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ARTICLE INFO ABSTRACT

MscC: Fredholm integral equations of the second kind that are defined on a finite or infinite interval
65R20 arise in many applications. This paper discusses Nystrom methods based on Gauss quadrature
65D32

rules for the solution of such integral equations. It is important to be able to estimate the error
in the computed solution, because this allows the choice of an appropriate number of nodes in
the Gauss quadrature rule used. This paper explores the application of averaged and weighted
averaged Gauss quadrature rules for this purpose and introduces new stability properties of them.
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1. Introduction

Fredholm integral equations of the second kind,

S+ / k() f(x)du(x)=g(y), yeD, (€))
D

where the kernel k and right-hand side function g are given, the function f is to be determined, and d (x) is a nonnegative measure
supported on a bounded or unbounded domain D, arise in many applications including image restoration (when applying Tikhonov
regularization) [1], conformal mapping [2], frequency analysis [3], and tomography [4]; see also Atkinson [5] and Kress [6] for
discussions on further applications. The present paper considers equations of the form (1) when D is a bounded or infinite interval
on the real axis, and the integral operator

(KHy) = / k(x, ) f (x)d pu(x)
D
is a compact map from X to X, where X is a suitable weighted Banach space; see Section 2 for its definition. Suitable assumptions
on the kernel and on the measure can be made to guarantee compactness of the integral operator K. Detailed results on this topic
are available in [7, Chapter 5].
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The Nystrom method is one of the most popular approaches to compute an approximate solution of Fredholm integral equations
of the second kind; see, e.g., Atkinson [5] or Kress [6]. The method is easy to implement and use: the integral in (1) is replaced by
an interpolatory quadrature rule K,, with m nodes x; < x, < :-- < x,, on the interval D, and the equation

I+K,)fm=28: 2

where [ is the identity operator and f,, is the unknown interpolant, is required to hold at the nodes y = x;, i = 1,2, ..., m. This yields
the linear system of equations

M=

[(Sij+cjk(xj,xi)]aj=g(xi), i=1,2,....m, 3)

j=1
with a coefficient matrix of order m. Here the ¢ ; are coefficients of the chosen quadrature rule, a = Fn(x))s and ; ; is the Kronecker
o-function, i.e., §; =1 and 6;; =0 for i # j. Assume that the integral equation (1) has a unique solution in X. This is the case when
the null space of the corresponding operator is trivial, that is when N'(1 + K) = {0}. Then, when m is sufficiently large, the matrix
of the linear system of equations (3) is nonsingular and its condition number can be bounded independently of m; see [5] for details.

Having computed the solution [a, a,, ..., am]T € R"™ of the linear system of equations (3), the Nystrom interpolant

m
Fu)=80)= Y ¢;k(x;.y)a;, yED, @)
j=1
provides an approximate solution f,,(y) of (1) that can be evaluated at any y € D. The Nystrom interpolant (4) is known to converge
to the exact solution f(y) of (1) with the same rate of convergence as the quadrature rule used; see, e.g., [5] for details.

An important aspect of the Nystrom method is the choice of the quadrature formula. We would like the quadrature rule to be
convergent in the weighted function space X determined by the measure dp(x). For this reason, Nystrém methods often are based
on Gauss quadrature rules, for which there exists a wide literature. Indeed, Gauss quadrature formulas associated with different
measures have been applied to Nystrom methods, both for a single Fredholm integral equation of the second kind [8-11] and for
systems of such equations [12,13] in function spaces suited to handle possible pathologies of the solution of (1).

In a sequence of papers Laurie [14] and Spalevié¢ with collaborators [15-18] developed averaged and weighted averaged Gaussian
quadrature rules. These rules are convex combinations of two quadrature rules G,, and G; T with m and m + 1 nodes, respectively,
where G,, is an m-point Gauss rule and G;H is an (m + 1)-node quadrature rule that is related to G,,. Averaged and weighted
averaged rules have been applied to estimate the quadrature error in Gauss rules. It is the purpose of the present paper to explore
their application to estimate the error in Nystrom interpolants (4).

The averaged and weighted averaged rules have 2m+ 1 nodes and weights, their straightforward application in a Nystrom method
requires the solution of a linear system of equations with a (2m + 1) X (2m + 1) matrix. We will explore the possibility of reducing the
computational effort required when using these rules.

The averaged rule introduced by Laurie [14] is the average of an m-point Gauss rule and an (m + 1)-point anti-Gauss rule. The
application of pairs of Gauss and anti-Gauss rules to the estimation of the error in Nystrom interpolants has recently been described
in [19].

In the beginning of this paper, we analyze the weighted averaged rules described in [17,18,20] and show their stability and
convergence in weighted function spaces. These results extend those shown for anti-Gauss rules in [19] in that they involve more
general quadrature rules, weight functions, and domains. Moreover, our results are shown under less restrictive assumptions than
those in [19], and include the latter results. In the second part of the paper, our discussion focuses on the use of averaged rules
of Laurie [14] and weighted averaged rules of Spalevi¢ [17,18] to estimate the error in the Nystrom interpolant (4). Finally, new
iterative methods are developed to solve the linear systems of equations associated with Nystrom’s method. These methods exploit
the structure of the coefficient matrix, and their convergence is studied. To the best of our knowledge, this is the first time that such
methods are proposed.

This paper is organized as follows. Section 2 reviews averaged and weighted averaged Gaussian quadrature rules. New stability
results are shown. Illustrations of their performance for some classical measures are presented in Section 3. The application of
averaged and weighted averaged Gauss rules to the estimation of the error in Nystrom interpolants is discussed in Section 4, and
several iterative methods for the computation of Nystrom interpolants are described in Section 5. Computed examples are presented
in Section 6, and concluding remarks can be found in Section 7.

2. Averaged and weighted averaged Gauss quadrature rules
Let

I(f)= /f(X)d#(X) 5)
D

for some nonnegative measure dy with infinitely many points of support, and let {p,};?, be the sequence of monic orthogonal
polynomials associated with this measure, i.e., p; is a polynomial of degree k with leading coefficient one such that
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(xj,pk)” :=/xjpk(x)du(x)=0, j=0,1,....k—1. 6)
D

1/2

The above inner product defines a Hilbert space Li with induced norm || f||,, = (f, 1) 4

It is well known that the polynomials p, satisfy a recurrence relation of the form

{p_1<x> =0, pyx)=1, -

Pk+1(x) =(x— (xk)pk(x) - ﬁkpk_1(x), k=0,1,2,...,
where the recursion coefficients are given by

_ <ka’Pk>;4
k= T
(Pro> D)y
(Pr> P
k=7 .\
<Pk—l’17k—1>;4

k>0,

k>1, Bo = {po-Po)s

see, for instance, [21, Theorem 1.27].
The zeros of each polynomial p,, k > 1, live in the convex hull of the support of d 4 and are distinct; see, e.g., [21]. Let us denote

the zeros of p,, by x(lG) < x(zG) << xEnG). They are known to be the eigenvalues of the symmetric tridiagonal matrix

& \/ﬁ—1
VB a VB
J,= \/ﬁ_2 a, B
B B
VBt X
see [21]. This matrix has orthogonal eigenvectors. Let v, ; denote the first component of a normalized real eigenvector associated
with the eigenvalue xic) . Then the m-point Gauss rule associated with the measure d u is given by

m

Gu(f) =Y A9 F(x), ®)

k=1

where the weights /lch) (also known as Christoffel numbers) can be determined as /IE{G) = ﬂovi’ |5 see [21,22]. The rule (8) is known
to be exact for all polynomials in P,,,_;; see, e.g., [21]. Here and throughout this paper P, denotes the set of polynomials of degree
at most k.

Consider the extended symmetric tridiagonal matrix

f = Jm 2ﬁmem
+ - 9
" 2B,.e7 a,,
where ¢, =10, ...,0,1,0,... ,017 stands for the kth axis vector of suitable dimension. Let { Xy }Z:ll denote the eigenvalues of fm 1

They are real and distinct, but they are not guaranteed to live in the convex hull of the support of the measure dy; see, e.g., [14] for
a discussion. Let U | denote the first component of a normalized real eigenvector associated with the eigenvalue X;. Then the X, are

the nodes and the Ik = ﬂoffi | are the weights of the (m + 1)-point anti-Gauss rule

m+1

Gt ()= T f G ©

k=1

introduced by Laurie [14]. This rule satisfies

I =Gp)) =~ =G )(p),  YpeEPy, (10)

see [14] for details. The degree of exactness of the anti-Gauss rule 5," 41 is at least 2m — 1. This follows from (10).
Laurie [14] also introduced the averaged rule

Ropir(1) = 3 (Gl + Gpaa (), an

which has the following properties:

1. It has 2m + 1 nodes. Its evaluation requires the calculation of the integrand f at 2m + 1 nodes. However, m of these function
values also are required to evaluate the Gauss rule G, (f). Therefore, the additional computational effort demanded when
calculating the averaged rule (11) is only m + 1 function evaluations.

2. All its 2m + 1 weights are positive.
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3. Its degree of exactness is at least 2m + 1, i.e., sz () =I(f) for all f €P,,,,,. For some measures, the averaged rule agrees
with the Gauss-Kronrod rule and its degree of exactness is higher; see, e.g., [15,23-25].

4. For certain measures, the averaged rule (11) is internal, i.e., all nodes live in the convex hull of the support of the measure d .
For instance, when du(x) = x*¢™*dx and D = R, the rule (11) is internal for a > —1. If instead d u(x) = (1 — x)*(1 4+ x)’dx and
D =[-1, 1], then the averaged rule is internal only for suitable values of @ and f; see [14].

5. The averaged rule (11) furnishes an estimate for the error I(f) — G,,(f) since

~ 1 ~
1) = Gu(N) ® Ayt (f) = G (f) = S (G (F) = G ().
Spalevié [17] constructed a symmetric tridiagonal matrix of order 2m + 1 whose eigenvalues are the nodes of the averaged rule

(11) and the weights can be computed from the first component of the associated normalized real eigenvectors. This construction
lead Spalevié to the definition of the weighted averaged quadrature rule

2m+1
Appit ()= Y A f &) 12)
k=1
associated with the Gauss rule G,,. The nodes of the rule (12) are the eigenvalues of the symmetric tridiagonal matrix
Jomi1 =| Ve, %m \/ﬁm+1elT € REmHIXCmrD, (13)

0 \/ﬁm+1e1 ZmeZm

where Z,, € R™" is the row-reversed identity matrix. The weights of the quadrature rule (12) are the square of the first component
of normalized real eigenvectors of (13) multiplied by f,. Spalevié¢ [17] showed the following properties of the quadrature formula
(12):

(A) The formula requires 2m + 1 evaluations of the integrand f. When the nodes x'@ of the Gauss rule (8) and the nodes 5?!- of the
weighted averaged rule (12) are ordered in increasing order, the quadrature nodes satisfy
(@)

3(\2j:xj ) ji=12,...,m.

(B) All the weights }*\k are positive.

(C) The quadrature rule is exact for polynomials of degree at least 2m + 2. If the measure du(x) is symmetric with respect to
the origin, then the degree of exactness is at least 2m + 3. For certain measures dyu, the degree of exactness is much higher;
see [15,24,25].

(D) If dju(x) = x®e™*dx and D = R*, then the formula is internal when a > 1. If d u(x) = (1 — x)*(1 + x)?dx and D =[-1, 1], then it
is internal only for certain values of @ and f.

(E) The quadrature rule suggests the error estimate

I(f) = Gp() % Ay () = Gy (). 14)

Computed examples reported in [20] show the weighted averaged quadrature rule (12) for many integrands to give higher
accuracy than suggested by its degree of exactness. This also holds to a lesser extent for the averaged rule (11). This property
of the rule (12) results in that the right-hand side of (14) for many integrands provides an accurate estimate of the left-hand
side. The present paper uses this property to determine accurate estimates of the error in computed approximate solutions of
Fredholm integral equations of the second kind.

When applying the quadrature rule (12), one generally also evaluates the Gauss rule (8). Therefore, the nodes and weights of the
representation
ﬁm+l ﬁ m

_mtl 4 _m
ﬂm+ﬂm+l m(f)+ ﬂm+ﬂm+l

can be evaluated faster than computing the eigenvalues and first components of normalized eigenvectors of the matrix (13). Here

G, ., is the quadrature rule determined by the matrix

Agpii ()= G:., () as)

J* = I \/ﬂm + Bns1€m | . (16)
| /By + Bl a,, ’
that is
m+1
/f(x)du(x) = Z L fxp+e, (NH=:G, (H+e, () a7
P k=1

4
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where e:‘n + 1( f) denotes the quadrature error in G:‘n +1( f); see [16] for a derivation of (15) and a discussion on the computational
effort.

The representation (15) shows that the rule A\Zm +1(f) is a weighted average of the Gauss rule G,,(f) and the quadrature rule
G;"n +1( f). It also shows that one can evaluate the error estimate (14) as

Pm
ﬂm + ﬂm+1

The following expression for the weights of the rule G 4118 believed to be new.

(G2 () = Gu()) -

Theorem 1. The degree of exactness of the quadrature rule G 4 in(15)isat least 2m — 1, the nodes x, interlace with the Gauss nodes x,
and the weights are given by

2
2= ﬁm+ﬂm+l ”pm”“ >0

g ﬁm q;m+l (xz) ’
where
m+1
D1 () = (P, () and pr (0= [Jox—xp).
k=1

Proof. The first part of the thesis follows from the representation (15) of A\Zm +1 and the fact that the degree of exactness of both the
weighted averaged rule A\Zm +1 and the Gauss rule G, is at least 2m — 1.
Let us consider the function () = qomps x)/(x— x;f). Since G,,(f;) =0 for any j, eq. (15) yields

1 *
ﬂm ~ * q2m+l(xk) _ ﬂm

ﬂm + ﬂm+1 =1 e (x;: - x;) ﬂm + ﬂm+1

/ ) u(x) = Bl ().

D

The last equality is a consequence of the well-known representation for the Lagrange polynomial associated with the quadrature
node x;‘ of formula (15),

Dm+1 (X)

Lj(x)= ——mt”
ey

where we note that qémH(x;‘) = pm(x;?)(p:‘nﬂ)'(x;f).

On the other hand, for any j there exists a polynomial g,,_, ; of degree m — 1 such that

/fj(X)d#(X) = /pm(X)[X'" + 1, (O1d u(x) = IIP,,,II,Z,

D D
Combining the above two equalities we obtain the expression given for A%, whose positivity follows from its definition in terms of the
squared first component of a normalized real eigenvector. Finally, the interlacing property of the nodes follows by applying Cauchy’s
interlacing result to the matrix (16); see, e.g., [26, Theorem 3.3]. []

The next lemma, which will be useful in the sequel, gives a Markov-Stieltjes-type inequality. An analogous inequality is well
known for classical Gauss rules (see, for instance, [27]), but the inequality has never been proved for averaged rules.

*

Lemma 2. For a fixed quadrature node x; of G we have the bounds

m+1’
k-1 xz k
ZAfS/dy(x)sz,lj‘. (18)
i=1 . i=1

Proof. Let PZ(Z) and Q(QIZ be two polynomials of degree 2m such that

0)
1, 1<i<k
(k) o x ’ = ) 2m ,_x .
P = and ——(x)=0, Vi#k
2 1) {o, k<i<m+l, ax ) #
and
L 1<i<k i~
(k) _* > P ) 2m ,_ x .
)= and =0, Vi#k.
Oan7) {o, k<i<m+1, ax O '
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These polynomials are uniquely determined; see, for instance, [27, Lemma 1.3]. Following the proof of [27, Theorem 5.2] one obtains
that for each real x, we have

PYY(x) < Hy(x) < 05 (), (19)
where H, is the shifted Heaviside function defined by
L, x<xp,
Hy(x) = x<xy
0, x> x;:.

Then, since by (15) one has

Ge @)= 1) + Pt T (1@=6y@),  VaEPy,

m

we can write

m+1 xz XZ
0< Z/l* ZA*P(k)(x )< I(H,) + ﬂ;’“ (I(P(k)) G (P(k))> _/ du(x) + ﬂ;; em(P(k))<_/ du(x),

where e, (f) represents the quadrature error for the Gauss rule. To justify the last inequality, let us recall the error representation of
the Gauss rule [21, Formula (1.4.14)]

FemE)
(2m)!

By virtue of (19), as H,(x) is a piecewise constant function and the polynomial Pz(r];) has even degree, its leading coefficient has to

e, ()=

Ipull2, €D\ OD.

be negative to satisfy the inequality for x — +oo. Therefore, em(Pz(fn)) <0.
Similarly, we have

X* £
k m+1 K K

<fo%—*=§%‘ 0V () 1(H) + 2 ;“ (1@ - G@5) = / du)+ 2 ;“ (0P > / dp(x),

—0 —0

X

since the polynomial Q( ) of degree 2m has a positive leading coefficient and, consequently, em(Q(k)) > 0. Thus, (18) follows. []

Let us now investigate the stability and convergence of the formula an+1 (f) in different function spaces. In the set of all contin-
uous functions C(D) equipped with the uniform norm

1/l = sup [£(X)],
x€D

the stability is an immediate consequence of the equality

m+1

Gl == e 1I(PZ‘,,+](f)I =Y i =/dﬂ(x)< o,
o= k=1
D

since this implies that sup,, ||an 1 || < oo.
The quadrature error tends to zero as fast as the best approximation error by polynomials of degree less than 2m — 1,

Eypyy(f) i=inf {IIf = Pl : PEPyy_y}s

since for the quadrature error e¢*  of G* it holds
m+1 m+1

et (DI =€, (f = P SCEy, (f).  C#Clm. f).

Here and in the sequel, C is a positive constant which may assume different values in different formulas. We write C # C(a, b, ...) to
indicate that C is independent of the parameters a, b, ... .
Introduce a bounded weight function u : D — R that is positive on the support of d u, and satisfies

/d”(x)<oo, /xku(x)dy(x)<oo, k=0,1,.... 20)
D

u(x)

We define the weighted space C,(D) as the set of all continuous function f € C(D \ 0D) such that fu € C(D), equipped with the
weighted uniform norm || fu||,,. For smoother functions, we consider Sobolev-type spaces of index r > 1,

W/(D)={feC,D)| sV € ACD\ D) and || /"¢ ull,, < o0}, (21)
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where AC(D \ 0D) denotes the set of absolutely continuous functions on D \ 0D and

Vb —x)(x—a), if D=]la,b],
p(x)=3+/x—a, if D=][a,), (22)
1, if D=R.

The following result shows the stability of the quadrature rule G* | in C,(D).

Theorem 3. Let u be a bounded weight function that is positive on the support of d i and satisfies (20). Assume that

ux)#0,  k=12..,m+1.

Then the formula G'*n ol is stable, i.e.,

m+1 2%
* k
sup sup |GZ . (f)| | =sup — | <o
m (Ilful e m ; u(xy)

Proof. The bounds (18) imply

k+l
21* 2/1* /d/,t(x), k=2,3,....m. (23)
kl

By applying the left-hand side inequality in (18) for k =2, and the right-hand side inequality for k = m, we can extend (23) to
k=1and k=m+1 by defining x; = —oo and xfn+2 = 0. It follows from the assumptions on u that, for k =1,...,m + 1, there exist
uniformly bounded constants C; such that

sl Xt
1 d p(x)
—_— d =C .
u(x;) / #) =Gy / u(x)
o) Xy

Setting C = max,, C;, we obtain from (23) that

m+1 m+1 m“

b due _ [ due) | [ duo du(x)
Zu(x*) CZ/ e / e +C/ e SZCD/ o @9

*
X1 X

as the measure u(x) is supported on D. This shows the stability of the formula. []

The bound (24) allows us to show convergence of the quadrature rules G::y+1 as m increases, i.e.,
. " _
’Jgrgoemﬂ(f) =0,
and that e +1(/f) goes to zero as fast as the error of the best polynomial approximation,

Eppy (), i=inf {II(f = Plull : PEPy,_;}.

This is shown in the following corollary.

Corollary 4. For each f € C,(D) one has

ler (DN < CEpp (s (25)
where C # C(m, f).

Proof. The inequality (25) can be shown following, mutatis mutandis, the proof of Theorem 5.1.7 in [28]. We report the main steps
of the proof for the convenience of the reader. By the exactness of formula G;H and by (24), we have for each polynomial P € P,,,_,
that
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m+1

le (DI =l (f = P)| = / [£() = PEONduG) = Y, A2LF (<) = P
D k=1

du(x) & A
< - P
<Lf = Plull D/ o) +g1u<x;:>
d
<L = Plull, / LZS)
D

for some constant C’ related to the constant C in (24). Taking the infimum with respect to P, we obtain the assertion. []

Example 1. Let the function f belong to the function space C,([-1, 1]) with
ux)=1-x7(1+x°, 7,620, (26)
and assume that we would like to evaluate (5), where the measure d y(x) = w(x)dx is determined by the Jacobi weight function
wx)=1-x)"A+x)"?,  a,p>-1.
Then the first inequality in (20) is satisfied if

y<a+l, S<p+1, 27)

and Theorem 3 holds true.
Now, let instead f be a smoother function, namely, let f belong to the Sobolev space W ([—1, 1]) of index r > 1, defined in (21).
Then [28, p. 172],

En(f)y <Cm™" || f 00 ull o,

where @ is given in (22). Corollary 4 then yields
* C o
lep (D=2l f " ull-
Example 2. Let the function f belong to the function space C,([0, o)) with

ux)=x"(1+x)%>, 7,620,
and assume that we would like to evaluate (5), where the measure d y(x) = w(x)dx is determined by the Laguerre weight function

w(x)=x%"", a>—1.

Then the first inequality in (20) is satisfied if « —y > —1 and § > 1 + @ — y, and Theorem 3 holds true.
Additionally, let us consider the weighted Sobolev space W, ([0, 0)) of index r > 1; see (21)-(22). Then, [28, p.177] yields

* C s
le, (NI m”f "o ul| .-

We conclude this section by showing the stability and convergence of the quadrature rule sz 1

Corollary 5. Under the assumptions of Theorem 3, formula Xz,,, 41 is stable, i.e.,

2m+1 I
sup(  sup Ay, ()] ) =sup Z k) < oo,
m \ | fullo=1 m \ fo1 ux)
and convergent, i.e.,

(1) = Ao (D] S CErpi (N C#Cm ).

Proof. Stability follows from the representation (15), the stability of the Gauss rule G,,, and Theorem 3. Convergence can be shown
similarly as in the proof of Corollary 4. []

3. Properties and performance of the considered quadrature rules

We analyze the quadrature rules (9), (17), (11), and (12) for a few measures d u(x) = w(x)dx with classical weight functions w(x)
that commonly arise in Fredholm integral equations of the second kind.

8
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Table 1

Quadrature errors for the integral 7.
m I,-G, 1|_5m+l ll_G:;H,] II_ZZWHI I} — Ay
2 —7.93e - 02 7.93¢ — 02 7.65¢ - 02 —3.24e - 05 —7.88e — 06
3 6.29¢—04  —6.30e — 04 —6.2le—04  —3.10e —07 3.00e — 09
4 2.51e—-05 —2.51e—-05 —2.49¢ - 05 2.95¢ - 10 1.73e — 11
5 —4.77e — 08 4.77e — 08 4.76e — 08 249e—12  -7.36e—15
6 —8.10e—10 8.10e — 10 8.08¢—10  —1.29¢—15 —3.84e—17

3.1. Jacobi weight functions

Let us consider polynomials (7) that are orthogonal with respect to the Jacobi weight function

w(x)=(1=x)%1+x), (28)

for parameters @, f > —1. The recursion coefficients a; and g, in (7) are explicitly known and can be expressed in terms of « and g
as follows:

p*—o?
T Ckra+rphtatfr2) =
2%+ DEB+ 1)
o = Ta+p+2)
g = etk )k + Pk +a+ p) > 1,

C Qk+atpAQk+a+pR-1)

where I'(-) denotes the Gamma function. If «? = 2, then a, =0 for all k > 0. Moreover, when a,f € {—%% , the associated
1
4

orthogonal polynomials are Chebychev polynomials of the first, second, third, or fourth kinds, and g, =
case G;H = ém +1, we obtain from (15) that

Rt = 3G+ G (1), m22,

i.e., the weighted averaged quadrature formula (15) coincides with the averaged formula (11).
For general a, f > —1 in (28), we have

lim f,= 1. 29)

m—oo

and it follows that the coefficients for G,, and G,’;H in (15) tend to % as m increases, so that

Tim (Ayr (1) = Dy (1)) =0

This implies that the quadrature rules sz +1(f) and sz +1(f) may produce significantly different results only for small values of m.

Example 3. Consider the integral
1

I, :/xe"cos(x+1)dx=
21

1+ e2cos2
2e ’

The integral /; can be computed analytically. To illustrate the performance of the quadrature rules without influence of round-
off errors introduced during the computations, we carry out all computations of this section in high-precision arithmetic. Results
determined in standard double precision arithmetic are very close to those reported.

Table 1 displNays, for the integral I; and several small valtles of m, the quadrature errors obtained Ey the Gauss rule G,,, the anti-
Gauss formula G,,,,, the rule G, ,, the averaged formula Ay, , and the weighted averaged rule A,,,,. The weighted averaged
rule A,, . can be seen to produce a more accurate approximation of I; than A,,; for all values of m. It also can be observed that
the anti-Gauss rule G,,, and the rule G* +1 8ive quadrature errors of opposite sign to that of the corresponding Gauss rule G,,. In
Table 1, as well as in the remainder of this section, the rule A,,,; was computed according to (15).

The rules sz 41 and ;1\2," +1 can be used to estimate the quadrature error (I — G,,)(f). A comparison of Table 2 with the second
columns of Table 1 shows these error estimates to be quite accurate.



L. Fermo, L. Reichel, G. Rodriguez et al.

Table 2

Quadrature error estimates for G,, ob-
tained by the averaged rules for the

Applied Mathematics and Computation 467 (2024) 128482

integral I,.
m Asns1 = CGn Asni1 = Gn
2 —793¢-02 -793¢-02
3 6.29¢ — 04 6.29¢ — 04
4 2.51e—05 2.51e—05
5 —477¢e-08 —4.77¢-08
6 —810e—10 —8.10e—10
Table 3
Quadrature errors for the integral I,.
m I,-G, -G, Iz—G,t,H I, — Ayp I — Ay
8 2.55¢—-04  -2.83e—04 —-192¢—-04 —1.38¢-05 5.72¢ - 05
16 —4.40e-06 2.73e — 06 9.11e—06  —8.37¢—07 1.95¢ — 06
32 2.59¢—-07 —2.44e—-07 -3.0le—-07 7.39¢—-09  —1.27¢-08
64 2.54e—10  -2.76e—10 —-187e—10 —1.10e—11 3.72¢—11
128 —1.53e-13 1.51e—13 1.60e—13  —1.33e—15 2.08¢— 15

3.2. Generalized Laguerre weight functions

We consider the situation when the sequence of monic orthogonal polynomials {p,, } >, are generalized Laguerre polynomials [21,
28], i.e., they satisfy (6) with respect to the domain D = R* and the measure du(x) = x*e~*dx for some a > —1. The recursion

coefficients are given by

a,=2k+a+1, k>0,
fo=T(1+a), P =k(k + a), k>1.
It is easy to see that
ﬂm+1 1 ﬁm 1
——— > - and ——— > = as
ﬁm +ﬁm+l 2 ﬁm +ﬁm+l 2

Example 4. Regard the integral

m — o0.

— 1 — —x
12—/ (x_2)2+4w(x)dx, w(x) = \/;e R
0

whose exact solution is approximated by a Gauss rule with 1024 nodes. Table 3 displays quadrature errors for this integral. The
averaged rules can be seen to yield one or two more correct decimal digits than the corresponding Gauss rule. In this example the
averaged rule produces higher accuracy than the weighted averaged rule with the same number of nodes.

3.3. The Hermite weight function

We consider the measure

du(x) = e dx.

The monic Hermite orthogonal polynomials satisfy (7) with the coefficients

=0, k>0,
k
o=V B=5. k21
Then
Povi  _m+1 1 B
B+ By 2m+1 2
as m — oo.

Bt B 2m+1 2

m

10
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Table 4

Quadrature errors for the integral I5.
m -G, 13_6m+] 13_G;+1 ls_gzmn I; = Ay
2 415¢e-02 —-40le—02 —-6.22¢—-02 7.41e—04 5.64e — 05
4 7.41le-05 —-7.32¢e—-05  —9.26e —05 4.37e—-07 2.39¢-08
6  4.69e—-08 —4.66e—08  —5.46e—08 1.35¢ - 10 5.76e — 12
8 1.50e — 11 —1.50e - 11 —1.69¢ — 11 2.40e—14  —-8.88¢—16

Example 5. Consider the integral

I3 :/cosh(x) w(x)dx,

R

with w(x) = ¢, The exact value is approximated by a Gauss rule with 512 nodes. The quadrature errors reported in Table 4 show
that also for the integral in the present example, the averaged rules yield higher accuracy than the underlying Gauss rules, and the
weighted averaged formula is superior to the averaged one. This is due to the smoothness of the integrand.

4. Averaged and weighted averaged Nystrom-type interpolants

This section describes several ways to apply the averaged and weighted averaged quadrature rules to compute and evaluate an
approximate solution of the integral equation (1) in suitable weighted spaces C,(D). The consideration of the equations in weighted
spaces is crucial in order to include the cases when the kernel, right-hand side, and the solution may be unbounded at some boundary
points of the domain D.

Let the quadrature formula K,, employed in (2) be the m-point Gauss rule G,, (8). Then, after multiplying both sides by u(x,(.G)),
the system (3) becomes

m
©
EIEYS
G
j=1 ! u(x; )

Wi 6 @0l o o @
— g kG g a7 =@ Do, i=1.2,m, (30)
with a;@ =(f, ,(,,G)u)(xﬁc) ), 1 £ j <m, and we determine an approximate solution of (1) by using the weighted Nystrom interpolant

m @)
(O = Du) —u@) Y, ——k\?,pd?,  yeD. 31
j=1

@) J J
J
We note for future reference that the linear system of equations (30) can be expressed as

(I, + DD (D)2 @ =g @, (32)

where 1, is the identity matrix of order m,

G) _ g @) G
DY =diag(u(x\"), ..., u(x\)),

(IG),a(ZG), ,aEnG)]T € R™, and the entries of the matrix ®©@ = [d)‘(.jG)] € R™™ and right-hand side

vector g(® = [ng) ] € R™ are given by

the unknown vector is a(@ = [4

¢ = AT ) = 12m,

G G
gf ) @,

= (gu)(x; i=1,2,...,m.

We tacitly assume that m is large enough so that the system (32) has a unique solution; see [5, Theorem 4.1.2]. The computation of
this solution by LU factorization of the matrix I,, + D'©'®@(D{“’)~! requires about %m3 arithmetic floating point operations (flops);
see, e.g., [29, Lecture 20].

A Nystrom method based on the anti-Gauss quadrature rule (9) was recently described in [19], where the interpolant correspond-
ing to the (2m + 1)-point averaged quadrature rule (11) was studied.

In the following, we discretize the integral equation (1) by the (2m+ 1)-point weighted averaged quadrature rule that is associated
with the m-point Gauss rule, and define a corresponding weighted Nystrom interpolant. This interpolant gives higher accuracy than
the Nystrom interpolant defined by the m-point Gauss rule. The difference between the approximate solutions of (1) furnished by the
Nystrom interpolants associated with the m-point Gauss rule and the corresponding (2m + 1)-point weighted averaged quadrature
formula is used to estimate the error in the approximate solution obtained by the Gauss-Nystrom interpolant. This approach of
estimating the error is analogous to the technique used in Section 3.

11
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4.1. A weighted averaged Nystrom interpolant

We consider the Nystrom interpolant (4) that is determined by the (2m + 1)-point weighted averaged quadrature rule sz 4 (12)
associated with the m-point Gauss rule (8) used in (30). The determination of this interpolant requires the solution of the equation

I+ Ry fhy),y = 8 )
with
2m+1
Rome1 O = Y, Lk S R)), (34)

Jj=1

that is, the solution of the linear system of equations with a matrix of order 2m + 1,

2m+1 (
> [5 A ) (J, ,)] =(w®),  i=12...2m+1, (35)
j=1

with @; = ( f;ln]ﬂ u)(X;). We assume as usual that m is large enough so that this system has a unique solution a=1[a,,ay,...,8m4117,
which determines the weighted averaged Nystrom interpolant

2m+1
(I () = (gu)(y) - u(y) 2 e )k(x,,wa,, yED. (36)
We will use the difference ( f;;} +l(y) fom (@) (»)u(y) as an estimate of the error in (f,, (@) u)(y).

Introduce the matrices D,,,,; = diag(u(X)), ..., u(%,,,;,)) and ® = [¢;;] € RCm+DXCm+D) with entries
b =LkGER))L Lj=12,2m+ 1,
and the vector g = [(gu)(X;)] € R27+1 Then the linear system of equations (35) can be written as
g1 + Doyt ‘I)Dz_,,lﬁl)a =g (37)
The solution of this linear system by LU factorization requires about %m3 flops. Thus, the total computational effort required to

solve both the systems (32) and (37) is about %m3 flops.

Theorem 6. Assume that N'(I + K) = {0} in C,(D) and let f be the unique solution of equation (1) for each given right-hand side
g€C,D). If

/ dux _
u?(x)
D

and the kernel function k satisfies

sup u( k(- Yllwrpy < o0, sup u() || kCx, lwrp) < o0,
yeD x€D

then equation (33) has a unique solution f”}l] € C,(D) for m sufficiently large.

If, in addition, the right-hand side satisfies g € W (D), then ||(f — Az[rlnl +1 )u| o, tends to zero as the error of best polynomial approximation
in W (D).
Finally, the co-norm condition number of the coefficient matrix in (37) is bounded independently of m, for m sufficiently large.

Proof. To prove the first part of the theorem we have to show that

@) lim ||(K - Rap1) full =0 for each f € C (D),

(B) hm sup | sup EM(I/(\Zme)u =0.
M=co\ m | |lfull<!

Let us first prove (A). We observe that the function k(-,y)f is in C,»(D). By applying Corollary 5 to this function with u? in place of
u, we deduce

(K1Y = Rap1 N0 < By (K30,

Therefore, multiplying both sides times u(y) and using [8, Equation 4.1],

12
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E(f8),2 <2 [Ilftlloo En(@)y + lIgull o En(u] -

we obtain

(K100~ Rops 0] | < €

sup uM 1k, Y)ull o By () + | full o Sup U E,ppy (k5 3)),, | 5 (38)
yeD yeD

which tends to zero as m increases by the assumptions on (-, y) and f.
To prove (B), we show that K,,,,; maps C,(D) into W, (D). Indeed, from (34),

m+1

| (R NV )| < 2

=1 l

U)K 00 )| - |1z

oy

2m+1
I
© o wE)

which is bounded by virtue of the assumptions on the kernel and on the weight function, and by taking Corollary 5 into account.
Hence, Kj,,,1f € W (D) and we can deduce that

< || fullo sup u(x) Hk(x’ .)(r)wru
x€D

Ep(Ropi ) < —— M” 1full o

where ¢ and C are positive constants independent of m, M, and f. Condition (B) now follows and, consequently, ||(K — I?M " I)EZm wll
tends to zero as m increases. This can be seen by (38) with 122,,, 41/ in place of f and by applying our assumptions on the kernel
function. Therefore by [5, Chapter 4], the operator I — I/(\Zm 41 is invertible in C,(D), for m sufficiently large, and uniformly bounded.
This completes the proof of the first assertion.

The estimate of the error follows from [5, Theorem 4.1.2],

o728, ]~ Rovr ]

and by applying (38).
A proof of the well-conditioning of the linear system is given in [5, p.113]. We just have to replace the usual infinity norm by
the weighted norm of the space C,(D). [

4.2. An approximate Nystrom interpolant based on the splitting (15)

The splitting (15) suggests the use of an approximate Nystrom interpolant that is cheaper to compute than solving (37). The
evaluation of the approximate interpolant proceeds as follows:

I. Determine and solve the linear system of equations (32) associated with the m-point Gauss rule. This yields the Nystrom inter-
(G) )
polant f,,”'u defined by (31).
II. Compute the (m + 1)-point Nystrom interpolant that is associated with the quadrature rule G:;H_l in (17), with nodes and weights
x;? and /1;?, respectively. Thus, we consider the equation

I+K, DS =8 (39
where

m+1

(K NO)= Y, A5k, 1) F (X,

j=1
This leads to the Nystrém interpolant

m+1 /1*

(f,,,Hu)(y)—(gu)(y)—u(y)Z k(x Ve, yeD, (40)

whose coefficients a;‘ =( f:mu)(x;f), j=12,...,m+ 1, are the unknowns in the linear system of equations

m+1 u(x

D [5 + 25 e *;k(x x! )]a =(gu(x), i=12,...,m+1

j=1

We can express the above linear system in the form

(g1 + D (DY, ) Ha* =g, (41)
— [ T
where a*—[aT,..A,afn+l] s

13
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Dy | =diag(u(x}), ..., u(x; )
and the entries of the matrix ®* = [dzfj] € RO+DX0m+1) and right-hand side vector g* = lgf]e R™*! are given by
s g P L.
q.')l.j—/ljk(xj,xi), Lj=12,....,m+1,
g = (gu)(x}) i=1,2,...,m+1.

III. Approximate the solution of the original equation (1) by a convex combination of the weighted Nystrom interpolants computed
in steps I and II, as suggested by the representation (15) of the quadrature rule (12):

mﬂf—’;%(f;ﬂu)(y). (42)

B
(I o) = ﬁ(f;%)(y) n

The determination of this interpolant requires the solution of two linear systems of equations with matrices of orders m and m+ 1,
respectively. Their solution demands about imd flops. In particular, this includes the computational effort required to evaluate the
Gauss—Nystrom interpolant (31). Hence, the calculation of the interpolant (42) is cheaper than the computation of the interpolant
(36). We will compare the accuracy of the approximations f}:ﬂj .l and lerznj nE defined by (36) and (42), respectively, of the solution
f of (1) in Section 6.

We observed in Section 2 that for Chebychev measures, the coefficients

B B
ﬁm+;nlx+] and ﬁm+ﬂm+]
o0, these coefficients tend to 1 as m increases also for other measures. When the coefficients equal %, the Nystrom interpolant (42)
coincides with the averaged interpolant determined by the Gauss and anti-Gauss rules. The latter interpolant has been investigated
in [19].

We conclude this subsection by showing convergence and stability of the Nystrom method based on the quadrature rule G; e
This yields (40), and convergence of the interpolant (42).

in (15) are % When m tends to

Theorem 7. Assume that N'(I + K) = {0} in C,(D) and let f be the unique solution of equation (1) for the right-hand side function
g€ C,D). If

/ du(x) <o,

u?(x)
D

and the kernel function k is such that
sup U(J’)”k(',Y)”Wl{(D) <o, sup u(x)||k(x, ')”Wu’(D) <o,
yeD x€D

then, for m large enough, equation (39) has a unique solution f:: +1 € Gu(D). Moreover, if the right-hand side g is in W(D), then
H( f=r +1)MH tends to zero as m increases as the error of best polynomial approximation in W, (D).
Finally, the condition number of the matrix (I, + ®*) in the co-norm is bounded independently of m, for m sufficiently large.

Proof. The assertions can be proved similarly as Theorem 6, by applying Corollary 4 in place of Corollary 5. []

Proposition 8. Assume that N'(I + K) = {0} in C,(D) and let f be the unique solution of equation (1) for the right-hand side function
g € C,(D). Then, under the assumption of Theorem 3,

. 712] —
Tim 1(f = 732 Dulo =0,
where f;rzjﬂ is given by (42).

Proof. By (42) we have

B
ﬁm + ﬁm+1

from which the assertion follows by considering that the coefficients tend to % as m — oo and by taking Theorems 6 and 7 into
account. []

s =72 L R

Hlloo < 50— ICf = £y ulloo-
m m+

5. Iterative methods for the evaluation of the Nystrom interpolant (36)

This section describes several iterative methods for computing approximations of the Nystrom interpolant (36) that are more
accurate than the approximation described in the previous subsection. This paper discusses some simple algorithms directly stemming
from the quadrature rules used to compute (36). We prove their convergence under the assumption that the weight of the space C,(D)
is u(x) = 1. However, in Section 6, we show by a numerical experiment that a suitable choice of the weight u may improve the rate

14
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of convergence. Other iterative methods also could be employed, such as Krylov methods. Here, we focus on methods that exploit
the structure of the problem.
Using the notation introduced above, we set

0(1) ﬂm+1
ﬁ +ﬂm+l
0(2) — ﬁm
" ﬂm +ﬂm+1
O = O(I)CI)(G),
@,, = 0P ",

see (32) and (41), and

(q)]2)ij:65y,2)/ljk(x7’x§6))s i=1,2,....m, j=12,...,m+1,
(@) =0 A7 kD X, i=12..m+1, j=12..m
Express the system (37) as
1y + @y @)y ] [ ] [g(G)] (43)
@y Iy + P

where b=2a® € R™, ¢ =a* € R"*!. The representation (43) suggests a few iterative solution methods. The first one we consider is
a modification of the method considered in Subsection 4.2, which uses the computed LU factorizations in an iterative fashion. It is

defined by
I+ D %) =g — @ ,e®),
T k=012 (44)
Iy + @pp)e* ) = g* — @y pEHD,

Since the method is stationary, the LU factorizations of the coefficient matrices can be computed initially, and then used in each
iteration. Computing the vector ¢® by the (m + 1)-point G:m quadrature formula yields a quite accurate initial approximation of
the second part of the solution. In actual computations, convergence is typically achieved within a fairly small number of iterations.
The following results give sufficient conditions for the convergence of the method.

Theorem 9. Let the kernel of (1) satisfy
1klloo = sup £, »lloo < B5 " (45)
yeD
where fy = (pg, o). Then, for a sufficiently large m, the iteration process (44) converges to the vectors

b= D) GO, e= (AN L A e DT (46)

2m+] 2m+1 2m+1 2m+1

that is, to the unique solution of system (37).

Proof. Let b € R™ and ¢ € R™*! denote the solution of (44). Introduce the error vectors e;k“) =p*+D) _p and eik) =ck+D _¢ for
k=0,1,2,.... The assumption (45) implies that there exists a constant € > 0 such that the matrix @, satisfies

m
a0 @ (14O (G — (D) ) 1
@)l = 6" i_gaxm;lz, kG, x50 <0, BollKlloy < 6, =€ < 3,

since the sum of the quadrature weights is f,. Similarly, we obtain
1

ijlleo < 5

Therefore, the matrices I,, + ®,; and I,,,, + ®,, are invertible and

_ 1
I+ @) o < s £= 1.2
L B TS

Combining (44) and (43), we obtain

o i,j=12. (47)

k+1 - B o
e = (1, + @ )70 e, D = (1, + @y Ty e,
which yields

eE,k“) _ (Im + q’22)_1q)21(1 + q)“)—lq)lzeik)’ k=0,1,2,... .

15
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It follows from (47) that

_ 1912l
N, +D,) '@yl < ——2—<1.
I BTN

Similarly, [|(1,, + ®5,) '@, ||, < 1, and we obtain
(L, + @)™ @y (1 + @) Pppfloo < 1.

) = 0 can be shown similarly. []

This shows that lim,_, o, e = 0. The fact that lim_ e~ =

o) =
Theorem 10. Let the kernel of (1) satisfy
sup k(. Il <M <1,
yeD

where M is a positive constant. Then, for a sufficiently large m, the iteration process (44) converges to the unique solution (46) of system
(37).

Proof. Proceeding as in the proof of Theorem 9, we can write

m

G G G
19111l =65 max 37 LGS 6] = 0G (1KC. ).

Since G,, is convergent, there are a sequence of constants p,, >0, m=1,2,..., which converge to 1, such that

Gu(IkC D) < pullkC Iy < ppM <1,

for m sufficiently large. Recalling that 0,("1) converges to % as m increases, we have

o =" m

10110 <00, M < 3.
The rest of the proof is similar to the proof of Theorem 9. []

The iterations (44) are terminated when two consecutive iterates are sufficiently close, that is when

Y —b®, <7 and [l¢*HD - W, <7,

for a chosen tolerance 7, or when a prescribed maximum number of iterations has been carried out. We denote the computed solution
by biter) = [bl(.“er) ] and cliter) = [cf'ter) ]. This yields the interpolant

m m+1
nEl _ _ gD (G) g, (G) (iter) _ 5(2) wp ok (iter)
A o =20 -6, 21 Ak(D, )b — o8 21 Rk, y)e D,
j= j=
for any y € D.
We next consider the alternative iterative method
U, +©b*D =g — @ ,c®),
k=0,1,2,..., (48)

kD = g — @, HHD — @, e,

which only requires the LU factorization of the matrix I,, + ®,,. Similarly, for the method (44), the initial solution ¢ is computed
by the quadrature rule G, - We denote the Nystrom interpolant corresponding to the above iteration by ﬁ‘”.

Theorem 11. Under the assumptions of Theorem 9, the iteration process (48) converges to the vectors (46).

Proof. The error vectors for the method are
k+1 - k _
D = (1, + @) Dy, <<I>21e57 )+ Dpelk 1>) ,

et = (@,,(1,, + @) Dy — Dy ) €P),

k=1,2,....

The convergence can be easily proved by the same arguments as in the proof of Theorem 9. []

The last iterative method we consider is a Richardson-type method. It is defined by
b+ =g — @, b® — @ P,
k=0,1,2,... . (49)
kD = g* — @, b*HD — @, b,

16
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Fig. 1. Errors f — (9 (Gauss rule), f — £,,,, (anti-Gauss rule), and f -fr,, (G

m+1

Table 5
Approximation errors for Example 6.
G R (4) (1 (2]

m R Rt R Ry Ryt Ryt
2 1.11e-01 1.26e-01 1.25e-01 1.10e-02 2.22e-03 1.20e-02
4 6.03e-03 6.03e-03 6.00e-03 2.42e-06 2.89e-07 3.57e-07
6 1.49e-05 1.49e-05 1.49e-05 6.88e-10 4.71e-11 4.69e-11
8 8.01e-09 8.01e-09 8.00e-09 9.53e-14 3.16e-15 3.77e-15
10 1.46e-12 1.46e-12 1.46e-12 3.33e-16 8.88e-16 2.22e-16

rule), for Example 6 (left) and Example 7 (right) with m = 2.

Convergence can be established similarly as above. The LU factorization of a matrix is not required in this case, but the convergence
is the slowest among the iterative methods considered. We refer to the Nystrom interpolant computed in this manner as f[s].

Remark 1. We note that the iterative methods (44), (48), and (49) may be implemented by replacing bk+D by b® in the right-hand
side of the second equation of each method. This has the advantage that the two formulas can be evaluated simultaneously on a
parallel computer, but it slightly decreases the rate of convergence.

6. Numerical examples

To illustrate the performance of the averaged Nystrom interpolants discussed in the previous sections, we apply them to the
solution of three integral equations with different degrees of regularity. The computations were carried out in Matlab R2021b on a
Debian GNU/Linux computer.

In the tables that report the results, the symbols

RY, R, R, RY R

m o Rty Ropp Ry Rypgyr =125,

denote the difference in the uniform norm between the exact solution f and the Nystrom interpolants

G 7 (A) [i] P —
IO, Foets Fiits Fomirs Fomerr 1= 12,205,

respectively. We approximate the uniform norm by evaluating the error at 10° equispaced points in the interval (-1, 1).

Example 6. We first consider the equation

1

f0+3 / xe? sin(x + ) £ (x) dx = g(y),

-1

(50)

where g(y) = 31—2(8 cos2 —4cos4d —4sin2 + sind)e? cos y + cos(3y). The exact solution is f(y) =cos3y. We set a = f# =0 in the Jacobi
weight function (28) and y = 6 =0 in the weight u(x) (26) of the function space C,([—1,1]).

In the graph on the left of Fig. 1, we plot the difference between the exact solution f and the approximation produced by the
Gauss rule, the anti-Gauss formula, and the quadrature rule an il for m = 2. We can observe that the errors of the second and third
Nystrom interpolants are of opposite sign as the error in the Nystrém interpolant determined by the Gauss rule for all x € [-1,1].
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Table 6
Approximation errors for Example 6.
1 3 4 5

m Rgnlm R[anr-H (Nier) R[anw-l (Nier) R[znlu-] (Nier)
2 2.22e-03  2.22e-03 (13)  2.22e-03 (21)  2.22e-03 (25)
4 2.89e-07 2.89e-07 (12) 2.89e-07 (21) 2.89e-07 (23)
6 4.71e-11 4.71e-11 (10)  4.71e-11 (17)  4.71e-11 (20)
8 3.16e-15  3.72e-15 (8) 3.72e-15(13)  3.72e-15 (14)
10 8.88e-16 1.11e-16 (5) 1.11e-16 (8) 1.11e-16 (8)

Table 7
Approximation errors for Example 7 (z = 10713, y =6 = 0).
(1] (2] (3] (4] (5]
mn Romst Romsi Romit WNier) Romir WNiter) Romir WNiter)

2 1.32e-03 8.18e-03 1.32e-03 (20) 1.32e-03 (44) 1.32e-03 (92)
4 8.82e-06 1.33e-04 8.82¢-06 (19) 8.82¢-06 (36) 8.82¢-06 (83)
8 4.76e-09 2.49¢e-08 4.76e-09 (16) 4.76e-09 (30) 4.76e-09 (69)
1 9.99-11 9.99e-11 9.99¢-11 (13) 9.99¢-11 (23) 9.99e-11 (53)
32 2.44e-12 2.44e-12 2.44e-12 (12) 2.44e-12 (20) 2.44e-12 (43)
64 5.62e-14 5.60e-14 5.60e-14 (10) 5.62e-14 (18) 5.60e-14 (35)
128 1.33e-15 2.3%-15 1.33e-15 (10) 1.33e-15 (14) 1.55e-15 (100)
256 1.55e-15 1.01e-15 7.77e-16 (7) 7.77e-16 (10) 8.88e-16 (20)

o)}

Table 5 shows the behavior of the Nystrom interpolants determined by three quadrature rules (Gauss, anti-Gauss, and G, )
and compares them to the interpolants determined by averaged and weighted averaged Gauss rules (f. 4 and f 1y and the

2m+1 2m+1
approximation f2[3n]+ , of the latter. The number of quadrature nodes, m, ranges from 2 to 10.

It can be seen that while the simple rules are equivalent, the averaged rules lead to improved accuracy, in some cases the
improvement is 6 significant decimal digits. The weighted averaged rule is always more accurate than the averaged rule, except
when machine precision is reached, where the larger linear system to be solved increases error propagation. The approximated
interpolant fz[i]+1 (42) is less accurate than fZE'In]H for small m, while it is equivalent for larger numbers of collocation points, and is
the most accurate for m = 10. It can be seen that in the last case, the solution of two linear systems of orders m and m + 1, instead of
the solution of one system of order 2m + 1, is beneficial both with respect to the complexity and stability of the numerical method.

Table 6 compares the weighted averaged interpolant fZ[rln]+] computed by a direct method, to the approximations f2[13.+1 ,i=3,4,5,
obtained by the iterative methods (44), (48), and (49). We remark that the kernel of (50) satisfies the convergence assumption of
Theorem 10, but not that of Theorem 9. For each algorithm, we report the uniform norm error and the number of iterations necessary
to reach convergence. We see that the accuracy achieved by the three iterative methods is equivalent to the accuracy obtained by
direct solution. The iterative methods are more accurate for m = 10.

In this test, we used a rather small tolerance 7 = 10~ to stop the iteration. We recall that the first iterative method requires two
LU factorizations of matrices of orders m and m + 1, the second one just demands one LU factorization of a matrix of order m, while
(49) does not require the computation of a factorization. Since the number of iterations for the second method is less than twice the
number required by the first method, its computational cost is less. The third method has the lowest complexity, as it only involves
matrix-vector product evaluations. However, since the matrix size is very small, it is not possible to actually measure the computing
time.

Example 7. The second integral equation is

1
ety 4 2 3
S+ mf(x) 1-x?dx=|y+1]|2, (51)

and the parameters of the Jacobi weight function (28) are a = f = i, and the space is not weighted, i.e., y = 6 = 0. The exact solution
is not available. We therefore consider the Nystrom interpolant computed by a Gauss rule with m = 512 the exact solution. The graph
on the left of Fig. 1 shows that, also in this case, the errors in the Nystrom interpolant determined by the anti-Gauss and G; ol rules
with m =2 are of opposite sign as the error in the Nystrom interpolant determined by the Gauss rule G,, at all point of the interval

(-1, 1).

Table 7 compares the different algorithms for computing the weighted averaged interpolants fz[:r], > i =12,...,5. The stop
tolerance for the iterative methods is = 10715, and y = 6 = 0 for the space C,([—1,1]). The kernel of (51) does not satisfy the
assumptions of Theorems 9 and 10, but nevertheless the iterative methods converge, except for in one case. As the right-hand
side of (51) is not smooth, a large value of m is required to achieve high accuracy. This is illustrated by the second column.
Due to propagation of round-off errors, the error in the interpolants fz[,1n]+1 does not decrease as m becomes larger than 128. The

approximation fz[rzr} 4 I8 slightly less accurate for m < 16, but it is about the same as in f. U when m is large. We recall that the

2m+1
evaluation of f, 21

o] 1S cheaper than the evaluation of f, (1

2m+1"
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Table 8
Approximation errors for Example 7 (z = 1071, y = § = 1.24).
1 [2] [3] 4] (5]
m R2m+1 R2m+] R2m+l (Nier) R2m+l (Nier) R2m+l (Niler)

32 1.80e-12 1.80e-12 1.80e-12 (11) 1.80e-12 (19) 1.80e-12 (42)
64 4.20e-14 4.21e-14 4.19e-14 (9) 4.19e-14 (16) 4.19e-14 (32)
128 1.33e-15 2.25e-15 1.55e-15 (7) 1.33e-15 (12) 1.33e-15 (24)
256 7.77e-16 1.11e-15 7.77e-16 (5) 8.88e-16 (8) 8.88e-16 (16)

Table 9
Approximation errors for Example 8 (z = 10712).
1 3 4 5

Mo R Ro i) Rl (Ve RYL (Vi)
2 9.67e-05 9.67e-05 (43) 9.67e-05 (100) 4.06e+42 (100)
4 4.97e-08 4.97e-08 (38) 4.97e-08 (77) 2.68e+41 (100)
8 9.35e-12 9.59¢-12 (25) 8.61e-12 (51) 8.31e+37 (100)
16 1.11e-16 4.79e-14 (3) 4.97e-13 (3) 2.74e+31 (100)
32 2.22e-16 1.39e-16 (3) 2.22e-16 (3) 2.22e-16 (2)
64 1.67e-16 1.67e-16 (3) 1.11e-16 (3) 2.78e-16 (2)

The iterative methods prove to be more stable than the direct approaches, reaching machine precision for m = 256; see the last
three columns in Table 7. The number of iterations decreases as the size of the problem increases, and the second iterative method
appears to be more efficient than the first one, as the complexity is reduced. The accuracy of the third method is comparable, but
the number if iterations grows with m, and exceeds the maximum number of allowed iterations (100) when m = 128.

To investigate the influence of the weight in the space C,([—1,1]), we repeat in Table 8 the computations for the larger values of
m and y = § = 1.24 in (26). By (27), y and 6 should be less than 5/4; we choose their value to be slightly smaller than this bound. We
observe that the accuracy is unaltered for the three iterative approaches, but the number of iterations decreases, showing that the
weight u(x) acts as a preconditioner for the iterative algorithms. At the same time, the accuracy of the first direct method improves
when m = 256.

Example 8. We apply the Nystrom method to the integral equation
1
5 1 4
F+ /(y+ 3)|cos(3+x)|2 f()(1 = x)73 (1 +x)5 dx =In(1 + %),
-1

and set @ = —1 and p= % in the Jacobi weight function (28). Moreover, y = § = 0. The kernel does not satisfy the convergence

conditions. !

Table 9 reports the results obtained for the direct and iterative methods for computing the weighted averaged interpolant. The
first two iterative methods exhibit very slow convergence for m < 8, while they are fast for larger values of m. The third method
diverges for m < 16, but converges in just 2 iterations for larger values of m. This illustrates that convergence may occur only when m
is large enough. This is not a significant drawback, since iterative methods are mainly intended for medium and large-scale problems.

7. Conclusions

This paper discusses and compares Nystrom interpolants determined by Gauss, averaged Gauss, and weighted averaged Gauss
quadrature rules with a focus on the latter. Stability and accuracy of the Gauss rules used is investigated, and convergence of the
Nystrom interpolants, and of iterative methods for their computation, are discussed. For many problems the interpolants based on
averaged Gauss and weighted averaged Gauss rules are shown to perform well. A complete analysis of the iterative methods for a
generic weight function u will be the subject of future research.
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