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On the adaptive stabilization of MIMO systems with uncertain control
direction

G. BARTOLINI, A PILLONI, A. PISANO, E. USAI

Abstract—This paper addresses the problem of adaptive
stabilization of MIMO systems whose constant high-frequency
gain matrix is nonsingular but has completely unknown sign
structure. Unlike most existing approaches, no positivity, sym-
metry, or diagonal dominance assumptions on the gain matrix
are required. Building upon the unit-vector framework and the
concept of unmixing sets, a modified discontinuous adaptive
control strategy is proposed. The key novelty consists in
decoupling the mechanism that cycles through the elements
of the unmixing set from the adaptation of the control input
magnitude. In particular, the adaptive gain is used exclusively
to govern the switching among candidate gain matrices, while
the control input magnitude is fixed a priori. A Lyapunov-based
analysis proves global asymptotic stabilization for driftless
systems. The results are further extended to systems affected
by matched bounded disturbances under mild additional as-
sumptions. Simulation studies illustrate the effectiveness of the
proposed approach and highlight its advantages in terms of
reduced control authority and alleviated transient peaking.

I. INTRODUCTION

The problem of controlling single-input single-output
(SISO) systems with unknown sign of the high-frequency
gain (HFG) has attracted considerable attention in the lit-
erature [13], [5], [2], [1]. Extending such results from the
single-input case to multi-input systems, however, is far
from trivial. Most of the available approaches rely on the
fulfillment of restrictive structural assumptions on the HFG
matrix G, such as positivity (G > 0), symmetric positive
definiteness (G + GT > 0), or diagonal dominance. In
many contributions, it is further assumed that a constant
matrix K is known beforehand, such that the right-multiplied
matrix GK belongs to one of the aforementioned classes.
This assumption significantly reduces the admissible set of
uncertain system dynamics.

A significant advancement in this research area has been
achieved through the development of methods that only
require the knowledge of an “unmixing set” for the class
G to which the HFG matrix belongs. A set of matrices U is
said to be unmixing for G if, for every M € G, there exists
at least one matrix K € U such that the spectrum satisfies
)\(M K ) c Cp.

In this work, the class G = GL(m,R) of real-valued,
nonsingular square matrices of dimension m is considered.
The existence of unmixing sets with finite cardinality for
GL(m,R) has been established in [11] for all m € N.

In [15], it is assumed that an unmixing set is available
a priori to the control designer. The proposed control law

The authors are with the Department of Electrical and Electronic En-
gineering (DIEE), University of Cagliari, Italy. Corr. author: A. Pisano
(apisano@unica.it)

takes the form of a high-gain adaptive discontinuous feed-
back based on the unit-vector approach. The gain matrix
is selected from the unmixing set, and a specific rule is
introduced to cycle through its elements. A key component
of this scheme is a scalar adaptive gain k(t), which is
nonnegative and nondecreasing. This gain both premultiplies
the control input and governs the switching mechanism
among the elements of the unmixing set.

The primary objective of the present paper is to decouple
the mechanism that cycles the control gain matrix through
the unmixing set from the online adaptation of the control
input magnitude. To this end, a modified control strategy is
proposed in which the adaptive gain k() solely governs the
switching among the elements of the unmixing set, while it
no longer appears as a multiplicative factor in the control
input. As a consequence, the cycling of the gain matrix
is separated from the adjustment of the control magnitude,
which is instead selected as a constant value assigned a
priori.

It is also worth mentioning the related work [14], where
the availability of an unmixing set is similarly assumed and
a discontinuous unit-vector control law is employed without
the use of adaptive high-gain terms. In that approach, the
switching mechanism among the elements of the unmixing
set differs substantially from that in [15], as it is based on
so-called “monitoring functions”. The construction of these
functions, however, requires prior knowledge of lower and
upper bounds on the norm of the HFG matrix G.

The remainder of the paper is organized as follows.
Section (I-A) introduces the notation and recalls preliminary
results and formulas used throughout the paper. Section II
reviews the main concepts and some recent developments
related to unmixing sets. In Section III, the control problem
is formulated and solved for unperturbed system dynamics
using Lyapunov-based arguments. Section IV extends the
analysis to uncertain systems affected by matched drift
disturbances. Simulation results are presented and discussed
in Section V, while concluding remarks and directions for
future research are provided in Section VI.

A. Notation and useful formulas

The sets of natural, real and complex numbers are denoted
by N, R and C. Ny and R, denote respectively the set of
natural numbers including zero and the set of real positive
numbers. The real and imaginary parts of z € C are denoted
by Re(z) and Im(z), respectively.

For a € R, define C, = {z € C: Re(z) > a}. Note that
Cy denotes the open right half complex plane.



Let v = (vy,...,v,) € R™ Its Euclidean norm is defined
as [|vfla = /3272 Jvil*.

Forn € N, I,, € R™»*™ denotes the n-dimensional identity
matrix. Let W € R"*™ be a real-valued square matrix. The
set of eigenvalues of W is referred to as the spectrum of W
and is denoted by A(W) = [\ (W), Aa(W), ..., A (W)].

Let v,w € R™ be real-valued column vectors, and let
M € R™ "™ be a symmetric positive definite matrix. Then
AM) = M (M), 2(M),..., \n(M)] € R". Define
Amin (M) = Ni(M),  Amaz(M) = _max Ai(M)

ey

The so-called “axis—angle” representation of a special

orthogonal matrix R € SO(3) (also referred to as the
“Rodrigues formula”) is given as follows:

R = R(r,0) = cos (0) Is + (1 — cos®)rr’ + sinfS(r), (2)

min
i=1,2,...,n

where r = [r, 7, 7,] € R3, ||r| = 1, is the rotation axis,
0 € [—m, =] is the rotation angle and

0 —-T, Ty
S(I‘) = Tz 0 Tz (3)
—Ty Ty 0

II. UNMIXING SETS

A matrix set U = {KlN} = {Ki,Ks,...,Kn} is
unmixing G if for any M € G there is at least one element
K; € U such that the spectrum of M K; satisfies \(M K;) C
Co.

The existence of unmixing sets with finite cardinality for
the set GL(m,R) has been proven in [11] for any m € N.
Interestingly, it was shown in [11] that it is always possible to
identify an unmixing set composed of orthogonal matrices.

Unfortunately, the cardinality of the unmixing sets given
by the general construction in [11] is far too large than
would be reasonable for applications, and hardly anything
is known on the minimum cardinality of the unmixing sets
for arbitrary values of m. For the case m = 2 an unmixing
set of cardinality 6 is given in [11]. Zhu [17] has constructed
an unmixing set having cardinality 32 for the case m = 3.
In [3] an unmixing set for GL(3,R) having cardinality 25,
i.e. reduced cardinality compared to that proposed in [17],
was derived, and it is recalled in the next Subsection.

A. An unmixing set for GL(3,R)

The construction method proposed in [3] of an unmixing
set for GL(3,R) is strictly related to the structure and
properties of the regular dodechaedron inscribed in the
unitary sphere centered at the origin. Let B; (1 = 1,...,12)
be the baricenters of the twelve pentagons which form the
dodechaedron (the corresponding coordinates are explicitly
given in [3]). Define

(B; —0) .
b; Tk i=1,..,12 4)
and
0 0 1
T=]10 1 0 5
1 0 0

Lemma 1: see [3, Lemma 1] The set of matrices { K2} =
{Kl, KQ, ey K25} defined by

. R(bzaﬁ*)
= { TR(bi_12,5%)
where 5* =

GL(3,R).

i=1,2,..,12

i=13,14,..,24 ©)

—3m/4 and Ky5 = I is an unmixing set for

III. ADAPTIVE UNIT-VECTOR CONTROL

Consider a driftless square system
)

where y = [y1,¥2, ..., yn]7 is the state vector, u is the manip-
ulable input vector, and G is the uncertain nonsingular high-
frequency gain (HFG) matrix. No additional information on
G is assumed.

By exploiting the availability of an unmixing set {KZN }
for GL(n,R), in [15] the adaptive unit-vector control strat-
egy

y=Gu, y,ueR" GeGL(n,R),

u = *k(t)KZ(k(t (8)

(€))

was proposed to achieve the asymptotic stabilization of (7),
where function ¥ : R — {1,2,..., N}, is given by

y
DMyl

k(t) = Alyls  k(0)=0, >0,

Z(FL) =1 KE 7: = U [K(i71)+(j71)N7’%'H»(jfl)N% (10)
JjEN

and the sequence {kp, }n=0,1,2,.. fulfills the properties

Kh—1

lim =0.

h—oco  Kp

K < Ki—1 Vi€ N, (11D
A sequence meeting such properties (11) is referred to as
a “switching sequence”. Note that (see [6]) a switching

sequence necessarily satisfies

12)

lim Kk, = cc.
h—o0

An example of a switching sequence is given as follows

ko =0, k1 > 1, kpy1 =k}, ¢>1, h=1,2,,... (13)

A major drawback of the control law (8)-(9) is that the
same adaptive gain k(¢) (which is nonnegative and mono-
tonically increasing) drives the cycling mechanism through
the elements of the unmixing set (generated by the adaptive
matrix gain Ky in (8)) and pre-multiplies the control
vector (8). Indeed, the adaptive gain k(¢) can reach large
values during the convergence transient which causes unnec-
essarily large control authority and risk of actuator saturation.

The main goal of this paper is to devise a de-coupling
between the cycling mechanism through the elements of the
unmixing set and the adaptive magnitude of the control input.
More precisely, we are going to investigate the performance
of the modified control law where (8) is replaced by

Yy

uo= —pKsgw) o

) (14)
llyll2



where p is a positive constant. We are going to show that
p can actually be chosen arbitrarily small, thus allowing one
to impose by construction the constraint

[ulla < p (15)

The stability proof will be enabled by a technical result
to be demonstrated in the following Lemma.

Lemma 2: Let {kp}n=0,1,2,.. be a switching sequence
with xo = 0, and let 3(x) be defined as in (10). Let 8 € RT.
Define

wry 1 if X(z) =1
vile) = { —a ifS(x) Ai (16)
where ¢ is an arbitrary integer such that 1 <4 < N. Then it
follows that

T

lim vi¥(z)dx = +o0

amn

Proof of Lemma 2. Without restriction of generality we
only consider the function v§ (), i.e. i = N. It follows from
the definition of X(-) that for any j = 0, 1,2, ... one has that

RG+1N RG+1)N-1 RG+1)N
v (z)de = —a dzr + dz
KjN KjiN K(j+1)N—-1

= akjn — (1 + @)kr1yn-1 + KG+nn (18)

Considering that k¢ = 0, the next relation holds

Re+1)N / RG+HN
/ vy (z)de = E]—:O/ v (z)dz
0 K

JN

-1 RG+HN

J— - o

=%, vy (z)dz
K

N

takeny — (1+a)kgryn-1 + Kesnyn  (19)
Clearly, the integral limit in (17) is obtained by getting the

limit for £ — +o00 of (19). The last three terms in the right-

hand side of (19) are going to be estimated and manipulated

as follows

aren — (L + @)k@pnyN—1 + Kurn
> —(1+a)kgyyn—1 + K@+)N

)’4(£+1)N—1

= KU+1)N 1-— (1 + « (20)

RU+1)N

According to the properties of the switching sequences,
the ratio % tends to zero as ¢ approaches infinity,
whereas k(¢4 1)n tends clearly to infinity. Thus,

elggo [akeny — (1 + a)Keryn—1 + Kpgyn] = +o0 (21)

It remains to prove that the term Eﬁ;é :;;“)N v (z)dx

in (19) is bounded from below by a constant L € R

independent of ¢. It can be derived that

~

SR

-1

>

—
y4

KG+1)N
vy (x) dz
JiN

<
[

P%N‘%1+aﬁwuw—r+Mﬁnﬂ

=0
1

~ <

(]

|~ (L @G-t + K|

~ S
Il
= o

n(j+1)N_1:| (22)

kGE+1)N

<.
(e}

As previoulsy noticed, the properties of the switching
sequences ensure that the ratio ““UN=1 tends to zero as
¢ — oo. Thus, there exists ¢* such that

R4+1)N-1

(14 ) <1, VL>1r* (23)

K+1)N
We now decompose the right-hand side of (22) as follows

)”(é-&-l)N—l}

K(e+1)N
H(€+1)N—1:|
K(e+1)N

SEZOR(e+1)N [1 - (1+a

= Eﬁ;o"{(f-&-l)N [1 — (1 +«

)K(£+1)N—1:|
K(e+1)N
R+1)N-1

+ E?;é*—o—l’%(ﬂ—l)N [1 -(1+a

> Eﬁ;oﬁ(f%»l)N |:1 - (1 + a) :| = l_/(24)

Ke+1)N
The statement (17) derives by combining together (19),
(21), (22) and (24). Lemma 2 is proven. [l

The next Theorem is in force.

Theorem 1: Consider system (7) and let {K}} be an
unmixing set of cardinality N for GL(n,R), where K; €
O(n) Vi = 1,2,...,N, ie. all elements of the unmixing
set are orthogonal matrices The application of the discon-
tinuous feedback (14), (9)-(10), with the switching sequence
{kh}h=0,12,.. defined in (13) and with arbitrary p > 0
guarantees that the closed-loop system approaches the origin
asymptotically whereas k(t) settles to a constant finite value
k*.

Proof of Theorem 1. Let K« be an element of the unmixing
set such that o(GKj«) C C*. Then, there exists a unique

solution @ = QT > 0 to the Lyapunov equation
QGK;- + (GK;+)"'Q = Iy (25)

Consider the following Lyapunov candidate function

1
V=2y'Qy.
Computing the time derivative of (26) along the solutions of

(7), (14) yields

Vo= f@y:fﬁmngGKmmmh 27)

(26)



When X(k(t)) = j*, i.e. when the control gain matrix
K (x(t)) coincides with a specific matrix K~ of the unmix-
ing set ensuring that matrix —G K« is Hurwitz, the right-
hand side of (27) is estimated as follows by virtue of (25):

: 1
V = —pi——y QGK;-y (28)
[yl
1
—g ||yH2yT [QGK,- + (GK;+)"Qly (29)
_ _P
= 2”YH2 (30)

When X(k(t)) # j*, exploiting the fact that all elements
of the unmixing set are orthogonal matrices (that is, || ;|| =
1Ve=1,2,...,N) one straightforwardly derives from

Vo< QG |yl

Combining (30) (which is valid when 3(k(t)) = j*) and
(31) (which holds when X(k(t)) # j*) it yields that

,gV;<k(t))lly\lz

with @ = 2||QG||. By virtue of (9) one rewrites (32) as
follows

€1V

Vv < (32)

< f%um(t))k(t)

Integrating the left and right-hand sides of (33) yields

(33)

0<v@E) < Vo) -2 /tu;‘*(k(t))k(t)dt (34)

2y
The integral term in the right-hand side of (34) can be
manipulated as follows
k(t)
[ venare) 69
k(0)
Then, by replacing (35) into (34) and observing that

k(0) = 0 we have that
k(t)
p / a
- — v (0)do
27 Jo !
Seeking for a contradiction, suppose that the monotone

function k(¢) is unbounded, i.e. lim;_, k(t) = +oc. This
implies, according to Lemma 2, that

/Ot Ve (k(t)k()dt =

0< V() < V(0) (36)

lim V(t) <V(0) — L fim vii(z)de = —oc0

t—o0 2’}/ T—r00 0 J

(37

which contradicts (36) since V (¢) is nonnegative by construc-
tion, and so k(t) is bounded. Being /(t) strictly nonnegative
by (9), this implies that k(t) eventually converges to a
positive constant.

The fact that k(t) admits a finite limit for ¢ — oo, along
with the uniform continuity of k(t), ensures that k(t) is
asymptotically vanishing according to the Barbalat Lemma.
A sufficient condition ensuring the uniform continuity of k(t)
is the uniform boundedness of k(t) Differentiating (9) yields

yly
77.
[[yl2

k(t) = (38)

By the Cauchy-Schwarz inequality one estimates (38) as
follows

1. Iy ll2ll¥l2 .
k@) < == =¥l 39)
[¥ll2
By (7) and (14), y takes the explicit form
. y
Yy =—pGKsuu) (40)

lyll2"
Exploiting once more the fact that all elements of the
unmixing set are orthogonal matrices, one derives the next
estimation

I¥ll2 < plG] (41)

Combining (39) and (41) it straightforwardly follows that
k(t) is uniformly bounded. Therefore, k() is asymptotically
vanishing according to the Barbalat Lemma. This implies,
according to (9), that ||y||2 is also asymptotically vanishing.
Theorem 1 is proven. |

IV. PERTURBED SYSTEMS

The results presented in the previous section can be
generalized to controlled systems affected by perturbations.
This generalization, however, requires more informations on
the HFG matrix G than the simple requirement of being
nonsingular, as it was previously the case. Then, we now
consider the perturbed process

y=f(y,t)+Gu, y,ueR", GeGL(nR), (42)

The drift perturbation is assumed to be uniformly bounded
according to the next

Assumption 1: There exist a known nonnegative costant F'
such that ||f(y,t)|l2 < F Vt > 0.

The additional informations on the the HFG matrix G
previously mentioned are formalized by the next
Assumption 2: There exist a known nonnegative constant
€n and a matrix K- belonging to the unmixing set such
that
)\min (GK]* + (GK]'*)T) 2 €m-

Parameter ¢, was evaluated in [4] as €, = 1 with
reference to the unmixing set for GL(2,R) therein presented.
The same value €, = 1 is also in force with reference to the
unmixing set for GL(3,R) proposed in [3] (this derivation
was not explicitly made in [3], however it can be proven
rather easily). Notice that, rather than being an additional
information requirement about the HFG matrix G only, the
assumption 2 is a requirement involving both the HFG matrix
and the specific unmixing set employed in the control law.

For asymptotically stabilizing system (42) subject to As-
sumptions 1 and 2, a control law of the same form (14), (9)-
(10), (13) is taken. The main difference from the unperturbed
case dealt with the previous section is that the control gain
p is now to be taken large enough, according to

(43)

2F

m

X#0

The next Theorem establishes the underlying convergence
properties.

(44)



Theorem 2: Consider system (42) subject to Assumption
1. Let {KlN } be an unmixing set of cardinality N for
GL(n,R), where K; € O(n) Vi = 1,2,...,N, ie. all
elements of the unmixing set are orthogonal matrices, and
let Assumption 2 be in force. Then, the application of the
discontinuous feedback (14), (9)-(10), (13) and with p chosen
according to (44) guarantees that the closed-loop system
approaches the origin asymptotically whereas k() settles to
a constant finite value k*.

Proof of Theorem 2. The proof of Theorem 2 shares much
in common with the proof of Theorem 1. Only the main
differences are highlighted hereinafter. The same Lyapunov
function (26) is employed. In light of Assumption 1, and
exploiting trivial matrix manipulations, equation (30) (which
is valid when X(k(t)) = j*) is now estimated as

V =y Qv ) = DIyl < [-5 ~ FIQI:] Ivl: ¢49)

Exploiting (by virtue of Assumption 2) the known bound
1

S -

min (GK]'* + (GKJ*)T) €m

involving the solution () to the Lyapunov equation (25), the

inequality (45) is further elaborated as follows in light of
(44)

(46)

Q2 < \

. p F 1
V<[5 Iyl < -5yl

5 o 47)

Equation (31), in force when X(k(t)) # j*, is now
changed as follows
vV <

P(F+1G12) Iyl (48)

€m
Combining (47) and (48) one thus derives the modified
version of (32) as follows

2

Vo< —%yﬁ(k(t))k(t) (49)

with a = XQZZ’; (F 4 ||G||2). From now on, analogous
considerations as those made in the Proof of Theorem 1
after the derivation of (32), allow us to establish that k(t)
is bounded and eventually converges to a positive constant.
To establish that k(t) (and so also ||y||2) are asymptotically
vanishing, one needs to show that k(t) is uniformly bounded
in order to exploit the Barbalat Lemma. Straightforward

manipulations yield

EO] < Az <V(E +plGll2)

Theorem 2 is proven. (]

(50)

V. SIMULATION RESULTS

Consider system (7) with the nonsingular HFG matrix

1 -2 03
G=1|-1 -1 05 (51)
05 0 -2

The initial condition is y(0) = [1, 2, 3]T. The unmixing set
{K1, K3, ..., Ko5} is constructed according to the procedure

outlined in the Lemma 1. The coordinates of points B;
(i=1,2,...,12) are given in the Appendix Section. The “good”
matrices of the unmixing set, i.e. those matrices K; such that
o(GK;) € CT, correspond to the indexes i € {6,11,12}.

In the first simulation (TEST 1) the control law (8)-(10),
(13) proposed in [15] was applied with parameters v = 0.002
and ¢ = 1.2. In a second simulation run (TEST 2), the novel
control law described in Theorem 1 is implemented, with
the same v and ¢ values used in TEST 1 and with the gain
parameter p = 1.

Figure 1 shows the time evolution of the vector y com-
ponents in TEST 1 (left plot) and in TEST 2 (right plot).
It is apparent that in TEST 1 the transient peaking of the
state variables is much higher than that obtained in TEST
2. This is due to the fact that unlike TEST 1 (where the
control law 8) is employed) in TEST 2 the gain k(¢) does
not multiply anymore the manipulable input vector, hence
less control authority is employed which causes less transient
peaking. As expected, for the same reason, the transient time
needed to achieve a vicinity of the origin is longer in TEST
2 compared to TEST 1.

Figures 2 and 3 depict, respectively, the cycling function
¥(k(t)) and the adaptive gain k(¢) in TEST 1 and TEST 2.
The corresponding time evolutions are comparable. In both
the simulation runs the cyclying function X(k(t)) settles
to the value 12 which corresponds to one of the “good”
matrices of the unmixing set and the adaptive gain k(t) grows
monotonically until it settles to a constant value.

Figures 4 and 5 display the entries u(t), ua(t), us(t) of
the manipulable input vector u(t). The benefits in terms of
control authority alleviation obtained in TEST 2 thanks to
the proposed modification to the control law are apparent.
In the steady state, where all control inputs exhibits fast
oscillations (induced by the discontinuous nature of the unit
vector control at the origin of the state space) those arising in
TEST 2 are of reduced amplitude, with positive implications
in terms of chattering alleviation.

State variables in TEST 1 State variables in TEST 2

—yi —yi

—y2 —y2
y3. ¥3
40 15
10
20
5
’ 4
0 +
20

60 60
Time [s] Time [s]

Fig. 1. State vector components in TEST 1 (left) and TEST 2 (right).

VI. CONCLUSIONS

The adaptive stabilization of MIMO systems has been
investigated under the sole assumption that the uncertain
high-frequency gain (HFG) matrix G is nonsingular. The
adaptive unit-vector control strategy introduced in [15] has
been revisited by removing the adaptive gain k(¢) as a



Cycling function X(k(t)) in TEST 1 Cycling function E(k(t) in TEST 2

12 12
10 10
8 8
6 6
4 4
2 2
0 . 0 .
0 20 40 60 80 100 o 20 40 60 80 100
Time [s] Time [s]
Fig. 2. Cycling function X(k(¢)) in TEST 1 (left) and TEST 2 (right).

Adaptive gain K(t) in TEST 1

Adaptive gain k(t) in TEST 2

0 20 40 60 80 100 0 20

40 60 80 100
Time [s] Time [s]

Fig. 3. Adaptive gain k(t) in TEST 1 (left) and TEST 2 (right).

premultiplicative factor in the control law, with the aim
of reducing excessive control authority. A novel Lyapunov-
based analysis has been developed to characterize the conver-
gence properties of the resulting controller. The approach is
subsequently extended to perturbed MIMO systems, showing
that the same convergence guarantees are retained under
a mild increase in prior knowledge of the system’s HFG
matrix, provided that the constant scalar p acting as a
multiplicative gain on the control input is chosen sufficiently
large. Future work will focus on broadening the class of
admissible systems by incorporating internal dynamics and
allowing for state- and time-dependent HFG matrices.
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