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This article presents and analyses a relativistic model for polyatomic gases within the Landau-Lifshitz
framework, incorporating the contribution of internal energy arising from interactions between gas molecules.
This model generalizes the one proposed by Cercignani and Kremer in 2001 for monatomic gases within
the context of the Marle expansion. Specifically, in this paper a moment model is derived and its closure

is determined by using the methods of Rational Extended Thermodynamics. This is compared with the one
recently proposed by Arima, Carrisi, Pennisi, and Ruggeri, which employs a variant of the Anderson-Witting
model in the Eckart frame. The analysis demonstrates that the balance equations and the collision term are
equivalent up to first order with respect to equilibrium.

1. Introduction

The study of relativistic gases under dissipative conditions is es-
sential for understanding a wide range of physical phenomena, from
astrophysical plasmas to high-energy particle flows in relativistic hy-
drodynamics. In extreme environments such as those found in neutron
star mergers, accretion disks around black holes, and the early universe,
dissipative effects, including heat conduction and viscosity, play a
crucial role in determining the macroscopic behaviour of relativistic
fluids [1,2]. Traditional equilibrium models fail to capture these ef-
fects accurately, necessitating the development of more comprehensive
frameworks. The first step towards a non-equilibrium thermodynamic
in relativistic setting is the Eckart extension of the Navier—Stokes
equations in 1940 [3]. Since then, numerous efforts have been made
to establish a consistent relativistic theory that incorporates dissipative
effects like, for example, [4,5] and, more recently, Extended Irre-
versible Thermodynamics [6] and Rational Extended Thermodynamics
(RET) [7,8].

RET has emerged as a powerful framework for modelling non-
equilibrium thermodynamic processes in both classical and relativistic
regimes. RET has been successfully applied to a variety of physi-
cal problems, demonstrating strong agreement with experimental data
[71-[8]. The key feature of this approach is the inclusion of an extended
set of independent variables beyond those used in conventional thermo-
dynamics, incorporating non-equilibrium quantities such as dynamic
pressure, heat flux, and stress tensor. Within RET, thermodynamic
processes are described through field equations in the form of balance
laws, derived from a truncated moment system based on kinetic the-
ory, while ensuring compliance with relativity and entropy principles.
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These constraints lead to an hyperbolic system that, when expressed
in terms of specific variables called main field [9]-[10], acquires a
symmetric form. This structure guarantees key properties such as well-
posedness of the Cauchy problem and the finite propagation speed of
disturbances, an essential requirement for relativistic models, ensuring
that perturbations do not travel faster than the speed of light.

A key challenge in relativistic dissipative thermodynamics is the
selection of the flow frame, or equivalently, the definition of the four
velocity U%. Two commonly used are the Eckart (or particle) frame [3]
and the Landau-Lifshitz (or energy) frame [11]. In the Eckart frame
observers detect no particle flux but can measure heat flux whereas in
the Landau-Lifshitz frame the energy flux is set to zero, allowing the
observation of particle drift. As a result, the deviation from equilibrium
of key quantities is defined differently in these two reference frames.
The choice of frame largely depends on the specific problem being
investigated.

In RET, both frames have been employed to describe monatomic
relativistic gases (since 1986 with the first relativistic extended model
by Liu, Miiller, and Ruggeri [12]). The majority of the papers in
relativistic RET are developed in the Eckart context, because it al-
lows to obtain more manageable equations. However, some scenarios
necessitate the use of the Landau-Lifshitz frame, such as relativistic
heavy ion collisions at high energies where the net number of baryon
is approximately null [13] or the study of dissipative Friedmann—
Robertson-Walker models [14]. For this reason, in 2001, Cercignani
and Kremer proposed an extended model for monatomic gas in the
Landau-Lifshitz framework [15].
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Polyatomic gases introduce additional complexities due to their
internal degrees of freedom, requiring more sophisticated moment
models to account for energy due to internal modes of the molecule.
Studies on relativistic polyatomic gases within RET have been limited
to the Eckart frame (see [16] — [17]) until 2021 with the first proposal
of a Landau-Lifshitz description for relativistic polyatomic gases [18].
Recently, there have been improvements in modelling polyatomic rel-
ativistic gases. In particular a new model has been proposed that
takes into account the total energy composed by the rest energy and
the energy of the molecular internal mode [19]. This work aims to
extend the Landau-Lifshitz description of polyatomic relativistic gases,
incorporating such recent developments to improve the accuracy and
wider applicability of the model. In Sections 2 and 3, the fundamentals
of RET are summarized, and the differences between the Eckart and
Landau-Lifshitz representations are outlined. In Section 4, the model
for relativistic polyatomic gases within the Landau-Lifshitz framework
is introduced, taking into account the contribution of the molecule’s to-
tal energy, and its closure is determined. In Section 5, the present model
is compared with the corresponding one in the Eckart frame [19],
demonstrating that the two approaches are equivalent in the sense that
there exists an invertible transformation of the independent variables
that maps the results of one onto those of the other, at least up to first
order with respect to equilibrium. Finally, conclusions are drawn.

2. Relativistic rational extended thermodynamics

In RET, gases are described through an extended system of balance
equations [12,15,16,19]:

0. A%M U = A
a

with n=0,...,N, 1)

where the partial derivatives d, are calculated with respect to the
space-time coordinates x* with @ = 0,1,2,3. These equations can be
interpreted as a truncated system of moments equations [15] derived
from the relativistic Boltzmann-Chernikov equation

P9, f =0,

where f is the distribution function, p* is the four-momentum satisfying
pp, = m?c?, with ¢ being the speed of light and m the rest mass
of the particle, and Q is the collision term which accounts particles
interactions. In this sense Egs. (1) are suggested and justified at a
mesoscopic level through kinetic theory.

For monatomic gases the distribution function f(x*, p#) depends on
space-time coordinates and four-momentum. The tensors present in
Egs. (1) are defined as follows:

c Jo =

C
po /wfp"pT---pZdP g /prT"-pZdP,

dpl dp2 dp3
p()

A% —

where the integral measure is d P = . The tensors assume the

following physical meaning:

* A% = V¥ is the particle-particle flux vector (or rest-mass density
current)

+ A% = T% is the energy-momentum tensor

» I = I* =0 ensuring that Egs. (1) with n =0, 1 are respectively the
conservation laws of particle number and energy-momentum.

For n = 2 Eq. (1) yields an extended equation for fluxes, where the
tensors satisfy the following constraints:

af _ 2y«
Aﬁ =cV*,
justified by their definition. Additionally, the third-order tensor A% is
symmetric.

For polyatomic gases, we adopt the most recent model proposed
in [19], which builds upon the generalization of the Boltzmann equa-
tion for polyatomic gases presented in [20]. In this approach, the
distribution function is extended to depend on an additional variable

18=1=0,
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1, representing the energy of the internal modes of the molecule:
fF&*, 8, D).

The system of balance equations retains the same structure as in (1),
but the moment definitions are modified to incorporate the additional
internal energy contribution:

aa --a, 1 \2-1 oo a o a 2 "
AT =(—) £ pep ---p"(mc +Z) H(T)dTdP,
r3 Jo

mc

l 2'1—] +o0 n
o = (_) / / Q p® - pn (mCZ + I) $(I)dIdP.
mc R3 JO

2
The function ¢(I) represents the state density of the internal modes and
satisfies the condition

lim ¢(I) = 1¢ k)
c—>+o00

witha:D—,
2

where D are the degrees of freedom of the molecule. This condition,
established in [21], ensures the correct caloric equation in the classical
context. The explicit expression of ¢(7) is still an open research ques-
tion. However, in some studies, it has been assumed that ¢(7) = ¢ also
in relativistic context, in analogy with the classical case. In this work,
we maintain ¢(7) in its general form to preserve the broad applicability
of our results.

3. Eckart and Landau-Lifshitz frame

In the case of a relativistic ideal fluid, it is possible to define a pre-
cise bulk velocity that characterizes the motion of the fluid, allowing for
the adoption of a co-moving reference frame. However, for dissipative
fluids, the definition of a local rest frame, and consequently the veloc-
ity, is not uniquely determined. Several approaches have been proposed
in the literature, based on both microscopic and macroscopic perspec-
tives [22-24], yet no single choice has been universally recognized
as the most appropriate. Nevertheless, in relativistic hydrodynamics,
a macroscopic approach is commonly employed, relying on balance
equations such as (1) and imposing the second law of thermodynamics,
as in RET. Within this framework, the four-velocity can be naturally
defined in two distinct ways:

1. As a time-like vector parallel to the rest-mass density current V'*%;
2. As an eigenvector of the energy—-momentum tensor 7%/,

From the first perspective, the observer follows the motion of the
particles, meaning that no particle flux or energy flux is detected, as
the particle is considered within its equilibrium configuration. This
viewpoint corresponds to the formulation introduced by Eckart [3]. The
physical quantities are expressed in terms of the field variables * and
T% through the following relations:

Ve =mnU*, T = :;2 UtUP +(p+11) h* + C% U@gP + 123 (3)

where n represents the particle number density, U® is the four-velocity,
e is the energy density, p the pressure, II the dynamic pressure
and parentheses around indices indicate symmetrization. The quantity
ht = —g% 4 CLZU"U" acts as the projection operator onto the
subspace orthogonal to U¢%, with g*¥ = diag(l, -1, -1, —1) being
the metric tensor. Additionally, ¢* denotes the heat flux, while r<*/>3
represents the 3-dimensional traceless part of the viscous stress tensor.
The notation <*/>3 highlights the three-dimensional traceless com-
ponent, defined as t<*/>3 = hth — %h“ﬁhw)t“ﬂ. The subscript 3
is included to distinguish it from the fully traceless part <*/> =
(g,‘jgf - %g"ﬂgw) b,
These variables satisfy the following constraints:

UU,=c*, ¢"U,=0, rP30a=0, t5/3g4p=0. 4

In Eckart’s formulation, the four-velocity is collinear with V' as evident
from Eq. (3),. Furthermore, this approach ensures that no dissipative
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contributions appear in either the rest-mass density current or the
energy density.

In the second perspective, which corresponds to the Landau-Lifshitz
one [11], the observer choose to focus on the energy. In this framework,
no net energy flux is present but it is possible to observe a dissipative
contribution for mass particles J*. A distinct four-velocity U} is intro-
duced which is related to the Eckart one by the following equation:

Uf =U"+J". (5)

The vector J? is orthogonal to U* and, in a first-order approximation,
it can be expressed as

o

q
e+p’

For further details, see [22,25]. Substituting Eq. (6) into Eq. (5), we
find:

J* =

(6)

a
Ur=UT+ -

e+p’ 7

In the Landau-Lifshitz frame, the field variables are related to physical
quantities as follows:

mny
V¥ = mn, U% — q%,
L L™¥L e, +pp L
e
170 = ZURU) — (pp + ) 47 + P<*P>3. (8
c

Here, the subscript L distinguishes the Landau-Lifshitz frame variables
from those in the Eckart frame. Additionally, 4% = g* — LU2U” is the
projector onto the subspace orthogonal to U and P<%/>3 represents
the pressure deviator. The subscript 3 refers to the traceless part of the
tensor, defined similarly as before but using —4% instead of A%’. The
variables are constrained by the following relations:

UlUp,=c*, ¢U,=0, P™u,=0, PPg,=0. (9

This approach ensures that the four-velocity U} is an eigenvector of the
stress—energy tensor. In fact, thanks to the constraints in Eq. (9), it can
be shown that T,;, U} = eLUf.

In absence of dissipative phenomena (perfect fluids or non-perfect
fluids at equilibrium) the thermodynamic fluxes II, ¢* and +<*/>3 are
null. As a consequence the two four-velocities match (see Eq. (7)) and
the Eckart four-velocity, which is aligned with V¢, also becomes an
eigenvector of the stress—energy tensor. This also leads to an identical
interpretation of the physical quantities in both frames (see Eq. (7) and
compare Egs. (3) and (8)). However, when non-ideal fluids are out of
equilibrium, the two frames diverge, resulting in different definitions
for the tensors in the system (1) and discrepancies in the way variables
change with respect to their equilibrium values.

In the Eckart approach is assumed that the quantities n, e and U*
remain unchanged from their equilibrium values, and we have the
following relations:

ve-vi=0, T -T% =11n" + % q@UP) 4 r<P>s
c

The subscript E represents the equilibrium value of the quantity. This
leads to the absence of dissipative contributions to the rest-mass density

current and the energy density:
_ af -
vi=ve,  (T7-17)U,0,=0.

In contrast, in the Landau-Lifshitz frame, the quantities n;, ¢, and U}
remain unchanged, and we have:

mny
e tpL

VE- (Vg =— gt #0. T @ =-11, 85 + PSP
(10)

This leads to the following relations:

Ve - | Uy =0, [TZ” - (TZﬁ)E] Upy =0,

which ensures there is no net energy flux.
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Remark 1. In both approaches, the particle number density is often
assumed to be conserved. This does not mean that n is identical in
the two frames; rather, it means that its evolution follows the same
conservation equation in both cases. Strictly speaking, they are not ex-
actly the same when considering higher-order terms or non-equilibrium
situations where diffusion effects are strong. However, at first order
(which is often the level considered in practical applications), the
difference is negligible, and it is convenient to assume that n remains
unchanged in both frames. Moreover, the four-velocity remains the
same as in equilibrium but the four-velocity of the other approach
changes. In the Eckart frame, we have U* — U 5=0 and Uf-U; #0
while in the Landau-Lifshitz frame, U* — Uf # 0 and U} — U} [ = 0.

The two approaches differ also for the expression traditionally used
for the collision term Q, that allows to define the production terms
I1%% _ In Landau-Lifshitz frame the most diffused expression of Q, is

Uy pq

2t

0=-

(f = f&)» an

proposed by Anderson and Witting [26]. It ensures zero production
terms for mass and energy-momentum. However, if applied within
the Eckart framework by simply replacing U, with U,,, it does not
yield zero production terms for mass and energy-momentum. For this
reason, the following alternative expression for O has been proposed
in papers [27-30], as a variant of the Anderson-Witting model in the
Eckart frame:
a 1+ 1
Tlelp —f- Fer'a, 2. 12)
mc

2t

0=

In [29] a similar result has been found also for the Marle model [31].

1+
The extra term fer*a, b,::ﬁz in Eq. (12) ensures zero production
terms for mass and momentum-energy in the Eckart frame, both for

monatomic and polyatomic gases.

4. A 15 moments model for polyatomic gas in the Landau-Lifshitz
description

In this section, the simplest but significant model of RET for poly-
atomic gases, aside from Euler, within the Landau-Lifshitz framework
is proposed and analysed. In papers [17,32], it has been demonstrated
that this model corresponds to system (1) with N = 2:

0,A% =0, 0,A% =0, 0,A" =177, 13)

The tensors are still defined as moments of the distribution functions,
as in Eq. (2), but their macroscopic representations are evaluated in
the Landau-Lifshitz frame. For instance, the quantities A* = V[ and
A% = TZﬁ are defined as in Eq. (10).

System (13) consists of 15 independent equations but involves more
than 15 variables. To solve the system is first necessary to close it.
For this purpose, we adopt the Maximum Entropy Principle (MEP)
(see, for example, [7,33]). This approach allows to obtain a more
explicit closure compared to the classical symmetrization procedure
by Ruggeri-Strumia [10], which introduces undetermined constants
of integration. For instance, in [16], it was shown that the Ruggeri—
Strumia procedure yields the closure except for an arbitrary function
of a single scalar, whereas the MEP provides an explicit expression for
this function.

4.1. Distribution function and moments at equilibrium

First of all we determine the equilibrium distribution function. We
consider an Eulerian fluid governed by the 5 balance Egs. (13); ,, with
the equilibrium part of (8).

AL =Vg=mn U},

E E

e
AL =T = —p A" 4 c—g veu?. a4
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MEP requires that the appropriate distribution function f = f(x%, p*, I)
is the one which maximizes the entropy density at equilibrium:

+o0
hE=—kBCULa/R3/O f-(nf)p*p(I)d1dP,

under the constraints that the temporal part VU, , and TZ” U,y are
prescribed. Here kp is the Boltzmann constant.

The balance equation of the entropy is a constrain for our system
that can be imposed by using properly the Lagrange method. We can
define the Lagrangian

+o0
L=Up, { —kBCULa/RB/O f-Unf)p*p(I)dIdP

+1

+oo
VL“—mc/ f~(lnf)p“¢(l)dIdP]
Rr3 Jo

+o0
+4 [TZ‘”—%/W/ f~(1nf)p"¢(l)dldP] }
R3 JO

where 4 and A are the Lagrange multipliers. The Lagrangian £ have to
be maximized by the distribution function and this implies that % =0,

1.e
+oo 1 ; ' n . ~
[—kR (Inf, +1) = Am— ——4,p (mc +1) ¢(1)] Uy, p* (D) dIdP =0
RrR* Jo mc-
and

- L
fE=e1kB, with ;(=m/1+iyp” <1+L2>. 15)
me
The Lagrange multipliers 4, 4, have the following expression
v
ap=-2, =L (16)
T, Ty

The equilibrium chemical potential g = ¢+p/p—T S can be determined
by following the procedure dictated in [8], where p = nm is the mass
density, ¢ is the internal energy, T is the absolute temperature, and has
to be evaluated in the Landau-Lifshitz frame.

The thermal and caloric equation of state allow to determine explicit
expressions for the number particle and for pressure and energy. We
can multiply Eq. (14), times CLZU 7 and Eq. (14), times CLZU U and 4%,
After inserting the distribution function (15) into these expressions, and
apply the change of integration variables

pO = mc cosh s
pl = mc sinh s sin J cos @
p? = me sinh s sin 9 sin ¢

p3 = mc sinh s cos 9 with s € [0, +oo[, 9 € [0, IT[, ¢ € [0,21I[

17)
with Jacobian m3c3 sinh® s cosh s sin 9, we obtain
33 l-fmay [T
np =4zm’c’e B J,eMdT, (18)
o 5
+oo ¢ ya
nyme o J;2<1+m) HID)d 1
pL=—1, ey =npmc v— 19
4 LTI eMdT

As in [12], the functions J* are defined as
+oo *
Jr) = /0 77" coshS ginh™ s cosh” s d s,
with y* =y (1 + ﬁ) and y = Z’c;.
By using Egs. (16) and (lS),Bthe equilibrium distribution function

for a rarefied polyatomic gas that maximizes the entropy can be also
written as

L S S
A(y) 4rm3c3

[ (1e i o] -
fE , Ay = / JSe(@Md1, (20)
0
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that is a generalization of the Jiittner distribution function.

The moments in equilibrium state A}." " for j > 2 can be obtained
by substituting the expression (20) of the equilibrium distribution func-
tion into Eq. (2),. Otherwise, they can be represented in a macroscopic
way by using the representation theorems:

sy

2
A‘;l"'“/'ﬂ — Z pCszk,j(—l)kA(n'% ree A%2k-192k Uzzkﬂ UZIH) , 21
k=0
where
+oco 1 J
0 1 <j + 1> Jo J2*k+2,j+l—2k (1 + m) dDd1 ©22)
kj = +00 14
2k+1 \ 2k /;) J2,1 dI)dT

are dimensionless functions depending only on y. The above expres-
sion (22) can be obtained by comparing Eq. (21) with the corre-
sponding expression obtained by putting (15) in (2),, contracting with
A .. A%n-1%0 UZZ’” Lo UZ”') and by using the change of variables
an.

The functions 6, ; have the same expression of the corresponding
Eckart ones so they satisfy the same conditions reported in paper [19]:

0o =1,
60,1 = o(y),
’ . ’ d
0o j+1 = (1) 0p; — 6, with ' = ar’
j+2 j+3-2h i+l
Opje1 = T(9,w + Teh,u) for h=1, ..., [T] )
O ;= %9;_, for j even,
(23)
where
400 i 1
AR (1 + m)qs(z)dz
o(y) = F— .
A 5 IDd1
Moreover, from Eq. (23)s with j = 0 we have
1
01, =-. 24)
14

The above equations allows to rewrite the expression of p; and e; in
terms of the functions 6, ; as follows:

pL=anc26'1’l eL=anc2€0W1. (25)

Remark 2. It is noteworthy that, as in the Eckart approach [19] and in
the non-relativistic case [32], all the scalar coefficients can be expressed
in terms of the function w(y) and its derivatives with respect to y (or
with respect to the temperature T). Moreover, o is closely related to
the internal energy e. In fact, since e = pc? + pe, we deduce from (19),
that € = ¢2(w — 1).

4.2. Non equilibrium distribution function and closure of the 15 moments
model

Application of the MEP to the full system, under the constraints that
the temporal part VU, TZ” U,, and A‘zﬂ "U,, are prescribed, with the
same procedure described in Section 4.1, gives:

z 2
fis=¢ T, with y=mi+ A, p (1+ L)+l/1vp"pv (1+ i) ,
" mc? m ¥ mc?

(26)

where 4,4,,4,, are the Lagrange multipliers. According with Miiller
and Ruggeri [7] equilibrium in RET is the state in which the entropy

production vanishes and hence attains its minimum value. Using this
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definition, it is possible to prove that the Lagrange multipliers relative
to the balance laws of nonequilibrium variables vanish, and only the
five Lagrange multipliers corresponding to the equilibrium conserva-
tion laws remain, i.e. that referred to the Euler system analysed in
Section 4.1. In the present case, we have Eq. (16) plus 4 wvp =0

We emphasize that Eq. (26) represents the distribution function that
maximizes the entropy for processes near thermodynamic equilibrium
and is referred exclusively to the present 15 moments model.

We can choose as independent variables, the standard 14 physical
variables: p;, Ty, U¥, I}, 4%, P<*/>3, where ¢f = —%A“ﬂVLﬁ and

P =T (4] - 4404, ) plus
4
Q=3 UL, UL,UL, (AZ”V - (A‘Z”Y)E) 27)

as the 15th variable.

The particle number vector and the energy-momentum tensor are
expressed by Egs. (8) where the pressure and the energy as function
of mass density and temperature are given in (19). So we have to
determine now, the expression of the triple tensor A‘zﬂ 7 and of the
production term I ﬁy.

Inserting the distribution function (26) into the moments (2), we
obtain the following system:

kB np au auv
—BAL e ey =y (A Ap)+ TLE</1# - /I”E) +AT
ep+pp
kg
B B\ — TP afu apuv
— L (P 11 4) = TG )+ AT (A= Ay ) + AT Ay
kp
A By _ A9PY\ _ p@Br oy _ afiyu _ afyuv
m (Aa ! ALE) = A p(A—Ap)+ A (’1;4 /IME) +ALE A
(28)

where the equilibrium values of the tensors A‘z’Z’ , A‘z‘Z‘V and A‘z‘Z‘W can
be obtained from Eq. (21) and are

A = 8y, ULUPUT — pc? 6, APUY,

LE — LYL~L
A = p 9o USUPURUY — pc 0,5 APULUY + pet 0,5 4404,
AT = 590 URUPUTUMUY — pc?6,, AUTUMUY + pct0,, AP 47U,

(29)

with the #’s given in (22).

The system (28) permits to deduce the 15 Lagrange multipliers in
terms of the 15 field variables, including £ given in (27), and then we
can obtain the remaining part of the tensor A’zﬂ 7

To solve this system, we consider first Eq. (28); contracted with
Upys Eq. (28), contracted with U, U, Eq. (28); contracted with
Up,UppU;,/c?, Eq. (28), contracted with 4,,/3 and (28); contracted
with Uy, 4;,/(3 %), obtaining the system

U 2
O (3= 4p) + 00, Ut (4, = =22 ) + 00, ULU 4y = 501284, = 0.
u ULI‘ HyTv c? v
00, (3= 4p) + 00, U (4, = =22 ) + 003 ULU 4y, = 03 474, = 0,
n UL” Hyrv
002 (= Ag) + 003 Uf (3, = == ) + 00, UL U} A,
Cz kB
-S4, = —2— 0,
10 ' e dm2n ct
1 " Up, 1 HyTv
011 Gi= )+ 300, UL (4, — =2 ) + 20,3 ULU} 4,
5 kg
= 5 Ay = = R I
Loy e ap+ Lo 0t (3, - 22 4 Lo vrvra,, — S oy, a0, =
51.2(—5)+61,3 L(M_T)-"EIA YLt T g Y24 w =
_ kB afy afy
=+ e (A = A5 YU L4y,

This is a system of 5 equations in the 4 unknowns A—A4g, U ( u= Yiu ),

L T
Ui‘ Ujduy, A4, in order to have solutions, the determinant of the
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complete matrix must be zero, i.e.,

boo o, 6o %9 1.2 0
o1 o2 603 é 013 0
0=1 6o, 603 6.4 % 014 - 41,(,,124 Q
011 % 01, é 013 % 623 - % s
% 0, é 015 % 04 é 0r4 ;ﬁ (Aaﬁy - A:ﬁEy>ULaA/iy
(30)
By defining
00 601 B2 3012
D4 - 00,1 90,2 90.3 % 91,3
0o O3 boa 15014
011 5012 £ 015 363
90,0 0(],1 90,2 %0],2 90.0 9(),1 9().2 %9172
Nt —_ | G o2 o U . N%= 00 Oo2 o3 03 ’
b2 O3 o 1501a 01 3012 1015 3055

i i i i
3012 5015 15014 5024

the (30) gives:

1 1 1 1
3012 5013 15014 5024

I Q
N N1 g 1)

1 afy afy —
20 (A _ALE)ULnAﬁV__ D, D, 4¢2

3¢2 \'E
We contract now Eq. (28), with 42, Eq. (28), with U, , A;, Eq. (28),
with U; ,U; ;47 and again (28)3 with 4%4,,, obtaining the system

kg 5

. 2 5
9171 Ao"(lu - A“E) + 5912 UZA V/lyv = —m qr »

0,2 8% (A, — A, )+ 0,5 UL 4™ 4,, =0,

6 . 6k
005 870y = Ay) + 2014 UL A4, = —E (Aaw _ Aiﬁg) Uy Uyt

m2cbn, \"E
3y A4, — 3y )+ 20y, UL 4, = —— B (g0 qor) g g
5 23 " nE 5 24 Y u = manc4 E LE ap Sy -

By eliminating the parameters 4°#(4, — A, ) and U} 4% 4, from these
equations, we obtain
mny c* & e
6(e; +p;) D3
mny 2 N 31 5

apfy apfy 5 _
(AE —ALE)ULaULﬂAy =

>

(32)

5

(A7 = A7) 453 =

E LE ep+p. D
with
2
011 3012 012 613 012 013
L _ L _ L _
Dy = . Ny = . Ny =
6 5 2
05 03 015 5014 5023 504

We contract now Eq. (28), with 4% AZ>3 and (28)3 with 456 AZ>3 Up,»
obtaining

_ kg o>y _ %anc492’3 ALY

m
m%n; c®
(A‘;ﬂy _ A‘ilif) Aa<5 AZ>3 ULy —_ % kL 92,4 A”<{$A€>3vlw ,
B

from which it follows

0> 2 . 1 02,4
(A7 - AT 457 475U, = G P with Gy =5 22

.3
(33)

Finally, (28); contracted with 4<° A;’; AZ’>3 gives

6 A< A0 AV>3 _
mnc’ Ay AﬂAy =0.
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This result, jointly with (31), (32), (33), gives the decomposition of the
triple tensor A‘zﬂ v

afy _ 4aPy 1 Byrr 3 N© (afyrr) (afyry)
Al ALE—4—4!2ULULUL ED;; QAYU; +3 D, I7A U,
L
mom N3 w3 nme N3lA(aﬂ 4

+ —_—
2(er + pr) DL e’ SeL+pL DL
+ 3C5P(<“ﬁ>3Uz).
Thanks to Eq. (29),;, we have the closure of the triple tensor in terms
of the physical variables:

afy _ 1 Byrr
AL = <pL 0o + @ Q) UZULUL

Q m
- </7LC291,2_ iz N__Q _3N_ 17) A(“BUZ)
4t D D. 34
oL N3 ghyn 3 _Prc PL02 NBIA(aﬂ
L YiYe L qL
2(eL+pL)D 5eL+pLD

)
+3Cs PPyl

To conclude the determination of the closure it is necessary to de-
termine the explicit expression of the production terms. By substituting
the expression (11) of the collision term Q into Eq. (2), with n =0,1,2
and applying the constrains (9), we have

U U, PLY]

I=- an (VE=Vie) = 5= —L7L _( (Mass production),
T 2t e; +pp
U

P — La af af \ _ La 7 5

1m e (1) = e ]

= 0 (Momentum—energy production),

,ﬂyz_%(Aaﬂr_Aaﬂy)z_l [L_Quﬂur_'_ N_ NT

QA + o M APy

1
27 L LE T | 4ct LUL T g2 .

p NE

L 3 gL ) <By>
_— U +C: P 3.
3(ep +pp) D3L & 3 ]

5. Comparison of the closures obtained with the two approaches

In the following we compare the closure obtained in the Eckart and
Landau-Lifshitz frames. For this aim it is first necessary to find the
mapping between the variables of the two approaches and show that
the transformation is invertible.

5.1. The transformation law between the sets of variables in the two
descriptions

We start by obtaining the explicit transformation law of the Landau—
Lifshitz 4-velocity into Eckart variables. From Eq. (7) we have the
transformation law of the two four-velocities. Moreover,

AP = _peb _ 2z U@ gh, (35)
(e+p)c?

where the second order term has been omitted. This is not a restriction,
as also Eq. (7) is a first order approximation.

From (16),, compared with the corresponding of Eckart, we have
ve _ UL
T T,
By using the definition (7) we obtain

« a
U_=LU”’+q_

T T, e+p’

that, contracted with U* and using (4),, gives T = T;. From the
definition of y and s in Section 4.1 it follows that they are also equal
in the two frames.

» We consider now the transformation that expresses the variables
of the Landau-Lifshitz description in terms of the Eckart ones.

International Journal of Non-Linear Mechanics 178 (2025) 105154

We can compare the expression of the mass density current in the
two frames, i.e. Egs. (3); and (8),, obtaining

mny
er +pp
We can contract the above equation with U;, obtaining n; =
012 Ul y,. If we use Eq. (7), we obtain

mnU® =mn; U} —

qi- (36)

np=n and p; =p, asp=nkyT. 37)

Moreover, by using Eq. (37), into (36) and using Eq. (7) we have

e; +pp e+p’

We can also compare the expression of the energy—-momentum
tensor in the two frames, i.e. Egs. (3), and (8),, obtaining

—U U +(p+ Mh + 2 U<"qﬁ> + t59P>s
C

= —2 Lueu! - o, +HL)A“1’ + p<ab>; (38)
C

The above equation contracted with U,,U,; and using Eq. (7)
gives

e;=e

Eq. (38) contracted with 4% and using Eqs. (35) and (37), gives
m, =1I.

Eq. (38) contracted with U, 47 and s A§>3 gives

P<y§>3 — t<y5>3.

q, =q",
Finally, we can compare Eq. (34) with the corresponding Eq. (35)
of [19] and contract with U, U,U;, obtaining

Q= A

So we have obtained that, up to first order

q* CcK
ng=n,p,=p, I, =I,U"=U0" + ,e =e, *=q",
L pL=r L et L q q

P<6y>3(1) - t<5y>3 Q=A.
(39

Now we express the Eckart variables in terms of the Landau-
Lifshitz’s one.
Eq. (36), contracted with itself, gives

q74q 2
n=ny (1 + %) . (40)
c? (eL +pL)

Eq. (36) with (40) gives

« qqua - « qra
vr=|1+ ——— Ue - , (41)
c2(ep +pr) er+rr
that is useful also to find the expression of the projector h%f.
Moreover, as p=nky T, we have

=

1

q(quLl ?
p=npkpT | 1 + ——— | , (42)
2 (ep +pr)

From (40), (41) and (42) we see that the transformation law
between the sets of fundamental variables p, u* and p, in the two
descriptions is not linear. As the definition of the Landau-Lifshitz
in terms of the Eckart variables, widely used in literature, is a
first order approximation we consider appropriate to take a linear
approximation of the transformation laws we find above. In such
way we have

uv*=U0¢% - ———

n=mny, P=rr,
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Eq. (38) contracted with " Yalp and b gives
e=ejp, I =1I; .
Eq. (38) contracted with Uah; and hy’ h‘;>3 gives

4 t<y&>3 — P<V§>3.

Finally, we can compare Eq. (34) with the corresponding Eq. (35)
of [19] and contract with U, U,U, obtaining

A=Q.

It is remarkable that these egs. are the inverse of Egs. (39).

We emphasize that in both cases the above expressions are linear
approximations of the transformation laws between the variables of the
two frames.

5.2. Mapping the tensors between the two approaches

In this section we compare the expressions of the tensors present in
system (13) in the two frames.

We have

mn «
Vi=mn U} - L q; =mn (U"+q—>— nmn ¢“=mnU* =V",

e, +pp e+p e+p

where Egs. (39) have been used, in order to express the quantities in
the Eckart frame. Moreover we have

(pr+ 1) A% 4 Pt =

Slypeyh 4 £ 2 pagh f o + Py 4 <o
c? cZe+p 2e+p

af _ € p
T, _C_zUZUL_

2
=S U U + S0 +(p+ ) b + 59> = T,
c C

where Egs. (39) have been used, in order to express the quantities in
the Eckart frame and the second order terms have been omitted. We
also have
AP = 0y, UUPUY — pc? 9y, APUY)
= p 0o, UUPUT + pc? 0, , n*PUY
3p6pa +200,
(e+p)

2
Ueulg) + pe 012

hlep q}’) ,

where the higher order terms have been omitted. This results shows
that also the equilibrium part of A%?, that is of order 0 in the Landau—
Lifshitz description, produces a first order term when it is converted in
the Eckart variables.

Now we analyse the complete expression of A*%", in order to com-
pare it with the corresponding of Eckart (Eq. (35) of paper [19])

AP =p g, ,UUPUT + ﬁ AUCUPUY + pc? 0, ,n“PUr
C
3 N4 NI
- 2 Ap @y 32 T p@fyn 4
32 D, D, 43
3N

D q(“UfUz)+ %—123' R gn) 4 3CgH <>y
¢ D3 3

where N4, NI, D,, N3, N5, and D, are defined at pag. 8 of paper [3].
We notice the presence of different matrices in the two expressions.

As they are composed by 0s, that are equal in the two frames, we can

see that NI and D, are exactly the same and for this reason we left

the same symbol, while

2

N4=N®, 6 Di= 305 (44)
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By using Egs. (39) and (44) in the expression (34) of A’iﬁ ” and elimi-
nating the second order terms we have

apy agbyr + 3000, (@B ,m @y Pebi @B 1)
AT =p 0, UUPU ———UCUPg +pc? 0,,h*"'U —h q"+
‘ +p +p
200 ]ZU(aUli o L AU UPUY — 3 N ARy — 3N_n 7 K yn
e+p 4ct e D,

N NE
L gevtup + 32 p¢ N5t pan g +3C 1<y |
2(e+p) DL

Se+p DL

Comparing the above equation with (43) we see that the majority of
terms simplify while there remains the terms in U®U’4" and those
in AP g, so they coincide if and only if the following conditions are
satisfied:

3 3
(3pls + 200, 2)D; + T”Nf = SNs(e+p)
45
2 9 2L _3 “
pc 9112D3+ Epc N31 = §N31(3+P)-

The first one of these can be written as

3p 3
T 701

3 (e+p) 015
23p00,+20012) 015 20,4

and this is an identity because the second column is equal to the first
one multiplied by #. This is easy to verify for the first element by

recalling that 1 0, (see Eq. (24)). For the second element we have
to use Egs. (25) for energy and pressure the recursive relation (23),
with A = j = 1. According to the third element we have simply to use
Eq. (23), with =1 and j = 2.

Condition (45), can be written as

3 3
5.062 301 012
5|3e+p 6, 65]=0
5 5 2
5/’02914,2 392,3 592,4

and this is an identity because the second column is equal to the first
one multiplied by % For the first two elements it is possible to follow
the same steps used in the previous matrix, while for the third term we
have to use the recursive relation Eq. (23)5 with j = 2.

There remains the analysis of the right hand sides of (13). Since
Eq. (11) produces I = I* = 0 its linearization will also satisfy this
requirement (the linearized expression of zero is zero). Therefore it is
necessary only to compare the production term 77" in (31); with the
corresponding expression (45) of [19]. Thanks to Egs. (39) and (44) it
becomes
1P -_1 [LAUﬁUV - LZN_AAhﬂV - N_Hﬂhﬁr

T 4

4c4 c2 D, n

L
mn

2(e+ p) D3

U(ﬂ qr) +Cs t<ﬂ}’>3:| .

The above is equal to the corresponding of paper [19] iff

L
p N1 (zﬂ _ %)

20e+p) D3 2 D; 6,)°

By substituting the expression of the matrices involved in the above

expression, by using Egs. (25) for e and p, the recursive formula (16),
with h = j = 1 and (24), it is easy to prove that the above is an identity.

6. Conclusions

In this paper we presented a relativistic moments model for the
description of dissipative polyatomic gases in the Landau-Lifshitz de-
scription. Such frame is fundamental in describing, for example, high
energy phenomena in which the mass of the involved particles is
almost null. The proposed model presents 15 independent equations, as
prescribed by recent results in Rational Extended Thermodynamics [17]
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proving that the choice of the moments number cannot be arbitrary if
we want the model to be consistent from a mathematical and physical
point of view. We found a closure for this model and make a compari-
son with results already present in literature in the Eckart description,
finding that they coincide, at least up to first order with respect to
equilibrium. Finally we show that the production terms obtained in
the Landau-Lifshitz description and based on the Anderson-Witting
collision term coincide, within the approximation we talked about
earlier, with that obtained in the Eckart approach by using the collision
term proposed by Pennisi-Ruggeri in [16] and containing an additional
term proportional to the heat flux.

By incorporating dissipative dynamics into relativistic gas mod-
els, researchers can achieve a more accurate description of transport
phenomena and the non-equilibrium behaviour of gases in extreme
relativistic conditions.

In the future we aim to show that the 14 moments model for rel-
ativistic monatomic gases proposed by Cercignani and Kremer in [15]
is contained in the present one as a singular limit. Moreover we aim to
find the transport coefficients predicted by the present model and make
a comparison with that already present in the literature and obtained
in the Eckart frame in order to evaluate possible difference.

Funding

This research was supported by GNFM/INdAM and National Recov-
ery and Resilience Plan (NRRP)- Project Title eINS Ecosystem of Inno-
vation for Next Generation Sardinia— CUP F53C22000430001 funded
by the European Union-NextGenerationEU, Project Code ECS0000038.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

No data was used for the research described in the article.

References

[1] W. Israel, J.M. Stewart, Transient relativistic thermodynamics and kinetic theory,
Ann. Physics 118 (1979) 341-372.

[2] P. Romatschke, M. Strickland, Collective modes of an anisotropic quark-gluon
plasma, Phys. Rev. D 68 (2003) 036004, http://dx.doi.org/10.1103/PhysRevD.
68.036004.

[3] C. Eckart, The thermodynamics of irreversible processes. III. Relativistic theory
of the simple fluid, Phys. Rev. 58 (1940) 919-924.

[4] 1. Miiller, Zur Ausbreitungsgeschwindigkeit von Storungen in Kontinuierlichen
Medien (Dissertation), TH Aachen, 1966.

[5] W. Israel, Nonstationary irreversible thermodynamics: A causal relativistic
theory, Ann. Physics 100 (1976) 310-331.

[6] D. Jou, G. Lebon, Extended Irreversible Thermodynamics, Springer, 2014.

[7]1 1. Miiller, T. Ruggeri, Rational Extended Thermodynamics, second ed., in:
Springer Tracts in Natural Philosophy, Springer, New York, 1998.

[8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

International Journal of Non-Linear Mechanics 178 (2025) 105154

T. Ruggeri, M. Sugiyama, Classical and Relativistic Rational Extended
Thermodynamics of Gases, Springer, 2022.

G. Boillat, Sur I'existence et la recherche d’equations de conservation supplémen-
taires pour les systéme hyperboliques, C. Rend. Hebd. Seances Acad. Sci. A 278
(1974) 909-912.

T. Ruggeri, A. Strumia, Main field and convex covariant density for quasi-linear
hyperbolic systems: relativistic fluid dynamics, Ann. Inst. H. Poicaré A 34 (1981)
65-84.

L.D. Landau, E.M. Lifshitz, Fluid Mechanics, second ed., Butterworth-Heinemann,
Oxford, 1997.

I.-S. Liu, I. Miiller, T. Ruggeri, Relativistic thermodynamics of gases, Ann. Phys.
169 (1986) 191-219.

P. Danielewicz, M. Gyulassy, Dissipative phenomena in quark-gluon plasmas,
Phys. Rev. D 31 (1985) http://dx.doi.org/10.1103/PhysRevD.31.53.

M.O. Calvao, J.M. Salim, Extended thermodynamics of Friedmann—
Robertson-Walker models in the Landau-Lifshitz frame, Cl. Quantum Grav.
9 (1992) 127-135.

C. Cercignani, G.M. Kremer, Moment closure of the relativistic Anderson and
witting model equation, Phys. A 209 (2001) 192-202.

S. Pennisi, T. Ruggeri, Relativistic extended thermodynamics of rarefied poly-
atomic gas, Ann. Physics 377 (2017) 414-445, http://dx.doi.org/10.1016/j.aop.
2016.12.012.

S. Pennisi, T. Ruggeri, Classical limit of relativistic moments associated with
Boltzmann-chernikov equation: Optimal choice of moments in classical theory, J.
Stat. Phys. 179 (2020) 231-246, http://dx.doi.org/10.1007/5s10955-020-02530-2.
M.C. Carrisi, S. Pennisi, Relativistic extended thermodynamics of polyatomic
gases in the Landau and lifshitz description, Int. J. Non-Linear Mech. 135 (2021)
103756, http://dx.doi.org/10.1016/j.ijnonlinmec.2021.103756.

T. Arima, M.C. Carrisi, S. Pennisi, T. Ruggeri, Relativistic rational extended
thermodynamics of polyatomic gases with a new hierarchy of moments, Entropy
24 (1) (2022).

J.-F. Bourgat, L. Desvillettes, P. Le Tallec, B. Perthame, Microreversible collisions
for polyatomic gases, Eur. J. Mech. B Fluids 13 (1994) 237-254.

M. Pavic, T. Ruggeri, S. Simic, Maximum entropy principle for rarefied
polyatomic gases, Phys. A 392 (2013) 1302-1317.

L. Rezzolla, O. Zanotti, Relativistic Hydrodynamics, Oxford University Press,
Oxford, 2013.

K. Tsumura, T. Kunihiro, First-principle derivation of stable first-order generic-
frame relativistic dissipative hydrodynamics equations from kinetic theory by
renormalization-group method, Progr. Theoret. Phys. 126 (5) (2011) 761-809.
T. Tsumura, T. Kunihiro, K. Ohnishi, Derivation of covariant dissipative fluid
dynamics in the renormalization-group method, Phys. Lett. B 646 (2007)
134-140.

S.R. De Groot, W.A. van Leeuven, Ch.G. van Weert, Relativistic Kinetic Theory.
Principles and Applications, North Holland Publishing Company, 1980.

J.L. Anderson, H.R. Witting, A relativistic relaxation-time for the Boltzmann
equation, Physica 74 (1974) 466-488.

S. Pennisi, T. Ruggeri, A new BGK model for relativistic kinetic theory of
monatomic and polyatomic gases, J. Phys.: Conf. Ser. 1035 (2018) 012005,
http://dx.doi.org/10.1088/1742-6596,/1035/1/012005.

M.C. Carrisi, S. Pennisi, T. Ruggeri, Production terms in relativistic extended
thermodynamics of gas with internal structure via a new BGK model, Ann.
Physics 405 (2019) 298-307, http://dx.doi.org/10.1016/j.a0p.2019.03.025.
M.C. Carrisi, S. Pennisi, Hyperbolicity of a model for polyatomic gases in
relativistic extended thermodynamics, Contin. Mech. Thermodyn. 32 (2020)
1435-1454, http://dx.doi.org/10.1007/s00161-019-00857-0.

M.C. Carrisi, S. Pennisi, T. Ruggeri, Maxwellian iteration of a causal relativistic
model of polyatomic gases and valuation of bulk, shear viscosity and heat
conductivity, Ann. Physics 428 (2021) 168447, http://dx.doi.org/10.1016/j.aop.
2021.168447.

C. Marle, Modéle cinétique pour I’établissement des lois de la chaleur et de la
viscosité en théorie de la relativité, C. R. Acad. Sci. Paris 260 (1965) 6539.

T. Arima, M.C. Carrisi, S. Pennisi, T.T. Ruggeri, Which moments are appropriate
to describe gases with internal structure in rational extended themodynamics,
Int. J. Non-Linear Mech. 137 (2021) 103820.

E.T. Jaynes, Information theory and statistical mechanics, Phys. Rev. 106 (1957)
620, http://dx.doi.org/10.1103/PhysRev.106.620.


http://refhub.elsevier.com/S0020-7462(25)00142-8/sb1
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb1
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb1
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb3
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb3
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb3
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb4
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb4
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb4
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb5
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb5
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb5
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb6
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb7
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb7
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb7
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb8
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb8
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb8
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb9
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb9
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb9
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb9
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb9
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb10
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb10
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb10
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb10
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb10
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb11
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb11
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb11
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb12
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb12
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb12
http://dx.doi.org/10.1103/PhysRevD.31.53
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb14
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb14
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb14
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb14
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb14
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb15
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb15
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb15
http://dx.doi.org/10.1016/j.aop.2016.12.012
http://dx.doi.org/10.1016/j.aop.2016.12.012
http://dx.doi.org/10.1016/j.aop.2016.12.012
http://dx.doi.org/10.1007/s10955-020-02530-2
http://dx.doi.org/10.1016/j.ijnonlinmec.2021.103756
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb19
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb19
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb19
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb19
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb19
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb20
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb20
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb20
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb21
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb21
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb21
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb22
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb22
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb22
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb23
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb23
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb23
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb23
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb23
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb24
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb24
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb24
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb24
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb24
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb25
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb25
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb25
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb26
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb26
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb26
http://dx.doi.org/10.1088/1742-6596/1035/1/012005
http://dx.doi.org/10.1016/j.aop.2019.03.025
http://dx.doi.org/10.1007/s00161-019-00857-0
http://dx.doi.org/10.1016/j.aop.2021.168447
http://dx.doi.org/10.1016/j.aop.2021.168447
http://dx.doi.org/10.1016/j.aop.2021.168447
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb31
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb31
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb31
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb32
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb32
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb32
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb32
http://refhub.elsevier.com/S0020-7462(25)00142-8/sb32
http://dx.doi.org/10.1103/PhysRev.106.620

	Dissipative relativistic extended thermodynamics of polyatomic gases in the Landau–Lifshitz description
	Introduction
	Relativistic Rational Extended Thermodynamics
	Eckart and Landau–Lifshitz frame
	A 15 moments model for polyatomic gas in the Landau–Lifshitz description
	Distribution function and moments at equilibrium
	Non equilibrium distribution function and closure of the 15 moments model

	Comparison of the closures obtained with the two approaches
	The transformation law between the sets of variables in the two descriptions
	Mapping the tensors between the two approaches

	Conclusions
	Funding
	Declaration of competing interest
	Data availability
	References


