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ABSTRACT. This paper deals with the zero-flux attraction-repulsion chemo-
taxis model

u=V-((u+1)™"1Vu—xu(u+1)"2"1Vv  in Q X (0, Tmax),
+eu(u+ 1)™3~1Vw) + h(u)

v = Av — f(u)v in Q x (0, Tmax),

wi = Aw — g(u)w in Q X (0, Tmax),

(©)

in the unknown (u,v,w)=(u(z,t),v(z,t), w(x,t)). Here, z €S, a bounded and
smooth domain of R" (n > 1), t,x,& > 0, m1,m2,m3 € R, and f(u),g(u) and
h(u) sufficiently regular functions generalizing the prototypes f(u) = Kiu®,
g(u) = Kou? and h(u) = ku — puf, with K1, Ko,u > 0, k € R, 3 > 1 and
suitable o,y > 0. Besides, further regular initial data u(z, 0) = ug(z),v(z,0) =
vo(x), w(z,0) = wo(x) > 0 are given, whereas Tmax € (0, 00] stands for the
maximal instant of time up to which solutions to the system exist. We will
derive relations between the parameters involved in (<) capable to warrant
that u, v, w are global and uniformly bounded in time. The article generalizes
and extends to the case of nonlinear effects and logistic perturbations some
results recently developed in [3] where, for the linear counterpart and in the
absence of logistics, criteria towards boundedness are established.
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1. Introduction and motivations.

1.1. General overview and state of the art. The pioneering papers by Keller
and Segel ([9, 10, 11]), proposed in the 70’s to model the biological phenomena
concerning chemotaxis mechanisms, continue to inspire many researchers in the
field towards the consideration of several related variants.

In this regard, in the article we dedicate ourselves to a specific problem intimately
connected to the forthcoming coupled system of partial differential equations:

w=V - (D(u)Vu—S(u)Vv + T(u)Vw) + h(u) in Q% (0, Thax),

T =Av—av + k(u,v) in Q% (0, Thax),
Twy=Aw—bw + l(u, w) in Qx (0, Thax), (1.1)
U, =v,=w, =0 on 90 x (0, Trax)s

u(z,0)=uo(z), Tv(z,0)=TV0(2), TW(,0) = TW(2) 2 € Q.

Herein € is a bounded open domain of R™ with n € N and smooth boundary 052,
T € {0,1}, a,b > 0, D = D((),S = S(), T = T({),h = h(¢),k = k(¢,n) and
I = 1(¢,p) are functions of their arguments ¢, > 0 and p > 0 with a certain
regularity and proper behavior. Moreover, further regular initial data wug(xz) > 0,
Tvg(z) > 0 and Two(z) > 0 are given as well, the subscript v in (), indicates the
outward normal derivative on 9f2, whereas Tiax € (0, 00] the maximal instant of
time up to which solutions to the system exist.

In the framework of real biological phenomena, it is commonly used to indi-
cate with u = u(x,t), v = v(z,t) and w = w(z,t), respectively, the nonnegative
value of a certain cell distribution (populations, organisms), of the concentration
of a chemoattractant (i.e. a chemical signal whose effect is attracting the cells to
each other) and of a chemorepellent density (i.e. a chemical signal with exactly
the opposite effect of the chemoattractant); naturally the couple (z,t) specifies the
position and the instant of time where such values are considered. In this way,
it is quite natural to interpret system (1.1) as a model describing the motion of
the cells, inside an insulated domain (zero-flux on the border: homogeneous Neu-
mann boundary conditions), under the flux effect D(u)Vu — S(u)Vv + T(u)Vw,
a combination of diffusive (D(u)), attractive (S(u)) and repulsive (T'(u)) impacts,
and the external action of a source h(u). As expected, the effect of such impacts
is intimately connected to the expression of the diffusion, the attraction and the
repulsion, while the source may increment, decrement or both the cells’ density.
Further, the attractive and repulsive signals growths evolve conforming the rates
k(u,v) and I(u,w), respectively (second and third equation in (1.1)).

As expected, the cellular motility is extremely sensitive to the actions of the
above factors governing model (1.1): in particular, in general no stable behavior is
conceivable but, conversely, even weak changes in the related values may strongly
influence the dynamics. Specifically, the evolution might relax towards global sta-
bilization and convergence to equilibrium of the cell distribution u, but it could
even degenerate into the so-called chemotactic collapse, the mechanism resulting in
uncontrolled aggregation processes for u, eventually blowing up/exploding in finite
time. From the mathematical point of view, in the first case solutions (u,v,w) are
defined and bounded for all (z,t) in € x (0, 00), in the other case for a certain finite
time Tiax, the solution (u,v,w) becomes unbounded when approaching Tiax-
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Let us now mention some known results in the literature dealing with the so
called signal-production models coming from (1.1); in this situation, k& and [ are
positive functions only of u, and as u itself increases so v and w do:

1. For 7 = 0 in the equations for v and w, h(u) = 0 and for the linear case (i.e.,
diffusion D(u) = u, chemosensitivities S(u) = xu, with x > 0, T(u) = &u
with & > 0, and chemoattractant and chemorepellent k(u,v) = au, a > 0,
and l(u,w) = ~yu, v > 0, respectively), the value &y — xa is critical for
n = 2: in particular, if £y — xya > 0 (repulsion dominates on attraction),
in any dimension all solutions to the model are globally bounded, whereas
for £y — xa < 0 (attraction dominates repulsion) unbounded solutions can
be detected (see [7, 13, 17, 19]). Indeed, when £y — xa > 0 and for h(u) =
ku—puf, k € R, u > 0 and some B > 1, in [2] some questions on the blow-up
scenario are discussed.

2. For more general production laws, respectively k(u,v) ~ au®, s > 0, and
l(u,w) = ~yu”", r > 1 (which D, S, T and 7 as before) the following is available
in the literature ([20]): for n > 2, for every «, 8,7,d,x > 0, and for r > s > 1
(resp. s > r > 1), there exists £* > 0 (resp. & > 0) such that if £ > &£*
(resp. & > &), any sufficiently regular initial distribution ug(xz) > 0 (resp.
uo(x) > 0 enjoying some smallness assumptions) leads to a unique classical
and bounded solution. In addition, the same conclusion holds true for every
a,B,7,0,x,€ >0,0<s <1, r=1 and any sufficiently regular ug(z) > 0.

The chemotactic collapse appearing in the signal-production situations, apparently
(but this is an open question in the field yet) cannot occur for alike signal-absorption
models, where to high values of u correspond small ones (eventually vanishing) of
v and w. As a matter of fact, even for the so called Keller—Segel system with
consumption, which is the simplified two-unknowns version of problem (1.1) reading

ur = Au — xV - (uVo) in Q x (0, Tinax),
vy = Av — uv in Q x (0, Tinax), (12)
U, =v, =0 on 992 x (0, Tinax)s ’

u(z,0) = ug(z), v(z,0) = vo(z) =z €Q,

the occurrence of blow-up has not been found. In particular, all classical solutions
(u,v) to (1.2) are uniformly bounded in one and two-dimensional settings, inde-
pendently of some size of (ug,vp): the case n = 1 can be justified by standard
procedures, while for n = 2 the result is a consequence of more general analyses
discussed in [21, 22]. Conversely, for n > 3, boundedness requires the smallness
assumption x||vol| £ ()< m7 as proved in [16]. (This condition is improved
in x||vol Lo ()< \/ﬁ; see [1].) On the other hand, if in models like (1.2)

some smoothing effects on the dynamics of problem are introduced, boundedness
of related solutions remains valid even when x||vo| - (q) is larger than the values
mentioned above. More specifically,

3. In [12], where the motion of the cells is affected by a logistic source reading
uy = Au— XV - (uVo) + ku — pu?,  k,p >0,

the authors establish that the resulting Cauchy problem admits classical bo-
unded solutions for arbitrarily large x||vol| (o) provided y is also larger than
a certain expression increasing with x||vo|| £ q);
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4. In [15], together with the dampening logistic term the equation for the parti-
cles’ density is also perturbed by nonlinear diffusion and sensitivity:

uy =V ((u+1)""'Vu—u(u+1)"""'Vo) + ku — pu®, mi,ms € R.

Similarly to the previous case, globality and boundedness are derived whenever
the smoothness parameter p of the logistic is large enough and the diffusion
dominates the attraction, in the sense that my; > 2my — 1.

Naturally, in the frame of chemotaxis models with two signals, beyond the double-
production cases aforementioned, double-saturation or consumption-production me-

chanisms can be considered. In this sense, and always with reference to (1.1):

5. When k(u,v) ~ av—u®v in the second equation (with 7 = 1) and I(u, w) ~ u'

in the third (with 7 = 0) are fixed, the cells’ density produces chemorepellent
and absorbs chemoattractant; in [6] boundedness is established (i) for I = 1,
n e {1,2}, « € (0,3 +2)N(0,1) and any & > 0, (ii) for I = 1, n > 3,
o € (0,3 4+ 1) and £ larger than a quantity depending on x||vo| 1 (q), (ii)
for I > 1 any £ > 0, and in any dimension;

6. For 7 = 1 in the equations for v and w, h(u) = 0 and for the linear case (i.e.,
diffusion D(u) = w, chemosensitivities S(u) = xu and T(u) = &u, x,§ > 0)
and chemoattractant and chemorepellent k(u,v) = av —uwv, l(u, w) = bw —uw
(double-signal saturation), for n > 3 all solutions emanating from sufficiently
regular data such that 0 < x|[vo||z) < == and 0 < {[Jwo||1=() < = are
globally bounded. This is proved in [3] (where also two- and three-dimensional
numerical simulations are presented) and through the lines of this paper we
will give some more hints on this research since the present article represents
a generalization of what derived in [3].

7. For 7 = 1 in the equation for v and k(u,v) = av — uv (chemoattractant
consumed), for 7 = 0 in the third and I(u,w) ~ u!, [ > 1 (chemorepellent
produced), for the diffusion D(u) ~ u™, chemosensitivities S(u) ~ u™2 and
T(u) = u™ (my, ma,m3 € R), for h(u) ~ ku—pu® (k€ R, p > 0and 8 > 1),
for n > 3 all solutions emanating from sufficiently regular data ug, vy are
globally bounded provided m; > ¢(ma, ms,n, «, 8,1), for specific expressions
of .

Remark 1.1. Even though the analysis of this paper is merely theoretical, it is
worthwhile emphasizing that model (1.1) has some applications in the inflamma-
tion observed in Alzheimer’s disease when h(u) = 0, k(u,v) and {(u,w) are linear
functions only of the cell density (the already mentioned signal-production models).
More precisely, [14] deals with the description of the gathering mechanisms of mi-
croglia and dimensional, numerical and experimental analyses, in bounded intervals
are proposed. But, without dwelling too much on aspects not belonging to our
expertise and out of the scope of the paper, there is more: also the counterpart
considering the absorption of both signals may have some biological interpretation.
Indeed, phagocytes are cells that protect the body by ingesting harmful foreign
particles, bacteria, and dead or dying cells. For instance, during the phagocytosis
process, the hepatic cells filter toxic substances (toxins), engulf them and convert
them into harmless substances (nutrients) or make sure they are released into the
surrounding environment. (See [8, §1 and §2].)
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2. Main claims and organization of the paper.

2.1. The model: presentation and some notations. Let 2 C R™", n > 2 be a
bounded open domain with smooth boundary, x,& > 0, mi,ma,ms € R, f(u), g(u)
and h(u) be reasonably regular functions generalizing the prototypes f(u) = Kju®,
g(u) = KouY, and h(u) = ku — pu” with Ki,Ko,u > 0, k € R and suitable
a,7,B > 0. Once nonnegative initial configurations ug, vy and wqy are fixed, herein
we are interested in the following nonlinear attraction-repulsion chemotaxis model,
naturally obtainable as a particular case of problem (1.1):

w =V - ((u+1)™"Vu — xu(u+1)""'Vo in Q x (0, Tmax)s
+&u(u + 1)™"1Vw) + h(u)

vy = Av — f(u)v in Q x (0, Tiax)s 2.1)
Wy = Aw — g(u)w in Q x (OaTmax)7 .
Uy =V, =w, =0 on 02 x (0, Tinax),

u(z,0) = ug(z), v(x,0) = vo(z), w(x,0) =wo(z) =z € Q.

In the light of what previously said, it should be easy to convince ourselves that
this model brings together many of the characteristics above discussed: nonlinear
diffusion, sensitivities and growth rates, as well as general logistic terms.

To our knowledge, the literature provides partial results connected to model
(2.1) only for the case m1 = mg = mz = 1, f(u) = g(u) = u and h(u) = 0 (see
[3]); the attained results were summarized in item 6. In particular, system (2.1)
appears as a natural continuation of the model described in item 6 itself, and it
is worthwhile developing a general n-dimensional analysis in order to extend the
mathematical comprehension. Specifically, we aim at deriving sufficient conditions
involving the parameters used in problem (2.1) according to which it admits classical
solutions which are global and uniformly bounded in time. Specifically, we look
for nonnegative functions v = u(z,t),v = v(z,t),w = w(x,t) defined for (z,t) €
Q x [0, Tinax), and Tinax = 00, such that

{u € 0O x [0, 00)) N C2L(Q x (0,00)) N L®((0, 00); L%(R))

v,w € OO0 x [0,00)) N CZL(S x (0,00)) N L((0, 00); WHo()) (22)

and satisfying for all (x,t) € Q x [0, 00) all the relations in (2.1).
To this aim, we require that f, g and h comply with
frg€ C'(R) with 0< f(¢) < K1¢" and 0 < g(¢) < Ka(?,
for some Kj, Ko, cr,y >0 and all { >0, (2.3)
and
he CYR) with h(0) >0 and h(¢) < k¢ — uc?,
forsome ke€eR, u>0,8>1 andall >0. (2.4)

Remark 2.1. As the reader can expect, the results below will depend on the
parameters «, 7y, m1, Mo, mg and n. In particular, in view of the formulations of the
second and third equation (which are somehow “exchangeable”), by permuting some
of those constants a number of assumptions connecting their values can be seen as
the symmetric case of the other. In this sense, even though the presentation of the
forthcoming Theorems 2.2 and 2.3 may appear hard to read, we want to underline
that we made an important effort to include all the aforementioned permutations
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in the clearest way. This is the reason why we dedicate a part of the manuscript to
define crucial constants in the computation; this is precisely what §2.1.1 includes.
(For the readers’ convenience, in Example 2.4 below we include a case where the
form of these assumptions is of easier readability.)

2.1.1. Notations. We will make reference to the following quantities in the absence

of the logistic term:

n—2 1 1 n—2
max{2m2 —1,2mg — 1, }, max{mg - —,m3— —, }
n n

n n

1 n—-2 1 n—2
}, max{mg——,ng—l, } ,
n n

A = min max{2m2 —1,m3— —,
n

n

1 1
maxqmo — —,Mm3 — —
n n

2 2 n—2
max{mQ ——4+a,mz——+ ’y}, max{QmQ, 2mg, }
n n n
{ ;

2 n—2 n—2
maxqms — — + «, 2m377}, max{ng,mg —— 4+, }
n n n

no — 2 ny —2 n—2
max{m2 + ms + }, max{?mg, 2mg, }
no n

-1’ ny—1
C := min
no — 2 n—2 ny—2 n—2
max{mg-l- ,2m3,7}, ma, {ng,m3+ ; }
no—1 n -1 n

. no — 2 ny—2 no—2 n—2
D := min max{mQ + ms + }, max{mg + ,2mg, } ,
no — -1 a—1 n

1’ ny n
-2 -2 -2 -2
£ := min max{mg—l—L,mg—FL},maX{ng,L,mg—krw } ,
na — 1 ny—1 n ny—1
-2 -2
F —max{m2+na , 3+n'y }
-1 ny—1
1 2 n—2
max{mg fm3—7+fy},max{2m2—1,2m3, }
n n
. 1 n—2 2 n—2
G := min max{mg — mg,i},max{ng—l,mg—f%—’y, } )
n’ n n n
1 2 n—2
max{mgff - — 47, }
n n
1 -2 -2
max{mz - = L}, Inax{2m2 —1,2ms, n }
n’ ny—1 n
. 1 n—2 ny—2 n—2
‘H := min max{m2 —, 2mg, },max{2m2—1,m3+7,7} ,
n’ ny—1 n
{ 1 n7—2 n—2}
maxq mo — — ,
n’ n'y—l n
1 -2 -2 n—2
max{mz—f,mg—l—L},max{2m2—l7m3+L,L}
n ny—1 ny—1 n
7 :=min
1 ny—2 n—2
max{mg—f,mg—i—i, }
n ny—1 n
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1
J = min ,

2 n—2 ny—2 n—2
max{mg — — 4+ «a,2ms, 7}, max{2m2,m3 + , }
n ny—1 n

2 ny—2 n—2
max{mg —— 4+ a,m3+ }, maX{ng, 2mg, }
n ny — n

2 -2 -2 -2
K :=min {max{mg ——+ta,msg+ il }, max{2m27 L,m:s + il }}
n ny—1 n

For the logistic case we will refer to these quantities:

1 1 n—2}

n—2
max{2m2 —1,2m3 — 1, 7}, max{mg - —,m3 — —,
n n n.on

1 n—-2 1 -2
max< 2meo — 1,mg — —, n }, max{mgf 7,2m371,n }
n’ n n n

-2 -2
max mg—— 2m3—ﬁ,7}, max{2m2—1 2m3—6, }
n

-2

{

A’ := min max{2m2 -8, 2m3—5,nT_2}, max{2m2—5,2m3— } )
{
{

1 n=-2
},max{ng—ﬁ,mg—f,n }

n n

max< 2mo — f3,2m

-2
max{2m27 2ms, L}, maX{ng +1-06,2m3+1— 6}
B’ := min " 5 5 ,
max{2m2,2m3 +1-7, n;}’ Inax{ng +1-—03,2mg, n- }
n n

n—2

-2
,2m3}, max{ngfl 2m3+1fﬂ}
n

}7 max{mg — 17L_2,2m3 +1 —B}
n n

-2
max< 2mo — f3, 7,2m3}, max{2m2 - B, L,ng +1-— B}
n n

{
€' == min {
{
{

2.2. Statements of the theorems and discussions. With reference to the no-
tations introduced in §2.1.1, let us now give the theorems proved in this paper.

We notice that the substantial indication behind the hypotheses below is rather
natural; the diffusion parameter m; has to be large enough in order to ensure
boundedness.

Theorem 2.2 (The non-logistic case). Let Q be a bounded open domain of R™,
with n > 2, and smooth boundary 052, x, & positive reals, and h = 0. Moreover, for
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C)u

a,y >0 and my,ma,ms € R, let f and g fulfill (2.3) for each of the following cases:

Al)oz'ye((),n],m1>./4; Ag)OzE(O %] ’ye[%,l},m1>1,’

As) o,y € (2,2), my > B; A) a€ (£,2) v€(0,1], mi > G';
Ag)a’}/E[ 1) my > C; All)ae(% %),76[%,1),m1>J,
Ay) a€[2,1],v€[2,1), i >D; Ap) ac(:,2) ve[2,1], m1 >K;

A5)ae[g,l),ye[%,l],m1>5; Alg)ae[%l) vE(O,%],m1>'H,
Ag) o,y € [2,1], my > F; Ag) a€[2,1], v € (0,1], my > T
A7)oz€( ] 76( 7) my > G; A15)ae[% 1) 76(%,%),m1>J,
Ag) a e (0,L] v e [2,1); mi>H; Ai) ac[2,1],v€(L,2), mi>K,

the superscript t denoting the case where the roles of a and mo are taken by -y
and ms, respectively. Then for any initial data (ug,vo,wo) € (WH>(Q))3, with
ug, v, wo > 0 on Q, there exists a unique triplet (u,v,w) of nonnegative functions,
uniformly bounded in time and classically solving problem (2.1).

Theorem 2.3 (The logistic case). Under the same hypotheses of Theorem 2.2
and f > 1, let h comply with (2.4). Then the same claim holds true whenever
a,y >0, my,ma,m3 €R, and [ and g fulfill (2.3) for each of the following cases:

Ai7) a,’ye(O ] my > A'; Alg)aE(O,%],'yE(%,l),m1>C';
Ag) a,y € (E’l)’ my > B'; Ay) a€ (1,1),v€(0,1], m > cr.
All these results are put together into Figure 1.
Example 2.4. Let n =2, m; =mo=mz3=meceR a=~v¢ (%, 1). We have
B = min{m — 1 + a, max{2m, 0}, max{m — 1 + o, 2m, 0} }.

Specifically, for m < 0
B=m-1+aq,

and assumption As) of Theorem 2.2 are automatically fulfilled, in view of o < 1.

Remark 2.5 (On the validity of Theorem 2.2). For m;, with ¢ = 1,2, 3, complying
with its related assumptions, Theorem 2.2 provides a rather complete picture con-
cerning boundedness of solutions to (2.1). Conversely, as far as the linear diffusion
and sensitivities (m; = mg = m3 = 1) model is concerned, it still holds except
when « and/or v belong to the intervals [%, 1] and/or [%, 1), namely under the
assumptions Aj)—Ag), As), Ag) and Aj;)—Ai6). Henceforth, what happens in
these situations? In low dimensions or under further restrictions on the data, some
cases can be saved. More precisely:

I) If « = v =1 (included in Ag)), boundedness of solutions is ensured by requir-
ing0<x<mand0<§< with n > 2, as seen in [3,
Theorem 1.1];

IT) Ifa € (O, %]7 v e [%, 1] (Ag)) or v € [%, 1] v e ( } (A14)), boundedness of
solutions is achieved for o € (0,1], v =1 (so for n = 1), for a € (O7 %], v=1
and 0 < & < Ka(n, [Jlwollz=(q)) (so for n = 2), or by symmetry, for a = 1,

€ (0,1] (soforn=1), for a =1,y € (0,3] and 0 < x < K1(n, ||[vol| ()
(so for n = 2), respectively;

1
5nllwollLoo (o)
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|
‘m1>C,m1>D}

|
m1>’H,m1>I}m1>j,m1>/C‘m1>57m1>]:}

I I
I I I
I I I
mi > (' : mi > B : ma > B :
1 1 !
2 | | |
ol it T ——— == - e = I
I I I I
I I I I
I I I I
: mi1 > G : my > B lm1>Jt7m1>lCtl
1 1 1 |
\ | | |
: my > (! : ma > B : my > B :
l | | |
T L LI :
no I I I
I I I I
I I I I
1 mp > A | mq > Ct imy > HE, my > I
1 1 1 1
I I I |
: mi > A : my > ('t : mi > Ct :
1 | | |
1 I I I «
Lo el Lo oo _______ O e ______ N
00 1 2 1
n n

FIGURE 1. Schematization of the non-logistic case (Theorem 2.2, non-shadowed
zones) and the logistic case (Theorem 2.3, shadowed zones). With reference to
§2.1.1, herein we collect the ranges of the parameters involved in model (2.1) for
which boundedness of its solutions is established for any fixed initial distribution
uo,vo and wp. (Recall ma, mg,k € R and x, € € RT. For the analysis of the limit
values of o and v in the corresponding intervals, we refer to the mentioned theo-
rems.)

II) Ifae (L,2), ve[2,1] (An)orac [2,1],v€ (%,2) (415)), Theorem 2.2
still holds for n = 1, @ € (1,2), v =1, forn = 2, a € (%,1), v =1 and
0 < &< Ky(n, lwol| o (q)), or forn =1, a =1, v € (1,2), for n =2, a =1,

ye (i) and0< x < Ki(n, lvo| Loe (), Tespectively.

Apparently, the remaining scenarios cannot be managed; some details on this dis-
cussion will be given in Remark 4.5.

Remark 2.6 (On the validity of Theorem 2.3). If for the non logistic case Table 1
provides an exhaustive scenario, for the logistic one we discuss separately the linear
and nonlinear situations.

In particular, for m; = mo = mg = 1, it is seen that Theorem 2.3 still applies for
B> 2and a,v € (0,1). Which is the situation in those cases where the limit values
of 8 and/or «,~ are considered? Theorem 2.3 applies (hints are given in Remark
4.6 at the end of the article) whenever

i) f>2and a,vy € (0,1];
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a a .
i) 8 = 20 € (4,1 and i > KO0l f gy + EIEwolfiey)s with
K(n) > 0;

4
i) B=2,a€ (1,1],v€ (0,1] and pu > Kl(n)x2||xv0||£oc(m, with K5 (n) > 0;

4
iv) B=2,a € (0, %], v e (%, 1] and p > Kg(n)§2||£w0H£oo(Q), with Ks(n) > 0.

On the other hand, for the nonlinear diffusion and sensitivities case, it continues to
be valid when either § > 2 and
V) a,y € (%,1] and my > B';
vi) a € (0, %] ,Y € (%,1] and my > C';
vil) a € (%,1] ,Y € (07 %] and my > C'"
or =2 and
viii) a7y € (%, 1], my > B and p > f{, with some constant K > 0 depending on
n,m1, M2, M3, X, [[Vo|| e (2), €, [[wo | oo (0);
ix) a € (0, %] Y € (%,1}, my > C' and p > K, with some constant K; > 0
depending on n, my, ma, ms, &, [[wol L= ();
X) a € (%,1] ,Y € (0, ﬂ, mi > C'" and w > K’g, with some constant Ko > 0
depending on n,my1, ma, ms, X, [[vol| o (0)-

2.3. Technical strategy and structure of the article. As it will be formally
made precise below, the mathematical requirements toward boundedness are con-
nected to some a priori estimates of [, u? = [,uP(x,t)dx, for some p > 1 and
some t > 0, with (u,v,w) being any given solution to problem (2.1). Whereas in
[3], dealing with the situation where m; = ms = mg = 1, this issue is addressed by
the employment of a functional of the form [, uP¢p, being ¢ a suitable function of
(v, w), apparently for the nonlinear case under investigation the same attempt does
not work. Henceforth our idea is to consider, for some p, g, 7 > 1 properly large and
some t > 0, the functional

y(t) = /Q(u+1)1’+/ﬂ|vq;\2‘I+/Q\Vw|2r, (2.5)

a natural adjustment of that used in many fully-parabolic Keller—Segel systems
with two unknowns. An evolutive analysis of such a functional leads to a crucial
absorption differential inequality in time for the functional itself, and in turn to
the desired uniform-in-time bound for fQ uP. In particular, our strategy towards
the achievement of this differential inequality requires some ad hoc exploitation of
well-known functional inequalities (see Remark 3.4 below for details).

The rest of the paper is structured as follows. First, in §3 we give some hints
concerning the local existence and uniqueness of a classical solution to model (2.1)
and some of its main properties. In this same section we give a boundedness crite-
rion, establishing globality and boundedness of local solutions from proper a priori
LP-boundedness. In turn, in §4 we focus on the derivation of these bounds, by
means of which we can deduce the claims of Theorems 2.2 and 2.3.

3. Existence of local-in-time solutions and basic properties. Once (2, x,&,
my,ma,m3 and f, g, h are picked as above, with (u,v,w) we will indicate the clas-
sical and nonnegative solution of problem (2.1) defined for all (x,t) € Q x [0, Tiax),
for some finite Tyax, and emanating from the nonnegative initial data (ug, vo, wp) €
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(Wt (Q))3. In particular, u, v and w are such that

7T
/u(x,t)dxgmo = min{m7 <k+> |Q|} on (0, Tiax) and m = / ug, (3.1)
Q K Q

and
0 <v< HU(]”Loo(Q) and 0 <w< ||’LU()||Loo(Q) in Qx (Ovaax)~ (32)

Further, globality and boundedness of (u,v,w) (in the sense of (2.2)) are ensured
whenever (boundedness criterion, below) u € L*®((0, Timax); LP(Q)), with p > 1
arbitrarily large: formally,

If for some C > 0 and p = p(n,my, ma, m3) > 1 arbitrarily large,

we have / uP < C on (0, Timax), then (u,v,w) € (L*((0,00); L=(R)))>. (3.3)
Q

We do not prove these basic statements, nor dedicate any lemma; we understand
that the details in [3, §2] and [18, Appendix A], which take into consideration also
relations (3.1) and (3.2), are sufficient in this regard. Conversely, we spend some
words regarding estimate (3.1). When h = 0, it immediately follows by integrat-
ing over Q the first equation of (2.1) and it is the well-known mass conservation
property. In the presence of the logistic terms h as in (2.4), oppositely, also an ap-
plication of the Holder inequality has to be invoked: precisely for k. = max{k,0}
and for all t € (0, Tynax)

jt/gu:/ﬂh(u):k/ﬂu—u/ﬂuﬂ<k+/ﬂu_|Q/z’—1 (/Qu>ﬁ’

thus concluding the proof by virtue of an ODI-comparison argument.

Crucial in our computations, beyond the above derivations, are as well some
uniform bounds for [|v(-,t)[lw1.sq) and |Jw(-,t)[lw1s(q), with s > 1. In this sense,
the following lemma is a cornerstone.

Lemma 3.1. For some cg,c1 > 0, we have that v and w comply with

. o for all s € [1,00) ifa € (0,%],
/Q|Vv(-,t)| <co on (0, Tmax) for all s € [1ﬁ) fae (L], (3.4)
and
1 1 ' 0,+
[ vutoF <a o <07Tmax>{f‘” sellod) e Ol
Q

forall s € [1,%) ifve (3.1
1

5 such that for all s €

Wehave%<p<1—g(a—l)and%<p1<

S

Proof. Fixing «,y € (0,1], it is possible to find p,p; >
1 it 1

[ Gammyy) and s €[5 Gty

1—2(y—1), respectively. From1—p—2(a—1)>0and 1—p; —Z(y—1) > 0, the

claims follow invoking properties related to the Neumann heat semigroup; details

can be found in [4, Lemma 5.1]. O

We will also make use of these technical results.

Lemma 3.2. Letn € N, withn > 2, m; > ”772, mz,mg € R and o,y € (0,1].
Then there exists s € [1,00) such that for proper p,q,r € [1,00), 6 and ¢, 6 and @',
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woand ', i and i’ conjugate exponents, we have that

mi+p—1 _ 1
_ 22 (- mtaew) a3
a mitp—1 | 1 _ 1 ’ 2="qg 1T _1°
2 +a 2 s 'mn 2
+p—1 1 1 1
my QP (1 - m) q (; - 2(‘1_1)#/)
a3 Tp—1 , 1 _ 1 Qa4 = 11
g staa
p _ 1
2 (1-3) 43
1= — ) 2 = )
=T L] TrES
and
), r(o3)
G — 2 (p+2m3—m1—1)0 a s 20/
1= Fp—1 1 1 ) 2= 1 10
B sta—a2
+p—1 1 1 1
ot (1) (- )
as = Fp—1 , 11’ a4 = 1_1
g stua
1
r_1
2
kg = ———2—
reas
belong to the interval (0,1). If, additionally,
1 1 1 1
a€|0,—| and mi>mo——, ~v€(0,—| and my >mgz— —, (3.6)
n n n n
1 2 2 1 2 2
a € (,) and my >mo——+4a, € (,) and my >mz——+7, (3.7)
n’'n n n'n n
or
2 no — 2 2 ny —2
a€ [,1] and my >mot+—, Y€ {,1] and my > mz+ i , (3.8)
n no —1 n ny—1

the following further relations hold true:

Bi+v = er:%Tj—pTll 1(11 + éaz € (0,1),
2c q—1
52+’72:m1+p_103+ 046(0,1),
and
B+ = p+:§i;i“1_ L+ %aQ € (0,1),
- _ r—1_
52+72=m1+p_1a3+ . aq € (0,1).

Finally, the relations involving the sum of 51 and 71, B2 and 72, Bl and 71, Bg and
o still hold true in each one of the following cases:

aE(O,%] and m1>m2—%7 76(%’%

v

) and m1>m3—%—|—'y,

DaE(O,%] and m1>m2—%, ye[—,l] and m1>m3+%,
Dae(%,%) and m1>m2—%+a, 76(0,%} and my >mz— .,
>pa€c (i, 2)and mi>mo—2+a, ve[2,1] and m1>m3+gj,
> o€ [%,1] and m1>m2—|—23:§, v € (0,%] and my>m —%,
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> o€ [%,1] and my > mg+ Zg:%,

76(%,%) and m1>m37%+’y.

Proof. For any s > 1, we put 6,6 > max{%,5}, p > max{i,g} and i >
max{%, 5} Thereafter, for

g > max ”7_29’,22, —|—1}, r>max{”T_2§/, 557 +1}

(2mo—m1—1)(n—2)0—nmi+n
+1, n—(n—2)60 ’ (39)

p > max 2—%—m1,%—2m2+m1

20002 iy 41,5 — 2mg +my +1,

(2mz—mi—1)(n—2)—nmi+n 2yi(n—2) my + 1}

n—(n—2)0 ’ n

it is possible to check that a;,a;, ko, <3 € (0,1), for any ¢ = 1,2,3,4. On the other
hand, k1 € (0,1) also thanks to the assumption m; > "T*Q
As to the second part, we consider three cases: a € (0,1], & € (1,2) and
[2.1]
acl21].
n

o a € (0, %] For s > 25%1 arbitrarily large, consistently with (3.9), we take

p=gq=sand # = sw, for some w > % Some standard computations entail

s—|—2m2—m1—1—% 2—%

+
my+s—2+42 s+ 2

n

0<pr+m =

)

and
0 200 — l% 2s — 2 — Mi,
<P2t+r2= + ,
Pt m1+s—2—|—% 5—1—%‘5

In light of the above statements, the largeness of s infers 8 arbitrarily close
to 1, in accordance with ¢’ large. Further, by choosing w approaching %7
continuity arguments imply that 81 + 1 < 1 whenever restriction (3.6) is
satisfied, whereas B3 + 72 < 1 comes from p > %

oa€ (%, %) First let s be arbitrarily close to —= and let ¢ = £ such that

s n —

(3.9) is accomplished. Then, it holds that max{3, 5§} = 5, so that restriction
on ¢ (see above) reads 6’ > 3. Subsequently,

p+2m2—m1—1—% 2—6‘1,
2 + 2s
my+p—2+=% pt=—s

0<Bri+m=

)

and
0<8 200 — % p—2-3
<Batme= - .
P 242 pr
Since from 6" > 5 we have that 6" approaches m,
soning implies that upon enlarging p condition (3.7) yields 51 +v1 < 1. On
the other hand, in order to have 8 + 72 < 1 we have to invoke the above
constraint on p, i.e., u > i
o€ [%, 1]. By considering in the previous case §' > %, we conclude by means
of (3.8).
By reasoning similarly to what we have done before for the range of o and exchang-

ing i/ with i/, ¢ with 7, 8 with @’ and o with ~, we have the claim for the cases

7€ (0,1, v€(£,2)and vy € [2,1].

The final part is simply obtained by considering permutations of the ranges of «
and 7. O

an already used rea-
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In the concluding part of the paper we will also invoke the next result, by means
of which products of powers will be estimated by suitable sums involving their bases
and powers of sums controlled by sums of powers.

Lemma 3.3. Let a,b,c > 0 and dy,ds > 0 such that dy + do < 1. Then for all
€ > 0 there exists d > 0 such that

ab1b® < e(a+b) +d.

Moreover, for further ds,ds,ds > 0, it is possible to find positive de,cz and d such
that

a® 4+ b% 4 % > d(a+b+ )% —d.

Proof. The proof is based on manipulations of Young’s inequality and some details
are available in [5, Lemma 4.3] and [15, Lemma 3.3]. O

Remark 3.4. In view of its importance in the computations, we have to point out
that from the above Lemma 3.2, the parameter s can be chosen arbitrarily large only
when «, v € (O, %] (this is connected to Lemma 3.1). In particular, as it will be clear
later, in this interval the terms [, (u + 1)PF2m2=mi=1|y|2 [ (u+ 1)2*|Vo[>@~1),
Jo(u+ 1)Pr2ma=mi=11gy|2 and [, (u+1)*7|Vw|?"=Y, appearing in our reasoning
when dealing with the control of the functional defined in (2.5), can be controlled
by invoking either the Young or the Gagliardo—Nirenberg inequality.

4. A priori estimates and proof of the theorems.

4.1. The non-logistic case. In order to exploit the boundedness criterion (3.3),
let us analyze the behavior of functional defined in (2.5), with p, ¢, > 1 properly
large.

In the spirit of Remark 3.4, the first steps toward the uniform bound of fQ uP
will focus on controlling the evolution in time of the functional y(t) by employing
the Young inequality.

Lemma 4.1. If my,ms, mg € R comply with m; > max{2my — 1,2m3 — 1, "T_Q

or my > max{msg — %,mg — %, "T*Q} or my > max{2mz —1,mg — %, "T*Q} or my >
max{my — 1,2mz — 1, 22} whenever o,y € (0, 1], or my > max{2ms, 2ms, 2=2}
whenever o,y € (%,1), then there exist p,q,r > 1 such that (u,v,w) satisfies for

some ¢33, C34, 35,36 > 0 and for all t € (0, Tiax)

d
d ( [wsay+ [voprs | |Vw|2’”)
dt \ Ja Q Q
mi+p—1

+c33/ |V|Vv|q|2+cg4/ |V\va|2+c35/ V(u+ 1) 2 < oy, (41)
Q Q Q

Proof. Let p=q =r > 1 be sufficiently large; moreover, in view of Remark 3.4, if
necessary we are allowed to arbitrarily enlarge these parameters.

For estimates of the term % Jo(u+1)P, standard testing procedures provide for
all t € (0, Timax)

d

a4 (u-i—l)p:/p(u—l-l)p_lut

= p(p-1) / (ut 1) =3 a2 4 p(p— 1) / w(ut 1) =37 . vy
Q Q
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—p(p—1)€ /Q u(u+ 1) P73V - V. (42)

An application of the Young inequality to the second and the third integral in (4.2)
give on (0, Tinax) for €1, €2 > 0 and some positive ca, c3

p@—nx/uw+nmﬂ*VwVv
Q

< 61/(u+1)p+m1’3\Vu|2+02/(u+1)p+2m2’m1’1|Vv|2, (4.3)
Q Q
and

—pp—1)¢ [ u(u+1)™TP3Vy . Vw
Q

g62/(u+1)P+m1*3|vu|2+c?,/(u+1)p+2m3*m1*1\vw\2. (4.4)
Q Q

Case 1: o, 7 € (0, 1] and my > max{2my —1,2m3 — 1, 22} or my > max{my —

%,mg— L 2} or my > max{2ms — 1, mg—l —} or my > max{ms — 7,2m3—

n=2}, The Young inequality and bound (3.4) yield for all ¢ € (0, Tinax)

(p+2mo—mq—1)s

er [k prmem O < [0 e [0
Q

Q
(p+2mog—my—1)s

< e / (w4 1) P (4.5)
Q

with €3 > 0 and some positive ¢y, c5.
Let us now dedicate ourselves to the cases my > max{2mg — 1, 2} and mp >
mo — %7 respectively. From m; > 2msg — 1, we have w

every €4 > 0, Young’s inequality yields some cg > 0 entailing

(p+2mo—my —1)s
04/(u +1) =2 < 64/(u +1)P+c¢ on (0,Tmax), (4.6)
Q Q

with ¢4 > 0 and positive ¢g. Further, an application of the Gagliardo—Nirenberg
inequality and property (3.1) yield

(m1+p—1) 1
nmtp-1) (1_,)

< p, and for

0= 22 €(0,1)
n n(mi+p—1) e
1- g+ 2D
so giving for ¢7,cg > 0
2p
w1y ==
Q L= 1(9)

- 0 -1 mi(l 0)
<ol V+1)™ HLJ(?{ (OR8N
Lmitr—1(Q)
m + —_—
+orll(ut+ 1) IIm”’”
Lmitr—1(Q)

<08 /\Vu+1) = 1|2) tes  forall t € (0, Thna)-

Since k1 € (0,1) (see Lemma 3.2), for any positive €5 thanks to the Young inequality
we arrive for some positive cg > 0 at

/(u+1 P < 65/ IV(u+1)" " 2+ ¢y on (0, Tinax). (4.7)
Q
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Alternatively, we can treat the integral in the left hand side of (4.6) by applying
the Gagliardo—Nirenberg inequality and again bound (3.1), so having

Q

2s(pt+2mg—mq —1)

mitr—1 oy a1
= ||(U + 1) 2 | (25(;2;1(27;;—pm1>—1)
L G-miFr-1 (Q)
2s(p42my—m; —1) 5 oy ap1  28EH2ma—mi-1) o g
< exol] V(o 1) g T (g )P P O
Lmlﬂ’ mitr=T(Q)
+ ClOH(U + ) 1+p || 2??‘2?(77?14—7;1 1)1>
Lmﬁp L)
+ 1
<ci1 / |V . ‘2> + c11 for all t € (O,Tmax)7
with
mi+p—1 1— 5—2
2 (p+2ma—mi—1)s 5(p + 27’77,2 —mq — 1) — (S — 2)
0 = mi+p—1 1 1 and # = 2 94 2 ’
#+ﬁ—§ (5* )(m1+p* +5)

for some c19,c11 > 0. In particular 6; € (0,1), and from mq > mg — %, since s
can be arbitrarily enlarged, continuity arguments imply « € (0,1); in addition, the
Young inequality allows us to rephrase (4.6) as

(p+2mg—mj—1)s m
Q Q

with €5 > 0 and some positive c1s.
Treating in a similar way the second integral on the right-hand side of (4.4) and
exploiting bound (3.5) yield on (0, Tiax)

“P 4o on (0, Tmax),  (4.8)

(p+2mg—mj—1)s

03/(u+1)p+2m3—m1—1|vw|2 < 013/(U+1) s—2 + C14, (49)
Q Q

with positive cy3, c14.
Let us now turn our attention to the situation where m; > max{2ms — 2}

and m; > ms — %, respectively. In the same flavor as before, from m; > 2m3 -1,

we have % < p, and for every €7, eg > 0, the Young and the Gagliardo—

Nirenberg inequalities yield some c15,c16 > 0 entailing

(p+2mg—mq—1)s
03/(u+1) pifmg it §67/(u+1)p+015
Q Q

< 68/ IV (u+ 1)
Q

On the other hand, by exploiting the condition m; > ms — % again the Gagliardo—
Nirenberg inequality yields for all ¢ € (0, Tinax)

/( " 1)(p+2mg—;‘71171)s
U s—
Q

2s(p+2mg—mq—1)
1) = || G0 D
||(u+ ) ‘ 2s(p+2mgz—mq—1)
L (s=2)(m1+p—1) (Q)

~P24ecie on (0, Toax). (4.10)

mytp— 2s(p+2mg—mq —1) 25(p+2m37m171)(1792)

e Lt m —q ZSiPTEmMg T o)
< arl|V(u+ )iHLSQ"‘)“””P D (g 4 1) | e
Lm1+p—1 (Q)
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2s(pt+2mz—my—1)

ﬂ) L TG (mite-1 my+p—1 i
Ferrllus P CEED < o [ 90 e
Lm1+p T(Q) Q

with

mi+p—1 (1 _ 5_2 )

2 2msz—mi—1)s 2 o . 1 . _2
92: ’m1+p*1(pJr 1 : 1 = 6(071) and A= s(p+ ms — M ) (82 )v
R (s—2)(mi+p—2+2)

for some c17,c15 > 0, and with 6, % € (0,1). In this way, (4.10) becomes

03/(u+1)7@“m2i;’”‘“5 gq,/ V(u+ 1) 2+ e on (0, Tnax), (4.11)
Q Q

with eg > 0 and some positive ¢19. By plugging estimates (4.3) and (4.4) into rela-
tion (4.2), and by relying on bounds (4.5)-(4.7) and (4.9), (4.10) (or, alternatively
o (4.6) and (4.10), relations (4.8) and (4.11)), infer for appropriate € > 0 and
proper cop > 0 for all ¢ € (0, Tinax)

d Ap(p — 1) . / mite=l o
P < 2 .
dt (u—i—l) ( (m1+p—1)? T Q|V(u+1) P, (412)

where we also have taken into consideration

[ svap-
Q

V() 2 o0 (0, T (4.13)
(my+p—1)2 +p

Now, we treat the terms % [, |Vv|2‘1 and 4 [ |Vw|?" of the functional y(t) under
the assumption that m; > 2=2. As to the term 4 [ |Vv|??, reasoning similarly as
in [4, Lemma 5.3], we obtain for some ca1,ca2 > 0 for all t € (0, Tinax)

d
d7/ |VU\2q+q/ |Vo|2472| D?y)? §021/u2a\Vv|2q_2+022. (4.14)
t Jo ) Q

Moreover, Young’s inequality and bound (3.4) give for every arbitrary €1, €11, €12 >
0 and some C23,C24, C25, C26 > 0

(a=1)
021/ 2a|VU|2q 2 <€10/Up+623/ |V1)|2pq 2101)
Q Q
<€10/( +1)P +611/|VU| +024<€10/(U+1) + c25
Q
m1+p 1
<€12/ IV (u 12+ ca6 on (0, Tinax)- (4.15)

As to the term % Jo [Vw|*" of the functional y(t), with bound (3.5) in our hands,
through similar aforedescribed computations we obtain for all ¢ € (0, Tiax)

d
—/ \Vw\%—&—r/ |Vw|* 2| D?wl|? SCQ7/U27‘V1U‘QT72+628
dt Jo Q Q
2(r—1)
§€13/Up+829/ |V’LU| [ 27? <613/(u+1)p+614/ |V1U|S+030
Q Q Q Q

mi+p—
Selg/(u+l)p+031§el5/|V(u+1) 2
Q Q

L2
| +C32, (416)

with €13, €14, €15 > 0 and some co7, cag, C29, C30, €31, C32 > 0. Therefore, by inserting
relation (4.15) into (4.14) and adding (4.12) and (4.16), we have the claim for a
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proper choice of € and some positive cs3, ¢34, C35, C36, once relations (see [4, page
17])
e
VIVolt]? = L Vo9 |VuP ? = 2 Vel D20V
< @|Vu[*72|D%|? on (0, Thax), (4.17)

and

IV|Vw|"|? = %\Vw\%_ﬂV\Vw\QP = r?|Vw|* 4 D*wVuw|?
< P2 Vwl* 72| D*w* on (0, Tiax), (4.18)

are considered too.

Case 2: a,7 € (1,1) and m; > max{2ms, 2m3, =2}. According to Remark
3.4, since in this case s has a finite upper bound, a different approach to deal with
relations (4.5), (4.9), (4.15) and (4.16) has to be used. In particular, for & > 0 and
some ¢; > 0 we can estimate relation (4.5) on (0, Tmax) as follows:

(p+2mo—my —1)(p+1)

C2/(Wr1>’”+2””‘7"1‘1|VU|2 = E1/ [Vl +El/(u+1) C
Q Q Q

Now, if m1 > 2ma, then some p sufficiently large infers (p+2m27n;171)(p+1) < p, 80

that for any positive és, €3 and some ¢s, 3 > 0 we have

(p+2my—mi —1)(p+1)
El/(UH)p — 3€2/<u+1)p+@
Q Q

11 +p—1

se3/|v<u+1)” * P+ forallt € (0, Tinax),
Q

where in the last implication we used m; > "T*Q (as in the previous case). In a

n—2

—= we have for any positive €4, €5, € and

similar way, for m; > 2mg and m; >
some Cy4,Cs5,C¢ > 0

Q

(p+2mg—m; —1)(p+1)

S€4/ |vw|2(l7+1)+54/(u+1) P
Q Q
4/ |Vw|2(p+1)+€5/(u+1)p+65

Q Q

< 54/ |V 2P+ +€6/ V(u+1)"
Q Q
2p(p—1) 2p(p—1)
Let us focus on the integrals [, |Vl »2 and Jo IV 7. Since o,y < 1,
this implies that 22(_”7;;) <2(p+1) and 21;(_”7;{1) < 2(p + 1), and subsequently an
application of the Young inequality leads to

IA
o

+p—1
% >4+ c on (0, Tiax)-

023/ \VU|QZ(—Z);;) < 67/ |Vo2P*tD 4 &, for all t € (0, Thax),
Q Q

and

2p(p—1)
c29/ Vw| 55 < és/ (Vw>PH) £ & on (0, Tax),
Q Q
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with €;,és > 0 and some positive ¢7,¢s. By taking into account [12, Lemma 2.2]
and bounds (3.2), we get

/ |V 2D < 2(4p? —|—n)||v0||2Lm/ |Vo|?P72|D%v]?  for all t € (0, Tinax),
Q Q
and
/ VP < 2(4p + ) fwo |2 / Ve 2 D% on (0, Tonas);
Q Q

the rest of the proof is an evident adaptation of previous reasoning.
We conclude by observing that this lemma holds in each of the following cases:

> a € (0,1] and v € (£,1), whenever my > max{2ms — 1,2mg3, 22} or my >
max{my — 1,2ms, "= 2}
> ac(i,1)andye (O 1], whenever m; > max{2ms,2ms — 1, 22} or m; >
1 n—2

max{2mg, mz — -, "=} O

Let us now turn our attention to the case where, as mentioned before, the
Gagliardo—Nirenberg inequality is employed. In this case, we can derive information
also for a, v = 1; this is the reason why in Theorem 2.2 we distinguish the situations
where the value 1 does or does not belong to the interval in question.

Lemma 4.2. If my,mq,m3 € R and o,y > 0 are taken accordingly to (3.6), (3.7),
(3.8), then there exist p,q,r > 1 such that (u,v,w) satisfies a similar inequality as
n (4.1).

Proof. For s, p, ¢ and r taken according to Lemma 3.2 (in particular, p = ¢ =
r for a,y € (O,ﬂ, and ¢ = r = § for o,y € (%,1]), let 0,6',6,0, w1, i, i,
ai,az,as,ay4, (~117 (~12, (~137 EL4 and ﬂl, 62, Bl, Bg, Y1, ’?1, Y2, ’72 be therein defined.

With a view to Lemma 4.1, by manipulating relation (4.2) and focusing on the
inequalities (4.3), (4.4), (4.14) and on the first inequality in (4.16), a proper €; leads
for all ¢t € (0, Tinax) to

d
& (Larvrs [wos [1vupr) s [ [voprapne
dt \Ja Q Q Q
+1"/ |Vw|2r72|D2w\2
4p( / 7n1+p 1 2
< (- + V(u
B ( (m1+p—1)2 1 61) | |
+ ¢y / (u + 1)Pr2mz—mi=ligy|2 4 ch/ u| Vo212
Q Q
+c3 / (u + 1)Pr2ma=mi=ligy|? 4 627/ u? | Vw|* 2 4 c37, (4.19)
Q Q
for some c37 > 0 (we also used relation (4.13)). In this way, we can estimate the last

four integrals on the right-hand side of (4.19) by applying the Hélder inequality so
to have for all ¢ € (0, Tinax)

/<u+1)p+2m2—m1—1|v7j|2 < (/(u+1)<p+2m2—m1—1>9>9( |w|29’)9 , (4.20)
Q Q Q

/Q(UH)MWUFQ*2 < </Q(u+1)2w>i (/ | V|2~ 1>#> , (4.21)
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and for all ¢ € (0, Tinax)

! 5
/(u+1)P+2m3*m171|Vw|2S </(u+1)(P+2m3m11)5> 9(/ |vw|20’> ¢ ’ (422)
Q Q Q

1

/Q(u—i-1)2"’|Vw|2T_2 < (/Q(u—&—l)z”’ﬁ)é (/ Vo [20-DF ) " (4.23)

By invoking the Gagliardo—Nirenberg inequality and bound (3.1), we obtain for
some c3g, cz9 > 0

(/ (u+ 1)(p+2m2—m1—1)9> ¢
Q

1+p , 2(@F2my—m;—1)

= ) e e,
L my+p— (Q)
2(p+2mg—mq—1) m _ 2(p+2mg—my—1) 1—
e e P O S
L7n1+p—1(ﬂ)
g tp_1  2pF2mo—mi-1)
2

” m1+p—1

2
L m1+p—1 (Q)

miq+p—
§C39 (/ |V(U+l) 2
Q

and for some c4g,c41 > 0

1
(/ (u+ 1)(p+2m3m11)§> ¢
Q

Ltp—1 2(p+2m3—1n1—1)
:Mwmrggwﬂﬂx;;m
Lt (g

+ esgl|(u+1)

B
|2> + 39 on (0, Thmax), (4.24)

2(p+2mg—mq — 1)~

PP [OR )

2(p+2mg—mq—1) ~
| ey

mq+p—1
2 2
L mq+p—1 (Q)

< C40||V(U + ].)

2 2mg— —1
m1+p 1 (p+2mg—my —1)

+ caol|(w+1) [
Lm1+p—1(Q)
mitp-1 o B
<eca / [V(iu+1)" =2 | +cq1 forall ¢ € (0, Tiax)- (4.25)
Q

Moreover, we get for some c40,c43 > 0

1
H ml 71
(frren)” = sy i
Q Lm1+1’ 1(Q)
mitp as mi+p—1
T 1)

4
rtp—T (1—a3)

2
Lmitr=1(Q)

< e V(u+1)""

e
L mi1+p—1 (Q)

mi+p
< a3 (/ V(u+1)"
Q

+ ol (u+ 1)

L\ Be
|2> +caz on (0, Tmax),  (4.26)
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and for some cyq, cq5 > 0

1
N\ A my+p—1 — L
([r25) ===
Q Lmte= I(Q)

< ca||V(u+ 1)

m1+p 703 M W(l as)
1
||L2<Q -+ )=

|| m1+p 1

+ caq|[(u+ 1) W(Q)

mi+p—
S C45 </ ‘V(’Urf’l) 2
Q

In a similar way, we can again apply the Gagliardo—Nirenberg inequality and bound
(3.4) and get for some cqq,cq7 > 0

7 2
(Lrwee)” =t
Q (Q)

B2
12) +egs for all £€ (0, Tax). (4.27)

(1 a2) 2
q q q|la
< cua VIVl 2igy IVl 5o+ canl ol
Y1
s@n( |V|W|Q|2> +err on (0, T, (4.28)
Q
and for some cy4g,c49 > 0
1
, ma 2q 2(g—1)
( / w?@-”“) LAy
Q (Q)
< casl VIVl oty “ IVl 70 o)
C48 v L2 E (Q) C48 v 2 9)

2
< cag (/ |V|V7}|q2> +cyg forallt € (0, Tinax). (4.29)
Q

Finally, an application of the Gagliardo—Nirenberg inequality and bound (3.5) imply
for some c50,¢51 > 0

1
(/ |Vw|29) = IVl
Q Lr (Q)

< eaoll VIVl | 57y 1Vl 15 o) + esoll Vol I+ o
§651( Q|V|vw|7-|2>V +es1 on (0, Tonae), (4.30)
and for some c59,c53 > 0
L
([ 1wae5) " <150,
Q (Q)
< eIV IVl | agoy NIVl ) O + el Tull 7

72
<css < |V|Vw|r|2) +cs3 forallt € (0, Tmax). (4.31)
Q

By plugging (4.20), (4.21), (4.22) and (4.23) into (4.19) and taking into account
(4.24), (4.25), (4.28), (4.30), (4.26), (4.27), (4.29), (4.31), once inequalities (4.17)
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and (4.18) are considered we can derive for a positive suitable & the following
estimate, valid for certain csq4, cs55, Cs6, C57, Cs8, C59, C60, Co1 > 0 and all ¢ € (0, Tynax):

jt(/ ey [ vopr+ [ |Vw|2’“>

+mM/vamWww%/WVWw\F+Qw/WvU+n

o) (o)

1 71
|V(u+1) = I*)]  +ecsr (/ [V|Vo|? |2>

1+p12

_|_
o
&
—
4
<
_|_
C
:f
N
~
S—.
<
<
3
\_‘)

+
o
&
—
4
IS
+
=
¢
-
N
+
o
&
A/
S—.
<
<
<
=
[ V]
~—

/;1 71
+aan [ [9190l?)
Q
([ rwivwrr)

. B2 Y2
+ cgo < |V (u+1) = |2> + ¢c60 ( |V|Vw|r|2) + c61. (4.32)
Q

)
=r)
)
)1(/|V|Vw||2)l~
)
)

Since by Lemma 3.2 we have that 5, +m <1, Botve < 1, 51 +¥ < 1land Bg +92 < 1
and in particular 81,71, 52,72, B1,71, Ba, 72 € (0,1), we can treat the four integral
products and the remaining eight addenda of the right-hand side in a such way that
eventually they are absorbed by the three integral terms involving the gradients in
the left one. More exactly, to the products we apply the first inequality derived in
Lemma 3.3, and to the other terms Young’s inequality. In this way, the resulting

linear combination of the terms [, [V|Vv|?|?, [, |[V|Vw|"|[* and [, |V(u—|—1)m1451%1 |2
can be written as <% [, [V|Vv|9|> + <= [, |V|Vw|"]* + %8 [ [V(u+ )™ )2
which throughout relation (4.32) infers the claim. O

Remark 4.3. We observe that the argument of Lemma 4.2 can be applied to the
linear case my =my = mg = 1 only for a € (0, 2) and/or v € (0, 2).

‘n

4.2. The logistic case. For the logistic case we retrace part of the computations
above connected to the usage of the Young inequality only.

Lemma 4.4. If my,ma, m3 € R comply with m; > max{2my — 1,2mz — 1, =2}
or my > max{m2 - Lomg — 1 222} or my > max{2my — 1 o 2} or
mq > max{mg — = 2m3 1,2 2} or my > max{2ms — 3,2m3 — ﬁ, 2} or mp >

max{2mgy — 3, 2m3 - B} whenever a,v € (0, g], or my > max{2m2,2m3, nz} or
my > max{2ms + 1 — B,2mg3 + 1 — B} whenever o,y € (1,1), then there ewist
p,q,r > 1 such that (u,v,w) satisfies a similar inequality as in (4.1).
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Proof. As in Lemma 4.1, in view of inequalities (4.3) and (4.4) taking into account
(4.5) and (4.9), and the properties of the logistic h in (2.4), relation (4.2) now
becomes for some positive ¢3 and for all ¢ € (0, Tiax)

d
G [0 < o =1 +6) [ e v

+61/(u+1) +c2/(u+1)7(”2m‘2?5"“”5
Q Q

+ pky / (u+1)P — p,u/ (u+ 1P~ 4 és. (4.33)
Q Q

Applying the inequality (A + B)? < 2P~Y(AP + BP) with A, B > 0 and p > 1 to the
last integral in (4.33), implies that —u” < — o3t~ (u + 1)? + 1; therefore

- / (ur)" " < =P | (e P / (uA1)P " on (0, Tona)- (4.34)
Q Q Q

Henceforth, by taking into account the Young inequality, we have that for ¢ €
(Ovaax)

(p+2m2 S 1)s

pk+/(u+1)p S&l/(u+l)p_1+5—|—é4 and
Q Q

pﬂ/ (u+ 1P < 6y / (u+ 1P 4 G, (4.35)
Q 0

with 1,2 > 0 and some &4, ¢5 > 0.
Case 1: a,v € (0, 5] and my > max{2ms — 1,2ms — 1, 2} or my > max{ms —

Lmg— 1,222} or my > max{2my — 1, m?,fl 222} or my > max{ms — L, 2ms —
1,222} or my > max{2ms — ,2m3z — 3, ”n2} or my > max{2msy — 6,2m3 — B}
For my > max{2my — 1,2m3 — 1,2} or m; > max{m2 -1 m3 — 1 n=2} op

my > max{2ms — 1,m3 — %, "T_Q} or my > max{msg — E 2m3 -1, %= } we refer

to Lemma 4.1 and we take in mind inequalities (4.6), (4.7), (4.8), (4 9), (4.10) and
(4.11). Conversely, when m; > 2ms — § and my > 2ms — 3, we have that (recall s
may be arbitrary large) W <p—1+pand W <p—-1+28,
and by means of the Young inequality estimates (4.6) and (4.10) can alternatively

read
(P+2M2 ml 1)s p—1+8 ~
(u+1) = <d3 [ (u+1) + ¢ forallt € (0, Tinax), (4.36)
Q Q
and

& / (u+1) S <, / (1P 4 e on (0, Tma),  (4.37)
Q Q

with 03,04 > 0 and positive &, ¢7. By inserting estimates (4.34) and (4.35) into
relation (4.33), as well as taking into account (4.6) and (4.10) (or, alternatively to
(4.6) and (4.10), bound (4.36) and (4.37)), for suitable €, > 0 and some é; > 0 we

arrive at

oo (et [

+ (5 51) / (ut+ 17" 43 for all £ € (0, Tonas),
Q

where we used again relation (4.13). We can conclude reasoning exactly as in the
second part of the proof of Lemma 4.1, by exploiting m; > *—= 2 and by choosing
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suitable ¢, 5. On the other hand, by enlarging p, Young’s inequality allows us to
obtain the following alternative estimates

_ _ - 2(g—1)(p—1+8)
021/u2a|V1}\2q 2 §(55/ uP 1+B+08/ |Vo| " p=155—2a
Q Q Q

§55/Up_1+5+56/ |VU|S+69 on (OaTmax)a
Q Q
and

_ _ . 2(r=1)(p=145)
027/ u2’v|vw|2r 2 < 66/ uP 1+ +Cg/ ‘VU}‘ p—1+5—2~
Q Q Q

< 66/ uP~1th + (57/ |Vw|s + ¢ forallte (O,Tmax).
Q Q

Case 2: a,7 € (%,1) and mq, > max{2m2,2m3,"T’2} or mi; > max{2mg + 1 —
B,2mz+1— ﬁ}

For m; > max{2ma, 2ms, ”T_Q} we will refer to the second case of Lemma 4.1. Now,
if my > 2mo +1— 8 and m; > 2mg + 1 — 3, then some p sufficiently large infers to
(p”mr”;l*l)(pﬂ) <p—1+pand (p+2m3772171)(”+1) < p—1+ 8, so that for any
positive dg, dg and some ¢1¢, €11 > 0 we have

(p+2mg—my —1)(p+1)
“ / (U + 1) e Pl - = 68 / (u + 1)p—1+ﬂ + 510 on (05 Tmax)a
Q Q

and
(p+2mg—mq—1)(p+1)
Q/(u + 1)4+ D < b9 / (u+ 1)p_1+ﬂ +¢11 forall t € (0, Tinax)-
Q Q

Now, the integrals [, u**|Vo[*’~2 and [, u®’|[Vw[*’~2 can be treated as in Case 2
of Lemma 4.1 or alternatively, by exploiting «,v < 1, a different application of
Young’s inequalities leads on (0, Tinax) to

(p=1)(p=1+5)
021/ w2 355/ UZFHB"‘ES/ |VU|%
Q Q Q
< 85 / uP~ 1P 5 / |Vo|2PFD 4 s, (4.38)
Q Q
and
(=1 (p=1+6)
027/ u? | Vw|?P~2 356/ Up71+5+59/ \Vw|%
Q Q Q
356/ Up71+5+511/ [Vw* P + &3, (4.39)
Q Q

with d10, 011 > 0 and some positive ¢, ¢13. The remaining part of the proof follows
as Case 2 of Lemma 4.1 for the terms dealing with [, |[Vv[2®*D and [, [Vw[>®P+D.
As before, this result applies also for

> o€ (0, %] ,Y € (%, 1) and mq >max{2m2—1, ”7_2,21713} or my >max{2m2—
1, ”772,2m3+1 - B} or my > max{mg - %,ng, "T*Z} or my > max{mg -
%,ng +1-— ﬁ} or my > max{2mg — B3,2mg, ”772} or my > max{2mg -

B,2msz + 1 —,8,"7—:2} or myp > max{ng —B,2m3z +1 —B},
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> a€ (%, 1) ,7Y E (O, %] and mq >max{2m2,2m3—1, "772} or my > max{ng—i—

1—5,2m;;—1,"—72 } or mp > maX{ng,mg l ”—2} or mp > max{?mg—l—

n
1—-08,ms3— %} or myp > max{2m2,2m3 - B, %} or mp > max{?mg +1-—
572m3—6,"7_2} or m1>max{2m2+1—6,2m3—ﬁ}. O

As a by-product of what has now been obtained we are in a position to conclude.

4.3. Proof of Theorems 2.2 and 2.3.

Proof. Let (ug,vo,wp) € (WH>(Q))? with ug, v, wo > 0 on . For f and g as in
(2.3) and, respectively, for f, ¢ as in (2.3) and h as in (2.4), let @,y > 0 and let
my, me,m3 € R comply with Ay)—A;4), respectively, A17)—As). Then, we refer to
Lemmas 4.1 and 4.2, respectively, Lemma 4.4 and obtain for some C7,C5,C3,Cy > 0
and for all t € (0, Trax)

'(t) + Cy / IV (u+ 1)
Q

71|2+02/ |V|W|q|2+03/ IV|Vw|"|? < Cy. (4.40)
Q Q

Successively, the Gagliardo—Nirenberg inequality again makes that for some positive
constants cgo, Cg3, Cg4 We have on the one hand

/Q<u+1)p§062(/9|V(u+1)

(as already done in the inequality immediately before (4.7)), and on the other hand
on (0, Trax)

mq+p—1

|2) " tegr forallt € (0, Tay), (4.41)

29 — q||2 q||2x q|12(1—k2)
19 = V0110 ol V901N By 01702
+663H|vv|q||2l , (4.42)
La(Q
and similarly for all ¢ € (0, Tinax)

2r 2 12K 2(1—k3)
IVl = 1190l 12 0y < col 91Vl 5y 1P 2
T2
+ealTullR (1.43
with kg, k3 already defined in Lemma 3.2. Subsequently, the L*-bound of Vv in
(3.4) and of Vw in (3.5) infer some cg5, cgs > 0 such that

/|VU|2q < 065(/\V|Vv\q|2> : +ce5  on (0, Thax),
Q Q

and
/\Vw\% < ¢e6 /|V|Vw| 2 g forallte (0, Tona)-

At this stage, by using estimates (4.41), (4.42) and (4.43), with the aid of the second
inequality in Lemma 3.3, relation (4.40) entails positive constants cg7 and cgg, and
% =min{-1, X L3} such that

K1’ K2 K3
y'(t) < cor — cesy™(t) on (0, Tinax),
(0) = [o(uo +1)P + [, [Voo|?? + [, [Vwo|*".

Finally, ODE comparison principles imply u € L™ ((0, Tinax); LP(2)), and the con-
clusion is a consequence of the boundedness criterion in (3.3). O
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Remark 4.5. First we note that the conclusions IT) and III) in Remark 2.5 can

be
of

similarly justified by using reasonings given above and connected to the proof
Theorem 2.2. In particular, two issues are crucial: the regularity of Vv, Vw (see

Lemma 3.1) and the problematic integral term fQ uPt! which can be treated by
applying the Gagliardo—Nirenberg and Young’s inequalities for n = 1 without any
condition, and for n = 2 provided some restrictions hold.

As to the other cases, we can discuss the following scenarios:

e Ifa,y € [2,1) (A3)) we cannot apply Lemma 4.2 (see Remark 4.3). Moreover,
even Lemma 4.1 does not work; in fact, from it we would obtain that a,~ €
[2,1) for n =1 and a,y € [1,1) for n = 2, which is not possible. The same
contradictions appear for the cases o € [%, 1], v € [%, 1) (Ag)) or a € [%, 1),
0aS [%7 1] (A3)) and o,y € [%7 1] (A6))

e If a € (0,2], v € [2,1) (As)) or @ € [2,1), v € (0, 1] (Aj3)), even though
both Lemmas 4.1 and 4.2 are applicable, a further contradiction appears.

elfac (L 2) ye[21)(An)orac[2,1),y€(L,2)(A5)), and similarly
forae (1,2), y€[2,1] (A1n)) ora€[2,1],v€ (£, 2) (A16)), by reasoning
as in the previous cases we obtain a contradiction, characterized by the fact
that the intervals of o or v are empty.

Remark 4.6. Let us spend some words on the hints mentioned in Remark 2.6.

il

2

3

4

[5
(6

(7

> For the linear case m; = mo = mg = 1, a simple substitution ensures the
validity of Theorem 2.3 for § > 2 and a, vy € (0, 1); conversely, for a,y € (0, 1]
relations (4.38) and (4.39) are still applicable for g > 2 (item 1i)); for the
nonlinear case, the same reasoning can be carried out to show v), vi) and vii);

> For 8 = 2, in bound (4.33), the term associated to the logistic dampening
effect takes the form —pu fQ uPt1 so that for p large, the other positive con-
tributions proportional as well to fQ uPt! itself, can be absorbed. As to the
expressions for pu, relations in ii), iii) and iv) come from the related range of
«a and ~y; for § = 2 and the nonlinear case, a further largeness assumption on
@ is required (viii), ix) and x)).
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