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The impact of steric repulsion on the total free energy of electric double layer capacitors

Dagmawi B. Tadesse, Drew F. Parsons

e We derived a steric chemical potential for a composite diffuse layer (CDL) model from net forces on an ion in
equilibrium.

e We derived an analytical expression for the total free energies of the system in terms of the physical parameters
of the electrode, electrolyte ions and the solvent.

e The analytical expression of total free energy matches the Bikerman steric model well.
e The steric contribution introduces an ion-size specific effect to the totoal free energy of a supercapacitor.

e We studied the steric energy is comparable to the electrostatic energy, indicating that 1/2C¥V 2 does not correctly
represent the energy of a supercapacitor.
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ARTICLE INFO ABSTRACT

Keywords: We present an analysis of the total free energy of a supercapacitor modelled with a composite
Supercapacitor diffuse layer (CDL) formed by a steric repulsive potential. The steric potential is modelled with
Electric Double Layer Capacitor a simple approximation to the Bikerman steric potential, enabling derivation of an analytical
Modified Poisson-Boltzmann expression for the total free energy of the supercapacitor in terms of the size and valency of
Steric Interaction the electrolyte counterions and electrode potentials. The analytical expression for the total free
Steric Layer energy of the supercapacitor matches the exact numerical Bikerman calculation at high potential
Composite Diffuse Layer with relative error close to 1%. This provides an upper bound over the more accurate Carnahan-
Total Free Energy Starling model. A maximum upper bound for the energy is also provided in the limit where bulk

concentrations approach the ion concentration cap. We also analyze the relative contribution
of the steric interaction to the total free energy. At large voltages, the steric free energy is
comparable in magnitude to that of the electrostatic free energy, and introduces ion-size effects
in the energy of the supercapacitor. Consequently at high potentials the total free energy exceeds
(doubles) the classical energy %CVZ, indicating that this formula does not correctly describe the
available stored energy from the experimentally measured capacitance.

1. Introduction

Due to their superior power density over the likes of Li-ion batteries, electric double layer capacitors (EDLCs), a
class of supercapacitor also known as ultracapacitors, are becoming widely used in many energy storage applications.
In contrast to batteries where there is a chemical reaction taking place between the electrode and the electrolyte
solution, the EDLCs store energy using an electric double layer formed by physically adsorbing ions to the surface
of an electrode, hence the name electric double layer capacitors.

The performance, mainly capacitance and energy, of these energy storage depend on the structure of the EDLs at
the surface of the electrodes. At thermal equilibrium, the EDL structure in EDLC can be described using Poisson-
Boltzmann (PB) theory. This theory is a mean field theory which neglects the steric effect, treats ions in solution
as point-like particles and considers the solvent as a structureless continuous medium represented by a macroscopic
dielectric constant. Although conventional PB theory is successful in lower electrostatic potential regimes, this model
is known to grossly over-predict the concentration of counterions near highly charged surfaces when steric etfects are
neglected, electrolyte ion size and shape unaccounted for [1, 2] and explicit solvent structure overlooked. As a result
PB theory predicts an unbounded capacitance and unphysically high total free energy of the EDLC at typical electrode
potentials of 1V.

Stern was the first to recognize the limitation of point-like ions in 1924 [3]. Since then there have been numerous
efforts made to account for the effect of finite ion sizes on the structure [4, 5, 6, 7, 8, 9, 10, 11] and the total free
energy of EDL [12, 13, 14, 15]. There were also efforts to modify PB going beyond accounting for finite ion sizes to
address effects of shape and hydration layers of the electrolyte ion [16, 17, 18], structure and physical properties of the
solvent [19, 20, 21, 22, 23] on the structure and energy of EDL. A concise review on the effects ion and solvent on the
structure and total free energy of EDL is given in [24]. More recently, Fileti [25] calculated the energy of EDLCs using
approaches he referred as thermodynamic and conventional electrostatic approaches. His thermodynamic approach
used the total free energy of the EDL whereas for the conventional electrostatic approach, he computed the differential
capacitance from the electrostatic potential and used the conventional %C V2 to calculate the stored energy. There are
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also number of experimental works that uses the conventional electrostatic approach where they calculate the stored
energy of an EDLC from experimentally measured capacitance [26, 27].

In this study, our main result is the derivation of an analytic expression for total free energy of a supercapacitor,
comprised of the electrostatic, configuration entropy and steric energy of ions. We present an approximate model of
the steric potential that treats ions as point particles at low potentials and finite-sized hard-spheres for potentials larger
than a threshold, providing an approximation to the Bikerman steric potential [4]. We then compute the total free
energy of a supercapacitor and compare our findings with the electrostatic approach of %C V2. Importantly, we studied
the impact of the steric interactions on the total free energy of an EDLC. More complex but accurate models such as
the Carnahan-Starling (CS) steric potential [6, 28, 29, 30] require solving a highly nonlinear modified PB equation,
or oscillatory ion-ion correlations requiring the solution of integral equations [31, 32]. An analytical expression for
the total free energy, while likely to overestimate the total free energy, immensely simplifies the analysis by avoiding
the nonlinearity inherent to the Carnahan-Starling model or the integral equation methods, and the introduction of ion
size effects provides a framework to start understanding Hofmeister (specific ion) effects in electrochemical systems
[33, 34].

2. Steric Interaction and EDL

Consider a flat-surfaced electrode with potential ®,, immersed in electrolyte solution. The chemical potential, y;,
of the it ion at any position in the solution is given by

Hi(x) = ;") + 7 (x) ey

where u{" = kgT In(y;) is the entropic chemical potential, kg is Boltzmann constant, T' is temperature and y; is mole
fraction. p* = yiel + /41?‘ is the excess chemical potential, in which we include the electrostatic component yiel and,
importantly, a steric interaction y?t. ,uiel = z,e®, where z; is the valence number of the i" jon, e is the elementary
charge, @ is the electrostatic potential.

Through an excluded volume approach Bikerman proposed the effect of steric interactions of finite sized ions [4].
The generalized non-ion size specific steric interaction, related to solvent entropy [9], is given by

' = —kpT In(1 - ) @

where ¢ = Y, ¢;v; is the volume fraction of the ions, ¢; and v; are the concentration and volumes of the i" ion. A more
sophisticated and accurate steric interaction was given by non-ion size specific Carnahan-Starling (CS) model [6] as

st,cs - k T(p(8 - 9(p + 3(p2)
(1 - )

The CS model is extended to account for mixtures of unequal ion sizes in Boublik-Mansoori-Carnahan-Starling-
Leland (BMCSL) model [29]. In spite of the accuracy of these models, their nonlinearity in the dependence on ion
concentrations makes these advanced models challenging to solve.

We consider an approximate steric expression derived from a steric force, fiSt =-V Mft, which represents a short
range interaction that prevents ion overlap. In thermal equilibrium, the resultant force due to the sum of the electrostatic
force, fiel = -V ;471, the entropic force, fl.e“ =-V yl.en, and the short range steric force on an ion must equal zero, i.e.
0= ficl +f+ ==V ( ,ufl + u" + /4?). This is equivalent to taking the total chemical potential to be constant
with respect to position under the condition of thermal equilibrium. By setting the chemical potential at any position
equal to that in bulk where the ion concentration is c;,, we thereby obtain an the expression for the steric chemical

100
potential as uf* = —kgT In (c,» / cioo) - /4?1, where ¢; is the ion concentration. Since the steric force is a short range

H 3

interaction, it is activated when the concentration surpasses a threshold, cl.cap. In this paper, we used ion volumes V;
determined by quantum chemical calculations [35] to estimate the concentration cap as cicap ~ 1/V;. Thus the steric

term is turned on when the threshold, yl.cap, controlled by ion size, is exceeded. That is, we define the steric potential
as [36, 37]

el : 1 cap
it = W=, it <o @

0, otherwise
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where ,ufap = —kgT ln(c[Cap /¢io)- In contrast to the Bikerman Eq.(2), Eq.(4), is only active when a threshold is passed
and therefore can be taken as an approximation at high potential regime. The advantage of this model is its simplicity
and accuracy at high potential. In thermal equilibrium, for a chemical potential given by Eq.(1), the Poisson-Boltzmann
equation will have the form

N ooz, A
—V20(x) = Y e exp( al > )

7 €€y kBT

where € is vacuum permittivity, €, is the dielectric function of the solvent medium, kg is Boltzmann constant, Au;*
is the change in the excess chemical potential of the ion from the reference bulk.
The differential capacitance for this model is given by Ref[10]

( £ zed, )

™ cosh T )’ if &, < @,

D B

1 &
C = 72 . (©)
, otherwise
2
v ze|®,| 2
\/<1_5> * et ln<v>

where v = 2¢, /¢ and A;, = (g9e,kgT/ X, z7€%¢;,)!/? is the Debye-length. For low electrode potential regime,
O, < ®,, where &, = u?P /ze it the threshold potential where the steric effect comes into play, the model treats the
ions as point particles and the capacitance reduce to the Gouy-Chapman capacitance. At high potential regime, the
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Figure 1: Comparison of single-electrode differential capacitance of Lit and PFg ions in propylene carbonate for CDL,
Bikerman and CS models.

capacitance is ion-size specific and it converge to that of the Bikerman capacitance, while the CS capacitance remain
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significantly lower as shown in Fig.1. For further details on the differential capacitance of the CDL, Bikerman and CS
models refer to Ref[10, 24, 28, 29]. Here we are mainly interested on the steric effect on the energy of EDLCs.

3. Total Free Energy

The total free energy F is composed of entropic, electrostatic, and steric contributions [12, 38, 39],
F=F,+F,+F, @)

where F,, is the ionic entropic contribution (configuration entropy),

Fon=kgT Y, / dx [c,.(x) In c"@] ®)

clOO

F, is the electrostatic contribution given by

Fy =2 / dx [V ©
and the steric contribution, F;, given by
Fy = z / dx Apt(x)e;(x) (10)
i

where A ,uft is the change in the steric chemical potential of the ion from the reference bulk.

For electrode potential, ®,, > ®,,, Eq.(5) describes a composite diffuse layer (CDL), with steric layer thickness,
H, and electrode charge density 6,, where a marks the electrode and corresponding counterion with respect to the
charge of that electrode. For z:z symmetric electrolytes, they are respectively given by Eq.(21) and Eq.(22) of Ref[10]
as

% v.\2 z e®d 2
H, = AD\/Zval—l+?“+\/<l—?“)—ﬁ—ln—]

2z ed
o, = 200, 3[(1—%>—M—m3] (11)
o

where z,, is the valence of the counterion, ng‘lk = z,ec, is volume charge density at bulk. From Eq.(11), for increasing
surface potential, @, the steric layer H,, also increases. And at the limit of high potential, the steric layer, H,, becomes
very thick relative to the tail of the Debye length. Thus the EDL can be approximated as a step function near the
electrode, with counterion concentration given by

< ifx < H
ca(x):{c“’ 1= Ha (12)

Chcos Otherwise

The electric field in this steric layer is

pu pcap
E (x)= —% + 2% (13)
€0€s €0

where p;* = z,ec, " is the capped volume charge density of the counterion. z,, is the valence number of the counterion.
The potential in the steric layer can be calculated from the electric field and is given by

D, (x) =D, — x (14)
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Outside the steric layer, both the electric field and the potential are relatively small and can be taken zero as in the
bulk. Using these assumptions, Eq.(12) and Eqs. (8) to (10), the corresponding free energy components for this high
potential limiting case can be approximated for a two electrode system as

cap

Fop= kT Y, [c;ap In <& ] H, (15)
a

a0

for the entropic contribution, with the sum over a indicating that all electrodes are counted in the total. The electrostatic
contribution is approximated by

1 ( CaP)Z
F ! f[?’ cap F[Q 2 H
el = 25053 z ,[aT a+6apa a+o-a a] (16)

Accordingly, the steric free energy is given by

cap 742
o, H, ps H
Fst = Z [M;apc;ap - pzczap ((Dsa -t - >] Ha (17)

- 2ep0e,  bggeg

For a two electrode system with a potential difference V', one consequence of the ion size difference between anion
and cation is that the electrode does not split the voltage equally (@, # V' /2) [40]. In order to calculate the electrode
potentials from the potential difference, charge conservation across the electrodes must apply, with the total sum of the
charge densities over all electrodes being zero, i.e 6, = —o_. From this condition the electrode potential follows as

kgT ZyVie Vs \ 2
= B 2% V+v1<1——2)
e(ZZ\/] - ZIVZ) kBT 2

sl

—vz(l—ﬁ>2+v21n3—v11n3] (18)
2 Vi vy
and the counter electrode potential will be @, = ®,; — V. For a single electrode, only the counterion contributes to
the free energy and the summations over the ions are dropped.

Eqgs. (15) to (17) are analytical approximations of Egs. (8) to (10), respectively valid for potentials beyond the steric
limit. They can be used to estimate the total free energy of an EDL system only from the physical parameters used
such as bulk concentration of the solution, the dielectric constant of the solvent, the ion sizes and electrode potential
without the need to solve PB.

4. Results & Discussion

In the discussion below, we investigate how the Bikerman and CDL model compare against each other and explored
the potential regime where the components of the free energy dominates. We also calculated the corresponding free
energy approximation given by Eqgs. (15) to (17) and show how well it agrees with the two models. Although it is
well established that the energy of an electric-double layer capacitor/supercapacitor is not linear with its capacitance,
E = %CV2 is conventionally being used to calculate the energy of such systems from experimentally measured
capacitance. We also investigated how well this expression matches that of the the total free energy.

We used LiPFg salt which is commonly used in energy storage application. We used hydrated-lithium ion radius
of 2.82A and 2.54A for PFg ion. The solvent is chosen to be propylene carbonate and bulk ion concentrations taken
as ¢, = IM. We note that the dielectric constant of the solvent is non-uniform over the solution and the effective
value is less than the static dielectric constant [41]. However for this work we restrict ourselves to a uniform dielectric
constant value of £, = 66.14. Eq.(5) is solved numerically by Finite Element methods using FEniCS [42] apply the
Bikerman (Eq.(2)) and approximate (Eq.(4)) steric potentials, for different electrode potentials. The free energies are
computed by integrating the electrostatic potentials and ions concentration obtained numerically, using Eqs. (8) to (10)
for Bikerman and CDL models. For comparison, we also evaluate the Carnahan-Starling (CS) model (Eq.(3)), which
is known to generally provide good agreement with Monte Carlo simulations of the electric double layer structure
[30, 43]. We resolve the nonlinear relationship between electrostatic potential and total solute volume fraction applying
an algorithm suggested by Chen, Dou and Zhou to (adapting Eq.3.8 in Ref.[44]).
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Table 1
lon properties: hard-sphere radius R;, concentration cap ¢;** and steric threshold potential ®., at 298K. X is an idealized
anion with size chosen such that its concentration cap equals bulk concentration 1M.

lons R(A)* i (M) ®,, (mV)
Lit 2.82 18 -74

cr 2.05 46 08

BF; 2.30 33 90

PFs 2.54 24 82

clos 2.39 29 87

* Hard-sphere radii evaluated using radii of Gaussian spatial distributions of ions [35, 45].

We find that the total free energy and its components from CDL are in good agreement with that of the Bikerman
model for potential above the steric potential threshold while the free energy from CS remains lower as shown in
Fig.2. For small volume fractions, 0 < ¢ < 1, the CS steric potential is roughly 8 times that of the Bikerman steric
potential (x5 ~ 8-PK). For larger volume fractions, 0 < ¢ < 1 then % >> ;s%PK  Owing to the stronger CS
steric potential, the build up of counter-ions near the electrode is suppressed in the CS model relative to that of the
Bikerman model, resulting in a relatively lower capacitance and total free energy.

For potentials below the steric threshold, the relative error between CDL and Bikerman increased up until the
threshold. That is due to the increase in the steric effect in the Bikerman model which is not accounted for in the CDL
model for low potential regime. The free energy of the CDL converges to that of the Bikerman model after the steric
potential threshold, with relative error well below 1% for an electrode potential of 1V. Suppression of ion concentrations
under the CS model results in a total free energy that reaches a magnitude around two thirds of that from the CDL
model.

Table 2

Relative error of the analytical free energy approximation at the given concentration

Model ¢io =0.01M Cio =0.1M Cio = IM
Bikerman 45 2.4 1
CDL 5.9 3.1 1.1

The analytical approximations Egs. (15) to (17) of the free energy also match those two models for potentials above
the steric threshold as shown Fig.3(a) with relative error of 5% at 0.5V for Bikerman model and 0.4V for CDL. At
1V we have relative error of 1% to Bikerman and 1.1% to CDL. This approximation further matches those models for
higher potential and bulk concentration as shown in Table 2 and Fig.3(b). This makes the analytical approximations
very important for estimating the energy of EDLCs where the working potential and concentration is very high.

When it comes to the components of the free energy, for potentials lower than the steric threshold potential
®,., = u;"/z,e (typically 50-200 mV, see Table 1), only the entropic and electrostatic components contribute to
the total free energy. As shown in Fig.5, in this low potential regime, irrespective of the bulk concentration, the total
free energy is approximately equal to %C V2, where C is the total capacitance of the two electrodes system and V is

the potential difference between the two electrodes. It is important to note, however that the 1cv? here is not purely
electrostatic, with the entropic contribution contributing equally to the total free energy. For potentials beyond the steric
threshold (®,, > @), the total free energy exceeds %C V2 due to the added contribution of the steric component. At
the same time, when ® , > @, the electrostatic component F,; and the steric component F; are both in the order
of %CV2 while the entropic contribution F,, is becomes relatively less significant. In this regime, it is fair to say that

only the electrostatic component is almost equal to %C V2 as shown in Fig.5 (Bottom Right). As a result if E = %C V?
is used to calculate energy, a significant component F; of the total energy is unaccounted for, with the expression only
being valid in the low potential regime.

The steric free energy is active above the steric threshold, with both the steric and electrostatic free energies
increasing as the potential difference increases. By contrast, up until the steric threshold, the entropic contribution
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Figure 2: Comparison of the total free energy and the respective components of the CDL, Bikerman and CS models. 1M
LiPFg used.

increases with increasing potential difference, owing to the increasing concentration in the adsorption layer. Beyond the
steric threshold, ion concentration caps lock the entropic contribution as shown in Fig.4(a), and its relative contribution
to the total free energy declines as shown in Fig.4(b). All the components of the free energy increase with increasing
potential, as shown in Fig.4(a).

From log-log plots on Fig.5, the slope of the graphs indicates the power relationship between the free energies
and potential. As it can be seen, the free energies have distinct slopes before and after the steric threshold with the
exception of the electrostatic component. The electrostatic free energy has a slope of ~ 2 throughout the potential,
which indicates F,j « V2. For the total free energy, the relationship is approximately F o V2 for potentials below the
threshold. However for potentials above the threshold the relationship becomes roughly F o« V3/2.

In the limit of high bulk concentration where the bulk concentration approaches the concentration cap of the
counterion, c,, = c¢“®P, the analytical equations derived above will reduce to simplified forms. The limit is not entirely
consistent since cations and anions will generally have different concentration caps (different sizes), and in any case the
concentration caps are likely to exceed solubility limits. Nevertheless the limiting expressions are useful for establishing
an upper bound for the total free energy. For a single electrode system, the steric potential becomes identical to
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Figure 3: (a) Comparison of the total free energies of the CDL, Bikerman and CS models with the analytical approximation
(b) Relative error of the analytical equations of the free energies to CDL and Bikerman model. 1M LiPFg used.
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Figure 4: (a) Free energy components against potential difference. Solid lines are values from the CDL numerical solutions
of equations Egs. (8) to (10). The broken lines are the analytical approximations given by Egs. (15) to (17). (b) The ratio
of the components of the energy to the total energy. 1M LiPFg used.

the electrostatic chemical potential but opposite in sign, u* = —u® which results in zero excess chemical potential,
u® = 0. This leaves the concentration equal to the bulk everywhere in the solution. But a limiting value for the steric
layer thickness can, applying the limiting value v, = 2, still be identified as H = 1/2¢ge, D,/ p°aP, with electrode charge

density, 0 = 1/2¢ye,p°¥®,. The limiting capacitance then follows, C = do /d®, = €ye,/ H. The same expression can

be recovered for the capacitance from Eq.(6) under the limiting condition. In the limit of high bulk concentrations the
3/2

free energy components, electrostatic and steric equally, reduce to Fy o = @,0,/3 = k® ;" Here k = 1/2ee,p%P /9
is determined by the counterion, with concentration cap pP, and the solvent permittivity €. The limiting total free
3/2

energy at high concentration will then be the sum of those two free energies, F = 2k®;,".

The effect of the ion size on the total free energy is generally known [46]. Our investigation confirmed that the
smaller ion sizes provide higher energy, as shown in Fig.6. Anion specificity is clearly evident in both two-electrode
(Fig.6a) and single-electrode energies (Fig.6b), though not surprisingly is stronger in the single-electrode case where
anions alone serve as counterion. The anions form a typical Hofmeister series CI" > BF, > ClO4 > PFg¢. But it is

Tadesse, Parsons: Preprint submitted to Elsevier Page 8 of 12



The impact of steric repulsion on EDLs

10°4 104
1071 107!
. —2
?10—2 ?10
£ £
o 1073
LL10 ’ L
, 1074
1074 .
— Total =--= Electrostatic
7 — - 1/2CV? 10-°F % — — Entropic
10771 r
102 107! 10" 1072 107! 10°
potential difference V (volts) potential difference V (volts)
1 7 || == Electrostatic 2t
10714 R 1071 i R
s Steric I
0/ 0” 0,.
1072 .,0 10—2 .,0
8 e 8 e
= ./‘/ g e
31070 /‘,0 31070 ‘,0
" 77 L k4
MK 4 s’
10~ R 10~ -
/.,/.»' =--= Electrostatic ,."
1094 %" — - 1/2CV* 109 o
I * I *
1072 107! 10 1072 107! 10
potential difference V (volts) potential difference V (volts)

Figure 5: Free energy components of 1M LiPFg. (Top left) total free energy curve against %CVZ. (Top right) total free

energy curve against electrostatic and entropic components. (Bottom left) electrostatic energy component against %CVZ.
(Bottom right) electrostatic energy against steric.

worth noting that this Hofmeister series is obtained solely through ion specific sizes, not through the ion dispersion
forces commonly employed to interpret Hofmeister effects [40, 47]. The ion specificity here emerges at potential
differences exceeding 0.2 V. We anticipate that ion dispersion forces would provide further ion specificity that may
dominate at smaller potentials below 0.1 V.

In general, the steric chemical potential Eq.4 can be taken as a lower bound limit to that of the Bikerman and CS
steric potentials, converging to the Bikerman model at large potential and concentrations. This lower steric potential
leads to the build up of concentration relatively higher than the other models near the electrode, resulting in higher
capacitance and energy in the system in comparison to the other steric models. Therefore, this model and the ensuing
analytical approximations can provide an upper bound for the available energy in an electric double layer capacitors.
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Figure 6: Total free energies of of 1M bulk concentration of LiCl, LiBF,, LiClO, and LiPFg salts in PC solvent (a) in a
two-electrode system against potential difference. (b) in a single electrode system against electrode potential.

5. Conclusion

We have applied an approximation for the steric chemical potential of a composite diffuse layer assuming the net
resultant force on an ion is zero at thermal equilibrium. We then derived an analytical expression for the total free
energy of EDLC. The analytical expression is given in terms of physical parameters of the ions, solvent and electrode
potentials. This immensely simplifies our calculation of the energies without the need to solve a highly non-linear PB
equation. And we have shown that at high potential both the CDL energies and the analytical approximation converges
to the well known Bikerman free energies with relative error close to 1%. We have also shown that steric component has
a vital contribution to the total free energy, which becomes comparable in magnitude to the electrostatic contribution
at high voltages. %C V2, which is widely used in determining the energy of an EDL capacitors from experimentally

calculated capacitance, is also shown to be an oversimplified approach. We showed that the Carnahan-Starling model
of steric interactions predicts a total free energy lower than the Bikerman model, but application of the CS model
is impeded by its strongly nonlinear nature. The analytical expression presented here can therefore provide an upper
bound for the available stored energy of a supercapacitor, and will prove useful in applications where it is not practical
to numerically solve the nonlinearity of the Carnahan-Starling model.
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