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ABSTRACT

In this paper, we investigate a chemotaxis system featuring a class of external source terms that incorporate both
local and nonlocal growth as well as dampening effects. The model describes the evolution of a cell density u, which
migrates in response to a chemical signal v, within an impermeable habitat. Mathematically, this leads to the study
of the following initial-boundary value problem

u, =Au— yV-(uVo)+ f(u), in Q% (0, Ty,y)
v, = Av — vu, in Q% (0, Ty,y)
u,=v, =0, on 0Q X (0, T,,.,) ()

u(x,0) = uy(x) > 0, 0(x,0) = vy(x) >0, forxeQ,

where x € Q, and Q is a bounded and smooth domain of R” (» € N) with boundary 0Q, oriented by the outward
unit normal vector v, and y > 0. Moreover, for a,b > 0, a, 8,y > 1, the function f(u) is assumed to take one of the
following forms:

either au® — bu” /

u’ or —au"+buﬂ/u7.
Q

Q
Finally, T,,,, € (0, oo] indicates the maximal instant of time up to which the corresponding solutions exist. We pro-
vide conditions ensuring the absence of aggregation phenomena over time. Specifically, we show that the maximal

existence time satisfies T, ,,, = o0, and both u and v remain uniformly bounded for all time, in the following situations:

max

o1. For f(u) = au® — bu’ [, u”, under the assumption § > a, whenever either 1 < a <2and f +y > g +2,0ra>2
and f +y > %(a—1)+a;
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o,. For f(u) = —au® + bu? fg u’,in these scenarios: @« > 2and f+y < @; @ > 2, f + y = a and a > b|Q[; and finally
a=2,p=y=1anda > b|Q|+ Cp|l yvy|l 1= for some Cp = Cp(n) > 0.

This work builds upon previous studies that established global existence and boundedness results for variants of
system (¢), in which the second equation takes the form rv, = Av — v + u (cf. [7] for the case = 0 and [11] for = = 1).
In those settings, the source term f typically has a more ad hoc structure, namely f(u) = au® — bu* fg u”. Based on this
framework, the present study focuses on distinguishing the different dynamical behaviors exhibited by the systems
in terms of the reaction described in (¢,) and (¢,). In the first case, the model structure ensures the control of the total
mass |/, u over time, whereas in the second such control is no longer guaranteed, leading to substantially different
qualitative dynamics.

MSC2020 Classification: 35A01, 35K55, 35Q92, 34B10, 92C17

1 | Introduction and Selected Known Results
1.1 | An Overview on Keller-Segel Models

The mathematical modeling of chemotaxis was first introduced by Keller and Segel in the 1970s [1, 2]. They proposed a sys-
tem of partial differential equations governing the spatiotemporal evolution of a biological population u = u(x, t) (which
may represent cells, microorganisms, or bacteria) in response to a chemical substance v = v(x, t), commonly termed a
chemoattractant. The system is considered within a bounded and sufficiently smooth domain Q c R” over a time interval
(0, Tax); naturally, x € Qand ¢ € (0, T,,,,), Where T}, represents the maximal existence time of the solution, that is, the
supremum of all times for which u and v remain well defined.

More precisely, the most representative equation for the classical Keller—Segel model reads as follows
u,=Au— yV-@Vo) in Qx (0, Ty, 1)

and it describes the population dynamics incorporating linear diffusion and directed movement driven by chemotaxis,
with y > 0 denoting the chemotactic sensitivity. The term — yV - (uVv) represents the flux of the population moving up
the gradient of the chemoattractant concentration.

This equation is coupled with one of the following models describing the chemoattractant dynamics: a production mech-
anism

v,=Av—-v+u in Qx0T @

or an absorption mechanism
v,=Av—vu in QX (0, Ty, 3)

where the production/absorption terms are linear in v and idealize respectively the release or consumption of the chem-
ical signal by the population. To ensure that the system of equations is well-posed, it is necessary to supplement it with
appropriate boundary conditions and initial data for u and v. In particular, homogeneous Neumann boundary conditions
indicate that the process takes place in an impermeable domain, while u(x, 0) = uy(x) and v(x, 0) = vy(x) specify the initial
distributions of the cell density and the chemical signal, respectively.

In models incorporating chemoattractant production, the interplay between diffusive dispersal and chemotactic aggre-
gation gives rise to complex spatiotemporal patterns. The outcome of this competition depends sensitively on the spatial
dimension n, the initial total mass m := fQ uy(x) dx, and the chemotactic sensitivity parameter y. Under certain con-
ditions, this interaction may lead to blow-up phenomena at finite time (7}, finite), characterized by the formation of
singularities and unbounded population densities.

In the one-dimensional setting, global-in-time (7},,, = o0) existence and uniform boundedness of solutions are well estab-
lished. However, as the spatial dimension increases, the dynamics become substantially more intricate. Specifically, for
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n > 3, solutions may blow up in finite time even when the initial mass is relatively small (see the survey [3, Section 3] and
references therein).

The two-dimensional case has been extensively studied due to the emergence of the critical mass phenomenon, a
threshold effect whereby the global behavior of solutions—-whether they exist globally in time or exhibit finite-time
blow-up-depends critically on the size of the initial total mass (see, e.g., [4, 5]).

1.2 | An Overview of Keller-Segel Models With Production and Logistic Effects

Incorporating logistic-type source terms into the classical Keller—Segel system governed by Equations (1) and (2) is known
to enhance the prospects for global existence by introducing a damping effect.

1.2.1 | Classical Logistics
A typical example tied to what now said, is the modified equation
u, =Au— yV-uVo)+au - b’ in Q% (0, Tax)> Where a,b>0and g > 1,

which has been widely studied as a regularized variant of the original chemotaxis model. While the presence of the
damping term indeed improves the regularity properties of solutions, global boundedness has been rigorously established
only under specific conditions. In particular, for the case g = 2, global existence holds provided that the coefficient b is
sufficiently large (see [6, 7]). However, blow-up may still occur when g is close to 1; see [8§-10].

1.2.2 | Nonlocal Logistics

In parallel, attention has shifted to source terms involving nonlocal damping mechanisms of the form
fu) = au® — bu® / u?, with a,b>0,a,p>1. 4
Q

Such expression models population growth regulated by a death rate that depends on the total biomass, and it can be
viewed as nonlocal generalizations of logistic damping. The presence of the integral term introduces a spatially global
feedback that may significantly alter the long-time dynamics of solutions.

A central analytical question is whether such nonlocal damping is strong enough to prevent finite-time blow-up and
guarantee boundedness of solutions; that is, for the equation

u, =Au— V- Vo) + au® —bu“/uﬂ,
Q
can global boundedness arise solely from the nonlocal term, or are further constraints required? Studies incorporating
nonlinear diffusion, chemotactic sensitivity, signal production, or multiple chemical signals establish that the nonlocal
term can prevent blow-up under suitable conditions [11-14]. (Also in R”, nonlocal damping with Poisson-type chemoat-
tractant interactions has a regularizing effect: [15-18].)

1.2.3 | Gradient-Dependent Logistics

Furthermore, finite-time blow-up can be prevented by incorporating a logistic-type source h = h(u, | Vu|) into the pop-
ulation cells’ equation u, = Au— yV - (uVv). Typical forms include h(u, |Vu|) = au® — bu? — c|Vu|”, or alternatively,
h(u, |Vu|) = au® — bu* /Q u? — ¢|Vu|”, with positive constants a, b, ¢ and exponents a, §,y > 1. While gradient-dependent
nonlinearities arising from external sources often interpreted biologically as mechanisms of accidental death have been
extensively studied within single-equation models (see, e.g., [19], and references therein), their influence within chemo-
tactic systems has been lately garnering significant attention. Notably, recent investigations such as [20-23] have begun
to elucidate their role in biologically and ecologically relevant contexts.
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Remark 1 (Consumption models with classical and gradient-dependent logistics). =~ Above, we have summarized
the results we consider most relevant to the present study, focusing on Keller-Segel type models in which the chemical
signal(s) are produced by the same cell population. In parallel, for consumption-type systems, namely those in which
the signal equation is of the form (3), there also exist investigations incorporating classical logistic terms (cf. [24-26]),
as well as studies addressing gradient-dependent logistic mechanisms [27]. However, to the best of our knowledge, no
study has yet addressed consumption models involving nonlocal logistic terms. As we shall emphasize later, this gap in
the literature represents one of the main motivations of the present work.

2 | Presentation of the Model and Motivations; Claim of the Main Result
In accordance with Remark 1, and as it will be discussed in detail below, our analysis is devoted to consumption-type
Keller -Segel systems endowed with nonlocal source terms. Furthermore, we shall consider logistic components in which

the nonlocality constitutes, on the one hand, a natural generalization of that appearing in (4), and, on the other hand,
may influence both proliferative and dissipative dynamics within the population.

2.1 | Basic Description of the Model

In this paper, we study the initial-boundary value problem

u,=Au— yV-@vo)+ f(u) in QX (0, Tr,a0)
v, =Av—vu in QX (0, Tyy.0)s 5)
u,=v,=0 on 0Q X (0, T,.,),

u(x,0) = uy(x), v(x,0)=0y(x) x€Q,

where x € Q C R" (n € N), Qis abounded domain with smooth boundary 0, and the parameter y is positive. The initial
data uy(x), vy(x) are assumed to be nonnegative and sufficiently regular and for a, b > 0, a, #, ¥ > 1 the function f(x) may
take one of the following forms:

either au® — bu® /

u’ or —au® + buf / u. (6)
Q Q

As anticipated, and reiterated here for the sake of clarity, the notation (), denotes the outward normal derivative on 0€Q,
while T,,,,, represents the maximal existence time of the solution.

In line with the previous sections, the first equation models the population density « via diffusion, chemotaxis, and local
growth or decay, while the second governs the chemoattractant v through diffusion and consumption. Homogeneous
Neumann conditions enforce no flux on 0Q.

2.1.1 | Interpretation of f(u) and Its Role in the Investigation

The expressions of f(u) in (6) describe nonlocal damping or growth mechanisms, where the evolution of u(x, r) depends
not only on the local value but also on the global quantity fQ u’, representing the total population mass raised to a power
and introducing spatially averaged feedback.

Precisely, in the first scenario the term au® models local population growth, typically driven by reproduction or prolif-
eration processes. The accompanying nonlocal inhibitory term —bu? fQ u’ serves as a saturation mechanism, reflecting
effects such as overcrowding or competition for limited resources that depend on the overall population size. Exactly in
the opposite direction, the second formulation features a leading local decay term —au®, which may be interpreted as
natural mortality or dissipation, while the nonlocal term bu’ fg u’ can induce growth once the total population surpasses
a certain threshold.

Despite differences in the source term, both forms fit a unified framework for analyzing boundedness and global existence.
However, from a mathematical point of view, the choice of logistic term in (6) is crucial and determines the technical
approach. In the first case, uniform-in-time boundedness of the mass, fg u, holds for all t € (0, T},,,), while in the second
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case this property is lost. Accordingly, the analysis must be adapted depending on the form of f(u) (see Remark 4 and
Section 5 for details).

2.2 | Formulation of the Main Theorem

In order to present our result, here we assume

{for some ¢ € (0,1) and n € N,Q c R" is a bounded domain of class C?*°, with boundary 02, @

Ug, Uy Q- Ry, with uy, v, € C***(Q) such that Uy, = 0 and v,, = 0 on 0Q.

Subsequently, we will prove the following

Theorem 2.1. Let the hypotheses in (7) be fulfilled and y,a,b > 0 and a, 8,y > 1. Then, problem (5) admits a unique
solution o o
(u,v) € CT1F3(Q X [0, 20)) X C*T1T2(Q x [0, 0))

with 0 < u,v € L*(Q X (0, 0)), in these circumstances:

1. For f(u) = au® — bu’ [, u’, with any a > 0 and p > a whenever
(a) a22andﬁ+y>§((x—1)+a;
(b) 1$a<2andﬁ+y>§+2;

2. For f(u) = —au® + bu [, u’, whenever § > 1 and
(@ a>2,p+y <a,withanya > 0,
(b) a>2,p+y=a,witha> b|Q|;
(©) a=2,p=y=1witha> b|Q| + K| yvyll «(q) for some K = K(n) > 0.

Remark 2. In the absence of a logistic term, that is, when f(u) = 0, our model (5) reduces to pure consumption mech-
anisms, which remain an interesting subject of study, particularly regarding the existence of blow-up solutions. In this
context, in [28] and [29] the authors obtained boundedness under suitable smallness assumptions on y||vg|| ;«(q), While
in [26] it is established that, in the presence of a classical logistic term of the form bu — au?, boundedness is guaranteed
provided a > @(x ||Vl = (q)> 1), for some continuous expression of ¢(&, n), & > 0. Notably, the limit scenario obtained for
b = 01in case 2(c) of Theorem 2.1 qualitatively recovers [26, Theorem 1.1].

3 | Preliminary Results

The upcoming auxiliary results will be used in the proof of our main estimates. Moreover, we shall adopt the following
conventions:

o all constants ¢;, i = 1,2, ..., appearing below are tacitly assumed to be positive and to depend on the parameters of
the problem as well as on certain norms of the initial data. For the sake of notational simplicity, this dependence
will be omitted; however, any dependence on auxiliary parameters, or other constants that will appear in the claim
of the theorems, introduced in the course of the analysis will be stated explicitly;

o the symbol e will denote an arbitrary positive real number; multiplication by another constant or addition of another
arbitrary constant will not be explicitly performed, and for convenience, the final result will also be denoted by ¢.

Lemma 3.1. Let Q comply with the hypotheses in (7), and for n > 3 let

2n
n—2

Additionally, let q,r satisfy 1 <r < q < p and ‘;’ < % + % Then, for all € > 0 there exists Cy = Cy(¢) > 0 such that for all

9 H'(QNL(Q),
19l < Collolls ) + €llVOI g, + 012 ®)
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where L
.2 - Mg . L r g
r p
The same conclusion holds for n € {1,2} whenever g, r fulfill1 <r < q and % < % + %
Proof.  The proof can be found in [30, Lemma 3.1]. O

Lemma3.2. LetT >0and¢ : (0,T) xRS - R.If0<ye C°0,T))nC'((0,T)) is such that
y < ¢@,y) forallte (0,T),

and there is y, > 0 with the property that whenever y > y, for somet € (0,T) one has that ¢(t,y) < 0, then
y <max{y;,y0)} on (0,7).

Proof.  For the proof we refer the reader to [30, Lemma 3.3]. O

4 | Local Existence, Parabolic Regularity Results, and Globality

Let us establish existence and uniqueness of local classical solutions to problem (5). We refrain from presenting the full
proof, as it is routine in this framework, and instead we emphasize the main steps.

Lemmad4.1. Let the hypotheses in (7) be fulfilled. Additionally, let y,a,b> 0 and a,f,y > 1 and f(u) as in (6). Then,
there exist T,,, € (0, 0] and a unique couple of functions (u, v), with

(u,0) € CTHOI QX [0, T)) X CFOH5(Q X [0, T)s

solving problem (5), and complying with

u>0 and 0<0<||vgllpm@ N QX[0, Ty (9)
Finally,
if T, <oco then limsupllu(:,?)|l«gq) = oo. (10)
t—T,

max

Proof. Classical fixed-point arguments in Holder spaces ensure the local well-posedness of the problem, establishing
the existence and uniqueness of a classical solution (u,v) € C****3(Q x [0, T]) x C***1*3(Q x [0, T) for some suffi-
ciently small T' = T'(u,, v,) > 0. By virtue of the maximum principle, the structural condition f(0) = 0, together with the
homogeneous Neumann boundary condition and the assumption u, > 0 on Q, guarantees the nonnegativity of u for all
t € [0, T]; consequently, the same principle yields the second relation in (9). Taking T as initial time and u(-,T) as the
initial condition, the above reasoning would provide a solution (i1, #) defined on Qx [T, T, for some T > 0, which by
uniqueness would be the prolongation of (u, v) (exactly, from Qx[0,T] to Q% [0,7]). This procedure can be repeated
up to construct a maximal interval time [0, T},,,) of existence with T, € (0, oo]; furthermore, if T}, < oo, this time
corresponds to a finite-time blow-up, in the sense of (10). For more details we indicate [11, Proposition 4]. O

From this point onward (u, v) will denote the unique local solution to problem (5), defined on Q x (0, T,,,,) and guaranteed
by Lemma 4.1.

Lemma4.2. Forevery g > 1 thereexist Cp = Cp(n,q) > 0 and ¢; = ¢;(Cp) for which v is such that

t t
/ e“‘/ |[Av(-, 5)|? ds < CPZ"_lllvoll‘zw(Q)/ e’ / u(-,8)? ds+cet forallt € (0,T,,,).
0 Q 0 Q
Additionally, if u € L®((0, T,,,); L*(Q)) for some k > n, then

v € L¥((0, T,py); WH(Q)). (11)
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Proof.  Since v solves v, = Av —vu in Q X (0, T,,,,), it equivalently solves v, = Av — v + v(1 —u) in QX (0, T,,,,). By
invoking maximal Sobolev regularity results for this latter equation (see [31] or [32, Theorem 2.3]) and following the
methodology outlined in [33-35], one obtains that there exists Cp = Cp(n, ¢) such that

t t
/ es/ |Av(-, $)|7 ds < Cp <|IU0||W2,(,(Q) +/ es/ o = u(-, ))|? ds) , forallt € (0,T,,,)- (12)
0 Q 0 Q

Exploiting the upper bound in (9), and (A + B)? < 297'(A7 + B9), with A, B > 0 and ¢ > 1 (and such an inequality might

be employed in other places of the paper without explicit mention), we have that |v(1 — u(-, s))|? < 2q_1||U0||qu (Q)(l +
u(-, 5)), and by substituting this into (12) yields the desired conclusion.
As for the final claim, we first note that for k > » it holds that S A Making use of the standard L*-L* estimate

for the Neumann heat semigroup (see, for instance, [36, Lemma 1.3]), we infer that
t
VO, Dll Loy < IVE 200 0l Lo + / Ve (-, $)0C, ) Il 1oy ds
0

! 1 n
< IVooll o) + cz/ (1 +(t— s)_i_ﬂ)e‘”l(’_s)llu(-,s)v(-,s)IILk(Q) ds,
0

for all t € (0, T},,,5), Where u; denotes the first nonzero eigenvalue of —A in Q under homogeneous Neumann boundary
conditions. Since, again, v is bounded, the assumption on u ensures that [lu(-, s)v(-, 5)|[ .xq) remains uniformly controlled
for s € (0, T,,), We may conclude that [[Vo(-, )| pw(q) < ¢; forallz € (0, T,,,,) and some c; = ¢;(k, y;), and thus the claim

follows. o

41 | A Boundedness Criterion

As specified, when relation (10) holds the solution is said to exhibit blow-up at some finite time T,,,,, in the L*(Q)-norm.
The next result rules out this blow-up scenario and ensures globality of solutions.

Lemma4.3 (A boundedness criterion). There exists ko, = ko(n,a,B,y) > n+2 such that whenever u €
L*®((0, T,,,y); L*(Q)) for some k > k, then we have T,,,, = oo and in particular u € L®((0, c0); L®(Q)).

Proof Once it has been established that for some k > k, one has the inclusion uVv € L*® ((0, Tray); L (Q)) (see (11)),
with ¢; > n + 2, the uniform-in-time boundedness of u in L*(2) for all ¢ € (0, T,,,,,) follows by appropriately adjusting
k, also in term of @, f, y so as to satisfy all the structural assumptions of [37, Lemma A.1]. Subsequently, by invoking the

dichotomy criterion in (10) of Lemma 4.1, we necessarily have T,,,, = oo. O

Remark 3 (On the role of the value k, in Lemma 4.3).  Within the framework of our model, the expressions of
f(u) given in (6) effectively play the role of the source term g(x, ) appearing in [37, Lemma A.1]. Building upon this
correspondence, we emphasize the following considerations, which will be relevant for the subsequent analysis:

1 The parameter k, should be regarded merely as a lower bound which, for certain combinations of @, f, and y, may suf-
fice to guarantee the boundedness of the solution, although in other parameter regimes it may need to be enlarged. In
this sense, k,, is to be understood as a quantity which, while in principle computable, is neither optimal nor uniquely
determined, since its precise value depends on the interplay among n, @, #, and y. Accordingly, when f () is taken in
the forms of (6), no specific restrictions on «, #, and y will be required, and the value of k, may be tacitly assumed to
increase whenever necessary, so to ensures the mathematical consistency of the subsequent arguments.

2 In contrast, when f(u) is considered in the second form of (6) and the corresponding analysis is confined to the case
a=2and f =y =1,wecanfix k, = n+2; indeed, from u € L®((0, T,,,,), L*(Q)), with k > k,, we would have:

o [qu(x,ndx < L, for all t€(0,T,,,), and henceforth g(x,7) = —au(x,t)* + bu(x,1) [,u(x,t)dx < —au(x,1)* +
bLu(x,1), thatis, g(x,t) < % on (0, T,,,,), and the second hypothesis in [37, Lemma A.1, (A.6)] is accomplished;
e Vv e L®((0,T,,,), L=(Q)) (see (11)), and subsequently

S, t) = —yulx,t)Vo(x,t) € L=((0, Tay) LKQ)),
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so that also the first hypothesis in [37, Lemma A.1, (A.6)] is fulfilled.

5 | A Priori Estimates

In this section, we derive a priori estimates for the local solution (u, v) to model (5). These estimates yield bounds on the
solution that depend essentially only on the prescribed initial data, and they represent a fundamental tool in establishing
the uniform-in-time boundedness of the solution itself.

Remark 4. We remark that, in the analysis that follows, a certain property of the solution is guaranteed in one case
but not in the other, namely the uniform-in-time boundedness of the mass fQ u. Indeed, when f(u) takes the first form
in (6), the mass can be controlled; in the second case, this is no longer possible. As a result, the mathematical approach
differs: in the first case, we will make use of the Gagliardo—Nirenberg inequality and the mentioned boundedness of the
mass to handle, by means of the nonpositive nonlocal term of the source, contributions from the cross diffusion term
and the nonnegative local part of the source itself. Conversely, in the second case, the nonnegative nonlocal term and
the cross-diffusion contribution are controlled by the nonpositive local term of the logistic component, without it being
previously required to ensure mass boundedness.

In the next steps we will dedicate to derive uniform-in-time bounds of u in some L*(Q)-spaces, for k > 1. More specifically,
let k, be the value whose existence is ensured by Lemma 4.3 for the purpose of establishing a boundedness criterion. Since
no upper bound restriction on k is needed in our analysis, throughout the remainder of the paper the notation k& > k, will
be understood to denote an arbitrarily large value of k.

51 | The Case f(u) = au® — bu® [, u’
Lemma 5.1 (Boundedness of the mass). Let f > a > 1and y > 1. Then, there exists m, > 0 such that
/u(x, t)ydx <my forallte (0,T,,,). (13)
Q

Proof For B > a, we integrate over Q the first equation of problem (5) so that by Holder’s inequalities,

'y = & 5 r)’ a-n [ '
y@) :=— [ u<alQ| u - b|QIVT7 u u
dr Jq Q Q Q
] b= ﬁ;ﬁa 4
= (/ uﬂ> alQ| 7 —b|Q|(1‘”</ uﬂ> </ u>
Q Q Q
P 7 pa (1—y)— =00 poaty
< u alQ| 7 — b|Q| ’ u for all t € (0, Tp,,,)-
Q Q

Now we apply Lemma 3.2 with T = T,,,, p(t) := (/, u/’)% > 0on (0, T,y)s

= __ D@

9(1.3) = p(0)|alQl 7 = bl oy,

g|Q|ﬂ% Poaty . .
Yo =y(0) = fg ugand y, 1= (1) ED~a) , so concluding with my = max{y,, y; }. o

bl
Let us start by considering the case a > 2.
Lemma 5.2. Assume that a, f,y > 1 satisfy that
na—1
p>a>2 and ﬂ+y>¥+a. (14)

Then u € L*((0,T,,,,); LX(Q)), forall k > k.
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Proof. From the first equation in (5), an integration by parts yields for all k > k,

4 uk = —k(k — 1)/uk_2|Vu|2 +k(k—1y / uVu - Vo + ka/ ykte-t
Q Q Q Q

dt
() [
Q o
——M/IVLtglz—(k—l);(/ukAU+ka/uk”’_1
k o Q Q
—kb(/ uk+ﬂ—1></ u”) on (0, Ty (15)
Q Q

Since a > 1, the Young inequality gives for some ¢, = ¢, (k)

_(k_l)x/g kAU</Q kb=l /|Au| w1 forall t € (0,T,,,)- (16)

We now add to both sides of (15) the term /, u* and then we multiply by e'. Since ¢’ LA - Jout e Jout = %(e’ Jou¥) and
taking into account bound (16), an integration over (0, ¢) provides for some ¢; = cs(k) on 0, Tay)

t t
e’/uk—/u’(§+kb/es</uk+ﬂ_l></u7> dss—m/es</|Vu§|2> ds
Q Q 0 Q Q k 0 Q
t t ! k+a—1
+/e5</uk> ds+65/ es</uk+“‘1> ds+C4/ €S</|AU|7> ds. a7
0 Q 0 Q 0 Q

k+(1 1

Let us now address the term ¢, ;e ( Jo k= )ds By applying Lemma 4.2 with g =
and some ¢, = ¢4(k, Cp)

t ktas1 k+a=1 keta1
c4/ e5<[2 |Av(-, 5)| e )ds < c4CP2a 1 ||UO||L00(Q)/ S</Q(u(-,s)) a1 >ds+cée’.
0

k+a 1

, we have for all t € (0, T,,,,,)

From the condition @ > 2 we have that —— < k + « — 1, the Young inequality leads for some ¢, = ¢,(k, Cp) to

k+a-1 k+a-1

"*L k+a—1
C4CP2a 1 ”UOHLoo(Q) / u < C4CP2‘I 1 ”UO”Lco(Q) / u ta + C7 on (0, Tmax)

(For the limiting case a = 2, the constant ¢; may naturally be set to 0.) Combining the previous estimate with (17) then
yields for some ¢z = c4(k, Cp)

' dk-1) [
e’/uk—/u§+kb/ es</uk+ﬂ_1></u7> dss—M/ e“</|Vu§|2> ds
Q Q 0 Q Q k 0 Q
t t
+/es</uk> ds+c8/ es</uk+“_1> ds+c,e’ forallt € (0, T,y (18)
0 Q 0 Q

P 2(k+a 1)

Here, we turn our attention to the third integral on the right-hand side of (18). Observing that / wel = luz ||

2(k+a n
@

we aim to exploit Lemma 3.1 with ¢ := u> and appropriately chosen ¢ and r. From the definition of k, and condltlon
(14), for any k > k, it is feasible to set

k -1
o= K¥brr-1 (19)
2
which fulfills
-1
maxdy K MDD a1 (20)
2 2
In this way, for n > 3 and for
._ 2n L 2Akta-—-1) r__z_k’
p T n— 2’ q T k > - k
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straightforward calculations reveal 1 < r < ¢ < pand g < % + % Therefore, we infer from (8) that for all t € (0, T}, ) and
some ¢y = cq(k, Cp, Cy)

3
k 2(k+a—1) 2 k— 1 k , N
cg/uk+”_1=c8||u2|| ) S%/|Vu2|2+c8/uk+c9</uk> . (21)
Q L™ % (@ Q Q Q

Here, the interpolation inequality (see [38, page 93]) leads on (0, T},,,) to

8
¥\ _ b ab (1-ay)b
( Lo ) =l g < Nl 0

gt ajby [l_al_al(k+ﬂ—l)]bl
+ —
= (Il g Il ) ) 7 Mgy (22)
where
'5q) K5 T
k K k+p-1
by = by(q) 1= =22, 4= e (23)
r r - —
vy k+p-1

Recalling the expression of £’ in (19) and the range of y in (14), some calculations provide

[l_al_al(k+ﬂ—1)

a, b
by=0 and — <1.
Y

4

Consequently, applying Young’s inequality, relation (22) reads for some ¢, = ¢;o(k, Cp, Cy)

[ aby
au k+p-1 Y -
c9< / u") scg(||u||§y<g>||u||Jf,,,l<g>)’ Skb< / W )( / Lﬂ>+cl0 for all 7 € (0, Trya),
Q Q Q

which in conjunction with (21) implies for all € (0, T,,,,),

2(k—-1
cs/uH"’_1 < ¥/|Vu§|2+c8/uk+kb</ uk+ﬁ_1> </ uy> + ¢4 (24)
Q Q Q Q Q

For n € {1,2} the arguments are similar once relation (20) is replaced for n = 1 by

-1
max{y,g (@ )}<k’<k+a—1

and for n = 2 by
max{y, g (a—l)} <k <k+a-1.

With this range of k', some computations imply that ¢, r fulfill 1 < r < gand % < % + %, so we can apply also in these cases
Lemma 3.1, leading to inequality (24) up to some constants.

Now we focus on the second integral at the right-hand side of estimate (24): the Gagliardo-Nirenberg inequality and (13)
produce for

|
N =

0, := €(0,1)

+ |vix

N
BN

1
2

and all ¢ > 0 and some ¢;; = ¢;;(k, &), ¢;, = ¢1,(k, ), this bound on (0, T}, ):

91
A k JTILI) k20, ko 2(1-6,) ko2 koo
¢ [ u=2lluz|| < eplVar |15 o lluzl +cqqlluz|| <c |Vuz | + gy
/Q 12Q) 11 12(Q) o 11 1 12 o 12

In turn, we have from the Young inequality that for some ¢;; = ¢;5(k, ¢)

2(k—-1
é/uks %/Wuglz+cl3 for all 1 € (0, Typoy)- (25)
Q Q
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By inserting estimate (24) into (18) and taking into account bound (25), we arrive for some ¢y, = ¢;4(k) and ¢;5 =
¢15(k, Cp, Cy, 6) at

e / Uk <cjse' + ¢y on (0,T,,,),
o

so the claim is proved. O
Let us turn now our attention to the case 1 < a < 2.

Lemma 5.3. Assume that «, f,y > 1 satisfy

1<a<2 pf>a and ﬂ+y>g+2. (26)

Then u € L*((0, T,y ); LX(Q)), for all k > k.

Proof. By following the same argument of Lemma 5.2, we derive for all k > k, and some ¢, = ¢;4(k) that

4k-1
i/uk:—M/|vu§|2—(k—1);(/u"Au+ka/uk”—l—kl;(/u"+/’—1></m>
dt Q k Q Q Q Q Q

4k -1

S—¥/|Vu§|2+/uk+1+c16/|Av|"+1+ka/uk+"‘_1
k Q Q Q Q
—kb</ uk+ﬂ_1></ u7> for all 1 € (0, Tp,.y)s (27)
Q Q

where we used Young’s inequality thanks to @ > 1. From the condition « < 2, an application of Young’s inequality to the
fourth integral at the right-hand side of (27) gives for some ¢;;, = ¢,(k)

ka / ukrel < / U e, on (0, Ty (28)
Q Q

Combining estimates (28) with bound (27), we have for all t € (0, T},,,,),

4k -1
i/uk+kb</ uk+ﬂ_1></u7> < - (k )/|Vu§|2+2/uk+1+c16/|Av|k+1+cl7. (29)
dt Jq Q Q k Q Q Q

As to the term [, |Av|**! in expression (29), by exploiting in this circumstance Lemma 4.2 with ¢ = k + 1, we obtain for
allt € (0, T,,,,) and some ¢;g = ¢;5(k, Cp)

t t
C“/o e</Q |AU(-,s)|k+1>ds < cmcpzk||u0||’;}(g)/0 es</g(u(-,s))k+1> +cge’. (30)

On the other hand, by adding fQ u* at both sides of estimate (29), by multiplying what obtained by e’ and considering
bound (30), a subsequent integration over (0, f) yields on (0, T,,,) for some ¢, = ¢;4(k, Cp) and ¢,y = c,o(k, Cp)

t
e’/uk—/u§+kb/ es</uk+ﬂ_1></uy> ds
Q Q 0 Q Q
t t t
< —M/ e“</ |Vu§|2> ds+c19/ es</ uk+1> ds+/ es</ uk> ds + cye. (31)
k 0 Q 0 Q 0 Q

2(k+1)
Now let us focus on the second integral on the right-hand side of (31). Since [, u**' = ||luz|| },,, ,we proceed to apply
L™ @

Lemma 3.1 with ¢ := u> and suitable g and r. In the specific, for any k > k, and k’ given in (19), it is possible to check that

N | =

max{y, ,§}<k’<k+1. (32)
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In this way, for n > 3 letting
2n L 2k+1) 2K

P T T TR

we can establish that 1 <r < ¢ < pand % < % + % Consequently, we deduce from (8) that for some c,; = ¢5;(k, Cp, Cp)

P 2(k - 1) - . A\
cpllull 3., <———— [ IVur|"+ecy [ u"+cy u for all t € (0, T )- (33)
L7E (@ ko Ja Q o

Now an application of the interpolation inequality yields for all ¢ € (0, T},,,,).
ayby [1—a2— a2(k+ﬂ—1)]b2

s
AN b ab (1-ay)b
( /Q u ) = el o, < Mll 0 Nl s,
Y

_ y k+p-1 P
= (Il Il ) ) 7 Mgy

where ) )
K'é(q) k' ¥ kg1
bzzbz(q):szT, azizﬁe(o,l).
Y ki1

(A comparison between the couple (a,, b,) above and (a;, b;) in (23) shows that a;, = a,, whereas b;, i = 1,2 depends on
q.) From straightforward calculations and the condition (26), we note that

[ a,(k+p —1)
l—g,— 22—

ab
]b2=0 and 22 <1.
14 14

Subsequently, we can exploit the Young inequality entailing for some c¢,, = ¢,,(k, Cp, Cy)

[ ayby
AN k+p-1 o k+p—
tn </ u > < C21(”u“JLY(Q)”u“kall—l(Q)> < kb(/ utt 1> </ ”y> + ¢y on (0, ).
Q Q Q

This in conjunction with (33) implies that ¢ € (0, T},

2(k—1
clg/ukﬂg(T)/|Vu§|2+c19/uk+kb</uk+ﬁ_l></u7> + ¢y (34)
Q Q Q Q Q

For n € {1,2} the argument proceeds similarly, provided that condition (32) is replaced by
k '
max{y, 5} <k <k+a-1.

For k' in this range, some computations show that ¢, r satisfy 1 < r < g and g < % + % Therefore, Lemma 3.1 can also be
applied in these cases, yielding to inequality (34) up to some constants.

By rearranging bound (31) by virtue of estimates (34) and (25), it is provided for some c,; = ¢,;(k) and ¢,, = ¢,4(k, Cp, Cy, &)
/uk < eyt eye on (0, Ty,
Q
which gives the statement. o
5.2 | The Case f(u) = —au® + bu’ [, u’

Lemma 5.4. Assumea,b> 0anda, B,y > 1 satisfy either

a>2, f+y<a, (35)
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or
a>2, Pp+y=a and a> b|Q|. (36)

Thenu € L*((0, T,,,); LX(Q)) for all k > k.

Proof. By reasoning as in the proof of Lemma 5.2, an application of the Young inequality (recall a > 1) yields for all
€ >0, k > kyand some c¢,5 = c,5(k)

%/uk: 4(k '/lV |2_(k—1))(/ kAU+kb/ k+ﬂ‘1/ ka/ k+a—1
Q

<(€—ka)/ ko=l e /lAvl P +kb/ k+p= 1/u7 for all t € (0, Tyyy)- (37)

(Throughout this proof we adopt the convention concerning the role of e stated at the beginning of Section 3.)

Adding fQ u* to both sides of estimate (37) and multiplying the resulting expression by e, integration over (0,¢) then
yields, for all 7 € (0

’ max)

e’/uk—/ugs(e—ka)/ es</uk+“'1> a’s+/es</uk> ds
Q Q 0 Q 0 Q
+c25/ </|AU| a1 > ds+kb/ es</uk+ﬂ_1/uy> ds. (38)
0 Q Q Q

k+a 1

By applying Lemma 4.2 with ¢ = and Young’s inequality since @ > 2, we obtain for some c¢,4 = c,4(k, Cp) and c,; =

Cy7(k, Cp)
t Kera1 s k+a=1 t a1
025/ e’ / |Av| o1 | ds < cy6€" + cysCp2at lvoll i) [ € et | ds
0 Q 0 Q
t
<cye + e/ es</ uk+“_1> ds on (0, Ty, (39)
0 Q

A further application of Young’s inequality yields for some c,g = c,5(k)

t t
/ es</ uk> ds < e/ es</ uk+"_l> ds+cyge' forall 7 € (0,T,,,). (40)
0 Q 0 Q

By virtue of § < f+y < @ and k > k,, a combination of Holder’s and Young’s inequalities leads for all ¢t € (0, T,,,,) and
SOME C,9 = Cyo(k) tO

k |Q| k+2a—p—y-1 (/, o+ 1) k4pty—1 / ka1 f ﬂ
b kra—1 uereT) kel < e [yttt e iff+y<a
Q = Q 29 P
kb/ uk+P=1 / u’ < (41)
Q Q k+2a—f—y-1

k+p+y—1
kb|Q| rem ([ uktert) e = kb|Q [ ukteTt if 4y = a.
By plugging estimates (39), (40) and (41) into (38), we derive for some c;, = c;y(k) and ¢3; = ¢51(k, Cp) on (0, Ty, )

o / o< d &0 +cqe’ + (e — ka)fotes(/Q uk+”‘1) ds ifp+y<a
Q C30+ cxe’ + (e +kBIQ| — ka) [ * ([ ut ) ds i f+y=a,

which implies, by assumption (35) and choosing 0 < ¢ < ka (for instance exactly the limit value ka), that

t k !
e /u <ezpt+eyet on (0, T,
Q

On the other hand, if a > b|Q| as in hypothesis (36) and by virtue of the arbitrariness of €, we can make e + kb|Q| — ka < 0
and consequently neglect the term associated to fot S( / u"*"‘l) ds, leading to the above inequality up to a constant.
Henceforth, in both cases we conclude that u € L*((0, T,,,,); L*(Q)) for all k > k. ]

Mathematical Methods in the Applied Sciences, 2026 13

85UBD17 SUOWILIOD BAIFER1D) 3|l dde aup Aq peusenob ae sajoe YO ‘Bsn JO S3IN 104 AfeiqIT BUIUO /8|1 UO (SUOIPUCD-PUR-SLLBY /WD A3 1M Afe.q1)BU1 |UO//:SHNY) SUORIPUOD pue sWwie 1 8U388S *[9202/.0/T2] uo Ariqiauliuo Ao ‘1re1ifed Id eyseAIuN Aq 9.80, BWW/Z00T OT/I0p/Woo A | im AReiq 1 putjuo//Sdny WwoJy papeojumod ‘0 ‘927 T660T



In the following lemma, we set « = 2 and § + y = a. Under the conditions f# > 1 and y > 1, this uniquely determines
p=vr=1

Lemma5.5. Assumea =2,andf =y =1,k > k,. Moreover, let Cp = Cp(n, k + 1) being Cp, the constant in Lemma 4.2.
If

1
a> b|Q| + (szk)"“ L voll L (s (42)

(k—-1)
k

then the same statement of Lemma 5.4 holds.
Proof. By takinga =2 and § = y = 1in bounds (37) and (41), we obtain for all # € (0, T,,,,,)

i uk<
a1 /g

k(k—-1) P k+1
———(Cp2")e1 || yvyll oy — ka u
kt1) °P oll L) o

(k—=Dyx KN~ (1 (1=K k+1 k
k_ﬂ(cpz) kIHUO“LW(Q) Q|Au| + kb Qu Qu

k(k—1) P k+1
m( P2 )k+1 ||XUO||L00(Q) +kb|Q| - ka> [zu +

(k=1 y N —k k+1
k—H(CPZ ) o ”UOHLoo(Q) Q'Avl * .

IA
+/\+/‘\

Following the argument used in the proof of Lemma 5.4, we obtain for all t € (0, T,,,,)

/Ll _/ Uy < <k(k )(CPZk)k-H ||)(U0”Lm(g) + kb|Q| — >/ eS</ uk+1> ds

1) i g
+ —1)}{(C 2k) k+l Il ” / s / |Av|k+1 ds+/tes /uk . .
kvt 0 T Q 0 o :

Now, an application of Lemma 4.2 with ¢ = k + 1 entails on (0, T,,,,)

(k- 1))( K\~ T —k t s k+1
i1 (Cr2) Mlolling [ e [ 180 ) ds
k-1 L !
< ey’ + ( )(Csz) “Hixvell Loy [ € uk ) ds. (44)
k+1 o o

By plugging estimates (44) and (40) into (43), we have on (0, T,,,)

(k—1)
e [ uF<cy+ene +k
/Q Scytey *k+D

(k—1) ! '
k\ %1 s k+1
+k(k—+1)(CP2 )k ||;(UO||Lw(Q)—a]/O e <’/Qu + ) ds.

Finally, the assumption (42) made on a and the arbitrariness of € allow us to make

(Cp2)Fa I voll Lo + DI, + €

(k—1) L (k-1 5
(k+1)(CP2 Ve || gl Loy + BIL] + € + W(CP )k lxvoll L@y —a <0
and consequently neglect the term associated to |, ¢*( /;, u*!) ds, achieving the claim. i

6 | Proofof Theorem 2.1

The claims concerning 1(a) and 1(b) for the case where f(u) = au® — bu? [, u’, are consequence of Lemmas 5.2 and 5.3,
ensuring the uniform-in-time estimate of u in L*(Q) for sufficiently large k, combined with Lemma 4.3, ruling out the
possibility that T;,,, is finite.
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For f(u) = —au® + bu? ]Q u the cases 2(a) and 2(b) follow by reasoning as before, invoking Lemmas 5.4 and 4.3. Finally,

let £ = K(n) = %(Cp(n, n+3) 2"+z)$, being C, introduced in Lemma 4.2. Under the assumption on a in case 2(c), by

continuity arguments also involving the constant C,, itself, there is k > n + 2 for which (42) holds, so that by exploiting
Lemma 5.5 we conclude.
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