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Abstract
We propose a latent class model for ordinal data with CUB (combination of discrete uniform
and shifted binomial) distributions in the case of multilevel structures of the data. The CUB
model is a powerful approach to the analysis of ordinal data, where the elicitation process
is thought to be governed by a feeling parameter and an uncertainty parameter. Ordinal data
are common across different research fields and may present a multilevel structure with units
nested within groups. The model we present extends the framework of multivariate CUB
models for model-based clustering to multilevel data, either hierarchical or cross-classified.
Numerical experiments on simulated data highlight the added value of assuming a CUB
model to account for ordinal information; the procedure’s interest is also shown through a
real data application.

Keywords Multilevel latent class · Ordinal data · CUB

1 Introduction

Latent class (LC) analysis (McLachlan & Peel, 2000) is a useful model-based approach for
data clustering of units on the basis of observations arising, usually, from a set of categorical
indicators.

When the data have a multilevel structure with units nested within higher-level observa-
tions, the model must be adapted to account for this structure. Latent class models can be
extended by defining multilevel finite mixture models that consider two levels of mixtures
with separate discrete latent variables for lower-level and higher-level units. Lower-level
units (individuals) belong to LCs at the lower level, and higher-level units (groups) belong
to LCs at the higher level.

Examples of multilevel data can be found in different research fields. In social science,
we can think of employees belonging to the same organizations, individuals living in the
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same regions, and customers of the same stores. In medical research, examples include
data on patients nested within centers, respondents nested within regions, children nested
within families, and repeated measures nested within subjects. Such structures are known
as multilevel hierarchical. Sometimes, the units can be simultaneously nested within two or
more higher levels — for example, patients nested within centers and medical departments,
or customers nested within chain stores and regions — and the groupings are instead cross-
classified between them. We refer to this structure as multilevel cross-classified (CC).

For hierarchical data, a multilevel version of the latent class (MLC) model was proposed
in Vermunt (2003) and Vermunt (2008). The extension to the cross-classified version (MLC-
CLC) has recently been proposed in Columbu et al. (2025).

The MLC and MLCCLC model formulations allow for not only clustering of lower-level
units but also of higher-level units. In the case of employees nested into organizations, the
model provides a simultaneous clustering for the organizations (higher-level units) and a
clustering for the employees (lower-level units) within the different classes of organizations.

The parameters of the latent class model can be estimated by maximum likelihood using
the expectation maximization (EM) algorithm (e.g., Dempster et al., 1977). The structure of
theMLCmodel requiresmodifying the E step of the EMalgorithm to account formembership
variables at the various levels (see Vermunt, 2003). The introduction of this modification does
not affect the usual convergence properties of EM.When the structure is cross-classified, the
log-likelihood becomes untractable, and the application of usual EMalgorithms is unfeasible;
therefore, in Columbu et al. (2025) it has been proposed to apply instead a stochastic variation
of the EM.

Typically, latent class analysis is performed when the observations are categorical. One
particular type of categorical data is ordinal data (Agresti, 1990), which occur when the
categories are ordered. Ordinal data take values from a set of ordered categories, coded
as integer numbers, that express evaluations of a group of raters towards a well-defined
list of items. They are widely used to express the subject’s perceived level of perception,
appreciation, or feeling. Such data are very frequent in different fields: in medicine and
psychology with questionnaires to evaluate services or opinions on an ordinal scale (Selosse
et al., 2019); in social science when assessing the level of educational attainment (i.e., high
school graduation, bachelor’s degree, master’s degree, and PhD). In all these situations, there
is a natural order in the information. Sometimes ordered data arises from the categorization of
continuous variables into classes with ordered labels; for instance, this happens in marketing
and finance (Amato et al., 2024) when evaluating products or different advertising. Usual
approaches for analyzing this kind of data are based on generalized linearmodels (GLMs) and
their extensions (e.g., McCullagh, 1980; McCullagh & Nelder, 1989; Ananth & Kleinbaum,
1997). A possible alternative is that of the CUB (Combination of Uniform and Binomial)
model, introduced in D’Elia and Piccolo (2005) and Piccolo (2006), defined as the convex
combination of a uniform distribution, to take into account the uncertainty in the choice of
the rating, and a shifted binomial one to model the propensity towards the ordered categories.
This paradigm is an alternative to that of cumulative models (Piccolo et al., 2019).

In the model-based clustering framework, less attention has been devoted to the case of
ordinal data compared to that of nominal ones. Often, the ordered nature is ignored, and
data are transformed into quantitative or nominal. However, both choices, i.e., introducing an
artificial and subjective distance between categories or omitting the order between categories,
introduce bias and should be preferably avoided. The first contributions in which the ordinal
information was integrated in the latent class frame considered log-linear formulations with
the introduction of covariates, where ordinal regression models are used to link the classes to
the responses (Heinen, 1996; Formann, 1992;Oberski&Vermunt, 2015). Other contributions
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have proposed the introduction of specific models; for instance, in Biernacki and Jacques
(2016), the authors proposed relying on a distribution tailored to the ordered nature of the data,
defining the binary ordinal search (BOS) model. In this model, the data-generating process
is assumed to be a stochastic binary search algorithm in a sorted table, so the resulting
distribution is governed by two meaningful parameters (position and precision). Another
alternative approach is that ofMcParland and Gormley (2016), which assumes that an ordinal
variable is the discretization of a latent continuous variable. Finally, Grilli et al. (2014)
proposed the use of a CUB model to handle multimodality with ordinal data. This has also
recently been extended (see Ventura et al., 2024) to multivariate data in the context of model-
based clustering.

In this paper, we define a multilevel version of the latent class CUB model for model-
based clustering of multivariate data. The hierarchical structure for CUB models has been
previously investigated in Iannario (2012a) within the framework of multilevel regression,
introducing continuous random effects for the groupings. This is the first time the CUB
distribution has been proposed for multilevel latent class analysis in hierarchical and cross-
classified scenarios.

The paper is structured as follows. Section 2 presents the multilevel latent class CUB
model (MLC-CUB) distinguishing the case of hierarchical and cross-classified data; Section 3
presents the inferential procedures adopted; in Section 4 some simulation results are presented
to asses the efficiency of parameter estimation and the classification accuracy; Section 5
considers an application to a dataset on evaluation in Italian university, where theMLC-CUB
model is applied in the hierarchical frame to simultaneously cluster students within faculties
and faculties; Section 6 concludes the paper with final considerations and observations.

2 Multilevel Mixture Models with CUB Distribution

Hierarchical Version The MLC model (see Vermunt, 2003 and Vermunt, 2008) is defined
by extending the standard LC to account for the additional nesting level. In particular, the
nesting of units implies that each subject j belongs to one of the K groups, indexed as k with
1 ≤ k ≤ K . The number of lower-level units within the higher-level unit k is denoted by
nk . The response of the lower-level unit j within the higher-level unit k in the indicator i is
denoted with yi jk , y jk will be used to refer to the full vector of responses of case j in group
k, while yk refers to the full vector of responses for group k.

The membership variable at the lower level is denoted by X jk , and a particular class by �

(� = 1, . . . , L). The latent component at the higher level is denoted by Wk , and a particular
component by h (h = 1, . . . , H). In what follows, we will denote πh = P(Wk = h) and
π�|h = P(X jk = �|Wk = h).

The hierarchical mixture model consists of two parts:

1) The first part connects the observations belonging to the same group, and in the complete
data form can be expressed as:

f (yk,Wk = h) = πh f (yk |Wk = h) = πh

nk∏

j=1

f (y jk |Wk = h),

where groups are assumed to belong to one of H latent classes with prior probabilities
equal to πh and observations within a group are assumed to be mutually independent;
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2) The second part is similar to the structure of a standard finite mixture model conditionally
to the group classes:

f (y jk |Wk = h) =
L∑

�=1

π�|h f (y jk |X jk = �) =
L∑

�=1

π�|h
I∏

i=1

f (yi jk |X jk = �)

=
L∑

�=1

π�|h
I∏

i=1

f (yi jk; θ i�). (1)

We have imposed the constraint for which parameters defining the conditional distribu-
tions for the response variables (θ i�) are independent from the higher-level latent classes
(Wk), i.e., θ i�h = θ i�. This constraint could eventually be relaxed. Model conditions are
summarized in the graphical model in Fig. 1, where it is clear that there are no direct
arrows from Wk to the observed variables and only lower-level latent variables X jk

depend directly on Wk . This structure, used in almost all applications aiming to simul-
taneously cluster higher and lower-level units, implies that the clustering of higher-level
units is obtained from the information contained in multiple lower-level responses via
their class memberships.

As written in the introduction, ordinal data are categorical data in which the categories
have an order. They take values into a set of ordered categories that may express, for instance,
the evaluation or feeling that subjects have about an item in a survey. In the case of i items,
each subject expresses their preferences in mi ordered categories, coded as {1, 2, . . . ,mi }.
The combination of uniform and shifted binomial variables (CUB) (see D’Elia & Piccolo,
2005) is a suitable model for these data; they assume that the elicitation process is the mixture
of two distinct components: a feeling on the item and the uncertainty in the choice of the
rating. Thinking of a preferences’ order as the result of a paired comparison criterion (D’Elia,
2000), the feeling can bemodeled assuming a shifted binomial (SB) distribution with support
{1, 2, . . .mi } and parameter ξi |� for each item i :

PSB(yi jk |X jk = �) =
(
mi − 1

yi jk − 1

)
(1 − ξi |�)yi jk−1ξ

mi−yi jk
i |� ,

where yi jk = {1, 2, . . . ,mi } are the observations for individual j and variable i .

Fig. 1 Graphical model for MLC
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The corresponding mean and variance parameters assume the expressions

E(SB|X jk = �) = ξi |� +mi (1− ξi |�), Var(SB|X jk = �) = (mi − 1)ξi |�(1− ξi |�). (2)

We note that Var(SB) is maximized when ξi |� = 1/2, i.e., there is the greatest uncertainty
in assigning a rating to the item.

When the subject shows a complete indifference (or equi-preference) towards a given
item, it seems appropriate to model ratings by means of a discrete uniform random variable
(U ):

PU (yi jk) = 1

mi
.

To model the elicitation process for ordinal data as the result of two components –feeling
and uncertainty –the CUB model is defined as a mixture of a shifted binomial and a discrete
uniform random variable. The two components of the CUB distribution have weights that
depend on πi |� and (1−πi |�), respectively. The mixing (1−πi |�) associated with the uniform
variable measures how the uncertainty affects the elicitation mechanism. In case of indiffer-
ence, it seems appropriate to assume that the item i has the same probability of receiving any
possible rating in {1, 2, . . .mi }, therefore the CUB distribution assumes the form:

f (yi jk |X jk = �) = πi |�PSB|X jk=�(yi jk) + (1 − πi |�)PU (yi jk)

= πi |�
(
mi − 1

yi jk − 1

)
(1 − ξi |�)yi jk−1ξ

mi−yi jk
i |� + (1 − πi |�)

1

mi
. (3)

If πi |� −→ 0 then the CUB distribution tends to behave as a uniform distribution, and the
rating assigned to a given item depends only upon the numbersmi of possible choices, that is,
the case of total uncertainty, or equi-preference feeling. On the other hand, if πi |� −→ 1 then
theCUBdistribution tends to behave as a shifted binomial distribution, and its features depend
only upon the parameter ξi |�. The vector of distributional parameters is then θ i� = {πi |�, ξi |�}.

Because the CUB distribution we use in the multilevel mixture model is itself a mixture of
two components with weights πi |� and 1− πi |�, we need to introduce another latent variable
Zi jk where Zi jk = 1 if the preference of the j th rater for the i th item comes from the shifted
binomial of parameter ξi |�, and Zi jk = 0 if it comes from the uniform random variable.

Cross-Classified Version A natural extension of the MLC for hierarchical data is the multi-
level cross-classified LC (MCCLC), inwhich, at the higher level of the structure, observations
are double-grouped. In this version, modifications arise at the upper level with the introduc-
tion of an extra set of membership variables. In the cross-classified version, the j th unit
belongs to a unique combination of two second-level groups K (k = 1, . . . , K ) and Q
(q = 1, . . . , Q), within each k, q group, there are nkq observations. The response observed
on indicator i will then be denoted as yi jkq . Together with X jkq and Wk , we introduce a
third latent variable Vq to which will correspond r latent classes. The new model structure
is visually described in Fig. 2. The vector of the whole mixing proportions to be estimated
is {π�|hr = P(X jkq = �|Wk = h, Vq = r), πh = P(Wk = h), πr = P(Vq = r). The model
formulation is quite similar to the hierarchical one, with two sets of equations to handle the
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Fig. 2 Graphical model for MCCLC

two levels of the structure. In particular, the first part is modified to take into account the
double grouping within higher-level latent classes as:

f (ykq ,Wk = h, Vq = r) = πhr f (ykq |Wk = h, Vq = r)

= πhπr

nkq∏

j=1

f (y jkq |Wk = h, Vq = r).

We stress that the higher-level latent variables aremarginally independent. The second part
of the model is almost analogous to (1) within the combination of higher-level membership
variables:

f (y jkq |Wk = h, Vq = r) =
L∑

�=1

π�|hr f (y jkq |X jkq = �) =
L∑

�=1

π�|hr
I∏

i=1

f (yi jkq |X jkq = �)

=
L∑

�=1

π�|hr
I∏

i=1

f (yi jkq ; θ i�).

The observations’ model is almost identical except that each j th unit is considered within
the combination of k and q groups.

3 Model Inference

Estimating model parameters requires maximizing the likelihood function. In particular, for
the hierarchical LC model, if � = {πh, π�|h, θ i�} denotes the full vector of parameters, the
likelihood function associated takes the form:

L(�; y) =
K∑

k=1

f (yk) =
K∑

k=1

H∑

h=1

πh

nk∏

j=1

[ L∑

�=1

π�|h f (y jk |X jk = �)

]
. (4)

By taking X jk ,Wk , and Zi jk as unobserved variables, the maximization can be performed,
as it is usual for mixture models, through the EM algorithm. The application of the EM
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algorithm requires the evaluation of the expectation of the complete data log-likelihood,
where x, w, and z denote the current values assumed by latent classes in the complete log-
likelihood

E(logLc(�; y, x,w, z)) =
K∑

k=1

H∑

h=1

P(Wk = h|yk) logπh

+
K∑

k=1

H∑

h=1

nk∑

j=1

L∑

�=1

P(Wk = h, X jk = �|y jk) logπ�|h

+
K∑

k=1

H∑

h=1

nk∑

j=1

L∑

l=1

P(Wk = h, X jk = �|y jk)

[ I∑

i=1

P(Zi jk = 1|y jk , X jk = �)(logπi |� + log PSB(yi jk , |X jk = �))

+
I∑

i=1

P(Zi jk = 0|y jk , X jk = �)(log(1 − πi |�) + log PU (yi jk))

]
.(5)

The E and M steps are iterated until convergence of the log-likelihood, checked by means
of a chosen tolerance. The details of the EM steps as proposed in Vermunt (2003) are reported
in Appendix 1.

In the case of a cross-classified structure, the likelihood to be maximized gets more
complicated. In fact, the presence of a double missing data structure at the higher level, with
Wk and Vq unobserved, makes it impossible to express the likelihood as a product of the
mixing probabilities. It is required a marginalization over all possible label configurations,
and the resulting likelihood takes the form:

L(�; y) =
H∑

h1=1

H∑

h2=1

· · ·
H∑

hK =1

R∑

r1=1

R∑

r2=1

· · ·
R∑

rQ=1

K∏

k=1

Q∏

q=1

f ( ykq )

=
H∑

h1=1

H∑

h2=1

· · ·
H∑

hK =1

R∑

r1=1

R∑

r2=1

· · ·
R∑

rQ=1

K∏

k=1

πhk

Q∏

q=1

πrq

nkq∏

j=1

[
L∑

�=1

π�|hk ,rq f ( y jkq |X jkq = �)

]
; (6)

here the vector of model parameters is given as � = {πh, πr , π�|hr , θ i�}. The model’s
likelihood is intractable, and standard versions of the EM cannot be applied. A possible
alternative to handle the complex structure is to consider stochastic variants of the EM
(Celeux et al., 1996; Nielsen, 2000). In particular, we consider a solution in which a Gibbs
sampler is included between the E and the M step, consisting of consecutive sampling from
the marginal posterior distributions of higher and lower-level latent variables in the expected
log-likelihood. The algorithm applied returns a Markov chain whose stationary distribution
is concentrated around the maximum likelihood. The expected log-likelihood required for
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the implementation of the estimation algorithm takes the form:

E(logLc(�; y, x,w, v, z)) =
K∑

k=1

H∑

h=1

P(Wk = h| ykq ) logπh +
Q∑

q=1

R∑

r=1

P(Vq = r | ykq ) logπr

+
K∑

k=1

Q∑

q=1

H∑

h=1

R∑

r=1

L∑

�=1

nkq∑

j=1

P(Wk = h, Vq = r , X jkq = �| ykq ) logπ�|hr

+
K∑

k=1

Q∑

q=1

H∑

h=1

R∑

r=1

L∑

�=1

nkq∑

j=1

P(Wk = h, Vq = r , X jkq = �| ykq )

[ I∑

i=1

P(Zi jkq = 1|y jkq , X jkq = �)(logπi |� + log PSB(yi jkq , |X jkq = �))

+
I∑

i=1

P(Zi jkq = 0|y jkq , X jkq = �)(log(1 − πi |�) + log PU (yi jkq ))

]
. (7)

The stochastic EM defined in Columbu et al. (2025) is adapted to deal with the CUB
distribution as shown in Appendix 2.

Initialization Strategy It is known that EM solutions can depend on starting points, leading
in some cases to convergence to local maxima Biernacki et al. (2003). To avoid local conver-
gence, a multiple starting strategy is adopted. In particular, the level-2 mixing proportions
are randomly initialized to

( 1
H , . . . , 1

H

)
, and also to

( 1
R , . . . , 1

R

)
in the CC version, the level-

1 conditional mixing proportions π�|h are initialized to ( 1
L , . . . , 1

L ) for all h = 1, . . . , H ,
the distribution parameters {πi |�, ξi |�} are initialized to the estimates of standard LC model
parameters after a multiple starting point selection.

The choice of multiple random initializations, as illustrated in the simulation studies, is
an efficient strategy, and the computing time is reasonable (using 10 different initializations
with a tolerance of 10−8, simulation 1 took about 8 min, and simulation 2 approximately
5 min). This is due to the fact that the likelihood (4) is not particularly complex, and the
computations at theM step are explicit. In the cross-classified version given themore complex
likelihood and the stochastic estimation approach, the computing time was higher, although
still reasonable (using 16 different initializations with a tolerance of 10−8 took approximately
20 min), numerical experiments either in the case of CUB models, that for nominal data
(Columbu et al., 2025) confirmed the efficacy of the method adopted. Alternative strategies
can also be considered, such as initialization with a CEM or SEM algorithm, short EM runs
(Biernacki et al., 2003), data-driven initialization (Iannario, 2012b), or a combination of
different initialization strategies (Baudry & Celeux, 2015).

Identifiability In the standard LC model, as shown in Vermunt (2005) and Bennink et al.
(2016), it is known that a sufficient condition for local identification is that all the eigenvalues
of the information matrix are larger than zero. In general, for multilevel models, both parts
of the structure must be identified, which means that there should be a sufficient number
of variables yi jk for lower-level identification (at least 3), and a sufficient number of units
within groups. In the case of a CC structure, for which the likelihood cannot be computed
in closed form, the assessment based on the information matrix is not possible; however, the
same reasoning in terms of a sufficient number of observations at both levels of the structure
can be applied.
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4 Simulation Studies

The estimation performance of the EM algorithms for estimating MLC and MCCLC param-
eters under the CUB model for ordinal data has been explored through three simulation
studies with different data-generating conditions. The first two scenarios assume a hierarchi-
cal structure, whereas the third considers a cross-classified structure. Model performances
are illustrated in terms of efficiency of parameter estimation, through parameter estimates
distribution and average absolute estimate errors, but also in terms of classification accuracy,
for which we will compare our proposed model applied to the two multilevel structures with
the analogous in case of the assumption of a multinomial model, in which the ordinal nature
is disregarded. In the simulation studies presented, the number of latent classes L , H , and
R is assumed to be known. The C++ code, together with the R code to generate data and
perform simulations, is made available on a GitHub repository at the link https://github.com/
NicolaPiras97/MLC_CUB. We observe that the CUB model for the hierarchical structure
can be estimated using the LatentGOLD software (Vermunt & Magidson, 2016a). Indeed,
following Oberski and Vermunt (2015), the CUBmodel can be reformulated as a special case
of the log-linear latent class model, with the appropriate parameter choices.

4.1 Multilevel Hierarchical Case

For the hierarchical LC, we have designed two experiments under different conditions of
data separation at the higher level. Data separation is measured through the entropy-based
R-squared, a measure whose values range between 0 and 1, indicating how well one can
predict the class memberships based on the observed responses (see Vermunt & Magidson,
2016b).We can compute this measure separately for lower and higher levels of the hierarchy:

R2
entropy,low = 1 −

n∑

j=1

L∑

�=1

−P(X jk = �|y jk) log(P(X jk = �|y jk))

n
L∑

�=1

−P(X jk = �) log(P(X jk = �))

,

R2
entropy,high = 1 −

K∑

k=1

H∑

h=1

−P(Wk = h|yk) log(P(Wk = h|yk))

K
H∑

h=1

−P(Wk = h) log(P(Wk = h))

.

One hundred datasets were generated for each simulation. Both simulation settings take
5 ordinal variables, each with 7 categories. The number of groups is set to K = 50. We fix
L = 3 as the number of lower-level latent classes and H = 2 as the number of higher-level
classes. The mixing proportions for the higher level are πh = (0.4, 0.6), and the mixing for
the lower level given higher-level class memberships are

π�|h =
(
0.7 0.1 0.2
0.1 0.3 0.6

)
.
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The CUB parameters are

πi |� =

⎛

⎜⎜⎜⎜⎝

0.7 0.6 0.8
0.6 0.8 0.7
0.9 0.6 0.8
0.5 0.7 0.6
0.8 0.6 0.9

⎞

⎟⎟⎟⎟⎠
, ξi |� =

⎛

⎜⎜⎜⎜⎝

0.7 0.6 0.2
0.6 0.8 0.4
0.1 0.3 0.8
0.3 0.4 0.6
0.2 0.1 0.9

⎞

⎟⎟⎟⎟⎠
.

The level of separation was defined by varying the number of units nk within each group k.
As shown in Lukočiene andVermunt (2009), the sample size (nk) and the degree of separation
(measured in terms of R2 entropy) change together (letting the remaining parameters fixed).
Having a small/high sample size is the main cause of poor/good separation; therefore, in
the two scenarios considered, different sample sizes are used to ensure varying degrees of
separation in the simulated datasets.

4.1.1 Results on Parameter Estimation

Simulation 1 The first setting assumes nk = 50 units per group, for a total of n = 2500
units. This choice produces, averaged over the 100 simulated datasets, a moderate separation
at level-1, R2

entropy,low = 0.61, and almost perfect separation at level-2, R2
entropy,high = 0.98.

Fig. 3 Estimate distribution of level-1 conditional mixing proportions π̂�|h=1 in both simulation settings. For
each boxplot, the true value is highlighted in red as a reference
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Figures 3 and 4 report the distribution of estimated conditionalmixing proportions of level-
1 π̂�|h=1 and π̂�|h=2, respectively, over the 100 datasets, they provide evidence of accuracy
in the estimation. Good performances have also been observed when looking at CUB model
parameters and high-level mixing proportions; see Table 1, which reports the average error
with respect to the true value.

Simulation 2 In the second setting, we set nk = 10 units per group, with n = 500 total
units. Lowering the number of units within each group reduced separation at level 2. In
fact, on average across the 100 simulated datasets, we have R2

entropy,low = 0.60 (moderate

separation) at level-1 and R2
entropy,high = 0.78 (moderate separation) at level-2.

Estimate performances are summarized by means of average estimation errors in Table 1,
where results are reported for both settings, and it emerges how lowering the degree of
separation produces a moderate lowering of performances, which remain satisfactory. In
Figs. 3 and 4, the same comparison is also reported in terms of the distribution of estimates
around the true value.

Fig. 4 Estimate distribution of level-1 conditional mixing proportions π̂�|h=2 in both simulation settings. For
each boxplot, the true value is highlighted in red as a reference
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Table 1 Average absolute errors (AErr) in the estimate of parameters in the two simulation settings. In (a),
we report the errors in the estimate of level-2 mixing proportions π̂h . In (b), the errors in estimating level-1
conditional proportions π̂�|h . In (c), the errors associated with the estimate of CUB parameters π̂1|� and ξ̂1|�

Simulation 1 Simulation 2

(a) h = 1 h = 2 h = 1 h = 2

AErr(π̂h ) 0.00049 0.000485 0.0022 0.002196

(b) � = 1 � = 2 � = 3 � = 1 � = 2 � = 3

AErr(π̂�|h=1) 0.003 0.001879 0.001121 0.05773 0.00352 0.061248

AErr(π̂�|h=2) 0.0000014 0.00151 0.001507 0.00647 0.04379 0.050259

(c) � = 1 � = 2 � = 3 � = 1 � = 2 � = 3

AErr(π̂1|�) 0.008133 0.00637 0.005242 0.03916 0.03599 0.023614

AErr(ξ̂1|�) 0.000638 0.003509 0.001384 0.002419 0.01539 0.001600

In agreement with the literature on MLC, we did not encounter, in our experiment, any
label switching problem in the estimation process. If a label switching problem appears, a
usual solution can be considered (see, for instance, Stephens (2000)).

4.1.2 Results on Classification Accuracy

Experimental results proved that the model proposed is satisfactory also in terms of well-
classified lower-level units within the two higher-level classes, as it appears in Table 2. When
looking at the higher level, the classification was always correct in agreement with the setting
of almost perfect separation in scenario 1, while in scenario 2, we have observed that the
proportion of correctly classified units of level 2 is on average 0.94.

The benefit of considering a distributional assumption designed for ordinal data rather
than a standard multinomial may be proved in terms of the correct classification rate. With
this aim, the multilevel LC model was also fitted, assuming a (misspecified) multinomial
distribution, and the final classification was compared with that obtained when considering
our proposal. Results are obtained for scenario 1 (nk = 50), scenario 2 (nk = 10), and a new
generative scheme with nk = 20 (all remaining parameters and conditions were unchanged).
Table 3 shows the proportion of the well-classified lower-level units under the CUB model
and the multinomial one over the 100 simulated datasets for each scenario. We observe that
the CUB multilevel LC model yields better results in terms of final classification, which
becomes evident in situations when lower separation is encountered (i.e., small sample size).

Table 2 Proportion of
well-classified lower-level units
in both simulations. The
proportion is shown separately
within each higher-level class
(h = 1, h = 2) and ignoring the
nesting (Tot.)

h = 1 h = 2 Tot.

Simulation 1 0.799 0.787 0.795

Simulation 2 0.788 0.771 0.778

123



Journal of Classification

Table 3 Proportion of
well-classified lower-level units
over the 100 simulations.
Standard deviations are shown in
parenthesis

nk = 50 nk = 20 nk = 10

CUB 0.795 (0.053) 0.786 (0.118) 0.778 (0.165)

Categorical 0.798 (0.085) 0.733 (0.131) 0.681 (0.174)

In particular, when nk = 10, the assumption of a CUBmodel guarantees an increase of about
10% in the rate of well-classified units.

4.2 Multilevel Cross-Classified Case

An additional experiment was conducted for a CC structure. In this scenario, 50 datasets were
generated, taking 6 ordinal variables, three with 7 categories and three with 5 categories. We
fix L = 4 as the number of lower-level latent classes and H = 3 and R = 2 as CC level
classes. The mixing proportions set were πh = (0.20, 0.30, 0.50) and πr = (0.40, 0.60)
and the sample sizes were K = 50 and Q = 15. At level-1, the total number of units was
n = 6000, with nkq = 8 per combined level-2 unit. The matrix of level-1 mixing proportions
π�|hr was set to

π�|hr =

⎛

⎜⎜⎝

0.40 0.15 0.15 0.30 0.30 0.05
0.30 0.10 0.35 0.10 0.35 0.25
0.20 0.35 0.20 0.40 0.15 0.40
0.10 0.40 0.30 0.20 0.20 0.30

⎞

⎟⎟⎠ .

The CUB parameters are

πi |� =

⎛

⎜⎜⎜⎜⎜⎜⎝

0.7 0.6 0.8 0.9
0.6 0.9 0.7 0.8
0.9 0.6 0.8 0.7
0.5 0.7 0.6 0.8
0.8 0.6 0.9 0.7
0.7 0.6 0.8 0.9

⎞

⎟⎟⎟⎟⎟⎟⎠
, ξi |� =

⎛

⎜⎜⎜⎜⎜⎜⎝

0.7 0.6 0.2 0.3
0.6 0.8 0.4 0.2
0.4 0.3 0.8 0.7
0.3 0.4 0.6 0.8
0.2 0.9 0.3 0.7
0.3 0.8 0.4 0.6

⎞

⎟⎟⎟⎟⎟⎟⎠
.

4.2.1 Results on Parameter Estimation

Simulation 3 These choices of parameters and number of units lead to a medium separation
at level-1 R2

entropy,low ≈ 0.64. The separation at level-2 to around 0.80 in terms of total

R2
entropy,CC, with separate R2

entropy,Wk
≈ 0.62, and R2

entropy,Vq
≈ 1 (see Columbu et al. (2025)

for the definition of entropy measure in the CC case).
Estimate performances are summarized by means of average estimates errors in Table 4.

Good performances have also been observed when looking at CUB model parameters not
reported in Tables 4.

With the implementation of stochastic algorithms, label switchingmay occur; in particular,
Columbu et al. (2025) observed that this may occur at higher levels of the structure. To
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Table 4 Average absolute errors
(AErr) in the estimate of
parameters in the simulation
setting for multilevel
cross-classified data. In (a), we
report the errors in the estimate of
first-level-2 CC mixing
proportions π̂h . In (b), we report
the errors in the estimate of
second-level-2 CC mixing
proportions π̂r . In (c), the errors
in estimating level-1 conditional
proportions π̂�|hr . In (d) the
errors associated with the
estimate of CUB parameters π̂1|�
and ξ̂1|�

Simulation 3

(a) h = 1 h = 2 h = 3

AErr(π̂h ) 0.0543 0.0179 0.0425

(b) r = 1 r = 2

AErr(π̂r ) 0.0463 0.0463

(c) � = 1 � = 2 � = 3 � = 4

AErr(π̂�|h=1,r=1) 0.0245 0.0138 0.0287 0.0296

AErr(π̂�|h=1,r=2) 0.0242 0.0576 0.0109 0.0492

AErr(π̂�|h=2,r=1) 0.0235 0.0267 0.0388 0.0230

AErr(π̂�|h=2,r=2) 0.0208 0.0181 0.0287 0.0392

AErr(π̂�|h=3,r=1) 0.0451 0.0195 0.0344 0.0126

AErr(π̂�|h=3,r=2) 0.0285 0.0620 0.0175 0.0322

(d) � = 1 � = 2 � = 3 � = 4

AErr(π̂1|�) 0.0792 0.105 0.0638 0.112

AErr(ξ̂1|�) 0.0347 0.0330 0.0565 0.0434

prevent such situations an ordering constraint ex post for the final estimation of level-2
mixing proportions was imposed in the implementation (Marin et al., 2005).

4.2.2 Results on Classification Accuracy

Experimental results showed that the proposed model is also satisfactory in terms of well-
classified lower-level units within the two higher-level classes, as shown in Table 5. At
the higher level, the classification was always correct for the R = 2 level-2 latent classes
associated with the latent variable V , while the percentage of well-classified units across the
H = 3 latent classes associated with the latent variable W was 87%.

The benefit of considering a distributional assumption designed for ordinal data using the
CUB distribution rather than a standard multinomial is also proved in this scenario in terms
of the correct classification rate. The MCCLC model was also fitted under a (misspecified)
multinomial distribution, and the final classification was compared with that obtained using
our proposal. Table 5 shows (Tot.) the proportion of the well-classified lower-level units
(ignoring the higher-level class grouping) under the CUB model and the multinomial one
over the 50 simulated datasets. We observe that the CUB MCCLC model yields better final

Table 5 Proportion of
well-classified lower-level units
in simulation 3. The proportion is
shown separately within each
combination of CC higher-level
class. The proportion of total
(Tot.) well-classified lower-level
units under the CUB model, and
the multinomial one is also
shown. Standard deviations are
shown in parenthesis

h = 1 h = 2 h = 3 Tot.

r = 1 0.806 0.794 0.782 CUB 0.796 (0.135)

r = 2 0.797 0.789 0.778 Categorical 0.679 (0.156)

123



Journal of Classification

classification results; in particular, the assumption of a CUB model increases the rate of
well-classified units by about 12%.

5 Real Data Application

The MLC-CUB model has been applied to analyze a dataset coming from a 2002 Italian
survey on university evaluation. Data are available from the R package CUB (Iannario et
al., 2024). The data consist of a sample survey of 2179 students’ evaluations of the orien-
tation services, conducted across the 13 faculties of the University of Naples Federico II
in 2002. Participants were asked to express their ratings on a 7 point Likert ordinal scale
(1 = “Extremely Unsatisfied (EU),” 2 = “Very Unsatisfied (VU),” 3 = “Unsatisfied (U),” 4
= “Indifferent (I),” 5 = “Satisfied (S),” 6 = “Very Satisfied (VS),” 7 = “Extremely Satisfied
(ES)”) for 5 ordinal variables:

1) Informat: level of satisfaction about the collected information;
2) Willingn: level of satisfaction about the willingness of the staff;
3) Officeho: judgment about the office hours;
4) Competen: judgement about the competence of the staff;
5) Global: global satisfaction.

The results we present are obtained with three latent classes at the lower level (L = 3)
and two at the higher level (H = 2). We selected this number of classes according to a
three-step procedure (see Lukočiene & Vermunt, 2009) in which maximum likelihood-based
criteria, such as AIC and BIC, are considered across the levels of the data structure. The
procedure accounts for the multiple choices at the two levels of the hierarchy and their
mutual dependencies. Details on the procedure and on the definition of selection criteria at
the higher level of the structure are described in Appendix 3. We had considered removing
the Global variable, which represents the overall satisfaction index. However, since the final
classification results remain unchanged whether this variable is included or not, we have
chosen to present the analysis with it included.

Parameter estimates are reported in Tables 6 and 7. We observe that for the variables
Willingn (i = 2) and Officeho (i = 3) the estimated π̂2|1 and π̂3|1 are smaller then 0.5. It
means that the evaluation towards these items, for the first level-1 latent class (� = 1), has a
great uncertainty.

Labels can be assigned to level-1 and level-2 classes based on the estimates obtained. In
particular, we have assigned a labeling on the basis of the mean value patterns estimated
for each item within each level-1 and level-2 latent class. Mean values Ei |� for item i for
each class � were computed considering the CUB distribution (3) and the shifted binomial

Table 6 Class probabilities
estimated at each level of the
structure. Labels to classes have
been assigned based on parameter
estimates for the five indicators

π̂�|h π̂h
� = 1 (U) � = 2 (ES) � = 3 (S)

h = 1 (S) 0.167 0.158 0.675 0.462

h = 2 (VS) 0.015 0.551 0.434 0.538
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Table 7 CUB parameters
estimated at each level-1 LC π̂i |� ξ̂i |�

� = 1 � = 2 � = 3 � = 1 � = 2 � = 3

i = 1 0.849 0.997 0.995 0.789 0.057 0.293

i = 2 0.435 0.995 0.998 0.796 0.024 0.195

i = 3 0.410 0.846 0.902 0.822 0.062 0.319

i = 4 0.907 0.998 0.994 0.766 0.039 0.274

i = 5 0.996 0.999 0.999 0.702 0.040 0.258

expected value (2) as:

Ei |� = π̂i |�(ξ̂i |� + mi (1 − ξ̂i |�)) + (1 − π̂i |�)
mi + 1

2
.

Their values within level-1 classes, rounded to the nearest integer, along with the assigned
labels, are reported in Table 8. In particular, for the level-1 classes, the labels assigned are
“Unsatisfied (U),” “Satisfied (S),” and “Extremely Satisfied (ES),” whereas at the faculty
level (level-2), the 2 labels are “Satisfied (S)” and “Very Satisfied (VS).”

Labels for the two higher-level classes are assigned on the basis of the aggregated expected
value, computed as:

Ei |h =
L∑

�=1

Ei |�π�|h .

A graphical synthesis of the results can be presented in a bivariate barplot showing the
proportions of students classified within the faculties; see Fig. 5. The classification obtained
is consistent with the labels derived from parameter estimates. At the end, what emerged
is that there is a class of unsatisfied students, who reported an average score of 3 for each
item in the satisfaction scale, a class of satisfied students, who were satisfied on each of
the 5 aspects, and a last class of extremely satisfied ones, who expressed satisfaction on the
majority of items. The classification results are consistent across all variables; students who
express satisfaction with the services tend to report similar levels of satisfaction with other
related dimensions. When moving up to the faculty level, both classes showed a relatively
positive perception of orientation services, indicating that all institutions involved were able
to implement good orientation practices. In particular, from Fig. 5, it can be seen that in
both the “Satisfied” and “Very Satisfied” student classes at the faculty level, the percentage

Table 8 Estimated means for each item i in correspondence of level-1 classes � and level-2 classes h

Ei |� � = 1 (U) � = 2 (ES) � = 3 (S) h = 1 (S) h = 2 (VS)

i = 1 3 7 5 5 6

i = 2 3 7 6 6 6

i = 3 3 6 5 5 6

i = 4 3 7 5 5 6

i = 5 3 7 5 5 6
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Fig. 5 Classification of students within faculties’ clusters

of students classified as unsatisfied is minimal. Furthermore, in the class of “Satisfied,” the
predominant composition is students classified as “Satisfied,” whereas in the faculty class of
“Very Satisfied,” the largest group is students in the level-1 class of “Extremely Satisfied,”
and the class of “Unsatisfied” is almost absent.

6 Conclusions

In this paper, we extended the application of the CUB models to handle multilevel latent
classes for ordinal data. We apply the EM algorithm introduced in Vermunt (2003) for hier-
archical data and the stochastic EM described in Columbu et al. (2025) for cross-classified
data, taking into account that the CUB model we use to describe ordinal data requires an
additional latent variable. Indeed, this model describes the data-generating process with a
mixture model itself, where the two components used describe both feeling and uncertainty
about the items. The algorithm was tested in simulation studies in which the generative
schemes were defined to provide different levels of data separation at both low and high
levels of the multilevel structure. An application to real data for the classification of faculties
(group level) and students (individual level) from an Italian survey was also presented. The
proposed approach allowed for managing the ordinal nature of the data with a straightforward
but efficient model within the multilevel structure.

Future developments involve the inclusion of covariates (see Vermunt, 2010) and the
definition of the model to handle mixed-type features, which could not be exclusively ordinal
(see Vermunt & Magidson, 2002; Selosse et al., 2020).
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Appendix 1: Parameter Estimation in the Case of Hierarchical Multilevel
Latent Class

In this section, we report details on the implementation of the EM procedure adapted to the
hierarchical structure. The EM algorithm in the case of MLC considers an E step that allows
for reducing the computational complexity required to derive the joint conditional probability
P(Wk = h, X jk = �|yk). This will consist of computing in sequence:

P(Wk = h|yk) =
πh

nk∏

j=1

f (y jk |Wk = h)

f (yk)
;

P(X jk = �|y jk,Wk = h) = π�|h f (y jk |X jk = �)

f (y jk |Wk = h)
;

P(Wk = h, X jk = �|yk) = P(Wk = h|yk)P(X jk = �|yk,Wk = h)

= P(Wk = h|yk)P(X jk = �|y jk,Wk = h).

The factorization of the joint probability P(Wk = h, X jk = �|yk) arises from the fact
that, given the group’s membership (Wk), the class membership of individuals (X jk) is inde-
pendent of the information about the other group members. This factorization allows the
implementation of the E step, which in the standard EM would have required the computa-
tion of the joint conditional expectation of the nk + 1 latent variables for higher-level unit k,
with K × Lnk entries.
We also need to compute the posteriors for the membership variables Zi jk related to the
mixing πi |� of the CUB distribution:

P(Zi jk = 1|yik, X jk = �) =
πi |�

(
mi − 1

yi jk − 1

)
(1 − ξi |�)yi jk−1ξ

mi−yi jk
i |�

f (yi jk |X jk = �)
.

In the M step, the unknown model parameters are updated so that the expected complete
data log-likelihood (5) is maximized. The M step updates all parameters � = {πh, π�|h, θ i�}
as follows:

πh =

n∑

j=1

P(Wk = h|y jk)

Q
,

where P(Wk = h|y jk) is the expansion of P(Wk = h|yk) over the first level units j .

π�|h =

n∑

j=1

P(Wk = h, X jk = �|y jk)

n∑

j=1

P(Wk = h|y jk)

;

123



Journal of Classification

πi |� =

n∑

j=1

H∑

h=1

P(X jk = �,Wk = h|y jk)P(Zi jk = 1|yik, X jk = �)

n∑

j=1

H∑

h=1

P(X jk = �,Wk = h|y jk)

.

The means for the shifted binomial variables are then computed as:

Mi |� =

n∑

j=1

H∑

h=1

P(X jk = �,Wk = h|y jk)P(Zi jk = 1|yik, X jk = �)yi jk

n∑

j=1

H∑

h=1

P(X jk = �,Wk = h|y jk)P(Zi jk = 1|yik, X jk = �)

,

so the feeling parameters ξi |� are update by using (2) as:

ξi |� = mi − Mi |�
mi − 1

.

Appendix 2: Parameter Estimation in the Case of Cross-Classified
Multilevel Latent Class

The details on the stochastic EM adapted to the MCCLC-CUB model are described here.
The estimation algorithm considers an extra stochastic step between the E and the M step,
as described in the following.
E and S Step

After initialization of πh, πr , π�|hr , πi |�, ξi |� run a Gibbs sampler

1) Draw w(t) from a Multinomial distribution with probabilities

P(Wk = h| yk, v(t−1)) = πh P(Yk = mk |v(t−1),Wk = h)

P(Yk = mk |v(t−1))
,

P(Yk = mk |v,Wk = h) =
QK∏

qk=1

R∏

r=1

⎡

⎣
nkq∏

j=1

P(Y jkq = m|Wk = h, Vq = r)

⎤

⎦
vrq

.

2) Draw v(t) from a Multinomial distribution with probabilities

P(Vq = r | yq ,w(t)) = πr P(Yq = mq |w(t), Vq = r)

P(Yq = mq |w(t))
,

P(Yq = mq |w, Vq = r) =
KQ∏

kq=1

H∏

h=1

⎡

⎣
nkq∏

j=1

P(Y jkq = m|Wk = h, Vq = r)

⎤

⎦
wh
k

.

2) Draw x(t) from a Multinomial distribution with probabilities

P(X jkq = �| y jkq ,w(t), v(t)) =
[
π�|hr P(Y jkq = g|X jkq = �)

]wh
jkv

r
jq

P(Y jkq = g)
.

123



Journal of Classification

3) Compute the posteriors for the membership variables Zi jkq related to the mixing πi |� of
the CUB distribution:

P(Zi jkq = 1| yikq , X jkq = �) =
πi |�

(
mi − 1

yi jkq − 1

)
(1 − ξi |�)yi jkq−1ξ

mi−yi jk
i |�

f (yi jk |X jkq = �)
.

M Step

πh =
∑K

k=1 w
h(t)
k

K
, πr =

∑Q
q=1 v

r(t)
q

Q
,

π�|hr =
∑n

j=1 w
h(t)
jk v

r(t)
jq P(X jkq = �| y jkq ,w(t), v(t))
∑n

j=1 w
h(t)
jk v

r(t)
jq

.

The CUB parameters are update as follows:

πi |� =

n∑

j=1

P(X jkq = �| y jkq ,w(t), v(t))P(Zi jkq = 1| yikq , X jkq = �)

n∑

j=1

P(X jkq = �| y jkq ,w(t), v(t))

.

The means for the shifted binomial variables are then computed as:

Mi |� =

n∑

j=1

P(X jkq = �| y jkq ,w(t), v(t))P(Zi jkq = 1| yikq , X jkq = �)yi jkq

n∑

j=1

P(X jkq = �| y jkq ,w(t), v(t))P(Zi jkq = 1| yikq , X jkq = �)

,

so the feeling parameters ξi |� are update by using (2) as:

ξi |� = mi − Mi |�
mi − 1

.

Appendix 3: Choice of the Number of Classes

Concerning the model selection strategy, we have selected the number of classes using the
three-step procedure described in Lukočiene and Vermunt (2009). The computation of AIC
and BIC is adapted to the multilevel data structure, and the number of higher-level latent
classes (H ) must also be included. The procedure steps are described below.

Step 1) Determine the number of lower-level classes as in a standard LC model, ignoring
the multilevel structure. Level-1 information criteria used are defined as:

BIC1 = −2 logL + ((L − 1) + npar) log(n),

AIC1 = −2 logL + 2((L − 1) + npar),
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where npar = 2L × I is the number of free distribution parameters. The lower the
value of an IC, the better the model.

Step 2) Determine the number of higher-level classes, taking fixed the number of level-1
latent classes. Level-2 information criteria used are defined as:

BIC2 = −2 logL + ((H − 1) + (H(L − 1)) + npar) log(K ),

AIC2 = −2 logL + 2((H − 1) + (H(L − 1)) + npar).

Step 3) Determine again the number of lower-level classes fixing the number of higher-level
classes. Level-1 information criteria used are defined as:

BIC3 = −2 logL + ((H − 1) + (H(L − 1)) + npar) log(n),

AIC3 = −2 logL + 2((H − 1) + (H(L − 1)) + npar).

We observe that in step 2), in agreement with simulation results discussed in Lukočiene
et al. (2010), the computation of BIC takes as sample size the number of groups (K ) instead
of the total number of individuals (n).
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