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1. Introduction

Problem statement For a set £ and m € N, we denote by Sp,(€) the set of m x m symmetric matrices
with entries in £. For n and t in N, we consider sequences of variables ¥ = (x1, ..., X;) and parame-
ters ¥ = (¥1, ..., y) and the ring R = Q[y][x]. The set of polynomials in R of degree at most 1 in x
is denoted by R<q.

A matrix A= Ag+x1A1+ -+ xpAp in Sm(fiﬁl) is said to be a parametric linear matrix. For any
y € RE, we denote by A, the matrix obtained by specializing the parameters y to y. The linear matrix
inequality A, > 0 defines the spectrahedron spec(Ay) C R", i, the set of points x in R" such that
Ay (x) is positive semi-definite. It is well-known that spec(Ay) is a convex semi-algebraic set, defined
by gi(y,-) >0, where g; € R is the coefficient of A in det(A + Aly) (see, e.g., Henrion et al., 20163,
Sec. 5.2).

Problem 1 (Generic feasibility problem). Given a parametric linear matrix A € Sm(kgl). compute a
semi-algebraic formula ® in Q[y], such that ® defines a dense subset of the set of feasible pa-
rameters P:={y e R! |Ixc R": A(y,x) > 0}.

The problem is a natural generalization of the decisional feasibility problem for LMIs. Indeed, once
the semi-algebraic formula ® is computed, one can decide whether a generically chosen parameter y
is in P by checking whether ®(y) is true.

Example 1. Let y =a, b, c and x = x. For the parametric linear matrix

A ax+b x+c
T x+c 1 |

the algorithm presented in this paper establishes that P = {(a, b, c) € R? | a® 4 4b — 4ac > 0}, so that
the formula ®(a, b, ¢) := a? + 4b — 4ac > 0 defines a dense subset of P.

Prior works From an algorithmic viewpoint, methods for solving LMIs split into two main families:
numerical methods and symbolic methods. Numerical semi-definite programming (SDP) solvers are
highly effective in practice and, under fixed-precision and standard arithmetic models, exhibit poly-
nomial complexity behavior in the input size (see, e.g., Boyd and Vandenberghe, 2004). However, they
return approximate solutions and are not designed to output exact semi-algebraic descriptions in the
parametric setting.

Symbolic methods, in contrast, target exact formulas and solutions. Eliminating the existential
quantifier in the definition of P, or equivalently, in the formula

IxeR": go(y,x) >0A -+ Agn(y,x) >0,

falls within the scope of quantifier elimination (QE) for the first-order theory of the reals, a prob-
lem known to be decidable since Tarski’s work Tarski (1951). However, Tarski’s original algorithm
has a complexity that is not elementary recursive. A major practical milestone was achieved by
Collins’ cylindrical algebraic decomposition (CAD) algorithm (Collins, 1975), which achieves doubly
exponential complexity in the total number of unknowns. Despite this improvement, the worst-case
complexity remains prohibitively high, limiting the practical applicability of such general-purpose QE
methods to medium-size parametric LMIs.

It should be noted that, here, we have a quantifier elimination problem with a single block of vari-
ables to eliminate. The idea to exploit such a block structure to improve the complexity of quantifier
elimination originates from Grigor'ev (1988) and culminates in the work (Basu et al., 1996) (see Basu
et al., 2016, Sec. 14.6 for more bibliographic notes). This yields algorithms which are doubly exponen-
tial in the number of alternates of quantifiers and exponential in the total number of unknowns. Still,
putting into practice such algorithms is an open problem. A weakened variant for one-block quantifier
elimination is proposed in Le and Safey El Din (2021) (see also Hong and Safey El Din, 2012 and Hong
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Table 1
Method families for solving LMIs.
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Family

Representative methods

Typical guarantees

Relevance for Problem 1

Numerical SDP solvers

Interior point method
(Boyd and Vandenberghe,
2004)

Approximate feasibility
certificates;
polynomial-time behavior
under fixed precision

Fast on large instances, but
no exact semi-algebraic
formula output

General-purpose QE methods

CAD (Collins, 1975)

Exact formulas, doubly
exponential worst-case
complexity in n+t

Applicable in principle, often
intractable on medium-size
instances

General-purpose QE methods

Critical point
method (Basu et al., 1996)

Exact formulas, worst-case
complexity in n and t

Applicable in principle, often
intractable on medium-size
instances

Symbolic LMI solvers

Dedicated critical point

Exact certificates using

Targeted for LMIs, with better

method (Henrion et al., determinantal structure
20164, 2021; Le and Safey

El Din, 2021)

complexity than general QE
methods

and Safey El Din, 2009) but is restricted to systems of polynomial equations which enjoy regularity
properties and do not involve inequalities.

To overcome these limitations, we aim to exploit the specific structure of LMIs. Our study goes
back to Henrion et al. (2016a) which yields an exact algorithm for solving linear matrix inequalities,
combining its principles with those of Le and Safey El Din (2021). Table 1 summarizes the landscape.

Contributions Our contributions are organized in two parts.

Part I (generic inputs). We first solve Problem 1 under genericity assumptions on the input para-

metric linear matrix A.
Our genericity assumptions concern the coefficients of the entries of A and define non-empty Zariski
open subsets of the coefficient space. Hence, a generic small perturbation of coefficients (i.e. the co-
efficients do not cancel some prescribed polynomial) places the input in the generic regime. These
genericity assumptions are made precise in Proposition 7.

The algorithm can be seen as a generalization of the results in Henrion et al. (2016a) to the para-
metric setting. It first computes a finite set of polynomial systems (f;); in R[u, ], where u and A
are auxiliary variables, inspired by the subroutines in Henrion et al. (2016a), used to solve exactly
linear matrix inequalities. The specifics of this finite set of polynomial systems will be clarified in
Sections 2.3 and 3.2. As A is chosen generically, the polynomial systems (f;); satisfy the following
specialization property, which we prove (see Proposition 7).

For generic values of the parameters y € Rf, each f;(y,-) =0 has a finite number of complex solu-
tions, and the non-emptiness of spec(Ay) is determined by the existence of at least one solution to a
certain f;(y,-)=0A g(y,-) >0 where g =(go, ..., gn) are defined above.

To extract the formula @ characterizing this condition, the algorithm applies to each relation f; =
0 A g > 0 the real root counting method described in Gaillard and Safey El Din (2024), based on
Hermite’s quadratic form Hermite (1856).

Output

mpoe L y
Feasibility formulas

Parametric LMI

Real root
Classification

ParametricC
SolveLMI

0-dim systems in Q(y)[x, u, ]
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The algorithm works on Example 1 as follows. By definition, we have

go=—x>+ax—2cx+b—c?,
g1=1+b+ax,

which are the coefficients of degree 0 and 1 in the characteristic polynomial of A, respectively.
The procedure in Henrion et al. (2016a) yields the following system f = (f1, f2, f3, fa, f5, f6)-
For a detailed computation of f, see Example 2.

fi=ax+b+cuz1+xuyq,

fr=c+x+uzs,

fza=u,1—1, 1)
fa=ary +uzid+212 -1,
fs=As,

fe=cAi1 + %A1 + X2,

Then, the real root classification method in Gaillard and Safey El Din (2024) on f=0Ag>0
concludes that ®(a, b, ¢) holds if and only if the following matrix is positive definite:

o 2 a—2c
“la—2c a*—4ac+2b+2c% |

As the minors of H are 2 and det(H) = a® + 4b — 4ac, Sylvester’s criterion then yields ®(a, b, ¢) :=
a? +4b — 4ac > 0.

Note that for an input f;, the algorithm in Gaillard and Safey El Din (2024) is based on Grébner
bases computations, and, consequently, extra genericity assumptions on the input are required to
control the complexity.

By contrast, in this generic part, the ideal generated by the input f; turns out to be “generically
radical” (i.e. it is radical in Q(y)[x, u, A]), but does not satisfy the genericity assumptions used in
Gaillard and Safey El Din (2024), because of the special structure of the f;’s.

Still, we show how to control the complexity in this case, replacing Grobner bases computations with
the computation of parametric geometric resolutions (Schost, 2003) of the input f;.

Singular instances may remain outside our genericity assumptions; this motivates the second part
below.

Part II (degenerate inputs). We remove genericity assumptions by infinitesimal deformation: we
perturb A into a “nearby” generic instance (through a symbolic deformation), solve the perturbed
problem, and recover boundary information by letting the perturbation parameter tend to zero. This
infinitesimal-deformation paradigm is standard in effective real algebraic geometry (see, e.g., Grigor'ev
and Vorobjov, 1988; Heintz et al., 1990; Basu et al., 1996).

Theorem 1. There exists an algorithm which, given a parametric linear matrix A € Sm(fg]) of any fixed
maximum total degree d as input, outputs a semi-algebraic formula ® in Q[y] that solves Problem 1 for the
input A, in

2O(mt)n0(1)(md)O(t)((S*A*)O(t) )
arithmetic operations in Q, where

5 e nO(mz) and A* e eO(m2 logm)n0(1)d0(m2+t)t0(1)_
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Observe that for fixed m and t, the above complexity is polynomial in d and n, which is useful for
the applications we have in mind (see below).

To obtain this result, we rely on techniques, based on the critical point method for quantifier
elimination, introduced in Le and Safey El Din (2021). These are restricted to the case of systems of
polynomial constraints involving equations only. We use reductions to such a situation introduced in
Henrion et al. (2016a), but extending them to the parametric setting. As already sketched above, we
are then bound to real root classification problems, which we solve by combining Hermite’s quadratic
forms as in Gaillard and Safey El Din (2024). However, the techniques used in Gaillard and Safey El
Din (2024) to control the complexity do not apply to our situation anymore because of the specific
structure of the f;’s. Instead, we show how to leverage this specific structure to obtain degree bounds
on algebraic sets defined by the f;’s (the quantities §* and A* are maxima of these bounds), so that
one can control adequately the cost of the calls to the parametric geometric resolution algorithm
(Schost, 2003) in replacement of Grobner bases in the real root classification algorithm.

Next, we show how to remove the genericity assumptions on the input parametric linear ma-

trix A. Our approach relies on a deformation technique, introduced in Henrion et al. (2021) for the
non-parametric setting: we perturb A into a generic parametric linear matrix, solve the perturbed
instance, and then recover boundary information by letting the perturbation tend to zero.
While (Henrion et al.,, 2021) focuses on the related task of minimizing a linear functional over a
spectrahedron, we show that the same ideas can be adapted to decide the emptiness of the spectra-
hedron, in both the non-parametric and parametric cases. As a result, we obtain an algorithm that
solves Problem 1 for arbitrary input parametric linear matrix A, with the same asymptotic arithmetic
complexity as in Theorem 1.

We focus on parameter-dependent LMIs of moderate matrix size and number of parameters, for
which symbolic computation is realistic and practically useful. A key practical point is that the reduc-
tion phase ends with zero-dimensional systems. For practical experiments, we rely on optimized low
level implementations for solving zero-dimensional systems of polynomial equations through Grobner
bases computations such as Berthomieu et al. (2021), since we are not aware on similar implementa-
tions for parametric geometric resolutions. Note that, in this setting, Grébner basis routines are often
effective, with costs polynomial in some Bézout-type bound. For the complexity proof, we still rely on
geometric resolutions because they provide tighter specialization control in our structured families.

Finally, we report on implementation details and practical experiments of our algorithm, demon-
strating that our approach allows us to solve instances of problems which were out of reach to
previous algorithms (even for moderate values of n,m and t). Tests include topical examples of para-
metric LMIs which are used to encode convergence properties of first-order optimization algorithms
(Drori and Teboulle, 2014; Taylor et al., 2017a,b). This yields a new application area in computer
algebra. As a matter of fact, these parametric LMIs appear to have a moderate size m and number
of parameters t which justify our approach. These experiments show that our algorithm is able to
tackle such problems which are out of reach of the state-of-the-art implementations of real quantifier
elimination in Maple (Chen and Moreno Maza, 2016) and Wolfram (Strzeboiiski, 2006): in particular,
the instances GRD14, GRD23 and DRS43 are representative examples where our approach succeeds
while generic QE is intractable. For more details and comparisons, we refer the reader to Section 9.

Relation to the ISSAC 2025 paper (Naldi et al., 2025) This paper is an extended version of our earlier work
(Naldi et al., 2025), published in the proceedings of ISSAC 2025. Theorem 1 is a strict generalization
of the ISSAC result: it keeps the same asymptotic complexity while extending correctness from the
generic case to degenerate inputs. This extension is important for automated convergence analysis of
optimization schemes, where singular parameter configurations can naturally appear. We also report
practical results from a new implementation in Julia and describe, in full detail, the techniques that
enabled us to solve examples that were previously out of reach in Naldi et al. (2025). (See Table 2.)

Plan of the paper Section 2 presents the basic notions of determinantal and incidence varieties which
are used to define the f;'s. Section 3 presents the algorithm in Henrion et al. (2016a, Sec. 3.3) for
solving generic LMIs. Section 4 describes our algorithm for solving generic parametric LMIs, whose
correctness is proven in Section 5, and whose complexity is analyzed in Section 6. Section 7 presents
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Table 2
Positioning with respect to the ISSAC 2025 version.
Feature ISSAC 2025 (Naldi et al., 2025)  This paper
Assumptions on inputs Generic only Arbitrary
Degeneracy handling Not covered Deformation-based
Relevance for convergence analysis of LMIs  Limited to regular instances Covers singular instances
Implementation Maple Julia
Experiments Limited Expanded, with more instances resolved

our approach to handle non-generic inputs. Section 8 discusses implementation details of our algo-
rithm. Section 9 reports on practical experiments.

2. Preliminaries
Throughout the paper, we denote by R = Q[y][x], and R = Q[x], as a special case of R with t =0.
2.1. Basic notions

Critical points Let ¥V c C" be a smooth and equidimensional algebraic set, and ¢ : C" — C! be a
regular map, with i € [1,n] (where [1,n] :={1,...,n}). We denote by crit(¢, V) the set of critical
points of the restriction of ¢ to V), i.e., the points where the Jacobian matrix jac(f, ¢) of (f, ¢) has
rank <n —dim(V), where f C R is a polynomial system generating the ideal I())) associated with V
(see, e.g., Safey El Din and Schost (2003, Sec. 3.1)).

Properness Let E be a topological space, V C E", and ¢ : V> C! be a map, with i € [1,n]. We say
that ¢ is proper if for all y € ¢(V), there exists a Euclidean closed neighborhood O, of y such that
¢~ 1(O) is Euclidean closed and bounded, where @ denotes the closure of O.

Change of variables Let F be a field of characteristic 0, and M € GL,(Q) be an invertible matrix. For
any polynomial p € F[x], we denote by pM the polynomial satisfying p™ (x) = p(Mx). Analogously, for
any set £ C F", we denote by EM .= (M~ 1x|x € &).

Projections Let V be an algebraic set of Ct*" defined by a polynomial system in R. We write mx(V) C
C™" for the image of V under the projection onto the x-coordinates, and similarly 77y, (V) C C* for the
projection onto the y-coordinates. More generally, for each i € [1,n], we denote by my, (V) C C the
projection of V onto the coordinate x;, and by m;(V) Cc C! the projection of V onto the first i x-
coordinates xpqij :=X1, ..., X;.

2.2. Regularity and auxiliary results

Let V be a locally closed set of C". We say that V satisfies P (resp. P(d)) if the Zariski closure of
V is either empty or smooth and equidimensional (resp. of dimension d).

We say that a polynomial system f C R satisfies assumption A (resp. A(d)) if f generates a radical
ideal, whose associated algebraic set V (f) satisfies P (resp. P(d)).

The following lemma then serves as an equidimensional version of the Theorem on the Dimension
of Fibres (Shafarevich and Reid, 1994, Th. 1.25).

Lemma 2. Let f C Q[y, X] be a finite set of polynomials satisfying A(d), with d > t. Denote by d’ =d — t.
Then, there exists a non-empty Zariski open set Y C C! such that for all y € ), the specialization f(y, )
satisfies A(d").

Proof. If V(f) is empty, it generates the ideal (1), as does f(y,-) for all y € C!, and the lemma
holds. We assume now V (f) # 0.
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If 7, (V (f)) is contained in a proper Zariski closed subset of C*, we take ) to be the complement
of this subset. Then, for all y € Y, V(f(y,)) is empty, so the lemma also holds trivially.

Hence, assume that 7y (V (f)) is Zariski dense in C!. By the Theorem on the Dimension of Fibres
(Shafarevich and Reid, 1994, Th. 1.25), there exists a non-empty Zariski open set )’ of C* such that
forall ye)’, n;l (y) NV (f) is an algebraic set of dimension d’.

Since f satisfies A(d), crit(y, V(f)) is defined by the vanishing of f and the (n — d’)-minors
of jac(f,my) (Safey El Din and Schost, 2017, Lem. A.2). By Sard’s theorem (Safey El Din and Schost,
2017, Prop. B.2), my(crit(my, V(f))) is contained in a proper Zariski closed subset Z C C. Let Y =
(C'\Z)Nn)Y' . Then, for all ye Y, x nx(n;1 (V) NV(f)), jac(f)(y,x) has rank n —d’. By the Jacobian
criterion (Eisenbud, 2013, Th. 16.19), f(y,-) satisfies A(d’). O

2.3. Determinantal and incidence varieties

Let A € Sm(fgl) be a parametric linear matrix, and r € [0,m — 1]. The determinantal variety
Dr c CH" of A of rank r is defined as

Dy :={(y,x) € C"™" | rank(A(y, x)) <r}.

A desingularization of D, in the sense of Room-Kempf (Bank et al., 2010) is given as follows:
let U = (Ui, j)ie[1,m].je[1.m—r] be @ matrix of variables. For all ¢ C [1,m] with |¢] =m —r, define the
incidence variety V; , c CHmm= of A ag

Vi = {(y, %, u) € CHFHMI= | Ay %) .U =0, U, =ldn_r},

where U, is formed by the rows of U indexed by .

Following (Henrion et al., 2016a, Lem. 3.2), we construct a defining system f,, C R(u] for V. as
follows: let G = (&i,j)ic[1,m],je[1.m—r] the matrix obtained by substituting the entries of U, = ldm—r
into A - U, so that G is independent of u; ;'s for i € ¢. Then, f,, is defined by the polynomials in
(&i,j)i=j and U, — Idp—r.

Example 2. For the parametric linear matrix A in Example 1, we have r=1, U = (uy 1, u2,1)T, and
t={1}, so that

C—A.U= [axum +bui 1+ cuz; +Xu2,1].

Cuq,1+ XUy + U2

Imposing U, = Idn—, yields uq 1 = 1. After substituting this into G, we obtain f., = (ax+b +
Cup,1 + Xup,1,C+x+up1,ur,1 — 1), which corresponds to the first three polynomials appearing in
Equation (1).

For the last three polynomials, we refer the reader to the continuation of this example in Sec-
tion 3.2.

Properties of determinantal and incidence varieties The dimension of D; and its fibers D, (y, -) are clas-
sical results.

Theorem 3 (Anjos and Lasserre, 2011, Prop. 3.2). For all d € N, there exists a non-empty Zariski open set

Ag C Sin(Clyl<dlx]<1) such that forall A € Ag NSy (Q[yl<glx]l<1) and r € [0,m — 1],

1. D, is empty or of dimensiont +n — (m’zr“);

2. In the case where t > 1, there exists a non-empty Zariski open set Y4 C C* such that forall y € Y4 NR¢,
D (y, -) is either empty or of dimension n — (m—2r+1)'

The dimension of V;, and its fibers V; ,(y, -), as well as their regularity, are given by the following
lemma, which is a generalization of Henrion et al. (20163, Prop. 3.4). Its proof is given in Section 5.

7
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Lemma 4. For all d € N, there exists a non-empty Zariski open set Ay C Sy (C[¥]<q[X]<1) such that for all
A e AgNSu(Q[yl<dlXl<1), r€[0,m—1], ¢ C [1,m] with |t| =m —,

1. f,, satisfies P(t +n— ("5t
2. when t > 1, there exists a non-empty Zariski open set Y4 C C* such that forall y € Ya N RY, £, (v, ")

satisfies P(n — ("5 1)),
3. Algorithms for LMIs
3.1. Principles

Let A € Sp(R<1) (recall that R = Q[x]). Algorithm from Henrion et al. (2016a, Sec. 3.3) allows to
decide whether the LMI A > 0 is feasible. For the ease of the reader, we recall in the following Henrion
et al. (20163, Th. 1.2), which leverages the relation between the boundary structure of S := spec(A)
and the rank stratification of A:

Let A € S;(R<1) be a linear matrix, rmin = minges rank(A(x)), and suppose that the boundary of S is
non-empty, i.e., 3S # . Let C be a connected component of Dy, ;. NR" such that CNS #@. ThenC C S.

Consequently, solving the LMI A > 0 boils down to:

1. Pick x € Q", and decide if x € S\ 3S. If yes, return true;

2. Otherwise, S # R", so that S # @ if and only if dS # . We compute at least one point per
connected component of D, NR", for all r € [0, m — 1], and then decide if the points intersect S.
If yes, return true, otherwise return false.

3.2. Critical point methods

For all i € [1,n], recall that 7; : C" — C' denotes the coordinate projection x > X[ =
(X1,...,x;). By a slight abuse of notation, we also set 7 : x — e. We start by recalling (Safey El
Din and Schost, 2003, Th. 2). Let f C R and V =V (f).

Assume that f satisfies A(d). There exists a non-empty Zariski open set M C GL,(C) such that for all
M e M NGL,(Q),

1. The restriction of mi_1 to crit(m;, VM) is proper;
2. Foralli e [1,d+ 1], crit(zr;, VM) satisfies P(i — 1);
3. Forallt = (t1,...,7g) € RY, the set

d+1
(J @it vMy Nl (zniea)
i=1

is finite and meets all the connected components of VM N R™.

We use (Elliott et al., 2023, Sec. 5.2) to derive Lagrange polynomial systems defining the sets of
critical points crit(rr;, V (fV)).

Lemma 5 (Elliott et al., 2023, Sec. 5.2). Assume that f satisfies A(d). There exists a non-empty Zariski open set
M C GLy(C) such that for all M € M N GL,(Q), it holds that

4. There exists a non-empty Zariski open set Ty C C" such that forallt € Ty NQ", i € [1,d+ 1],

crit(ri, V(FMY) N7 (o 1) = meLag(F (taiza, ),

where Lag(f) = f U(AT jac(f) — (1,0, ..., 0)) is the Lagrange system associated with f, with A a vector
of variables.
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We denote by POLARVARIETIES an algorithm which takes as input polynomials f = (f1,..., fs) and
returns the Lagrange systems defined in Lemma 5. Under the assumptions of Safey El Din and Schost
(2003, Th. 2), their solutions meet all connected components of V (f) NR".

Example 2 (continued). After obtaining f, , = (ax+b+cuz 1 +Xuz 1, c+Xx+u3 1, u1,1 —1) with variables
(%, u1,1,u2,1), we have X = (A1, A2, A3), and

a+uzq1 0 x+c

jac(f, ) = 1 0 1
0 1 0

Hence, )‘Tjac(fm) —(1,0,...,0)=(ar1 +uz,1A1 + A2 — 1, A3, CA1 + XA1 + A2), which corresponds
to the last three polynomials appearing in Equation (1).

3.3. Bridging the regularity gap

Let A € Sm(R<1) be a linear matrix. As D; is not smooth in general, we cannot apply POLARVA-
RIETIES directly to its defining system, but only to its desingularizations V;,, where ¢ C [1,m] with
[tj]=m—r.

To compute at least one point per connected component of D, N R" outside D,_1, Henrion et al.
(20164, Prop. 3.5, 3.6) show that it suffices to compute critical points on the incidence varieties V; ,
or the points given by the Lagrange systems of f,,. We restate the result as follows:

Proposition 6 (Henrion et al., 20164, Prop. 3.5 and 3.6). Assume that V., satisfies P(n — (mfer)). Then, there
exists a non-empty Zariski open set M C GL,(C) such that for all M € M N GL,(Q), for any connected
component C C Dy NR", the following holds:

1. Forallie[1,d], 7;(CM) is Euclidean closed; furthermore, for all T € R lying on the boundary of 7r1(CM),
77 Ty NeM s finite.

2. Let T in the boundary of 7r1(CM). Then, for all x € ;' (t) N CM such that x e DM \ DM ., there exists
u e R™M=N ¢  [1,m] with || =m —r, such that (x, u) € crit(y, VM).

3. The saturation of the ideal generated by Lag(f ﬁf’t) by an ideal associated with Dr"f 1 is radical, and the
locally closed set £V, := V(Lag(f%)) N7y (DM \ DM ) satisfies P((™,")).

4. mx(EM) is either empty or finite.

5. Let (x,u) € crit(my, VM) such that x € DM \ DM |. Then, there exists i € R0+ quch that
(x,u,1) eEM.

We denote by REALDET an algorithm which takes as input A € Sp(R<1), generates for all r €
[0,m —1] and ¢ C [1,m] with [¢| =m —r the systems f,, describing the aforementioned incidence
varieties and returns (f,i)ic[1,d+1]. the output of POLARVARIETIES, when called on these systems
with their associated rank r, with extra polynomials for the saturation of rank defects. The algorithm
therefore consists purely of ring operations over R.

The routine PSDMATRIXCOND simply takes as input A and returns the coefficients of det(A + Alp)
in R (where A is a new variable).

Finally, the algorithm SoLvELMI takes as input A € S (R<1) and calls REALDET and PSDMATRIX-
Conp, to decide the existence of solutions to the systems returned by REALDET outside the appropriate
determinantal varieties D,_; and which make non-negative the polynomials output from PSDMATRIX-
CoND.
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4. Algorithms for parametric LMIs
4.1. Principles

We consider now a parametric linear matrix A € Sm(Rg) (recall that R = Q[yl[x]). We have
remarked that all operations performed by REALDET are ring operations over the coefficients of the
entries of A. Hence, it can be used with entries in R. Hence, it returns a set of polynomial systems
F in R[u, A], which, specialized at any parameter y € Qf, gives us the same result if we pass the
linear matrix A(y, ) € Sm(R<1) to the algorithm. Furthermore, we have the expected properties for a
generic choice of y, as stated in the following proposition.

Proposition 7. For all d € N, there exists a non-empty Zariski open set Ag C Sm(C[y]<q[X]<1) such that for
all A € Ay N Spu(Q[yl<alX]1<1), there exists a non-empty Zariski open set M C GL,(C) such that for all
M € M N GL,(Q), there exists a non-empty Zariski open set Ta i C C" such that for all T € Tam N Q",
there exists a non-empty Zariski open set Ya m.r C C* such that for all y € Yamr NRE re [0,m — 1],
tC [1,m] with [t] =m —r, Ur,t.i ﬂx(V(fyL,,‘(}’» -))) is finite and contains at least one point per connected
component of each DM (y, -).

Proposition 7 introduces what we call the generic assumptions: a parametric linear matrix A €
Sm(Q[yl<alx]<1) is said to be generic if it lies in the non-empty Zariski open set A; described in
Proposition 7.

The proof of the proposition is technical and is given in Section 5. For the moment, let us focus on
the consequence of the proposition. Intuitively, the polynomial systems f € F are zero-dimensional
in Q(y)[x,u, ] for a generic choice of A. Moreover, for generic values of y € R, the union of the
x-projections of V(f(y,-)) give points in each connected component of the determinantal varieties
Dr(y, ). F can therefore be seen as a parametric representation of sample points in each connected
component of the determinantal varieties of A.

Parametric
. SolveLMI . .
Parametric LMI 0-dim systems in Q(y)[x, u, A]
Parametrization
Determinantal Parametric sample points
varieties in each connected component

For such values of y, recall that deciding whether spec(A(y,-)) is empty reduces to checking
whether one of the sample points x € R" satisfies A(y,x) > 0, or equivalently, g(y, x) > 0. Hence, to
solve Problem 1, it is enough to compute, for each f € F, a semi-algebraic formula on y € R¢ that is
true exactly when the conjection f(y,-) =0 and g(y,-) > 0 admits at least one real solution. Taking
the disjunction of these formulas then yields the desired feasibility formula. Assume that we have the
following subroutine:

o CLASSIFICATION.
Input: f=(f1,...,fp) C R[u, A] such that (f)Qqy) is zero-dimensional, g = (g1,...,8s) C R.
Output: a list of tuples of the form (®;, y;, r;), with ®; a semi-algebraic formula in Q[y] defin-
ing 7; R, y; € T;, ri € N, such that

- Forall yeT;, f(y,)=0Ag(y,-) >0 has r; real solutions,
- The union of 7; is dense in RE.

10
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Algorithm 1 PARAMETRICSOLVELMIL.

Input: A € Sp(R<1)

Output: A semi-algebraic formula ® in Q[y] defining a dense subset of the set {y € Rt |3x € R" : A(y, x) > 0}.
1: choose M € GL,(Q)

: choose 7 € Q"

: FM < REALDET(A, M, T)

: gM « CHANGEVARS(PSDMATRIXCOND(A), M)

: & <« PSDMATRIXCOND(A(-, 0)) > 0

: forall f)' ; e FM do

D i~ CLASSIFICATION(f%_i, gM)

eV \/j:rj>0 (Dr.ni,j

: end for

: return ¢

—_

Then, it suffices to take the disjunction of ®; for which r; > 0 to obtain the desired semi-algebraic
formulas. We deduce Algorithm 1 for solving the generic feasibility problem for parametric LMIs.

Proof of Theorem 1 (generic inputs, algorithmic correctness)

Proposition 8. Let A € Sm(f?g) be a parametric linear matrix. Assume that A is generic in the sense of
Proposition 7, and all parameters chosen in Algorithm 1 satisfy the generic assumptions of Proposition 7. Then,
Algorithm 1 is correct.

Proof. Let ® be the output of Algorithm 1. For all y € Rf, ®(y) holds implies that either A,(0) > 0,
or there exists r,¢,i and x € nx(V(f%_’i(y, ))) such that gM(y, x) > 0. In both cases, we have found
a point x € spec(Ay)M, so that spec(Ay) # ¢. Hence, ® defines a subset of {y € R | spec(Ay) # ¥}.
Now, let ) C C* be the Zariski open set given by Proposition 7, and let y € Y N R!. Suppose that
spec(Ay) # . If spec(Ay) = R", then Ay(0) > 0, and therefore ®(y) holds. Otherwise, 9 spec(Ay) #
(. Proposition 7 then gives us r,¢,i such that nx(V(ff”yt’i(y, -))) is finite and meets aspec(Ay)M;
this implies ®,,;(y) holds, and therefore ®(y) holds. Hence, ® defines a dense subset of {y € R |
spec(Ay) # ¥}, which concludes the proof. O

Finally, we explain how to implement the CLASSIFICATION subroutine. We first take (Gaillard and
Safey El Din, 2024, Alg. 2), which deals with the condition f(y,-) =0Ag(y,-) > 0. Then, in Line 26 of
Gaillard and Safey El Din (2024, Alg. 2), we change the definition of ry, from the entry corresponding
to (1,...,1) € {0,1, —1}%, to the sum of entries corresponding to {0, 1}°. Then, ry is the number of
real solutions such that sign(g(y, -)) € {0, 1}°.

4.2. Hermite's quadratic form

Let K be a base field of characteristic 0, and f C K[x] be a polynomial system generating a zero-
dimensional ideal (f). By Basu et al. (2016, Th. 4.86), the vector space Ak := K[x]/(f)k has finite
dimension, denoted §. For all g € A, the Hermite’s bilinear map is defined by

herm(f, g): Ax x Ag —> K
(p,q) = Tr(Lgpg),

where Lgpq is the multiplication map h — gpgh on Ak, and Tr denotes the trace. The associated
quadratic form Herm(f, g) : p — herm(f, g)(p, p) is then called Hermite’s quadratic form.

Hermite’s theorem Basu et al. (2016, Th. 4.102) When K C R, for all g € K[x], denote by TaQ(g, f) the
Tarski-query of g for f, defined as

TaQ(g, f):=l{xeV(f) 1 gx) >0} — [{xe V(f) | g(x) <O}].

11
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The following identities hold:

o rank(Herm(f, g)) =[{x € V(f) | g(x) #0}].
o Sign(Herm(f, g)) = TaQ(g, f),

where Sign(®) denotes the signature of the quadratic form ®.

Hermite matrices Let B = (b1,...,bs) be a basis of Ax. For all g € Ak, the Hermite matrix asso-
ciated with g with respect to B is then defined as the matrix Hg = (hi_j),-’je[“.a]] € S5(K), where
hi,j =herm(f, g)(bi, bj) =Tr(Lgp;p,)-

To compute h; j, let Mgp,b; = Mk e eef,5] be the multiplication matrix of Lgbb; with respect to
B. By definition, my , is the coefficient of b in the representative of gb;b;by in A, which can be
obtained by a normal form computation if f is given by a Grobner basis. We can then proceed by
hi j =Tr(Mgbb;) = X ke[n,5] M k-

Specialization property of parametric Hermite matrices Let K = Q(y), f c K[x] generating a zero-
dimensional ideal (f)x, and g € K[x]. Let >, and >, be monomial orders for ¥ and y, respectively,
and > be an elimination order which eliminates ¥, built with >, and >y. Let G be the reduced Gréb-
ner basis of (f) with respect to >, and B be the monomial basis formed by the monomials of K[x]
irreducible by G.

The following generalizes (Gaillard and Safey El Din, 2024, Prop. 3.1), by dropping the assumption
that >, and >, are graded reverse lexicographic orders.

Theorem 9. Let Wy, := Uyeg V (Icx(y)), where Icx(y) is the leading coefficient of the polynomial y € K[x]
with respect to >y. Then, for all y € Ct\ W,

1. The specialization G(y, -) is a Grébner basis of { f (y, -)) with respect to >.
2. Consequently, Herm(f, g)(y, <) =Herm(f(y, ), (¥, ).

Proof. For y € C'\ Wy, Icx(g) does not vanish at y for every g € G. By Kalkbrener (1997, Th. 3.1),
G(y,-) is then a Grobner basis of (f(y,-)) with respect to >,. We then conclude by the same proof
as in Le and Safey El Din (2022, Prop. 10): for y € C!\ W, none of the denominators appear-
ing in the normal form reductions by G vanish at y, so that Herm(f, g) specializes correctly to
Herm(f(y,-),g(y,)) aty. O

4.3. Real root counting

Let K =R, f c R[x] be a polynomial system, and g € R[x]. Denote by c(o, f) :=|{x € V(f) |
sign(g(x)) = o'}|, we have

11 1 c(0, f) TaQ(g%, f)
01 -1 c(1, f) |=|TaQg!, f)
01 1 |[c-1,f TaQ(g?, f)

The identity can be generalized to a tensor identity, in the case where g = (g1,...,gs) C R[x].
Denote by SIGN(g, f) € {0, 1, —1}° the set of realizable signs of g on V(f).

Theorem 10 (Basu et al., 2016, Prop. 10.70). Let A = (a1, ..., )a) C {0,1,2}}, ¥ = (01,...,015) C
{0,1, —1}%, each in the lexicographic order. Suppose that > O SIGN(g, f). Then,

Mat(A, X) - ¢(Z, f) =TaQ(g", f),

where

12
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e Mat(A, X) = (Ufli)ie[[1,|A|]],je[[1,\2|]]v
o ¢(Z, )= (c(aj, e =)
o TaQ(g#, f) = (TaQ(g*, f))ic[1, a7]-

A trivial choice of ¥ is ¥ = {0,1, —1}°, which gives ¢ simply by inverting the square matrix

Mat(A, ¥). By summing the coefficients corresponding to o € {0, 1}°, we obtain ay, ..., a4 € Q such
that
|Al
lixe V(f) | g(x) = 0}| =) a;Sign(Herm(g™, f)). (3)

i=1
It suffices to extract a semi-algebraic formula corresponding to the positivity of the linear combination
of signatures. For this, we have several options:

(01) We can directly return the positivity assertion (3), which is itself a semi-algebraic formula.

(02) Let S ¢ R be the semi-algebraic set defined by the non-vanishing of the non-zero principal
minor of maximal size of all Hermite matrices. Then, on each connected component of S, the
signatures of the Hermite matrices are constant. Thus, we can then return the realizable combi-
nations of signatures after computing one point per connected component of S and examining
the signatures on these points.

(03) Moreover, the signature of a Hermite matrix is generically determined by the sign variation
of its leading principal minors (see, e.g., Gaillard and Safey El Din, 2024, Lem. 4.8). If we add
the condition of their non-vanishing in the definition of S, we can refine the formula into a
combination of signs of the leading principal minors of the Hermite matrices.

When K = R(y), by Theorem 9, Equation (3) holds for generic specializations of y € R¢, if we
further intersect S with R \ W,.. This leads us to the use of Gaillard and Safey El Din (2024, Alg. 2)
which performs real root classification for parametric zero-dimensional systems using Hermite matri-
ces, combined with the following subroutine:

e SAMPLEPOINTS.
Input: a semi-algebraic formula ® in Q[y].
Output: a finite set of points in R! containing at least one point per connected component
of the semi-algebraic set defined by ®. We refer to Le and Safey El Din (2022) for an algorithm
having such a specification (see also references therein).

5. Proof of genericity

This section is dedicated to the proof of Proposition 7, which gives us the last piece of the puzzle
to prove the correctness of Algorithm 1. The main difficulty is to show that the choices of M € GL,(Q)
and T € Q" in Proposition 7 do not depend on the choice of parameters y € R!. The proof requires a
careful analysis of all the propositions and lemmas presented in the previous sections.

5.1. Expected dimension of incidence varieties

Proof of Lemma 4 (1). For all d € N, denote by ng the dimension of Q[y]4. Observe that, as a vector
space, Sy (Q[y]<alX]<1) is isomorphic to S,(T?H)”d (Q), so that we can rewrite A as

Ay 0= Y Ay,

keNE, |k|<d
LeN" |¢]1<1

where Ak ¢ = (k... j)i,je[1.m] € Sm(Q). Denote then, by abuse of notation, A € S,(,'f“)"d (Q) the para-
metric linear matrix.

13
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Suppose w.l.o.g. that r is fixed, ¢ = [[1, m — r]. Consider the map
@ : Ctmtmm=n o g+l () _, emmn+("3T),
V. x.u, Ay fr,
and, for A € S,(T?H)"d (Q), its induced map
op 1 CIFREM=T) (Cm(mfr)Jr(m’zr“),
V. xw) > ey, x,u,A)=f,,

so that <p;1(0) =V( )=V If e 10)=9, forall Ae S,(,Z'H)”d Q), (p;1(0) is empty and we are
done. Otherwise, assume that ¢~1(0) s ¢. Note that for all (y, x,u, A) € 9~1(0), jac(¢)(y, x, u, A) has
full rank, given by

o the derivatives W.L.t. (a0,0,i,j)ie[1,m—r]vje[1,m—r] Of the entries of G, and,
o the derivatives w.r.t. (ui.j)ia,je[[Lm—r]] of the entries of U, — Id;;,_r.

Hence, 0 is a regular value of ¢. By Thom’s weak transversality theorem (Safey El Din and Schost,
2017, Prop. B.3), there exists a non-empty Zariski open set Ay C S,(,?“)nd (C) such that for all A €

Ag N S#}H)"f’ (Q), 0 is a regular value of @4. By the Jacobian criterion (Eisenbud, 2013, Th. 16.19),
fr. satisfies Pt +n— ("), O

Proof of Lemma 4 (2). As f,, satisfies P(t +n — (m—2r+1))' by Lemma 2, there exists a non-empty
Zariski open set Y C C! such that for all y e YNRY, f, (v, ) satisfies P(n — (m—£+1)). ]

We then generalize Lemma 4 (2), so that the choice of 7 € Q" in REALDET becomes independent
of the choice of y € R¢ in the following proposition.

Proposition 11. Under the assumptions of Lemma 4, the following additional result holds:

3. In the case where t > 1, there exists a non-empty Zariski open set T C C" such that for all T € T N Q",
there exists a non-empty Zariski open set Y, C C' such that forall y € Y N R, forall i € [1,n + 1],

Frov.Tqioa]. ) satisfies P(n — ("5 1) — ).

Proof. As f,, satisfies P(t+n— (m_zr“)), by Lemma 2, for all i € [1,n+ 1], there exists a non-empty
Zariski open set 7; C C" such that for all T € 7; N Q", there exists a non-empty Zariski open set
Vi € C! such that for all y € Vi NRY, f. (¥, T1,i—1), ) satisfies P(n — (m’r“) —i). We then take

2
T = 0?2117,7 and Y, = ﬂ?;r]] Vi:. O
5.2. Dancing with genericity

We now give parametric generalizations of Proposition 6. These will imply that one can run over
a fraction field the algorithms of Henrion et al. (2016a) to reduce to real root classification problems
the one of solving a parametric LMI.

Lemma 12. Assume that for all r € [0, m — 1], ¢ C [1, m] with |¢| = m —r, V;,, satisfies P(t +n — (m’zr“)).
Then, there exists a non-empty Zariski open set M C GL,(C) such that for all M € M N GL,(Q), there
exists a non-empty Zariski open set Yy C Ct such that for all y € Yy NRY, for any connected component
C C Di(y,-) NR", the results of Proposition 6 hold.

14
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Proof. The proof of Proposition 6 follows from Henrion et al. (2016b, Prop. 17, 18). As the proof of
Henrion et al. (2016b, Prop. 17) is purely algebraic and thus valid over the base field C(y), we can
then invert the order of choosing y and M as in Le and Safey El Din (2021, Prop. 6). O

Lemma 13. Assume that for all r € [0,m — 1], ¢ C [1, m] with |t| =m —, V;., satisfies P(t +n — ("5 11)).
Then, there exists a non-empty Zariski open set M C GL,(C) such that forall M e M NGL, (Q) there exists
a non-empty Zariski open set Yy C Ct such that forall y e Yy NRE, 1 C [1, m]] with |¢| = m —r, the results
of Proposition 6 hold.

Proof. The proof of Proposition 6 follows from Henrion et al. (2016a, Lem. 4.2 (i)). Applying the same
proof shows that for generic choice of M, the system (f, g, h) in Henrion et al. (20164, Eq. 4.3) satis-
fies Q in O ={(x,y,z) :rank A(x) =r}, i.e,, the rank of D(f, g, h) is the codimension of V((f, g, h))
in V((f, g,h)) N O. The choice of y is then generic and follows from the Th. on the Dimension of
Fibres (Shafarevich and Reid, 1994, Th. 1.25). O

Proof of Proposition 7. For all d € N, let A4 be the intersection of the Zariski open sets defined in
Theorem 3 and Lemma 4. Then, for all A € Ag N Sy (Q[y]<q[x]<1), the assumptions of the above
lemmas are satisfied. It is then straightforward to show that for generic choices of M € GL,(Q) and
7 € Q", there exists a non-empty Zariski open set Ya .z C C! such that for all y € Ya m.r NRE, the
results of Proposition 6 hold for A(y,-) € Sm(R<1), and that for all r € [0,m — 1], ¢ C [1,m] with
ltl=m—r,ie[l,n+1], Dr(y,-), Vi (¥,-), and f,,;(y,-) satisfy all the results in Henrion et al.
(2016a). The correctness of Proposition 7 then follows from the correctness of Henrion et al. (2016a,
Th. 3.7). O

6. Complexity analysis

We give now a complexity analysis of Gaillard and Safey El Din (2024, Alg. 2) (and hence, by
construction, of CLASSIFICATION), without the extra genericity condition assumed in Gaillard and Safey
El Din (2024), i.e., the homogeneous components of f of highest degree form a regular sequence.

Denote M, = (a:;b).

6.1. Parametric geometric resolutions

Let f=(f1,....fp) C R[u, A] generating a zero-dimensional ideal (floy) and g=(g1,...,8s) €
R. In the case where f generates a radical ideal, we can use parametric geometric resolutions.

Definition 14. Let P € Q(y)[x] be a polynomial. We denote by denom(P) € Q[y] the least common
multiple of the denominators of the coefficients of P, and by num(P) = P denom(P) € R.

Proposition 15 (Parametric geometric resolution, Schost, 2003, Th. 1). Denote by A := deg(V (f)) the affine
degree (see, e.g., Heintz, 1983) of the algebraic set V ( f), and § := deg,, (f) the generic cardinality of the fibers
of the canonical projection 7 : (y,X) — y to V(f). Then,

1. There exists a monic irreducible polynomial ¢ € Q(y)[T] and polynomials v1, ..., vy, € Q(y)[T], with

degr(q) =4, degr(vi) <8 —1,
deg(denom(q)) < A, deg(denom(v;)) < A,
degy (num(q)) < 2A, degy (num(v;)) < 2A,
such that the parametrization
vi(y,T) .
q(y, T)=0, xi=——-— Vie[l,n
T qw. T .l

15
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gives the solutions of the system f(y,x) = 0 when both systems are specialized at all parameters y =
Y1, -..,yt) € Qt such that q, v1, ..., vy are well-defined and q’ is not identically zero.
2. There exist polynomials V1, ..., Vs € Q(¥)[T], with

degr (Vi) <6 -1, deg(denom(v;)) < A deg(g),
degy (num(v;)) < 2A deg(gi),
such that, when denoting by

- _Viw.D
YT gy, T

the sign of g(y, x) is the same as the sign of g; for all solutions of the parametrization.

Vie[l,s],

Proof. 1. Let Q(y) — Q(¥)[x]/(f)q(y) be a field extension, and u be a primitive element of the
extension with coefficients in Q, so that g, v1, ..., vy, as well as the degree bounds, are given by
the parametric geometric resolution of f(y,x) =0 for u (Schost, 2003, Th. 1).

2. Consider the system f(y,x) =0, gi(y,x) — g =0, where g; is a new variable. As the value of
g; is uniquely determined by other variables, u is a primitive element of the extension Q(y) —

Q). &g1/(f. & — &)y, and deg, (f.gi — &) = deg, (f). The parametrization of g; is then
given by the parametric geometric resolution of the system for u. Finally, Bézout’s theorem gives
deg(V (f, gi — &) < Adeg(g;). The degree bounds follow. O

We recall that the Lagrange systems with saturation of rank defects generically satisfy the as-
sumptions above. Hence, we compute the parametric geometric resolution, and pass f =q and
g=(81,...,8) to CLASSIFICATION instead. We then have B={1,T,..., T®"1}, as the unique mono-
mial basis of Q(¥)[T1/{q)qy)- For a € {0,1,2)°, the Hermite matrix Hgo W.rt. B is, using the
notations of Basu et al. (2016),

8
(Hga)ij =Tr(Mrpisjga) = »  cof(T¥, Remy (T g* g)). (4)
k=1

Complexity analysis Let deg(f) := max;deg(f;) and deg(g) := max; deg(g;). By Schost (2003, Th. 2),
there exists a probabilistic algorithm which computes the polynomials in Proposition 15 (1) using

0 ((nI‘f +n%+ tzn)BMtAA)

arithmetic operations in Q, where I'y is the length of a straight-line program evaluating f, and
the notation g = O(f) refers to g = O(flog“(f)) for some « > 0. For Proposition 15 (2), by simply
reapplying the algorithm for each i € [1, s], we arrive at

N
0 (Z(n(r F+Tg)+n*+ tzn)aMt,meg(g)) : (5)
i=1

Bounds on p,s. Let f=f, ;C R[u, ] be one of the polynomial systems given by Line 3 of
Algorithm 1, and g C R be given by PSDMaTRIXCOND. By definition, each Lagrange system of f r. has

at most O (n +m?) polynomials, on which we add (T) polynomials for the saturation of rank defects.
We then denote by p* € O(n+2™) a global bound on p, and similarly, s* € O (m).

Boundson I'y, I'g,.. Let f=f,,; C R[u, ] be one of the polynomial systems given by Line 3 of
Algorithm 1, and g C R be given by PSDMATRIXCOND. To evaluate each polynomial in fr.iorg, we

16
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can first evaluate the linear matrix in O (mand,t) arithmetic operations in Q, and then compute the
evaluation of f and g purely in Q. Hence, we have I'} € 0(2™n?My,) and T € 0m°DnMy,).

Bound on deg(g). Let g C R be the polynomial system given by PSDMATRIXCOND. Then, we have
deg(g) < deg(det(Alm + A)) =m(d + 1), where d := degy (A) is the maximum degree of the entries of
A in y. We then have deg(g)* € O (md).

Bounds on deg(f),d. Let f=f, ; C R[u, ] be one of the polynomial systems given by Line
3 of Algorithm 1. By Henrion et al. (2016a, Prop. 5.1), for all y € R? such that Fri(y,-) is well-
defined, the specialized Lagrange system is of maximum degree 2, hence of total degree d + 2, and
that § < §* := Mﬁ,m(mﬂ)/z when n <m(m + 1)/2, and 0 otherwise. Furthermore, the saturation of
rank defects consists of polynomials of total degree r(d + 1), so that deg(f) = max(d + 2,r(d + 1)),
i.e., deg(f)* € O(md).

Bound on A. Let U = (uj);, je[1.m] be the general symmetric matrix with entries variables u;;
(with uj; = u;5), and m* :=m(m + 1)/2. One has sing(D;) = Dr_1 and D, C C™ s equidimensional
of codimension ¢ := (m—2r+1) Bruns and Vetter (2006). Thus, D, \ D;_1 is a constructible set of local

pure codimension c¢ and locally defined by c equations @ = (u1,..., ) of degree <r+1 in the
entries of U.
Consider the groups of variables u = (u;5,1 <i<j<m), y=(y1,...,¥:) and ¥x=(x1,...,xp). Let

v =[u;; — a;j(¥,%),1 <i < j<m] be the list of polynomials defining the entries of the parametric
LMI, of degree 1 with respect to u and «x, and of degree d with respect to y.

Define the system f = [, v] consisting of ¢ +m* polynomials in n+t+m™* variables. The Jacobian
matrix of f with respect to the three variable groups above is:

ey [acw o 0
Jac(f)—[ ldms  jacy(v) jacx(V)]'

Remark that jacy(v) is constant in x. Next we introduce Lagrange multipliers A = (A1, ..., Ac4m*) and
consider the augmented system [ f, AT jac(f)]. With respect to (u, y, x, 1), one has:
M — ¢ polynomials of mdeg < (r + 1,0, 0, 0)
v — m™* polynomials of mdeg < (1,d, 1, 0)
AT jac, (f) — m* polynomials of mdeg < (r, 0,0, 1)
XTjacy(f) — t polynomials of mdeg < (0,d — 1,1, 1)
AT jacy(f) — n polynomials of mdeg < (0,d, 0, 1)

The value of A, by Safey El Din and Schost (2017, Prop. 1.1), is bounded from above by a multilinear
Bézout bound given by the sum of coefficients of

((r + 1)) Oy + dby + 0™ (r6y + )™
((d = 18y + 6x + 6:)' (dy + 6,)"

modulo (9" +1, JARNC RS <t +1) Since the polynomial is homogeneous of degree t +n +2m* +c,
this is also (r + 1)¢ times the coefficient of 031**69§9}<16‘§+m* of the polynomial

P := (64 +dby 4+ 0)™ (164 +6,)™
((d — 1)y + 0+ 6,)" (doy, + 6,)".
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The multilinear bound, denoted by MBB(A), is thus

(r+ 1)° cof (8" ~“0L0705 ™™, P)

:(r+1)62d“yrﬁu(d—1)Vyd5y( " ><m>< ‘ )(n)
P oy, Ay, x /) \ Bu Yy, Yx: Vo) \8y

where © is the set of (ay, ay, ax, Bu, Vy, Vx, Va, 8y) satisfying

*

oy +oy +ox=m Yy +Vx+ =t
oy +pBy=m"—c ay+yy+8y,=t (6)
Ox+Yx=n m* — By +yr+n—38, =c+m".

Lemma 16. For n > m* + t, we have MBB(A) = 0. In particular, if m and t are fixed, the bound is O for large n.

Proof. The contribution of 6y in P is only given by factors (6, +d6y +6,)™ and ((d — 1)0y + 0 +6),
thus any monomial of P has degree <m™ +t in 6y, so that ® =@ if n > m* +¢t. If m and t are fixed,
so does m* + t, hence for large n the bound is 0. O

We remark that this is also true for the bound on § in Henrion et al. (20164, Prop. 5.1). Let us now
bound the size of ©.

Lemma 17. |®] < min{(t + 1)3, (¢ + 1)(n + 1)2}.

Proof. Equation (6) can be reduced to L =[oy =Yy +8y +yx+m* —t —n,oy = —yy — 8§y +t,ax =
—Yx+0, Y ==Yy — ¥x +t, Bu=—Yy — 8y — ¥x +t +n—c], with free y,, yx, 8y: these latter verify
the bounds 0 <y, <t, 0 < yx <min{t,n}, and 0 < §, < min{t, n}. Thus |®| < (t + 1)(min{t, n} + 1)? as
claimed. O

Lemma 18. Let A* be defined as

m*+c+t

6r +6)™ g2t (e
(6r +6) mrc

m*+c
) 3 min{(t + 13, ¢t + D(n+ 13}
Then, MBB(A) is bounded from above by A*.

Proof. Recall that §;, <t in ®. Let D =m* 4 ¢ — (n —§y), which is nonnegative (from the last equation
in (6), using By <m*). One has n+ D =m* +c+ 8y, <m* +c+t and hence

ny n _ n - n+D - m*+c+t
sy) \n—38y) \m*+c—D)  \m*+c)~\ m*+c )
d the last binomial is bounded by (et=xt)" ** Thus m* ™ and (M) < 2m°
and the last binomial is bounded by (e T ) . Thus from (otu,ozy,otx) < 3™ an (ﬁu) <2m,
MBB(A) is at most

* *
oo @i S, )0 ) ()
o \Qu, Oy, Oy Bu/) \Vy, Yx: ¥a) \8y

.t * £\t
<+ D™ d - 1fd (eim et ) cLPLEUTCTE
m*+c

and we conclude by Lemma 17. O
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6.2. Degree bounds on Hermite matrices

We recall that a Hermite matrix Hgo has its entries given by Equation (4). To compute the re-
mainders in the equation, as each g; has denominator ¢q’, we need to find the inverse of ¢ modulo
q, or the inverse of num(q’) modulo num(q). Let ¢ = Res(num(q), num(q’)) € Q[y], and denote by
a,b € Q[y][T] the polynomials of degree at most degr(q) such that anum(q) +bnum(q’) = c. Once b
is known, ¢~ b is the inverse of num(q’) by num(q).

Lemma 19. Let P, Q € Q[y][T] be polynomials in T, with coefficients in Q[y]. Denote by M = max(degy (P),
degy (Q)). Then,

degy(Res(P, Q)) < M(degr(P) + degr(Q)),
degy (Premr (P, Q)) < M max(degr(P) —degr(Q)+2,1)

Moreover, there exists A, B € Q[y][T], with deg;(A) < degr(Q), degr(B) < degy(P), such that AP +
BQ =Res(P, Q), and

max(degy (A), deg, (B)) < M(degr(P) + degr(Q)).
Finally, all the items above can be computed in O (degy (P) degr (Q)) operations in Q[y].

Proof. Suppose w.l.o.g. that degy(P) > degy(Q). From Basu et al. (2016, Eq. 4.3, Not. 8.55), using the
notations of Basu et al. (2016), we have

Res(P, Q) = &deg, (P) SReso(P, Q),

Prem(P, Q) = €deg, (P)—deg; (Q)+1 SR€Sdeg; (@)-1(P, Q),

where g; = (=1){(~D/2_ The degree bounds then follow from Basu et al. (2016, Prop. 8.71). Moreover,
Basu et al. (2016, Prop. 8.64) gives

sResg(P, Q) =sRemUq(P, Q)P + sRemVy(P, Q)Q,

with sRemUy and sRemVj satisfying the same degree bounds as sResg. Finally, all the items can be
computed in Basu et al. (2016, Alg. 8.81), hence the complexity. O

As a direct consequence, degr(b) <4, degy(b) <2A(28 — 1), and deg(c) < 2A(2§ — 1). We then
factor out the denominator from the sum in Equation (4), and hence deduce a degree bound on the
entries of Hermite matrices and their principal minors.

Proposition 20. For « € {0, 1, 2}, there exists p € Q[y], with

deg(p) < |a| A(65 — 3 +deg(g)) + A(25 —2),

where |oe| := Y ";_; aj, such that for all i, j € [0,8 — 1], PMritjge is a matrix with entries in Qlyl<D(ap»
where

D(le]) :=2A(28 — 1) max(1, || (Jer] +1)(28 — 1 4 deg(g)))
+ABS=3)+]alA € 0(jaf* (8 +md)sA).

Proof. We rewrite the remainder as

Remr (T H+kg® q) = Remr (T g% q)

__denom(¢)'*!  Premy(T"/** num(p), num(q))
- clol denom(p) denom(q)max(i+j+k+degr (p)—degr(q)+1,0)°
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where p =b®19* € Q(y)[T], with the degree bounds

degr(p) <la| (28 — 1),
degy(num(p)) <2|o| A(26 — 1+ deg(g)),
deg(denom(p)) < |a| A deg(g),
so that

degy(Prem(T”Hk num(p), num(q)))
<2Amax(Ja| (26 —1+deg(g)), )max(i+j+k+|a|(26—1)—5+2,1)
<2A(28 — 1)ymax(1, || (Jo| + 1)(26 — 1 4+ deg(g))).

It suffices then to take

p = c'® denom(p) denom (q)™*(3¥—2+degr (p)—degr (@).0)

hence the degree bound on p.
Moreover, suppose w.l.o.g. that degy(p) > degy(q) holds. Then, for k € [0, 5 — 1], we have

cof(T¥, Remy (T *g? q))
—p~1 cof(T¥, Premy (T +K num(p), num(q))) (7)
denom(q)* 3~~~ denom(q)'¥,

hence the degree bound on the entries of pMritjge. O

Hence, the numerator of each (Hg«); ; has degree < D(|a|), and the numerator of each minor of
Hge has degree < §D(|a|).

6.3. Arithmetic complexity

Recall that one can evaluate a multivariate polynomial P in k variables at any point within
O (Meg(py i) arithmetic operations, using (Canny et al., 1989, Sec. 3a, 3b). Similarly, with O (M deg(p))
interpolation points and the value of P at these points, one can recover P within G(Mk,deg@)) arith-
metic operations. Below, we don’t use Mgeg(p) x and My deg(py interchangeably, even though they are
equal.

Proposition 21. Each call to Gaillard and Safey El Din (2024, Alg. 2) with input f = (f1,..., fp), & =
(g1, ..., &s) takes

O (sM¢ sp25)(2858) 123 (8D (25)) 21 (8)

arithmetic operations in Q, where B is the number of realizable signs of g on V(f), and outputs at most
(48sBD(2s))" formulas that consist of O (8sB) polynomials of degree at most §D(2s).

Proof. By Gaillard and Safey El Din (2024, Prop. 4.11), each call to SAMPLEPOINTS involves at
most 28s8 polynomials, and hence outputs a set of at most (452s8D(2s))! points using at most
0 (M, 5ps)(2858)F123(8D(25))%+1) arithmetic operations in Q. There are at most s calls to SAM-
PLEPOINTS, hence the complexity in Equation (8).

We show that the complexity of computing the minors (Lines 9 - 13) and evaluating the signatures
(Lines 16, 25) is dominated by the complexity of computing sample points; as observed in Gaillard
and Safey El Din (2024, Sec. 4.3), the other steps are simply linear algebra and negligible.
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Lines 9 - 13. For Hg« with || > 1, the numerator of (Hg«); j, denoted by P, is given by Equation
(4). Suppose w.l.o.g. that degr(p) < degr(q) — 1, so that the coefficients are given by Equation (7).

To compute P, we need M; geg(py interpolation points, where deg(P) < D(|a|). For each inter-
polation point y € Qf, we first compute num(p)(y), num(q)(y), denom(q)(y), and denom(q’)(y),
in 0 (Mdegmum(py).c+1) operations; then, for each k € [0, 8 — 1], we compute Premy (T*/+¥ num(p),
num(q))(y) in 0 (lor| 82) operations; finally, we compute P(y) in O(8) operations. Hence, we need
O (M, D(jar)) (Mdegum(p)).t+1 + 1] 8%)) operations.

Consequently, computing Hge takes the same complexity as P, as we can take the same points for
all traces, and computing o has a negligible cost in front of P. Also, there are at most 288 principal
minors to compute, and computing each takes at most

0 (M¢.sp(2s) (Masa@s—1+deg(g)+2s26—1),t+1 + 258%))

arithmetic operations in Q, as it takes at most O (8>) operations for Hga (y), and O(8“) operations for
the determinant. However, all the above bounds are negligible in front of the complexity of computing
sample points, as

Masa@6—1+deg(g))+25(26—1),t+1
<2(4sA(28 — 1+ deg(g)) + 2528 — 1))

& (25 +1)(26 — 1)(45A (26 — 1 + deg(g)))" !
<(6D2s)*T « (8D (2s)) 2 1.

Lines 16, 25. For the evaluation of the signatures, we recall that there are 358 minors, whose
numerators have degree at most §D(2s), to evaluate at at most (452s8D(2s))! points. This is then in

0 (M¢.5p(25)8B(48%sBD(25))")

arithmetic operations in Q. O

Proof of Theorem 1 (generic inputs, algorithmic complexity). For all f = f, ; C Rlu, 1], we have
s<m, D(2s) <32(m+1)2(8 + md +m)SA, and B < 3™, so that the complexity of each call to CLaSSI-
FICATION, given by Equation (8) in Proposition 21, is in

0 (23fm(3'"2m5)f+‘ (32m2(5 + md)azAff“)

operations in Q. As REALDET gives at most Y I ! (M- (m—2r+1)) =2"3@8n—m?2-3m+8) —-n—1
polynomial systems, computing real root classifications for all f then take the complexity in Equation
(2).

By Henrion et al. (2016a, Th. 5.6), REALDET is in n®™M)20(M (n + m2)0(M arithmetic operations
in Q[y], which is negligible compared to the terms of Equation (2) without A*, let alone the
complexity in Q by interpolation. The same argument holds for PSDMATRIXCOND and CHANGEVARS.
Finally, the complexity of computing each parametric geometric resolution, given by Equation (5), is
in 20EM () 0 (mmd) 0O §* A*! arithmetic operations in Q, which is also negligible compared to the
terms of Equation (2). O

7. Handling degeneracies

So far, we have worked under the standing genericity assumption that f,., 6 satisfies P(t +n —
(mfzrﬂ)). as is the case for generic parametric linear matrices A € Sm(ﬁfl). Here, the genericity stands
on the coefficients of the entries of A. The aim of this section is to outline a standard strategy for
dealing with degenerate cases, via a deformation technique. As we will see, this deformation operates
on the constant coefficients of the entries of A only. The core strategy is to deform these coefficients
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with the product of some rational number with formal parameter, say €, to recover the genericity
properties we use in the previous sections, solve the problem with this parameter in our base field
and then let the parameter tend to 0. Hence, such a parameter encodes an infinitesimal. In this set-
ting, which is quite classical in effective real algebraic geometry (see, e.g., Grigor'ev and Vorobjov,
1988; Heintz et al., 1990; Basu et al., 1996), all solutions have coordinates in the Puiseux series field
R(¢). Before proceeding, we recall some basic notions on infinitesimals and Puiseux series.

Puiseux series Let & be an infinitesimal, i.e., a positive transcendental element smaller than any
positive element in the base field. We denote by R(e) the field of Puiseux series in & with real
coefficients: each element is of the form x = Zizio a;e'/1, where a; e R, g € N \ {0} and ig € Z. We
call x bounded if ip > 0. In this case, ag € R is called the limit of x, and we denote it by ag = lim; x.
We extend lim, component-wise to vectors. For a set Q C R(¢e)", we define lim; Q C R" to be the
set of limits of all bounded elements of Q.

7.1. Finding minimizers via deformation

In Henrion et al. (2021), the authors address the problem of minimizing a linear functional
£:R" —» R over a spectrahedron defined by a linear matrix A € Sp(Q[x]<1), using a deformation
approach. They consider the perturbed matrix A + ¢B, where B € S (Q) and ¢ is an infinitesimal.
(By abuse of notation, when ¢ is instead taken to be a small positive real number, we work over R
rather than R(g).) We write f ﬁi) for the polynomial system f, , associated with A+ ¢B, and similarly

for f(g)' We now recall the result of Henrion et al. (2021, Th. 11).

Tt

Proposition 22 (Henrion et al., 2021, Th. 11). Let A € Sy (Q[X]<1) be a linear matrix. There exists a non-
empty Zariski open set B C Si;,(C) such that for all B € BN S, (Q), there exists a non-empty Zariski open
set Mp C GLn(C) such that for all M € Mp N GLy(Q), the set |, , lim, nx(V(f(g)M)) is finite. Moreover, if

1
the minimum of 71 on spec(A)M is attained, then this set contains a minimizer of 71 on spec(A)M.

The idea of the proof is simple to state. If B € Sp,(Q), M € GL,(Q) and ¢ € (0, 1] are chosen
generically enough, one has that

1. 1 (spec(A)M and 71 (spec(A + €B))M are Euclidean closed intervals of R. Consequently, a min-
imizer x € R™ of 1 on spec(A)M, if it exists, can be obtained as the limit of a sequence of
minimizers x® € R" of 71 on spec(A + eB)M;

2. Each fﬁi) satisfies P(n — (m’zrﬂ)). Moreover, each minimizer x is contained in the finite set

Ur,[ nx(V(fﬁfL{qﬂ)), so that x is contained in the finite limit set Um limg ﬂx(V(fﬁi).I;/I))-

With these two ingredients, the result follows. One subtle point is that the genericity assump-
tions on B, M and ¢ enforce dependencies between these elements. The corresponding non-empty
Zariski open sets that account for these dependencies are constructed in Henrion et al. (2021,
Lem. 2, Cor. 3, Prop. 7, 8).

To design an algorithm based on Proposition 22, we must be able to represent points in R(g)",
and be able to compute their limits. Following Henrion et al. (2021), a set Q € R(e)" is encoded by
a one-dimensional parametric geometric resolution in which ¢ is treated as a parameter. The limit
set limg Q can then be computed by applying Algorithm 2 below, adapted from Safey El Din and
Schost (2018, Lem. 12, Sec. 3.5). As shown in Safey El Din and Schost (2018, Alg. 1), when K = Q,
the algorithm takes quasi-linear time in the degree of the input and linear time in the number of
variables.

7.2. From finding minimizers to finding boundary points

Proposition 22 shows that, for a suitable change of variables M € GL,(Q), if w1 (spec(A)M) is a
Euclidean closed interval with at least one finite endpoint, then the non-emptiness of spec(A) can be
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Algorithm 2 Curt.

Input: A one-dimensional parametrization given by ¢, V1, ..., vn € K[e, T] of an algebraic set Q C K”H, where K is a field of
characteristic zero

Output: A zero-dimensional parametrization given by q1, y1,..., yn € K[T] of the limit set lim, 774 (Q) C K"

1: e=—v(q)

2: *=¢%(e, T)

3: forall i € [1,n] do

4. Ur=eVi(e,T)

5: end for

6: qo =lcr (@)

7: q=§*(0,T)/qo0

8: §=q/gcd(q.q9")

9: q1=4q/8cd(q,q)

10: g2 =q/q1

11: forall i € [1,n] do

12: yi=797(0,T)/qoq=2 mod q;

13: end for

14: return q1,y1,..., Yn

certified by computing a minimizer of 71 on spec(A)M. However, one cannot in general choose M
such that 77 (spec(A)M) has a finite endpoint. How, then, can we decide whether or not spec(A) is
empty in this situation?

To address this, we extend the above strategy by seeking a boundary point of spec(A)M for a
suitable M, provided the boundary is non-empty. The guiding idea is analogous to that of critical
point methods: we apply the procedure of Proposition 22 recursively to spectrahedra obtained by
specializing x1, ..., X,—1 to real values 74, ..., T,—1 € R. This guarantees the existence of an index i €
[1,n] such that my, (S ﬂni’_ll(r[L,;]])) is a Euclidean closed interval with at least one finite endpoint.
The next two lemmas establish that such an index exists for a generic choice of M, and for every
choice of t.

Lemma 23. Let R be a real closed field, and C be an algebraic closure of R. Let S be a Euclidean closed, convex,
non-empty proper semi-algebraic subset of R". Suppose that for all i € [1, n], the set 7t;(S) is Euclidean closed
inR!. Then, for all T € R", there exists i € [1, n] such that the Euclidean closed interval 7y, (S N 771111 (Tp1,i-11)
is a non-empty proper subset of R.

Proof. Suppose on the contrary that for all i € [1,n], 7y, (SN ni:11 (t11,i=17)) is either empty or equal
to R. As S is non-empty, a simple induction shows that these sets are all non-empty, hence equal to
R. By convexity of S, this implies that S =R", contradicting the assumption. 0O

Lemma 24. Let R be a real closed field, C be an algebraic closure of R, and S C R" be a Euclidean closed semi-
algebraic set. Then, there exists a non-empty Zariski open set M C GL(C) such that for all M € M N GL,(R),
i € [1,n], 7;(SM) is Euclidean closed.

Proof. The proof is by induction on the dimension of S. When S has dimension 0, the result is
immediate: the projections have dimension 0 as well. Suppose now that S has dimension d > 1.
By Bochnak et al. (1998, Th. 2.3.6), S is the disjoint union of finitely many Euclidean closed, semi-
algebraically connected semi-algebraic sets Sy, ..., Si. We show that for all i € [1,n] and j € [1,k],
there exists a non-empty Zariski open set M; j C GL,(C) such that for all M € M; ; N GL,(R), m(S;V’)
is Euclidean closed. Then, taking M as the intersection of those finite many M; ; concludes the proof.

Let j € [1,k]. If S has dimension less than d, we conclude by the induction hypothesis. Otherwise,
S; has dimension d, so that by Bochnak et al. (1998, Prop. 2.8.13), its boundary T; has dimension at
most d — 1. By induction hypothesis, there exists a non-empty Zariski open set My ; C GL,(C) such
that for all M € M7 N GL,(R), n,-(T]M) is Euclidean closed. Furthermore, let V C C" be the Zariski
closure of Sj, and C C R" be the semi-algebraically connected component of V NR" containing S;. By
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Henrion et al. (2016b, Prop. 17), there exists a non-empty Zariski open set M ; C GL;(C) such that
for all M € M3 j N GLy(R), 7;(CM) is Euclidean closed. It suffices then to take Mj=Mq ;N My ;.

To see why 71,-(59”) is Euclidean closed for M € M jNGL,(R), we show that each boundary point of
71,-(5?/’), if any, is contained in m(S?"). Let a € R be such a point, and denote by B(a, n) C R! the open
ball of radius 1 > 0 centered at a. If for all n > 0, zr,.’l(B(a, n) N T}V’ # (), then there exists x € T]M C
S?/’ such that a = m;(x) € 7'[,4(55”). Otherwise, there exists 7 > 0 such that ;' (B(a, 7)) N T}V’ =, so
that ni_l (B(a,n)NCM = ni_l(B(a, mnN S?”. As m;(CM) is Euclidean closed, there exists x € CM such
that a = mrj(x). Hence, x € S;.V’, and a € 7'[,‘(59"). O

Corollary 25. Let A € Sy (R<1) be a linear matrix, and B € Sy, (Q) be a positive definite matrix. Then, there
exists a non-empty Zariski open set M C GL,(C) such that for all M € MNGLy(Q), i € [1,n], 7r;(spec(A)M)
and 7i(spec(A + £ B)M) are both Euclidean closed.

Proof. Let M; C GL,(C) and M; C GL,(C(¢e)) be the non-empty Zariski open sets given by
Lemma 24 for S = spec(A) and S = spec(A + ¢B), respectively. Then, M, contains a non-empty
Zariski open set M/, C GL,(C). We take M =M;NM). O

Now, suppose that the boundary of spec(A) C R" is non-empty. Then, for a generic choice of B €
Sm(Q) that is positive definite, and for a generic choice of M € GL,(Q), both spec(A)M and spec(A +
eB)M satisfy the assumptions of Lemma 24. Denote by I; the interval my, (spec(A)M al 771:11 (T11,i-17))
for spec(A)M that is proper in R, and Ii(g) the corresponding interval for spec(A + eB)M.

Let x € spec(A)M N T[i:]] (t11,i—17) be a point that atteins an endpoint of I;. Clearly, x lies on the
boundary of spec(A)M. Moreover, by Henrion et al. (2021, Lem. 5), there exists a sequence of points
x® | each attaining an endpoint of II.(E), such that lim, x®) = x. In the propositions below, we show

that each x(¢) belongs to the finite set Ur, TV (f ﬁgl)’iv’ )). Taking limits then recovers x, which in turn

allows us to decide whether spec(A) is empty or not.

Proposition 26. Let A € Sm(fegl) be a linear matrix. Then, there exists a non-empty Zariski open set 3 C
Sm(C) such that for all B € BN S, (Q), there exists a non-empty Zariski open set Tg C C" such that for all
T € TgN Q" and ¢ € (0, 1] out of a finite set, the following holds:

Forallr € [0,m—1],cC [1,m] with[t|=m —r,i€[1,n], fii)(l'[[u,]]], ) satisfies P(n — ("5 —i).

Proof. Let 9B be an unknown m x m symmetric matrix, and x = (T[1,i—1]» X[i.n])- For the perturbed
parametric linear matrix A + &8, given fixed r, ¢, i, we consider the map

fl@) . onmm=r) o (C(m;rl) N (Cm(m—r)+(m72r+1)’
(.u.B) > £,

By Henrion et al. (2021, Prop. 7), O is a regular value of ffl). Thom’s weak transversality theorem
(Safey El Din and Schost, 2017, Prop. B.3) then gives a non-empty Zariski open set O, ; C Si(C) x
C" such that for all (B,t) € O, 0 is a regular value of the map (X[in)> w) = ffl)()?, u, B). Taking
O as the intersection of those finitely many O, ,;, we can construct B and 7 for all B € B3 stated in
the proposition.

We now show why this implies that fﬁﬁ)(r[[l,,-_l]], ) satisfies P(n — ("5*1) —i). Let F be the
generator of the ideal of all polynomials vanishing on the complement of O. Let B € B and t € 7.
As F(B,t) #0, t — F(eB, T) vanishes a finite number of times, i.e., (¢B,T) € O except for a finite
number of & € (0, 1]. Thus, for all such &, 0 is a regular value of the map (x[[,-’n]], u) fl@(i, u, B),
which concludes the proof. O
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Proposition 27. There exists a non-empty Zariski open set B C Sy, (C) such that for all B € BN Sy (Q),
there exists a non-empty Zariski open set Mp C GL,(C) such that for all M € Mg N GL,(Q), there exists a
non-empty Zariski open set T C C" such that for all T € Tg y N Q", and ¢ € (0, 1] out of a finite set, the
following holds:

If 7Ty, (spec(A + eB)M N ni_j (T[1,i-1)) has a minimum or a maximum attained at x; € spec(A + eBM,

then | J, nx(V(fi‘sl)llw)) is finite and contains x}, where r is the rank of A + ¢B at x}.

Proof. As in the proof of Proposition 26, given fixed r, ¢, i, we consider the map gl@ = ijac(fEE)) -
(1,0,...,0). By the same argument as in Henrion et al. (2021, Prop. 8), the Jacobian matrix of

fm,gll)) has full rank at every point in V(f(”,glU) such that A + ¢B has rank r. Hence, for
generic choices of B, M and 7, nx(V(f(l)M)) is finite, and the same holds for |, nx(V(f(l)M)) Re-

T, T,

peating the argument from the proof of Proposition 26 then yields that [, nx(V(f(S)M)) is finite for

all € € (0, 1] out of a finite set. Finally, Naldi (2016, Lem. 2) implies that x} € |, nx(V(fﬁsl)llw)) if such
a point exists. O

7.3. Extending to parametric linear matrices

We now apply the same strategy to parametric linear matrices A € Sm(kg). The following propo-
sition is the analogue of Proposition 7 in this setting, and it does not require any genericity assump-
tions on A.

Proposition 28. Let A € Sm(Rgl) be a parametric linear matrix. There exists a non-empty Zariski open set
B C Sn(C) such that for all B € BN Sy (Q), there exists a non-empty Zariski open set Mpg C GL,(C)
such that for all M € Mp N GL,(Q), there exists a non-empty Zariski open set Ty C C" such that for all
T € Tp.m N QM there exists a non-empty Zariski open set Yp p.- C Ct such that for all y € Vg . N R, the

set Umi limg nx(V(f(E)M(y, -))) is finite. Moreover, if the boundary of spec(A(y, -))M is non-empty, then

r.,1
this set contains a point on the boundary.

The proof of Proposition 28 follows immediately from the proof of Proposition 22 together with
the propositions stated below. Collectively, these results extend Lemma 24, Corollary 25 and Proposi-
tions 26, 27 to the parametric case.

Lemma 29. Let R be a real closed field, C be an algebraic closure of R, and S Rt be a Euclidean closed semi-
algebraic set. Then, there exists a non-empty Zariski open set M C GL,(C) such that for all M € M N GL,(R),
there exists a non-empty Zariski open set Yy C C* such that for all y € Yy NRY, i € [1,n], i (SM(y, ) is
Euclidean closed.

Proof. The proof is verbatim as in Lemma 24, using induction on dim(S); we therefore only outline
the differences. In the induction step, when S; has dimension d, we construct M and, for all M e
M N GLy(R), the corresponding set Yy as follows. First, we take M and Yy 1 for all M e M1 N
GLn(R) by applying the induction hypothesis to Tj, so that for all y € Y1 NRE, 7i( (TM)y) is Euclidean
closed. Next, we take M, and Yy, for all M € Mj N GL(R) by applying (Henrlon et al.,, 2016b,
Prop. 17) over C(y) as in Le and Safey El Din (2021, Prop. 6), so that for all y € Yu2NRE, nl((SM)y)
is Euclidean closed. Finally, we set M = M1NM3 and Yy = Yum.1NYum.2 for all M € MNGL, (R) O

Corollary 30. Let A € Sy, (R<1) be a parametric linear matrix, and B € S, (Q) be a positive definite matrix.
Then, there exists a non-empty Zariski open set M C GL,(C) such that for all M € M N GL,(Q), there
exists a non-empty Zariski open set Yy C C! such that for all y € Yy N R, i € [1,n], ni(spec(Ay)M) and
mi(spec(Ay + £B)M) are both Euclidean closed.
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Proof. As in Corollary 25, it suffices to apply the previous lemma to spec(A) and spec(A + €B), then
for the latter, extract the non-empty Zariski open sets in GL,(C) and C! from those in GL,(C(g))
and C(g)t, respectively. O

Proposition 31. Let A € Sm(kg) be a parametric linear matrix. Then, there exists a non-empty Zariski open
set B C Sy (C) such that for all B € BN Sy, (Q), there exists a non-empty Zariski open set Tg C C" such that
forall T € Tp N QM there exists a non-empty Zariski open set Vg r C C* such that forall y € Y NR?, and
€ € (0, 1] out of a finite set, the following holds:

Forallr € [0,m—1], ¢ C [1,m] with || =m—r,i € [1,n], £ (y, T[1,i—1] -) Satisfies P(n — ("3 -
0.

Proof. The proof is verbatim as in Proposition 26, except that for fixed r, ¢, i, we consider the map
fl(s) . ctrmtmm=n o (") _, emm-n+("5H)
¥ %1, B) > f17.

As 0 is still a regular value of f,.(l), Thom'’s weak transversality theorem (Safey El Din and Schost,
2017, Prop. B.3) gives B C Sy(C), Tg c C" for all B € B and Vg  for all T € Tp, such that for all
BeB,te7Tp,y€ Vs, 0is aregular value of the map (x[[i,n]], u) — fgl)(y, X, u, B). Taking union over
all r, ¢, i and applying the same argument as in Proposition 26 for & then concludes the proof. O

Proposition 32. There exists a non-empty Zariski open set B C Sp,(C) such that for all B € BN Sy (Q),
there exists a non-empty Zariski open set Mp C GL,(C) such that for all M € Mp N GL,(Q), there exists a
non-empty Zariski open set Tg p C C" such that for all T € T NQM, there exists a non-empty Zariski open
set Yp.m,r C Ct such that forall y € V.M N R¢, and € € (0, 1] out of a finite set, the following holds:
Ify, (spec(Ay +&B)M ﬁnijll (t[1,i—1])) has a minimum or a maximum attained at x; € spec(Ay +&B)M,

then |, nx(V(fﬁ‘Sl),’;/'(y, -))) is finite and contains X}, where r is the rank of A(y) + ¢B at x}.
Proof. The proof is verbatim as in Proposition 27, with the same adaptation as in the previous propo-
sition. O

7.4. Algorithm for the degenerate case

We are now ready to outline how Algorithm 1 can be modified to handle degeneracies. We first
choose a random matrix B € Sp,(Q) that is positive definite. Then, in place of parametric geometric
resolutions of f iv’” we work with the limits of the parametric geometric resolutions of f ft)'lv' , in
which ¢ is treated as an additional parameter. The complete procedure is given in Algorithm 3.

Algorithm 3 PARAMETRICSOLVELMI2.

Input: A € Sp(R<1)
Output: A semi-algebraic formula ® in Q[y] defining a dense subset of the set {y e R | A(y,-) > 0}.
1: choose B € S;,(Q) positive definite
: choose M € GL,(Q)
: choose 7 € Q"
: FOM  ReALDET(A + B, M, T)
: g™ « CHANGEVARS(PSDMATRIXCOND(A), M)
: ® < PSDMATRIXCOND(A(+, 0)) > 0
: for all figt)'lw € FOM do
O« CLASSIFICATION(CUT(f,(,i)VI;/’), gM)
PPV Vo Pruij
: end for
: return &

—_ =
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Proof of Theorem 1 (degenerate inputs, algorithmic correctness)

Theorem 33. et A € Sm(fQS]) be a parametric linear matrix. Assume that all parameters chosen in Algo-
rithm 3 satisfy the assumptions of Proposition 28. Then, Algorithm 3 is correct.

Proof. Algorithm 2 uses only finitely many algebraic operations in the coefficient field of the input
polynomials (e.g., taking leading coefficients, computing GCDs, and inverses modulo suitable polyno-
mials). Such operations commute with specialization at parameters y € C*, as long as no denominator,
leading coefficient, or relevant resultant or discriminant vanishes at y. Hence, for all y outside a
proper Zariski closed subset of Cf, we have

cur(f) (v, ) = cur(£9)Y (v, ).

With this commutation in place, the rest of the proof proceeds exactly as in Proposition 8: it suf-
fices to replace Proposition 7 by Proposition 28, which ensures that for a generic choice of y, if
dspec(A(y,-)) # ¥, then there exists r,¢,i such that CUT(fﬁi)_’lV’(y, -)) is finite and meets spec(Ay)M.
This yields the correctness of our approach. 0O

Arithmetic complexity of Algorithm 3 Theorem 1 asserts that Algorithm 3 has the same asymptotic
complexity bound as in the generic case. We now establish this result.

Proof of Theorem 1 (degenerate inputs, algorithmic complexity). We prove that the asymptotic de-

gree bounds A* and §* from Proposition 20 remain valid for fﬁst) ;- Moreover, applying Algorithm 2

to the parametric geometric resolutions of fﬁsl)llw increases polynomial degrees by at most a factor
AOMsO0M  Ag this growth does not change the asymptotic complexity bounds stated in Theorem 1,
the result then follows.

The first claim is straightforward. As in Henrion et al. (2021, Prop. 9), the linear matrix A 4+ ¢B can
be seen as linear in the n + 1 variables x and ¢, so that the asymptotic bounds A* and §* for f, ;
also apply to f ﬁ)l when replacing n by n + 1. In particular, the asymptotic forms of these bounds are
unchanged.

The second claim is more delicate. Assume that the inputs q, W1, ..., W, to Algorithm 2 satisfy
the degree bounds in Proposition 20, and let g, wq, ..., w, be the polynomials produced by the al-
gorithm. The degrees in T of the polynomials gcdr(q,q'), g, gcdy(q,q'), g1, g>2 and y; appearing in
the algorithm are clearly bounded by §*. We now bound the degrees in y of the numerators and
denominators of these polynomials. We write

num(q)/ gcd(num(q), num(q’))
denom(q) lcr (gcd(num(q), num(q’)))’

a =
so that deg(denom(q)) < 3A and deg,(num(q)) < 2A. Replacing g by ¢, we obtain analogously that

deg(denom(qq)) <4A, deg,(num(qy)) < 2A.

Consequently, deg(denom(g>2)) < A and deg, (num(g>2)) < 6A. To bound the degrees in y of y;,
we use the same approach as in Section 6.2. Let ¢ = Res(num(qq), num(g>2)) € Q[y], a,b € Q[y][T]
of degree at most degy(q) such that anum(q) + bnum(q>2) =c, and p =bw;. Then,

~_ denom(qog>2) Premy (num(p), num(qi))
' cnum(qo) denom(p) denom(q;)Max(degr (p)—degr(q1)+1,0) "

Carrying out the same degree estimates as in Proposition 20 yields

deg(denom(y;)) € O (A(S + deg(denom(w;)))),
degy (num(y;)) € 0(AS(S + degy (num(wy)))).
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We therefore conclude that, in the output of Algorithm 2, the degrees in y of the numerators and
denominators increase by at most a factor O (A4). This concludes the proof. O

8. Implementation details

In this section, we report on the implementation details of our algorithm that allowed us to carry
out the experiments in Section 9. The implementation is written in Julia, using Nemo.jl (Fieker et al.,
2017) as a binding to FLINT (The FLINT team, 2025) for polynomial arithmetic, AlgebraicSolving.jl (or
internally msolve Berthomieu et al., 2021) to compute reduced Grobner bases over Q with graded
reverse lexicographical orderings, and optionally RAGIib (Safey El Din, 2007) for sampling points in
a semi-algebraic set. All our code is available upon request, and is expected to be integrated into
AlgebraicSolving.jl.

Evaluation-interpolation scheme In our implementation, we use evaluation-interpolation techniques
to speed up computations involving polynomials or rational functions in Q(y). These methods were
originally proposed in Cuyt and Lee (2011, Sec. 2.2) and later extended to projective coordinates in
Peraro (2016, Sec. 3.5) and van der Hoeven and Lecerf (2021, Sec. 3.3). In short, we regard the target
rational function f € Q(y) as a blackbox that can be evaluated at integer points in Z!. After evaluat-
ing f at sufficiently many points, we reconstruct f by interpolating the numerator and denominator
separately.

For best performance, we call fmpg poly interpolate fmpz fmpg vec from FLINT 3.4 for
univariate interpolation with integer points, thus requiring Nemo.jl 0.53.0 or higher.

Computing parametric Grobner bases Given f C Q[y,x], we aim to compute the reduced Grébner
basis G of the ideal {f)qy), with respect to a monomial ordering. In our implementation, the default
approach is an evaluation-interpolation scheme:

1. We first identify the monomial support of each element of G by computing reduced Grébner bases
of the specialized ideals (f(y,-)) at random points y € Z!, using AlgebraicSolving.jl.

2. Next, for every monomial occurring in each basis element, we recover its coefficient by interpola-
tion from evaluations at sufficiently many points. This entails computing reduced Grébner bases of
(f(y,-)) at all interpolation points. For each computed basis, we check that its monomial structure
agrees with that determined in the first step; if it does not, we discard that point.

Alternatively, if the property that G is reduced is not essential, we can compute a parametric
Grobner basis by computing the reduced Grobner basis of (f) with respect to a block monomial
ordering that eliminates ¥, and then extracting G via post-processing. This is the approach taken in
Naldi et al. (2025); however, it is significantly more memory-consuming, and makes it impractical to
handle large examples in our experiments.

Computing parametric Hermite matrices To compute Hermite matrices with entries in Q(y), the de-
fault approach of our implementation follows exactly the definition in Section 4.2:

1. We compute the reduced Groébner basis of the input ideal over Q(y) with respect to the graded
reverse lexicographical ordering. This is done via evaluation-interpolation as described above.

2. Then, we can construct the Hermite matrices by computing multiplication matrices with normal
form computation, using the divrem function from Nemo.jl, and then taking traces. To accelerate
the process, we precompute the Hermite matrix #;, as well as the multiplication matrices My
for all monomials b in the monomial basis 3, so that for g with normal form )", 5 cpb, we have
Mg =3 pephMp, and hence Hg = H1M,.

This approach serves as an alternative to the parametric geometric resolution algorithm for con-
structing our Hermite matrices due to better performance in practice (see Gaillard and Safey El Din,

2024). Aside from this default approach, one may instead compute Hermite matrices directly by
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evaluation-interpolation via an optional setting in our implementation. On the instances we consid-
ered, however, this variant can be up to an order of magnitude slower: for example, for the instance
GRD24 in Section 9, the runtime increases from 8.5 minutes to 1.2 hours.

Computing sample points To compute sample points in the non-vanishing of a set of polynomials
f1,..., fs € Q[y], we use the following approach:

1. When t =1, we compute a real root isolation of the product ]_[f:] fi using AlgebraicSolving.jl, and
then select sample points in each interval between two consecutive real roots.

2. When t = 2, we compute sample points in the non-vanishing of the product of leading coeffi-
cients in y», discriminants with respect to y», and pairwise resultants with respect to y», for all
fi (Collins, 1975). The discriminants and resultants are computed using evaluation-interpolation
techniques. Then, for each sample point in y1, we compute sample points in the non-vanishing of
the univariate polynomials obtained by specializing y1.

When t > 3, the strategy depends on s and degrees of the input polynomials. If they are small
enough, we use the same approach as in the case t =2, by eliminating one variable at a time. Other-
wise, we use the RAGIib library (Safey El Din, 2007) to compute sample points in the non-vanishing
of f1,..., fs, which behaves better in practice for larger examples.

Computing real root classifications To compute real root classifications of parametric polynomial sys-
tems, we implement (Gaillard and Safey El Din, 2024, Alg. 2) with optimizations from Gaillard and
Safey El Din (2024, Sec. 5) to reduce the cost of computing sample points when all the Hermite ma-
trices are of full rank. The performance of our implementation is comparable to the results reported
in Table 1 of Gaillard and Safey El Din (2024), despite using a different programming language and
libraries.

Example 2 (continued). For the parametric linear matrix A of Example 1, we obtained in Section 1 the
set of polynomials f, g C Q(y)[x, u, L], where g is independent of u and A. Eliminating the auxiliary
variables from f via Grobner basis computation yields the parametric Grobner basis G generated by

g=x>+(—a+20)x—b+c%

As g = —gj, it suffices to identify the sign of gy at the real solutions of g = 0. For the monomial basis
B=(1,x) of Q(¥)[x]/(G)q(y), the Hermite matrix associated with 1 is exactly

oo 2 a—2c
“la—2c a®—4dac+2b+2c2 |’

and the multiplication matrix of gy is

M— b+1 ab — ac?
| a a*—2ac+b+1]|"

We then sample one point in each connected component of the non-vanishing of det(H) det(M), and
compute the possible signs of g; for each sample point. This yields the following classification:

e Either g =0 has two distinct real solutions (i.e., H is positive definite), and g; > 0 at all these
solutions (i.e., A is positive semidefinite);

e Or g =0 has no real solution (i.e., H has eigenvalues of opposite signs), so that g; has no realizable
sign.

Hence the conclusion in Section 1.
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9. Practical experiments

We present practical experiments with our implementation on LMIs with background in multiple
domains. Due to their large size, we refer to https://weijia.perso.lip6.fr/generic-param-Imi/ for the
exact form of the LMIs. In the following, we denote by PRBtn the LMI for the problem labeled PRB,
with t parameters and n variables.

Sum-of-squares problem A polynomial P € Q[x] with real coefficients is a sum of squares (SOS) if and
only if it can be written as P = 8T W 8, where B is a vector of monomials (typically monomials with
exponent vectors in the Newton polytope of P) and W is a positive semidefinite matrix. Expanding
the right-hand side and matching coefficients with P yields a set of linear equality constraints on the
entries of W. The SOS condition is therefore equivalent to the feasibility of an LMI in the entries of W.
When the coefficients of the input polynomial depend on some parameters, one obtains a parametric
LML

Example 3. For P =26 — 3x2y222 + x2y* + x*y2 + £(x® + y2 + z2)3, with £ considered as a parameter,
one can choose B = (x3,xy2, y3,x%z, y*z,2>)T, and hence obtain the following parametric LMI in the
variable w:

£ 1430 0 w 0
T4+3 1438 0 —w 0 0
0 0 & 0 0 U
0 -w 0 3¢ 3t-3 %g =
3
w 0 0 3-3 3 S€
0 0o o0 3 3 1+¢

For a detailed derivation of the LMI from the sum-of-squares condition, the reader is referred to the
webpage mentioned above.

In the following, MKN11 is extracted from a perturbation of Motzkin’s polynomial (Motzkin, 1967),
and RBN11 from Robinson’s polynomial (Robinson, 1973).

Algorithm analyses We also consider LMIs extracted from the analysis of classical first-order optimiza-
tion algorithms. In the following, GRD12 to GRD24 correspond to different choices of parameters and
specializations of the same LMI of size m = 3, with 2 parameters and 4 free variables, generated from
the gradient descent method. Similarly, PPM21 and PPM31 are generated from the proximal point
method, LGD34 from Lyapunov analysis of gradient descent, and GRD34 from an alternative LMI for
gradient descent. DRS32 to DRS43 come from Ryu et al. (2020, SM3.1.1, SM3.2.1) in the analysis of
the Douglas-Rachford splitting, and SGD32 from Taylor and Bach (2019, App. E.7) in the analysis of
stochastic gradient descent.

Example 4. Ryu et al. (2020, Thm. 4.1) gives the tight contraction factor p of the DRS operator | —
0Jg+0]J4(2]p —I) under the assumptions of w-strong monotonicity and B-cocoercivity. The analysis
is based on the feasibility of the following parametric LMI in the variables kﬁ and Ag:

)LA
P>+ Brg—1 642 0 — (L + Pk
A
0+ 21+t 2-ah | =0
0 —(G+BA] 6% — 1A —02+ (1+ B)A]

A detailed derivation of the LMI is given in Ryu et al. (2020, SM3).
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Experimental setup Timings are given in days (d.), hours (h.), minutes (min.) and seconds (s.). All
computations were performed single-threaded on an Intel Xeon Gold 6246R server with 1.5 TB of
RAM. Columns O1 and O2 give the runtimes for the first two options described in Section 4.3, using
our implementation with Julia 1.12, Nemo.jl 0.53.0 and AlgebraicSolving.jl 0.10.2. Column Ob reports
the runtime for computing one point in each connected component of 7y (spec(A)). These points are
obtained by collecting the determinants of the Hermite matrices produced by two successive runs of
01 (with different choices of M and t), and then computing sample points where neither the denom-
inators nor the common factor of the numerators vanishes. Columns QE1 and QE2 report quantifier
elimination runtimes in Maple 2025 (Chen and Moreno Maza, 2016) and Wolfram 14.3 (Strzebonski,
2006), respectively; both solvers are based on variants of cylindrical algebraic decomposition algo-
rithms.

01 Ob 02 QE1 QE2
MKN11 02s 05s 04 s 9.2s 0.2s
RBN11 0.2s 05s 04 s 12 s 0.2s

GRD12 10s 26 s 12s 21h 0.7 s
GRD13 11s 30s 17 s 00 00
GRD14 | 1.1 min 23 min 1.5 min o) o)
GRD21 06 s 13s 10s 13s 03s
GRD22 3.6s 8.1s 11 s 00 11h
GRD23 | 23 min 5.9 min 1.5 h 00 o0
GRD24 | 8.5 min 17 min 85h 00 o0
PPM21 0.2s 04s 05s 0.08s 0.07s
PPM31 11s 24 s 2.0 s 0.2s 0.07 s
SGD32 | 1.0 min 3.7 min 00 00 o0
DRS32 | 22 min 46 min 00 00 o0
DRS42 83h 172 h 00 00 o0
DRS33 1.0 h 21h 00 o0 00
DRS43 21 h 1.8d 00 00 00
GRD34 39h 7.8 h o0 o0 o0
LGD34 12s 2.8 s 1.7 s o] 00

In the table, the symbol oo indicates that the computation is unfortunately intractable either be-
cause no result was obtained within 7 days or due to lack of memory.

When t > 2 or n > 2, our implementation succeeds for examples where quantifier elimination in
Maple and Wolfram either fails due to lack of memory or does not terminate within 7 days. This illus-
trates the benefit of our approach on this range of problems compared to general-purpose solvers for
quantifier elimination. In addition, the examples GRD14, GRD23 and DRS43, which were previously
out of reach in Naldi et al. (2025), can now be solved within a reasonable time frame thanks to the
evaluation-interpolation techniques and other improvements in our implementation.
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