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ARTICLE INFO ABSTRACT

Keywords: An interface mode is a localised vibration field at the interface between two waveguides that
Canonical phononic waveguide may be excited at a frequency sitting in a band gap that is in common between the two
Surface impedance structures. For electromagnetic waves, the condition for the mode to occur is associated with

Localised mode
Band-edge mode
Universal toroidal representation

certain properties of either the surface impedances of the two waveguides or the value of the Zak
phase of the adjacent pass bands. In this work, we propose a novel, rigorous and simple method
to predict the presence of interface modes at the join between two dissimilar, one-dimensional,
periodic, two-phase phononic waveguides. In particular, we show that when the two rods have
a canonical configuration it is possible to determine the band gaps of the frequency spectrum
where this condition is satisfied. The value of the impedance for all band gaps of the spectrum
is analysed through an extended version of the method of the universal toroidal manifold,
recently adopted by the Authors to describe the dynamic properties of canonical structures.
In terms of prediction, the outcome of the proposed approach is identical to that derived by
calculating the Zak phase of the bulk bands for both the waveguides composing the system. By
considering two specific combinations of finite-sized canonical rods and studying the associated
reflection coefficients, we also determine the frequency of the interface mode in closed form.
Our approach provides significant new insight to the mechanics of structured waveguides in
order to design and optimise systems able to support interface modes avoiding the challenging
numerical calculations normally required to estimate topological invariants.

1. Introduction

In the last two decades, the concepts of topologically-protected edge wave propagation and topological insulator, originally
developed in quantum mechanics (Kane and Mele, 2005; Hasan and Kane, 2010), have been rapidly generalised to other classical
areas of physics, including acoustics (Brendel et al., 2018), photonics (Khanikaev et al., 2013; Lu et al., 2014) and mechanics (Wang
et al., 2015; Huber, 2016; Pal and Ruzzene, 2017; Chen et al., 2018; Davies and Craster, 2022; Wang et al., 2023; Yang and Wang,
2024). In all of these different domains, phenomena such as the existence of waves limited to a boundary or an interface, immunity to
back-scattering, and localisation in the presence of defects and imperfections are associated with the notion of topological invariants
related to the bulk-band structure, such as the Chern number (Thouless et al., 1982; Moore and Balents, 2007) and the Zak phase
for one-dimensional systems (Zak, 1989). Recently, existence of interface states between two one-dimensional photonic crystals
has been related to the connection between their surface impedances and the values of the Zak phase of the pass bands of their
dispersion spectra (Xiao et al., 2014; Kalozoumis et al., 2018). In these studies, a condition to obtain an interface mode depending
only on the surface impedance of the two structures composing the system is introduced for both semi-infinite and finite photonic
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crystals. The sign of the surface impedance, and then the fulfilment of this general condition, is rigorously related to the sum of the
values of the Zak phase of branches at frequencies below the band gap considered on either the sides of the interface. Lately, these
results have been experimentally demonstrated for acoustic waveguides (Xiao et al., 2015), and generalised to study mechanical
systems (Meng et al., 2018; Chen et al., 2021).

In this work, we adopt the approach developed by Xiao et al. (2014), Meng et al. (2018) and Chen et al. (2021) to study the
presence of localised modes at the interface between periodic two-phase phononic rods that possess canonical configurations (Gei
et al., 2020; Farhat et al., 2022). Canonical phononic waveguides are characterised by unit cells designed according to rational ratios
between mechanical and geometrical properties of the different phases, and their frequency spectra display periodic properties (Gei
et al., 2020). We take advantage of the periodicity features, together with the general representation of the spectra in terms of
universal toroidal manifold proposed by Morini et al. (2019), to predict the sign of the surface impedance inside each band gap
displayed by the two canonical rods composing the system. This allows us to determine the band gaps for which the condition of
existence of an interface mode is satisfied for any system composed of an arbitrary pair of semi-infinite canonical structures. Our
approach provides results identical to those achieved by determining, after a lengthy calculation, the Zak phase of the relevant pass
bands for both the rods composing the system.

We also extend our approach to the study of interface modes between two finite-sized waveguides. By examining two specific
combinations of canonical rods, we derive their reflection coefficients adopting the representation of the transfer matrix in terms of
Chebyshev polynomials (Yeh et al., 1977). In turn, they are finally employed to obtain a set of equations determining the frequency
of the interface mode. For one of the two studied cases, the excitation frequency of the interface mode is accomplished in closed
form.

Our results show that canonical rods can be suitably adopted to design systems exhibiting interface modes at a frequency within
a prescribed band gap, and that for some specific configurations it is even possible to determine exactly its frequency. The proposed
formulation, based on the representation of the spectrum through the universal toroidal surface, represents a novel tool to determine
the presence of interface modes in sets of arbitrary band gaps avoiding the —sometimes cumbersome— numerical calculations required
to estimate topological invariants such as the Zak phase.

2. Preliminaries
2.1. Waves in finite and infinite two-phase periodic rods

Assume a two-phase periodic rod composed of a number N of repeated unit cells, as shown in Fig. 1.(a), whose internal structure
is set by elementary bars S (in red) and L (in blue). Here, we postulate the mid-point of phase .S coinciding with the centre of the
cell. It can be noted that the latter corresponds to the element F, of Fibonacci’s golden mean sequence analysed in detail in Morini
and Gei (2018), Gei et al. (2020); this observation, though not essential at this point, will become important later. The lengths of
the two bars .S and L are indicated with /¢ and /;, respectively, whereas Ay, Ex and py (X € {L, S}) denote the cross-section area
of each rod, Young’s modulus and mass density per unit volume, respectively. Being z the co-ordinate describing the longitudinal
axis, for both elements we define the displacement function u(z) and the axial force N(z) = EAu/'(z).

We are interested in harmonic axial waves, therefore, the displacement uy in phase X of the n™ unit cell is given by the solution
of the governing equation

u’)én (2) + ::—))((cuzuxn (z) =0, (€D)]

and assumes the form

uy (z) = a,)f exp <i‘ / p—Xcoz> + an exp <—i‘ / p—sz> s 2)
" Ey Ey

where o is the circular frequency, and a and b} are the undetermined —complex— amplitudes of right-going and left-going waves,
respectively. Coefficients af and bf are related to arf and bf by continuity of functions u x,(2) and N x, (2) across the interface between
two elements; therefore, for any cell, we can define a state vector a, = [a,{‘, brf]T = [a,, b,]7, with state vectors of two adjacent unit
cells that are linked though the matrix equation

an+1] =M [an] (3)
[ bn+l bn ’
where M is the 2 x 2 unimodular transfer matrix of the unit cell; its components are reported in Appendix A. Relationship (3) can
be easily generalised to study wave propagation across the whole finite rod sketched in Fig. 1.(a):

]3]

by

Here, g, and b, stand for the amplitudes of the incident and reflected waves at the input side of the structure (the left-hand side in
Fig. 1.(a)), respectively, whereas b, and a,, are their counterparts at the output boundary, respectively.

We now focus on the case of an infinite (or semi-infinite) periodic rod (M — +oo, see Fig. 1.(b)). By applying the Floquet-Bloch
conditions at the boundaries of the unit cell and recalling Eq. (3), the familiar dispersion equation is

det[M — exp(iKL,)I] =0, (5)
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Fig. 1. (a) Finite two-phase periodic rod composed of N unit cells; a,, b, are the amplitudes of the incident and reflected waves, respectively, at the input side
of the structure, whereas b, and a,, are their counterparts at the output boundary; (b) semi-infinite periodic rod (N — +c0). In both plots, u, and N, represent
displacement and axial force at the input side of the waveguide, respectively.

where where [ is the 2 X 2 identity matrix, L, = I; + I is the total length of the unit cell, and KL, the normalised Bloch wave
number. The solution to Eq. (5) provides the frequency spectrum and, in particular, the layout of pass and stop bands of the problem.
Its final form is

%TrM(a)) =cos(KL,), 6)
where the trace of the transfer matrix is given by
1423
TrM(w) = 2cos &) (@) cos Eg(w) — ———— sin&; (o) sin & g(w), 7)
ZsZy

the mechanical impedance Zy = Ay\/Eypy (X € {L,S}) is introduced and

[ﬁX
.f,((w) @ E X

is the ‘flow’ of each phase, whose role will be clarified later. Note that elegant analytical methods have been recently formulated
for the calculation of the dispersion relation, see e.g. Garcia-Suarez (2022), Gonzalez-Carbajal et al. (2025).

Waves are transmitted along the waveguide for intervals of frequency f = w/2z for which real values of KL, exist (|TrM (w)|
< 2), whereas band gaps (stop bands) occur at frequency for which KL, is imaginary (|TrM (w)| > 2). The specific values KL, = 0
and KL, =z, i.e. |TrM(w)| = 2, correspond to standing waves, which are referred here as band-edge modes.

As further discussed in the paper, the symmetry properties of the band-edge modes are the key elements to predict interface states
between two joined semi-infinite dissimilar rods, and they depend on both the values of axial force and displacement at the boundary
of the unit cell, i.e. at z = 0, namely

Ny = N(0) =iwZ;(ay — by), uy = u(0) = ag + by. ©)
The amplitudes can be evaluated through the components of M, together with the dispersion relation (6), namely
i (Zg Z . i i i (Zs Z .
=3 (Z B z‘) singg. by = el -t [6 *3 (z—L + 7, )sings|. (10)

and substituting expressions (10) into Egs. (9) their final form is attained, i.e.

2Z5Z  coségsing, +[Z% — Z2 +(Z2 + Z2)cos &, Isinég
()

Ny =— , 11
0 2Z5 an
2ZsZ coségsing, +[ZE - Z2 +(Z2 + ZZ)cos & Isinég 1
o=t 22,7, : 12

We now proceed to show the relationships that are in place between functions (11) and (12) and the symmetry features of band-edge
modes of the frequency spectrum.

2.2. General condition for interface modes between two bonded dissimilar periodic rods

The focus is now turned to a system composed of two dissimilar either finite-sized or semi-infinite periodic rods as those
illustrated in Fig. 2. A general condition for the presence of an interface mode between two distinct joined sub-systems in similar
one-dimensional structures has been pointed out for electromagnetic waves in both semi-infinite and finite cases (Xiao et al., 2014;
Kalozoumis et al., 2018), and then extended to the study of topological mechanical states in phononic waveguides (Yin et al., 2018;
Meng et al., 2018). This condition is given by the relationship

Zrhs + Zlhs =0, (13)
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Fig. 2. (a) Two one-dimensional periodic rods with N unit cells on the left and M unit cells on the right, connected to each other at the interface; (b) same
as (a), but now the rods are both semi-infinite.

where Z, . and Z;, are the surface impedances of the rods of the right-hand side and the left-hand side sketched in Fig. 2,
respectively. A frequency satisfying condition (13) is commonly associated with a wave field (in our case, either displacement
or axial force) that is both localised and amplified at the bonding section between the two rods.

The surface impedance Z; (J € {lhs,rhs}) is related to the reflection coefficient r; through the expression (Xiao et al., 2014)

1+r
Z, = el

= Zy (J € {lhs,rhs}), a4
1—-ry
where Z, is the vacuum impedance.
Following the approach proposed by Xiao et al. (2014), we analyse the case of an interface mode excited at a frequency inside
a band gap that is in common in the spectra of the two joined rods. Consequently, only the imaginary part of both the surface
impedances is non zero (Re(Z,;,,) = Re(Z;;,,) = 0), and then Eq. (13) becomes

Zys + Zips =1(Im(Zy) +Im(Zy ) =0 = Im(Z,,) = —Im(Z,). (15)

Therefore, the control of the sign of ¢; = Im(Z;) (J € {rhs, lhs}) is the pivotal information that reveals whether an interface mode
is present or not. The simplest way to obtain such a mode is to design a system for which the quantities ¢; at the two sides of the
interface are opposite for a frequency sitting in a band gap.

Several studies (see, e.g. Xiao et al. (2015), Chen et al. (2021), Muhammad et al. (2019)) have shown that, for systems composed
of two semi-infinite rods, the symmetry properties of band-edge modes are strongly related to the two quantities commonly used to
predict the presence of an interface state: on the one hand, the value of sign[¢;] of a selected band gap and, on the other, the Zak
phase of the adjacent pass bands.

The properties of symmetry/antisymmetry of band-edge modes depend on the value of the wave fields (11) and (12) at the
boundary of the unit cells. A symmetric edge mode, henceforth denoted by (S), corresponds to N, # 0 and u, = 0, whereas an
antisymmetric one, (A) from now on, occurs for Ny = 0 and u, # 0. An illustrative example is reported in Fig. 3. In particular, in
Fig. 3.(a), two edge modes at KL, = 0 are indicated with O and P, and two edge modes at KL, = r are indicated with Q and R. For
all the four modes, the axial force field is colour mapped along the whole unit cell in Fig. 3.(b), showing a symmetric behaviour for
modes P and Q and an antisymmetric one for O and R.

In Xiao et al. (2014), the following relationships between the types of mode of the edge state and ¢, are found:

(1) the property of the edge mode swaps either from (S) to (A) or from (A) to (S) when the frequency goes across a band gap;

(2) if a (A) mode is at the lower edge of a band gap and a (S) mode is at the upper edge, then ¢; < 0, otherwise ¢; > 0.

In the next Sections, we will use this classification to predict and control the presence of an interface mode in systems alike those
illustrated in Fig. 2 characterised by a particular ratio between the geometrical and physical properties of the two phases, named
canonical structures (Gei et al., 2020).

3. Interface modes in systems composed of semi-infinite canonical rods

Canonical two-phase composite rods have been firstly introduced and thoroughly studied by Morini and Gei (2018) and Gei et al.
(2020) as a special subclass of two-phase structures described by the Fibonacci golden-mean sequence. They are periodic waveguides
whose basic elements of the unit cell, such as S and L, possess geometric and mechanical features such that the parameter

E; I
C= pS_L_S:‘f_S, (16)
prEs L &L

termed the canonical ratio C, satisfies one of the following three conditions:

1+2j 1+2j 2q )
cW=—2 P=—= O=_—""" (jkqgeN), 17
2% 2q rrox kel a7)
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Fig. 3. (a) Dispersion curves of a two-phase, one-dimensional, periodic waveguide and points R, Q, P and O at which band-edge modes take place; cyan and
magenta colours highlight band gaps where the sign of ¢, is negative and positive, respectively; (b) diagrams of the axial force field for modes R, Q, P and
O mapped along the whole unit cell (values are normalised). The following values of mechanical and geometrical parameters are assumed: Eg = E; =70 GPa,
ps =p, =2700 kgm=3, A, =245 =2%x10" m?, I{=0.05m, /, =0.1 m and L, =0.15 m.
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Fig. 4. Combinations of unit cells considered for joined canonical rods: (a) reference unit cell with canonical ratio C; (b) cell with canonical ratio 1/C (Case
I); (c) cell with canonical ratio C, but where the two constituents are swapped w.r.t. (a) (Case II). The total length L, is the same for all the three cells.

in which it is required that indices j, k and ¢ are such that fractions in the right-hand sides of the three conditions are to lowest
terms. Superscripts (1), (2) and (3) indicate three distinct families of canonical sets. For family no. 1 the ratio is odd/odd, whereas
odd/even and even/odd ratios belong to families no. 2 and no. 3, respectively. By observing formulae (17), we can deduce that the
main requirement of a canonical structure is that the ratio C is a rational number.

For a canonical structure, the trace of the transfer matrix TrM (f) is a periodic function of the frequency. Consequently, the dispersion
features, determined by Eq. (6), are also periodic in the frequency. The Authors (Morini and Gei, 2018; Gei et al., 2020) found that
the period of the trace of the transfer matrix, f,, is given by f, = 4f., where f. is the (fundamental) canonical frequency, defined
assuming ¢ = 0 in the relationship f,, = fc(h)(l +20)(¢ € N,h € {1,2,3}), where:

1 E; 1 Eg . 5 1 E; 1 Eg .
O = — [ 42k)= — 1/ = (1+2)), [fP=—1/=FL2g=—1/=(1+2)),
¢ 41\ rL 4lg \ rs ¢ 41\ reL 4is | rs
1 E; 1 Eg
O = — [ +2k)= —4/ =2q. 18
/e 41L1/pL( + 2k) 415‘//)5 q (18)

Examples of frequency spectra of canonical configurations are displayed in Figs. 5-7. In all these diagrams, the lowest period
[0, f,] of the spectrum is represented, being understood that the subsequent ones coincide with the lowest one. The positions of the
canonical frequencies are indicated with red arrows. In all plots, the lowest arrow is, strictly speaking, the fundamental frequency
f., whereas the higher arrow marks f,; = 3f,.. We stress that, although at first glance it would seems that the period was 2f,, its
value is 4 f,. For configurations that fall within family no. 1, f. and f,, are the mid-frequencies of band gaps (both diagrams of Fig.
5), whereas for both families no. 2 (Fig. 6.(a)) and no. 3 (Fig. 6.(b)) the two quantities are the mid-frequency of the relevant pass
band.

We use the periodicity of the frequency spectrum, together with the definitions of frequencies f, and f,, to predict and control the
symmetry properties of band-edge modes in canonical rods, and then study the presence of interface states in waveguides composed
of two dissimilar semi-infinite structures of this type. In particular, the following two specific cases are addressed:
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Case I: a system composed of two semi-infinite rods, one with canonical ratio C (‘rod C’) and the other with canonical ratio
equal to 1/C (‘rod 1/C?);

Case II: a system composed of two semi-infinite rods sharing the same canonical ratio, but in one of the two the phases in the
unit cell are swapped w.r.t. the former.

The unit cells for both cases are shown in Fig. 4. For numerical calculations and illustration of results we assume homogeneous
materials for the two phases (Eg = E; = E and pg = p; = p) so that ratios C and 1/C depend only on /5/!;. The total length of the
unit cell L, = [g+1; is assumed to be the same for both the structures composing the system. This ensures that the general condition
for two periodic rods with different unit cells to possess identical dispersive spectra, illustrated in Appendix B, is satisfied. As shown
further in the paper, systems composed of two rods with identical spectra provide significant advantages in terms of predicting the
presence of interface modes inside specific band gaps. To conclude this brief introduction to canonical rods, it is worth mentioning
that when the value of C is irrational the configuration is no longer canonical: periodicity of the frequency spectrum is lost. The
interested reader is referred to Morini et al. (2019) where this case is addressed.

3.1. Systems composed of two rods with canonical ratios C and 1/C

We turn now our attention to Case I (Figs. 4.(a) and .(b)). For ‘rod C’, expressions (11) and (12) for both axial force and
displacement at z = 0 specialise to
NE = —wH,/QZs).  u§ =-iH,/QZsZ)) (19)
respectively, where H; and H, are given by

H| =2ZgZ; coségsiné; +[Z7 — Z% +(Z2 + Z2) cos &y |sin &g,

H,=2ZgZ coségsiné; +[Z2 — Z2 +(Z% + Z2)cos & | sin&. (20
Similarly, for ‘rod 1/C’, quantities (11) and (12) can be written as follows:

N/ = oWy /2Zg).  u)C =-iW/2ZsZ)). (21)
where

W, =2ZgZ coséy sinég +[Z2 — Z2 +(Z2 + Z%) coséglsiné,,

W, =2ZgZ, coséy sinég +[Z% — Z2 +(Z2 + Z%)cos gl siné ;. (22)

From expressions (20) and (22), it can be easily noted that W, and W, do coincide with H, and H, if the positions of variables &g
and ¢; are swapped, respectively. The reason of this feature lies in the symmetry of the unit cell and in the fact that, as previously
pointed out, spectra of canonical rods are symmetric w.r.t. the value of the frequency 2., that is half of the canonical period.

Recalling that the conditions for the symmetry of the band-edge modes are u, = 0 and N, # 0, and those for the antisymmetry
are uy # 0 and N = 0, from Egs. (19) and (21) we can infer that, for ‘rod C’, a symmetric mode at the band edge can be attained if
H, =0, whereas an antisymmetric one is achieved if H, = 0. Similarly, if we consider ‘rod 1/C’, on the basis of Egs. (21), the edge
mode is symmetric if W, = 0, whereas it is antisymmetric if W, = 0. Quantities H,, H,, W, and W, can be factorised as

H, = 4Q1Q4» H, = 4Q2Q3, w, = 4Q1Q2’ W, = 4Q3Q4, (23)
where Q; (i € {1,...,4}) are
& & & . & ~ & & & &
0,=2Zg 511170057 + Z; cos 75111 5> Q, = Zgcos 70057 -Z sm; sin >
_ 6L $s Sr . Ss _ SL $s 6L . 65
Q3—ZL51n7c057+25005751n7, Q4—ZLc037c057 ZSsm73m7. (29)
By using (24) into the dispersion relation (6), we finally derive the two equivalent forms:
40105/(Z; Zg) =2 —2cos(KL,), 40,04/(Z; Zg) =2+ 2cos(KL,). (25)

Observing expressions (19), (21), (23) and (25), we note how the values of Q; determine both the symmetry properties of an
edge mode for the two canonical rods composing the system and whether it is located either at the centre or at the boundary of
the Brillouin zone. Indeed, from Eq. (25) it can be deduced that either O; = 0 or Q; = 0 correspond to KL, = 0 (centre of the
Brillouin zone), while either O, = 0 or Q4 = 0 occurs at KL, = = (boundary of the Brillouin zone). The change of the properties
of edge modes of the two canonical structures with the values of Q; is schematised in Table 1. In the last two columns, namely
‘edge modeC’ and ‘edge mode!/C’, we report the type of symmetry [either (S) or (A)] of modes detected in the two sub-systems for
each combination of factor Q;. It can be observed that for a band edge at the centre of the Brillouin zone (KL, = 0), the symmetry
conditions are inverse, for instance uOC =0 and ué/ € &£ 0. Thus, if we consider a band gap delimited by two edge modes situated at
the centre of the Brillouin zone, the value of sign[¢,] is opposite in the two adjacent rods, and then an interface state can be found
for a frequency inside that band gap. Conversely, for a band edge at the boundary of the Brillouin zone (KL, = z), the symmetry
conditions are the same, for instance uOC # 0 and u(l)/ € xo. Consequently, a band gap delimited by two edge modes at the border of
the Brillouin zone share the same sign of ¢; for both rods, and an interface mode cannot be found for a frequency belonging to the
comprised gap.
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Table 1 )
Values for KL,, uOC, NOC, u(l)/ < Né/ < and band-edge mode symmetry properties.
0, KL, 0,0, 0,0, uf N¢ u(])/c NOI/C Edge mode€ Edge mode'/¢
0, = 0 0 Z,Z 0 40 40 0 S A
, =0 z Z,Zg 0 #0 0 #0 0 A A
0, = 0 0 Z,Zg #0 0 0 #0 A S
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Fig. 5. Frequency spectrum (solid black lines) of infinite periodic waveguides whose unit cells are set by (a) C = 1/3 and (b) C = 3 (both belong to family
no. 1 of canonical rods). The adopted parameters are E = 70 GPa, p = 2700 kg/m—3, A, =243 =2x 10" m? and L, = 0.15 m. Magenta fills gaps with ¢, > 0,
whereas cyan indicates gaps for which ¢, < 0; the value of the Zak phase of each individual isolated branch is indicated; a solid purple circle marks a (A) state
at the band edge, whereas a yellow one indicates a (S) state.

3.1.1. Interface between two semi-infinite canonical rods of family no. 1

We now analyse the periodicity of the edge symmetry properties and then of the sign of ¢, inside the different band gaps for a
system composed of two semi-infinite canonical rods of family no. 1. To this end, the frequency spectra for two structures whose
canonical ratio are C = 3 and C = 1/3 are reported in Fig. 5.(a) and .(b), respectively, where it is adopted E = 70 GPa, p = 2700
kgm™3, A; = 245 = 2 x 10~* m? and total length L, = 0.15 m (therefore, as mentioned, C = I¢/I,). The spectra are sketched for
an interval of frequency that coincides to the lowest period [0, f,], and symmetric and antisymmetric band-edge modes are marked
with yellow and purple circles, respectively. Due to the periodicity of the functions (20) and (22), and then of the expressions of
displacements and axial forces at the edge of the unit cell w.r.t. the variables ég and &; (see Egs. (19) and (21)), it is easy to infer
that the symmetry of the different edge modes does not change if the latter are translated by a canonical period. Therefore, sign[¢;]
inside the band gaps is also periodic with the same period. This property holds true for canonical configurations of all the three
families.

Observing Fig. 5.(a) and .(b), we note that the symmetry properties of the edge modes are symmetric w.r.t. the frequency
f;/2 = 2f,.. This means that if, for 0 < f < f,/2, there is a band gap delimited by a symmetric edge mode on the bottom and
an antisymmetric one on the top, then the corresponding gap for f,/2 < f < f, features an antisymmetric mode on the bottom and
a symmetric one on the top. Consequently, the sign of the imaginary part of the impedance inside the two band gaps is opposite,
as shown in the figure, where band gaps for which sign[¢;] = +1 are depicted in magenta, whereas cyan fills band gaps for which
sign[¢;] = —1. We can summarise what noted saying that for canonical rods of family no. 1 the properties of the band edge modes are
symmetric w.r.t. f,/2, and this implies an antisymmetry of the imaginary part of the impedance of the band gaps w.r.t. this frequency.

Conversely, the properties of band-edge modes are antisymmetric w.r.t. the canonical frequency f,, and then sign[¢;] inside the
band gaps is symmetric. The predictions of sign[¢;] obtained through the analysis of symmetries of band-edge modes have been
verified by the calculation of the Zak phase for the different branches of the frequency spectrum, as shown in Appendix C. The
values of the Zak phase are reported on the dispersion curves.

We can conclude that, for family no. 1 of canonical rods, the value of sign[¢,] inside the different band gaps is antisymmetric
w.r.t. the frequency f,/2 (half canonical period), while it is symmetric w.r.t. the canonical frequency f.. It is crucial to note that, in
agreement with the results reported in Table 1, band gaps limited by points at the edge of the Brillouin zone have the same sign[¢;]
for both ‘rod C’ and ‘rod 1/C’. Conversely, opposite values of sign[¢;] are in place for band gaps limited by two points at the centre
of the Brillouin zone, for which their mid-frequency coincides with the canonical frequency f,; therefore, an interface mode can be
found at a frequency within them.
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Fig. 6. Frequency spectrum (solid black lines) of infinite waveguides whose unit cells are set by (a) C = 1/2 (family no. 2) and (b) C =2 (family no. 3). The
adopted parameters are E =70 GPa, p =2700 kgm=3, A, =24, =2x10~* m? and L, = 0.15 m. Magenta fills gaps with ¢, > 0, whereas cyan indicates gaps for
which ¢, < 0; the value of the Zak phase of each isolated branch is indicated; a solid purple circle marks a (A) state at the band edge, whereas a yellow one
indicates a (S) state.

3.1.2. Interface between two semi-infinite canonical rods, one of family no. 2 and the other of family no. 3

Recalling the classification of canonical ratios (17), we note that assuming the same value for the two indices j = k, two canonical
rods, one belonging to family no. 2 with ratio C and the other to family no. 3 with ratio 1/C, can be defined. In order to study a
system bonding those, we consider ‘rod C’ with C = 1/2 (family no. 2) and ‘rod 1/C’ with C = 2 (family no. 3). The same properties
of phases adopted in Section 3.1.1 are here considered.

The dispersion diagrams are reported in Fig. 6, again for the frequency interval [0, f,]. First, we observe that, similarly to the
case of an interface between two canonical rods of family no. 1, for both families no. 2 and 3 edge modes are symmetric w.r.t.
the half-canonical period f,/2 and anti-symmetric w.r.t. the canonical frequency f,. As a consequence, we note that for both the
spectra reported in Fig. 6, sign[¢,] is antisymmetric w.r.t. f,/2. Focusing our analysis on the interval 0 < f < 2f,, we can see that
band-edge modes are symmetric w.r.t. f, for C = 1/2, while they are antisymmetric for C = 2. This implies that in the same interval
of frequencies the sign of the imaginary part of the impedance inside the band gaps is antisymmetric w.r.t. f,. Differently from
the case analysed in Section 3.1.1, we can observe that for families no. 2 and no. 3 the canonical frequency f, is at the centre of
a pass band, as predicted by the accurate spectral characterisation illustrated by Gei et al. (2020). Considering the band gap just
beyond f,., we have sign[¢;] > 0 for the rod with C = 1/2, and sign[¢;] < 0 for the one with C = 2. Due to the antisymmetry of
sign[¢;] w.r.t. f,, we have the opposite situation for the consecutive band gap, immediately below the pass band centred at 3f,.
Consequently, both these two band gaps can be used to obtain a mode localised at the interface joining the two rods composing the
system. Note that also in this case, according with the results summarised in Table 1, both the gaps associated with an interface state
are delimited by points at the centre of the Brillouin zone. Since all the properties of the spectrum are periodic w.r.t. the canonical
period f, = 4f,, for this configuration we can conclude that in any band gap lying between two points at the centre of the Brillouin
zone an interface mode can be found.

3.2. Interface between two structures with the same canonical ratio whose phases are swapped

As a final step, we are going to investigate now the dynamic properties of a system constructed according to Case II. We consider
two homogeneous semi-infinite rods for which, as usual, Eq = E; and pg = p; . The cross-section areas of the two phases are swapped
between the two unit cells, i.e. (Ag,A;) = (A}, Ag). This means that the impedances and the variables £ and ¢; are also swapped
[(€g. &) = (&1, E5)]. Due to the symmetry properties of the trigonometric functions determining both the values of the relationships
(22) and the displacements and axial force on the boundary of the unit cells given Egs. (19), it is easy to deduce that, at a given
frequency, if N, = 0 and u;, # 0 in one rod, in the other N, # 0 and u, = 0. Consequently, as shown in Fig. 7, the symmetry properties
of band-edge modes in the dispersion diagrams of the two rods are fully reversed: at a given frequency, a symmetric mode in one of
the rod is associated with an anti-symmetric mode in the other, and vice versa. Therefore, for such a waveguide, an interface mode
can be found in each band gap.

4. Predicting the presence of interface modes through the toroidal representation of the spectrum

The general representation of the frequency spectrum introduced for two-phase periodic laminates by Shmuel and Band (2016),
and generalised to axial waves in quasicrystalline-generated periodic rods by Morini et al. (2019), is now used to predict the values
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Fig. 7. Frequency spectrum (solid black lines) of infinite waveguides whose unit cells are set by C = 1/2 and E = 70 GPa, p = 2700 kgm™3 and L, = 0.15 m;
(@ A, =2Ag =2x10"* m?, (b) Ay =24, =2x10~* m? (the two phases are swapped). Magenta fills gaps with ¢, > 0, whereas cyan indicates gaps for which
¢y < 0; the value of the Zak phase of each isolated branch is indicated; a solid purple circle marks a (A) state at the band edge, whereas a yellow one indicates
a (S) state.

of sign[¢;] in all band gaps and the possible occurrence of interface modes for the two cases introduced in Section 3 (Fig. 4). With
this approach, the dispersion properties of a waveguide can be inferred following a ‘flow line’ parametrised with the frequency on a
reduced two-dimensional torus described by coordinates (&g, &; ), in which band-gap and pass-band intervals are regions of the plane
univocally identified. The domain of the reduced torus is &g, &; € [0, z].

The canonical rods composing the systems reported in Fig. 4 possess unit cells generated according to the element F, of the
Fibonacci’s sequence. For this specific case,’ the boundaries of the band-gap region in the reduced torus follow by the analytical
expression (Morini et al., 2019)

tan% :(yi\/yz—l)cot%, (26)

where y = (Zi + Z§) /Q2Z¢Z;). The curve determined by sign ‘+ ’ in Eq. (26) is the top boundary of the band-gap region next to
the origin of the axis, coloured in cyan in Fig. 8.(a) (referred, from now on, as low-frequency band gap) whereas that with sign ‘-’ is
the bottom boundary. The same expression can be adopted to describe the boundaries of other band-gap domains by applying the
transformation

§g=§5+nn’, é'L=§L+m7z (m,n € N). 27)

Any point P(&g, &) lying on the curves (26) is associated with a band-edge mode. We now use Eq. (26), together with the symmetry
conditions (20), with the goal to predict sign[¢,] inside the band gap. Further in the Section, we will show that, due to the periodicity
of the spectrum and of the relationships (20), once we know sign[¢;] inside the low-frequency band gap, its value in all the others
can be easily deduced. By means of a simple algebraic procedure, Eq. (26) with sign ‘~’ becomes?

27 Zgsin % sin 575 = <Zi + Z§ - \/(Z% - Z§)2> cos % cos %q (28)

Recalling that 1/(Z2 — Z2)? = | Z% — ZZ|, we can split relationship (28) into the following couple of expressions:

93 s & €&

ZLCOS?COST—ZSSiDTSiHTSZO => 04,=0 (for Zg> Z;), (29)
ZScos%cos%Y—ZLsin%sin%=0 => 0,=0 (for Z; > Zg). (30)

Observing the dispersion relation (6) and using the properties of trigonometric functions, we can easily deduce that the low-frequency
band gap is associated with cos(KL,) < —1. Recalling the variation of the symmetry properties of the edge modes determined by
the functions Q; and summarised in Table 1, we can infer that:

1 For higher order indices the equations of the boundaries of band gaps are not in closed form and can be studied numerically (see Chen et al. (2022)).
2 For our goal, the analysis of Eq. (26) with sign ‘+ ’ does not provide further useful information.
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Fig. 8. (a) Extended torus of the frequency spectrum reported for 0 < &g, &, < 6x. The band-gap regions with ¢, > 0 are coloured in magenta, while those with
¢; <0 are in cyan. The reported case is Z, > Zg, then inside the low-frequency band gap ¢, is negative. Four different flow lines corresponding to different
canonical ratios are shown: C = 1/3 (green line), C =3 (blue line), C = 1/2 (brown line) and C =2 (light grey line); (b) extended torus for the case Zg > Z;,
then for the low-frequency band gap ¢, is positive; the flow line for C = 1/2 is reported in brown.

+ for cases in which Zg > Z;, the boundary of the low-frequency band gap is associated with the condition (29) (Q, = 0), and
then the lower band-edge mode is symmetric. Therefore, the upper band-edge mode is antisymmetric and the imaginary part
of the impedance is positive within the band gap (i.e. sign[¢;] > 0);

« for cases in which Z; > Z, the same boundary of the band-gap region corresponds to the condition (30) (Q, = 0); therefore,
the lower band-edge mode is antisymmetric, the upper band edge mode is symmetric, and the imaginary part of the impedance
is negative within the band gap (i.e. sign[¢;] < 0).

These results demonstrate that, for any two-phase periodic rod, sign[¢;] of the low-frequency band gap depends only on the
impedances Zg and Z; .

Starting form the knowledge of sign[¢;] of the low-frequency band gap and taking advantage of the periodicity of the spectrum
w.r.t. variables &g and &;, it is possible to predict the value of the same quantity for any band gap of any canonical rod. Still consider
point P(£g,&;). Due to the periodicity of the frequency spectrum, P can be coupled to P'(¢%,¢)) belonging to the boundary of a
subsequent gap through relationships (27). The variation of axial force and displacement at the boundary of the unit cell, and then
of the symmetry features of the band-edge modes, is studied for all possible combinations of odd and even numbers m and n by
using Egs. (19) and taking advantage of the periodicity of functions (20). With this analysis, we can determine whether or not the
value of sign[¢,] for an arbitrary band gap coincides with that of the low-frequency band gap. The results of this study show that for
cases where m is an even number, independently of n, at P’ the values of axial force and displacement on the boundary of the unit
cell are identical to those at P, while if m is odd these quantities have opposite values. For example, by assuming u, = 0 and N, # 0
at P, if m is odd then u; # 0 and N, = 0 at P’. Consequently, a band-gap domain obtained by translating the low-frequency one of
an interval mx along the &, —axis possesses the same sign of the imaginary impedance of the low-frequency band gap if m is even.
Conversely, band-gap domains selected by odd values of m show opposite values of sign[¢;] w.r.t. the low-frequency band gap. This
result is illustrated in Fig. 8, where the band gaps for which sign[¢;] > 0 are coloured in magenta, while those with sign[¢;] < 0 are
filled in cyan.

We are now able to predict sign[¢;] inside any band gap for any arbitrary canonical rod by representing the spectrum through
the two-dimensional plots reported in Fig. 8. We call this representation extended torus in order to distinguish it from the reduced
torus. The various flow lines drawn in Fig. 8.(a) correspond to the dispersion spectra analysed in Section 3 and shown in Figs. 5
and 6. The four lines are for C = 1/3 (green), C = 3 (deep blue), C = 1/2 (brown) and C = 2 (light grey). From Eq. (16) we
know that the slope of each flow line is equal to 1/C, and all lines pass through at least one band-gap vertex (that is a Dirac point
in the frequency spectrum). On the extended torus, these points have coordinates (nz, mz) (n/m € Q). It is clear from the colours
of band-gap regions that sign[¢,] is antisymmetric w.r.t. said vertices. As an illustrative example, follow the flow line for C = 3,
reported in deep blue in Fig. 8.(a). Before passing through the point (37, z), it crosses three cyan band gaps with sign[¢;] < 0, and
then it goes through three magenta sub-regions with sign[¢;] > 0.

The representation of the spectrum illustrated in Fig. 8.(a) can be suitably exploited to design systems composed of two canonical
rods that do display interface modes. Starting from a structure with ratio C, we are able to draw the corresponding flow line on
the torus plane. The line for a rod with 1/C is the symmetric one w.r.t. the bisector (the dashed line). From the analysis developed

10
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just above, we know the value of sign[¢;] inside any band-gap region, and then we can predict which combination can provide a
localised mode at the interface between a ‘rod C’ and a ‘rod 1/C’. Fig. 8.(b) shows how it is possible to design a system composed of
two structures with the same canonical ratio (in this case C = 1/3) able to display an interface mode in any band gap. This can be
explained with the fact that, on the basis of the proposed analysis, if the phases are swapped then (Zg,Z;) — (Z;,Zy), and, as a
consequence, sign[¢,] is inverted in any band-gap sub-domain. The extended tori of Figs. 8.(a) and .(b) can also be used to determine
the number g (i = 1,2,3) of band gaps inside a canonical period [£f,,(Z + 1)f,] (¢ € N), of any two-phase canonical rod with unit
cells similar to those sketched in Fig. 4. For the three different families of canonical structures, this number is given by

gV =4G+0+2 gP=4(+q, g¥=4k+q (.kgeN. (31)

We have shown how the proposed approach to study the dispersion spectrum can be used to predict the presence of a mode at
the interface between two semi-infinite canonical rods with ratios C and 1/C, or, alternatively, between two structures with the
same canonical ratio, but where phases S and L are swapped. In the next Section, an exact formula for the frequency of the interface
mode is derived for finite-sized specimens for both cases.

5. Systems composed of finite-sized canonical rods: exact formulae for the frequency of the interface modes

We move now to the analysis of finite-sized systems alike that shown in Fig. 2.(a), characterised by an interface between two
finite rods whose unit cells are F,. Both rods are assumed to be composed of A unit cells (i.e. N' = M) and have the same frequency
spectrum as explained in detail in Appendix B.

Substituting the expression for the surface impedance (14) into the general condition for the existence of an interface mode (15),
we obtain the following equation valid for any system composed of two finite structures:

1+ 1+
Im< r]hs> +Im <A> =0. (32)
1_rlhs l_rrhs

Therefore, in order to determine explicitly the frequency at which the interface mode is excited, the reflection coefficients ry,; and r
are needed for both rods, considered separately. Assuming that there is no incident wave at the output boundary for both structures
(b, = 0), their reflection and transmission coefficients, denoted respectively by r and ¢, are given in the form (see, e.g., Markos and
Soukoulis (2008))

gl
by M,
T T a
7]
0 M22 0

1, gl
ME ME
a
1= 2o o 122 (33)
MmE
2
where Mfi,Mf’;,Mzg; and Mg are the components of the ‘global’ transfer matrix of the rod concerned M8 = M+ (see Eq. (4)).
Since M8l is defined as the N'™ power of a unimodular matrix, it can be expressed by means of the Chebyshev’s identity, reported
in Appendix A. Consequently, the reflection coefficient becomes
i (Zs  Zp )\ . .
by %(Z—i—z—§>51n(NKL,)SIn§S
p= 2 . . (34)
A gy [cos & -1 (% + %) sinfs] Sin(NV'KL,) - sin(W — DKL,)
L S
We now use Eq. (34) to derive an explicit expression for the imaginary quantities involved in relationship (32) for finite systems

that are constructed according to rules dictated by Case I and Case II, respectively.

5.1. Frequency of modes at the interface between two finite rods with canonical ratios C and 1/C

Assuming that the rod at the left-hand side is ‘rod C’ and recalling that, as we are considering a frequency inside a band gap

satisfying condition (32), sin(NMKL,) is pure imaginary and H,H, = 4ZiZ§ sin?(K L,) is real, we substitute expression (34) into

Eq. (32) obtaining

. < 1+ rypg ) _AZ; Zgsin(NKL,)cos(NKL,)sin(K L)(Z% - Z2)sinég 35)
1= Ting H?+2H\(Z} - Z%)cos (N'K L) sin &g |
and
2 72 a2
Re <1 +”lhs> __ 4ZLZS sin“(KL;) 36)
1= ring H? +2H(Z2 - Z2)cos?(N'K L,) sin &g

Since Eq. (32) should be satisfied for a frequency inside a band gap, the dimensionless wave number K L, can be written in the form

KL, =st+iK (s€Z), (37)

in which K, that describes the decay length inside the band gap, is positive. Therefore, cos2(N'K L,) = cosh’>(N K), and due to the
properties of cosh x (i.e. cosh’(N' K) — oo for N — o), the real quantity (36) vanishes, in agreement with the model formulated for
semi-infinite rods.

11
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As illustrated in the previous Section, the two joined rods possess identical dispersion spectra with different values of sign[¢;]
inside the corresponding band gaps. Consequently, KL, has identical value for both the dispersion relations of the two rods
composing the system. Moreover, as the number of unit cells in the two structures is the same, the quantities sin(N'KL,),
sin((N — 1)K L,) and cos(N K L,) appearing in expressions (33) for both rods share the same values.

Taking into account these equalities, we can now introduce an expression specular to (35) for ‘rod 1/C’ on the right-hand side,
by applying the transformation &g — &, (H, — W)):

. < 1+ rop ) 47, Zgsin(N'KL,) cos(N KL)sin(K L) (Z2 — Z%)sin& 38)
U=rig) W2 +2W (22 - Z2)cosX (WKL, siné; ’
Substituting (35) and (38) into (32), we obtain
HZsing, + W2sin&g + (H) + W)[2AZ% — Z2) cos*(WKL,)sin&g siné; ] = 0. (39)

The frequency satisfying Eq. (39) excites an interface mode inside a band gap. According to results derived by Xiao et al. (2014),
¢; (J € {lhs,rhs}) is a monotonic decreasing function from oo to 0 when ¢; > 0, and from 0 to —co when ¢; < 0. Therefore, if an
interface mode exists for this type of finite system, Eq. (39) has only one solution. It is easy to deduce that this unique solution
corresponds to the pair (&g, &;) which satisfies

sinég =—sing;, and coség=cosé,  (with sing; # 0). (40)

Egs. (40), and (40), can be re-written equivalently

5542‘51_ cos &L —¢&s

sinég +sing; =0 = 2sin 2

=0, (41)

Ss+ér . &L —Cs

— S;n ——
2 2

The solution of the coupled Egs. (41) and (42) is given by the values of &g and &; that fulfil sin((ég + £;)/2) = 0, a condition that

leads to the following value of the frequency

coség —cos&; =0 = 2sin =0. (42)

O JEg

(1+C)IL o a+0Ig\ s (ny € N). (43)

Although it seems at first sight that both 2r, /(1+ C) and 2Cn, /(1+ C) are also solutions, they are not admissible because they result
from the identity siné; = sinég = 0 that violates the hypothesis stated in (40). Moreover, they correspond to points P(nz, mx) on
the extended torus reported in Fig. 8. These are Dirac points and do not lie inside a band gap as required by our approach. It is
also worth stressing that the total length L, of the two joined rods must be set equal in order to satisfy the condition for identical
dispersion diagrams according to the analysis conducted in Appendix B.

The results shown in Fig. 9 are about a system composed of a L.h.s. ‘rod C’ and a r.h.s. ‘rod 1/C’, with C = 1/3, both assembled
with &' = 6 unit cells (both rods belong to family no. 1 of canonical configurations). The adopted mechanical and geometrical
parameters in all figures of this Section are identical to those employed for the specimens analysed in Fig. 5. Fig. 9.(a) displays
the transmission coefficient for the whole finite system for the range of frequencies [0, f,/2]. The imaginary part of the mechanical
impedance for both rods, as well as for the whole system, is plotted as a function of the frequency in Fig. 9.(b). In Fig. 9.(c), functions
cos&g, coséy, sinég, siné; and TrM (w)/2 are displayed. In particular, the plot in Fig. 9.(a) shows that the frequency of the interface
mode corresponds to the peak in the transmission coefficient occurring at the canonical frequency within the median band gap.
In Fig. 9.(b), this peak is associated with a zero value of the sum of the imaginary parts of the mechanical impedance of the two
structures, in accordance with Eq. (32). The value of the frequency of the interface mode is exactly that evaluated by the analytical
formula (43) that coincides, for family no. 1, to the canonical frequency (18),. The functions displayed in Fig. 9.(c) show that the
frequency of the localised mode fulfils Eq. (40).

Fig. 10 illustrates results for an analogous system with C = 1/2 (now ‘rod C’ belongs to family no. 2, ‘rod 1/C’ to family no. 3)
for which (43) does not coincide with f.

The absolute value of the axial force |N| reported in Fig. 11 refers to the same system studied in Fig. 9. The diagrams are
obtained by imposing a harmonic axial force with amplitude equal to 1 N at the L.h.s. edge of the waveguide. Fig. 11.(a) shows
the interface mode at the frequency of to the peak of the transmission coefficient displayed in Fig. 9.(a) (f = f, = 33.95 kHz); in
.(b), the considered interface mode is the second one along the frequency spectrum, at f = 3f, = 101.84 kHz. For both figures, it is
visible that |N| is localised at the interface between the two rods, and decays dramatically towards the ends of the structure. The
amplification factor is approximately sixty-four. The same field for values of the frequency sitting either in a pass band or in a band
gap is shown in Figs. 11.(c) and .(d), respectively, where any interfacial amplification does occur; rather, propagation and decay are
the exhibited behaviours, as expected for the selected frequencies.

For the system examined in Fig. 10, the amplification of field |N| at two interface modes is sketched in Fig. 12. Here, the
enhancement of the axial force reaches approximately the factor thirty-eight.
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Fig. 9. System composed of finite-sized ‘rod C’ and ‘rod 1/C’ (C = 1/3); (a) transmission spectrum in the domain [0, f,/2] where it is evident a peak at the
canonical frequency f, at which the interface mode occurs; (b) imaginary parts of the relative surface impedance of ‘rod C’ (light blue) and ‘rod 1/C’ (light
brown), and the sum of the two (black) that is vanishing at f,; (c) plot of functions cosé&g, cosé;, sinég, siné; and TrM /2.

5.2. A method to obtain an interface mode at the centre of a band gap

The excitation frequency of an interface mode for a system composed of two finite-sized rods with canonical ratios C and 1/C
is given by Eq. (40). Under the same configuration, we now determine the condition helpful to design a waveguide exhibiting an
interface mode at the centre of the band gap. To this end, we define the small perturbation parameter § and introduce the perturbed
variables &) = &; — 6 and & = &g — C§ corresponding to a point on the extended torus lying on the edge of the band gap domain.
Substituting é’L and .fg in the dispersion relation (6), and recalling that ¢é¢ = C&;, we obtain

cos(&y — 6)cos(C(Ey — 6)) —ysin(€, — 6)sin(C(§y, - 6)) = +1. (44)

If the excitation frequency of the interface mode is at the centre of the band gap, then the additional perturbed variables ¢} = &; +6
and &Y = &g + Cé also satisfy the dispersion relation (6), yielding the following relationship

cos(ép + ) cos(C(Ep + 8)) — y sin(Ep + 8)sin(C(Ef + 6)) = =1 (45)
Substituting &g = C¢; into the interface mode conditions (40) yields
sing; = —sin(C&;) and cosé&; = cos(CE;). (46)

Subtracting (44) from (45) and using the relationship (46), the following condition for the occurrence of an interface mode at the
centre of a band gap is obtained, i.e.

2(y — 1)sin((C — 1)8)sin&; cos &, = 0. (47)

Eq. (47) possesses non-trivial solutions only for cos&; = 0. For y = 1, the waveguide becomes homogeneous. For y approaching 1,
the frequency of the interface mode tends to the centre of the band gap. The case where siné; = 0 corresponds to &, = mx, and
then, by observing the extended torus in Fig. 8, it may be inferred that it selects a Dirac point or, alternatively, a point inside a pass
band.
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Fig. 10. System composed of finite-sized ‘rod C’ and ‘rod 1/C’ (C = 1/2); (a) transmission spectrum in the domain [0, f,/2] where it is evident a peak on the
r.h.s. band gap at which the interface mode occurs; (b) imaginary parts of the relative surface impedance of ‘rod C’ (light blue) and ‘rod 1/C’ (light brown),
and the sum of the two (black) that is vanishing at the interface mode; (c) plot of functions cos &g, cosé;, sinég, siné; and TrM /2.

5.3. Frequency of modes at the interface between two finite rods whose phases are swapped

We derive, at last, an equation for evaluating the frequency of interface modes in a finite-sized system where the two rods are
built following the prescriptions of Case II. This means that the mechanical impedances of the two phases are swapped in the two
unit cells, i.e. Z; - Zg and Zg — Z; (in the case of two homogeneous rods with modulated cross-sections A; - Ag and Ag — A;).
For this type of system, it is not possible to simplify Eq. (32) in order to obtain an analytical formula similar to (43). By applying
the transformation for impedances in (35), we obtain the following expression valid for the left hand-side rod

(48)

. < 1+ rpg ) _ 4Z; Zgsin(N'K L) cos(N' K L) sin(KL)Z% — Z3)sin&g

1= repg H?+2H,(Z2 — Z%)cos? (N'K L) sin&g

If the interface state inside the band gap existed, the corresponding frequency would satisfy the following relationship given by the
sum of Egs. (35) and (48):

H>Zg—H}Z; +2Z% - Z})cos> (NKL)(H, Zs + HyZ;) = 0. (49)

This implicit condition can be easily solved numerically. In Fig. 13 we report the transmission coefficient and the corresponding
imaginary part of the impedance for a system with C = 1/2. The solution to Eq. (49), associated with a zero value of the sum of
the imaginary parts of the mechanical impedances, is denoted by the green line in part .(b) of the figure.

Moving now to Fig. 14, where four interface modes of the structure investigated in Fig. 13 are studied, we can clearly note that
the trend of |N| confirms the localisation at the interface with amplification factors that range approximately between twenty and
thirty.
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Fig. 11. Plot of the absolute value of the axial force field |N| along the whole finite-sized structure analysed in Fig. 9; (a) at the interface mode f = 33.95 kHz;
(b) at the interface mode f = 101.84 kHz; (c) at the generic frequency in a pass band f =40 kHz; (d) at the generic frequency in a band gap f =33 kHz. All
simulations are conducted by imposing a harmonic axial force at the Lh.s. edge with amplitude equal to 1 N.
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Fig. 12. Plot of the absolute value of the axial force field |N| along the whole finite-sized structure analysed in Fig. 10; (a) at the interface mode f = 33.95
kHz; (b) at the interface mode f = 67.89 kHz. All simulations are conducted by imposing a harmonic axial force at the Lh.s. edge with amplitude equal to 1 N.

6. Conclusions

In this work, we study the presence of localised modes at the interface between two dissimilar periodic rods whose unit cells
are designed according to canonical layouts, after the definition provided by the Authors in their previous research. The core of
the investigation focuses on the application of the periodic and symmetric dynamic properties of canonical rods in order to predict
the presence of a localised interface mode in both infinite and finite-sized systems. The main outcome of the paper is a general
procedure, easy to implement, to determine the existence of an interface mode at a frequency inside a prescribed spectral band gap.
The developed method allows one to know in which band gap the condition of existence of such a mode, i.e. that the sum of the
surface impedances of the two rods composing the system is zero, is satisfied.

More in detail:

» we show how the symmetry properties of the edge modes at the boundary of a band gap are related to the sign of the imaginary
part of the surface impedance of the band gap itself;

» we introduce a representation of the spectrum based on the extended torus very useful to predict both the symmetry properties
of band-edge modes and the sign of the imaginary part of the surface impedance of any band gap of an arbitrary semi-infinite
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brown) and the sum of the two (black) that is vanishing at the interface mode; the solid green line represents the solution of Eq. (49).
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Fig. 14. Plot of the absolute value of the axial force field |N| along the whole finite-sized structure analysed in Fig. 13 for the interface modes (a) f = 15.48
kHz; (b) f =35.44 kHz; (¢) f = 66.40 kHz; (d) f = 86.35 kHz. All simulations are conducted by imposing a harmonic axial force at the Lh.s. edge with amplitude
equal to 1 N.

canonical waveguide; the extended torus is employed to identify systems composed of two canonical structures possessing
the same pass-band/band-gap layout, but with some corresponding gaps where the imaginary part of surface impedances are
opposite. Therefore, these gaps satisfy the condition of existence of an interface mode whose excitation frequency lies within
their frequency range;
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« for systems composed of two finite-sized canonical rods, we derive an equation to evaluate the frequency of the localised
mode. For a specific configuration, consisting of two finite rods whose canonical ratios are reciprocal, the excitation frequency
can be determined in closed form. All the derived formulae are benchmarked against numerical calculations.

The results we achieve provide new insight into the design and optimisation of phononic waveguides based on canonical rods
that display localised interface modes in a prescribed band gap, avoiding the calculation of topological invariants, such as the Zak
phase, and the related computational challenges. Due to the universality of the concept of surface impedance and to the versatility
of the extended toroidal representation of the spectrum, the established methodology can be extended to investigate interface modes
and localised states in two-dimensional systems such as plates and discrete architected lattices.

A final remark is necessary regarding the concept of canonical structure, whose properties are intimately connected to the
Fibonacci’s golden mean sequence (Gei et al., 2020). In this paper, we have focused on symmetric unit cells that correspond to
element F, of said sequence to compare our novel methodology and results to those presented in some relevant works (Xiao et al.,
2014, 2015; Kalozoumis et al., 2018; Meng et al., 2018). With the exception of F;, that is basically a re-scaling of F,, cells constructed
starting from F,, F, etc., are non symmetric. The extension of the strict connections between the symmetry properties of band-edge
modes and the topological features of band gaps for non symmetric cells is not trivial, therefore, we leave its investigation for a
future work.
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Appendix A

The explicit form of the transfer matrix M for a single unit cell and used in Eq. (3) is given by

M= [Mu MIZ]

My My
where
: i(Zs Zp\ . s i(Zs Zp\ .
M, = elfL[cosﬁs +5 <Z_L + Z—S> sm.fs] , My=e ‘fL[cos.fs -3 (Z—L + Zs sinég|,
i[(Z V4
M12 = _MZ] = % <Z_S —_ Z—L> Sil’lgs.
L Ky
As M is unimodular (det M = 1), its N'™ power can be expressed by means of the following Chebyshev’s identity:
N
M = [Mll M12] _ [MIIUJ\/'—I ~Uyo MUy ]
My My My Uy MUy —Uy-

with Uy = sin((N + 1)K L,)/sin(K L,) (see Markos and Soukoulis (2008) for the demonstration of this identity). According to the
definition reported in Yariv and Yeh (1984) and Yeh et al. (1977), the reflection coefficient r for a wave coming from the left is
given as a function of the elements of M as
1
M, My, sinN'KL,)

r= =

_M_g sin(NM = DKL) — My, sin(N'KL,)’
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Appendix B

We illustrate the general condition for two semi-infinite periodic rods with different unit cells to have identical dispersive spectra.
We first focus on a system composed of two structures whose canonical ratios are reciprocal (Case I). The expressions for the two
‘flow’ variables (8) of ‘rod C’ can be written as

c,C c.C
3 Ijw c I

C —
S It (50)

where ¢; = \/E; /p; and cg = \/Eg/pg. Recalling that the total length of the unit cell is /$ +[$ = LE, and using the definition of
canonical ratio (16), we can express the quantities lf /e and lg /cg as follows

C C C C
Ii = L—’ I_S = L (51)
¢g ¢ +Ccg’ cs ¢ +Ccg’

Substituting (51) in (50) and inverting the equations, we obtain an expression for the radian frequency »¢ corresponding to values
of the flow variables £ and &5, namely

o &f(cp +Ceg)  &G(ep + Ceg)

= . (52)
LS crLf
Similarly, for ‘rod 1/C’, the two variables 51L/ € and 5;/ €, and the associated radian frequency w!/C take the forms
1/c_1/c e ic
1w 1w
‘fyc =L gé/c =5 (53)
‘L Cs
1/c 1/c
W€ = &/ (Cep +cs) B &g (Cep +cg) 54)

1/C - 1/C
CL L
t t ~ ~
We now turn to Case II. The two variables ff and ég, and the radian frequency @° for the rod in which phases L and S are
swapped can be introduced by imposing the transformation (c;,cg) — (cg,c;) to expressions (50) and (52), i.e.

[0 Ca¢
c_ 'L c_'s
= , = . 55
$r . & . (55)
o E(Ceptes)  ES(Cepteg)
&€ = _ = - . (56)
Lf CL¢
Identical frequency spectra for both rods in either Case I or Case II are achieved if o€ = !/ and w€ = @€, respectively. For the
former system, it should be £ = 5;/ € and &= §1L/ € for the latter it should be &€ = &° and &§ = E. Consequently, by imposing
o = »'/€ and 0° = &°, respectively, we finally obtain:
1/c FC
o€ o B _Ctes oo o Lo _Cates 57)

LS e +Ccs’ L_tC ¢ +Ccg’

Waveguides which satisfy conditions (57) share the same frequency spectrum. Therefore, in order to change the properties of
the unit cells maintaining for both the same spectrum, the total lengths L, Lt1 /€ and LS could be modified provided the ratios (57)
remain unchanged. For the examples displayed in this work, we assumed homogeneous materials for the two phases, e.g. ¢; = cg = c.
Consequently, Egs. (57), and (57), simply become L,l /e /LE =1and LE/LE = 1, respectively; for this reason, for both Case I and

Case II, the total length of all unit cells are set to L,.
Appendix C

For any one-dimensional periodic rod, the Zak phase of the " pass band can be numerical calculated though the sums (Zak,
1989)

p
o =iy [m < / Ldrdz W Wn,x,.m)] : (58)
i=1 u

nitcell 20€

where the first Brillouin zone K L, € [—x, z] is divided in p sub-intervals, each wide AK, r denotes the position within the cross-section
and W, x is the periodic part of the axial force field with the same interval.

As illustrated by Xiao et al. (2014), for the case of one-dimensional periodic photonic crystals, the topological properties inside
the g'" band gap can be alternatively characterised by the sign of the impedance ¢, which is related to the Zak phase by means of
the following exact relationship:

g
sign[¢®@] = (=1)¥(=1)" exp <i > efak> , (59)
p=1
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where the integer i denotes the number of branch crossings below the considered gap. The Zak phase of the lowest pass band is
determined by Xiao et al. (2015)

exp(i07%) = sign(1 — Zg/Z,). (60)

We have verified numerically that the sign of the impedance obtained through Eq. (59) coincides with that evaluated using the
symmetric features of band-edge modes together with the symmetry properties inferred from inspection of the extended torus.
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No data was used for the research described in the article.
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