
Results Math (2026) 81:43

© 2026 The Author(s)

1422-6383/26/020001-16

published online February 6, 2026
https://doi.org/10.1007/s00025-026-02599-3 Results in Mathematics

Some Estimates for the Error of Best
Polynomial Approximation of Composite
Functions

Luisa Fermo , Concetta Laurita, and Maria Grazia Russo

Abstract. The purpose of the paper is to provide upper estimates of the er-
ror of best polynomial approximation of composite functions in weighted
spaces. Such estimates are essential for the convergence analysis of numer-
ical methods applied to non-linear problems or for numerical approaches
making use of regularization techniques to cure the low smoothness of the
solution. These results are obtained through a suitable estimate of the
derivatives of composite functions in Lp and uniform weighted norms.
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1. Introduction

Consider a fixed Jacobi weight

u(x) = vγ,δ(x) := (1 − x)γ(1 + x)δ, x ∈ (−1, 1), γ, δ > −1.

In the case γ, δ ≥ 0, we denote by Cu the space of all functions f continuous
on (−1, 1) and satisfying

lim
x→+1

f(x)u(x) = 0 if γ > 0, and lim
x→−1

f(x)u(x) = 0 if δ > 0,

equipped with the norm

‖f‖Cu
:= ‖fu‖∞ = max

x∈[−1,1]
|f(x)|u(x).
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If 1 ≤ p < +∞, γ, δ > − 1
p , we denote by Lp

u the following space

Lp
u =

{
f :
∫ 1

−1

|f(x)u(x)|p dx < +∞
}

equipped with the norm

‖f‖Lp
u

:= ‖fu‖p =
(∫ 1

−1

|f(x)u(x)|p dx

) 1
p

, 1 ≤ p < +∞.

In all the spaces Lp
u and Cu it is possible to define the error of best polynomial

approximation

Em(f)u,p := inf
P∈Pm

‖(f − P )u‖p

where Pm denotes the set of the algebraic polynomials of degree at most m.
As it is well known, the rate of convergence of this error, as m → ∞,

depends on the smoothness of the function f . For instance, if some information
about the derivatives of the function f are known, a renewed inequality used
in estimating the error of best approximation is the following Favard type
inequality (see for instance [6] and the references therein)

Em(f)u,p ≤ C
mr

‖f (r)ϕru‖p, 1 ≤ p ≤ +∞, (1)

where here and in the following C is a positive absolute constant, f (r) denotes
the rth derivative of f and ϕ(x) =

√
1 − x2.

In various contexts in which the “global approximation” (i.e., in processes
involving the polynomial approximation) is used, it becomes crucial to estimate
the best polynomial approximation of composite functions in terms of the
smoothness properties of their components.

This situation naturally occurs in non linear problems, but also in other
contexts like for instance in methods using regularization techniques (see, for
instance, [2,4,5,8,9], and [10]).
Just to give an idea, in the convergence analysis of a Nyström method, based on
a Gaussian quadrature rule, applied for the numerical solution of Hammerstein
integral equations

f(y) −
∫

D

k(x, y)h(x, f(x))dx = φ(y), y ∈ D,

with D a closed interval in R, a crucial step, in obtaining a convergence rate
for the approximation error, is to estimate the best approximation error of the
product k(·, y)h(·, f) and, consequently, of the composite function h(x, f(x)).
However, in order to obtain stability results, it is also essential that the norms
of the involved functions appear in the estimate.
Another case in which the error estimation we are discussing could be useful is
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when numerical methods based on the polynomial approximation are employed
to solve Fredholm linear integral equations of the second kind

f(y) −
∫

D

k(x, y)f(x)dx = φ(y), y ∈ D,

having kernels and/or right-hand sides with a low smoothness. A strategy
often adopted in order to accelerate the convergence of the method, which
can be very slow due to the poor smoothness of the involved functions, is to
regularize the equation by combining such functions with suitable smoothing
transformations.

In this paper we propose upper estimates for the error of best polyno-
mial approximation of composite functions in suitable weighted Sobolev type
subspaces. Therefore for estimating Em(f ◦ g)u,p, starting from the Favard
type inequality (1), we will need an upper bound for the weighted norm of the
derivatives of the composite functions.

As it will be clear in the following, a crucial step for our aim is to provide,
in weighted norms, an estimate of the derivatives of a given function in terms
of a fixed higher derivative of the same function. According to our knowledge,
this is only known for functions belonging to C([a, b]) or to Lp([a, b]). In fact,
in [3, Lemma 2.1] if f, f (r) ∈ Lp([a, b]) or f (r) ∈ C([a, b]) (with f (r−1) locally
absolutely continuous), then the following inequality was stated

‖f (k)‖p ≤ C
( ‖f‖p

(b − a)k
+ (b − a)r−k‖f (r)‖p

)
, 0 < k < r, 1 ≤ p ≤ +∞,

(2)
where C is a positive constant independent of the interval [a, b] and f .

Therefore, we first prove the analogue of (2) in weighted Lp and uniform
norms and then we give the estimate of the derivatives of a composite function
in a very general case, i.e. the case in which f is a multivariate function and g
is a vector of functions. As corollaries, as we already said, we will deduce the
estimates for the best approximation errors from the Favard inequality.

We will present the results in [−1, 1], without loss of generality, since by
linearity analogous results can be deduced in the generic interval [a, b] of R.

2. Sobolev-Type Spaces

For 1 ≤ p ≤ ∞, let us introduce the weighted Sobolev–type space of order
1 ≤ r ∈ N [6]

W r
u,p =

{
f ∈ Lp

u : f (r−1) ∈ AC((−1, 1)), ‖f (r)ϕru‖p < ∞
}

,

where ϕ(x) =
√

1 − x2 and AC((−1, 1)) denotes the set of all absolutely con-
tinuous functions on on (−1, 1) and in the case p = ∞ we will consider Cu

instead of L∞
u . We equip W r

u,p with the norm

‖f‖W r
u,p

:= ‖fu‖p + ‖f (r)ϕru‖p.
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For multivariate functions f : Ω → R with Ω denoting an open subset of
R

n, we define the Sobolev space W r
p (Ω) [1] as the set of all functions f in Ω

such that for every n-tuples of nonnegative integers � = (�1, �2, . . . , �n), with
|�| =

∑n
i=1 �i ≤ r, the mixed partial derivatives

D�f =
∂�1+�2+···+�nf

∂x�1
1 ∂x�2

2 . . . ∂x�n
n

exist and ‖D�f‖p < ∞ . We endow this space with the norm

‖f‖W r
p (Ω) = ‖f‖p +

∑
1≤|�|≤r

‖D�f‖p. (3)

The spaces (W r
u,p, ‖ · ‖W r

u,p
) and (W r

p (Ω), ‖ · ‖W r
p (Ω)) are Banach spaces.

3. Faa di Bruno’s Formula

Let f : Ω ⊆ R
n → R and g : A ⊆ R → R

n with g(x) =
(g1(x), g2(x), . . . , gn(x)), be functions such that the range of g is contained
in the domain of f and for which all the necessary derivatives are defined.
In the case n = 1 the well-known Fáa di Bruno formula states

(f ◦ g)(r)(x) =
∑ r!

k1!k2! . . . kr!
f (k1+k2+...+kr)(g(x))

r∏
i=1

(
g(i)(x)

i!

)ki

(4)

where the sum is over all r-tuples of nonnegative integers (k1, k2, . . . , kr) such
that k1 + 2k2 + . . . + rkr = r.

Combining the terms with the same value of k1 + k2 + . . . + kr = k and
noticing that kj has to be zero for j > r−k+1 lead to the following equivalent
but simpler formula

(f ◦ g)(r)(x) =
r∑

k=1

f (k)(g(x))Br,k(g′(x), g′′(x), . . . g(r−k+1)(x))

where Br,k(x1, x2, . . . xr−k+1) are the partial or incomplete exponential Bell
polynomials defined as

Br,k(x1, x2, . . . xr−k+1) =
∑ r!

k1!k2! . . . kr−k+1!

r−k+1∏
i=1

(xi

i!

)ki

,

with the sum taken over all sequences (k1, k2, . . . , kr−k+1) of nonnegative in-
tegers such that these two conditions are satisfied

r−k+1∑
i=1

ki = k,

r−k+1∑
i=1

iki = r.



Vol. 81 (2026) Some Estimates for the Error Page 5 of 16 43

Formula (4) for the r-th derivative of a composite function can be generalized
in the case n > 1 as (see [7])

(f ◦ g)(r)(x)

=
∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

∏r
i=1(i!)ki

∂kf(g(x))
∂xp1

1 ∂xp2
2 · · · ∂xpn

n

×
r∏

i=1

(
g
(i)
1 (x)

)qi1 (
g
(i)
2 (x)

)qi2 · · ·
(
g(i)

n (x)
)qin

(5)

where the respective sums are over all nonnegative integer solutions of the
Diophantine equations, as follows∑

0

→ k1 + 2k2 + . . . + rkr = r,

∑
i

→ qi1 + qi2 + . . . + qin = ki, i = 1, 2, . . . , r,

(6)

and

pj = q1j + q2j + . . . + qrj , j = 1, 2, . . . , n,

(7)
k = p1 + p2 + . . . + pn = k1 + k2 + . . . + kr.

4. Main Results

In this section, we will give an estimate for the error of best polynomial ap-
proximation of composite functions both in the space Lp

u, with 1 ≤ p < ∞,
and in the space Cu.

4.1. The Cu case

First, let us prove the following lemma, which gives an estimate for the norm
of the derivatives of a function f ∈ W r

u,∞, generalizing (2).

Lemma 1. Let u(x) = (1 − x)γ(1 + x)δ be a Jacobi weight with 0 ≤ γ, δ < 1
and f ∈ W r

u,∞. Then, for 0 < k < r

‖f (k)ϕku‖∞ ≤ C
(
‖fu‖∞ + ‖f (r)ϕru‖∞

)
(8)

where C = C(r, k, γ, δ) is a positive constant independent of f .

Proof. First we note that it is enough to prove that, for any 0 < k < r,

‖f (k)ϕku‖∞ ≤ C
(
‖fu‖∞ + ‖f (k+1)ϕk+1u‖∞

)
(9)
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with C = C(k), since (8) con be deduced from (9) by induction on k.
Fix −1 ≤ x ≤ 0 and h = 1/k. By using the Taylor formula with integral
remainder, being f (k) locally absolutely continuous and consequently f (k+1)

locally integrable, we can write

f(x + jh) =
k∑

i=0

(jh)i

i!
f (i)(x) +

1
k!

∫ jh

0

(jh − t)kf (k+1)(x + t)dt

from which it follows

hkf (k)(x) =
k∑

j=0

(
k

j

)
(−1)k−jf(x + jh)

− 1
k!

k∑
j=1

(
k

j

)
(−1)k−j

∫ jh

0

(jh − t)kf (k+1)(x + t)dt

and, then,

hk|f (k)(x)|ϕk(x)u(x) ≤
k∑

j=0

(
k

j

)
|f(x + jh)|ϕk(x)u(x)

+
1
k!

k∑
j=1

(
k

j

)∫ jh

0

(jh − t)k
∣∣∣f (k+1)(x + t)

∣∣∣ϕk(x)u(x)dt. (10)

Let us estimate the first term at the right-hand side. Since ϕk(x) ≤ 1 and

u(x)
u(x + jh)

≤ (1 − x)γ

(1 − x − jh)γ
≤ 2γ

(1 − jh)γ
, (11)

being −1 ≤ x ≤ 0 and h > 0, using
(

k

j

)
≤ 2k for any j ∈ {0, 1, . . . , k}, we

obtain

k∑
j=0

(
k

j

)
|f(x + jh)|ϕk(x)u(x) ≤ ‖fu‖∞

k∑
j=0

(
k

j

)
u(x)

u(x + jh)
ϕk(x)

≤ ‖fu‖∞2γ+k
k∑

j=0

1
(1 − jh)γ

≤ ‖fu‖∞2γ+k

∫ k

0

(1 − zh)−γdz

= ‖fu‖∞
2γ+k

(1 − γ)h
.
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In order to estimate the second sum in (10), we observe that for −1 ≤ x ≤ 0,
1 ≤ j ≤ k, h = 1/k > 0 and 0 ≤ t ≤ jh the following inequalities hold true

ϕk(x)
ϕk+1(x + t)

≤ 2
k
2

t
1
2 (jh − t)

k
2 + 1

2
,

u(x)
u(x + t)

≤ (1 − x)γ

(1 − x − t)γ
≤ 2γ

(1 − t)γ
≤ 2γ

(jh − t)γ
.

Consequently, we deduce

1
k!

k∑
j=1

(
k

j

)∫ jh

0

(jh − t)k
∣∣∣f (k+1)(x + t)

∣∣∣ϕk(x)u(x)dt

≤ 1
k!

∥∥∥f (k+1)ϕk+1u
∥∥∥

∞

k∑
j=1

(
k

j

)∫ jh

0

(jh − t)k ϕk(x)
ϕk+1(x + t)

u(x)
u(x + t)

dt

≤ 2
k
2 +γ

k!

∥∥∥f (k+1)ϕk+1u
∥∥∥

∞

k∑
j=1

(
k

j

)∫ jh

0

(jh − t)
k−1
2 −γt−

1
2 dt

=
1
k!

2
k
2 +γ

∥∥∥f (k+1)ϕk+1u
∥∥∥

∞
B

(
1 − γ,

1
2

)
h

k
2 −γ

k∑
j=1

(
k

j

)
j

k
2 −γ , (12)

where B denotes the beta function.
Now, we note that for any integer k ≥ 1, it is

k∑
j=1

(
k

j

)
j

k
2 −γ ≤ 2kk

k
2 −γ ,

from which, combining (10)-(12), we get

max
−1≤x≤0

∣∣∣f (k)(x)ϕk(x)u(x)
∣∣∣

≤ 1

hk

[
2γ+k

(1 − γ)h
‖fu‖∞ +

1

k!
2

k
2 +γB

(
1 − γ,

1

2

)
h

k
2 −γ2kk

k
2 −γ

∥∥∥f (k+1)ϕk+1u
∥∥∥

∞

]

=
2γ+k

1 − γ
kk+1‖fu‖∞ +

kk

k!
2

3
2 k+γB

(
1 − γ,

1

2

)∥∥∥f (k+1)ϕk+1u
∥∥∥

∞
. (13)

The case 0 ≤ x ≤ 1 and h = −1/k can be treated with similar arguments and
leads to the following estimate

max
0≤x≤1

∣∣∣f (k)(x)ϕk(x)u(x)
∣∣∣ ≤ 2δ+k

1 − δ
kk+1‖fu‖∞

+
kk

k!
2

3
2k+δB

(
1 − δ,

1
2

)∥∥∥f (k+1)ϕk+1u
∥∥∥

∞
. (14)
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Finally, combining (13) with (14), we can deduce (9) with the constant C =
C(k) given by

C(k) = max
{

2γ+k

1 − γ
kk+1,

2δ+k

1 − δ
kk+1,

kk

k!
2

3
2k+γB

(
1 − γ,

1
2

)
,

kk

k!
2

3
2k+δB

(
1 − δ,

1
2

)}
,

where we emphasize that the expression obtained for the constant C is not the
best one. What it is important is that it depends only on k, γ, δ but not on f .

�

The previous lemma is crucial to prove our first main result.

Theorem 2. Let f : Ω → R with Ω open subset of Rn and g : (−1, 1) → R
n

such that Im(g) ⊆ Ω. Assume that f ∈ W r
∞(Ω) and g = (g1, g2, . . . , gn),

gj ∈ W r
r
√

u,∞, j = 1, 2, . . . , n, for a Jacobi weight u(x) = (1 − x)γ(1 + x)δ with
0 ≤ γ, δ < r. Then we have that f ◦ g ∈ W r

u,∞ and

‖(f ◦ g)(r)ϕru‖∞ ≤ CnrBr‖f‖W r∞(Ω)

n∏
j=1

‖gj‖sj

W r
r√u,∞

(15)

where Br is the r-th Bell number, C = C(r, γ, δ) is a positive constant indepen-
dent of f and g, and

sj =

{
0, if ‖gj‖W r

r√u,∞ ≤ 1

r, if ‖gj‖W r
r√u,∞ > 1

, j = 1, 2, . . . , n. (16)

Proof. Set w = r
√

u (that is u = wr). Faa di Bruno’s formula (5), with (6)-(7),
yields

∣∣∣(f ◦ g)(r)(x)ϕr(x)u(x)
∣∣∣

≤
∑
0

wr−k(x)
∑
1

∑
2

· · ·
∑
r

r!∏r
i=1

∏n
j=1 qij !

∣∣∣∣ ∂kf(g(x))

∂xp1
1 ∂xp2

2 · · · ∂xpn
n

∣∣∣∣wp1+...+pn (x)

×
r∏

i=1

∣∣∣g(i)1 (x)ϕi(x)
∣∣∣qi1

∣∣∣g(i)2 (x)ϕi(x)
∣∣∣qi2 · · ·

∣∣∣g(i)n (x)ϕi(x)
∣∣∣qin

(i!)ki

≤ C
∑
0

∑
1

∑
2

· · ·
∑
r

r!∏r
i=1

∏n
j=1 qij !

∣∣∣∣ ∂kf(g(x))

∂xp1
1 ∂xp2

2 · · · ∂xpn
n

∣∣∣∣

×
r∏

i=1

∣∣∣g(i)1 (x)ϕi(x)w(x)
∣∣∣qi1

∣∣∣g(i)2 (x)ϕi(x)w(x)
∣∣∣qi2 · · ·

∣∣∣g(i)n (x)ϕi(x)w(x)
∣∣∣qin

(i!)ki
.

Then, taking into account (8), we have∥∥∥g(i)
j ϕiw

∥∥∥
∞

≤ Ci‖gj‖W r
w,∞ , i = 1, 2, . . . , r, j = 1, 2, . . . , n,
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and, in virtue of (3), we deduce

∣∣∣(f ◦ g)(r)(x)ϕr(x)u(x)
∣∣∣ ≤ C‖f‖W r∞(Ω)

∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

×
r∏

i=1

Cqi1+qi2+...+qin
i

n∏
j=1

‖gj‖qij
W r

w,∞

(i!)ki

≤ C‖f‖W r∞(Ω)

∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

×
n∏

j=1

‖gj‖pj

W r
w,∞

r∏
i=1

Cki
i

(i!)ki
.

Since pj ≤ k ≤ r, for j = 1, 2, . . . , n, setting C̄ = max
i=1,2,...,r

Ci and multiplying

and dividing by k1!k2! · · · , kr!, we can write

∣∣∣(f ◦ g)(r)(x)ϕr(x)u(x)
∣∣∣ ≤ CC̄r‖f‖W r∞(Ω)

n∏
j=1

‖gj‖sj

W r
w,∞

∑
0

r!
k1!k2! · · · , kr!

×
[

r∏
i=1

1
(i!)ki

]∑
1

∑
2

· · ·
∑

r

r∏
i=1

ki!∏n
j=1 qij !

with the exponents sj , j = 1, 2, . . . , n, defined by (16). Now, we observe that

∑
i

ki!∏n
j=1 qij !

=
∑

qi1+qi2+...+qin=ki

(
ki

qi1 qi2 . . . qin

)

= (1 + 1 + . . . + 1)ki = nki i = 1, 2, . . . , r,

from which it follows that

∑
1

∑
2

· · ·
∑

r

r∏
i=1

ki!∏n
j=1 qij !

=
∑
1

k1!∏n
j=1 q1j !

∑
2

k2!∏n
j=1 q2j !

. . .
∑

r

kr!∏n
j=1 qrj !

= nk1+k2+...+kr = nk ≤ nr
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and, consequently,∣∣∣(f ◦ g)(r)(x)ϕr(x)u(x)
∣∣∣

≤ Cnr‖f‖W r∞(Ω)

n∏
j=1

‖gj‖sj

W r
w,∞

∑
0

r!
k1!k2! · · · , kr!

r∏
i=1

1
(i!)ki

= Cnr‖f‖W r∞(Ω)

n∏
j=1

‖gj‖sj

W r
w,∞

r∑
k=1

Br,k(1, 1, . . . , 1)

= CnrBr‖f‖W r∞(Ω)

n∏
j=1

‖gj‖sj

W r
w,∞

,

where C is a positive constant independent of f and g, i.e. the thesis (15). �

By combining (15) with (1) we can immediately deduce an estimate for
Em(f ◦ g)u.

Theorem 3. Let f : Ω → R with Ω open subset of Rn and g : (−1, 1) → R
n such

that Im(g) ⊆ Ω. Moreover, assume that f ∈ W r
∞(Ω) and g = (g1, g2, . . . , gn)

with gj ∈ W r
r
√

u,∞, for j = 1, 2, . . . , n, and u(x) = (1−x)γ(1+x)δ, 0 ≤ γ, δ < r.
Then

Em(f ◦ g)u,∞ ≤ C
mr

nrBr‖f‖W r∞(Ω)

n∏
j=1

‖gj‖sj

W r
r√u,∞

where C = C(r, γ, δ) is a positive constant independent of f and g, Br is the
r-th Bell number, and the exponents sj, j = 1, 2, . . . , n, are given in (16).

Corollary 4. In the special case n = 1 the previous estimate is simplified as
follows

Em(f ◦ g)u,∞ ≤ C
mr

Br‖f‖W r∞(Ω)‖g‖s1
W r

r√u,∞
.

4.2. The Lp
u case

Also in this case we start by a generalization of the result (2) proved in the un-
weighted function space Lp in [3, Lemma 2.1]. The following lemma provides an
estimate for the norm of the derivatives of a function f ∈ W r

u,p, for 1 ≤ p < ∞.

Lemma 5. Let 1 ≤ p < ∞. Assume that u(x) = (1 − x)γ(1 + x)δ is a Jacobi
weight with max

{
− 1

p ,− 1
2

}
< γ, δ < 1 and f ∈ W r

u,p. Then, for 0 < k < r

‖f (k)ϕku‖p ≤ C
(
‖fu‖p + ‖f (r)ϕru‖p

)
(17)

where C = C(r, k, γ, δ) is a positive constant independent of f .
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Proof. As in the proof of Lemma 1, we limit ourselves to prove that

‖f (k)ϕku‖p ≤ C
(
‖fu‖p + ‖f (k+1)ϕk+1u‖p

)
(18)

with C = C(k).
First, we observe that

‖f (k)ϕku‖p
p =

{∫ 0

−1

+
∫ 1

0

} ∣∣∣f (k)(x)ϕk(x)u(x)
∣∣∣p dx. (19)

Now, setting h = 1/k and using (10), we have

hk

(∫ 0

−1

∣∣∣f (k)(x)ϕk(x)u(x)
∣∣∣p dx

) 1
p

≤
k∑

j=0

(
k

j

)(∫ 0

−1

∣∣f(x + jh)ϕk(x)u(x)
∣∣p dx

) 1
p

+
1
k!

k∑
j=1

(
k

j

)(∫ 0

−1

∣∣∣∣∣
∫ jh

0

(jh − t)kf (k+1)(x + t)dt ϕk(x)u(x)

∣∣∣∣∣
p

dx

) 1
p

=: I1 + I2. (20)

Let us estimate I1. First, we rewrite it as follows

I1 =
k∑

j=0

(
k

j

)(∫ 0

−1

∣∣∣∣f(x + jh)u(x + jh)ϕk(x)
u(x)

u(x + jh)

∣∣∣∣
p

dx

) 1
p

,

and note that, being 0 ≤ 1 + x ≤ 1 and 1 ≤ 1 − x ≤ 2, under the assumptions
on γ and δ, one has

ϕk(x)
u(x)

u(x + jh)
≤

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2k/2(1 + jh)−δ, γ, δ ≤ 0, or δ ≤ 0, γ ≥ 0,

2k/2, γ ≤ 0, δ ≥ 0,

2γ(1 − jh)−γ , γ, δ ≥ 0.

Therefore, if γ, δ ≤ 0 or δ ≤ 0 and γ ≥ 0, one deduce

I1 ≤ 2
3
2k‖fu‖p

k∑
j=0

(
k

j

)
1

(1 + jh)δ
≤ 2

3
2k‖fu‖p

∫ k

0

(1 + zh)−δ dz

= 2
3
2k+1−δ k

1 − δ
‖fu‖p. (21)
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In the remaining cases, following a similar process will yield

I1 ≤ ‖fu‖p

⎧⎪⎪⎨
⎪⎪⎩

2
3
2k(k + 1), −γ ≤ 0, δ ≥ 0,

2γ+k k

1 − γ
, γ, δ ≥ 0.

(22)

Let us now estimate I2. By the Minkowski inequality we have

I2 ≤ 1

k!

k∑
j=1

(k
j

) ∫ jh

0
(jh − t)k

(∫ 0

−1

∣∣∣f (k+1)(x + t)ϕk(x)u(x)
∣∣∣p dx

) 1
p

dt

=
1

k!

k∑
j=1

(k
j

) ∫ jh

0
(jh − t)k

(∫ 0

−1

∣∣∣(f (k+1)ϕk+1u)(x + t)
∣∣∣p
(

ϕk(x)

ϕk+1(x + t)

u(x)

u(x + t)

)p

dx

) 1
p

dt.

Therefore, since by the assumtions on γ and δ, we deduce

ϕk(x)
ϕk+1(x + t)

u(x)
u(x + t)

≤ 1√
(jht)t

2γ+ k
2

(1 − t)γ+ k
2

≤ 1√
(jh − t)t

2γ+ k
2

(jht)γ+ k
2
,

we can write

I2 ≤
∥∥∥f (k+1)ϕk+1u

∥∥∥
p

2γ+ k
2

k!

k∑
j=1

(
k

j

)∫ jh

0

(jh − t)
k
2 −γ− 1

2 t−
1
2 dt

=
∥∥∥f (k+1)ϕk+1u

∥∥∥
p

2γ+ k
2

k!
B

(
1 − γ,

1
2

)
h

k
2 −γ

k∑
j=1

(
k

j

)
j

k
2 −γ

≤
∥∥∥f (k+1) ϕk+1u

∥∥∥
p

2γ+ k
2

k!
B

(
1 − γ,

1
2

)(
1
k

) k
2 −γ

2kk
k
2 −γ . (23)

Hence, by combining (21), (22), and (23) in (20) and setting

C1(k) = 2kkk max

{
k 2

k
2 +1−δ

1 − δ
, 2

k
2 (k + 1),

2γk

1 − γ
,
2γ+ k

2 kB
(
1 − γ, 1

2

)
k!

}
,

we have (∫ 0

−1

∣∣∣f (k)(x)ϕk(x)u(x)
∣∣∣p dx

) 1
p

≤ C1(k)
∥∥∥f (k+1) ϕk+1u

∥∥∥
p
. (24)

If 0 ≤ x ≤ 1 and h = −1/k, we can proceed in a similar way getting
(∫ 1

0

∣∣∣f (k)(x)ϕk(x)u(x)
∣∣∣p dx

) 1
p

≤ C2(k)
∥∥∥f (k+1) ϕk+1u

∥∥∥
p
, (25)

where C2 is a positive constant which depends on k and the parameters of the
weight γ and δ. By replacing (24) and (25) in (19) we have the assertion. �
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Theorem 6. Let f : Ω → R with Ω open subset of Rn and g : (−1, 1) → R
n

such that Im(g) ⊆ Ω. Assume that f ∈ W r
p̄ (Ω), for some 1 ≤ p̄ < ∞, and

g = (g1, g2, . . . , gn), gj ∈ W r
r
√

u,q̄j
, for some n-tuple (q̄1, q̄2, . . . , q̄n) ∈ R

n such
that 1 ≤ q̄j < ∞, j = 1, 2, . . . , n, and

(∀ (p1, p2, . . . , pn) ∈ N
n
0 )

n∑
j=1

pj

q̄j
≤ 1, such that 1 ≤

n∑
j=1

pj ≤ r,

and for a Jacobi weight u(x) = (1−x)γ(1+x)δ with max
{

− 1
q̄j

,− 1
2

}
r < γ, δ <

r, for j = 1, 2, . . . , n. Then, if 1 ≤ q̄ < ∞ satisfies the condition

(∀ (p1, p2, . . . , pn) ∈ N
n
0 )

1
q̄

≥
n∑

j=1

pj

q̄j
, such that 1 ≤

n∑
j=1

pj ≤ r, (26)

and we set
1
p

=
1
p̄

+
1
q̄

≤ 1

we have that f ◦ g ∈ W r
u,p and

‖(f ◦ g)(r)ϕru‖p ≤ CnrBr‖f‖W r
p̄ (Ω)

n∏
j=1

‖gj‖sj

W r
r√u,q̄j

(27)

where Br is the r-th Bell number, C = C(r, γ, δ) is a positive constant indepen-
dent of f and g, and

sj =

⎧⎨
⎩

0, if ‖gj‖W r
r√u,q̄j

≤ 1

r, if ‖gj‖W r
r√u,q̄j

> 1
, j = 1, 2, . . . , n. (28)

Proof. We proceed as in the proof of Theorem 2, setting w = r
√

u. Taking into
account formulas (5)-(7) and also using the generalized Minkowski and Hölder
inequalities, we get

∥∥∥(f ◦ g)(r)ϕru
∥∥∥

p
=

(∫ 1

−1

∣∣∣(f ◦ g)(r)(x)ϕr(x)u(x)
∣∣∣p dx

) 1
p

≤ C
∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

×
⎛
⎝∫ 1

−1

∣∣∣∣∣∣
∣∣∣∣ ∂kf(g(x))

∂xp1
1 ∂xp2

2 · · · ∂xpn
n

∣∣∣∣
n∏

j=1

r∏
i=1

∣∣∣g(i)
j (x)ϕi(x)w(x)

∣∣∣qij
(i!)ki

∣∣∣∣∣∣
p

dx

⎞
⎠

1
p

≤ C
∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

×
(∫ 1

−1

∣∣∣∣ ∂kf(g(x))

∂xp1
1 ∂xp2

2 · · · ∂xpn
n

∣∣∣∣
p̄

dx

) 1
p̄

⎛
⎜⎝
∫ 1

−1

∣∣∣∣∣∣
n∏

j=1

r∏
i=1

∣∣∣g(i)
j (x)ϕi(x)w(x)

∣∣∣qij
(i!)ki

∣∣∣∣∣∣
q̄

dx

⎞
⎟⎠

1
q̄

.
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Now, observing that, in virtue of (7) and assumption (26),
n∑

j=1

r∑
i=1

qij∑
h=1

1
q̄j

=
n∑

j=1

1
q̄j

r∑
i=1

qij =
n∑

j=1

pj

q̄j
≤ 1

q̄
,

by applying the generalized Hölder inequality again and estimate (17), we
deduce∥∥∥(f ◦ g)(r)ϕru

∥∥∥
p

≤ C‖f‖W r
p̄ (Ω)

∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

×
n∏

j=1

r∏
i=1

qij∏
h=1

1
(i!)ki

(∫ 1

−1

∣∣∣g(i)
j (x)ϕi(x)w(x)

∣∣∣q̄j
) 1

q̄j

≤ C‖f‖W r
p̄ (Ω)

∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

n∏
j=1

r∏
i=1

1
(i!)ki

∥∥∥g(i)
j ϕiw

∥∥∥qij

q̄j

≤ C‖f‖W r
p̄ (Ω)

∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

n∏
j=1

r∏
i=1

1
(i!)ki

∥∥∥g(r)
j ϕrw

∥∥∥qij

q̄j

≤ C‖f‖W r
p̄ (Ω)

∑
0

∑
1

∑
2

· · ·
∑

r

r!∏r
i=1

∏n
j=1 qij !

n∏
j=1

‖gj‖pj

W r
w,q̄j

r∏
i=1

1
(i!)ki

.

At this point, by multiplying and dividing by k1!k2! · · · , kr! and, then, pro-
ceeding exactly as in the proof of Theorem 2, we have∥∥∥(f ◦ g)(r)ϕru

∥∥∥
p

≤ CnrBr‖f‖W r
p̄ (Ω)

n∏
j=1

‖gj‖sj

W r
r√u,q̄j

,

where the exponents sj , j = 1, 2, . . . , n, are given in (28). �

Starting, also in this case, from the Favard inequality (1) and using (27)
we obtain the estimate for the best polynomial approximation of composite
functions in weighted Lp spaces.

Theorem 7. Assume that the functions f , g and the weight u satisfy the same
assumptions of Theorem 6. Then

Em(f ◦ g)u,p ≤ C
mr

nrBr‖f‖W r
p̄ (Ω)

n∏
j=1

‖gj‖sj

W r
r√u,q̄j

, (29)

where C = C(r, γ, δ) is a positive constant independent of f and g, Br is the
r-th Bell number, and the exponents sj, j = 1, 2, . . . , n, are given in (28).
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