
of the different brick arrangement, to investigate the effect of the construction process.
From this comparison it was possible to observe that the maximum value of vertical
displacement obtained at the end of the construction stage analysis is about 2 times that
calculated though the standard static analysis both considering and not considering the
presence of the different brick arrangements. Furthermore, a significant difference in the
trend of the vertical displacement and of the major and minor principal stresses is observed.
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Finally, a sensitivity analysis was carried out in order to evaluate the minimum value
of tensile strength which the masonry must exhibit in order to build the vault without
formwork. Considering a smeared cracking model and taking into consideration a value of
masonry tensile strength ranging between 0.30 MPa and 0.10 MPa, the evolution of the
crack patterns during the different construction phases has been analysed. The results
showed that for values of masonry tensile strength below 0.10 MPa, it is not possible to
build the vault without formwork, since the formation of significant cracks in the first
phases of the construction process would prevent the subsequent construction phases.
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