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ABSTRACT

A theoretical framework addressing the coupled thermal and charge transport phenomena in ionic solutions is here developed. Starting from
the microscopic definitions of thermal and charge currents from Onsager formulation of non-equilibrium thermodynamics, a unique, very
general and compact form of the governing differential equation for the evolution of a temperature profile is derived. In particular, the con-
cept of generalized thermal diffusivity is introduced to capture the overall effect of the coupling between heat and charge transport in a single
phenomenological coefficient as well as to shed light on the non-equivalent situations of concurrent or discordant heat and charge currents.
To validate our theoretical framework, an ionic salt solution of NaCl in water is investigated.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0201444

In ionic systems, the simultaneous presence of electric fields and
thermal gradients is a hallmark ruling over various physical phenomena
and technological applications.1 The emergence of temperature gra-
dients in electrochemical devices, attributed to the Joule effect,2,3 and the
associated heat release during the corresponding chemical reactions4,5

ultimately generate a net ionic current.6,7 This electro-thermal coupling
plays a key role in diverse technological domains, spanning nanoen-
gines,8,9 microfluidics,10,11 and microbiology.12 Additionally, ionic fluids
are assuming a major role in various heat-transfer applications, such as
waste-heat-recovery technologies,13 solar energy storage,14 and the
design of molten salt reactors.15 Improving our basic understanding of
such subtle electro-thermal dynamics necessitates a quantitative mastery
of the complex interplay between thermal and charge transport.

Recently, efforts in theoretical modeling of thermal transport in
ionic fluids have been developed.16–18 Thorough investigations on
thermodiffusion effects and Soret phenomena have also been under-
taken.6,19–22 Furthermore, the exploration of ionic conductors as
potential thermoelectric materials has gained prominence in recent
years.6,23,24 This interest arises from the limitations of traditional ther-
moelectric semiconductors, which, while demonstrating high perfor-
mance at room temperature,25,26 face practical constraints due to
concerns related to their toxicity and rarity.27

Motivated by this state of affairs, we have developed the con-
cept of generalized thermal diffusivity for a regime of coupled
heat–charge transport. By blending together non-equilibrium ther-
modynamics and atomistic simulations, we make use of this
parameter to shed light on the complex interplay between heat and
charge carriers. Furthermore, the generalized thermal diffusivity is
proved to be useful in describing the nonequivalent situations of
concurrent (cg) or discordant (dg) thermal/electrostatic gradients.
The implications of our findings extend beyond the specific system
under investigation (a NaCl aqueous solution), providing a con-
ceptual framework applicable to a broad spectrum of coupled
heat–charge transport scenarios.

We will at first focus on the formal description of the very general
case of a fluid binary system (sketched in Fig. 1) with a fixed volume
X. A total number of N charged particles are present and are free to
move in an environment formed by N0 � N neutral molecules. From
a phenomenological standpoint, this is the formal representation of a
ionic salt dissolved in a neutral solvent (e.g., NaCl in water). If the tem-
perature T and the electrostatic potential V are not uniform across the
sample (due to non-uniform temperature and ionic concentration pro-
files), heat~J q and charge~J c currents are present in the system. They
are defined as:
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~Jq ¼ dQ
dAdt

n̂; ~Jc ¼ dq
dA dt

n̂; (1)

where dQ and dq are, respectively, the amount of heat and charge
flowing in a time interval dt through a cross section dA normal to the
unit vector n̂ (corresponding to the x direction in Fig. 1).

In general, heat and charge transport are not independent, as
each particle carries both kinetic energy and charge. This is tanta-
mount to state that both currents do depend on ~rT as well as ~rV .
For this reason, a more general expression for both current vectors is
needed in order to describe the evolution of the system. Non-
equilibrium thermodynamics represents the natural theoretical frame-
work to accomplish this task: starting from the hypothesis of a linear
response regime, Onsager demonstrated that the generalized forces
(namely ~rð1=TÞ and ~rV) and the fluxes ~J q and ~J q are mutually
linked by the system of differential equations28

~Jq ¼ Lqq~r 1
T

� �
þ Lqc �

~rV
T

� �
;

~Jc ¼ Lcq~r 1
T

� �
þ Lcc �

~rV
T

� �
;

8>>>><
>>>>:

(2)

where Lqq, Lqc¼ Lcq, and Lcc are referred to as Onsager coefficients; they
are directly related to experimentally accessible quantities. If the system
is kept at a constant and uniform temperature (~rT ¼~0), the isother-
mal electrical conductivity r0 can be defined as

r0 � j~J cj
j~rV j

 !
Tconst:

¼ Lcc
T

: (3)

Under the same conditions, a heat current is present due to the drift
motion of the charge carriers (Peltier effect), and the ratio j~J qj=j~J cj
defines the Peltier coefficient P,

P � j~J qj
j~J cj

 !
Tconst:

¼ Lqc
r0T

: (4)

A pure thermal transport regime, instead, is defined by the condition
~J c ¼~0. The presence of P is, in this case, responsible for the inset of a
~rV 6¼~0, and the thermal conductivity j is thus written as

j � � j~Jq j
j~rTj

 !
~Jc¼~0

¼ 1
T2

Lqq � P2r0T
� �

: (5)

The use of phenomenological coefficients in Eqs. (3)–(5) allows to
restate the expressions for the currents appearing in Eq. (2) in terms of
experimentally accessible quantities,

~Jq ¼ � jþ P2r0
T

� �
~rT � Pr0~rV;

~Jc ¼ � Pr0
T

~rT � r0~rV ;

8>><
>>: (6)

which is indeed a noteworthy formulation that demonstrates the role
of the Peltier coefficient as the key quantity in determining the heat–
charge coupling. Interestingly enough, in the limit P ! 0, Eq. (6) sim-
ply reduces to Fourier’s and Ohm’s law, respectively.

If no sources or sinks of charge and heat exist in the system, two
additional conditions must be satisfied, namely the conservation of
thermal energy and charge. By introducing the concept of thermal
energy density qq ¼ C vqmT , where C v is the specific heat per unit
mass, qm the local mass density, and qc the local charge density, the
conservation laws can be expressed as

@qq
@t

þ ~r � ~Jq ¼ 0;
@qc
@t

þ ~r �~Jc ¼ 0: (7)

FIG. 1. Schematic representation of the initial configuration (t¼ 0) of the system analyzed. In the left panel, the arrangement of cations and anions (violet and green spheres,
respectively) in the simulation cell with length L is shown, separated by a nominal interface (dashed line). The thermal bias initially imposed is rendered by color shadow, from
red (hotter region) to blue (colder region), with heat Jq and charge Jc currents in yellow. In the right panel, the corresponding initial temperature and charge density profiles are
represented: we will refer to the first case as the cg regime and to the second case as the dg regime.
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By imposing the constraints dictated by Eq. (7) in the expressions for
the currents provided by Eq. (6), the time evolution of the temperature
T can be straightforwardly derived. In the context of a linear response
regime, it is found that

@T
@t

¼ 1
C Vqm

jþ P2

T
rr0

rþ r0

� �" #
r2T; (8)

where r is here introduced as

r ¼ r0 þ Pr0
T2

jr2Tj
jr2V j ; (9)

representing the electric conductivity evaluated when the temperature
is not homogeneous; therefore, in the most general case, r 6¼ r0.
Equation (8) can be restated in a more compact form as

@T
@t

¼ DGr2T; (10)

where DG denotes the generalized thermal diffusivity

DG ¼ 1
C Vqm

jþ P2

T
rr0

rþ r0

� �" #
: (11)

This result clearly shows that the coupling between the thermal and
charge currents is effectively described by a unique DG coefficient,
which, remarkably, can be separated in two terms,

DG ¼ j
C Vqm

� �
|fflfflfflfflffl{zfflfflfflfflffl}þ

1
C Vqm

P2

T
rr0

rþ r0

� �" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼ aT þ Dqc

: (12)

The first one is actually the ordinary thermal diffusivity observed when
no charge transport occurs. The coupling term Dqc is expressed as a
combination of material-specific parameters (namely, the isothermal
and non-isothermal electric conductivities and the Peltier coefficient)
and the temperature. It is noticeable that if the Peltier coefficient P is
zero, the generalized thermal conductivity reduces to aT. The result is
particularly important since DG can be easily experimentally accessed;
in fact, in our understanding, it is promptly linked to thermal conduc-
tivity measured in the coupled transport regime, while the usual j is
accessible [according to the definition in Eq. (5)] only when no charge
current is flowing in the sample.

A paradigmatic case of unidimensional heat–charge coupled
transport is conceptually represented in Fig. 1. Here, (left panels) the
two nonequivalent cg and dg situations addressed below are schemati-
cally shown. By setting a step-like temperature and charge density pro-
file at t¼ 0, the time-evolution of the spatially averaged temperature
difference hDTðtÞi between the two regions of the system is given by

hDTðtÞi ¼ 8DTð0Þ
p2

X1
m¼0

1

aðmÞ2 exp � 4p2aðmÞ2
L2

DGt

� �" #
; (13)

where DTð0Þ denotes the initial temperature difference, and
aðmÞ ¼ 2mþ 1.

To assess the validity of the above-mentioned formal results, we
performed a classical molecular dynamics simulation of an aqueous
NaCl electrolyte solution. Simulations were performed using

LAMMPS29 package with a q-TIP4P/F30 force field. This interaction
scheme was parameterized to provide an accurate description of the
liquid structure, diffusion coefficient, and infrared absorption frequen-
cies of water as well as its anomalous density behavior including the
correct density maximum and melting temperature. Sodium (Na) and
chlorine (Cl) ions were modeled according to the scaled-ionic-charge
model by Kann and Skinner for ions.31 Water molecules were held
rigid using the SHAKE algorithm,32 and we adopted a cutoff radius of
12.0 Å for Lennard-Jones interactions, while Coulombic interactions
were computed adopting a particle-particle-particle-mesh solver
adapted for the TIP4P water force-field with a 10�5 accuracy. We ini-
tially set up a 50:09� 50:09� 200:36 Å3 simulation box containing
16704 water molecules at a fixed density of 0.994 g/cm3, which was ini-
tially optimized and equilibrated at T¼ 300K for 50 ps using a canoni-
cal sampling velocity rescaling thermostat.33 We then realized the
electrolyte solution at eight different concentrations, namely
0:035; 0:07; 0:085; 0:165; 0:170; 0:275; 0:33M, and 0:55M. To explore
heat–charge coupled transport phenomena, we initially generated a
charge gradient within the simulation cell by placing all Naþ ions in
the left half region of the box and the Cl� ions in the opposite half.
Then, a step-like temperature gradient was imposed by thermostatting
one half of the cell at Thot¼ 325K and the other at Tcold¼ 275K over a
duration of 4 ps. The system was next aged in the microcanonical
ensemble for a total of 50 ps. Due to the concentrations considered in
this work, which were chosen to be comparable with typical concentra-
tions of aqueous electrolytes,34–37 the number of anions and cations is
very small compared to the number of water molecules: to improve
the statistical significance of our simulations, we therefore performed
configurational average over 25 independent replicas, in which we
assigned different initial velocities and different initial positions to
ionic species. Furthermore, to investigate possible size effects, calcula-
tions were repeated, with fixed solute concentration, also with simula-
tion cells with Lx ¼ 100Å and Lx ¼ 300Å, the number of solvent
molecules consistently scaled to keep the overall mass density of the
Lx ¼ 200Å case. We found that DG slightly depends on the size of the
system: by evaluating the parameter at 100, 200, and 300Å, in cg
regime, we calculated DG as large as 18.0, 20.2, and 21.3�10�8m2=s,
respectively. Since convergence is substantially achieved at L¼ 200Å,
we consistently carried the following analysis at this length.

The results of atomistic simulations conducted on a 200 Å-long
sample are shown in Fig. 2. The time evolution of the average tempera-
ture difference hDTðtÞi between the right and left regions is presented
for two cases of interest: in the completely realistic scenario where the
two chemical species in the solvent are charged (red line) and in the
case where the two species are neutral (green line). In the latter case,
where the ionic charges are arbitrarily set to zero, the simulation was
carried out to study the system in a purely thermal regime.

In both cases, we observe that the evolution of the temperature
difference, as predicted by Eq. (13), is substantially obeyed by the sim-
ulation. We therefore conclude that the theoretical framework here
adopted, based on the assumption of a linear response [see Eq. (2)] is
sufficient to model the coupled heat–charge transport regime.

Figure 2 reveals a coupling effect between heat and charge trans-
port, as shown by the different time evolution of hDTðtÞi in the case of
a charged solvent compared to its neutral counterpart. It is emphasized
that the initial temperature gradient appears to dampen more rapidly
in the case of an electrically neutral solvent, a difference quantitatively

Applied Physics Letters ARTICLE pubs.aip.org/aip/apl

Appl. Phys. Lett. 124, 122203 (2024); doi: 10.1063/5.0201444 124, 122203-3

VC Author(s) 2024

 20 M
arch 2024 12:48:31

pubs.aip.org/aip/apl


measured by fitting the time series using the analytical solution in Eq.
(13). We remark that while in the charged case the fitting parameter
DG represents the generalized thermal diffusivity as defined in Eq.
(11), and in the case of a neutral solvent, it should be understood as
the sole thermal diffusivity.

The fitting of the calculated hDTðtÞi by Eq. (13) is shown in
Fig. 2 (black lines), with the fitting region restricted to the interval
t � 5 ps, implying that the DTð0Þ term appearing in Eq. (13) is actu-
ally evaluated at t ¼ 5 ps. This limitation arises from the presence of
some fictitious nonlinear effects observed during the initial phases of
the microcanonical simulation, a phenomenon extensively dis-
cussed.38–42 Given that these deviations from linearity quickly dissipate
without affecting the overall validity of the results, as customary, we
have excluded these initial stages from the fitting procedure.

Repeating the analysis for different solute molar concentra-
tions (both in the charged and neutral cases) highlighted a substan-
tially monotonic trend of DG as a function of concentration, as
shown in Fig. 3. The most interesting result emerged, however,
from the comparison with the inversion of the initial temperature
profile at constant charge distribution and solute concentration.
Compared to the data presented in Fig. 3 in the cg and dg regime, a
sizeable difference in the evolution trend of DG as a function of con-
centration is clearly found: while in cg, DG appears to monotoni-
cally decrease with concentration, in the dg case, a clear increasing
trend is observed. In other words, for sufficiently high molar con-
centrations, the system exhibits unlike behaviors for the dg and cg
regimes. We will hereafter refer to this feature as a rectification
behavior of thermal current.

The origin of this rectification effect is challenging and deserves a
more careful analysis. We identify two possible causes, not mutually
exclusive, that may be at its origin, namely (i) the different mass of the
two chemical species forming the solute and (ii) the specific effect of
charge–heat coupling. In this perspective, the possibility to exactly

decouple DG in a pure thermal component and a coupling term [see
Eq. (12)] is very useful, allowing a quantitative estimate of cause (ii).

In order to demonstrate the presence and quantify the extent of
cause (i), we observe that rectification persists both when the system is
in a coupled transport regime and in the case of pure thermal trans-
port. Addressing the case of a neutral solute, the presence of a thermal
diffusivity dependent on the applied initial temperature profile sug-
gests that rectification is mainly due to a Soret effect. This result is rea-
sonable, considering that the two analyzed chemical species have
sizably different atomic masses (MNa=MCl ¼ 0:65). We thus attribute
the difference between the generalized thermal diffusivity in cg and dg
(Dcg

G and Ddg
G , respectively) observed in the case of a neutral solute as a

consequence of Soret effect.
A comparison of the neutral and charged case (see Fig. 3) allows

us to observe that a charge–heat coupling is also present. Indeed, espe-
cially at high concentrations, it emerges that the generalized thermal
diffusivity in the case of a charged solute deviates from the correspond-
ing value for a neutral solute. To better highlight this deviation, the
contribution of Dqc was quantified, as shown in the left panel of Fig. 4
for both the cg and dg regime. We observe preliminarily that in abso-
lute terms, Dqc can reach values as large as 13% of DG. For this reason,
the system, even if dominated by a purely thermal transport regime,
exhibits a significant heat–charge coupling effect. We interpret such a
sizeable contribution as a consequence of the large internal electric
field, which we estimate to be �106 V=m. A second interesting result
emerges by observing the variation of Dqc with the solute concentra-
tion, which exhibits an opposite trend compared to DG. In fact, Dqc

clearly monotonically decreases with solute concentration in the dg,
while an overall increase is found in cg. Moreover, the magnitude of
the variation with solute concentration is more prominent in the dg,
with jDqcj spanning from jDqcj ’ 0 up to 6:00� 10�8m2=s. In cg,
instead, jDqcj is less sensitive than the solute concentration.

FIG. 2. Time evolution of hDTðtÞi [see Eq. (13)] during a microcanonical run in the
case of a system with Lx ¼ 200 Å. Initial temperature difference is set in cg (as
defined in Fig. 1) both for charged ðNaþ;Cl�Þ and neutral ðNa0;Cl0Þ solute config-
urations (red and green line, respectively). Results of fitting procedure using Eq.
(13) are shown as dashed black lines.

FIG. 3. Generalized thermal diffusivity DG as a function of molar concentration of
solute for the paradigmatic case of a sample with Lx ¼ 200 Å. DG values are calcu-
lated for both charged and neutral solute, respectively, labeled as ðNaþ;Cl�Þ and
ðNa0;Cl0Þ and for cg and dg (as defined in Fig. 1).
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To conclude the characterization of rectification properties of the
system, we introduce a dimensionless coefficient g to quantify the size
of the rectification. More specifically, we define g as the relative differ-
ence between generalized thermal diffusivity in the cg and dg regimes
as

g ¼ jDcg
G � Ddg

G j
Dcg
G

� 100: (14)

Consistent with the observed trend in Fig. 3, g appears to monotoni-
cally increase with solute concentration, as shown in the right panel of
Fig. 4, reaching values as large as� 45%.

It can thus be concluded that the principal origin of the recti-
fication is mainly due to a Soret effect. We also remark the pres-
ence of a dramatic reduction of the generalized thermal
conductivity in the case of charged solute compared to the corre-
sponding neutral case. We attribute this decrease to the

modification of the arrangement of water molecules, since it has
been demonstrated in the literature42,43 that the intricate network
of the hydrogen bond is crucial in determining the thermal trans-
port. In order to definitely elucidate this phenomenon, oxygen–
oxygen and oxygen–hydrogen radial distribution function [gOOðrÞ
and gOHðrÞ, respectively] are represented in Fig. 5. g(r) functions
were calculated for pure water (black line) and in the case of a
charged (red) and neutral (blue) 0.55M solution. The results show
that while the addition of a neutral solute only marginally affects
the position and width of the radial distribution functions, large
modifications are found if the solute is charged. In particular, the
broadening of the peaks in g(r) indicates a more random distribu-
tion in the first solvation shell, while second and third peaks are
almost suppressed, indicating a sizeable modification of the micro-
scopic hydrogen bonding network. In our understanding, this dis-
ruption is responsible for the dramatic decrease in DG, since

FIG. 4. Left: coupling diffusivity Dqc [as implicitly defined by Eq. (12)] in cg and dg as a function of the molar concentration of solute. Right: rectification parameter g [defined in
Eq. (14)] as a function of the molar concentration of solute, in charged and neutral case, labeled as ðNaþ;Cl�Þ and ðNa0;Cl0Þ, respectively.

FIG. 5. Oxygen–oxygen radial distribution function gOOðrÞ (left) and oxygen–hydrogen gOHðrÞ calculated for pure water (black line) and in the case of a charged (red) and neutral
(blue) 0.55M solution.
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hydrogen bonds-mediated vibrations play a significant role in
determining the overall heat transport in water. This, in turn,
decreases also the entity of g rectification parameter.

In conclusion, we have worked out the concept of “generalized
thermal conductivity,” which embodies the subtle entanglement
between thermal and electrical currents and enables the understanding
of the two nonequivalent regimes of concurrent or discordant heat–
charge fluxes. We found that a rectification behavior emerges, and by
analyzing the pure thermal and coupled terms of DG, we were able to
identify the exact role of Soret-like thermal transport as well as the
alteration of water microstructure as the main source of the peculiar
thermal response of the system.
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