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1  Introduction

A classical result by Kodaira states that compact complex manifolds with an ample line 
bundle L can be embedded into a projective space via sections of powers Lk for k large 
enough. Generally the Kodaira embedding is not an isometry. However, Tian [19] proved 
that suitable rescaling of the metrics induced by Kodaira embeddings C2-approximate the 
Kähler metric as the power k goes to infinity. This was later proved independently by Ruan 
[18] and Zelditch [24] to be a smooth approximation.

Both immersion and approximation results have been studied in other settings, including 
CR manifolds and other geometric structures, Sasakian manifolds, Kähler orbifolds, see e.g. 
[6, 8, 11, 17] and references therein.

In this note, we deal with the problem of approximating Hermitian non-Kähler metrics 
by holomorphic embeddings into model spaces. More precisely, we consider the class of 
compact Vaisman manifolds, the model space being Hopf manifolds.

A Vaisman structure on a complex manifold M is given by a Hermitian metric ω that 
locally admits a conformal change to a Kähler metric, with the further property that the 
local conformal changes define a closed parallel 1-form θ. We refer to [15] for an up-to-
date account of locally conformally Kähler and Vaisman geometry. Vaisman geometry is 
strictly related to Kähler and Sasakian geometries, see Sect. 1. In particular, so-called regu-
lar Vaisman manifolds are given by elliptic fibrations over a projective manifold, respec-
tively quasi-regular Vaisman manifolds have the same structure over a projective orbifold.

The main example of Vaisman manifold is given by the Hopf manifold, namely a quotient 
of Cn \ {0} by the free action generated by a holomorphic contraction. Hopf manifolds play 
the role of projective spaces in Kähler geometry. For example, it is known [11, 12] that Vais-
man manifolds are embeddable into Hopf manifolds.

In light of this, our first result is the following:

Theorem A  Let (M , ω, θ) be a compact regular Vaisman manifold. Then there exists a 
sequence of holomorphic immersions φk : M → HNk+1  into semisimple regular Hopf 
manifolds endowed with Vaisman metrics such that suitable homotheties of the induced 
structures converge to (ω, θ) in the C∞-norm.

The proof is based on the Tian approximation theorem, by exploiting the fact that, when 
the Lee class [θ] ∈ H1(M,R) is a multiple of a rational class, M is covered by a negative 
line bundle L−1 over a projective manifold X, that is, the leaf space of the canonical folia-
tion induced by θ and Jθ. This is combined with the smooth approximation of a generic 
Vaisman structure by Vaisman structures with the property that [θ] is a multiple of a rational 
class.

In [11, Theorem 2.11], it is proven that any compact quasi-regular Vaisman manifold 
admits a holomorphic immersion into a classical regular Hopf manifold. Notice that quasi-
regular Vaisman Hopf surfaces cannot be approximated by metrics induced by classical 
Hopf manifolds. One such example was presented by the first-named author and Zedda in 
[1, Proposition 3.10]. This, together with the fact that a Vaisman submanifold of a regular 
Vaisman manifold needs to be regular, shows that, in order to get an approximation result 
for quasi-regular Vaisman structures, one needs to consider embeddings into quasi-regular 
Hopf manifolds. Indeed, our second result on quasi-regular Vaisman structures reads
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Theorem B  Let (M , ω, θ) be a compact quasi-regular Vaisman manifold. Then, for any 
given m ∈ N, there exists a sequence of Vaisman structures induced by holomorphic embed-
dings ϕk : M ↪→ HNk+1  into semisimple quasi-regular Hopf manifolds which converge to 
(ω, θ) up to suitable homotheties in the Cm-norm.

As in the proof of Theorem A, we first reduce to the case of Vaisman structures whose 
Lee class [θ] ∈ H1(M,R) is a multiple of a rational class. Such quasi-regular structures 
are obtained as quotients of negative line orbibundle over projective orbifolds. The proof is 
now based on the orbifold embedding theorem for polarized cyclic orbifolds into weighted 
projective spaces by Ross and Thomas [17]. Note that this is indeed different from [11, 
Theorem 2.11] which relies on a classical result of Baily [2] realizing polarized orbifolds as 
projective algebraic subvarieties of the projective space. Our approach allows us to get an 
embedding and to control the induced metrics by a C0-convergence result of [16, 17], later 
improved to a Cm-convergence by Loi and the third-named author [6].

Concerning the metric approximation in the irregular case, notice that the character-
istic foliation of a compact Vaisman manifold (M, J, θ, ω) depends only on the complex 
structure J. Therefore one cannot approximate irregular Vaisman manifolds by holomorphic 
embeddings into quasi-regular Hopf manifolds as they would be forced to be quasi-regular. 
Furthermore, contrary to the Sasakian case, it does not hold that quasi-regular Vaisman 
structures are dense in the space of Vaisman structures on the smooth manifold M.

1.1  Structure of the paper

The paper is organized as follows. In Sect. 1, we give a brief presentation on basic defini-
tions and known results in Vaisman geometry. Section 2 and Sect. 3 are dedicated to the 
proofs of Theorem A and Theorem B respectively.

2  Preliminaries on Vaisman geometry

In this section we recall some know results on LCK and Vaisman manifolds. We refer the 
reader to [15] for a comprehensive and up-to-date exposition of developments in LCK 
geometry, and to [3] for the classical results on Sasakian manifolds.

2.1  Locally conformally Kähler structures

A locally conformally Kähler (LCK) manifold is a Hermitian manifold (M, J, g) such that 
for any point p there exists an open neighbourhood Up and a C∞ function φp : Up → R such 
that the local metric gp = e−φp g|Up

 is Kählerian. This is equivalent to ask the fundamental 
form ω(·, ·) := g(·, J ·) to satisfy the following cohomological condition

	 dω = θ ∧ ω,

where θ is a closed 1-form, called the Lee form, which encodes the local conformal changes.
If θ = dϕ for some C∞ function ϕ on M, then e−ϕω is a Kähler form on M: in this case, 

the manifold M is called globally conformally Kähler (GCK). Since, for our purposes, we 
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are interested in manifolds not admitting Kähler metrics, we will always assume the Lee 
form θ to be non-exact. More precisely, we notice that the LCK property is conformally 
invariant. Indeed, if g is LCK with Lee form θ, then ef g is LCK with Lee form θ + df . It 
follows that we can associate to the conformal class of a LCK structure (ω, θ) on M a unique 
cohomological class [θ] ∈ H1

dR(M,R).
Any LCK manifold admits a Kähler covering π : M̃ → M  on which the deck transfor-

mation group Γ := π1(M)
ker ρ  acts by homotheties, where ρ is a group homomorphism of the 

fundamental group of M into the additive group R. Thus, Γ ≃ Zk where k is the LCK rank of 
the LCK structure, namely, the dimension of the smallest linear subspace W ⊂ H1

dR(M,Q) 
such that W ⊗Q R contains the cohomology class [θ] of the Lee form. If the Kähler cover 
(M̃, ω̃) admits a Kähler potential φ that is automorphic with respect to the action of the deck 
transformation group Γ, i.e. γ∗ω̃ = e−ρ(γ)ω̃ for any γ ∈ Γ, then the corresponding LCK 
manifold (M, ω, θ) is called a LCK manifold with potential. In [13, Claim 2.4], it is proven 
that the potential φ is proper if and only if the LCK rank of M is equal to 1.

The first compact examples of LCK metrics were constructed on Hopf manifolds. A Hopf 
manifold is a compact complex non-Kähler manifold, diffeomorphic to S1 × S2n−1 with 
n ≥ 2, defined as a quotient of Cn \ {0} by the infinite cyclic group Z generated by a holo-
morphic contraction, namely a smooth map γ : Cn → Cn such that a sufficiently big itera-
tion maps any given compact subset of Cn \ {0} onto an arbitrarily small neighbourhood of 
0. When γ is linear, we call the corresponding quotient a linear Hopf manifold. In the same 
vein, the terms semisimple or diagonal Hopf manifolds will also be used.

2.2  Vaisman structures

A LCK manifold (M, J, ω, θ) is called Vaisman if the Lee form is parallel with respect to the 
Levi-Civita connection associated to the metric itself. Vaisman manifolds were intensively 
studied by Izu Vaisman under the name generalized Hopf manifolds. It is known that Hopf 
manifolds always admits LCK metrics [14], while they admit Vaisman metrics if and only 
if they are semisimple, see [15, Corollary 16.16]. A Vaisman metric is always Gauduchon 
in the sense of [4], namely, satisfies ∂∂ωn−1 = 0, where n is the complex dimension of 
M. Therefore, by [4, Théorème 1], if a Vaisman metric exists, it is unique in its conformal 
class up to a constant multiplier. Furthermore, any compact Vaisman manifold is LCK with 
potential [23, Proposition 4.4]. Up to a positive constant, a Vaisman metric is determined by 
the following identity:

	
ω = 1

|θ|2
(dcθ + θ ∧ θc),� (1)

where θc := J−1θJ , and dc = J−1dJ .
Let us explain he role of ω0 := dcθ. Any compact Vaisman manifold M of LCK rank 1 is 

biholomorphically isometric to a Vaisman manifold obtained as C(S)/Z, where S is Sasakian, 
C(S) := S × R>0 is its Kähler cone, and Z is the group generated by (x, t) �→ (φ(x), qt) 
for some q < 1 and φ a Sasakian automorphism of S, see [10]. Moreover, the triple (S, φ, q) 
is unique. We recall that on a Vaisman manifold M the Lee field θ#, defined by θ = g(θ#, ·), 
and the anti-Lee field Jθ# generate a holomorphic totally geodesic foliation Σ, called the 
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canonical foliation [21]. We say that a Vaisman manifold M is quasi-regular if each leaf 
of Σ is compact, and irregular otherwise. Moreover, M is called regular if the leaves of Σ 
are orbits of the group T 2 = (S1)2 freely acting on M. We can describe the tangent to Σ as 
the kernel of the positive closed (1, 1)-form ω0 so that (M, Σ, ω0) is a transversally Kähler 
foliation. The projection π : M → X := M/Σ to the leaf space is called the Lee fibration. 
Notice that X  has the structure of a manifold, respectively an orbifold, if the foliation Σ is 
regular, respectively quasi-regular. In such cases there exists a Kähler form (respectively 
Kähler orbifold-form) ωX  on X  such that ω0 = π∗ωX  [23, Proposition 6.4]. The structure 
of regular and quasi-regular Vaisman manifolds will be described in more details in the fol-
lowing sections.

2.3  Deformations of Vaisman structures

We recall here some deformations of Vaisman structures of LCK rank 1, which preserve 
the canonical foliation and the LCK rank. Deformations of Vaisman structures have been 
introduced by Tsukada [20] and recently Madani, Moroianu and Pilca gave an exhaustive 
presentation in [9, Section 3]. From now on, we will consider (M, J, ω, θ) a compact quasi-
regular Vaisman manifold of LCK rank 1. We will always assume that the Vaisman structure 
is normalized, i.e. the Lee form has norm 1. Such assumption is not restrictive, since every 
Vaisman metric is homothetic to a normalized Vaisman metric.

The first kind of deformations we consider are Σa-homotheties, where a ∈ R is a positive 
number. They are defined as

	 θa = aθ, ωa = aω + (a2 − a)θ ∧ θc.

Equivalently, the Vaisman structure (ωa, θa) on M can be obtained from the Kähler cone by 
setting the new coordinate ̃t = ta. Furthermore, notice that the metric (ωa, θa) still has LCK 
rank 1, as θa is proportional to θ.

More in general, one can consider deformations of type I by substituting, in Equation (1), 
a new Lee form θ′ = aθ + α, where α is a harmonic 1-form orthogonal to θ and θc. In [9, 
Lemma 3.3], it is proven that the pair (ω′ := dcθ′ + θ′ ∧ θ′c, θ′) is a normalized Vaisman 
structure on (M, J).

The other family of deformations we consider is given by transverse Kähler deforma-
tions, also known as deformations of type II [9]. Following the same notation as above, 
denote by C(S) the Kähler cone, by X  the leaf space orbifold of the canonical foliation Σ 
endowed with the Kähler orbifold-form ωX , and by 1/4t2 the Kähler potential of the initial 
Vaisman structure. Let f be a basic function with respect to the canonical foliation Σ such 
that ω̃X = ωX + i∂∂f > 0. A transverse Kähler deformation is given by replacing t with 
t̃ = ef t and leaving C(S) unchanged. As we will explain in Sect. 3, the Vaisman structure 
is determined by the transverse Kähler form ωX  and the action of Z on the Kähler cone. 
The corresponding Kähler form on C(S) is Ω̃ =

√
−1/2∂∂t̃2 =

√
−1/2∂∂(e2f t2). The Lee 

forms are related by θ̃ = θ − 2df , thus [θ̃] = [θ] ∈ H1(M,R) so that the associated LCK 
metric ω̃ := t̃−2Ω̃ has LCK rank 1, too. Since the structure on the Kähler cone C(S) does not 
change under the deformation above, the group Z still acts by biholomorphisms on it. Thus, 
the metric ω̃ is Vaisman. Notice that ω̃X  defines the same Kähler class as ωX .
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2.4  Approximation of Vaisman structures of generic LCK rank

Let (ω, θ) be a Vaisman structure of LCK rank k on a compact manifold M. Following the 
proof of [13, Proposition 3.3] by Ornea and Verbitsky, we consider a sequence of cohomol-
ogy classes [αt] ∈ H1(M,R) such that at[θ] + [αt] is rational and approximates [θ]. We 
take αt harmonic and pointwise orthogonal to θ and Jθ so that they define a deformation 
(ωt, θt) of type I. By construction, ωt has LCK rank 1. In [13], it is noted that any metric ωt 
is conformally equivalent to a Vaisman metric, which is in particular Gauduchon. In fact, the 
metric ωt is already Vaisman itself, as proven in [9, Lemma 3.3].

In conclusion, any Vaisman metric of LCK rank k can be smoothly approximated by 
Vaisman metrics of LCK rank 1.

3  Proof of Theorem A

In this section we prove the approximation theorem in the regular case. Let M be a com-
pact regular Vaisman manifold, with Lee form θ. As we recalled in Sect. 1.4, we assume 
the LCK rank equal to 1, without loss of generality. The structure of M is described in 
[10], see also [15, Theorem 11.6]. It is shown that M is biholomorphic to a smooth elliptic 
fibration π : M → X  over a projective manifold X, which is obtained as the leaf space of 
the canonical foliation Σ. More precisely, the manifold M is the quotient of the total space 
M̃ := L−1 \ {0} of a negative line bundle L−1 over X with the zero section removed. The 
deck transformation group is Z thanks to the assumption of LCK rank being equal to 1.

The line bundle L is constructed as the pushforward of the complexified weight bun-
dle LC over M, via π : M → X . More precisely, we consider the weight bundle Lρ of 
M, namely the line bundle associated to the character ρ of the deck transformation group. 
Consider Lρ equipped with the flat Weyl connection ∇W , namely the unique torsion-free 
connection such that ∇Wg = θ ⊗ g, see [22, Theorem 2.2]. Take the complexified weight 
bundle LC := Lρ ⊗R C with ∇W,C the induced connection. The (0, 1)-part of ∇W,C gives a 
holomorphic structure on LC. Let L := π∗LC be the corresponding sheaf, in fact line bundle 
since flat, over X. The space L−1 \ {0} is identified as the Kähler cone C(S) over a Sasakian 
manifold S. Then M is obtained as the quotient of L−1 \ {0} by the action of Z ≃ ⟨φ × q⟩, 
where φ is a finite order Sasakian automorphism of S and q < 1.

Fix a trivializing section ℓ for LC. Consider a Hermitian structure h on LC such that 
|ℓ|h = 1. Let D be its Chern connection on LC. Since the natural map LC → π∗π∗LC is an 
isomorphism [11, Theorem 3.4], L is equipped with a natural Hermitian metric hX , such 
that the metric h on LC = π∗L is the pullback of hX . Therefore, the Chern connection D of 
(LC, h) is lifted from the Chern connection of (L, hX). The curvature of D is −2

√
−1ω0, 

where ω0 is the transverse Kähler form, see [23, Theorem 6.7]. Then, let −2
√

−1ωX  be the 
curvature of (L, hX), so that ωX  is a Kähler form on X such that π∗ωX = ω0. In particular, 
L is a positive line bundle over X, with c1(L) = 1/π[ωX ] > 0. We can now describe the 
Vaisman structure in terms of h, φ and q. The dual metric h−1 on L−1 defines the second 
coordinate (s, t) ∈ S × R>0 = L−1 \ {0} by t : L−1 \ {0} → R>0, (p, v) �→ |v|h−1

p
. The 

Kähler form on the Kähler cone C(S) is given by Ω =
√

−1/2∂∂(t2). The Kähler metric on 
the projective manifold X is given by ωX = −

√
−1/2∂∂ log h. The Vaisman structure can 

be read from these data as
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	 ω = t−2Ω, θ = −d log(t2), Z ≃ ⟨φ × q⟩ ↷ L−1 \ {0}.� (2)

Now, by the Kodaira Embedding Theorem, there exists k ∈ N sufficiently large such that 
the Kodaira map ψk : X ↪→ CPNk  is an embedding, where Nk + 1 = dimC H0(X, Lk). 
Recall that ψ∗

kOCPNk (−1) = L−k. Thus there is a well defined holomorphic embedding 
ψ̃k : L−k \ {0} ↪→ OCPNk (−1) \ {0} ≃ CNk+1 \ {0} making the following diagram 
commute:

The holomorphic map pk : L−1 \ {0} → L−k \ {0} mapping v to v⊗k is a k-fold cover-
ing. Thus, we can define a holomorphic immersion

	 ϕk := ψ̃k ◦ pk : L−1 \ {0} → CNk+1 \ {0}.

Consider now the action of Z on L−1 \ {0}. Note that the generator γ := φ × q of Z com-
mutes with the C∗-action generated by the Reeb flow of S and the action of R>0, hence γ 
yields an automorphism of the line bundle L. Moreover, recall that γ acts as a contraction. 
Therefore, γ can be extended to a contraction Γ of the line bundle OCPNk (−1) \ {0} such 
that

	 ϕk ◦ γ = Γ ◦ ϕk.

Summarizing, we have that ϕk descends to a holomorphic immersion

	 φk : M = (L−1\{0})/⟨γ⟩ → (OCPNk (−1)\{0})/⟨Γ⟩ =: HNk+1

of M into a Hopf manifold HNk+1 of dimension Nk + 1, making the following diagram 
commutative: 

The Hopf manifold HNk+1 is Vaisman by construction and regular, since CPNk  is a pro-
jective manifold. In particular, it is also semisimple, see [15, Corollary 16.16] (for complex 
surfaces, see [5]).

Now, as in [7, Proposition 5.1], we notice the following. Fix an orthonormal basis 
{s0, . . . , sNk

} of H0(X, Lk) with respect to the standard L2-product induced by hX  and 
ωX . The immersion ϕk : L−1 \ {0} → H0(X, Lk)∗ is then given by
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ϕk(v) =

(
s �→ vk(s)

‖s‖L2

)
.

We can then compute the pullback via ϕk of the Fubini-Study metric h−1
F S  on OCPNk (−1), 

for v ∈ L−1 \ {0}, as

	
ϕ∗

k(h−1
F S)x(v, v) = h−k(v, v)

Nk∑
j=0

h(sj(x), sj(x)) = Bk(x)h−k(v, v),

where Bk(x) =
Nk∑
j=0

h(sj(x), sj(x)) is the Bergman kernel of (X, Lk). Note that ϕ∗
k(h−1

F S) 

is not a Hermitian metric on the line bundle L−1 since it does not scale correctly under the 
C∗-action. Nevertheless, it defines a change of the coordinate on R>0 of the Kähler cone 
M̃ , corresponding to the composition of the Σk-homothetic transformation t �→ tk, with the 
transverse Kähler deformation tk �→ Bktk.

We have proved the following immersion result:
Proposition 2.1  Let M be a compact regular Vaisman manifold of LCK rank 1. For every suf-
ficiently large positive integer k, there exists a holomorphic immersion φk : M → HNk+1  
into a semisimple regular Hopf manifold of dimension Nk + 1 . Moreover, if we denote by 
ϕk : M̃ → CNk+1 \ {0} the immersion lifting φk  to the Kähler coverings and by t and τ  the 
coordinates on the cone direction R>0  of M and HNk+1  respectively, then ϕ∗

k(τ) = Bktk .

We are now able to conclude the proof of Theorem A by using the sequence of holo-
morphic immersions φk : M → HNk+1 constructed above. Notice that τ  is the coordinate 
induced by the flat metric on CNk+1 \ {0} or, equivalently, by the Hermitian metric hF S  on 
OCPNk (−1) \ {0} whose curvature is −ωF S .

The holomorphic immersions φk : M → HNk+1 induce Vaisman structures on M deter-
mined by ϕ∗

k(τ), φ and q as in Equation (2). Now the Σ1/k-homothety of these structures are 
transverse Kähler deformations, determined by the Bergman kernel Bk, of the original Vais-
man structure. By the Tian approximation, the first coefficient of the asymptotic expansion 
of the Bergman kernel Bk smoothly converges to 1 when k goes to infinity. Summarizing, 
the Σ1/k-homotheties of the induced structures converge smoothly to (ω, θ).

4  Proof of Theorem B

In this section we prove the approximation theorem in the quasi-regular case. Let M be a 
compact quasi-regular Vaisman manifold, with Lee form θ. As explained in Section 1.4, 
there is no loss of generality in assuming the LCK rank equal to 1. We want to construct 
a holomorphic embedding of M into a semisimple quasi-regular Hopf manifold. Although 
the proof is analogous to the regular case, we repeat the main steps for the sake of clarity.

We recall the structure of M, see [15, Theorem 11.9]. We can describe M as an ellip-
tic fibration π : M → X  over a projective orbifold X , obtained as the leaf space of the 
canonical foliation Σ. As we are going to explain, the orbifold X  is endowed with a positive 
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line orbibundle L, with curvature ωX > 0. The Kähler covering M̃  of M is identified with 
L−1 \ {0}, the total space of the negative line orbibundle L−1 without the zero section. It is 
also identified with the Kähler cone C(S) of a compact quasi-regular Sasakian manifold S. 
Therefore the manifold M is the quotient of L−1 \ {0} by the action of Z ≃ ⟨φ × q⟩, where 
φ is a finite order Sasakian automorphism of S and q < 1. The line orbibundle L is given by 
the pushforward of the complexified weight bundle (LC, h) over M, where h is a Hermitian 
metric on LC so that the trivializing section ℓ has norm |ℓ|h = 1. Under this identification, 
the induced Hermitian metric hX  on L has Chern curvature −2

√
−1ωX . This shows that 

L is an ample line orbibundle. In analogy with the regular case, the Vaisman structure is 
described in terms of h, φ and q, see Equation (2), keeping into account that the objects are 
to be regarded in the orbifold sense.

Since L is an ample line orbibundle, for any fixed m ∈ N and for k ∈ N sufficiently large, 
Ross and Thomas [17] defined an orbifold embedding ψk : X ↪→ CPNk (w) of X  into the 
weighted projective space CPNk (w), for a suitable weight w. Furthermore, it holds

	 ψ∗
kOCPNk (w)(−1) = L−1.

We have the following commutative square, where the horizontal arrows are embeddings:

 We proceed as for the regular case: the action of γ = φ × q on L−1 \ {0} commutes with 
the C∗-action generated by the Reeb flow and the action of R>0. Hence γ yields an auto-
morphism of the line orbibundle L. Moreover, γ can be extended to a contraction Γ of the 
line orbibundle OCPNk (w)(−1) \ {0} such that

	 ψ̃k ◦ γ = Γ ◦ ψ̃k.

Again, ψ̃k descends to a holomorphic embedding

	 ϕk : M = (L−1\{0})/⟨γ⟩ ↪→ (OCPNk (w)(−1)\{0})/⟨Γ⟩ =: HNk+1

of M into a Hopf manifold HNk+1 of dimension Nk + 1, making the following diagram 
commutative: 

The Hopf manifold HNk+1 is Vaisman by construction and quasi-regular, since CPNk (w) 
is a projective orbifold. In particular, it is also semisimple, see [15, Corollary 16.16].
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We have proved the following embedding result:

Proposition 3.1  Let (M , ω, θ) be a compact quasi-regular Vaisman manifold of LCK rank 
1. For every sufficiently large positive integer k, there exists a holomorphic embedding 
φk : M → HNk+1  into a semisimple quasi-regular Hopf manifold.

We are now able to prove the approximation Theorem B. For a fixed 
m ∈ N, we have a sequence of holomorphic embeddings φk : M → HNk+1 such that 
ψ∗

k(OCPNk (w)(−1)) = L−1. Moreover, the Vaisman structure of HNk+1 is determined by the 
action of Γ and the Hermitian metric h′

F S  (following the notation in [6]) on OCPNk (w)(−1) 
whose curvature is the Fubini-Study form ωF S  of the weighted projective space CPNk (w). 
By [6, Proposition 17], the sequence ψ∗

kh′
F S  converges in Cm-norm to h. Therefore, the 

Vaisman structures on M determined by ψ∗
kh′

F S , φ and q converge in Cm-norm to (ω, θ).
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