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Summary

A novel strategy aimed at cooperatively differentiating a signal among multiple
interacting agents is introduced, where none of the agents needs to know which
agent is the leader, i.e. the one producing the signal to be differentiated. Every
agent communicates only a scalar variable to its neighbors; except for the leader,
all agents execute the same algorithm. The proposed strategy can effectively obtain
derivatives up to arbitrary 𝑚-th order in a finite time under the assumption that the
(𝑚+1)-th derivative is bounded. The strategy borrows some of its structure from the
celebrated homogeneous robust exact differentiator by A. Levant, inheriting its exact
differentiation capability and robustness to measurement noise. Hence, the proposed
strategy can be said to perform robust exact distributed differentiation. In addition,
and for the first time in the distributed leader-observer literature, sampled-data
communication and bounded measurement noise are considered, and corresponding
steady-state worst-case accuracy bounds are derived. The effectiveness of the
proposed strategy is verified numerically for second- and fourth-order systems, i.e.,
for estimating derivatives of up to first and third order, respectively.
KEYWORDS:
distributed leader-observer, distributed differentiation, sampled-data

1 INTRODUCTION

A distributed leader-observer is a neighbor-based algorithm that a group of interacting agents implements so that each one
obtains an estimate of the leader’s state, even when only a subset of them directly communicates with the leader and no agent
has information on whether it is communicating with the actual leader or not. This problem is important in practice, for instance
in formation control of multi-agent systems, since agents often lack direct access to the leader due to obstacles or limited
range. Enabling each agent to estimate the leader’s state through neighbor interactions ensures robust coordination, even if the
leader changes, without needing centralized control or reconfiguration. In this case, an unknown but bounded input signal is
assumed to drive the leader. Such observers are typically based on distributed consensus algorithms1,2 and are often referred to
as distributed consensus observers. Distributed leader-observers have attracted attention in multi-agent tracking and formation
control applications3; when the convergence occurs in a finite time, it allows for the separation of the problem into the consensus-
based distributed estimation of the leader’s state and the local, not consensus-based, reference tracking control toward the leader’s
state4,5.

0Abbreviations: RED (Robust Exact Differentiator).
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Numerous strategies for designing a distributed leader-observer have been explored in existing research, which are
summarized in Table 1. While many works focus on arbitrary order leader dynamics4,6–15, some restrict their analysis to second-
order systems3,5,16–24 due to their relevance in various mechanical applications where double-integrator dynamics are common.
These methods differ primarily in the type of information shared between neighbors. In some instances, the entire observer state
is shared, as in5,16,17,22,23 for second-order systems and4,6–12,25,26 for arbitrary order. Alternatively, sharing only the observer’s
scalar output, which usually represents the leader’s estimated position, is another method applied in3,18–21 for second-order
systems and13–15,24 for arbitrary order. This approach is often preferred since it simplifies the observer structure and reduces the
communication load in the protocol.

Additionally, the observer structures vary depending on assumptions about the leader’s dynamics. A common assumption is
to have autonomous dynamics without external inputs, as seen in17,18 for second-order systems and13,24,25 for arbitrary order,
suitable for modeling simple oscillators. However, this assumption can be restrictive for some applications. Considering arbitrary
leader inputs under the premise that all followers have access to this information has been explored. However, it compromises the
distributed nature of the observer, as seen in3,19–21 for second-order systems and14 for arbitrary order. A more general approach
assumes unknown yet bounded leader inputs, enabling the use of sliding mode techniques to design consensus-based observers27
that remain effective under these conditions, as applied in5,22,23 for second-order systems and4,6–12,15 for arbitrary order.

Furthermore, while most observer proposals and analyses are performed in continuous time, the practical implementation of
observers typically occurs on a digital computing unit. It involves information sharing over communication networks, making
discrete-time sampled-data models more realistic and appropriate for analysis and design. Efforts to develop sampled-data
observers have been published, for instance, in14,28, though they often assume global knowledge of some leader’s information.
In contrast, recent studies have adapted continuous-time models to incorporate discrete communication using event-triggered
methods, as in12,13.

Moreover, it is common for neighbors to access or derive measurements of the leader’s position through sensors, potentially
introducing noise. Although some studies mention measurement noise or conduct experiments to assess performance under
such conditions, like15, formal analysis in this area is generally lacking. An exception is21, which includes a formal analysis
considering Gaussian measurement noise. However, as mentioned before, this work is limited to second-order systems and
global knowledge of leader’s information.

Finally, note that a discretized standard differentiator29 can be used to estimate the leader’s state and its derivatives by agents
with access to the leader. These estimations are robust to sampling time and measurement noise. This information can then be
passed from agent to agent across the network using a flooding strategy. However, this approach has two significant drawbacks.
First, it assumes that agents know which other agent is the leader and applies the differentiator accordingly. Second, multi-hop
flooding strategies are not preferred in large multi-agent systems because they consume much more communication bandwidth
than consensus protocols, which rely only on local communication.

Motivated by the above discussion on the current state of the art, we assume a leader with an arbitrary order integrator
dynamics driven by an unknown input signal bounded by a known constant, with an output signal as the first variable in the
integrator chain, accessed only by a subset of agents that are unaware who the leader is, thus rendering a flooding strategy
unfeasible. In this context, the contributions of this work are summarized as follows:

• Since the aim is distributed differentiation, no agent requires knowledge of the actual leader’s input, i.e. of the highest-
order derivative of the function to be differentiated. The only piece of knowledge required from this high-order derivative
is its bound.

• Every agent communicates only a scalar variable with its neighbors.
• For the noise-free and continuous output case, we prove exact convergence to the function to be differentiated and its

derivatives (i.e. the leader’s state).
• Under measurement noise affecting each output and sampled outputs, the accuracy of the algorithm in terms of

differentiation error is analyzed.
• The order of differentiation can be arbitrary.

Table 1 summarizes and highlights the contribution of the paper with respect to the cited literature.
The rest of the paper is organized as follows. Section 2 introduces the distributed observer problem and the proposed algorithm

to address it. In Section 2.3, we present the proof of the main Theorem. Also, we analyze the performance under noisy and discrete
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Observer Order Communication Time domain Leader’s input type Meas. noise
16 second state continuous bounded unknown no
17 second state continuous no input no
18 second scalar output continuous no input no
3,19,20 second scalar output continuous globally known no
21 second scalar output continuous globally known Gaussian
5,22,23 second state continuous bounded unknown no
24 arbitrary scalar output continuous no input no
25,26 arbitrary state continuous no input no
4,6–11 arbitrary state continuous bounded unknown no
12 arbitrary state event-triggered bounded unknown no
13 arbitrary scalar output event-triggered no input no
14 arbitrary scalar output sampled-data globally known no
15 arbitrary scalar output plus

aux. variable continuous bounded unknown no

This work arbitrary scalar output cont./sampled-
data bounded unknown bounded noise

TABLE 1 Summary of distributed leader observers in the literature.

measurements of the neighbors’ and leader’s output. In Section 4, we illustrate the effectiveness of the proposed algorithm via
numerical simulations. Finally, in Section 5, we present the conclusions and discuss future work.

Notation: We write vectors in boldface lower case letters and matrices in boldface upper case letters. Let ⌈𝑥⌋𝛼 ∶= |𝑥|𝛼sign(𝑥)
for 𝛼 ∈ ℝ⧵{0} and ⌈𝑥⌋0 ∶= sign(𝑥). For an 𝑚-times differentiable signal 𝑦(𝑡), 𝑦(𝑖)(𝑡), 𝑖 ≤ 𝑚, denotes its 𝑖-th time derivative. For
a matrix 𝐀, [𝐀]𝑖𝑗 denotes its 𝑖, 𝑗 element, 𝐀⊤ denotes the matrix transpose. Given a square matrix 𝐀, 𝜆max(𝐀) denotes the largest
singular value of 𝐀, and 𝐀 ≻ 𝟎 denotes that 𝐀 is a positive definite matrix. Moreover, if 𝑓 ∶ ℝ → ℝ and 𝐯 = [𝑣1,… , 𝑣N]T ∈ ℝN,
then we write 𝑓 (𝐯) ∶= [𝑓 (𝑣1),… , 𝑓 (𝑣N)]⊤, in particular, such notation is used for ⌈𝐯⌋𝛼 ∈ ℝN and element-wise absolute value
|𝐯| ∈ ℝN. Furthermore, for two vectors 𝐯,𝐰 ∈ ℝN, 𝐯⊙𝐰 ∶= diag(𝐯)𝐰 ∈ ℝN denotes the element-wise multiplication. Denote
with ‖𝐯‖ ∶=

√

𝐯⊤𝐯 and J𝐯K𝛼 ∶=
∑N

𝑖=1 |𝑣𝑖|
𝛼 for arbitrary vector 𝐯 = [𝑣1,… , 𝑣N]⊤ and 𝛼 ≥ 0, as well as J𝐯K𝛼 ∶= (J𝐯K𝛼)1∕𝛼 .

Moreover, 1 is a vector of ones of appropriate dimension. For a natural scalar 𝑣, 𝑣! denotes its factorial.
We consider a team of N agents, connected in a communication network modeled by an undirected graph  = (, ) with

vertex set  = {1,… ,N} and edge set  ⊆  ×  with (𝑖, 𝑖) ∉  . For an agent 𝑖 ∈ , we say that an agent 𝑗 ∈  is its neighbor,
if (𝑖, 𝑗) ∈  , and we denote its neighbor set by 𝑖 = {𝑗 ∶ (𝑖, 𝑗) ∈ }. For a graph , 𝐀 denotes its adjacency matrix with
components [𝐀]𝑖𝑗 = 1 if (𝑖, 𝑗) ∈  and [𝐀]𝑖𝑗 = 0 otherwise, and 𝐋 = diag(𝐀1) − 𝐀 denotes its Laplacian matrix.

2 MAIN RESULT

2.1 Problem Statement: Distributed leader-observer proposal
Denote with 𝑢(𝑡) ∈ ℝ the leader’s output signal satisfying |𝑢(𝑚+1)(𝑡)| ≤ 𝐿 with known 𝐿 ≥ 0 and 𝑚 ∈ ℕ. We consider a team
of N agents (followers), connected in a communication network modeled by an undirected graph . Each agent 𝑖 ∈  stores its
𝑚+1 state variables 𝑥𝑖,0(𝑡),… , 𝑥𝑖,𝑚(𝑡) ∈ ℝ, and has access to the continuous-time signal 𝑥𝑗,0(𝑡) of each of its neighbors 𝑗 ∈ 𝑖.
Since the communication graph is undirected, agent 𝑗 also has access to the continuous-time signal 𝑥𝑖,0(𝑡) from the 𝑖-th agent.
Moreover, a subset of agents  ⊆  additionally has access to the continuous-time output 𝑢(𝑡) of the leader, but the agents have
no information on who the leader is.

The aim is to design a dynamic algorithm such that, for each 𝑖 ∈  and every 𝜇 = 0,… , 𝑚, 𝑥𝑖,𝜇(𝑡) converges exactly to the
value of the leader’s 𝜇-th derivative 𝑢(𝜇)(𝑡), effectively performing what is called exact distributed differentiation in this work.
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To this aim, using the available information, the state variables of each agent are updated according to:

𝑥̇𝑖,𝜇 = 𝑥𝑖,𝜇+1 − 𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0 − 𝑥𝑗,0) + 𝑏𝑖(𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

𝑚−𝜇
𝑚+1

for 𝜇 = 0,… , 𝑚 − 1

𝑥̇𝑖,𝑚 = −𝑘𝑚𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0 − 𝑥𝑗,0) + 𝑏𝑖(𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

0 (1)

where 𝑏𝑖 = 1 if 𝑖 ∈ , i.e. if agent 𝑖 has access to the leader’s output, and 𝑏𝑖 = 0, otherwise. Moreover, 𝐿̃ = N𝐿𝜆max(𝐇−1𝐁)
where 𝐇 = 𝐋 + 𝐁, where 𝐁 = diag(𝑏1,… , 𝑏N). As established in Lemma 5 of Appendix A, 𝐇 is ensured to have an inverse
under the following assumption:
Assumption 1. The graph  is undirected, fixed, and connected. Moreover, at least one follower agent has access to the leader.

A graph is undirected if (𝑖, 𝑗) ∈  implies that (𝑗, 𝑖) ∈  ; fixed if the vertex set  and edge set  do not change during the
evolution of the experiment; and connected if for every pair of distinct vertices, 𝑖, 𝑗 ∈ , there is a sequence of vertices from 𝑖
to 𝑗 such that consecutive vertices are neighbors. The undirected graph assumption is reasonable for an observer of the form (1)
since the peer-to-peer interactions occur through the error terms 𝑥𝑖,0 − 𝑥𝑗,0 which arise from a virtual system rather than from
physical sensor information. Henceforth, a communication system is required for sharing the output 𝑥𝑖,0 between neighbors. In
this setting, most modern communication protocols enable bi-directional communication, making it feasible to implement (1).

Given that the proposed algorithm has discontinuous right-hand sides, in this paper the solutions are understood in Filippov’s
sense30, Page 85.
Remark 1. While our observer framework assumes 𝑏𝑖, [𝐀]𝑖𝑗 ∈ {0, 1} to indicate simple availability of leader information at
each agent or communication between agents, it can extend to arbitrary non-negative values for 𝑏𝑖 and [𝐀]𝑖𝑗 . In such cases, it
is straightfoward to show that the key properties of the Laplacian matrix 𝐋 (positive semi-definite with a kernel spanned by 1
for undirected connected ) and the matrix 𝐇 (positive definite for undirected ) remain intact31, allowing to follow a similar
reasoning as we do in this work. However, by restricting 𝑏𝑖, [𝐀]𝑖𝑗 to binary values, we simplify both implementation and analysis,
reflecting typical scenarios in digital communication where a communication link is either established or not.
Remark 2. While (1) is written to distinguish explicitly between error terms 𝑥𝑖,0(𝑡) − 𝑥𝑗,0(𝑡) with respect to neighbor 𝑗 ∈ 𝑖,
and the error 𝑥𝑖,0(𝑡) − 𝑢(𝑡) with respect to the leader signal, this is only for analysis and does not imply that the agent has to
know who the leader is. To see this, build a new graph 0 = (0, 0) with vertex set 0 =  ∪ {0} where the leader is assigned
an index 𝑖 = 0, and edge set 0 which contains all the edges in  , in addition to edges (0, 𝑖), (𝑖, 0) ∈ 0 when 𝑏𝑖 ≠ 0. Hence, by
writing an augmented neighbor set  0

𝑖 = {𝑗 ∶ (𝑖, 𝑗) ∈ 0} and defining 𝑥0,0(𝑡) ∶= 𝑢(𝑡), (1) can be written as:
𝑥̇𝑖,𝜇 = 𝑥𝑖,𝜇+1 − 𝑘𝜇𝐿̃

𝜇+1
𝑚+1

⌈𝑒𝑖⌋
𝑚−𝜇
𝑚+1 for 𝜇 = 0,… , 𝑚 − 1

𝑥̇𝑖,𝑚 = −𝑘𝑚𝐿̃ ⌈𝑒𝑖⌋
0

𝑒𝑖 ∶=
∑

𝑗∈ 0
𝑖

(𝑥𝑖,0 − 𝑥𝑗,0)

with 𝑖 = 1,…N and where the variable 𝑒𝑖(𝑡) accumulates the error 𝑥𝑖,0(𝑡) − 𝑥𝑗,0(𝑡) over all neighbors of agent 𝑖, regardless if the
neighbor is the leader or not.
Remark 3. Note that (1) can be written as:

𝑥̇𝑖,𝜇 = 𝑥𝑖,𝜇+1 − 𝜅𝑖,𝜇𝐿̃
𝜇+1
𝑚+1

⌈

𝑥𝑖,0 − 𝑦𝑖
⌋

𝑚−𝜇
𝑚+1 for 𝜇 = 0,… , 𝑚 − 1

𝑥̇𝑖,𝑚 = −𝜅𝑖,𝑚𝐿̃
⌈

𝑥𝑖,0 − 𝑦𝑖
⌋0

𝑦𝑖 ∶=
1

|𝑖| + 𝑏𝑖

⎛

⎜

⎜

⎝

𝑏𝑖𝑢 +
∑

𝑗∈𝑖

𝑥𝑗,0
⎞

⎟

⎟

⎠

with 𝜅𝑖,𝜇 = 𝑘𝜇(|𝑖|+ 𝑏𝑖)
𝑚−𝜇
𝑚+1 and |𝑖| the cardinality of 𝑖. Such a form of the algorithm resembles the standard homogeneous

Robust Exact Differentiator (RED) from32 per agent 𝑖, differentiating a signal 𝑦𝑖(𝑡). However, in the usual usage of the RED,
𝑦𝑖(𝑡) is assumed to be bounded by |𝑦(𝑚+1)𝑖 (𝑡)| ≤ 𝐿̃ which cannot happen in our case, since 𝑦𝑖(𝑡) contains not only the signal 𝑢(𝑡),
but it is also coupled to the other subsystems through the outputs 𝑥𝑗,0(𝑡). Henceforth, the standard convergence proof for the
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RED does not apply in general. One case in which (1) becomes the standard RED is when 𝑖 = ∅ and 𝑏𝑖 = 1, for all 𝑖 ∈ .
Hence, (1) reduces to:

𝑥̇𝑖,𝜇 = 𝑥𝑖,𝜇+1 − 𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⌈

𝑥𝑖,0 − 𝑢
⌋

𝑚−𝜇
𝑚+1 for 𝜇 = 0,… , 𝑚 − 1

𝑥̇𝑖,𝑚 = −𝑘𝑚𝐿̃
⌈

𝑥𝑖,0 − 𝑢
⌋0

which is a RED, differentiating 𝑢(𝑡) only. Therefore, our proposal in (1) can be understood as the generalization of the RED to
the distributed case when some agents can differentiate 𝑢(𝑡) even when they do not have direct access to it.

2.2 Main Theorem
To establish the main result, we define an appropriate error variable, relating it to the estimation goal. Denote with 𝐱𝜇(𝑡) =
[𝑥1,𝜇(𝑡),… , 𝑥N,𝜇(𝑡)]⊤ and write (1) in vector form as:

𝐱̇𝜇 = 𝐱𝜇+1 − 𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⌈𝐋𝐱0 + 𝐁(𝐱0 − 1𝑢)⌋
𝑚−𝜇
𝑚+1 for 𝜇 = 0,… , 𝑚 − 1

𝐱̇𝑚 = −𝑘𝑚𝐿̃ ⌈𝐋𝐱0 + 𝐁(𝐱0 − 1𝑢)⌋0 .
Define the error variables

𝐞𝜇(𝑡) = 𝐱𝜇(𝑡) −𝐇−1𝐁1𝑢(𝜇)(𝑡) for 𝜇 = 0,… , 𝑚 − 1.

Proposition 1. Let Assumption 1 hold. Assume that 𝐞𝜇(𝑡) = 𝟎 for all 𝜇 ∈ {0,… , 𝑚} at a given 𝑡 ∈ ℝ. Then, it follows that
𝑥𝑖,𝜇(𝑡) = 𝑢(𝜇)(𝑡).
Proof. First, we show that 𝐇−1𝐁1 = 1. To do so, we solve for solutions 𝐯 ∈ ℝN to the equation 𝐇−1𝐁𝐯 = 𝐯 which imply
𝟎 = (𝐁 −𝐇)𝐯 = (𝐁 − 𝐁 − 𝐋)𝐯 = −𝐋𝐯. Hence, 𝐯 is an eigenvector of 𝐋 with eigenvalue 0, which must be a multiple of 1 since
 is connected33, Page 279. Now, 𝐞𝜇(𝑡) = 𝟎 imply 𝐱𝜇 = 𝐇−1𝐁1𝑢(𝜇)(𝑡) = 1𝑢(𝜇)(𝑡), completing the proof.

Under the light of Proposition 1, we aim to show that the equality 𝐞𝜇(𝑡) = 0 is reached and maintained in finite time, enabling
(1) to perform exact distributed differentiation. To establish such result, the dynamics of 𝐞𝜇(𝑡) are written as:

𝐞̇𝜇 = 𝐞𝜇+1 − 𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⌈𝐇𝐞0⌋
𝑚−𝜇
𝑚+1 for 𝜇 = 0,… , 𝑚 − 1

𝐞̇𝑚 = −𝐇−1𝐁1𝑢(𝑚+1)(𝑡) − 𝑘𝑚𝐿̃ ⌈𝐇𝐞0⌋
0 ,

(2)

where we used the fact that 𝐋𝐱0+𝐁(𝐱0−1𝑢) = 𝐇(𝐱0−𝐇−1𝐁1𝑢) = 𝐇𝐞0. Moreover, it follows that −𝐇−1𝐁1𝑢(𝑚+1)(𝑡) ∈ [−𝐿̃, 𝐿̃]N

given 1𝑢(𝑚+1)(𝑡) ∈ [−𝐿,𝐿]N.
Definition 1. Let 𝐞 = [𝐞⊤0 ⋯ 𝐞⊤𝑚]

⊤ and let 𝐞(𝑡; 𝐞(0)) be the solution of (2) with initial condition 𝐞(0). Then, the origin of system
(2) is said to be Lyapunov stable if for all 𝜖 > 0, there is 𝛿 ∶= 𝛿(𝜖) > 0 such that for all ‖𝐞(0)‖ < 𝛿, any solution 𝐞(𝑡; 𝐞(0)) of (2)
exists for all 𝑡 ≥ 0, and ‖𝐞(𝑡; 𝐞(0))‖ < 𝜖 for all 𝑡 ≥ 0. Moreover, the origin of (2) is said to be globally finite-time stable if it is
Lyapunov stable, and for any 𝐞(0) ∈ ℝN(𝑚+1), there exists 0 ≤ 𝑇 < +∞ such that 𝐞(𝑡; 𝐞(0)) = 0 holds for all 𝑡 ≥ 𝑇 .

Our main result is the following:
Theorem 1. Let Assumption 1 hold. Then, there exist positive parameters {𝑘𝜇}𝑚𝜇=0 (sufficiently large) such that the origin of
system (2) is finite-time stable.

In particular:
• if 𝑚 = 1 set:

𝑘0 > sup
‖𝐳‖=1

(

𝛾0(𝐳)
𝜂0(𝐳)

)

, 𝑘1 > 1,

where 𝜂0(𝐳), 𝛾0(𝐳) are defined subsequently in (5).
• If 𝑚 > 1 then the gains can be chosen recursively as 𝑘𝜇 = 𝑘̃𝜇𝑘

𝑚−𝜇
𝑚−(𝜇−1)

𝜇−1 for 𝜇 = 1,… , 𝑚 and {𝑘̃𝜇}𝑚𝜇=1 taken from (C2) for
convergence of a RED32, and with sufficiently large 𝑘̃0 = 𝑘0 > 0.
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2.3 Proof of the main result
2.3.1 Proof of Theorem 1 for 𝑚 = 1
For this part, we follow a similar Lyapunov-based proof strategy as in34 for the RED. Introduce the normalized error variables

𝐳0 =
𝐞0
𝐿̃
, 𝐳1 =

𝐞1
𝑘0𝐿̃

with error dynamics:
𝐳̇0 = −𝑘̃0

(

⌈𝐇𝐳0⌋
1
2 − 𝐳1

)

𝐳̇1 ∈ −𝑘̃1
(

⌈𝐇𝐳0⌋
0 + 1

𝑘1
[−1, 1]N

) (3)

where 𝑘̃0 = 𝑘0, 𝑘̃1 = 𝑘1∕𝑘0. Note that (3) is an homogeneous differential inclusion for the state 𝐳 = [𝐳⊤0 , 𝐳
⊤
1 ]

⊤ with homogeneity
degree −1 and weights 𝐫 = [𝑟01⊤, 𝑟11⊤] where 𝑟0 = 2, 𝑟1 = 1 (See Appendix B).

The proof idea is based on the following Lyapunov function:
𝑉 (𝐳) = 1

2
𝐳⊤0𝐇𝐳0 − 𝐳⊤0 ⌈𝐳1⌋

2 + ℎ
4

J𝐳1K
4 (4)

for some ℎ > 0 to be selected later. First, we show that 𝑉 (𝐳) is positive definite. This can be verified since (4) can be written as
𝑉 (𝐳) = 𝝍(𝐳)⊤𝐌(ℎ)𝝍(𝐳) with:

𝝍(𝐳) =
[

𝐳0
⌈𝐳1⌋

2

]

, 𝐌(ℎ) =
[

𝐇∕2 −𝐈N∕2
−𝐈N∕2 ℎ𝐈N∕4

]

Note that the positive definiteness of 𝑉 (𝐳) is uniquely defined by the positive definiteness of 𝐌(ℎ). Lemma 6 in Appendix A
ensures that 𝐌(ℎ) ≻ 𝟎 if and only if 𝐇 ≻ 𝟎 (ensured by Lemma 5 in Appendix A) and ℎ𝐈N∕4−(𝐇∕2)−1∕4 ≻ 0 which is satisfied
if ℎ > 2𝜆max(𝐇−1).

In addition, note that 𝑉 (𝐳) is 𝐫-homogeneous of degree 4. Now, analyze the evolution of 𝑉 along the trajectories of (3):
𝑉̇ =

(

𝐇𝐳0 − ⌈𝐳1⌋
2
)⊤

𝐳̇0 +
(

2𝐳0 ⊙ |𝐳1| + ℎ ⌈𝐳1⌋
3
)⊤

𝐳̇1

∈ −𝑘̃0
(

𝐇𝐳0 − ⌈𝐳1⌋
2
)⊤ (

⌈𝐇𝐳0⌋
1
2 − 𝐳1

)

− 𝑘̃1
(

2𝐳0 ⊙ |𝐳1| + ℎ ⌈𝐳1⌋
3
)⊤

(

⌈𝐇𝐳0⌋
0 + 1

𝑘1
[−1, 1]N

)

𝑉̇ ≤ −𝑘̃0𝜂0(𝐳) + 𝛾0(𝐳)
with

𝜂0(𝐳) =
(

𝐇𝐳0 − ⌈𝐳1⌋
2
)⊤ (

⌈𝐇𝐳0⌋
1
2 − 𝐳1

)

𝛾0(𝐳) = sup
𝝃∈[−1,1]N

−𝑘̃1
(

2𝐳0 ⊙ |𝐳1| + ℎ ⌈𝐳1⌋
3
)⊤

(

⌈𝐇𝐳0⌋
0 +

𝝃
𝑘1

) (5)

Note that 𝜂0(𝐳) ≥ 0 by Lemma 8 in Appendix A using 𝐯 = 𝐇𝐳0,𝐰 = ⌈𝐳⌋2 , 𝛼 = 1∕2. Henceforth, since 𝑘̃1 is picked arbitrarily
independent of 𝑘̃0 as stated in the theorem, existence of 𝑘̃0 such that −𝑘̃0𝜂0(𝐳)+𝛾0(𝐳0) < 0 is ensured by Lemma 9 in Appendix A
if 𝛾0(𝐳) < 0 when 𝜂0(𝐳) = 0, i.e., when 𝐇𝐳0 = ⌈𝐳1⌋

2. Denote with 0 = {𝐳 ∈ ℝ2N ∶ 𝐇𝐳0 = ⌈𝐳1⌋
2}. Hence, denoting 𝛾0(𝐳|0)

the value of 𝛾0(𝐳) restricted to 𝐳 ∈ 0 leads to:
𝛾0(𝐳|0) = sup

𝝃∈[−1,1]N
−𝑘̃1

(

2(𝐇−1
⌈𝐳1⌋

2)⊙ |𝐳1| + ℎ ⌈𝐳1⌋
3
)⊤

(

⌈𝐳1⌋
0 +

𝝃
𝑘1

)

Note that:
−
(

⌈𝐳1⌋
𝛼)⊤

(

⌈𝐳1⌋
0 +

𝝃
𝑘1

)

= − J𝐳1K
𝛼 − 1

𝑘1

N
∑

𝑖=1

⌈

𝑧𝑖,1
⌋𝛼 𝜉𝑖

≤ − J𝐳1K
𝛼 + 1

𝑘1

N
∑

𝑖=1
|𝑧𝑖,1|

𝛼
|𝜉𝑖| ≤ − J𝐳1K

𝛼 + 1
𝑘1

N
∑

𝑖=1
|𝑧𝑖,1|

𝛼 = − J𝐳1K
𝛼
(

1 − 1
𝑘1

)

for 𝛼 = 3 and 𝝃 ∈ [−1, 1]N. Henceforth, denote with:
𝜂1(𝐳1) = J𝐳1K

𝛼
(

1 − 1
𝑘1

)

𝛾1(𝐳1) = sup
𝝃∈[−1,1]N

−
(

2(𝐇−1
⌈𝐳1⌋

2)⊙ |𝐳1|
)⊤

(

⌈𝐳1⌋
0 +

𝝃
𝑘1

)
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such that:
𝛾0(𝐳|0) ≤ 𝑘̃1

(

−ℎ𝜂1(𝐳1) + 𝛾1(𝐳1)
)

Recall that 𝑘1 > 1 such that 𝜂1(𝐳1) > 0 except at 𝐳1 = 𝟎. Henceforth, applying Lemma 9 in Appendix A again, it is concluded
that there exist ℎ∗ ∈ ℝ such that −ℎ𝜂1(𝐳1) + 𝛾1(𝐳1) < 0 for all ℎ > ℎ∗. Therefore, picking ℎ > max{2𝜆max(𝐇−1), ℎ∗} with

ℎ∗ = sup
‖𝐳1‖=1

(

𝛾1(𝐳1)
𝜂1(𝐳1)

)

where 𝜂1(𝐳1), 𝛾1(𝐳1) ensures both that 𝑉 is positive definite, radially unbounded and 𝑉̇ < 0, establishing global asymptotic
stability. This property in addition to homogeneity of (3) allows to conclude finite time stability.

2.3.2 Proof of Theorem 1 for arbitrary 𝑚 > 1
For this part, we follow a similar homogeneity-based proof strategy as in32 for the RED. First, introduce the normalized error
variables

𝐳𝜇 =
𝐞𝜇
𝐿̃
, 𝜇 = 0,… , 𝑚

with error dynamics:
𝐳̇𝜇 = −𝑘𝜇 ⌈𝐇𝐳0⌋

𝑚−𝜇
𝑚+1 + 𝐳𝜇+1 for 𝜇 = 0,… , 𝑚 − 1

𝐳̇𝑚 ∈ −𝑘𝑚 ⌈𝐇𝐳0⌋
0 + [−1, 1]N.

(6)

Note that (6) is an homogeneous differential inclusion for the state 𝐳 = [𝐳⊤0 ,… , 𝐳⊤𝑚]
⊤ with homogeneity degree −1 and weights

𝐫 = [𝑟01⊤,… , 𝑟𝑚1⊤] where 𝑟𝜇 = 𝑚+1−𝜇 for 𝜇 = 0,… , 𝑚. Now, write (6) in recursive form by solving for 𝐇𝐳0 in the (𝜇−1)-th
equation

𝐇𝐳0 = 𝑘
− 𝑚+1

𝑚−(𝜇−1)

𝜇−1

⌈

𝐳𝜇 − 𝐳̇𝜇−1
⌋

𝑚+1
𝑚−(𝜇−1)

and replacing it in the 𝜇-th equation with 𝜇 ≥ 1:
𝐳̇0 = −𝑘̃0 ⌈𝐇𝐳0⌋

𝑚
𝑚+1 + 𝐳1

𝐳̇𝜇 = −𝑘̃𝜇
⌈

𝐳𝜇 − 𝐳̇𝜇−1
⌋

𝑚−𝜇
𝑚−(𝜇−1) + 𝐳𝜇+1 for 𝜇 = 1,… , 𝑚 − 1

𝐳̇𝑚 ∈ −𝑘̃𝑚 ⌈𝐳𝑚 − 𝐳̇𝑚−1⌋
0 + [−1, 1]N

(7)

where 𝑘̃0 = 𝑘0, 𝑘̃𝜇 ∶= 𝑘𝜇𝑘
− 𝑚−𝜇

𝑚−(𝜇−1)

𝜇−1 for 𝜇 = 1,… , 𝑚. Note that (7) corresponds to the recursive form of N homogeneous
differentiators, one per component of 𝐳𝜇. To see this, compare with (C2) in Appendix C, where the components of 𝐳̇0(𝑡) play the
role of 𝜃(𝑡) in each differentiator. Now, the following technical lemmas formally establish this idea by studying the behavior of
𝐳0(𝑡) in order to conclude a contraction property for (7).
Lemma 1. Let Assumption 1 hold and consider trajectories of (7). Given any 𝛿hom > 0, 𝐵𝑡0

𝐳0 ,… , 𝐵𝑡0
𝐳𝑚 > 0 satisfying ‖𝐳𝜇(𝑡0)‖ ≤

𝐵𝑡0
𝐳𝜇 then, there exist 𝐵𝐳𝜇 > 𝐵𝑡0

𝐳𝜇 such that ‖𝐳𝜇(𝑡)‖ ≤ 𝐵𝐳𝜇 ,∀𝑡 ∈ [𝑡0, 𝑡0 + 𝛿hom).
Proof. Existence of the bounds follow due to the absence of finite-time escapes in (7) as a consequence of homogeneity.
Lemma 2. Let Assumption 1 hold. Consider the trajectories of

𝐳̇0 = 𝐝(𝑡) − 𝑘̃0 ⌈𝐇𝐳0⌋
𝑚

𝑚+1 ,

with bounded disturbance ‖𝐝(𝑡)‖ ≤ 𝐵𝐝 > 0,∀𝑡 ≥ 𝑡0 given any 𝛿𝐝, 𝐵∞
𝐇𝐳0

> 0 then, there exist 𝑘̃0,𝐝 ∈ ℝ such that if 𝑘̃0 ≥ 𝑘̃0,𝐝,
then ‖𝐇𝐳0(𝑡)‖ ≤ 𝐵∞

𝐇𝐳0
for all 𝑡 ≥ 𝑡0 + 𝛿𝐝. Consequently, given 𝑘̃0, 𝛿𝐝 > 0, there exist a constant 𝑐0 > 0 depending on 𝛿𝐝 such

that ‖𝐇𝐳0(𝑡)‖ ≤ 𝑐0𝑘̃
− 𝑚+1

𝑚
0 for all 𝑡 ≥ 𝑡0 + 𝛿𝐝.

Proof. Choose a Lyapunov function 𝑉 (𝐳0) =
1
2
𝐳⊤0𝐇𝐳0. Therefore, for any 𝑡 ≥ 𝑡0 such that:

‖𝐇𝐳0(𝑡)‖ >
(

𝐵𝐝 + 𝛾𝐝
𝑘̃0

)
𝑚+1
𝑚

.
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given arbitrary 𝛾𝐝 > 0 it follows that
𝑉̇ = −𝑘̃0𝐳⊤0𝐇 ⌈𝐇𝐳0⌋

𝑚
𝑚+1 + (𝐇𝐳0)⊤𝐝(𝑡) ≤ −𝑘̃0 J𝐇𝐳0K

𝑚
𝑚+1

+1 + 𝐵𝐝‖𝐇𝐳0‖

≤ −𝑘̃0‖𝐇𝐳0‖
𝑚

𝑚+1
+1 + 𝐵𝐝‖𝐇𝐳0‖ = −‖𝐇𝐳0‖(𝑘̃0‖𝐇𝐳0‖

𝑚
𝑚+1 − 𝐵𝐝) < −𝛾𝐝‖𝐇𝐳0‖ ≤ −𝑐𝛾𝐝

√

2𝑉

with 𝑐 =
√

𝜆min(𝐇2)∕𝜆max(𝐇). Therefore, choosing 𝑘̃0 > 𝑘̃0,𝐝 ∶= (𝐵𝐝 + 𝛾𝐝)∕
(

𝐵∞
𝐇𝐳0

)
𝑚

𝑚+1 makes 𝑉̇ < −𝑐𝛾𝐝
√

2𝑉 until the region
‖𝐇𝐳0(𝑡)‖ ≤ 𝐵∞

𝐇𝐳0
is reached after some finite time 𝛿𝐝 > 0, leaving such region invariant. Moreover, due to 𝑉̇ < −𝑐𝛾𝐝

√

2𝑉 ,
𝛿𝐝 > 0 can be made arbitrarily small by making taking 𝛾𝐝 > 0 sufficiently big, and similarly for 𝑘̃0,𝐝. The last part of the lemma
follows by taking 𝑐0 = (𝐵𝐝 + 𝛾𝐝)(𝑚+1)∕𝑚.
Lemma 3. Consider the same assumptions as in Lemma 2. Additionally, assume ‖𝐝̇(𝑡)‖ ≤ 𝐵𝐝̇ > 0,∀𝑡 ≥ 0. Given any 𝛿𝐝̇, 𝜃 > 0
then, there exist 𝑘̃0,𝐝̇ ∈ ℝ such that ‖𝐳̇0(𝑡)‖ ≤ 𝜃 for all 𝑡 ≥ 𝛿𝐝̇ + 𝑡0.
Proof. Denote with 𝐯 = 𝐳̇0 and with 𝐉(𝑡) = 𝑚

𝑚+1
diag

(

|𝐇𝐳0(𝑡)|
−1
𝑚+1

)

. Therefore,

𝐯̇ = 𝐝̇(𝑡) −
𝑘̃0𝑚
𝑚 + 1

(

|𝐇𝐳0|
− 1

𝑚+1

)

⊙𝐇𝐯 = 𝐝̇(𝑡) − 𝑘̃0𝐉(𝑡)𝐇𝐯.

Moreover, choose 𝑘̃0 > 𝑘̃0,𝐝 as in Lemma 2 such that ‖𝐰(𝑡)‖ ≤ 𝐵∞
𝐇𝐳0

for all 𝑡 ≥ 𝛿𝐝 with 𝐰(𝑡) = 𝐇𝐳0(𝑡). Hence, the components
of 𝐰 satisfy |𝑤𝑖|

1
𝑚+1 ≤ ‖𝐰‖

1
𝑚+1 ≤ (𝐵∞

𝐇𝐳0
)

1
𝑚+1 and therefore:

𝐉(𝑡) ⪰
𝑚
(

𝐵∞
𝐇𝐳0

)− 1
𝑚+1

𝑚 + 1
𝐈.

Choose a Lyapunov function candidate 𝑉 (𝐯) = 𝐯⊤𝐇𝐯∕2 such that:

𝑉̇ = −𝑘̃0𝐯⊤𝐇𝐉(𝑡)𝐇𝐯 + 𝐯⊤𝐇𝐝̇(𝑡) ≤ −
𝑘̃0𝑚

(

𝐵∞
𝐇𝐳0

)− 1
𝑚+1

𝑚 + 1
‖𝐇𝐯‖2 + 𝐵𝐝̇‖𝐇𝐯‖

≤ −
𝑘̃0𝜆min(𝐇)𝑚

(

𝐵∞
𝐇𝐳0

)− 1
𝑚+1

𝑚 + 1
‖𝐯‖2 + 𝐵𝐝̇𝜆max(𝐇2)‖𝐯‖ ≤ −‖𝐯‖

⎛

⎜

⎜

⎜

⎝

𝑘̃0𝜆min(𝐇)𝑚
(

𝐵∞
𝐇𝐳0

)− 1
𝑚+1

𝑚 + 1
‖𝐯‖ − 𝐵𝐝̇𝜆max(𝐇2)‖

⎞

⎟

⎟

⎟

⎠

< −𝛾𝐝̇‖𝐯‖ ≤ −𝛾𝐝̇
√

2𝜆max(𝐇)−1𝑉

for arbitrary 𝛾𝐝̇ > 0, and any 𝑡 ≥ 𝑡0 such that:
‖𝐯(𝑡)‖ = ‖𝐳̇0(𝑡)‖ >

(𝐵𝐝̇𝜆max(𝐇2) + 𝛾𝐝̇)(𝑚 + 1)

𝑘̃0𝜆min(𝐇)𝑚
(

𝐵∞
𝐇𝐳0

)− 1
𝑚+1

Henceforth, choose

𝑘̃0,𝐝̇ = max

⎛

⎜

⎜

⎜

⎝

(𝐵𝐝̇𝜆max(𝐇2) + 𝛾𝐝̇)(𝑚 + 1)
(

𝐵∞
𝐇𝐳0

)
1

𝑚+1

𝜆min(𝐇)𝑚𝜃
, 𝑘̃0,𝐝

⎞

⎟

⎟

⎟

⎠

leading to 𝑉̇ < −𝛾𝐝̇
√

2𝜆max(𝐇)−1𝑉 until the region ‖𝐳̇0(𝑡)‖ ≤ 𝜃 is reached after some finite time 𝛿𝐝̇ > 0, leaving such region
invariant. Similarly as before, 𝛿𝐝̇ > 0 can be made arbitrarily small as well by increasing 𝑘̃0,𝐝̇ > 0 further.
Lemma 4. Let Assumption 1 hold and consider the trajectories of (7). Then, for any 𝐵∞

𝐳𝜇
, 𝐵𝑡0

𝐳𝜇 > 0 with 𝐵∞
𝐳𝜇

< 𝐵𝑡0
𝐳𝜇 , there exists

𝑘̃∗0,… , 𝑘̃∗𝑚, 𝛿𝐳 > 0 such that if 𝑘̃𝜇 ≥ 𝑘̃∗𝜇 and the initial conditions satisfy ‖𝐳𝜇(𝑡0)‖ ≤ 𝐵𝑡0
𝐳𝜇 , then ‖𝐳𝜇(𝑡)‖ ≤ 𝐵∞

𝐳𝜇
for all 𝑡 ≥ 𝛿𝐳.

Proof. We follow a similar procedure as the one outlined in35, Lemma 13. For clarity in this proof, we divide this procedure in two
parts. First, we provide some parameter definitions.

Choose arbitrary 𝛿hom > 0. Set 𝛿∞ ∈ (0, 𝛿hom) and 𝛿𝐝 = 𝛿𝐝̇ ∈ (0, (𝛿hom − 𝛿∞)∕2). Given 𝛿hom and 𝐵𝑡0
𝐳𝜇 , set 𝐵𝐳0 ,… , 𝐵𝐳𝑚 as in

Lemma 1. Lemma 1 ensures bounds of the form ‖𝐳𝜇(𝛿𝐝 + 𝛿𝐝̇)‖ ≤ 𝐵𝑡0=𝛿𝐝+𝛿𝐝̇
𝐳𝜇 > 0. These are used as input bounds for the initial



Aldana-López ET AL 9

conditions at 𝑡0 = 𝛿𝐝 + 𝛿𝐝̇ in Lemma 11, along with 𝐵∞
𝐳𝜇

. Then, set 𝑘̃1,… , 𝑘̃𝑚, 𝜃 > 0 as the ones resulting from Lemma 11.
Setting 𝐵𝐝 ∶= 𝐵𝐳1 , choose 𝑐0 as in Lemma 2. Moreover, choose

𝐵𝐝̇ = 𝑘̃1𝑐
𝑚−1
𝑚+1
0 + 𝐵𝐳2 .

Set 𝐵∞
𝐇𝐳0

= 𝐵∞
𝐳0
∕𝜆min(𝐇)2 such that ‖𝐇𝐳0‖ ≤ 𝐵∞

𝐇𝐳0
imply ‖𝐳0‖ ≤ 𝐵∞

𝐳0
. Given 𝛿𝐝 = 𝛿𝐝̇, 𝜃, 𝐵∞

𝐇𝐳0
as defined before, set 𝑘̃0,𝐝̇ as in

Lemma 3.
Now, with these definitions, we proceed with the following steps. First, note that Lemma 1 ensures ‖𝐳𝜇(𝑡)‖ ≤ 𝐵𝐳𝜇 for all

𝑡 ∈ [0, 𝛿hom]. Set 𝐝(𝑡) ∶= 𝐳1(𝑡). This ensures ‖𝐝(𝑡)‖ ≤ 𝐵𝐝 for all 𝑡 ∈ [𝛿𝐝, 𝛿hom]. During 𝑡 ∈ [𝛿𝐝, 𝛿hom], Lemma 2 ensures that
‖𝐇𝐳0(𝑡)‖ ≤ 𝑐0𝑘̃

− 𝑚+1
𝑚

0 . This fact, in addition to 𝑘1 = 𝑘̃1𝑘̃
𝑚−1
𝑚

0 allows to conclude:
‖𝐝̇(𝑡)‖ = ‖𝐳̇1(𝑡)‖ ≤ 𝑘1‖ ⌈𝐇𝐳0⌋

𝑚−1
𝑚+1

‖ + ‖𝐳2‖ ≤ 𝑘̃1𝑘̃
𝑚−1
𝑚

0 ‖𝐇𝐳0‖
𝑚−1
𝑚+1 + 𝐵𝐳2

≤ 𝑘̃1𝑘̃
𝑚−1
𝑚

0

(

𝑐0𝑘̃
− 𝑚+1

𝑚
0

)
𝑚−1
𝑚+1

+ 𝐵𝐳2 = 𝑘̃1𝑐
𝑚−1
𝑚+1
0 + 𝐵𝐳2 = 𝐵𝐝̇

for all 𝑡 ∈ [𝛿𝐝, 𝛿hom]. As a result of the previous arguments points, and the definitions made so far including 𝜃̄, Lemmas 2
and 3 ensures that ‖𝐳0(𝑡)‖ ≤ 𝐵∞

𝐳0
and ‖𝐳̇0(𝑡)‖ ≤ 𝜃 for all 𝑡 ∈ [𝛿𝐝 + 𝛿𝐝̇, 𝛿hom], due to the choice of 𝑘̃0 and since 𝐵𝐝,𝐝̇ are

independent of 𝑘̃0. In the interval 𝑡 ∈ [𝛿𝐝 + 𝛿𝐝̇, 𝛿hom], 𝐳̇0(𝑡) plays the role of 𝜃(𝑡) in (C2). Moreover, note that 𝛿𝐝 + 𝛿𝐝̇ + 𝛿∞ <
(𝛿hom−𝛿∞)+𝛿∞ = 𝛿hom. Therefore, due to the initial conditions at 𝑡0 = 𝛿𝐝+𝛿𝐝̇, Lemma 11 is used to conclude that ‖𝐳𝜇(𝑡)‖ ≤ 𝐵∞

𝐳𝜇for all 𝑡 ∈ [𝛿𝐝 + 𝛿𝐝̇ + 𝛿∞, 𝛿hom) which is a non empty interval. These inequalities remain invariant for all 𝑡 ≥ 𝛿hom.
Now, we are ready to show Theorem 1 for 𝜇 > 1. First, note that 𝐫-homogeneity of (6) imply that the system is invariant to

the change of variables
𝑡′ = 𝜂𝑡, 𝐳′𝜇(𝑡

′) = 𝜂𝑚−𝜇+1𝐳𝜇(𝑡′∕𝜂). (8)
Let 𝐵𝑡0

𝐳𝜇 > 0 be a sufficiently big bound such that the initial conditions comply ‖𝐳𝜇(0)‖ ≤ 𝐵𝑡0
𝐳𝜇 . Therefore, choose arbitrary

𝜂 ∈ (0, 1) > 0 making 𝜂𝜇 = 𝜂𝑚−𝜇+1 < 1 and 𝐵∞
𝐳𝜇

= 𝜂𝜇𝐵
𝑡0
𝐳𝜇 < 𝐵𝑡0

𝐳𝜇 . Choose {𝑘̃𝜇}𝑚𝜇=0, 𝛿𝐳 as in Lemma 4, such that
‖𝐳𝜇(𝛿𝐳)‖ ≤ 𝐵∞

𝐳𝜇
. In other words, there is a contraction from ‖𝐳𝜇(0)‖ ≤ 𝐵𝑡0

𝐳𝜇 to ‖𝐳𝜇(𝛿𝐳)‖ ≤ 𝜂𝑚−𝜇+1𝐵𝑡0
𝐳𝜇 < 𝐵𝑡0

𝐳𝜇 after a interval
of length 𝛿𝐳. Invariance under the transformation (8) implies that a a similar contraction occurs from ‖𝐳𝜇(𝛿𝐳)‖ ≤ 𝜂𝑚−𝜇+1𝐵𝑡0

𝐳𝜇 to
‖𝐳𝜇(𝛿𝐳 + 𝜂𝛿𝐳)‖ ≤ 𝜂𝑚−𝜇+1(𝜂𝑚−𝜇+1𝐵𝑡0

𝐳𝜇 ) after a interval of length 𝜂𝛿. This procedure is performed sequentially to conclude that
after 𝑠 ≥ 1 steps:

‖𝐳𝜇(𝛿𝐳(1 + 𝜂 + 𝜂2 +⋯ + 𝜂𝑠))‖ ≤ 𝜂(𝑠+1)(𝑚−𝜇+1)𝐵𝑡0
𝐳𝜇 .

Finally, note that lim𝑠→∞ 𝛿𝐳(1 + 𝜂 + 𝜂2 +⋯ + 𝜂𝑠) = 𝛿𝐳∕(1 − 𝜂) =∶ 𝑇 and lim𝑠→∞ 𝜂(𝑠+1)(𝑚−𝜇+1)𝐵𝑡0
𝐳𝜇 = 0. Therefore, ‖𝐳𝜇(𝑡)‖ = 0

for all 𝑡 ≥ 𝑇 .

3 PERFORMANCE ANALYSIS

3.1 Robustness analysis under bounded measurement noise
Up to this point, it has been assumed that some followers have access to the leader signal 𝑢(𝑡) directly. However, in practice,
it is usual for followers to have access to a noisy version of 𝑢(𝑡) instead, due to communication or measurement errors. In the
following, we provide an extension of Theorem 1 to consider bounded measurement noise.
Proposition 2. Consider the system:

𝑥̇𝑖,𝜇 = 𝑥𝑖,𝜇+1 − 𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0 − 𝑥𝑗,0) + 𝑏𝑖(𝑥𝑖,0 − 𝑢𝑖)
⎥

⎥

⎥

⎦

𝑚−𝜇
𝑚+1

for 𝜇 = 0,… , 𝑚 − 1

𝑥̇𝑖,𝑚 = −𝑘𝑚𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0 − 𝑥𝑗,0) + 𝑏𝑖(𝑥𝑖,0 − 𝑢𝑖)
⎥

⎥

⎥

⎦

0

,

(9)
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where 𝑢𝑖(𝑡) = 𝑢(𝑡) + 𝜀𝑖(𝑡) for some noise signals 𝜀𝑖(𝑡) ∈ 𝜀[−1, 1] and a known noise bound 𝜀 > 0. Let the gains {𝑘𝜇}𝑚𝜇=0 be
selected as in Theorem 1. Then, there exist positive constants {𝑐𝜇}𝑚𝜇=0 such that for every set of initial conditions, there exists
𝑇 > 0 such that for all 𝑡 ≥ 𝑇 ,

|𝑥𝑖,𝜇(𝑡) − 𝑢(𝜇)(𝑡)| ≤ 𝑐𝜇(𝜀)
𝑚−𝜇+1
𝑚+1 . (10)

Proof. Note that if 𝜀 = 0, then (9) is reduced to (1) for which convergence in finite time to 𝑥𝑖,𝜇(𝑡) = 𝑢(𝜇)(𝑡) is ensured by
Theorem 1. Hence, homogeneity of (1) allows us to apply36, Theorem 2 to obtain the desired asymptotical bounds.
Remark 4. Note that the result in Proposition 2 is similar to what is obtained for a standard (non-distributed) RED in32. This is,
exact differentiation is recovered as 𝜀 tends to zero (i.e., the distributed differentiator is robust in the sense of37) and homogeneous
accuracy bounds are obtained as in (10) for 𝜀 > 0 which have the typical shape expected for a RED.

3.2 Sampled data implementation
Inspired by discretization procedures in29 for the RED, we provide a proper discretization of the proposal in (1), in the sense
that it retains appropriate asymptotic behavior with chattering reduction for small sampling steps. Given a sampling step Δ > 0
consider the protocol:

𝑥𝑖,𝜇[𝑘 + 1] =
𝑚−𝜇
∑

𝜈=0

(Δ𝜈

𝜈!

)

𝑥𝑖,𝜇+𝜈[𝑘] − Δ𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

𝑚−𝜇
𝑚+1

for 𝜇 = 0,… , 𝑚 − 1

𝑥𝑖,𝑚[𝑘 + 1] = 𝑥𝑖,𝑚[𝑘] − Δ𝑘𝑚𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

0

,

(11)

where 𝑢[𝑘] ∶= 𝑢(Δ𝑘). In the following we study convergence and accuracy of the sampled-data proposal in (11).
Remark 5. While this section does not consider measurement noise for the sake of simplicity, same as in29, similar accuracy
bounds as in Proposition 2 are obtained in the sampled-data case as well, as a consequence of homogeneity.
Proposition 3. Consider the assumptions and gain design of Theorem 1. Then, there exist positive constants {𝑐𝜇}𝑚𝜇=0 such that
for every set of initial conditions there exists 𝐾 ∈ ℕ such that the solutions of (11) comply with

|𝑥𝑖,𝜇[𝑘] − 𝑢(𝜇)[𝑘]| ≤ 𝑐𝜇Δ𝑚−𝜇+1 (12)
for all 𝑘 ≥ 𝐾 and 𝜇 = 1,… , 𝑚.
Proof. First, write (11) in vector form as:

𝐱𝜇[𝑘 + 1] =
𝑚−𝜇
∑

𝜈=0

(Δ𝜈

𝜈!

)

𝐱𝜇+𝜈[𝑘] − Δ𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⌈𝐋𝐱0[𝑘] + 𝐁(𝐱0[𝑘] − 1𝑢[𝑘])⌋
𝑚−𝜇
𝑚+1 for 𝜇 = 0,… , 𝑚 − 1

𝐱𝑚[𝑘 + 1] = 𝐱𝑚[𝑘] − Δ𝑘𝑚𝐿̃ ⌈𝐋𝐱0 + 𝐁(𝐱0 − 1𝑢[𝑘])⌋0 .
(13)

Similarly as before, define the error variable as 𝐞𝜇[𝑘] = 𝐱𝜇[𝑘] −𝐇−1𝐁1𝑢(𝜇)[𝑘]. Note that

𝐇−1𝐁1𝑢(𝜇)[𝑘 + 1] =
𝑚−𝜇
∑

𝜈=0

(Δ𝜈

𝜈!

)

𝐇−1𝐁1𝑢(𝜇+𝜈)[𝑘] + 𝐫𝜇[𝑘], (14)
with 𝐫𝜇[𝑘] as in (A1) in Appendix A. Subtract (14) to (13) obtaining:

𝐞𝜇[𝑘 + 1] =
𝑚−𝜇
∑

𝜈=0

(Δ𝜈

𝜈!

)

𝐞𝜇+𝜈[𝑘] − Δ𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⌈𝐇𝐞0[𝑘]⌋
𝑚−𝜇
𝑚+1 + 𝐫𝜇[𝑘] for 𝜇 = 0,… , 𝑚 − 1

𝐞𝑚[𝑘 + 1] ∈ 𝐞𝑚[𝑘] − Δ𝑘𝑚𝐿̃ ⌈𝐇𝐞0[𝑘]⌋
0 + Δ[−𝐿̃, 𝐿̃]N

(15)

Define
𝐠𝜇(𝐞[𝑘]; Δ) =

𝑚−𝜇
∑

𝜈=1

(

Δ𝜈−1

𝜈!

)

𝐞𝜇+𝜈[𝑘] − 𝑘𝜇𝐿̃
𝜇+1
𝑚+1

⌈𝐇𝐞0[𝑘]⌋
𝑚−𝜇
𝑚+1 +

𝐫𝜇[𝑘]
Δ

for 𝜇 = 0,… , 𝑚 − 1

𝐠𝑚(𝐞[𝑘]; Δ) = 𝑘𝑚𝐿̃ ⌈𝐇𝐞0[𝑘]⌋
0 + [−𝐿̃, 𝐿̃]N,
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so that (15) can be written as:
𝐞𝜇[𝑘 + 1] ∈ 𝐞𝜇[𝑘] + Δ𝐠𝜇(𝐞[𝑘]; Δ) (16)

for all 𝜇 = 0,… , 𝑚. Let:
𝐞𝜇(𝑡) = 𝐞𝜇[𝑘] + (𝑡 − Δ)𝐯𝜇[𝑘]

for some 𝐯𝜇[𝑘] ∈ 𝐠𝜇(𝐞[𝑘]; Δ) and 𝑡 ∈ [𝑘Δ, (𝑘 + 1)Δ]. Thus, 𝐞𝜇(𝑡) satisfy (16) at 𝑡 = (𝑘 + 1)Δ as well as:
𝐞̇𝜇(𝑡) ∈ 𝐠𝜇(𝐞(𝑡 − [0,Δ]); Δ) (17)

since 𝐞𝜇[𝑘] = 𝐞𝜇(𝑡− (𝑡− 𝑘Δ)) ∈ 𝐞𝜇(𝑡− [0,Δ]), for 𝜇 = 0,… , 𝑚. Note that the inclusion in (17) is equivalent to (2) when Δ = 0.
Henceforth, Theorem 1 ensures finite time convergence towards the origin when Δ = 0. Hence, (17) is in the form required
by36, Theorem 2, where due to homogeneity it can be concluded that ‖𝐞𝜇(𝑡)|‖ ≤ 𝑐′𝜇Δ

𝑚−𝜇+1 for 𝑡 ≥ 𝑇 for some 𝑇 , 𝑐′𝜇 > 0 in the case
with Δ > 0. Hence, due to Proposition 1, the bounds in (12) follow.

4 NUMERICAL EXAMPLE

4.1 Second order system
Consider the case with 𝑚 = 1. The protocol (1) then takes the form:

𝑥̇𝑖,0 = 𝑥𝑖,1 − 𝑘0
√

𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0 − 𝑥𝑗,0) + 𝑏𝑖(𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

1
2

𝑥̇𝑖,1 = −𝑘1𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0 − 𝑥𝑗,0) + 𝑏𝑖(𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

0

.

The sampled-data implementation of (1) according to (11) corresponds to:

𝑥𝑖,0[𝑘 + 1] = 𝑥𝑖,0[𝑘] + Δ𝑥𝑖,1[𝑘] − Δ𝑘0
√

𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

1
2

𝑥𝑖,1[𝑘 + 1] = 𝑥𝑖,1[𝑘] − Δ𝑘1𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

0

,

which coincides with a forward Euler discretization of (1). For the simulations, we set Δ = 10−3𝑠. For the sake of simplicity,
set the leader position as 𝑢(𝑡) = sin(𝜔𝑡) with 𝜔 = 0.5 such that |𝑢(𝑚+1)(𝑡)| = |𝑢̈(𝑡)| ≤ 𝐿 with 𝐿 = 𝜔2 = 0.25. Consider a
group of N = 10 agents on a communication graph  with a single undirected cycle, i.e., (𝑗, 𝑖) ∈  iff 𝑖 − 𝑗 = ±1modN, with
agents in  = {1, 3, 5} having access to the leader’s output 𝑢(𝑡) at discrete sampling-times 𝑡 = 𝑘Δ, 𝑘 = 0, 1,…. This sets
𝐿̃ = N𝐿𝜆max(𝐇−1𝐁) = 2.5. In addition, one can set 𝑘0 = 2, 𝑘1 = 1.1 which can be numerically shown to comply with the
conditions of Theorem 1. Initial conditions 𝑥𝑖,0(0), 𝑥𝑖,1(0) were chosen arbitrarily in the interval [−5, 5].

The trajectories of the states 𝑥𝑖,𝜇(𝑡), at times 𝑡 = 0,Δ, 2Δ,…, are depicted in the left column of Figure 1. All agents
achieve finite-time consensus on both the leader’s signal 𝑢(𝑡) and its derivative 𝑢̇(𝑡), despite not all agents having access to 𝑢(𝑡).
Additionally, noise was introduced to the agents with access to the leader’s output as 𝑢𝑖(𝑡) = 𝑢(𝑡)+𝜀𝑖(𝑡), where 𝜀𝑖(𝑡)was randomly
drawn from an uniform distribution over 𝜀[−1, 1] with 𝜀 = 0.1, for each 𝑡 = 𝑘Δ. The right column of Figure 1 illustrates
the noisy measurements 𝑢𝑖(𝑡) and compares them with the estimations from 𝑥𝑖,0(𝑡), showcasing the filtering properties of the
observer. Moreover, 𝑥𝑖,1(𝑡) closely approximates the derivative 𝑢̇(𝑡) despite the presence of noise.

4.2 High order system
Consider the same scenario as in the second order example. However, in this case, we set 𝑚 = 3 for a fourth-order leader system.
Consequently, |𝑢(𝑚+1)(𝑡)| = |𝑢(4)(𝑡)| ≤ 𝐿 with 𝐿 = 𝜔4 = 0.0625, 𝐿̃ = 0.625. The sampled-data implementation of (1) using
(11) results in:
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FIGURE 1 Trajectories for the leader position 𝑢(𝑡) and its derivative 𝑢̇(𝑡) (red), as well as the trajectories for 𝑥𝑖,0(𝑡), 𝑥𝑖,1(𝑡) for all
agents 𝑖 ∈  (blue) with 𝑚 = 1. Two scenarios are considered, namely 𝜀 = 0 (noiseless) and 𝜀 = 0.1. Due to the sampled-data
implementation, only 𝑡 = 0,Δ, 2Δ,… with Δ = 10−3𝑠 are depicted.

𝑥𝑖,0[𝑘 + 1] = 𝑥𝑖,0[𝑘] + Δ𝑥𝑖,1[𝑘] +
Δ2

2
𝑥𝑖,2[𝑘] +

Δ3

6
𝑥𝑖,3[𝑘] −Δ𝑘0𝐿̃

1
4

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

3
4

𝑥𝑖,1[𝑘 + 1] = 𝑥𝑖,1[𝑘] + Δ𝑥𝑖,2[𝑘] +
Δ2

2
𝑥𝑖,3[𝑘] −Δ𝑘1𝐿̃

2
4

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

2
4

𝑥𝑖,2[𝑘 + 1] = 𝑥𝑖,2[𝑘] + Δ𝑥𝑖,3[𝑘] −Δ𝑘2𝐿̃
3
4

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

1
4

𝑥𝑖,3[𝑘 + 1] = 𝑥𝑖,3[𝑘] −Δ𝑘3𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑥𝑖,0[𝑘] − 𝑥𝑗,0[𝑘]) + 𝑏𝑖(𝑥𝑖,0[𝑘] − 𝑢[𝑘])
⎥

⎥

⎥

⎦

0

which is no longer a forward Euler discretization of (1). Following Theorem 1, we pick 𝑘̃1, 𝑘̃2, 𝑘̃3 for a standard RED. Examples
for these parameters can be found in29 where we borrow 𝑘̃1 = 1.1, 𝑘̃2 = 1.5, 𝑘̃3 = 2. Similarly as argued for the RED in29,32,
𝑘̃0 = 50 was found by simulation. Therefore, 𝑘0 = 𝑘̃0 = 50, 𝑘1 = 𝑘̃1𝑘

2
3
0 = 14.92, 𝑘2 = 𝑘̃2𝑘

1
2
0 = 10.6, 𝑘3 = 𝑘̃3 = 2.

The resulting trajectories for this experiment are shown in Figure 2. Similarly, as before, we consider the cases with and
without noise with 𝜀 = 0 and 𝜀 = 0.1 respectively. In the noise-free case, it can be observed that 𝑥𝑖,0(𝑡), 𝑥𝑖,1(𝑡), 𝑥𝑖,2(𝑡), 𝑥𝑖,3(𝑡) can
effectively estimate 𝑢(𝑡), 𝑢̇(𝑡), 𝑢̈(𝑡), 𝑢(3)(𝑡) respectively after some finite-time, where some chattering is evident in 𝑥𝑖,3(𝑡) due to the
sampled-data implementation. Similarly as in the example for the second order system, the estimates 𝑥𝑖,0(𝑡), 𝑥𝑖,1(𝑡), 𝑥𝑖,2(𝑡), 𝑥𝑖,3(𝑡)
still converge to a neighborhood around 𝑢(𝑡), 𝑢̇(𝑡), 𝑢̈(𝑡), 𝑢(3)(𝑡) respectively, even in the presence of measurement noise.

4.3 Comparative example
For comparison, we use the Exact Dynamic Consensus (EDC) approach from15 as a baseline since, according to Table 1, it is
the closest approach to our proposal in the literature. In this experiment, we set N = 10 and define 𝑢(𝑡) = 𝐴 sin(𝜔𝑡 + 𝜙), where
𝐴, 𝜔, and 𝜙 are randomly selected positive constants. We assume the agents are connected in a circular graph and assign 𝑏1 = 1
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FIGURE 2 Trajectories for the leader position 𝑢(𝑡) and its derivatives 𝑢̇(𝑡), 𝑢̈(𝑡), 𝑢(3)(𝑡) (red), as well as the trajectories for
𝑥𝑖,0(𝑡), 𝑥𝑖,1(𝑡), 𝑥𝑖,2(𝑡), 𝑥𝑖,3(𝑡) for all agents 𝑖 ∈  (blue) with 𝑚 = 3. Two scenarios are considered, namely 𝜀 = 0 (noiseless) and
𝜀 = 0.1. Due to the sample-data implementation, only 𝑡 = 0,Δ, 2Δ,… with Δ = 10−3 are depicted.

and 𝑏𝑖 = 0 for 𝑖 ∈ {2,… , 10}. To ensure fairness, we use the same parameters as in Section 4.1 and select parameters of similar
magnitude for EDC. Both methods are simulated in discrete time with a forward Euler discretization using Δ = 10−3𝑠.

One of the key differences between EDC and our proposed method is that EDC requires a global initialization constraint. This
initialization constraint is easily disrupted when an agent joins or leaves the network. In contrast, our approach does not impose
constraints on the initial conditions. Hence, we evaluate both algorithms by tracking the leader signal 𝑢(𝑡) under ideal conditions
and then assess their performance for 𝑡 ≥ 2 when a new agent joins the network to determine if they can recover.

The results are shown in Figure 3 for EDC and Figure 4 for our method. For 𝑡 ∈ [0, 2], both algorithms track 𝑢(𝑡) after a
transient period. However, for 𝑡 ≥ 2, when the new agent joins, EDC diverges because the new initial condition at 𝑡 = 2 does not
satisfy the convergence constraints. In contrast, our approach successfully recovers and resumes tracking 𝑢(𝑡) after a transient.

4.4 Application example: formation control
In this section, we apply our proposed method to a formation control scenario. Here, a team of N = 8 ground robots act as
follower agents with positions [𝑥𝑖(𝑡), 𝑦𝑖(𝑡)]⊤ and track a leader with position [𝑢𝑥(𝑡), 𝑢𝑦(𝑡)]⊤. The followers have dynamics of the
form:

𝑥̈𝑖(𝑡) = 𝑣𝑖(𝑡), 𝑦̈𝑖(𝑡) = 𝑤𝑖(𝑡),
where 𝑣𝑖(𝑡) and 𝑤𝑖(𝑡) are control inputs. As in previous examples, the followers are connected in a circular graph, with 𝑏1 = 1
and 𝑏𝑖 = 0 for 𝑖 ∈ {2,… , 8}. The objective is for each agent to maintain a fixed formation around the leader, with displacements
[𝑑𝑥

𝑖 , 𝑑
𝑦
𝑖 ] chosen as 𝑑𝑥

𝑖 = cos(2𝜋𝑖∕(N + 1)) and 𝑑𝑦
𝑖 = sin(2𝜋𝑖∕(N + 1)), forming a circular pattern around the leader.
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FIGURE 3 Results of the experiment described in Section 4.3 for the EDC method in15. While the method is able to perform
leader tracking during 𝑡 ∈ [0, 2], it diverges once a new agent joins at 𝑡 = 2.
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FIGURE 4 Results of the experiment described in Section 4.3 for our proposal. The method is able to perform leader tracking
during 𝑡 ∈ [0, 2]. Moreover, it is able to recover after a transient once a new agent joins at 𝑡 = 2.

To achieve this, each agent 𝑖 employs the following observer to estimate the leader position and its time derivatives that will
be used to design the formation control law:

𝑢̇𝑥𝑖,0 = 𝑢𝑥𝑖,1 − 𝑘0𝐿̃
1
3

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑢𝑥𝑖,0 − 𝑢𝑥𝑗,0) + 𝑏𝑖(𝑢𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

2
3

𝑢̇𝑥𝑖,1 = 𝑢𝑥𝑖,2 − 𝑘1𝐿̃
2
3

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑢𝑥𝑖,0 − 𝑢𝑥𝑗,0) + 𝑏𝑖(𝑢𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

1
3

𝑢̇𝑥𝑖,2 = −𝑘𝑚𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑢𝑥𝑖,0 − 𝑢𝑥𝑗,0) + 𝑏𝑖(𝑢𝑥𝑖,0 − 𝑢)
⎥

⎥

⎥

⎦

0

,

𝑢̇𝑦𝑖,0 = 𝑢𝑦𝑖,1 − 𝑘0𝐿̃
1
3

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑢𝑦𝑖,0 − 𝑢𝑦𝑗,0) + 𝑏𝑖(𝑢
𝑦
𝑖,0 − 𝑢)

⎥

⎥

⎥

⎦

2
3

𝑢̇𝑦𝑖,1 = 𝑢𝑦𝑖,2 − 𝑘1𝐿̃
2
3

⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑢𝑦𝑖,0 − 𝑢𝑦𝑗,0) + 𝑏𝑖(𝑢
𝑦
𝑖,0 − 𝑢)

⎥

⎥

⎥

⎦

1
3

𝑢̇𝑦𝑖,2 = −𝑘𝑚𝐿̃
⎡

⎢

⎢

⎢

∑

𝑗∈𝑖

(𝑢𝑦𝑖,0 − 𝑢𝑦𝑗,0) + 𝑏𝑖(𝑢
𝑦
𝑖,0 − 𝑢)

⎥

⎥

⎥

⎦

0
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FIGURE 5 Trajectories of the leader and follower agents in the formation control experiment in Section 4.4. Each follower
agent successfully reaches and maintains its position in the circular formation around the leader after an initial transient phase,
even under dynamic motion of the leader.

This setup applies our proposal from (1) separately for each coordinate of the leader, where 𝑢𝑥𝑖,0(𝑡), 𝑢𝑥𝑖,1(𝑡), and 𝑢𝑥𝑖,2(𝑡) estimate
the 𝑥-coordinate of the leader and its derivatives 𝑢𝑥(𝑡), 𝑢̇𝑥(𝑡), and 𝑢̈𝑥(𝑡). Similarly, 𝑢𝑦𝑖,0(𝑡), 𝑢𝑦𝑖,1(𝑡), and 𝑢𝑦𝑖,2(𝑡) estimate 𝑢𝑦(𝑡), 𝑢̇𝑦(𝑡),
and 𝑢̈𝑦(𝑡).

Using this information, we design the controllers:
𝑣𝑖(𝑡) = −𝑐1(𝑥𝑖(𝑡) − 𝑢𝑥𝑖,0(𝑡) − 𝑑𝑥

𝑖 ) − 𝑐2(𝑥̇𝑖(𝑡) − 𝑢𝑥𝑖,1(𝑡)) + 𝑢𝑥𝑖,2(𝑡),

𝑤𝑖(𝑡) = −𝑐1(𝑦𝑖(𝑡) − 𝑢𝑦𝑖,0(𝑡) − 𝑑𝑦
𝑖 ) − 𝑐2(𝑦̇𝑖(𝑡) − 𝑢𝑦𝑖,1(𝑡)) + 𝑢𝑦𝑖,2(𝑡),

with constants 𝑐1, 𝑐2 > 0. According to Theorem 1, the observers converge after a finite time 𝑇 > 0. Thus, for 𝑡 ≥ 𝑇 , the
controllers simplify to:

𝑣𝑖(𝑡) = −𝑐1(𝑥𝑖(𝑡) − 𝑥ref
𝑖 (𝑡)) − 𝑐2(𝑥̇𝑖(𝑡) − 𝑥̇ref

𝑖 (𝑡)) + 𝑥̈ref
𝑖 (𝑡),

𝑤𝑖(𝑡) = −𝑐1(𝑦𝑖(𝑡) − 𝑦ref
𝑖 (𝑡)) − 𝑐2(𝑦̇𝑖(𝑡) − 𝑦̇ref

𝑖 (𝑡)) + 𝑦̈ref
𝑖 (𝑡),

where 𝑥ref
𝑖 (𝑡) = 𝑢𝑥(𝑡) + 𝑑𝑥

𝑖 and 𝑦ref
𝑖 (𝑡) = 𝑢𝑦(𝑡) + 𝑑𝑦

𝑖 . These expressions are trajectory tracking controllers for 𝑥𝑖(𝑡) and 𝑦𝑖(𝑡)
to follow their respective references. Figure 5 shows the trajectories of each agent and the leader in the plane for the setting
described so far. Each agent reaches its designated position in the circular formation around the leader after a transient phase,
where both observer and controller converge. For illustrative purposes and to highlight the usage of the observer, we chose a
simple control that does not consider collision avoidance. However, after convergence of the consensus observer for the leader
position and velocity, different collision avoidance techniques can be applied.

5 CONCLUSIONS

We have introduced a novel distributed leader-observer that distinguishes itself by communicating only the observer output,
rather than the full state, to neighboring agents, and by the fact that no agent needs to know whether it has communication
with the leader or not. Due to the homogeneous structure of the algorithm, features similar to those for the standard Robust
Exact Differentiator (RED) are exhibited by our proposal. In particular, in the ideal case of continuous-time communication
and absence of measurement errors, exact estimation of the leader and its derivatives were obtained, thus performing what we
call exact distributed differentiation. The proofs were based on a nontrivial adaptation and extension of techniques used for
the RED. The framework admits to incorporating, for the first time in this area, measurement noise for the leader signal and a
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sampled-data implementation. The effectiveness of our approach has been numerically verified in both second-order and fourth-
order systems, demonstrating its applicability and robustness across the estimation of derivatives of different orders. As a future
work, we consider the extension of the methods presented in this work to dynamic and directed networks. Moreover, taking into
account the well-known properties of the variable structure control, the proposed approach can also be implemented to estimate
an unknown input of the leader by resorting to the concept of the equivalent control, e.g., by filtering the discontinuous input of
the observers, or by increasing the dimension of the observer state in case of Lipschitz unknown inputs.
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APPENDIX

A AUXILIARY RESULTS

Lemma 5. 38 Let Assumption 1 hold for a graph . Moreover, let 𝐋 be the Laplacian matrix of  and 𝐁 = diag(𝑏1,… , 𝑏N) with
𝑏𝑖 ∈ {0, 1}. Then, 𝐋 + 𝐁 is positive definite.
Lemma 6 (Schur complement lemma). 39, Theorem 7.7.7 Let

𝐌 =
[

𝐀 𝐁
𝐁⊤ 𝐂

]

be symmetric with symmetric 𝐀 ∈ ℝ𝑝×𝑝, 𝐂 ∈ ℝ𝑞×𝑞 . Then, 𝐌 is positive definite if and only if 𝐀 and its Schur complement
𝐂 − 𝐁⊤𝐀−1𝐁 are positive definite.
Lemma 7. 35, Corollary 19 Given any 𝐯 ∈ ℝN and 0 < 𝛼 < 1 then, it follows that

1. ‖ ⌈𝐯⌋𝛼 ‖ ≤ N
1−𝛼
2
‖𝐯‖𝛼 .

2. J𝐯K𝛼 ≥ ‖𝐯‖𝛼 .
Lemma 8. Given any 𝛼 > 0 then, for every 𝐯,𝐰 ∈ ℝN it follows that

(𝐯 − 𝐰)⊤
(

⌈𝐯⌋𝛼 − ⌈𝐰⌋𝛼
)

≥ 0

with equality if and only if 𝐯 = 𝐰.
Proof. Let 𝐯 = [𝑣1,… , 𝑣N]⊤, 𝐯 = [𝑤1,… , 𝑤N]⊤. We prove the result by induction. As induction base N = 1, assume the
opposite, that:

(𝑣1 −𝑤1)(⌈𝑣1⌋
𝛼 − ⌈𝑤1⌋

𝛼) < 0.
Consider the case 𝑣1 − 𝑤1 > 0 equivalently 𝑣1 > 𝑤1. Hence, ⌈𝑣1⌋𝛼 < ⌈𝑤1⌋

𝛼 which is a contradiction since ⌈∙⌋𝛼 is strictly
increasing. The case 𝑣1 −𝑤1 < 0 follows in the same way, establishing that (𝑣1 −𝑤1)(⌈𝑣1⌋

𝛼 − ⌈𝑤1⌋
𝛼) ≥ 0. Moreover, assume

that (𝑣1 −𝑤1)(⌈𝑣1⌋
𝛼 − ⌈𝑤1⌋

𝛼) = 0 for 𝑣1 ≠ 𝑤1. This implies ⌈𝑣1⌋𝛼 = ⌈𝑤1⌋
𝛼 which is a contradiction.

Now, assume that the result is true for vectors of dimension N − 1. Hence,

(𝐯 − 𝐰)⊤
(

⌈𝐯⌋𝛼 − ⌈𝐰⌋𝛼
)

=
N
∑

𝑖=1
(𝑣𝑖 −𝑤𝑖)(⌈𝑣𝑖⌋

𝛼 − ⌈𝑤𝑖⌋
𝛼) = (𝑣N −𝑤N)(⌈𝑣N⌋

𝛼 − ⌈𝑤N⌋
𝛼) +

(

𝐯′ − 𝐰′)⊤ (⌈𝐯′
⌋𝛼 −

⌈

𝐰′⌋𝛼) ≥ 0
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where 𝐯′ = [𝑣1,… , 𝑣N−1]⊤,𝐰′ = [𝑤1,… , 𝑤N−1]⊤ and combining the base case and the assumption for dimension N − 1. Now,
assume that (𝐯 − 𝐰)⊤

(

⌈𝐯⌋𝛼 − ⌈𝐰⌋𝛼
)

= 0. Hence,
(𝑣N −𝑤N)(⌈𝑣N⌋

𝛼 − ⌈𝑤N⌋
𝛼) = −

(

𝐯′ − 𝐰′)⊤ (⌈𝐯′
⌋𝛼 −

⌈

𝐰′⌋𝛼) .

However, both sides of the previous equation are non negative and thus it must be the case that 𝑣N = 𝑤N and 𝐯′ = 𝐰′ implying
that 𝐯 = 𝐰 necessarily.
Lemma 9. 34, Lemma 4 Given 𝜂 ∶ ℝ𝑛 → ℝ and 𝛾 ∶ ℝ𝑛 → ℝ two continuous homogeneous functions, with weights 𝐫 = [𝑟1,… , 𝑟𝑛]
and degrees 𝑚 with 𝜂(𝐱) ≥ 0, such that the following holds

{𝐱 ∈ ℝ𝑛 ⧵ {0} ∶ 𝜂(𝐱) = 0} ⊆ {𝐱 ∈ ℝ𝑛 ⧵ {0} ∶ 𝛾(𝐱) < 0}.

Then, there exist 𝑘∗ > 0 such that for any 𝑘 ≥ 𝑘∗ it follows that
−𝑘𝜂(𝐱) + 𝛾(𝐱) < 0.

In particular, the previous inequality is satisfied if:
𝑘 > 𝑘∗ = sup

‖𝐱‖=1

(

𝛾(𝐱)
𝜂(𝐱)

)

.

Lemma 10. 40, Corollary A2 Consider some integer 𝑚 such that 𝐟 (𝑡) ∈ ℝN is 𝑚 + 1 times differentiable for all 𝑡 ≥ 0. Moreover,
assume that 𝐟 (𝑚+1)(𝑡) ∈ [−𝐿̃, 𝐿̃]N,∀𝑡 ≥ 0 with some 𝐿̃. Then, for any Δ > 0 it follows that

𝐟 (𝜇)[𝑘 + 1] =
𝑚−𝜇
∑

𝜈=0

(Δ𝜈

𝜈!

)

𝐟 (𝜇+𝜈)[𝑘] + 𝐫𝜇[𝑘],

where 𝐟 [𝑘] = 𝐟 (Δ𝑘), where the remainder satisfies
𝐫𝜇[𝑘] ∈

𝐿̃Δ𝑚−𝜇+1

(𝑚 − 𝜇 + 1)!
[−1, 1]N. (A1)

B WEIGHTED HOMOGENEITY

In this section, we consider set-valued fields 𝐹 ∶ ℝ𝑛 → 𝑃 (ℝ𝑛), where 𝑃 (ℝ𝑛) is the power set of ℝ𝑛. Let Δ𝐫(𝜆) =
diag([𝜆𝑟1 ,… , 𝜆𝑟𝑛]) where 𝐫 = [𝑟1,… , 𝑟𝑛] are called the weights and 𝜆 > 0. For any 𝐱 ∈ ℝ𝑛, the vector Δ𝐫(𝜆)𝐱 =
[𝜆𝑟1𝑥1,… , 𝜆𝑟𝑛𝑥𝑛]𝑇 is called its standard dilation (weighted by 𝐫). The following are some definitions of interest regarding the
so-called 𝐫-homogenety with respect to the standard dilation.
Definition 2 (Homogeneous scalar functions). 41, Definition 4.7 A scalar function 𝑉 ∶ ℝ𝑛 → ℝ is said to be 𝐫-homogeneous of
degree 𝑑 if 𝑉 (Δ𝐫(𝜆)𝐱) = 𝜆𝑑𝑉 (𝐱) for any 𝐱 ∈ ℝ𝑛.
Definition 3 (Homogeneous set-valued fields). 41, Definition 4.20 A set-valued vector field 𝐹 ∶ ℝ𝑛 → 𝑃 (ℝ𝑛) is said to be
𝐫-homogeneous of degree 𝑑 if 𝐹 (Δ𝐫(𝜆)𝐱) = 𝜆𝑑Δ𝐫(𝜆)𝐹 (𝐱) for any 𝐱 ∈ ℝ𝑛.

C RECURSIVE FORM OF HOMOGENEOUS DIFFERENTIATORS

In this section, we recall some results used in32 to show the stability of the Levant’s arbitrary order robust exact differentiator.
In particular, we are interested in the properties of the recursive system

𝑧̇1 = 𝑧2 − 𝑘̃1 ⌈𝑧1 + 𝜃(𝑡)⌋
𝑚−1
𝑚

𝑧̇𝜇 = 𝑧𝜇+1 − 𝑘̃𝜇
⌈

𝑧𝜇 − 𝑧̇𝜇−1
⌋

𝑚−𝜇
𝑚−(𝜇−1) for 𝜇 = 2,… , 𝑚 − 1

𝑧̇𝑚 ∈ −𝑘̃𝑚 ⌈𝑧𝑚(𝑡) − 𝑧̇𝑚−1(𝑡)⌋
0 + [−1, 1]

(C2)

with 𝑧1(𝑡),… , 𝑧𝑚(𝑡) ∈ ℝ and the measurable map 𝜃(𝑡) ∈ ℝ. An important result regarding the contraction property of (C2) is
given in the following.
Lemma 11 (Contraction property of (C2)). 32, Lemma 8 Let 𝜃 ∶ ℝ → [−𝜃̄, 𝜃̄] with 𝜃̄ > 0. Given any 𝐵𝑡0

𝑧𝜇 , 𝐵
∞
𝑧𝜇

> 0, with
𝐵∞
𝑧𝜇

< 𝐵𝑡0
𝑧𝜇 , 𝜇 = 1,… , 𝑚, 𝛿∞ > 0 then, there exists𝐵𝑧𝜇 > 𝐵𝑡0

𝑧𝜇 , some gains 𝑘̃1,… , 𝑘̃𝑚 > 0 (sufficiently big) and 𝜃̄ > 0 (sufficiently
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small) such that any trajectory of (C2) satisfying |𝑧𝜇(𝑡0)| ≤ 𝐵𝑡0
𝑧𝜇 for arbitrary 𝑡0 ≥ 0 will satisfy |𝑧𝜇(𝑡)| ≤ 𝐵𝑧𝜇 ,∀𝑡 ∈ [𝑡0, 𝑡0 + 𝛿∞)

and |𝑧𝜇(𝑡)| ≤ 𝐵∞
𝑧𝜇
,∀𝑡 ≥ 𝑡0 + 𝛿∞.
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