
Journal of Symbolic Computation 138 (2027) 102605

Contents lists available at ScienceDirect

Journal of Symbolic Computation  

journal homepage: www.elsevier.com/locate/jsc

Solving parametric linear matrix inequalities

Simone Naldi a, Mohab Safey El Din b, Adrien Taylor c, 
Weijia Wang b

a Université de Limoges, CNRS, XLIM, Limoges, France
b Sorbonne Université, CNRS, LIP6, Paris, France
c Inria, École normale supérieure, PSL Research University, Paris, France

a r t i c l e i n f o a b s t r a c t 

Article history:
Received 30 January 2026
Received in revised form 21 June 2026
Accepted 24 June 2026
Available online 29 June 2026

Keywords:
Linear matrix inequality
Quantifier elimination
Optimization

We consider linear matrices A = A0 + x1 A1 + · · · + xn An , where 
the Ai ’s are m × m symmetric matrices with entries in a ring 
ℛ. When ℛ = ℝ, the feasibility problem consists in deciding 
whether the linear matrix inequality (LMI) A ⪰ 0 is feasible, i.e., 
the xi ’s can be instantiated to obtain a positive semi-definite 
matrix. When ℛ = ℚ[y1, . . . , yt ], the problem asks for a formula 
on the parameters y1, . . . , yt , which describes the values of the 
parameters for which the specialized LMI is feasible. This problem 
can be solved using general quantifier elimination algorithms, with 
a complexity that is exponential in n. In this work, we leverage the 
LMI structure of the problem to design an algorithm that computes 
a formula Φ describing a dense subset of the feasible region 
of parameters. The complexity of this algorithm is exponential 
in n,m and t but becomes polynomial in n when m and t are 
fixed. We apply the algorithm to a parametric sum-of-squares 
problem and to the convergence analyses of certain first-order 
optimization methods. Both problems are known to be equivalent 
to the feasibility of certain parametric LMIs and lead instances 
which are out of reach of the previous state of the art. We 
demonstrate that our implementations of our algorithm can tackle 
these problems in practice, already for small values of n,m and t.
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1. Introduction

Problem statement For a set ℰ and m ∈ℕ , we denote by 𝕊m(ℰ) the set of m ×m symmetric matrices 
with entries in ℰ . For n and t in ℕ , we consider sequences of variables x = (x1, . . . , xn) and parame
ters y = (y1, . . . , yt) and the ring R̃ =ℚ[y][x]. The set of polynomials in R̃ of degree at most 1 in x
is denoted by R̃≤1.

A matrix A = A0 + x1 A1 + · · · + xn An in 𝕊m(R̃≤1) is said to be a parametric linear matrix. For any 
y ∈ℝt , we denote by A y the matrix obtained by specializing the parameters y to y. The linear matrix 
inequality A y ⪰ 0 defines the spectrahedron spec(A y) ⊂ ℝn , i.e., the set of points x in ℝn such that 
A y(x) is positive semi-definite. It is well-known that spec(A y) is a convex semi-algebraic set, defined 
by gi(y, ·) ≥ 0, where gi ∈ R̃ is the coefficient of λi in det(A + λIm) (see, e.g., Henrion et al., 2016a, 
Sec. 5.2).

Problem 1 (Generic feasibility problem). Given a parametric linear matrix A ∈ 𝕊m(R̃≤1), compute a 
semi-algebraic formula Φ in ℚ[y], such that Φ defines a dense subset of the set of feasible pa
rameters 𝒫 := {y ∈ℝt | ∃x ∈ℝn : A(y, x) ⪰ 0}.

The problem is a natural generalization of the decisional feasibility problem for LMIs. Indeed, once 
the semi-algebraic formula Φ is computed, one can decide whether a generically chosen parameter y
is in 𝒫 by checking whether Φ(y) is true.

Example 1. Let y = a,b, c and x = x. For the parametric linear matrix

A =
[︃

ax + b x + c
x + c 1

]︃
,

the algorithm presented in this paper establishes that 𝒫 = {(a,b, c) ∈ℝ3 | a2 + 4b − 4ac ≥ 0}, so that 
the formula Φ(a,b, c) := a2 + 4b − 4ac > 0 defines a dense subset of 𝒫 .

Prior works From an algorithmic viewpoint, methods for solving LMIs split into two main families: 
numerical methods and symbolic methods. Numerical semi-definite programming (SDP) solvers are 
highly effective in practice and, under fixed-precision and standard arithmetic models, exhibit poly
nomial complexity behavior in the input size (see, e.g., Boyd and Vandenberghe, 2004). However, they 
return approximate solutions and are not designed to output exact semi-algebraic descriptions in the 
parametric setting.

Symbolic methods, in contrast, target exact formulas and solutions. Eliminating the existential 
quantifier in the definition of 𝒫 , or equivalently, in the formula

∃x ∈ℝn : g0(y, x) ≥ 0 ∧ · · · ∧ gm(y, x) ≥ 0,

falls within the scope of quantifier elimination (QE) for the first-order theory of the reals, a prob
lem known to be decidable since Tarski’s work Tarski (1951). However, Tarski’s original algorithm 
has a complexity that is not elementary recursive. A major practical milestone was achieved by 
Collins’ cylindrical algebraic decomposition (CAD) algorithm (Collins, 1975), which achieves doubly 
exponential complexity in the total number of unknowns. Despite this improvement, the worst-case 
complexity remains prohibitively high, limiting the practical applicability of such general-purpose QE 
methods to medium-size parametric LMIs.

It should be noted that, here, we have a quantifier elimination problem with a single block of vari
ables to eliminate. The idea to exploit such a block structure to improve the complexity of quantifier 
elimination originates from Grigor’ev (1988) and culminates in the work (Basu et al., 1996) (see Basu 
et al., 2016, Sec. 14.6 for more bibliographic notes). This yields algorithms which are doubly exponen
tial in the number of alternates of quantifiers and exponential in the total number of unknowns. Still, 
putting into practice such algorithms is an open problem. A weakened variant for one-block quantifier 
elimination is proposed in Le and Safey El Din (2021) (see also Hong and Safey El Din, 2012 and Hong 
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Table 1
Method families for solving LMIs.

Family Representative methods Typical guarantees Relevance for Problem 1
Numerical SDP solvers Interior point method 

(Boyd and Vandenberghe, 
2004)

Approximate feasibility 
certificates; 
polynomial-time behavior 
under fixed precision

Fast on large instances, but 
no exact semi-algebraic 
formula output

General-purpose QE methods CAD (Collins, 1975) Exact formulas, doubly 
exponential worst-case 
complexity in n + t

Applicable in principle, often 
intractable on medium-size 
instances

General-purpose QE methods Critical point 
method (Basu et al., 1996)

Exact formulas, worst-case 
complexity in n and t

Applicable in principle, often 
intractable on medium-size 
instances

Symbolic LMI solvers Dedicated critical point 
method (Henrion et al., 
2016a, 2021; Le and Safey 
El Din, 2021)

Exact certificates using 
determinantal structure

Targeted for LMIs, with better 
complexity than general QE 
methods

and Safey El Din, 2009) but is restricted to systems of polynomial equations which enjoy regularity 
properties and do not involve inequalities.

To overcome these limitations, we aim to exploit the specific structure of LMIs. Our study goes 
back to Henrion et al. (2016a) which yields an exact algorithm for solving linear matrix inequalities, 
combining its principles with those of Le and Safey El Din (2021). Table 1 summarizes the landscape.

Contributions Our contributions are organized in two parts.

Part I (generic inputs). We first solve Problem 1 under genericity assumptions on the input para
metric linear matrix A. 
Our genericity assumptions concern the coefficients of the entries of A and define non-empty Zariski 
open subsets of the coefficient space. Hence, a generic small perturbation of coefficients (i.e. the co
efficients do not cancel some prescribed polynomial) places the input in the generic regime. These 
genericity assumptions are made precise in Proposition 7.

The algorithm can be seen as a generalization of the results in Henrion et al. (2016a) to the para
metric setting. It first computes a finite set of polynomial systems ( f i)i in R̃[u,𝝀], where u and 𝝀
are auxiliary variables, inspired by the subroutines in Henrion et al. (2016a), used to solve exactly 
linear matrix inequalities. The specifics of this finite set of polynomial systems will be clarified in 
Sections 2.3 and 3.2. As A is chosen generically, the polynomial systems ( f i)i satisfy the following 
specialization property, which we prove (see Proposition 7). 
For generic values of the parameters y ∈ ℝt , each f i(y, ·) = 0 has a finite number of complex solu
tions, and the non-emptiness of spec(A y) is determined by the existence of at least one solution to a 
certain f i(y, ·) = 0 ∧ g(y, ·) ≥ 0 where g = (g0, . . . , gm) are defined above. 
To extract the formula Φ characterizing this condition, the algorithm applies to each relation f i =
0 ∧ g ≥ 0 the real root counting method described in Gaillard and Safey El Din (2024), based on 
Hermite’s quadratic form Hermite (1856).

Input
Parametric LMI 

Output
Feasibility formulas 

0-dim systems in ℚ(y)[x, u,𝝀]

Q.E.

Parametric
SolveLMI 

Real root
Classification 
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The algorithm works on Example 1 as follows. By definition, we have

g0 = −x2 + ax − 2cx + b − c2,

g1 = 1 + b + ax,

which are the coefficients of degree 0 and 1 in the characteristic polynomial of A, respectively. 
The procedure in Henrion et al. (2016a) yields the following system f = ( f1, f2, f3, f4, f5, f6). 
For a detailed computation of f , see Example 2.

f1 = ax + b + cu2,1 + xu2,1,

f2 = c + x + u2,1,

f3 = u1,1 − 1,

f4 = aλ1 + u2,1λ1 + λ2 − 1,

f5 = λ3,

f6 = cλ1 + xλ1 + λ2.

(1)

Then, the real root classification method in Gaillard and Safey El Din (2024) on f = 0 ∧ g ≥ 0
concludes that Φ(a,b, c) holds if and only if the following matrix is positive definite:

H =
[︃

2 a − 2c
a − 2c a2 − 4ac + 2b + 2c2

]︃
.

As the minors of H are 2 and det(H) = a2 + 4b − 4ac, Sylvester’s criterion then yields Φ(a,b, c) :=
a2 + 4b − 4ac > 0.

Note that for an input f i , the algorithm in Gaillard and Safey El Din (2024) is based on Gröbner 
bases computations, and, consequently, extra genericity assumptions on the input are required to 
control the complexity.

By contrast, in this generic part, the ideal generated by the input f i turns out to be ``generically 
radical'' (i.e. it is radical in ℚ(y)[x, u,𝝀]), but does not satisfy the genericity assumptions used in 
Gaillard and Safey El Din (2024), because of the special structure of the f i ’s. 
Still, we show how to control the complexity in this case, replacing Gröbner bases computations with 
the computation of parametric geometric resolutions (Schost, 2003) of the input f i . 
Singular instances may remain outside our genericity assumptions; this motivates the second part 
below.

Part II (degenerate inputs). We remove genericity assumptions by infinitesimal deformation: we 
perturb A into a ``nearby'' generic instance (through a symbolic deformation), solve the perturbed 
problem, and recover boundary information by letting the perturbation parameter tend to zero. This 
infinitesimal-deformation paradigm is standard in effective real algebraic geometry (see, e.g., Grigor’ev 
and Vorobjov, 1988; Heintz et al., 1990; Basu et al., 1996).

Theorem 1. There exists an algorithm which, given a parametric linear matrix A ∈ 𝕊m(R̃≤1) of any fixed 
maximum total degree d as input, outputs a semi-algebraic formula Φ in ℚ[y] that solves Problem 1 for the 
input A, in

2O (mt)nO (1)(md)O (t)(δ⋆Δ⋆)O (t) (2)

arithmetic operations in ℚ, where

δ⋆ ∈ nO (m2) and Δ⋆ ∈ eO (m2 log m)nO (1)dO (m2+t)t O (1).
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Observe that for fixed m and t , the above complexity is polynomial in d and n, which is useful for 
the applications we have in mind (see below).

To obtain this result, we rely on techniques, based on the critical point method for quantifier 
elimination, introduced in Le and Safey El Din (2021). These are restricted to the case of systems of 
polynomial constraints involving equations only. We use reductions to such a situation introduced in 
Henrion et al. (2016a), but extending them to the parametric setting. As already sketched above, we 
are then bound to real root classification problems, which we solve by combining Hermite’s quadratic 
forms as in Gaillard and Safey El Din (2024). However, the techniques used in Gaillard and Safey El 
Din (2024) to control the complexity do not apply to our situation anymore because of the specific 
structure of the f i ’s. Instead, we show how to leverage this specific structure to obtain degree bounds 
on algebraic sets defined by the f i ’s (the quantities δ⋆ and Δ⋆ are maxima of these bounds), so that 
one can control adequately the cost of the calls to the parametric geometric resolution algorithm 
(Schost, 2003) in replacement of Gröbner bases in the real root classification algorithm.

Next, we show how to remove the genericity assumptions on the input parametric linear ma
trix A. Our approach relies on a deformation technique, introduced in Henrion et al. (2021) for the 
non-parametric setting: we perturb A into a generic parametric linear matrix, solve the perturbed 
instance, and then recover boundary information by letting the perturbation tend to zero. 
While (Henrion et al., 2021) focuses on the related task of minimizing a linear functional over a 
spectrahedron, we show that the same ideas can be adapted to decide the emptiness of the spectra
hedron, in both the non-parametric and parametric cases. As a result, we obtain an algorithm that 
solves Problem 1 for arbitrary input parametric linear matrix A, with the same asymptotic arithmetic 
complexity as in Theorem 1.

We focus on parameter-dependent LMIs of moderate matrix size and number of parameters, for 
which symbolic computation is realistic and practically useful. A key practical point is that the reduc
tion phase ends with zero-dimensional systems. For practical experiments, we rely on optimized low 
level implementations for solving zero-dimensional systems of polynomial equations through Gröbner 
bases computations such as Berthomieu et al. (2021), since we are not aware on similar implementa
tions for parametric geometric resolutions. Note that, in this setting, Gröbner basis routines are often 
effective, with costs polynomial in some Bézout-type bound. For the complexity proof, we still rely on 
geometric resolutions because they provide tighter specialization control in our structured families.

Finally, we report on implementation details and practical experiments of our algorithm, demon
strating that our approach allows us to solve instances of problems which were out of reach to 
previous algorithms (even for moderate values of n,m and t). Tests include topical examples of para
metric LMIs which are used to encode convergence properties of first-order optimization algorithms 
(Drori and Teboulle, 2014; Taylor et al., 2017a,b). This yields a new application area in computer 
algebra. As a matter of fact, these parametric LMIs appear to have a moderate size m and number 
of parameters t which justify our approach. These experiments show that our algorithm is able to 
tackle such problems which are out of reach of the state-of-the-art implementations of real quantifier 
elimination in Maple (Chen and Moreno Maza, 2016) and Wolfram (Strzeboński, 2006): in particular, 
the instances GRD14, GRD23 and DRS43 are representative examples where our approach succeeds 
while generic QE is intractable. For more details and comparisons, we refer the reader to Section 9.

Relation to the ISSAC 2025 paper (Naldi et al., 2025) This paper is an extended version of our earlier work 
(Naldi et al., 2025), published in the proceedings of ISSAC 2025. Theorem 1 is a strict generalization 
of the ISSAC result: it keeps the same asymptotic complexity while extending correctness from the 
generic case to degenerate inputs. This extension is important for automated convergence analysis of 
optimization schemes, where singular parameter configurations can naturally appear. We also report 
practical results from a new implementation in Julia and describe, in full detail, the techniques that 
enabled us to solve examples that were previously out of reach in Naldi et al. (2025). (See Table 2.)

Plan of the paper Section 2 presents the basic notions of determinantal and incidence varieties which 
are used to define the f i ’s. Section 3 presents the algorithm in Henrion et al. (2016a, Sec. 3.3) for 
solving generic LMIs. Section 4 describes our algorithm for solving generic parametric LMIs, whose 
correctness is proven in Section 5, and whose complexity is analyzed in Section 6. Section 7 presents 
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Table 2
Positioning with respect to the ISSAC 2025 version.

Feature ISSAC 2025 (Naldi et al., 2025) This paper 
Assumptions on inputs Generic only Arbitrary 
Degeneracy handling Not covered Deformation-based 
Relevance for convergence analysis of LMIs Limited to regular instances Covers singular instances 
Implementation Maple Julia 
Experiments Limited Expanded, with more instances resolved 

our approach to handle non-generic inputs. Section 8 discusses implementation details of our algo
rithm. Section 9 reports on practical experiments.

2. Preliminaries

Throughout the paper, we denote by R̃ =ℚ[y][x], and R =ℚ[x], as a special case of R̃ with t = 0.

2.1. Basic notions

Critical points Let 𝒱 ⊂ ℂn be a smooth and equidimensional algebraic set, and ϕ : ℂn → ℂi be a 
regular map, with i ∈ ⟦1,n⟧ (where ⟦1,n⟧ := {1, . . . ,n}). We denote by crit(ϕ,𝒱) the set of critical 
points of the restriction of ϕ to 𝒱 , i.e., the points where the Jacobian matrix jac( f , ϕ) of ( f , ϕ) has 
rank ≤ n − dim(𝒱), where f ⊂ R is a polynomial system generating the ideal I(𝒱) associated with 𝒱
(see, e.g., Safey El Din and Schost (2003, Sec. 3.1)).

Properness Let E be a topological space, 𝒱 ⊂ En , and ϕ : 𝒱 ↦→ ℂi be a map, with i ∈ ⟦1,n⟧. We say 
that ϕ is proper if for all y ∈ ϕ(𝒱), there exists a Euclidean closed neighborhood 𝒪y of y such that 
ϕ−1(𝒪) is Euclidean closed and bounded, where 𝒪 denotes the closure of 𝒪.

Change of variables Let F be a field of characteristic 0, and M ∈ GLn(ℚ) be an invertible matrix. For 
any polynomial p ∈ F [x], we denote by pM the polynomial satisfying pM (x) = p(Mx). Analogously, for 
any set ℰ ⊂ F n , we denote by ℰM := {M−1x | x ∈ ℰ}.

Projections Let 𝒱 be an algebraic set of ℂt+n defined by a polynomial system in R̃ . We write πx(𝒱) ⊂
ℂn for the image of 𝒱 under the projection onto the x-coordinates, and similarly πy(𝒱) ⊂ℂt for the 
projection onto the y-coordinates. More generally, for each i ∈ ⟦1,n⟧, we denote by πxi (𝒱) ⊂ ℂ the 
projection of 𝒱 onto the coordinate xi , and by πi(𝒱) ⊂ ℂi the projection of 𝒱 onto the first i x
coordinates x[1,i] := x1, . . . , xi .

2.2. Regularity and auxiliary results

Let 𝒱 be a locally closed set of ℂn . We say that 𝒱 satisfies P (resp. P(d)) if the Zariski closure of 
𝒱 is either empty or smooth and equidimensional (resp. of dimension d).

We say that a polynomial system f ⊂ R̃ satisfies assumption A (resp. A(d)) if f generates a radical 
ideal, whose associated algebraic set V ( f ) satisfies P (resp. P(d)).

The following lemma then serves as an equidimensional version of the Theorem on the Dimension 
of Fibres (Shafarevich and Reid, 1994, Th. 1.25).

Lemma 2. Let f ⊂ ℚ[y, x] be a finite set of polynomials satisfying A(d), with d ≥ t. Denote by d′ = d − t. 
Then, there exists a non-empty Zariski open set 𝒴 ⊂ ℂt such that for all y ∈ 𝒴 , the specialization f (y, ·)
satisfies A(d′).

Proof. If V ( f ) is empty, it generates the ideal ⟨1⟩, as does f (y, ·) for all y ∈ ℂt , and the lemma 
holds. We assume now V ( f ) ≠ ∅.
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If πy(V ( f )) is contained in a proper Zariski closed subset of ℂt , we take 𝒴 to be the complement 
of this subset. Then, for all y ∈ 𝒴 , V ( f (y, ·)) is empty, so the lemma also holds trivially.

Hence, assume that πy(V ( f )) is Zariski dense in ℂt . By the Theorem on the Dimension of Fibres 
(Shafarevich and Reid, 1994, Th. 1.25), there exists a non-empty Zariski open set 𝒴 ′ of ℂt such that 
for all y ∈ 𝒴 ′ , π−1

y (y) ∩ V ( f ) is an algebraic set of dimension d′ .
Since f satisfies A(d), crit(πy, V ( f )) is defined by the vanishing of f and the (n − d′)-minors 

of jac( f ,πy) (Safey El Din and Schost, 2017, Lem. A.2). By Sard’s theorem (Safey El Din and Schost, 
2017, Prop. B.2), πy(crit(πy, V ( f ))) is contained in a proper Zariski closed subset Z ⊂ ℂt . Let 𝒴 =
(ℂt \ Z)∩𝒴 ′ . Then, for all y ∈𝒴 , x ∈ πx(π

−1
y (y)∩ V ( f )), jac( f )(y, x) has rank n −d′ . By the Jacobian 

criterion (Eisenbud, 2013, Th. 16.19), f (y, ·) satisfies A(d′). □
2.3. Determinantal and incidence varieties

Let A ∈ 𝕊m(R̃≤1) be a parametric linear matrix, and r ∈ ⟦0,m − 1⟧. The determinantal variety 
𝒟r ⊂ℂt+n of A of rank r is defined as

𝒟r := {(y, x) ∈ℂt+n | rank(A(y, x)) ≤ r}.
A desingularization of 𝒟r in the sense of Room-Kempf (Bank et al., 2010) is given as follows: 

let U = (ui, j)i∈⟦1,m⟧, j∈⟦1,m−r⟧ be a matrix of variables. For all ι ⊂ ⟦1,m⟧ with |ι| = m − r, define the 
incidence variety 𝒱r,ι ⊂ℂt+n+m(m−r) of A as

𝒱r,ι := {(y, x, u) ∈ ℂt+n+m(m−r) | A(y, x) · U = 0, U ι = Idm−r},
where U ι is formed by the rows of U indexed by ι.

Following (Henrion et al., 2016a, Lem. 3.2), we construct a defining system f r,ι ⊂ R̃[u] for 𝒱r,ι as 
follows: let G = (gi, j)i∈⟦1,m⟧, j∈⟦1,m−r⟧ the matrix obtained by substituting the entries of U ι = Idm−r

into A · U , so that G is independent of ui, j ’s for i ∈ ι. Then, f r,ι is defined by the polynomials in 
(gi, j)i≥ j and U ι − Idm−r .

Example 2. For the parametric linear matrix A in Example 1, we have r = 1, U = (u1,1, u2,1)
T , and 

ι = {1}, so that

G = A · U =
[︃

axu1,1 + bu1,1 + cu2,1 + xu2,1
cu1,1 + xu1,1 + u2,1

]︃
.

Imposing U ι = Idm−r yields u1,1 = 1. After substituting this into G , we obtain f r,ι = (ax + b +
cu2,1 + xu2,1, c + x + u2,1, u1,1 − 1), which corresponds to the first three polynomials appearing in 
Equation (1).

For the last three polynomials, we refer the reader to the continuation of this example in Sec
tion 3.2.

Properties of determinantal and incidence varieties The dimension of 𝒟r and its fibers 𝒟r(y, ·) are clas
sical results.

Theorem 3 (Anjos and Lasserre, 2011, Prop. 3.2). For all d ∈ ℕ , there exists a non-empty Zariski open set 
𝒜d ⊂ 𝕊m(ℂ[y]≤d[x]≤1) such that for all A ∈𝒜d ∩𝕊m(ℚ[y]≤d[x]≤1) and r ∈ ⟦0,m − 1⟧,

1. 𝒟r is empty or of dimension t + n − (︁m−r+1
2 

)︁
;

2. In the case where t ≥ 1, there exists a non-empty Zariski open set 𝒴A ⊂ℂt such that for all y ∈ 𝒴A ∩ℝt , 
𝒟r(y, ·) is either empty or of dimension n − (︁m−r+1

2 
)︁
.

The dimension of 𝒱r,ι and its fibers 𝒱r,ι(y, ·), as well as their regularity, are given by the following 
lemma, which is a generalization of Henrion et al. (2016a, Prop. 3.4). Its proof is given in Section 5.
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Lemma 4. For all d ∈ ℕ , there exists a non-empty Zariski open set 𝒜d ⊂ 𝕊m(ℂ[y]≤d[x]≤1) such that for all 
A ∈𝒜d ∩𝕊m(ℚ[y]≤d[x]≤1), r ∈ ⟦0,m − 1⟧, ι ⊂ ⟦1,m⟧ with |ι| = m − r,

1. f r,ι satisfies P(t + n − (︁m−r+1
2 

)︁
);

2. when t ≥ 1, there exists a non-empty Zariski open set 𝒴A ⊂ ℂt such that for all y ∈ 𝒴A ∩ ℝt , f r,ι(y, ·)
satisfies P(n − (︁m−r+1

2 
)︁
).

3. Algorithms for LMIs

3.1. Principles

Let A ∈ 𝕊m(R≤1) (recall that R = ℚ[x]). Algorithm from Henrion et al. (2016a, Sec. 3.3) allows to 
decide whether the LMI A ⪰ 0 is feasible. For the ease of the reader, we recall in the following Henrion 
et al. (2016a, Th. 1.2), which leverages the relation between the boundary structure of 𝒮 := spec(A)

and the rank stratification of A:
Let A ∈ 𝕊m(R≤1) be a linear matrix, rmin = minx∈𝒮 rank(A(x)), and suppose that the boundary of 𝒮 is 

non-empty, i.e., ∂𝒮 ≠ ∅. Let 𝒞 be a connected component of 𝒟rmin ∩ℝn such that 𝒞 ∩ 𝒮 ≠ ∅. Then 𝒞 ⊂ 𝒮 .
Consequently, solving the LMI A ⪰ 0 boils down to:

1. Pick x ∈ℚn , and decide if x ∈ 𝒮 \ ∂𝒮 . If yes, return true;
2. Otherwise, 𝒮 ≠ ℝn , so that 𝒮 ≠ ∅ if and only if ∂𝒮 ≠ ∅. We compute at least one point per 

connected component of 𝒟r ∩ℝn , for all r ∈ ⟦0,m − 1⟧, and then decide if the points intersect 𝒮 . 
If yes, return true, otherwise return false.

3.2. Critical point methods

For all i ∈ ⟦1,n⟧, recall that πi : ℂn → ℂi denotes the coordinate projection x ↦→ x[1,i] :=
(x1, . . . , xi). By a slight abuse of notation, we also set π0 : x ↦→ •. We start by recalling (Safey El 
Din and Schost, 2003, Th. 2). Let f ⊂ R and 𝒱 = V ( f ).

Assume that f satisfies A(d). There exists a non-empty Zariski open set ℳ ⊂ GLn(ℂ) such that for all 
M ∈ℳ∩ GLn(ℚ),

1. The restriction of πi−1 to crit(πi,𝒱M) is proper;
2. For all i ∈ ⟦1,d + 1⟧, crit(πi,𝒱M) satisfies P(i − 1);
3. For all τ = (τ1, . . . , τd) ∈ℝd, the set

d+1⋃︂
i=1 

(crit(πi,𝒱M) ∩ π−1
i−1(τ[1,i−1]))

is finite and meets all the connected components of 𝒱M ∩ℝn .

We use (Elliott et al., 2023, Sec. 5.2) to derive Lagrange polynomial systems defining the sets of 
critical points crit(πi, V ( f M)).

Lemma 5 (Elliott et al., 2023, Sec. 5.2). Assume that f satisfies A(d). There exists a non-empty Zariski open set 
ℳ⊂ GLn(ℂ) such that for all M ∈ℳ∩ GLn(ℚ), it holds that

4. There exists a non-empty Zariski open set 𝒯M ⊂ℂn such that for all τ ∈ 𝒯M ∩ℚn, i ∈ ⟦1,d + 1⟧,

crit(πi, V ( f M)) ∩ π−1
i−1(τ[1,i−1]) = πx(Lag( f M(τ[1,i−1], ·))),

where Lag( f ) = f ∪ (𝝀T jac( f ) − (1,0, . . . ,0)) is the Lagrange system associated with f , with 𝝀 a vector 
of variables.

8 
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We denote by PolarVarieties an algorithm which takes as input polynomials f = ( f1, . . . , f s) and 
returns the Lagrange systems defined in Lemma 5. Under the assumptions of Safey El Din and Schost 
(2003, Th. 2), their solutions meet all connected components of V ( f ) ∩ℝn .

Example 2 (continued). After obtaining f r,ι = (ax+b+cu2,1 +xu2,1, c+x+u2,1, u1,1 −1) with variables 
(x, u1,1, u2,1), we have 𝝀 = (λ1, λ2, λ3), and

jac( f r,ι) =
⎡
⎣a + u2,1 0 x + c

1 0 1
0 1 0

⎤
⎦ .

Hence, 𝝀T jac( f r,ι) − (1,0, . . . ,0) = (aλ1 + u2,1λ1 + λ2 − 1, λ3, cλ1 + xλ1 + λ2), which corresponds 
to the last three polynomials appearing in Equation (1).

3.3. Bridging the regularity gap

Let A ∈ 𝕊m(R≤1) be a linear matrix. As 𝒟r is not smooth in general, we cannot apply PolarVa

rieties directly to its defining system, but only to its desingularizations 𝒱r,ι , where ι ⊂ ⟦1,m⟧ with 
|ι| = m − r.

To compute at least one point per connected component of 𝒟r ∩ℝn outside 𝒟r−1, Henrion et al. 
(2016a, Prop. 3.5, 3.6) show that it suffices to compute critical points on the incidence varieties 𝒱r,ι , 
or the points given by the Lagrange systems of f r,ι . We restate the result as follows:

Proposition 6 (Henrion et al., 2016a, Prop. 3.5 and 3.6). Assume that 𝒱r,ι satisfies P(n − (︁m−r+1
2 

)︁
). Then, there 

exists a non-empty Zariski open set ℳ ⊂ GLn(ℂ) such that for all M ∈ ℳ ∩ GLn(ℚ), for any connected 
component 𝒞 ⊂𝒟r ∩ℝn, the following holds:

1. For all i ∈ ⟦1,d⟧, πi(𝒞M) is Euclidean closed; furthermore, for all τ ∈ℝ lying on the boundary of π1(𝒞M), 
π−1

1 (τ ) ∩ 𝒞M is finite.

2. Let τ in the boundary of π1(𝒞M). Then, for all x ∈ π−1
1 (τ ) ∩ 𝒞M such that x ∈ 𝒟M

r \ 𝒟M
r−1 , there exists 

u ∈ℝm(m−r) , ι ⊂ ⟦1,m⟧ with |ι| = m − r, such that (x, u) ∈ crit(π1,𝒱M
r,ι).

3. The saturation of the ideal generated by Lag( f M
r,ι) by an ideal associated with 𝒟M

r−1 is radical, and the 
locally closed set ℰM

r,ι := V (Lag( f M
r,ι)) ∩ π−1

x (𝒟M
r \𝒟M

r−1) satisfies P(
(︁m−r

2 
)︁
).

4. πx(ℰM
r,ι) is either empty or finite.

5. Let (x, u) ∈ crit(π1,𝒱M
r,ι) such that x ∈ 𝒟M

r \ 𝒟M
r−1 . Then, there exists λ ∈ ℝm(m−r)+(m−r+1

2 ) such that 
(x, u, λ) ∈ ℰM

r,ι .

We denote by RealDet an algorithm which takes as input A ∈ 𝕊m(R≤1), generates for all r ∈
⟦0,m − 1⟧ and ι ⊂ ⟦1,m⟧ with |ι| = m − r the systems f r,ι describing the aforementioned incidence 
varieties and returns ( f r,ι,i)i∈⟦1,d+1⟧ , the output of PolarVarieties, when called on these systems 
with their associated rank r, with extra polynomials for the saturation of rank defects. The algorithm 
therefore consists purely of ring operations over R .

The routine PSDMatrixCond simply takes as input A and returns the coefficients of det(A + λIm)

in R (where λ is a new variable).
Finally, the algorithm SolveLMI takes as input A ∈ 𝕊m(R≤1) and calls RealDet and PSDMatrix

Cond, to decide the existence of solutions to the systems returned by RealDet outside the appropriate 
determinantal varieties 𝒟r−1 and which make non-negative the polynomials output from PSDMatrix

Cond.

9 
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4. Algorithms for parametric LMIs

4.1. Principles

We consider now a parametric linear matrix A ∈ 𝕊m(R̃≤1) (recall that R̃ = ℚ[y][x]). We have 
remarked that all operations performed by RealDet are ring operations over the coefficients of the 
entries of A. Hence, it can be used with entries in R̃ . Hence, it returns a set of polynomial systems 
F in R̃[u,𝝀], which, specialized at any parameter y ∈ ℚt , gives us the same result if we pass the 
linear matrix A(y, ·) ∈𝕊m(R≤1) to the algorithm. Furthermore, we have the expected properties for a 
generic choice of y, as stated in the following proposition.

Proposition 7. For all d ∈ℕ , there exists a non-empty Zariski open set 𝒜d ⊂ 𝕊m(ℂ[y]≤d[x]≤1) such that for 
all A ∈ 𝒜d ∩ 𝕊m(ℚ[y]≤d[x]≤1), there exists a non-empty Zariski open set ℳA ⊂ GLn(ℂ) such that for all 
M ∈ ℳA ∩ GLn(ℚ), there exists a non-empty Zariski open set 𝒯A,M ⊂ ℂn such that for all τ ∈ 𝒯A,M ∩ℚn, 
there exists a non-empty Zariski open set 𝒴A,M,τ ⊂ ℂt such that for all y ∈ 𝒴A,M,τ ∩ ℝt , r ∈ ⟦0,m − 1⟧, 
ι ⊂ ⟦1,m⟧ with |ι| = m − r, 

⋃︁
r,ι,i πx(V ( f M

r,ι,i(y, ·))) is finite and contains at least one point per connected 
component of each 𝒟M

r (y, ·).

Proposition 7 introduces what we call the generic assumptions: a parametric linear matrix A ∈
𝕊m(ℚ[y]≤d[x]≤1) is said to be generic if it lies in the non-empty Zariski open set 𝒜d described in 
Proposition 7.

The proof of the proposition is technical and is given in Section 5. For the moment, let us focus on 
the consequence of the proposition. Intuitively, the polynomial systems f ∈ F are zero-dimensional 
in ℚ(y)[x, u,𝝀] for a generic choice of A. Moreover, for generic values of y ∈ ℝt , the union of the 
x-projections of V ( f (y, ·)) give points in each connected component of the determinantal varieties 
𝒟r(y, ·). F can therefore be seen as a parametric representation of sample points in each connected 
component of the determinantal varieties of A.

Parametric LMI 0-dim systems in ℚ(y)[x, u,𝝀]

Determinantal
varieties 

Parametric sample points
in each connected component 

Parametric
SolveLMI 

Parametrization

For such values of y, recall that deciding whether spec(A(y, ·)) is empty reduces to checking 
whether one of the sample points x ∈ ℝn satisfies A(y, x) ⪰ 0, or equivalently, g(y, x) ≥ 0. Hence, to 
solve Problem 1, it is enough to compute, for each f ∈ F , a semi-algebraic formula on y ∈ℝt that is 
true exactly when the conjection f (y, ·) = 0 and g(y, ·) ≥ 0 admits at least one real solution. Taking 
the disjunction of these formulas then yields the desired feasibility formula. Assume that we have the 
following subroutine:

• Classification.
Input: f = ( f1, . . . , f p) ⊂ R̃[u,𝝀] such that ⟨ f ⟩ℚ(y) is zero-dimensional, g = (g1, . . . , gs) ⊂ R̃ .
Output: a list of tuples of the form (Φi , yi, ri), with Φi a semi-algebraic formula in ℚ[y] defin

ing 𝒯i ⊂ℝt , yi ∈ 𝒯i , ri ∈ℕ , such that

– For all y ∈ 𝒯i , f (y, ·) = 0 ∧ g(y, ·) ≥ 0 has ri real solutions,
– The union of 𝒯i is dense in ℝt .

10 
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Algorithm 1 ParametricSolveLMI.

Input: A ∈𝕊m(R̃≤1)

Output: A semi-algebraic formula Φ in ℚ[y] defining a dense subset of the set {y ∈ℝt | ∃x ∈ℝn : A(y, x) ⪰ 0}.
1: choose M ∈ GLn(ℚ)

2: choose τ ∈ℚn

3: F M ← RealDet(A, M, τ )

4: gM ← ChangeVars(PSDMatrixCond(A), M)

5: Φ ← PSDMatrixCond(A(·,0)) > 0
6: for all f M

r,ι,i ∈ F M do 
7: Φr,ι,i ← Classification( f M

r,ι,i , gM )

8: Φ ← Φ ∨ ⋁︁
j:r j>0 Φr,ι,i, j

9: end for
10: return Φ

Then, it suffices to take the disjunction of Φi for which ri > 0 to obtain the desired semi-algebraic 
formulas. We deduce Algorithm 1 for solving the generic feasibility problem for parametric LMIs.

Proof of Theorem 1 (generic inputs, algorithmic correctness)

Proposition 8. Let A ∈ 𝕊m(R̃≤1) be a parametric linear matrix. Assume that A is generic in the sense of 
Proposition 7, and all parameters chosen in Algorithm 1 satisfy the generic assumptions of Proposition 7. Then, 
Algorithm 1 is correct.

Proof. Let Φ be the output of Algorithm 1. For all y ∈ℝt , Φ(y) holds implies that either A y(0) ⪰ 0, 
or there exists r, ι, i and x ∈ πx(V ( f M

r,ι,i(y, ·))) such that gM(y, x) ≥ 0. In both cases, we have found 
a point x ∈ spec(A y)

M , so that spec(A y) ≠ ∅. Hence, Φ defines a subset of {y ∈ ℝt | spec(A y) ̸= ∅}. 
Now, let 𝒴 ⊂ ℂt be the Zariski open set given by Proposition 7, and let y ∈ 𝒴 ∩ ℝt . Suppose that 
spec(A y) ≠ ∅. If spec(A y) = ℝn , then A y(0) ⪰ 0, and therefore Φ(y) holds. Otherwise, ∂ spec(A y) ≠
∅. Proposition 7 then gives us r, ι, i such that πx(V ( f M

r,ι,i(y, ·))) is finite and meets ∂ spec(A y)
M ; 

this implies Φr,ι,i(y) holds, and therefore Φ(y) holds. Hence, Φ defines a dense subset of {y ∈ ℝt |
spec(A y) ̸= ∅}, which concludes the proof. □

Finally, we explain how to implement the Classification subroutine. We first take (Gaillard and 
Safey El Din, 2024, Alg. 2), which deals with the condition f (y, ·) = 0∧ g(y, ·) > 0. Then, in Line 26 of 
Gaillard and Safey El Din (2024, Alg. 2), we change the definition of ry , from the entry corresponding 
to (1, . . . ,1) ∈ {0,1,−1}s , to the sum of entries corresponding to {0,1}s . Then, ry is the number of 
real solutions such that sign(g(y, ·)) ∈ {0,1}s .

4.2. Hermite’s quadratic form

Let 𝕂 be a base field of characteristic 0, and f ⊂𝕂[x] be a polynomial system generating a zero
dimensional ideal ⟨ f ⟩𝕂 . By Basu et al. (2016, Th. 4.86), the vector space 𝒜𝕂 :=𝕂[x]/⟨ f ⟩𝕂 has finite 
dimension, denoted δ. For all g ∈𝒜𝕂 , the Hermite’s bilinear map is defined by

herm( f , g) : 𝒜𝕂 ×𝒜𝕂 → 𝕂

(p,q) ↦→ Tr(Lgpq),

where Lgpq is the multiplication map h ↦→ gpqh on 𝒜𝕂 , and Tr denotes the trace. The associated 
quadratic form Herm( f , g) : p ↦→ herm( f , g)(p, p) is then called Hermite’s quadratic form.

Hermite’s theorem Basu et al. (2016, Th. 4.102) When 𝕂⊂ℝ, for all g ∈𝕂[x], denote by TaQ(g, f ) the 
Tarski-query of g for f , defined as

TaQ(g, f ) := |{x ∈ V ( f ) | g(x) > 0}| − |{x ∈ V ( f ) | g(x) < 0}| .
11 



S. Naldi, M. Safey El Din, A. Taylor et al. Journal of Symbolic Computation 138 (2027) 102605 

The following identities hold:

• rank(Herm( f , g)) = |{x ∈ V ( f ) | g(x) ≠ 0}|.
• Sign(Herm( f , g)) = TaQ(g, f ),

where Sign(Φ) denotes the signature of the quadratic form Φ.

Hermite matrices Let ℬ = (b1, . . . ,bδ) be a basis of 𝒜𝕂 . For all g ∈ 𝒜𝕂 , the Hermite matrix asso
ciated with g with respect to ℬ is then defined as the matrix ℋg = (hi, j)i, j∈⟦1,δ⟧ ∈ 𝕊δ(𝕂), where 
hi, j = herm( f , g)(bi,b j) = Tr(Lgbib j ).

To compute hi, j , let Mgbib j = (mk,ℓ)k,ℓ∈⟦1,δ⟧ be the multiplication matrix of Lgbi b j with respect to 
ℬ. By definition, mk,ℓ is the coefficient of bℓ in the representative of gbib jbk in 𝒜𝕂 , which can be 
obtained by a normal form computation if f is given by a Gröbner basis. We can then proceed by 
hi, j = Tr(Mgbib j ) = ∑︁

k∈⟦1,δ⟧ mk,k .

Specialization property of parametric Hermite matrices Let 𝕂 = ℚ(y), f ⊂ 𝕂[x] generating a zero
dimensional ideal ⟨ f ⟩𝕂 , and g ∈𝕂[x]. Let ≻x and ≻y be monomial orders for x and y, respectively, 
and ≻ be an elimination order which eliminates x, built with ≻x and ≻y . Let 𝒢 be the reduced Gröb
ner basis of ⟨ f ⟩ with respect to ≻, and ℬ be the monomial basis formed by the monomials of 𝕂[x]
irreducible by 𝒢 .

The following generalizes (Gaillard and Safey El Din, 2024, Prop. 3.1), by dropping the assumption 
that ≻x and ≻y are graded reverse lexicographic orders.

Theorem 9. Let 𝒲∞ := ⋃︁
γ ∈𝒢 V (lcx(γ )), where lcx(γ ) is the leading coefficient of the polynomial γ ∈𝕂[x]

with respect to ≻x. Then, for all y ∈ℂt \𝒲∞ ,

1. The specialization 𝒢(y, ·) is a Gröbner basis of ⟨ f (y, ·)⟩ with respect to ≻x.
2. Consequently, Herm( f , g)(y, ·) = Herm( f (y, ·), g(y, ·)).

Proof. For y ∈ ℂt \ 𝒲∞ , lcx(g) does not vanish at y for every g ∈ 𝒢 . By Kalkbrener (1997, Th. 3.1), 
𝒢(y, ·) is then a Gröbner basis of ⟨ f (y, ·)⟩ with respect to ≻x . We then conclude by the same proof 
as in Le and Safey El Din (2022, Prop. 10): for y ∈ ℂt \ 𝒲∞ , none of the denominators appear
ing in the normal form reductions by 𝒢 vanish at y, so that Herm( f , g) specializes correctly to 
Herm( f (y, ·), g(y, ·)) at y. □
4.3. Real root counting

Let 𝕂 = ℝ, f ⊂ ℝ[x] be a polynomial system, and g ∈ ℝ[x]. Denote by c(σ , f ) := |{x ∈ V ( f ) | 
sign(g(x)) = σ }|, we have⎡

⎣1 1 1
0 1 −1
0 1 1

⎤
⎦

⎡
⎣ c(0, f )

c(1, f )

c(−1, f )

⎤
⎦ =

⎡
⎣TaQ(g0, f )

TaQ(g1, f )

TaQ(g2, f )

⎤
⎦ .

The identity can be generalized to a tensor identity, in the case where g = (g1, . . . , gs) ⊂ ℝ[x]. 
Denote by SIGN(g, f ) ⊂ {0,1,−1}s the set of realizable signs of g on V ( f ).

Theorem 10 (Basu et al., 2016, Prop. 10.70). Let A = (α1, . . . ,α|A|) ⊂ {0,1,2}s , Σ = (σ1, . . . , σ|Σ|) ⊂
{0,1,−1}s , each in the lexicographic order. Suppose that Σ ⊃ SIGN(g, f ). Then,

Mat(A,Σ) · c(Σ, f ) = TaQ(g A, f ),

where

12 
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• Mat(A,Σ) = (σ
αi
j )i∈⟦1,|A|⟧, j∈⟦1,|Σ|⟧ ,

• c(Σ, f ) = (c(σ j, f )) j∈⟦1,|Σ|⟧ ,

• TaQ(g A, f ) = (TaQ(gαi , f ))i∈⟦1,|A|⟧ .

A trivial choice of Σ is Σ = {0,1,−1}s , which gives c simply by inverting the square matrix 
Mat(A,Σ). By summing the coefficients corresponding to σ ∈ {0,1}s , we obtain a1, . . . ,a|A| ∈ℚ such 
that

|{x ∈ V ( f ) | g(x) ≥ 0}| =
|A|∑︂
i=1 

ai Sign(Herm(gαi , f )). (3)

It suffices to extract a semi-algebraic formula corresponding to the positivity of the linear combination 
of signatures. For this, we have several options:

(O1) We can directly return the positivity assertion (3), which is itself a semi-algebraic formula.
(O2) Let 𝒮 ⊂ ℝt be the semi-algebraic set defined by the non-vanishing of the non-zero principal 

minor of maximal size of all Hermite matrices. Then, on each connected component of 𝒮 , the 
signatures of the Hermite matrices are constant. Thus, we can then return the realizable combi
nations of signatures after computing one point per connected component of 𝒮 and examining 
the signatures on these points.

(O3) Moreover, the signature of a Hermite matrix is generically determined by the sign variation 
of its leading principal minors (see, e.g., Gaillard and Safey El Din, 2024, Lem. 4.8). If we add 
the condition of their non-vanishing in the definition of 𝒮 , we can refine the formula into a 
combination of signs of the leading principal minors of the Hermite matrices.

When 𝕂 = ℝ(y), by Theorem 9, Equation (3) holds for generic specializations of y ∈ ℝt , if we 
further intersect 𝒮 with ℝt \𝒲∞ . This leads us to the use of Gaillard and Safey El Din (2024, Alg. 2) 
which performs real root classification for parametric zero-dimensional systems using Hermite matri
ces, combined with the following subroutine:

• SamplePoints.
Input: a semi-algebraic formula Φ in ℚ[y].
Output: a finite set of points in ℝt containing at least one point per connected component 

of the semi-algebraic set defined by Φ. We refer to Le and Safey El Din (2022) for an algorithm 
having such a specification (see also references therein).

5. Proof of genericity

This section is dedicated to the proof of Proposition 7, which gives us the last piece of the puzzle 
to prove the correctness of Algorithm 1. The main difficulty is to show that the choices of M ∈ GLn(ℚ)

and τ ∈ℚn in Proposition 7 do not depend on the choice of parameters y ∈ℝt . The proof requires a 
careful analysis of all the propositions and lemmas presented in the previous sections.

5.1. Expected dimension of incidence varieties

Proof of Lemma 4 (1). For all d ∈ℕ , denote by nd the dimension of ℚ[y]≤d . Observe that, as a vector 
space, 𝕊m(ℚ[y]≤d[x]≤1) is isomorphic to 𝕊(n+1)nd

m (ℚ), so that we can rewrite A as

A(y, x) =
∑︂

k∈ℕt ,|k|≤d
ℓ∈ℕn,|ℓ|≤1

Ak,ℓ ykxℓ,

where Ak,ℓ = (ak,ℓ,i, j)i, j∈⟦1,m⟧ ∈𝕊m(ℚ). Denote then, by abuse of notation, A ∈ 𝕊(n+1)nd
m (ℚ) the para

metric linear matrix.

13 
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Suppose w.l.o.g. that r is fixed, ι = ⟦1,m − r⟧. Consider the map

φ : ℂt+n+m(m−r) × 𝕊(n+1)nd
m (ℂ) → ℂm(m−r)+(m−r+1

2 ),

(y, x, u, A) ↦→ f r,ι,

and, for A ∈𝕊(n+1)nd
m (ℚ), its induced map

φA : ℂt+n+m(m−r) → ℂm(m−r)+(m−r+1
2 ),

(y, x, u) ↦→ φ(y, x, u, A) = f r,ι,

so that φ−1
A (0) = V ( f r,ι) = 𝒱r,ι . If φ−1(0) = ∅, for all A ∈ 𝕊(n+1)nd

m (ℚ), φ−1
A (0) is empty and we are 

done. Otherwise, assume that φ−1(0) ≠ ∅. Note that for all (y, x, u, A) ∈ φ−1(0), jac(φ)(y, x, u, A) has 
full rank, given by

• the derivatives w.r.t. (a0,0,i, j)i∈⟦1,m−r⟧∨ j∈⟦1,m−r⟧ of the entries of G , and,
• the derivatives w.r.t. (ui, j)i∈ι, j∈⟦1,m−r⟧ of the entries of U ι − Idm−r .

Hence, 0 is a regular value of φ . By Thom’s weak transversality theorem (Safey El Din and Schost, 
2017, Prop. B.3), there exists a non-empty Zariski open set 𝒜d ⊂ 𝕊(n+1)nd

m (ℂ) such that for all A ∈
𝒜d ∩ 𝕊(n+1)nd

m (ℚ), 0 is a regular value of φA . By the Jacobian criterion (Eisenbud, 2013, Th. 16.19), 
f r,ι satisfies P(t + n − (︁m−r+1

2 
)︁
). □

Proof of Lemma 4 (2). As f r,ι satisfies P(t + n − (︁m−r+1
2 

)︁
), by Lemma 2, there exists a non-empty 

Zariski open set 𝒴 ⊂ℂt such that for all y ∈ 𝒴 ∩ℝt , f r,ι(y, ·) satisfies P(n − (︁m−r+1
2 

)︁
). □

We then generalize Lemma 4 (2), so that the choice of τ ∈ ℚn in RealDet becomes independent 
of the choice of y ∈ℝt in the following proposition.

Proposition 11. Under the assumptions of Lemma 4, the following additional result holds:

3. In the case where t ≥ 1, there exists a non-empty Zariski open set 𝒯 ⊂ ℂn such that for all τ ∈ 𝒯 ∩ ℚn, 
there exists a non-empty Zariski open set 𝒴τ ⊂ ℂt such that for all y ∈ 𝒴τ ∩ ℝt , for all i ∈ ⟦1,n + 1⟧, 
f r,ι(y, τ⟦1,i−1⟧, ·) satisfies P(n − (︁m−r+1

2 
)︁ − i).

Proof. As f r,ι satisfies P(t +n − (︁m−r+1
2 

)︁
), by Lemma 2, for all i ∈ ⟦1,n + 1⟧, there exists a non-empty 

Zariski open set 𝒯i ⊂ ℂn such that for all τ ∈ 𝒯i ∩ ℚn , there exists a non-empty Zariski open set 
𝒴i,τ ⊂ℂt such that for all y ∈ 𝒴i,τ ∩ℝt , f r,ι(y, τ[1,i−1], ·) satisfies P(n − (︁m−r+1

2 
)︁ − i). We then take 

𝒯 = ∩n+1
i=1 𝒯i and 𝒴τ = ∩n+1

i=1 𝒴i,τ . □
5.2. Dancing with genericity

We now give parametric generalizations of Proposition 6. These will imply that one can run over 
a fraction field the algorithms of Henrion et al. (2016a) to reduce to real root classification problems 
the one of solving a parametric LMI.

Lemma 12. Assume that for all r ∈ ⟦0,m − 1⟧, ι ⊂ ⟦1,m⟧ with |ι| = m − r, 𝒱r,ι satisfies P(t + n − (︁m−r+1
2 

)︁
). 

Then, there exists a non-empty Zariski open set ℳ ⊂ GLn(ℂ) such that for all M ∈ ℳ ∩ GLn(ℚ), there 
exists a non-empty Zariski open set 𝒴M ⊂ ℂt such that for all y ∈ 𝒴M ∩ ℝt , for any connected component 
𝒞 ⊂𝒟r(y, ·) ∩ℝn, the results of Proposition 6 hold.

14 
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Proof. The proof of Proposition 6 follows from Henrion et al. (2016b, Prop. 17, 18). As the proof of 
Henrion et al. (2016b, Prop. 17) is purely algebraic and thus valid over the base field ℂ(y), we can 
then invert the order of choosing y and M as in Le and Safey El Din (2021, Prop. 6). □
Lemma 13. Assume that for all r ∈ ⟦0,m − 1⟧, ι ⊂ ⟦1,m⟧ with |ι| = m − r, 𝒱r,ι satisfies P(t + n − (︁m−r+1

2 
)︁
). 

Then, there exists a non-empty Zariski open set ℳ⊂ GLn(ℂ) such that for all M ∈ℳ∩ GLn(ℚ), there exists 
a non-empty Zariski open set 𝒴M ⊂ℂt such that for all y ∈ 𝒴M ∩ℝt , ι ⊂ ⟦1,m⟧ with |ι| = m − r, the results 
of Proposition 6 hold.

Proof. The proof of Proposition 6 follows from Henrion et al. (2016a, Lem. 4.2 (i)). Applying the same 
proof shows that for generic choice of M , the system ( f , g,h) in Henrion et al. (2016a, Eq. 4.3) satis
fies Q in 𝒪 = {(x, y, z) : rank A(x) = r}, i.e., the rank of D( f , g,h) is the codimension of V (( f , g,h))

in V (( f , g,h)) ∩ 𝒪. The choice of y is then generic and follows from the Th. on the Dimension of 
Fibres (Shafarevich and Reid, 1994, Th. 1.25). □
Proof of Proposition 7. For all d ∈ ℕ , let 𝒜d be the intersection of the Zariski open sets defined in 
Theorem 3 and Lemma 4. Then, for all A ∈ 𝒜d ∩ 𝕊m(ℚ[y]≤d[x]≤1), the assumptions of the above 
lemmas are satisfied. It is then straightforward to show that for generic choices of M ∈ GLn(ℚ) and 
τ ∈ℚn , there exists a non-empty Zariski open set 𝒴A,M,τ ⊂ℂt such that for all y ∈ 𝒴A,M,τ ∩ℝt , the 
results of Proposition 6 hold for A(y, ·) ∈ 𝕊m(R≤1), and that for all r ∈ ⟦0,m − 1⟧, ι ⊂ ⟦1,m⟧ with 
|ι| = m − r, i ∈ ⟦1,n + 1⟧, 𝒟r(y, ·), 𝒱r,ι(y, ·), and f r,ι,i(y, ·) satisfy all the results in Henrion et al. 
(2016a). The correctness of Proposition 7 then follows from the correctness of Henrion et al. (2016a, 
Th. 3.7). □
6. Complexity analysis

We give now a complexity analysis of Gaillard and Safey El Din (2024, Alg. 2) (and hence, by 
construction, of Classification), without the extra genericity condition assumed in Gaillard and Safey 
El Din (2024), i.e., the homogeneous components of f of highest degree form a regular sequence. 
Denote ℳa,b = (︁a+b

a 
)︁
.

6.1. Parametric geometric resolutions

Let f = ( f1, . . . , f p) ⊂ R̃[u,𝝀] generating a zero-dimensional ideal ⟨ f ⟩ℚ(y) , and g = (g1, . . . , gs) ∈
R̃ . In the case where f generates a radical ideal, we can use parametric geometric resolutions.

Definition 14. Let P ∈ ℚ(y)[x] be a polynomial. We denote by denom(P ) ∈ ℚ[y] the least common 
multiple of the denominators of the coefficients of P , and by num(P ) = P denom(P ) ∈ R̃ .

Proposition 15 (Parametric geometric resolution, Schost, 2003, Th. 1). Denote by Δ := deg(V ( f )) the a�ine 
degree (see, e.g., Heintz, 1983) of the algebraic set V ( f ), and δ := degπ ( f ) the generic cardinality of the fibers 
of the canonical projection π : (y, x) ↦→ y to V ( f ). Then,

1. There exists a monic irreducible polynomial q ∈ℚ(y)[T ] and polynomials v1, . . . , vn ∈ℚ(y)[T ], with

degT (q) = δ, degT (vi) ≤ δ − 1,

deg(denom(q)) ≤ Δ, deg(denom(vi)) ≤ Δ,

degy(num(q)) ≤ 2Δ, degy(num(vi)) ≤ 2Δ,

such that the parametrization

q(y, T ) = 0, xi = vi(y, T )

q′(y, T ) 
∀i ∈ ⟦1,n⟧

15 
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gives the solutions of the system f (y, x) = 0 when both systems are specialized at all parameters y =
(y1, . . . , yt) ∈ℚt such that q, v1, . . . , vn are well-defined and q′ is not identically zero.

2. There exist polynomials ṽ1, . . . , ṽ s ∈ℚ(y)[T ], with

degT (ṽ i) ≤ δ − 1, deg(denom(ṽ i)) ≤ Δdeg(gi),

degy(num(ṽ i)) ≤ 2Δdeg(gi),

such that, when denoting by

g̃i := ṽ i(y, T )

q′(y, T ) 
∀i ∈ ⟦1, s⟧,

the sign of g(y, x) is the same as the sign of g̃i for all solutions of the parametrization.

Proof. 1. Let ℚ(y) → ℚ(y)[x]/⟨ f ⟩ℚ(y) be a field extension, and u be a primitive element of the 
extension with coefficients in ℚ, so that q, v1, . . . , vn , as well as the degree bounds, are given by 
the parametric geometric resolution of f (y, x) = 0 for u (Schost, 2003, Th. 1).

2. Consider the system f (y, x) = 0, gi(y, x) − g̃i = 0, where g̃i is a new variable. As the value of 
g̃i is uniquely determined by other variables, u is a primitive element of the extension ℚ(y) →
ℚ(y)[x, g̃i]/⟨ f , gi − g̃i⟩ℚ(y) , and degπ ( f , gi − g̃i) = degπ ( f ). The parametrization of g̃i is then 
given by the parametric geometric resolution of the system for u. Finally, Bézout’s theorem gives 
deg(V ( f , gi − g̃i)) ≤ Δdeg(gi). The degree bounds follow. □
We recall that the Lagrange systems with saturation of rank defects generically satisfy the as

sumptions above. Hence, we compute the parametric geometric resolution, and pass f = q and 
g = (g̃1, . . . , g̃t) to Classification instead. We then have ℬ = {1, T , . . . , T δ−1}, as the unique mono
mial basis of ℚ(y)[T ]/⟨q⟩ℚ(y) . For α ∈ {0,1,2}s , the Hermite matrix ℋgα w.r.t. ℬ is, using the 
notations of Basu et al. (2016),

(ℋgα )i, j = Tr(MT i+ j gα ) =
δ∑︂

k=1 
cof(T k,RemT (T i+ j+k gα,q)). (4)

Complexity analysis Let deg( f ) := maxi deg( f i) and deg(g) := maxi deg(gi). By Schost (2003, Th. 2), 
there exists a probabilistic algorithm which computes the polynomials in Proposition 15 (1) using

Õ
(︂
(nΓ f + n4 + t2n)δℳt,4Δ

)︂
arithmetic operations in ℚ, where Γ f is the length of a straight-line program evaluating f , and 
the notation g = Õ ( f ) refers to g = O ( f logκ ( f )) for some κ > 0. For Proposition 15 (2), by simply 
reapplying the algorithm for each i ∈ ⟦1, s⟧, we arrive at

Õ

(︄
s ∑︂

i=1 
(n(Γ f + Γgi ) + n4 + t2n)δℳt,4Δdeg(g)

)︄
. (5)

Bounds on p, s. Let f = f r,ι,i ⊂ R̃[u,𝝀] be one of the polynomial systems given by Line 3 of 
Algorithm 1, and g ⊂ R̃ be given by PSDMatrixCond. By definition, each Lagrange system of f r,ι has 
at most O (n + m2) polynomials, on which we add 

(︁m
r

)︁
polynomials for the saturation of rank defects. 

We then denote by p⋆ ∈ O (n + 2m) a global bound on p, and similarly, s⋆ ∈ O (m).

Bounds on Γ f , Γgi . Let f = f r,ι,i ⊂ R̃[u,𝝀] be one of the polynomial systems given by Line 3 of 
Algorithm 1, and g ⊂ R̃ be given by PSDMatrixCond. To evaluate each polynomial in f r,ι,i or g , we 
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can first evaluate the linear matrix in O (m2nℳd,t) arithmetic operations in ℚ, and then compute the 
evaluation of f and g purely in ℚ. Hence, we have Γ⋆

f ∈ Õ (2mn2ℳd,t) and Γ⋆
gi

∈ O (mO (1)nℳd,t).

Bound on deg(g). Let g ⊂ R̃ be the polynomial system given by PSDMatrixCond. Then, we have 
deg(g) ≤ deg(det(λIm + A)) = m(d + 1), where d := degy(A) is the maximum degree of the entries of 
A in y. We then have deg(g)⋆ ∈ O (md).

Bounds on deg( f ), δ. Let f = f r,ι,i ⊂ R̃[u,𝝀] be one of the polynomial systems given by Line 
3 of Algorithm 1. By Henrion et al. (2016a, Prop. 5.1), for all y ∈ ℝt such that f r,ι,i(y, ·) is well
defined, the specialized Lagrange system is of maximum degree 2, hence of total degree d + 2, and 
that δ ≤ δ⋆ := ℳ3

n,m(m+1)/2 when n ≤ m(m + 1)/2, and 0 otherwise. Furthermore, the saturation of 
rank defects consists of polynomials of total degree r(d + 1), so that deg( f ) = max(d + 2, r(d + 1)), 
i.e., deg( f )⋆ ∈ O (md).

Bound on Δ. Let 𝒰 = (uij)i, j∈⟦1,m⟧ be the general symmetric matrix with entries variables uij

(with u ji = uij ), and m∗ := m(m + 1)/2. One has sing(𝒟r) = 𝒟r−1 and 𝒟r ⊂ ℂm∗
is equidimensional 

of codimension c := (︁m−r+1
2 

)︁
Bruns and Vetter (2006). Thus, 𝒟r \ 𝒟r−1 is a constructible set of local 

pure codimension c and locally defined by c equations 𝝁 = (μ1, . . . ,μc) of degree ≤ r + 1 in the 
entries of 𝒰 .

Consider the groups of variables u = (uij,1 ≤ i ≤ j ≤ m), y = (y1, . . . , yt) and x = (x1, . . . , xn). Let 
v = [uij − aij(y, x),1 ≤ i ≤ j ≤ m] be the list of polynomials defining the entries of the parametric 
LMI, of degree 1 with respect to u and x, and of degree d with respect to y.

Define the system f = [𝝁, v] consisting of c +m∗ polynomials in n + t +m∗ variables. The Jacobian 
matrix of f with respect to the three variable groups above is:

jac( f ) =
[︃

jacu(𝝁) 0 0
Idm∗ jacy(v) jacx(v)

]︃
.

Remark that jacx(v) is constant in x. Next we introduce Lagrange multipliers 𝝀 = (λ1, . . . , λc+m∗ ) and 
consider the augmented system [ f ,𝝀T jac( f )]. With respect to (u, y, x,𝝀), one has:

𝝁 → c polynomials of mdeg ≤ (r + 1,0,0,0)

v → m∗ polynomials of mdeg ≤ (1,d,1,0)

𝝀T jacu( f ) → m∗ polynomials of mdeg ≤ (r,0,0,1)

𝝀T jacy( f ) → t polynomials of mdeg ≤ (0,d − 1,1,1)

𝝀T jacx( f ) → n polynomials of mdeg ≤ (0,d,0,1)

The value of Δ, by Safey El Din and Schost (2017, Prop. I.1), is bounded from above by a multilinear 
Bézout bound given by the sum of coefficients of

((r + 1)θu)c(θu + dθy + θx)
m∗

(rθu + θλ)
m∗

((d − 1)θy + θx + θλ)
t(dθy + θλ)

n

modulo ⟨θm∗+1
u , θ t+1

y , θn+1
x , θ c+m∗+1

λ ⟩. Since the polynomial is homogeneous of degree t +n + 2m∗ + c, 
this is also (r + 1)c times the coefficient of θm∗−c

u θ t
yθ

n
x θ c+m∗

λ of the polynomial

P := (θu + dθy + θx)
m∗

(rθu + θλ)
m∗

((d − 1)θy + θx + θλ)
t(dθy + θλ)

n.
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The multilinear bound, denoted by MBB(Δ), is thus

(r + 1)c cof(θm∗−c
u θ t

yθ
n
x θ c+m∗

λ , P )

=(r + 1)c
∑︂
Θ 

dαy rβu (d − 1)γy dδy

(︃
m∗

αu,αy,αx

)︃(︃
m∗

βu

)︃(︃
t

γy, γx, γλ

)︃(︃
n 
δy

)︃
,

where Θ is the set of (αu,αy,αx, βu, γy, γx, γλ, δy) satisfying

αu + αy + αx = m∗ γy + γx + γλ = t

αu + βu = m∗ − c αy + γy + δy = t (6)

αx + γx = n m∗ − βu + γλ + n − δy = c + m∗.

Lemma 16. For n > m∗ + t, we have MBB(Δ) = 0. In particular, if m and t are fixed, the bound is 0 for large n.

Proof. The contribution of θx in P is only given by factors (θu +dθy + θx)
m∗

and ((d − 1)θy + θx + θλ)
t , 

thus any monomial of P has degree ≤ m∗ + t in θx , so that Θ = ∅ if n > m∗ + t . If m and t are fixed, 
so does m∗ + t , hence for large n the bound is 0. □

We remark that this is also true for the bound on δ in Henrion et al. (2016a, Prop. 5.1). Let us now 
bound the size of Θ.

Lemma 17. |Θ| ≤ min{(t + 1)3, (t + 1)(n + 1)2}.

Proof. Equation (6) can be reduced to L = [αu = γy + δy + γx + m∗ − t − n,αy = −γy − δy + t,αx =
−γx + n, γλ = −γy − γx + t, βu = −γy − δy − γx + t + n − c], with free γy, γx, δy : these latter verify 
the bounds 0 ≤ γy ≤ t , 0 ≤ γx ≤ min{t,n}, and 0 ≤ δy ≤ min{t,n}. Thus |Θ| ≤ (t + 1)(min{t,n}+ 1)2 as 
claimed. □
Lemma 18. Let Δ⋆ be defined as

(6r + 6)m∗
d2t+m∗

(︃
e

m∗ + c + t

m∗ + c 

)︃m∗+c

3t min{(t + 1)3, (t + 1)(n + 1)2}.

Then, MBB(Δ) is bounded from above by Δ⋆ .

Proof. Recall that δy ≤ t in Θ. Let D = m∗ + c − (n − δy), which is nonnegative (from the last equation 
in (6), using βu ≤ m∗). One has n + D = m∗ + c + δy ≤ m∗ + c + t and hence(︃

n 
δy

)︃
=

(︃
n 

n − δy

)︃
=

(︃
n 

m∗ + c − D

)︃
≤

(︃
n + D 
m∗ + c

)︃
≤

(︃
m∗ + c + t

m∗ + c 

)︃
,

and the last binomial is bounded by 
(︂

e m∗+c+t
m∗+c 

)︂m∗+c
. Thus from 

(︁ m∗
αu ,αy ,αx

)︁ ≤ 3m∗
and 

(︁m∗
βu

)︁ ≤ 2m∗
, 

MBB(Δ) is at most

(r + 1)cdm∗
rm∗−c(d − 1)tdt

∑︂
Θ 

(︃
m∗

αu,αy,αx

)︃(︃
m∗

βu

)︃(︃
t

γy, γx, γλ

)︃(︃
n 
δy

)︃

≤ (r + 1)cdm∗
rm∗−c(d − 1)tdt

(︃
e

m∗ + c + t

m∗ + c 

)︃m∗+c

3m∗
2m∗

3t |Θ| ,

and we conclude by Lemma 17. □
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6.2. Degree bounds on Hermite matrices

We recall that a Hermite matrix ℋgα has its entries given by Equation (4). To compute the re
mainders in the equation, as each g̃i has denominator q′ , we need to find the inverse of q′ modulo 
q, or the inverse of num(q′) modulo num(q). Let c = Res(num(q),num(q′)) ∈ ℚ[y], and denote by 
a,b ∈ℚ[y][T ] the polynomials of degree at most degT (q) such that a num(q) + b num(q′) = c. Once b
is known, c−1b is the inverse of num(q′) by num(q).

Lemma 19. Let P , Q ∈ℚ[y][T ] be polynomials in T , with coefficients in ℚ[y]. Denote by M = max(degy(P ), 
degy(Q )). Then,

degy(Res(P , Q )) ≤ M(degT (P ) + degT (Q )),

degy(PremT (P , Q )) ≤ M max(degT (P ) − degT (Q ) + 2,1)

Moreover, there exists A, B ∈ ℚ[y][T ], with degT (A) ≤ degT (Q ), degT (B) ≤ degT (P ), such that A P +
B Q = Res(P , Q ), and

max(degy(A),degy(B)) ≤ M(degT (P ) + degT (Q )).

Finally, all the items above can be computed in O (degT (P )degT (Q )) operations in ℚ[y].

Proof. Suppose w.l.o.g. that degT (P ) ≥ degT (Q ). From Basu et al. (2016, Eq. 4.3, Not. 8.55), using the 
notations of Basu et al. (2016), we have

Res(P , Q ) = εdegT (P ) sRes0(P , Q ),

Prem(P , Q ) = εdegT (P )−degT (Q )+1 sResdegT (Q )−1(P , Q ),

where εi = (−1)i(i−1)/2. The degree bounds then follow from Basu et al. (2016, Prop. 8.71). Moreover, 
Basu et al. (2016, Prop. 8.64) gives

sRes0(P , Q ) = sRemU0(P , Q )P + sRemV0(P , Q )Q ,

with sRemU0 and sRemV0 satisfying the same degree bounds as sRes0. Finally, all the items can be 
computed in Basu et al. (2016, Alg. 8.81), hence the complexity. □

As a direct consequence, degT (b) ≤ δ, degy(b) ≤ 2Δ(2δ − 1), and deg(c) ≤ 2Δ(2δ − 1). We then 
factor out the denominator from the sum in Equation (4), and hence deduce a degree bound on the 
entries of Hermite matrices and their principal minors.

Proposition 20. For α ∈ {0,1,2}s , there exists ρ ∈ℚ[y], with

deg(ρ) ≤ |α|Δ(6δ − 3 + deg(g)) + Δ(2δ − 2),

where |α| := ∑︁s
i=1 αi , such that for all i, j ∈ ⟦0, δ − 1⟧, ρMT i+ j gα is a matrix with entries in ℚ[y]≤𝒟(|α|) , 

where

𝒟(|α|) := 2Δ(2δ − 1)max(1, |α| (|α| + 1)(2δ − 1 + deg(g)))

+ Δ(3δ − 3) + |α|Δ ∈ O (|α|2 (δ + md)δΔ).

Proof. We rewrite the remainder as

RemT (T i+ j+k gα,q) = RemT (T i+ j+k g̃α
,q)

= denom(q′)|α|

c|α| denom(p)

PremT (T i+ j+k num(p),num(q)) 
denom(q)max(i+ j+k+degT (p)−degT (q)+1,0)

,
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where p = b|α| ṽα ∈ℚ(y)[T ], with the degree bounds

degT (p) ≤ |α| (2δ − 1),

degy(num(p)) ≤ 2 |α|Δ(2δ − 1 + deg(g)),

deg(denom(p)) ≤ |α|Δdeg(g),

so that

degy(Prem(T i+ j+k num(p),num(q)))

≤2Δmax(|α| (2δ − 1 + deg(g)),1)max(i + j + k + |α| (2δ − 1) − δ + 2,1)

≤2Δ(2δ − 1)max(1, |α| (|α| + 1)(2δ − 1 + deg(g))).

It suffices then to take

ρ = c|α| denom(p)denom(q)max(3δ−2+degT (p)−degT (q),0),

hence the degree bound on ρ .
Moreover, suppose w.l.o.g. that degT (p) ≥ degT (q) holds. Then, for k ∈ ⟦0, δ − 1⟧, we have

cof(T k,RemT (T i+ j+k gα,q))

=ρ−1 cof(T k,PremT (T i+ j+k num(p),num(q)))

denom(q)3δ−3−i− j−k denom(q′)|α|,
(7)

hence the degree bound on the entries of ρMT i+ j gα . □
Hence, the numerator of each (ℋgα )i, j has degree ≤ 𝒟(|α|), and the numerator of each minor of 

ℋgα has degree ≤ δ𝒟(|α|).

6.3. Arithmetic complexity

Recall that one can evaluate a multivariate polynomial P in k variables at any point within 
O (ℳdeg(P ),k) arithmetic operations, using (Canny et al., 1989, Sec. 3a, 3b). Similarly, with O (ℳk,deg(P ))

interpolation points and the value of P at these points, one can recover P within Õ (ℳk,deg(P )) arith
metic operations. Below, we don’t use ℳdeg(P ),k and ℳk,deg(P ) interchangeably, even though they are 
equal.

Proposition 21. Each call to Gaillard and Safey El Din (2024, Alg. 2) with input f = ( f1, . . . , f p), g =
(g1, . . . , gs) takes

Õ (sℳt,δ𝒟(2s)(2δsβ)t+123t(δ𝒟(2s))2t+1) (8)

arithmetic operations in ℚ, where β is the number of realizable signs of g on V ( f ), and outputs at most 
(4δsβ𝒟(2s))t formulas that consist of O (δsβ) polynomials of degree at most δ𝒟(2s).

Proof. By Gaillard and Safey El Din (2024, Prop. 4.11), each call to SamplePoints involves at 
most 2δsβ polynomials, and hence outputs a set of at most (4δ2sβ𝒟(2s))t points using at most 
Õ (ℳt,δ𝒟(2s)(2δsβ)t+123t(δ𝒟(2s))2t+1) arithmetic operations in ℚ. There are at most s calls to Sam

plePoints, hence the complexity in Equation (8).
We show that the complexity of computing the minors (Lines 9 - 13) and evaluating the signatures 

(Lines 16, 25) is dominated by the complexity of computing sample points; as observed in Gaillard 
and Safey El Din (2024, Sec. 4.3), the other steps are simply linear algebra and negligible.
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Lines 9 - 13. For ℋgα with |α| ≥ 1, the numerator of (ℋgα )i, j , denoted by P , is given by Equation 
(4). Suppose w.l.o.g. that degT (p) ≤ degT (q) − 1, so that the coefficients are given by Equation (7).

To compute P , we need ℳt,deg(P ) interpolation points, where deg(P ) ≤ 𝒟(|α|). For each inter
polation point y ∈ ℚt , we first compute num(p)(y), num(q)(y), denom(q)(y), and denom(q′)(y), 
in O (ℳdeg(num(p)),t+1) operations; then, for each k ∈ ⟦0, δ − 1⟧, we compute PremT (T i+ j+k num(p), 
num(q))(y) in O (|α| δ2) operations; finally, we compute P (y) in O (δ) operations. Hence, we need 
Õ (ℳt,𝒟(|α|)(ℳdeg(num(p)),t+1 + |α| δ3)) operations.

Consequently, computing ℋgα takes the same complexity as P , as we can take the same points for 
all traces, and computing ρ has a negligible cost in front of P . Also, there are at most 2δβ principal 
minors to compute, and computing each takes at most

Õ (ℳt,δ𝒟(2s)(ℳ4sΔ(2δ−1+deg(g))+2s(2δ−1),t+1 + 2sδ3))

arithmetic operations in ℚ, as it takes at most O (δ3) operations for ℋgα (y), and O (δω) operations for 
the determinant. However, all the above bounds are negligible in front of the complexity of computing 
sample points, as

ℳ4sΔ(2δ−1+deg(g))+2s(2δ−1),t+1

<2(4sΔ(2δ − 1 + deg(g)) + 2s(2δ − 1))t+1

≪(2s + 1)(2δ − 1)(4sΔ(2δ − 1 + deg(g)))t+1

<(δ𝒟(2s))t+1 ≪ (δ𝒟(2s))2t+1.

Lines 16, 25. For the evaluation of the signatures, we recall that there are 3δβ minors, whose 
numerators have degree at most δ𝒟(2s), to evaluate at at most (4δ2sβ𝒟(2s))t points. This is then in

O (ℳt,δ𝒟(2s)δβ(4δ2sβ𝒟(2s))t)

arithmetic operations in ℚ. □
Proof of Theorem 1 (generic inputs, algorithmic complexity). For all f = f r,ι,i ⊂ R̃[u,𝝀], we have 
s ≤ m, 𝒟(2s) ≤ 32(m + 1)2(δ + md + m)δΔ, and β ≤ 3m , so that the complexity of each call to Classi

fication, given by Equation (8) in Proposition 21, is in

Õ
(︂

23tm(3m2mδ)t+1(32m2(δ + md)δ2Δ)3t+1
)︂

operations in ℚ. As RealDet gives at most 
∑︁m−1

r=0

(︁m
r

)︁
(n − (︁m−r+1

2 
)︁
) = 2m−3(8n − m2 − 3m + 8) − n − 1

polynomial systems, computing real root classifications for all f then take the complexity in Equation 
(2).

By Henrion et al. (2016a, Th. 5.6), RealDet is in nO (m2)2O (m)(n + m2)O (1) arithmetic operations 
in ℚ[y], which is negligible compared to the terms of Equation (2) without Δ⋆ , let alone the 
complexity in ℚ by interpolation. The same argument holds for PSDMatrixCond and ChangeVars. 
Finally, the complexity of computing each parametric geometric resolution, given by Equation (5), is 
in 2O (t+m)(nt)O (1)(md)O (t)δ⋆Δ⋆t arithmetic operations in ℚ, which is also negligible compared to the 
terms of Equation (2). □
7. Handling degeneracies

So far, we have worked under the standing genericity assumption that f r,ι satisfies P(t + n −(︁m−r+1
2 

)︁
), as is the case for generic parametric linear matrices A ∈𝕊m(R̃≤1). Here, the genericity stands 

on the coefficients of the entries of A. The aim of this section is to outline a standard strategy for 
dealing with degenerate cases, via a deformation technique. As we will see, this deformation operates 
on the constant coefficients of the entries of A only. The core strategy is to deform these coefficients 
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with the product of some rational number with formal parameter, say ε, to recover the genericity 
properties we use in the previous sections, solve the problem with this parameter in our base field 
and then let the parameter tend to 0. Hence, such a parameter encodes an infinitesimal. In this set
ting, which is quite classical in effective real algebraic geometry (see, e.g., Grigor’ev and Vorobjov, 
1988; Heintz et al., 1990; Basu et al., 1996), all solutions have coordinates in the Puiseux series field 
ℝ⟨ε⟩. Before proceeding, we recall some basic notions on infinitesimals and Puiseux series.

Puiseux series Let ε be an infinitesimal, i.e., a positive transcendental element smaller than any 
positive element in the base field. We denote by ℝ⟨ε⟩ the field of Puiseux series in ε with real 
coefficients: each element is of the form x = ∑︁

i≥i0
aiε

i/q , where ai ∈ ℝ, q ∈ ℕ \ {0} and i0 ∈ ℤ. We 
call x bounded if i0 ≥ 0. In this case, a0 ∈ℝ is called the limit of x, and we denote it by a0 = limε x. 
We extend limε component-wise to vectors. For a set Q ⊂ ℝ⟨ε⟩n , we define limε Q ⊂ ℝn to be the 
set of limits of all bounded elements of Q .

7.1. Finding minimizers via deformation

In Henrion et al. (2021), the authors address the problem of minimizing a linear functional 
ℓ : ℝn → ℝ over a spectrahedron defined by a linear matrix A ∈ 𝕊m(ℚ[x]≤1), using a deformation 
approach. They consider the perturbed matrix A + εB , where B ∈ 𝕊m(ℚ) and ε is an infinitesimal. 
(By abuse of notation, when ε is instead taken to be a small positive real number, we work over ℝ
rather than ℝ⟨ε⟩.) We write f (ε)

r,ι for the polynomial system f r,ι associated with A +εB , and similarly 
for f (ε)

r,ι,i . We now recall the result of Henrion et al. (2021, Th. 11).

Proposition 22 (Henrion et al., 2021, Th. 11). Let A ∈ 𝕊m(ℚ[x]≤1) be a linear matrix. There exists a non
empty Zariski open set ℬ ⊂ 𝕊m(ℂ) such that for all B ∈ ℬ ∩ 𝕊m(ℚ), there exists a non-empty Zariski open 
set ℳB ⊂ GLn(ℂ) such that for all M ∈ℳB ∩ GLn(ℚ), the set 

⋃︁
r,ι limε πx(V ( f (ε)M

r,ι,1 )) is finite. Moreover, if 
the minimum of π1 on spec(A)M is attained, then this set contains a minimizer of π1 on spec(A)M .

The idea of the proof is simple to state. If B ∈ 𝕊m(ℚ), M ∈ GLn(ℚ) and ε ∈ (0,1] are chosen 
generically enough, one has that

1. π1(spec(A))M and π1(spec(A + εB))M are Euclidean closed intervals of ℝ. Consequently, a min
imizer x ∈ ℝn of π1 on spec(A)M , if it exists, can be obtained as the limit of a sequence of 
minimizers x(ε) ∈ℝn of π1 on spec(A + εB)M ;

2. Each f (ε)
r,ι satisfies P(n − (︁m−r+1

2 
)︁
). Moreover, each minimizer x(ε) is contained in the finite set ⋃︁

r,ι πx(V ( f (ε)M
r,ι,1 )), so that x is contained in the finite limit set 

⋃︁
r,ι limε πx(V ( f (ε)M

r,ι,1 )).

With these two ingredients, the result follows. One subtle point is that the genericity assump
tions on B , M and ε enforce dependencies between these elements. The corresponding non-empty 
Zariski open sets that account for these dependencies are constructed in Henrion et al. (2021, 
Lem. 2, Cor. 3, Prop. 7, 8).

To design an algorithm based on Proposition 22, we must be able to represent points in ℝ⟨ε⟩n , 
and be able to compute their limits. Following Henrion et al. (2021), a set Q ∈ ℝ⟨ε⟩n is encoded by 
a one-dimensional parametric geometric resolution in which ε is treated as a parameter. The limit 
set limε Q can then be computed by applying Algorithm 2 below, adapted from Safey El Din and 
Schost (2018, Lem. 12, Sec. 3.5). As shown in Safey El Din and Schost (2018, Alg. 1), when 𝕂 = ℚ, 
the algorithm takes quasi-linear time in the degree of the input and linear time in the number of 
variables.

7.2. From finding minimizers to finding boundary points

Proposition 22 shows that, for a suitable change of variables M ∈ GLn(ℚ), if π1(spec(A)M) is a 
Euclidean closed interval with at least one finite endpoint, then the non-emptiness of spec(A) can be 
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Algorithm 2 Cut.

Input: A one-dimensional parametrization given by q̂, v̂1, . . . , v̂n ∈𝕂[ε, T ] of an algebraic set Q ⊂𝕂
n+1

, where 𝕂 is a field of 
characteristic zero

Output: A zero-dimensional parametrization given by q1, y1, . . . , yn ∈𝕂[T ] of the limit set limε πx(Q ) ⊂𝕂
n

1: e = −ν(q̂)

2: q̂⋆ = εeq̂(ε, T )

3: for all i ∈ ⟦1,n⟧ do 
4: v̂⋆

i = εe v̂ i(ε, T )

5: end for
6: q0 = lcT (q̂⋆)

7: q = q̂⋆(0, T )/q0

8: q̃ = q/gcd(q,q′)
9: q1 = q̃/gcd(q̃,q′)

10: q≥2 = q/q1

11: for all i ∈ ⟦1,n⟧ do 
12: yi = v̂⋆

i (0, T )/q0q≥2 mod q1

13: end for
14: return q1, y1, . . . , yn

certified by computing a minimizer of π1 on spec(A)M . However, one cannot in general choose M
such that π1(spec(A)M) has a finite endpoint. How, then, can we decide whether or not spec(A) is 
empty in this situation?

To address this, we extend the above strategy by seeking a boundary point of spec(A)M for a 
suitable M , provided the boundary is non-empty. The guiding idea is analogous to that of critical 
point methods: we apply the procedure of Proposition 22 recursively to spectrahedra obtained by 
specializing x1, . . . , xn−1 to real values τ1, . . . , τn−1 ∈ℝ. This guarantees the existence of an index i ∈
⟦1,n⟧ such that πxi (S ∩ π−1

i−1(τ[1,i−1])) is a Euclidean closed interval with at least one finite endpoint. 
The next two lemmas establish that such an index exists for a generic choice of M , and for every 
choice of τ .

Lemma 23. Let R be a real closed field, and C be an algebraic closure of R. Let S be a Euclidean closed, convex, 
non-empty proper semi-algebraic subset of Rn. Suppose that for all i ∈ ⟦1,n⟧, the set πi(S) is Euclidean closed 
in Ri . Then, for all τ ∈ Rn, there exists i ∈ ⟦1,n⟧ such that the Euclidean closed interval πxi (S ∩π−1

i−1(τ[1,i−1]))
is a non-empty proper subset of R.

Proof. Suppose on the contrary that for all i ∈ ⟦1,n⟧, πxi (S ∩ π−1
i−1(τ[1,i−1])) is either empty or equal 

to R. As S is non-empty, a simple induction shows that these sets are all non-empty, hence equal to 
R. By convexity of S , this implies that S = Rn , contradicting the assumption. □
Lemma 24. Let R be a real closed field, C be an algebraic closure of R, and S ⊂ Rn be a Euclidean closed semi
algebraic set. Then, there exists a non-empty Zariski open set ℳ⊂ GLn(C) such that for all M ∈ℳ∩ GLn(R), 
i ∈ ⟦1,n⟧, πi(S M) is Euclidean closed.

Proof. The proof is by induction on the dimension of S . When S has dimension 0, the result is 
immediate: the projections have dimension 0 as well. Suppose now that S has dimension d ≥ 1. 
By Bochnak et al. (1998, Th. 2.3.6), S is the disjoint union of finitely many Euclidean closed, semi
algebraically connected semi-algebraic sets S1, . . . , Sk . We show that for all i ∈ ⟦1,n⟧ and j ∈ ⟦1,k⟧, 
there exists a non-empty Zariski open set ℳi, j ⊂ GLn(C) such that for all M ∈ℳi, j ∩ GLn(R), πi(S M

j )

is Euclidean closed. Then, taking ℳ as the intersection of those finite many ℳi, j concludes the proof.
Let j ∈ ⟦1,k⟧. If S j has dimension less than d, we conclude by the induction hypothesis. Otherwise, 

S j has dimension d, so that by Bochnak et al. (1998, Prop. 2.8.13), its boundary T j has dimension at 
most d − 1. By induction hypothesis, there exists a non-empty Zariski open set ℳ1, j ⊂ GLn(C) such 
that for all M ∈ ℳ1 ∩ GLn(R), πi(T M

j ) is Euclidean closed. Furthermore, let V ⊂ Cn be the Zariski 
closure of S j , and C ⊂ Rn be the semi-algebraically connected component of V ∩ Rn containing S j . By 
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Henrion et al. (2016b, Prop. 17), there exists a non-empty Zariski open set ℳ2, j ⊂ GLn(C) such that 
for all M ∈ℳ2, j ∩ GLn(R), πi(C M) is Euclidean closed. It suffices then to take ℳ j =ℳ1, j ∩ℳ2, j .

To see why πi(S M
j ) is Euclidean closed for M ∈ℳ j ∩GLn(R), we show that each boundary point of 

πi(S M
j ), if any, is contained in πi(S M

j ). Let a ∈ Ri be such a point, and denote by B(a, η) ⊂ Ri the open 
ball of radius η > 0 centered at a. If for all η > 0, π−1

i (B(a, η)) ∩ T M
j ≠ ∅, then there exists x ∈ T M

j ⊂
S M

j such that a = πi(x) ∈ πi(S M
j ). Otherwise, there exists η > 0 such that π−1

i (B(a, η)) ∩ T M
j = ∅, so 

that π−1
i (B(a, η)) ∩ C M = π−1

i (B(a, η)) ∩ S M
j . As πi(C M) is Euclidean closed, there exists x ∈ C M such 

that a = πi(x). Hence, x ∈ S M
j , and a ∈ πi(S M

j ). □
Corollary 25. Let A ∈ 𝕊m(R≤1) be a linear matrix, and B ∈ 𝕊m(ℚ) be a positive definite matrix. Then, there 
exists a non-empty Zariski open set ℳ⊂ GLn(ℂ) such that for all M ∈ℳ∩GLn(ℚ), i ∈ ⟦1,n⟧, πi(spec(A)M)

and πi(spec(A + εB)M) are both Euclidean closed.

Proof. Let ℳ1 ⊂ GLn(ℂ) and ℳ2 ⊂ GLn(ℂ⟨ε⟩) be the non-empty Zariski open sets given by 
Lemma 24 for S = spec(A) and S = spec(A + εB), respectively. Then, ℳ2 contains a non-empty 
Zariski open set ℳ′

2 ⊂ GLn(ℂ). We take ℳ=ℳ1 ∩ℳ′
2. □

Now, suppose that the boundary of spec(A) ⊂ℝn is non-empty. Then, for a generic choice of B ∈
𝕊m(ℚ) that is positive definite, and for a generic choice of M ∈ GLn(ℚ), both spec(A)M and spec(A +
εB)M satisfy the assumptions of Lemma 24. Denote by Ii the interval πxi (spec(A)M ∩ π−1

i−1(τ[1,i−1]))
for spec(A)M that is proper in ℝ, and I(ε)

i the corresponding interval for spec(A + εB)M .

Let x ∈ spec(A)M ∩ π−1
i−1(τ[1,i−1]) be a point that atteins an endpoint of Ii . Clearly, x lies on the 

boundary of spec(A)M . Moreover, by Henrion et al. (2021, Lem. 5), there exists a sequence of points 
x(ε) , each attaining an endpoint of I(ε)

i , such that limε x(ε) = x. In the propositions below, we show 
that each x(ε) belongs to the finite set 

⋃︁
r,ι πx(V ( f (ε)M

r,ι,i )). Taking limits then recovers x, which in turn 
allows us to decide whether spec(A) is empty or not.

Proposition 26. Let A ∈ 𝕊m(R̃≤1) be a linear matrix. Then, there exists a non-empty Zariski open set ℬ ⊂
𝕊m(ℂ) such that for all B ∈ ℬ ∩𝕊m(ℚ), there exists a non-empty Zariski open set 𝒯B ⊂ℂn such that for all 
τ ∈ 𝒯B ∩ℚn, and ε ∈ (0,1] out of a finite set, the following holds:

For all r ∈ ⟦0,m − 1⟧, ι ⊂ ⟦1,m⟧ with |ι| = m − r, i ∈ ⟦1,n⟧, f (ε)
r,ι (τ⟦1,i−1⟧, ·) satisfies P(n − (︁m−r+1

2 
)︁− i).

Proof. Let 𝔅 be an unknown m × m symmetric matrix, and x̃ = (τ⟦1,i−1⟧, x⟦i,n⟧). For the perturbed 
parametric linear matrix A + ε𝔅, given fixed r, ι, i, we consider the map

f (ε)
i : ℂn+m(m−r) ×ℂ(m+1

2 ) → ℂm(m−r)+(m−r+1
2 ),

(x̃, u,𝔅) ↦→ f (ε)
r,ι .

By Henrion et al. (2021, Prop. 7), 0 is a regular value of f (1)
i . Thom’s weak transversality theorem 

(Safey El Din and Schost, 2017, Prop. B.3) then gives a non-empty Zariski open set 𝒪r,ι,i ⊂ 𝕊m(ℂ) ×
ℂn such that for all (B, τ ) ∈ 𝒪r,ι,i , 0 is a regular value of the map (x⟦i,n⟧, u) ↦→ f (1)

i (x̃, u, B). Taking 
𝒪 as the intersection of those finitely many 𝒪r,ι,i , we can construct ℬ and 𝒯B for all B ∈ ℬ stated in 
the proposition.

We now show why this implies that f (ε)
r,ι (τ⟦1,i−1⟧, ·) satisfies P(n − (︁m−r+1

2 
)︁ − i). Let F be the 

generator of the ideal of all polynomials vanishing on the complement of 𝒪. Let B ∈ ℬ and τ ∈ 𝒯B . 
As F (B, τ ) ≠ 0, t ↦→ F (εB, τ ) vanishes a finite number of times, i.e., (εB, τ ) ∈ 𝒪 except for a finite 
number of ε ∈ (0,1]. Thus, for all such ε, 0 is a regular value of the map (x⟦i,n⟧, u) ↦→ f (ε)

i (x̃, u, B), 
which concludes the proof. □
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Proposition 27. There exists a non-empty Zariski open set ℬ ⊂ 𝕊m(ℂ) such that for all B ∈ ℬ ∩ 𝕊m(ℚ), 
there exists a non-empty Zariski open set ℳB ⊂ GLn(ℂ) such that for all M ∈ ℳB ∩ GLn(ℚ), there exists a 
non-empty Zariski open set 𝒯B,M ⊂ℂn such that for all τ ∈ 𝒯B,M ∩ℚn, and ε ∈ (0,1] out of a finite set, the 
following holds:

If πxi (spec(A + εB)M ∩ π−1
i−1(τ⟦1,i−1⟧)) has a minimum or a maximum attained at x∗

ε ∈ spec(A + εB)M , 
then 

⋃︁
ι πx(V ( f (ε)M

r,ι,i )) is finite and contains x∗
ε , where r is the rank of A + εB at x∗

ε .

Proof. As in the proof of Proposition 26, given fixed r, ι, i, we consider the map g(ε)
i = 𝝀T jac( f (ε)

i )−
(1,0, . . . ,0). By the same argument as in Henrion et al. (2021, Prop. 8), the Jacobian matrix of 
( f (1)

i , g(1)
i ) has full rank at every point in V ( f (1)

i , g(1)
i ) such that A + εB has rank r. Hence, for 

generic choices of B , M and τ , πx(V ( f (1)M
r,ι,i )) is finite, and the same holds for 

⋃︁
ι πx(V ( f (1)M

r,ι,i )). Re

peating the argument from the proof of Proposition 26 then yields that 
⋃︁

ι πx(V ( f (ε)M
r,ι,i )) is finite for 

all ε ∈ (0,1] out of a finite set. Finally, Naldi (2016, Lem. 2) implies that x∗
ε ∈ ⋃︁

ι πx(V ( f (ε)M
r,ι,i )), if such 

a point exists. □
7.3. Extending to parametric linear matrices

We now apply the same strategy to parametric linear matrices A ∈𝕊m(R̃≤1). The following propo
sition is the analogue of Proposition 7 in this setting, and it does not require any genericity assump
tions on A.

Proposition 28. Let A ∈ 𝕊m(R̃≤1) be a parametric linear matrix. There exists a non-empty Zariski open set 
ℬ ⊂ 𝕊m(ℂ) such that for all B ∈ ℬ ∩ 𝕊m(ℚ), there exists a non-empty Zariski open set ℳB ⊂ GLn(ℂ)

such that for all M ∈ ℳB ∩ GLn(ℚ), there exists a non-empty Zariski open set 𝒯B,M ⊂ ℂn such that for all 
τ ∈ 𝒯B,M ∩ℚn, there exists a non-empty Zariski open set 𝒴B,M,τ ⊂ℂt such that for all y ∈𝒴B,M,τ ∩ℝt , the 
set 

⋃︁
r,ι,i limε πx(V ( f (ε)M

r,ι,i (y, ·))) is finite. Moreover, if the boundary of spec(A(y, ·))M is non-empty, then 
this set contains a point on the boundary.

The proof of Proposition 28 follows immediately from the proof of Proposition 22 together with 
the propositions stated below. Collectively, these results extend Lemma 24, Corollary 25 and Proposi
tions 26, 27 to the parametric case.

Lemma 29. Let R be a real closed field, C be an algebraic closure of R, and S ⊂ Rt+n be a Euclidean closed semi
algebraic set. Then, there exists a non-empty Zariski open set ℳ⊂ GLn(C) such that for all M ∈ℳ∩ GLn(R), 
there exists a non-empty Zariski open set 𝒴M ⊂ Ct such that for all y ∈ 𝒴M ∩ Rt , i ∈ ⟦1,n⟧, πi(S M(y, ·)) is 
Euclidean closed.

Proof. The proof is verbatim as in Lemma 24, using induction on dim(S); we therefore only outline 
the differences. In the induction step, when S j has dimension d, we construct ℳ and, for all M ∈
ℳ ∩ GLn(R), the corresponding set 𝒴M as follows. First, we take ℳ1 and 𝒴M,1 for all M ∈ ℳ1 ∩
GLn(R) by applying the induction hypothesis to T j , so that for all y ∈ 𝒴M,1 ∩Rt , πi((T M

j )y) is Euclidean 
closed. Next, we take ℳ2 and 𝒴M,2 for all M ∈ ℳ2 ∩ GLn(R) by applying (Henrion et al., 2016b, 
Prop. 17) over C(y) as in Le and Safey El Din (2021, Prop. 6), so that for all y ∈ 𝒴M,2 ∩ Rt , πi((S M

j )y)

is Euclidean closed. Finally, we set ℳ =ℳ1 ∩ℳ2 and 𝒴M = 𝒴M,1 ∩𝒴M,2 for all M ∈ℳ∩GLn(R). □
Corollary 30. Let A ∈ 𝕊m(R̃≤1) be a parametric linear matrix, and B ∈ 𝕊m(ℚ) be a positive definite matrix. 
Then, there exists a non-empty Zariski open set ℳ ⊂ GLn(ℂ) such that for all M ∈ ℳ ∩ GLn(ℚ), there 
exists a non-empty Zariski open set 𝒴M ⊂ ℂt such that for all y ∈ 𝒴M ∩ℝt , i ∈ ⟦1,n⟧, πi(spec(A y)

M) and 
πi(spec(A y + εB)M) are both Euclidean closed.
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Proof. As in Corollary 25, it suffices to apply the previous lemma to spec(A) and spec(A + εB), then 
for the latter, extract the non-empty Zariski open sets in GLn(ℂ) and ℂt from those in GLn(ℂ⟨ε⟩)
and ℂ⟨ε⟩t , respectively. □
Proposition 31. Let A ∈ 𝕊m(R̃≤1) be a parametric linear matrix. Then, there exists a non-empty Zariski open 
set ℬ ⊂ 𝕊m(ℂ) such that for all B ∈ ℬ∩𝕊m(ℚ), there exists a non-empty Zariski open set 𝒯B ⊂ℂn such that 
for all τ ∈ 𝒯B ∩ℚn, there exists a non-empty Zariski open set 𝒴B,τ ⊂ℂt such that for all y ∈ 𝒴B,τ ∩ℝt , and 
ε ∈ (0,1] out of a finite set, the following holds:

For all r ∈ ⟦0,m − 1⟧, ι ⊂ ⟦1,m⟧ with |ι| = m − r, i ∈ ⟦1,n⟧, f (ε)
r,ι (y, τ⟦1,i−1⟧, ·) satisfies P(n − (︁m−r+1

2 
)︁−

i).

Proof. The proof is verbatim as in Proposition 26, except that for fixed r, ι, i, we consider the map

f (ε)
i : ℂt+n+m(m−r) ×ℂ(m+1

2 ) → ℂm(m−r)+(m−r+1
2 ),

(y, x̃, u,𝔅) ↦→ f (ε)
r,ι .

As 0 is still a regular value of f (1)
i , Thom’s weak transversality theorem (Safey El Din and Schost, 

2017, Prop. B.3) gives ℬ ⊂ 𝕊m(ℂ), 𝒯B ⊂ ℂn for all B ∈ ℬ and 𝒴B,τ for all τ ∈ 𝒯B , such that for all 
B ∈ ℬ, τ ∈ 𝒯B , y ∈𝒴B,τ , 0 is a regular value of the map (x⟦i,n⟧, u) ↦→ f (1)

i (y, x̃, u, B). Taking union over 
all r, ι, i and applying the same argument as in Proposition 26 for ε then concludes the proof. □
Proposition 32. There exists a non-empty Zariski open set ℬ ⊂ 𝕊m(ℂ) such that for all B ∈ ℬ ∩ 𝕊m(ℚ), 
there exists a non-empty Zariski open set ℳB ⊂ GLn(ℂ) such that for all M ∈ ℳB ∩ GLn(ℚ), there exists a 
non-empty Zariski open set 𝒯B,M ⊂ℂn such that for all τ ∈ 𝒯B,M ∩ℚn, there exists a non-empty Zariski open 
set 𝒴B,M,τ ⊂ℂt such that for all y ∈𝒴B,M,τ ∩ℝt , and ε ∈ (0,1] out of a finite set, the following holds:

If πxi (spec(A y +εB)M ∩π−1
i−1(τ⟦1,i−1⟧)) has a minimum or a maximum attained at x∗

ε ∈ spec(A y +εB)M , 
then 

⋃︁
ι πx(V ( f (ε)M

r,ι,i (y, ·))) is finite and contains x∗
ε , where r is the rank of A(y) + εB at x∗

ε .

Proof. The proof is verbatim as in Proposition 27, with the same adaptation as in the previous propo
sition. □
7.4. Algorithm for the degenerate case

We are now ready to outline how Algorithm 1 can be modified to handle degeneracies. We first 
choose a random matrix B ∈ 𝕊m(ℚ) that is positive definite. Then, in place of parametric geometric 
resolutions of f M

r,ι,i , we work with the limits of the parametric geometric resolutions of f (ε)M
r,ι,i , in 

which ε is treated as an additional parameter. The complete procedure is given in Algorithm 3.

Algorithm 3 ParametricSolveLMI2.

Input: A ∈𝕊m(R̃≤1)

Output: A semi-algebraic formula Φ in ℚ[y] defining a dense subset of the set {y ∈ℝt | A(y, ·) ⪰ 0}.
1: choose B ∈𝕊m(ℚ) positive definite
2: choose M ∈ GLn(ℚ)

3: choose τ ∈ℚn

4: F (ε)M ← RealDet(A + εB, M, τ )

5: gM ← ChangeVars(PSDMatrixCond(A), M)

6: Φ ← PSDMatrixCond(A(·,0)) > 0
7: for all f (ε)M

r,ι,i ∈ F (ε)M do 
8: Φr,ι,i ← Classification(Cut( f (ε)M

r,ι,i ), gM )

9: Φ ← Φ ∨ ⋁︁
j:r j>0 Φr,ι,i, j

10: end for
11: return Φ
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Proof of Theorem 1 (degenerate inputs, algorithmic correctness)

Theorem 33. Let A ∈ 𝕊m(R̃≤1) be a parametric linear matrix. Assume that all parameters chosen in Algo
rithm 3 satisfy the assumptions of Proposition 28. Then, Algorithm 3 is correct.

Proof. Algorithm 2 uses only finitely many algebraic operations in the coefficient field of the input 
polynomials (e.g., taking leading coefficients, computing GCDs, and inverses modulo suitable polyno
mials). Such operations commute with specialization at parameters y ∈ℂt , as long as no denominator, 
leading coefficient, or relevant resultant or discriminant vanishes at y. Hence, for all y outside a 
proper Zariski closed subset of ℂt , we have

Cut( f (ε)M
r,ι,i )(y, ·) = Cut( f (ε)M

r,ι,i (y, ·)).
With this commutation in place, the rest of the proof proceeds exactly as in Proposition 8: it suf
fices to replace Proposition 7 by Proposition 28, which ensures that for a generic choice of y, if 
∂ spec(A(y, ·)) ≠ ∅, then there exists r, ι, i such that Cut( f (ε)M

r,ι,i (y, ·)) is finite and meets spec(A y)
M . 

This yields the correctness of our approach. □
Arithmetic complexity of Algorithm 3 Theorem 1 asserts that Algorithm 3 has the same asymptotic 
complexity bound as in the generic case. We now establish this result.

Proof of Theorem 1 (degenerate inputs, algorithmic complexity). We prove that the asymptotic de
gree bounds Δ⋆ and δ⋆ from Proposition 20 remain valid for f (ε)

r,ι,i . Moreover, applying Algorithm 2

to the parametric geometric resolutions of f (ε)M
r,ι,i increases polynomial degrees by at most a factor 

ΔO (1)δO (1) . As this growth does not change the asymptotic complexity bounds stated in Theorem 1, 
the result then follows.

The first claim is straightforward. As in Henrion et al. (2021, Prop. 9), the linear matrix A +εB can 
be seen as linear in the n + 1 variables x and ε, so that the asymptotic bounds Δ⋆ and δ⋆ for f r,ι,i

also apply to f (ε)
r,ι,i when replacing n by n + 1. In particular, the asymptotic forms of these bounds are 

unchanged.
The second claim is more delicate. Assume that the inputs q̂, ŵ1, . . . , ŵn to Algorithm 2 satisfy 

the degree bounds in Proposition 20, and let q, w1, . . . , wn be the polynomials produced by the al
gorithm. The degrees in T of the polynomials gcdT (q,q′), q̃, gcdT (q̃,q′), q1, q≥2 and yi appearing in 
the algorithm are clearly bounded by δ⋆ . We now bound the degrees in y of the numerators and 
denominators of these polynomials. We write

q̃ = num(q)/gcd(num(q),num(q′)) 
denom(q) lcT (gcd(num(q),num(q′)))

,

so that deg(denom(q̃)) ≤ 3Δ and degy(num(q̃)) ≤ 2Δ. Replacing q by q̃, we obtain analogously that

deg(denom(q1)) ≤ 4Δ, degy(num(q1)) ≤ 2Δ.

Consequently, deg(denom(q≥2)) ≤ Δ and degy(num(q≥2)) ≤ 6Δ. To bound the degrees in y of yi , 
we use the same approach as in Section 6.2. Let c = Res(num(q1),num(q≥2)) ∈ ℚ[y], a,b ∈ ℚ[y][T ]
of degree at most degT (q) such that a num(q1) + b num(q≥2) = c, and p = bwi . Then,

yi = denom(q0q≥2) 
c num(q0)denom(p)

PremT (num(p),num(q1)) 
denom(q1)max(degT (p)−degT (q1)+1,0)

.

Carrying out the same degree estimates as in Proposition 20 yields

deg(denom(yi)) ∈ O (Δ(δ + deg(denom(wi)))),

degy(num(yi)) ∈ O (Δδ(δ + degy(num(wi)))).
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We therefore conclude that, in the output of Algorithm 2, the degrees in y of the numerators and 
denominators increase by at most a factor O (Δδ). This concludes the proof. □
8. Implementation details

In this section, we report on the implementation details of our algorithm that allowed us to carry 
out the experiments in Section 9. The implementation is written in Julia, using Nemo.jl (Fieker et al., 
2017) as a binding to FLINT (The FLINT team, 2025) for polynomial arithmetic, AlgebraicSolving.jl (or 
internally msolve Berthomieu et al., 2021) to compute reduced Gröbner bases over ℚ with graded 
reverse lexicographical orderings, and optionally RAGlib (Safey El Din, 2007) for sampling points in 
a semi-algebraic set. All our code is available upon request, and is expected to be integrated into 
AlgebraicSolving.jl.

Evaluation-interpolation scheme In our implementation, we use evaluation-interpolation techniques 
to speed up computations involving polynomials or rational functions in ℚ(y). These methods were 
originally proposed in Cuyt and Lee (2011, Sec. 2.2) and later extended to projective coordinates in 
Peraro (2016, Sec. 3.5) and van der Hoeven and Lecerf (2021, Sec. 3.3). In short, we regard the target 
rational function f ∈ℚ(y) as a blackbox that can be evaluated at integer points in ℤt . After evaluat
ing f at sufficiently many points, we reconstruct f by interpolating the numerator and denominator 
separately.

For best performance, we call fmpq_poly_interpolate_fmpz_fmpq_vec from FLINT 3.4 for 
univariate interpolation with integer points, thus requiring Nemo.jl 0.53.0 or higher.

Computing parametric Gröbner bases Given f ⊂ ℚ[y, x], we aim to compute the reduced Gröbner 
basis 𝒢 of the ideal ⟨ f ⟩ℚ(y) with respect to a monomial ordering. In our implementation, the default 
approach is an evaluation-interpolation scheme:

1. We first identify the monomial support of each element of 𝒢 by computing reduced Gröbner bases 
of the specialized ideals ⟨ f (y, ·)⟩ at random points y ∈ℤt , using AlgebraicSolving.jl.

2. Next, for every monomial occurring in each basis element, we recover its coefficient by interpola
tion from evaluations at sufficiently many points. This entails computing reduced Gröbner bases of 
⟨ f (y, ·)⟩ at all interpolation points. For each computed basis, we check that its monomial structure 
agrees with that determined in the first step; if it does not, we discard that point.

Alternatively, if the property that 𝒢 is reduced is not essential, we can compute a parametric 
Gröbner basis by computing the reduced Gröbner basis of ⟨ f ⟩ with respect to a block monomial 
ordering that eliminates x, and then extracting 𝒢 via post-processing. This is the approach taken in 
Naldi et al. (2025); however, it is significantly more memory-consuming, and makes it impractical to 
handle large examples in our experiments.

Computing parametric Hermite matrices To compute Hermite matrices with entries in ℚ(y), the de
fault approach of our implementation follows exactly the definition in Section 4.2:

1. We compute the reduced Gröbner basis of the input ideal over ℚ(y) with respect to the graded 
reverse lexicographical ordering. This is done via evaluation-interpolation as described above.

2. Then, we can construct the Hermite matrices by computing multiplication matrices with normal 
form computation, using the divrem function from Nemo.jl, and then taking traces. To accelerate 
the process, we precompute the Hermite matrix ℋ1, as well as the multiplication matrices ℳb
for all monomials b in the monomial basis ℬ, so that for g with normal form 

∑︁
b∈ℬ cbb, we have 

ℳg = ∑︁
b∈ℬ cbℳb , and hence ℋg =ℋ1ℳg .

This approach serves as an alternative to the parametric geometric resolution algorithm for con
structing our Hermite matrices due to better performance in practice (see Gaillard and Safey El Din, 
2024). Aside from this default approach, one may instead compute Hermite matrices directly by 
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evaluation-interpolation via an optional setting in our implementation. On the instances we consid
ered, however, this variant can be up to an order of magnitude slower: for example, for the instance 
GRD24 in Section 9, the runtime increases from 8.5 minutes to 1.2 hours.

Computing sample points To compute sample points in the non-vanishing of a set of polynomials 
f1, . . . , f s ∈ℚ[y], we use the following approach:

1. When t = 1, we compute a real root isolation of the product 
∏︁s

i=1 f i using AlgebraicSolving.jl, and 
then select sample points in each interval between two consecutive real roots.

2. When t = 2, we compute sample points in the non-vanishing of the product of leading coeffi
cients in y2, discriminants with respect to y2, and pairwise resultants with respect to y2, for all 
f i (Collins, 1975). The discriminants and resultants are computed using evaluation-interpolation 
techniques. Then, for each sample point in y1, we compute sample points in the non-vanishing of 
the univariate polynomials obtained by specializing y1.

When t ≥ 3, the strategy depends on s and degrees of the input polynomials. If they are small 
enough, we use the same approach as in the case t = 2, by eliminating one variable at a time. Other
wise, we use the RAGlib library (Safey El Din, 2007) to compute sample points in the non-vanishing 
of f1, . . . , f s , which behaves better in practice for larger examples.

Computing real root classifications To compute real root classifications of parametric polynomial sys
tems, we implement (Gaillard and Safey El Din, 2024, Alg. 2) with optimizations from Gaillard and 
Safey El Din (2024, Sec. 5) to reduce the cost of computing sample points when all the Hermite ma
trices are of full rank. The performance of our implementation is comparable to the results reported 
in Table 1 of Gaillard and Safey El Din (2024), despite using a different programming language and 
libraries.

Example 2 (continued). For the parametric linear matrix A of Example 1, we obtained in Section 1 the 
set of polynomials f , g ⊂ℚ(y)[x, u,𝝀], where g is independent of u and 𝝀. Eliminating the auxiliary 
variables from f via Gröbner basis computation yields the parametric Gröbner basis 𝒢 generated by

𝔤= x2 + (−a + 2c)x − b + c2.

As 𝔤= −g0, it suffices to identify the sign of g1 at the real solutions of 𝔤= 0. For the monomial basis 
ℬ = (1, x) of ℚ(y)[x]/⟨𝒢⟩ℚ(y) , the Hermite matrix associated with 1 is exactly

H =
[︃

2 a − 2c
a − 2c a2 − 4ac + 2b + 2c2

]︃
,

and the multiplication matrix of g1 is

M =
[︃

b + 1 ab − ac2

a a2 − 2ac + b + 1

]︃
.

We then sample one point in each connected component of the non-vanishing of det(H)det(M), and 
compute the possible signs of g1 for each sample point. This yields the following classification:

• Either 𝔤 = 0 has two distinct real solutions (i.e., H is positive definite), and g1 > 0 at all these 
solutions (i.e., A is positive semidefinite);

• Or 𝔤= 0 has no real solution (i.e., H has eigenvalues of opposite signs), so that g1 has no realizable 
sign.

Hence the conclusion in Section 1.
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9. Practical experiments

We present practical experiments with our implementation on LMIs with background in multiple 
domains. Due to their large size, we refer to https://weijia.perso.lip6.fr/generic-param-lmi/ for the 
exact form of the LMIs. In the following, we denote by PRBtn the LMI for the problem labeled PRB, 
with t parameters and n variables.

Sum-of-squares problem A polynomial P ∈ℚ[x] with real coefficients is a sum of squares (SOS) if and 
only if it can be written as P = 𝜷⊤W 𝜷 , where 𝜷 is a vector of monomials (typically monomials with 
exponent vectors in the Newton polytope of P ) and W is a positive semidefinite matrix. Expanding 
the right-hand side and matching coefficients with P yields a set of linear equality constraints on the 
entries of W . The SOS condition is therefore equivalent to the feasibility of an LMI in the entries of W . 
When the coefficients of the input polynomial depend on some parameters, one obtains a parametric 
LMI.

Example 3. For P = z6 − 3x2 y2z2 + x2 y4 + x4 y2 + ξ(x2 + y2 + z2)3, with ξ considered as a parameter, 
one can choose 𝜷 = (x3, xy2, y3, x2z, y2z, z3)⊤ , and hence obtain the following parametric LMI in the 
variable w:⎡

⎢⎢⎢⎢⎢⎢⎣

ξ 1
2 + 3

2 ξ 0 0 w 0
1
2 + 3

2 ξ 1 + 3ξ 0 −w 0 0
0 0 ξ 0 0 0
0 −w 0 3ξ 3ξ − 3

2
3
2 ξ

w 0 0 3ξ − 3
2 3ξ 3

2 ξ

0 0 0 3
2 ξ 3

2 ξ 1 + ξ

⎤
⎥⎥⎥⎥⎥⎥⎦

⪰ 0.

For a detailed derivation of the LMI from the sum-of-squares condition, the reader is referred to the 
webpage mentioned above.

In the following, MKN11 is extracted from a perturbation of Motzkin’s polynomial (Motzkin, 1967), 
and RBN11 from Robinson’s polynomial (Robinson, 1973).

Algorithm analyses We also consider LMIs extracted from the analysis of classical first-order optimiza
tion algorithms. In the following, GRD12 to GRD24 correspond to different choices of parameters and 
specializations of the same LMI of size m = 3, with 2 parameters and 4 free variables, generated from 
the gradient descent method. Similarly, PPM21 and PPM31 are generated from the proximal point 
method, LGD34 from Lyapunov analysis of gradient descent, and GRD34 from an alternative LMI for 
gradient descent. DRS32 to DRS43 come from Ryu et al. (2020, SM3.1.1, SM3.2.1) in the analysis of 
the Douglas-Rachford splitting, and SGD32 from Taylor and Bach (2019, App. E.7) in the analysis of 
stochastic gradient descent.

Example 4. Ryu et al. (2020, Thm. 4.1) gives the tight contraction factor ρ of the DRS operator I −
θ J B + θ J A(2 J B − I) under the assumptions of μ-strong monotonicity and β-cocoercivity. The analysis 
is based on the feasibility of the following parametric LMI in the variables λA

μ and λB
β :

⎡
⎢⎢⎣

ρ2 + βλB
β − 1 −θ + λA

μ

2 θ − ( 1
2 + β)λB

β

−θ + λA
μ

2 −θ2 + (1 + μ)λA
μ θ2 − λA

μ

θ − ( 1
2 + β)λB

β θ2 − λA
μ −θ2 + (1 + β)λB

β

⎤
⎥⎥⎦ ⪰ 0.

A detailed derivation of the LMI is given in Ryu et al. (2020, SM3).
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Experimental setup Timings are given in days (d.), hours (h.), minutes (min.) and seconds (s.). All 
computations were performed single-threaded on an Intel Xeon Gold 6246R server with 1.5 TB of 
RAM. Columns O1 and O2 give the runtimes for the first two options described in Section 4.3, using 
our implementation with Julia 1.12, Nemo.jl 0.53.0 and AlgebraicSolving.jl 0.10.2. Column Ob reports 
the runtime for computing one point in each connected component of πy(spec(A)). These points are 
obtained by collecting the determinants of the Hermite matrices produced by two successive runs of 
O1 (with different choices of M and τ ), and then computing sample points where neither the denom
inators nor the common factor of the numerators vanishes. Columns QE1 and QE2 report quantifier 
elimination runtimes in Maple 2025 (Chen and Moreno Maza, 2016) and Wolfram 14.3 (Strzeboński, 
2006), respectively; both solvers are based on variants of cylindrical algebraic decomposition algo
rithms.

O1 Ob O2 QE1 QE2 
MKN11 0.2 s 0.5 s 0.4 s 9.2 s 0.2 s 
RBN11 0.2 s 0.5 s 0.4 s 12 s 0.2 s 
GRD12 1.0 s 2.6 s 1.2 s 2.1 h 0.7 s 
GRD13 11 s 30 s 17 s ∞ ∞
GRD14 1.1 min 2.3 min 1.5 min ∞ ∞
GRD21 0.6 s 1.3 s 1.0 s 1.3 s 0.3 s 
GRD22 3.6 s 8.1 s 11 s ∞ 1.1 h 
GRD23 2.3 min 5.9 min 1.5 h ∞ ∞
GRD24 8.5 min 17 min 8.5 h ∞ ∞
PPM21 0.2 s 0.4 s 0.5 s 0.08 s 0.07 s 
PPM31 1.1 s 2.4 s 2.0 s 0.2 s 0.07 s 
SGD32 1.0 min 3.7 min ∞ ∞ ∞
DRS32 22 min 46 min ∞ ∞ ∞
DRS42 8.3 h 17.2 h ∞ ∞ ∞
DRS33 1.0 h 2.1 h ∞ ∞ ∞
DRS43 21 h 1.8 d ∞ ∞ ∞
GRD34 3.9 h 7.8 h ∞ ∞ ∞
LGD34 1.2 s 2.8 s 1.7 s ∞ ∞

In the table, the symbol ∞ indicates that the computation is unfortunately intractable either be
cause no result was obtained within 7 days or due to lack of memory.

When t ≥ 2 or n ≥ 2, our implementation succeeds for examples where quantifier elimination in 
Maple and Wolfram either fails due to lack of memory or does not terminate within 7 days. This illus
trates the benefit of our approach on this range of problems compared to general-purpose solvers for 
quantifier elimination. In addition, the examples GRD14, GRD23 and DRS43, which were previously 
out of reach in Naldi et al. (2025), can now be solved within a reasonable time frame thanks to the 
evaluation-interpolation techniques and other improvements in our implementation.
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