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GustavKirchhoffhasbeencredited,amongmanyotherrenownedachievements,asthefirstscientistwhotackledand
solvedtheproblemofstudyingthetransversalvibrationsofbeamswithvariablecross-section.Hiscontribution,which
waspresentedin1879andpublishedinthefollowingyear,isnowadaysalmostforgottenintheinternationalscientific
community,withtheonlyexceptionoftheGerman-speakingcountries.Forthisreasonitisrediscoveredandthoroughly
discussedhere,withanexegeticalapproach.Forcompleteness’sakeanunabridgedtranslationintoEnglish(thefirstone,
tothebestoftheauthors’knowledge)isprovidedintheappendixfortheinterestedreaders.
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1 Introduction1

TheoutspreadingoftheidealsoftheAgeofEnlightenmentandtheoutbreakofFrenchrevolutionproducedintheworld,2

amongmanyothereffects,thedeclineofLatinlanguageasthelinguafrancaofscientificcommunication,asithasbeenfor3

centuriesbefore1.AsaconsequencethelanguageusedbyG.W.Leibniz,I.Newton,D.Bernoulli,L.Eulerintheworldof4

Mechanicswassuddenlysupersededbynationallanguages,sothataround1830aFrenchMechanicianlikeAugustin-Louis5

Cauchy(1789–1857)waspublishinghisresearchesinFrench,whileinthemeantimetheItalianGabrioPiola(1794–1850)6

publishedhisinItalian(see,e.g.[10],[11],[12],[13])andtheGermanFriedrichW.Bessel(1784–1846)usedGerman7

forhis;themostnoticeableexceptionbeingCarlFriedrichGauss(1777–1855),whostillusedtopublishinLatinupto8

1832.Itisimportanttoremarkthattheuseofdifferentlanguagesdidnotblockthespreadingoftheresearchworknor9

preventatallfruitfuldiscussionsbetweenthesescientists:hence,theexistenceintheXIXcenturyofamulti-lingual10

internationalcommunityofmechanicians,wherenosinglelanguagewasprevailingontheotherones,hastobeseenasa11

happyoccurrenceinthehistoryofscience.Adifferenttrendtookplaceinsteadinthelast70years,namelyaftertheendof12

WWII,sinceEnglishincreasinglybecamethedefactostandardlanguageforscientificcommunication,thusbringingtoa13

rapidfadingofallotherforeignlanguagesforexchangingresearchresults.Asaconsequencemanyimportantcornerstones14

ofMechanicswereforgottensimplybecausetheywerewritteninadifferentlanguageandEnglishtranslationswerenot15

available2.16

ThisispreciselywhathashappenedtotheMemoirthatGustavKirchhoffdevotedtothetransversalvibrationsof17

variable-sectionbeams,whichstartedafruitfulresearchveinduringthelasttwentyyearsoftheXIXandintheXX18

century:nowadaysitis,wrongly,overlooked.Forpreciselythepurposeofrevivingthisimportantresearchwork,ithas19

∗Correspondingauthor,e-mail:antonio.cazzani@unica.it,Phone:+39–070–6755420,Fax:+39–070–6755418.
∗∗e-mail:rosati@unina.it,Phone:+39–081–7683723,Fax:+39–081–7683332.
∗∗∗e-mail:peter.ruge@tu-dresden.de
1Theconsequencesofthelossofacommonlanguageforsciencehasalwaysproducedremarkableeffects:foradetaileddiscussionofthispoint,see

theoutstandingbookbyL.Russo[56].
2See,amongmanyothers,[17],whereanannotatedtranslationofHellinger’sencyclopedicarticle(originallypublishedinGerman)appeared.

ThereinRusso’stheorycontradictingalineargrowthofknowledgeandtheeffectsofmissingalinguafrancaisalsodiscussed.
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beentranslatedintoEnglishanditishereproposedagainalongwithacommentaryandcompleteanalysisoftheprocedure20

whichKirchhofffollowedinhiswayofexposingtherelevanttheory.21

Thetheoryoftransversalvibrationofuniformbeams,whichhadbeendevelopedasaresultoftheresearchesstarted22

byDanielBernoulli(1700–1782)andLeonhardEuler(1707–1783),hadalreadyreachedarathercompletedevelopmentat23

Kirchhoff’stime.Forinstance,intheframeworkoflinearelasticbehavior,experimentalresultshadbeenalreadyestab-24

lished,exploitinganacousticbackground,byErnstF.Chladni(1756–1827)[8]in1830.Bytheyear1858areasonably25

completeunderstandingofthevibrationmodesofauniformbeamfordifferentboundaryconditionswerealreadyavailable26

sinceJosephStefan(1835–1893),whoismostlyfamousnowadaysfortheStefan-Boltzmannlawofradiation,published27

hispaperOnthetransversalvibrationsofanelasticbeam,[61].28

Thetopicoftheessayisthestudyoftransversalvibrationsofatapered(variablecross-section)cantileverbeaminthe29

verticalplanecontainingthebeamaxis(z)andoneoftheprincipalinertiaaxis(x)ofeachcross-section.First,thegeneral30

caseisgivenasolution;subsequentlyattentionisfocusedonbeamshavingtheshapeoflinearlyvaryingwedgesandcones.31

Inparticular,Kirchhoff’saimwastoprovidethecomputationofthefundamentalfrequency(tone)andofthemaximum32

deflectionatthefreeend,undertheconditionthatthemaximumelasticstrainisnotexceededanywherealongthebeam;33

solutionswerethencomparedtothecaseofauniformbeam.34

Therestofthepaperisorganizedasfollows:inSection2abriefsketchofKirchhoff’slifeandhisachievements35

inMechanicsareoutlined;then,inSection3adetailedanalysisofKirchhoff’sprocedureispresentedandcommented36

upon.Section4givessomedetailsaboutKirchhoff’slegacyinthetheoryoftransversalvibrationsoftaperedbeams.In37

AppendixAsomeinformationaboutthedifferentversionsofthismemoirandtheiravailabilityisgiven,aswellassome38

translationnotes.Finally,theEnglishtranslationoftheunabridgedessayisgiveninAppendixB.39

2 Kirchhoff’slifeandcontributiontoMechanics40

AshortresuméofKirchhoff’slife,givinganessentialviewofthemostimportantachievements,ispresentedhere;the41

interestedreadercanfindamoredetaileddescriptioninthecommemorativememoirofRobertvonHelmholtz(1862–42

1889)[67],theeldestsonofHermannHelmholtzandofhissecondwifeAnnavonMohl(1834–1899). AnEnglish43

translationofthisarticleisalsoavailable[68].MorespecificaldescriptionsofKirchhoff’scontributiontoseveralbranches44

ofPhysics,mostlyspectroscopy,canbefoundin[70],[19],[58],[62],[9].45

2.1 Kirchhoff’slife46

GustavRobertKirchhoffwasbornonMarch12,1824inKönigsberg,EasternPrussia(nowKaliningrad,Russia),theson47

ofFriedrichKirchhoff,alawcouncilor,andofJohannaHenrietteWittke.48

In1843heenteredAlbertusUniversityofKönigsberg,whichhadbeenfoundedin1544:CarlGustavJ.Jacobi(1804–49

1851),FranzE.Neumann(1798–1895)andFriedrichJ.Richelot(1808–1875),ofwhomhemarriedthedaughterClarain50

1857,werehisteachers.HegraduatedfromtheUniversityin1847withresearchesonelectricalcurrent,(Kirchhoff’slaws)51

extendingOhm’swork;itisremarkablethatbeforegraduatinghehadtwopapers,namely[25],[26]—whichhesigned52

asStudiosus(i.e.Student)Kirchhoff—publishedonthehighlyrenownedjournalAnnalenderPhysik,whichduringyears53

1824–1876wasalsoknownasPoggendorffsAnnalen,fromthenameoftheEditor-in-chief.54

In1848,beingimpossibleforhimtoreachParisforenjoyingaresearchgrantduetothepoliticalturmoilsofthatyear,55

hejoinedBerlinUniversityasaPrivatdocent(unpaidpost);in1850hewasappointedasanadjunctprofessoratUniversity56

ofBreslau(nowWrocław,Poland);inthesameyearKirchhoffpublishedhispaperOntheequilibriumandmotionofan57

elasticdisc[27],whichisafundamentalcontributiontothetheoryofthinplates,followingthepioneeringworksbySophie58

Germain(1776–1831),Simeón-DenisPoisson(1781–1840)andClaude-HenriNavier(1785–1836);itwasindeedinthis59

paperthatKirchhoffgave,forthefirsttime,thecorrectformofboundaryconditions.60

In1854hewasappointedprofessorofPhysicsattheUniversityofHeidelberg,withthesupportofRobertW.Bunsen61

(1811–1899),whomhehadalreadymetinBreslauin1852,andHermannHelmholtz(1821–1894).ThereBunsenand62

Kirchhoffbegantocooperateonspectroscopyandin1860theycoauthoredthefirstpaperofaseriesaboutChemical63

analysisthroughspectralobservations[40].In1861togethertheydiscoveredcaesium(Cs)andrubidium(Rb)while64

studyingthechemicalcompositionoftheSunviaitsspectralsignature.Fortheirachievementsinspectroscopytheywere65

thefirstrecipientsin1877oftheDavymedalpresentedbytheRoyalSocietyofLondon.66

AfterthedeathofhiswifeClarain1869,Kirchhoffwasleftwithfourchildrenandmarriedthreeyearslaterasecond67

time. HisnewwifewasLuiseBrömmel,amatronoftheuniversityhospital.In1875,duetoserioushealthproblems68

producedbyafallonthestaircase,whichcompelledhimforalongtimetomoveonlywithcrutchesorinawheelchair,and69

madehardforhimthelifeinalaboratory,heacceptedthenewlycreatedchairofTheoreticalPhysicsattheUniversityof70

BerlinandbegantowriteLecturesonMathematicalPhysicsin4volumes.Onlythefirstofthem,Mechanics[33],appeared71
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duringhislife;theotherthree,wereposthumouslyeditedbyKurtHensel(MathematicalOptics[41])andbyMaxPlanck72

(ElectricityandMagnetism[42];TheoryofHeat[43]).73

OnOctober29,1879attheRoyalPrussianAcademyofSciencesinBerlinhepresentedthepaperOnthetransversal74

vibrationsofabeamofvariablecross-section[34],wheretheproblemofflexuralvibrationsofnonuniformbeamswas75

addressedandsolvedforthefirsttime.76

a)

b)

c)

Fig.1 (a)Aphotographic

portrait of Gustav Robert

Kirchhoffinhislateyears.

Imagetakenfrom[37]. The

sameportraitappearsintwo

commemorativestampsissued

in1974ontheoccasionof

the 150-th anniversary of

Kirchhoff’sbirth:(b)Stamp

issued by the Bundespost

Berlin;(c)Stampissuedby

theDDRmail.

In1883–1884GustavKirchhoffwasRectoroftheUniversityofBerlin;hediedinBerlinonOctober17,1887andwas77

buriedinAlterSt.-MatthäusgraveyardinBerlin-Schöneberg.Hisgraveisstillstanding.78

AportraitofKirchhoffinhislateyears,reproducedherefrom[37](thesameimageappearsalsoin[41]),isshown79

inFigure1(a).Tocelebratethe150-thanniversaryofKirchhoff’sbirth,acommemorativestampwasissuedin1974by80

bothmailservicesofthetwothenexisting(beforere-unification)Germanstates,FederalRepublicofGermany(BRD)and81

GermanDemocraticRepublic(DDR);theyareshowninFigure1(b)andFigure1(c),respectively.82

2.2 Kirchhoff’sscientificcontributions83

AccordingtotheCatalogueofscientificpaperseditedbytheRoyalSocietyofLondon[59](seevols.1,3,8,10,16),84

duringhislifeKirchhoffauthored64different3papers,7ofthemincooperation:fourwithRobertBunsenandthreewith85

GustavHansemann.86

InhisCollectedessays[37],whichwereeditedbyhimselfduringthelastperiodofhislifeandappearedin1882,only87

38contributionsarelisted;intheSupplement[5],whichwaseditedbyLudwigBoltzmannafterKirchhoff’sdeath,andwas88

printedin1891,9morecontributionsarereported.89

InthewholescientificproductionofKirchhoff,papersdealingwithsolidandstructuralmechanicsformarelativelysmall90

group,butsomeofthemplayedanimportantroleinshapinganddevelopingbothdisciplinesofTheoryofElasticityand91

StrengthofMaterials.Intheirmonumentalwork,TodhunterandPearson[65]devoted69pagestoKirchhoff,presentingan92

accountof16ofhisworks(amongthemtheyreviewed[27],[28],[29],[30],[33],[41],[34],[38],[39]).Thepaperwhich93

isheretakenintoconsiderationhasbeencarefullyaddressedbytheminArt.1302–1307(see[65],pages92–98).94

3Emphasishastobeplacedontheworddifferentsince(already)inthosedaysitwasrathercommontopublishthesamepapermorethanonce,
eventuallyinabridgedform,forinstanceinajournalandintheproceedingsofsomeAcademyofSciences,toensureabetterspreadingoftheresearch
results.
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3 AdetailedanalysisofKirchhoff’ssolution95

Tomotivatehisresearchontaperedbeams,Kirchhoffwrote,atthebeginningofthepaper(see[34]or[35])thesesentences96

(heretranslatedintoEnglish):“Thetransversalvibrationsofcylindricalbeamsaretheoreticallyandexperimentallytreated97

indetail;thevibrationsofabeamwhosecross-sectionisvariablearenothowever,uptonow,morecloselyinvestigated,98

eventhough,besidesthemathematicalinterestwhichtheydeserve,theypossessinthisrespectapracticalone,too,because99

forabeamwhichoscillateswithafreeend,theamplitudeofvibrationofthisendcanbemuchlarger,withoutexceeding100

theelasticitylimit,whentowardthisendthebeamistapered,thanwhenthecross-sectioniseverywherethesame.”101

Thescopeoftheworkisalsoclearlydefinedinthefollowingsentence:“Thefollowingconsiderationsarereferredtoa102

beamwhichformsaprismoraconewithanextremelysmallangle,withtheedgeorthesharptipatthefreeend.”103

Startingfromtheseassumptionstheanalysisiscarriedoutcarefully.Ontheotherhand,fromthisbeginningthereader104

canrealizehowKirchhoff’schoiceofwordsispreciseandhowthestructureofthespeechisfullydeveloped,whilepreserv-105

inganadmirableclearstyle.Thisisoutlined,intheabovementionedcommemorationbyRobertvonHelmholtz[67]–[68],106

whereitisexplicitlywritten:“Thewordsstandasifhewninstone,eachoneatitsplace,thelogicalcomprehensionof107

eachdulyconsidered;wefindherecondensedintoafewlineswhatwouldhavetakenotherspagestodescribe;onlywhen108

theexistingwordsseemednotpreciseenough,heusescircumlocutionsanddefinitions,andthatmostlyinmathematical109

language.”110

Thesolutionofthevibrationproblemfortaperedbeams,asfirstobtainedbyKirchhoff,willbeanalyzedindetailand111

commenteduponwherenecessary.Figure2shouldallowthereadertofollowwithoutdifficultiesthedevelopment;in112

particularaCartesianreferencesystemisadopted;thez-axiscoincideswiththebeamaxis,connectingthecentroidofall113

cross-sections;xandyaretheprincipalaxesofinertia,andvibrationsareassumedtooccurinthex-zplane.Theoriginis114

locatedatthefreeendofthebeam,whiletheoppositeoneisfixedi.e.clamped,sothatacantileverbeamisobtained.Ithas115

toberemarkedthat,fortheparticularcasesconsideredbyKirchhoff,theorientationofthereferencesystemisoptimalfor116

imposingtheboundaryconditions,whilethisisnomoretrue,ingeneral,iftaperedbeamshavingtheshapeofafrustumor117

ofanotherwisetruncatedsolidneedtobestudied.

2
a
0

2b0

y

z

x

118

Fig.2 PerspectivesketchillustratingthegeneralcaseoftaperedbeamsanalyzedbyKirchhoff:hereabeamwithanhyperelliptical
cross-sectionanddifferenttapersinthex-zandy-zplanesisshown.TheadoptedCartesianreferencesystemisclearlymarked.

Afterdefiningtheareaqandthesecondareamomentkwithrespecttoyofagenericcross-sectionofthebeam,119

see,e.g.,eq.(B.1),Kirchhoffintroduces(denotingbyξ,µandEtransversaldisplacement,density,andYoung’smodulus,120

respectively)kinetic,eq.(B.2),andpotentialenergy,eq.(B.3),andsuggeststhattheequationofmotioncouldbededucedby121

Hamilton’sprinciple.ClearlyKirchhoffconsidersvariationalprinciplesasabasictoolinMechanics,followingthetradition122

settledbyLagrangeandrecognizestheirimportancewhenexploringnewfieldsinmechanics:see,e.g.,[2],[7],[14].123

Thegoverningequation(B.4)isthenprovided,withoutanydeductionbutbytakingitfromLordRayleigh’srefer-124

ence[63],alongwiththerelevantboundaryconditions4.Inparticular,consideringthatδisusedasthesymbolofvariation,125

heoutlinesthatforafixedendorforafreeendeithershearforceordeflectionmustvanish,aswellaseitherbending126

momentorslopeneedstobezero:thisisshownineq.(B.5)(forthegeneralcase)andineq.(B.8)whenvariableshave127

beenseparatedtosolvetheequationofmotionforstudyingthetransversaloscillations.128

3.1 Theanalyzedproblem,generalcase129

Afterpresentingtheequationofmotion,apartialdifferentialone,Kirchhoffproceedstosolveitbyseparationofvariables130

andassumingthatthetaperedbeamisvibratingaccordingtothefundamentalfrequency:theneq.(B.6)holds,theangular131

4IthastoberemarkedthattheideaexploitedbyLordRayleightoobtaintheequation,whichwaslaterstudiedbyKirchhoff,hasbeenusedmany
timestogetGeneralizedBeamTheories;amongmanyothers,seethesepapers:[16],[18],[22],[48],[55],[57],[64].
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frequencyλbeingaconstantandu(vibrationmode)dependingonlyonz.Theresultingordinarydifferentialequation132

(ODE)tobesolvedisthengivenbyeq.(B.7);thenhedevisesamethodforsolvingitbyadoptingapowerseriesexpansion.133

3.1.1 Statementoftheproblemforthegeneralcase134

Forthegeneralcase(seealso[65],page93,or[69],Figure1)itisassumedthatthecontourofthecross-sectionisdescribed135

byananimplicitfunctionχofbothcoordinatesxandy:136

χ(x,y)=0, (3.1)

andmoreoverthatthefollowinglawsofvariationofthecross-sectionaregiven:137

x=zmf1(ϑ), y=znf2(ϑ), (3.2)

wheremandnare,ingeneral,realconstantvalues(eventhoughKirchhoffinthepresentedapplicationsconsidersonly138

thecasewherem,n∈N),f1,f2aregivenfunctionsofavariableϑ,whichisindependentofz.139

Asanexample,fordrawingFigure2ithasbeenassumedthattheboundaryofthegenericcross-sectionisdefinedby140

thisequation:141

χ(x,y)=
x

a

4

+
y

b

4

−1=0, (3.3)

wherethemaximumextensionsaandbofthecross-section,inthexandydirectionsrespectively,aregovernedbythese142

taperrules:143

a=a0
z

l

3/2

, b=b0
z

l

1/3

. (3.4)

Sothebeam,whichhasbeenassumedtohavealengthl=160andatransversalcross-sectiondefinedbyafourth-order144

Lamécurve(ahyperellipse)withsemi-diametersa0=10,b0=5,(thesevaluesarereferredtotheclampedendofthe145

beam)presentsdifferenttapersinthex-z(m =3/2)andinthey-z(n=1/3)planes.Thecontourcurve(3.1)ofthe146

cross-sectionisrepresented,inthisparticularcase,bythehyperellipseeq.(3.3),whoseparametricequationsaresimply:147

x(ϑ)=±a(cosϑ)
1
2, y(ϑ)=±b(sinϑ)

1
2, 0≤ϑ<

π

2
. (3.5)

Thus,takingintoaccountthetaperlaws(3.4),itispossibletoarriveatthisexplicitformofthetwoequations(3.2):148

x=±zm
a0
lm
(cosϑ)

1
2; y=±zn

b0
ln
(sinϑ)

1
2, (3.6)

implyingthatx/zm andy/znaregivenfunctionsofthesectionboundary,namely149

x

zm
=f1(ϑ);

y

zn
=f2(ϑ); f1(ϑ)=±

a0
lm
(cosϑ)

1
2; f2(ϑ)=±

b0
ln
(sinϑ)

1
2. (3.7)

ThatispreciselywhatKirchhoffmeansinanextremelyconcisewayinhisoriginalstatementandintheresultingeq.(B.9).150

Next,denotingbyqandkthevaluesofthecross-sectionareaandsecondareamomentcorrespondingtoz=1,and151

consideringthattheformerdependslinearlyonbothxandy,whilethelatterdependscubicallyonxandlinearlyony,152

Kirchhoffsucceedsinprovidingtheexpressionsofqandkforanycross-section,seeeq.(B.10),asfunctionsofq,kand153

zalone.Accordingly,thegoverningODEbecomeseq.(B.11);aftertherequireddifferentiationsandsomerearrangements154

areperformed,itreads:155

z2m
d4u

dz4
+2(3m+n)z2m−1

d3u

dz3
+(3m+n)(3m+n−1)z2m−2

d2u

dz2
=α2λ2u, (3.8)

wherethefollowingshort-handnotationhasbeenintroduced:156

α=
qµ

kE
. (3.9)
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6 A.Cazzani,L.Rosati,andP.Ruge:ThecontributionofKirchhofftothedynamicsoftaperedbeams

ThesolutionmethodadoptedbyKirchhoffisthefollowing:asolution(integral)ofthepreviousODEissoughtunderthe157

formofaseriesexpansion,bysetting:158

u=
∞

r=0

Arz
h+r, (3.10)

(where,ingeneral,h∈R)andsubstitutingineq.(3.8)toobtainanidentity,sothat,whenbothsidesofitaremultipliedby159

z4−2m,itresults:160

zh
∞

r=0

(gArz
r−α2λ2Arz

r+4−2m)=0, (3.11)

wherethefollowingshort-handnotationhasbeenintroduced:161

g=(h+r)(h+r−1)[(h+r−2)(h+r−3)+2(h+r−2)(3m+n)+(3m+n)(3m+n−1)].(3.12)

Inordertosatisfyeq.(3.11)asanidentity,itappearsthatrhastobeanintegermultipleof4−2m,sayr=s(4−2m),162

(s=0,1,...,∞)sothateq.(3.10)canbereplacedbyeq.(B.12);thenfors=0thefourth-orderalgebraicequationg=0,163

thesocalledindicialequation,hastobesolvedforh,asshownbyeq.(B.13),providingthefourrootsh1=0;h2=1;164

h3=2−3m−n;andh4=3−3m−n.Finally,byassumingA0=A,thecoefficientsA1,A2,etc.ofthepowerexpansion165

(B.12)areobtainedrecursivelybyplacings=1,s=2,andsoon(i.e.r=1(4−2m),r=2(4−2m),...)intoeq.(3.12)166

andthenequatingthecoefficientsofthesamepowersofzineq.(3.11):theresultsforthefirsttwotermsarepresentedin167

eq.(B.14)andeq.(B.15).AfterthatKirchhoffstatesthatthegeneralintegraloftheODE(B.11)isobtainedbychoosingh168

asoneofthefourroots(h1,h2,h3,h4)oftheindicialequation,selectingforanyhdefinedinthiswayadifferentvaluefor169

thecoefficientAandthensumminguptheresults,thecompleteexpressionofuisobtained.170

3.1.2 Propertiesofthesolution171

Kirchhoffthenanalyzesthesolutionand,withoutexpandingfurthertheresults,makesthefollowingclarifyingstatements172

•Theconvergentseriesrepresentinguproceedsbyincreasingpowersofzifm< 2,bydecreasingpowersofzif173

m>2;174

•Inthelimitingcasem=2thesolutionisobtainedbythesumofthe4valuesthatexpression(B.16)takeswhenhis175

chosenasoneofthefourrootsh1,h2,h3,h4oftheresultingindicialequation:g=α
2λ2,wheregiscomputedfor176

m=2,asshownbyeq.(B.17),andAisgivenadifferentvalueforeachvalueofh;177

•Incaseswhentwoofthegivenvaluesofhcoincide,orwhenoneofthefactorsofA1,A2disappears,thegivenform178

ofthegeneralintegrallosesitsvalidity.Thecorrectsolutionisthenobtainedbyasumofpowerserieswhicharepartly179

multipliedbylnz.Thecoefficientsarethendeterminedbythesameprocedure.180

Asaconsequence,onlyoneofthetwoconstantsgoverningthebeamtaper,namelym,whichcontrolsthecross-section181

variationintheplaneofvibration,i.e.inthex-zplane,doesactuallyinfluencethepowerseriessolution.182

Remark1.183

TheoutlinedsolutionmethodpracticallycoincideswithwhatnowadaysisknownasFrobenius’method(seeforin-184

stance[23],[24],[6]),whichisanimprovementofatechniqueoriginallydevelopedbyCarlG.Neumann(1832–1925)185

forfindingthesolutionsofBessel’sequation[51].FerdinandGeorgFrobenius(1849–1917)[21]hadalreadypublished186

(in1873)hisfundamentalpaperinawell-knownjournal(JournalfürdiereineundangewandteMathematik=Journalfor187

pureandappliedMathematics)5.Kirchhoffhimselfhadalreadyorwouldstillhavepublishedsomecontributions(likefor188

instance[27],[29],[31],[32]or[36])onthesamejournal,butinexplicablyhedoesnotmakeanyreferencetotheworkof189

Frobenius.190

3.2 Theanalyzedproblem,particularcases191

Giventhegeneralsolution,Kirchhoffstudiesnexttwoparticularcases,namelythelinearly-varyingwedge(m=1and192

n=0)andthelinearly-varyingcone(m=n=1),seeFigure3.193

5ItisalsoknownasCrellesJournalfromAugustLeopoldCrelle(1780–1855)whofoundedthejournalin1826inBerlinandwasthejournal’sfirst
editoruntilhisdeath.
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2
a
0

2b0

y

z

x

2
a
0

2b0

y

z

x

a) b)

Fig.3ParticularcasesoftaperedbeamsanalyzedbyKirchhoff.(a):Rectangularcross-sectionandwedge-shapedtaperedbeam(m=1,
n=0),i.e.lineartaperinthexdirectionandnotaperintheydirection.(b):Circularor,moregenerally,ellipticalcross-sectionand
cone-shapedtaperedbeam(m=n=1),correspondingtoalineartaperinbothxandydirections.

Forthesetwoconsideredcasesheobservesthatthefourth-orderODEcanbereducedtotwosecond-orderODEs,and194

preciselytosomeparticulardifferentialequationswhoseintegralareBesselfunctionswithrealorimaginaryargument.195

Thisisaconvincingproofofhisextraordinaryabilityasanappliedmathematician,asalreadyoutlinedbyHelmholtz[68],196

butontheotherhand,hiswayofproceeding,eventhoughleadshimtothecorrectresult,isneverthelessratherhermetic197

andobscure,asithasbeennoticedbyTodhunterandPearson(see[65],page39:“...itmustbeconfessedthatKirchhoff’s198

methodsseem,atleasttotheEditorofthepresentwork,frequentlyobscureandoccasionallywantinginstrictness...”).199

3.3 Firstparticularcase:wedgeshapedbeamwithrectangularcross-section200

Forthecasem =1andn=0(seeFigure3(a)andeq.(B.18),i.e.taperedbeamwithrectangularcross-section)the201

ODE(B.11)canbewrittenaseq.(B.19),whichmaybefurtherexpandedasfollows202

1

z

d

dz
z2
d

dz

1

z

d

dz
z2
du

dz
=
1

z

d

dz
z2
d

dz

1

z

d

dz
z2
d

dz
(u)=α2λ2u, (3.13)

whichisequivalenttoeq.(B.20),whenposition(3.9)isrecalled.ThenKirchhoffshowsthateq.(3.13)issatisfiedbyeither203

ofthealternativesshownineq.(B.21)andeq.(B.22),namely204

1

z

d

dz
z2
du

dz
=±uαλ, (3.14)

which,withthesubstitution205

ζ=zαλ, (3.15)

seeeq.(B.23),splitsintothefollowingtwoODEs:206

ζ
d2u

dζ2
+2
du

dζ
+u=0; (3.16)

ζ
d2u

dζ2
+2
du

dζ
−u=0, (3.17)

correspondingtoeq.(B.25)andeq.(B.24)respectively.207

Remark2.208

HowKirchhoffcouldarriveatthisresultisnotcompletelyclear,butcouldbesomehowexplainedbyexploitingthefollow-209

ingsemi-inverseapproach.Introducingthelineardifferentialoperator210

Dz=
1

z

d

dz
z2
d

dz
,

onecantentativelyset211

Dz(u)=±αλu. (3.18)
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Hence,afurtherapplicationofthepreviousdefinitionyields212

D2z(u)=α
2λ2u, (3.19)

thatisamoreconcisewayofexpressingeq.(3.13).213

Ontheotherhand,TodhunterandPearson(see[65],footnotetopage94)suggestthatbythechangeofvariablez=1/z214

eq.(3.14)becomes215

d2u

dz2
=±
β2u

z3
, β2=αλ

aparticularcaseofRiccati’sequationwhichmaybesolvedbyBessel’sfunctions,asshowninForsyth(see[20],§111).216

Finally,inapaperbearingthesametitleasKirchhoff’soneandpublishedin1973,Vdovǐc[66]wasabletoreconstructall217

thisprocedureandshowedthecorrectnessofthepresentedresultsbymakinguseofoperatorcalculus.218

3.3.1 Solutionmethod219

Inordertosolvetheseequations,namelyeq.(3.16)andeq.(3.17),Kirchhoffnoticedthatifoneknowsasolution,sayψ,220

ofthefollowingODE:221

ζ
d2ψ

dζ2
+
dψ

dζ
+ψ=0, (3.20)

seeeq.(B.27),thenthe(p−1)-thderivativeofthisfunctionψ,w=dp−1ψ/dζp−1,satisfiesthefollowingequation,222

ζ
d2w

dζ2
+p
dw

dζ
+w=0, (3.21)

foranyp∈N+.Inparticular,eq.(3.16)isaparticularcaseofeq.(3.21)forp=2:thismeansthatu=dψ/dζisasolution223

ofeq.(3.16).Similarconsiderationsapplytoeq.(3.17):ifasolution,e.g.ϕ,isknownfortheODE:224

ζ
d2ϕ

dζ2
+
dϕ

dζ
−ϕ=0, (3.22)

seeeq.(B.26),thenitsfirstderivative,u=dϕ/dζisasolutionofeq.(3.17),aswellas,∀p∈N+,its(p−1)-thderivative,225

w=dp−1ϕ/dζp−1satisfiesthegeneralODE:226

ζ
d2w

dζ2
+p
dw

dζ
−w=0. (3.23)

Noticethateq.(3.20)becomesaparticularcaseofthefollowingODE:227

d2ψ

dζ2
+
1−2a

ζ

dψ

dζ
+ (bcζc−1)2+

a2−ν2c2

ζ2
ψ=0 (3.24)

byassuminga=0,b=2,c=1/2,ν=0.AccordingtovonLommel[46](seealso[72],[24]),thepreviousODEcanbe228

transformed,byachangeofbothdependentandindependentvariablesofthiskind:ψ=vζa;t=ζcintothesimplerone:229

t2
d2v

dt2
+t
dv

dt
+ b2t2−ν2 v=0, (3.25)

whichisBessel’sequationintheargumentbt.ThegeneralintegralofthepreviousODEisalinearcombinationoftwo230

independentsolutions:231

v=C1Jν(bt)+C2Yν(bt), (3.26)

whereC1,C2areconstants,whileJνandYνareBesselfunctionsofthefirstandsecondkindoforderν,respectively.For232

everyvalueofνbothJνandYνarelinearlyindependentsolutionsofBessel’sequation(3.25).Thesamegeneralintegral233

ofeq.(3.24),whenexpressedintheoriginalindependentvariablebecomes:234

ψ=ζa[C1Jν(bζ
c)+C2Yν(bζ

c)]. (3.27)
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InthisrespectweremindthatthestandarddefinitionofBesselfunctionsofthefirstkindoforderνexpressedasaseries235

intheargumentz,withz∈Cis(see,forinstance,[1],[44],[60]):236

Jν(z)=
∞

r=0

(−1)r

r!Γ(ν+r+1)

z

2

2r+ν

, (3.28)

whereΓisEuler’sgammafunction.Similarly,Besselfunctionsofthesecondkind(alsoknownasNeumannorWeber237

functions)oforderνhavethisseriesrepresentationintheargumentzwhenν∈N(see,e.g.[24],[44],[60]):238

Yν(z)=
2

π
ln
z

2
+γJν(z)−

1

π

ν−1

r=0

(ν−r−1)!

r!

z

2

2r−ν

−
1

π

∞

r=0

(−1)r
Φ(r)+Φ(ν+r)

r!(ν+r)!

z

2

2r+ν

, (3.29)

where239

γ= lim
r→∞

1+
1

2
+
1

3
+···+

1

r
−lnr =0.5772156... (3.30)

istheEuler-MascheroniconstantandΦcorrespondstotheharmonicseriesdefinedas:240

Φ(r)=1+
1

2
+
1

3
+···+

1

r
; Φ(0)=0. (3.31)

Asaconsequence,thecompletesolutionofeq.(3.20)isgivenby:241

ψ= C1J0(2 ζ)+C2Y0(2 ζ)=C1ψ1+C2ψ2. (3.32)

ItshouldbenoticedthatKirchhoffdoesnotuseacompactnotationlikethatpresentedineq.(3.28)andeq.(3.29),but242

providesthefirstfewtermsoftheseries;inparticular,seeeq.(B.29),whathecallsψ,issimplyψ1=J0(2
√
ζ),while243

insteadofψ2=Y0(2
√
ζ),heusesadifferentsolution,whichisdenotedbyψ.Indeedeq.(B.31)comesouttobealinear244

combinationofJ0(2
√
ζ)andY0(2

√
ζ)and,beingsuch,itisagainanindependentsolutionofeq.(3.20). Asitcanbe245

checked,itturnsouttobe:246

ψ=
π

2
Y0(2 ζ)−2γJ0(2 ζ).

Remark3.247

IthastobeoutlinedthatthroughoutthepaperKirchhoffusesaprimetodenoteadifferentfunction,andnotthefirst248

derivativeofthegivenfunctionwithrespecttotheindependentvariable.249

Similarlytowhathasbeendoneineqs.(3.24)–(3.27)forthesamesuitablevaluesofconstantparametersa=0,b=2,250

c=1/2,ν=0,eq.(3.22)becomesaparticularcaseofanODElikethis:251

d2ϕ

dζ2
+
1−2a

ζ

dϕ

dζ
− (bcζc−1)2+

ν2c2−a2

ζ2
ϕ=0 (3.33)

whichcanbetransformedagain(see[24]),bychangingbothdependentandindependentvariablesinthisway:ϕ=vζa;252

τ=ζc,intothisODE:253

τ2
d2v

dτ2
+τ
dv

dτ
− b2τ2+ν2 v=0, (3.34)

whichisthemodifiedBesselequationintheargumentbτ.254

Copyrightlinewillbeprovidedbythepublisher

Page 9 of 31

Wiley-VCH

ZAMM - Zeitschrift fuer Angewandte Mathematik und Mechanik



For 
Peer 

Revie
w

10 A.Cazzani,L.Rosati,andP.Ruge:ThecontributionofKirchhofftothedynamicsoftaperedbeams

Remark4.255

ThemodifiedBesselequationcanbeobtained,asasimplecheckconfirms,bysubstitutingineq.(3.25)t→ iτ,i.e.by256

changingtherealvariabletwiththepurelyimaginaryoneiτ;herei=
√
−1istheimaginaryunitandτ∈R.Then,asit257

wasrecalledbyKirchhoff,thesolutionofthemodifiedBesselequationcanbethoughtofasaBesselfunctionofimaginary258

argument.259

Thegeneralintegralofeq.(3.34)isalinearcombinationofthesesolutionsdependingontwoconstants,D1andD2:260

v=D1Iν(bτ)+D2Kν(bτ), (3.35)

or,intheoriginalindependentvariable,261

ϕ=ζa[D1Iν(bζ
c)+D2Kν(bζ

c)]. (3.36)

Differentlyfromeq.(3.27)IνandKνaremodifiedBesselfunctionsofthefirstandsecondkindoforderν,respectively,262

and,∀ν,arelinearlyindependentsolutionsofthemodifiedBesselequation(3.34).263

ModifiedBesselfunctionsofthefirstkindoforderν,Iν(z),aredefinedinthisstandardway(seee.g.[24]or[60]):264

Iν(z)=
∞

r=0

1

r!Γ(ν+r+1)

z

2

2r+ν

, (3.37)

andarelinkedtothecorrespondingBesselfunctionsoffirstkindinthisway:Iν(z)=i
−νJν(iz).ModifiedBesselfunctions265

ofthesecondkindoforderν(withν∈N),Kν(z)areinsteaddefinedinthisusualway(seee.g.[24]or[60]):266

Kν(z)=(−1)
ν+1 ln

z

2
+γIν(z)+

1

2

ν−1

r=0

(−1)r(ν−r−1)!
z

2

2r−ν

+
(−1)ν

2

∞

r=0

Φ(r)+Φ(ν+r)

r!(ν+r)!

z

2

2r+ν

, (3.38)

whereγandΦ(r)aredefinedbyeqs.(3.30)–(3.31).267

Inconclusion,thecompletesolutionofeq.(3.22)isgivenby:268

ϕ= D1I0(2 ζ)+D2K0(2 ζ)=D1ϕ1+D2ϕ2. (3.39)

Asithasbeendonebefore,itispossibletocheckthatthefirstfewtermsoftheseries,eq.(B.28)andeq.(B.30)provided269

byKirchhoffarerelatedtoϕ1andϕ2above.Indeedineq.(B.28),whathesimplycallsϕ,isexactlyϕ1=I0(2
√
ζ),270

whileinsteadofϕ2=K0(2
√
ζ),heusesadifferentsolution,whichisdenotedbyϕ:eq.(B.30)isnothingbutalinear271

combinationofI0(2
√
ζ)andK0(2

√
ζ)anditturnsouttobe:272

ϕ=−Y0(2 ζ)−2γI0(2 ζ).

whichstillsolveseq.(3.22). Atthispoint,takingadvantageofeq.(3.21)andeq.(3.23)Kirchhoffrecognizesthatthe273

generalexpressionofu,i.e.thesolutionofeq.(B.20)isgivenby:274

u=A1
dϕ

dζ
+A2

dϕ

dζ
+B1

dψ

dζ
+B2

dψ

dζ
(3.40)

Kirchhoff’ssolutionhasbeenreproducedalsobyKrienen[45],whoin1959wentthroughallthederivationbyexplicitly275

introducingBesselfunctions.276

3.3.2 Introductionofboundaryconditions277

Introducingtheboundaryconditionsineq.(3.40),Kirchhoffrecognizesthat,beingthepointededgeζ=0free,both278

bendingmomentk(d2u/dζ)andshearforced/dζ[k(d2u/dζ)]mustvanishthere,seeeq.(B.32);thisrequiresthatthetwo279

ln-typeterms,whicharesingularatzero,mustdisappear;hence:A2=0andB2=0.Ofcoursethiscircumstancewould280

notoccurinthecaseofataperedbeamwhoseshapeisatruncatedwedge.Then,bysettingA1=AandB1=B,ureduces281

toeq.(B.33).Ontheotherhandattheclampedendz=l,i.e.ζ=αλlbothuanddu/dζmustvanish,seeeq.(B.34)and282
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eq.(B.35);howeverthelattercondition,accounttakenofeq.(B.26)andeq.(B.27),canbereplacedbyeq.(B.36),andthe283

followinghomogeneoussystemofalgebraicequationsisobtained:284







ϕ|ζ=αλl −ψ|ζ=αλl

dϕ

dζζ=αλl

dψ

dζζ=αλl












A

B





=






0

0





. (3.41)

Nontrivialsolutionstoeq.(3.41)existprovidedthattherelevantcoefficientmatrixbecomessingular,andthisrequiresthis285

transcendentalequation(inthevariableλ),whichisanequivalentformofeq.(B.37),tobesatisfied:286

ϕ
dψ

dζ
+ψ
dϕ

dζ ζ=αλl

=0, (3.42)

So,eq.(3.42)providesthevibrationfrequenciesλofthebeam;but,asKirchhoffnotices,seeeq.(B.38),itsl.h.s.canbe287

writtenalsointhisway:d(ϕψ)/dζ;asaconsequence,vibrationmodescanbefoundasthestationarypointsofthefunction288

product(ϕψ)|ζ=αλl.However,toavoidmultiplyingtogethertwopowerseries,Kirchhoffadoptsaningenuousmethodto289

finddirectlythecoefficientsoftheresultingproductseries.Indeed,seeeq.(B.39),heformsthefollowingcombinations:290

ψ ζ
d2ϕ

dζ2
+
dϕ

dζ
−ϕ −ϕ ζ

d2ψ

dζ2
+
dψ

dζ
+ψ =0, (3.43)

dψ

dζ
ζ
d2ϕ

dζ2
+
dϕ

dζ
−ϕ +

dϕ

dζ
ζ
d2ψ

dζ2
+
dψ

dζ
+ψ =0, (3.44)

ψ ζ
d2ϕ

dζ2
+
dϕ

dζ
−ϕ +ϕ ζ

d2ψ

dζ2
+
dψ

dζ
+ψ =0, (3.45)

and,withsomemanipulations,hegetsrespectivelyeqs.(B.40),(B.41),(B.42).Now,thefirsttwoequations(B.40)–(B.41)291

giveimmediately,whenbothsidesofthelatteraremultipliedbyζandthendifferentiationwithrespecttoζisperformed292

onceonbothsides:293

2ϕψ=−
d2

dζ2
ζ2
dϕ

dζ

dψ

dζ
, (3.46)

whilebytransformingeq.(3.45)withthehelpoftheidentityeq.(B.43),andtakingintoaccountthat294

ζ
d2

dζ2
(ϕψ)+

d

dζ
(ϕψ)=

d

dζ
ζ
d

dζ
(ϕψ),

itispossibletoexpresstheproduct
dϕ

dζ

dψ

dζ
,appearinginther.h.s.ofeq.(3.46),asineq.(B.44),whichprovidesanODE295

forthefunctionproductϕψ.Kirchhoffthenlooksforaseriessolution;andinsertsanexpansionofthekind:296

ϕψ=
∞

n=0

Bnζ
2n, (3.47)

intoeq.(B.45)andthenequatesthecoefficientsofthesamepowersofζ.Indeed,withtheadditionalassumptionB0=1,297

eq.(3.47)coincideswitheq.(B.46),whereonlyevenpowersoftheindependentvariableappear:thisisreasonable,since298

theseriesexpansionofϕ,see,e.g.,eq.(B.28),onlyincludestermswithalternatingsigns,whilethatofψ,providedby299

eq.(B.29),onlypositiveterms;henceϕandψexhibit,thesamecoefficients(whenabsolutevaluesareconsidered)forthe300

correspondingpowersofζ.301

TherecursionformulawhichallowsonetocomputeallcoefficientsBi,onceB0isknown,ispreciselyeq.(B.47);hence302

thesoughtsolutionisgivenbyeq.(B.49).Oncealltermsaremultipliedbyζ2andeq.(B.45)isfullyexpanded,itbecomes:303

ζ4
d4(ϕψ)

dζ4
+5ζ3

d3(ϕψ)

dζ3
+4ζ2

d2(ϕψ)

dζ2
+4ζ2ϕψ=0. (3.48)

ThisisafourthorderODEandadmitsfourlinearlyindependentsolutions.Itispossibletoshow,however,thatonlythe304

obtainedoneisexpressiblebymeansofBesselfunctions(theotherthreeinvolveeitherhypergeometricfunctionsorMeijer305

G-functions,seee.g.[47]or[3])and,inparticular,itcomesoutϕψ=J0(2
√
ζ)I0(2

√
ζ).306
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12 A.Cazzani,L.Rosati,andP.Ruge:ThecontributionofKirchhofftothedynamicsoftaperedbeams

Thetranscendentalequationwhichgivesthefrequencyofvibrationissimplyobtainedbyenforcingeq.(B.38);bytaking307

thederivativeofeq.(B.49),changingitssignanddividingbyζtogetridofthephysicallyunfeasiblezerosolution,ityields,308

aftersettingζ2=2
√
ζ:309

J1(ζ2)I0(ζ2)−J0(ζ2)I1(ζ2)

ζ3/2
=0, (3.49)

whoseseriesexpansionisgivenbyeq.(B.50).Thesmallestpositiverootofeq.(3.49)givesthefundamentalfrequencyof310

vibrationofthewedge-taperedbeam:thevalueprovidedbyKirchhoff,ζ0=αλ0l=5.315iscorrecttoallfoursignificant311

digits.Thisisnotalwaystrue,asitwillappearinsubsequentcomputations:howeverthelackofanystatementaboutthe312

numberofconsideredseriesterms,ofthenumberofdigitsusedforperformingthecomputations,etc.makesitimpossible313

toexactlyreproducehiswayofgettingthenumericalresults.314

Considerarectangularcross-sectionhavingattheclampedenddepth2a0,andbreadth2b0;being315

q=q|z=l=4a0b0; k=k|z=l=
1

12
(2a0)

32b0

andq=ql,k=kl3fromeq.(B.10),onehas:316

q

k
=α2

E

µ
=l2
q

k
=
3l2

a20
, (3.50)

takingintoaccountthedefinition(3.9).Recallingalsoeq.(B.53),thisallowsonetoexpresstheratiobetweentheareaand317

thesecondareamomentofthecross-sectionlocatedatz=1asafunctionoftheratioofthecorrespondingquantities318

evaluatedattheclampedend,z=l.Thus,byconsideringthatζ0=αλ0l,oneinfersthatthefundamentalfrequencyλ0319

canbewrittenas:320

λ0=ζ0
E

3µ

a0
l2

(3.51)

whichcorrespondstoeq.(B.54).321

Oncethevibrationfrequencyisknown,itispossibletogobacktoeq.(3.40)inordertoevaluatethecorresponding322

vibrationmodeu.Itfollows,fromthefirstrowofeq.(3.41):Aϕ|ζ=ζ0−Bψ|ζ=ζ0 =0,sothatapossiblesolutionis323

A=ψ|ζ=ζ0=ψ0;B=ϕ|ζ=ζ0=ϕ0.Inparticular,itfollows,withfourdecimaldigits:324

ϕ0=19.2773; ψ0=−0.2933;

whichshouldbecomparedwithKirchhoff’svaluesofeq.(B.58).Finally,consideringthatdJ0(2
√
ζ)/dζ=−J1(2

√
ζ)/
√
ζ;325

dI0(2
√
ζ)/dζ=+I1(2

√
ζ)/
√
ζ,thecompletesolutionintermsofthevibrationmodecanbewrittenasineq.(B.59),326

namely:327

u=−C
ψ0I1(2

√
αλ0z)−ϕ0J1(2

√
αλ0z)√

αλ0z
, (3.52)

whereCisasuitablenormalizationfactor.328

Remark5.329

Kirchhoffisinterestedonlyinevaluatingthefundamentalfrequencyandhedoesnotmentionhigherfrequenciesofvi-330

bration,whichcanbesimplycomputedbylookingforsubsequentrootsofthesameeq.(3.49).Thishasbeendonefor331

thefirstfivemodes(seeTable1)bymeansofaComputerAlgebraSystem(CAS),namelyMathematicaTM(version6.0).332

TherootsofthetranscendentalequationhavebeencomputedbyusingthenativefunctionFindRoot,[73]whichimple-333

mentsavariantofthesecantsmethod.Bracketingintervalstoisolaterootsweredefinedbyproperlymagnifiedplotsof334

thecorrespondingfunction.TheuseofaCASisessentialinsolvingtheabovementionedtranscendentalequationsince335

itexhibitsastronglyoscillatingbehavior,suchthataverysmalldeviationintherootvaluemightresultinalargeerror336

whenevaluatingtheequationitself:thisrequiresalgorithmsthateffectivelydealwithanextendedarbitraryprecision.In337

thepresentpaper,allrootshavebeencomputedbyassigningvariableswith100digitsprecision.Moreover,anycomputed338

roothasbeenback-substitutedintheequationandtheassociatederror hasbeencheckedagainstapredefinedtolerance:339

ithasbeenverifiedthatallprovidedrootssatisfythecorrespondingtranscendentalequationtowithin||≤1·10−100.340
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Forpracticalreasons,numbersreportedhereafterareshownonlywith15significantdigitsandplotsweredrawnwiththe341

samecriterion;interestedreadersmay,however,asktheauthorsfortheoriginalMathematicanotebooktoworkwithan342

extendedarbitraryprecision.Thecorrespondingvaluesofϕ0andψ0enteringeq.(3.52)arealsogiveninTable1,along343

withtheparticularvalueofthenormalizationfactorCwhichproduces,foranyvibrationmode,aunitdeflectionatthefree344

endofthebeam.345

Table1 Firstfiveangularfrequenciesλ0andvibrationmodeparametersϕ0,ψ0,Cforataperedbeamwithonefixed(clamped)and
onefreeend,forthecasem=1,n=0.Resultsareprintedwithaprecisionof15digits.

mode λ0=ζ0/(αl) ϕ0 ψ0 C

1 5.31509942365365 19.2773429030318 −0.293327207223605 −5.10968706930471·10−2

2 15.2071679550051 354.444174527919 +0.215553982937386 −2.82303558210937·10−3

3 30.0198091456556 7002.87881460655 −0.178464716802568 −1.42794776640271·10−4

4 49.7633446379036 143701.863210382 +0.155663762623234 −6.95885955061168·10−6

5 74.4400286512835 3018239.52878180 −0.139836734913753 −3.31318950710666·10−7

3.3.3 Comparisonwithaprismaticbeam346

Vibrationfrequenciesofaclamped-freeuniformbeamaregovernedbythetranscendentalequation(see[4]):347

cosh(
√
αλl)cos(

√
αλl)+1=0. (3.53)

Consideringaprismaticbeamhavingthesamecross-sectionattheclampedendasthewedge-shapedtaperedbeamand348

denotingbyζ0=αλ0lthesmallestrootofeq.(3.53),thefundamentalfrequencyisλ0=ζ0/(αl);itsvalue,whenαis349

expressedasineq.(3.50),isgivenbyeq.(B.55),whichiscorrecttofourdigits.350

Thecorrespondingvibrationmodeisinstead:351

u(z)=C[A0(cosh αλ0z+cos αλ0z)−B0(sinh αλ0z+sin αλ0z)], (3.54)

whereA0andB0areamplitudefactors,similarlytoϕ0andψ0ineq.(3.52),andCisanormalizationfactorwhichhas352

beenchosensoastoproduceaunitdeflectionatthefreeend.353

ThenaturalfrequenciesofthefirstfivevibrationmodesandthecorrespondingvaluesofA0,B0andCenteringinto354

eq.(3.54)arereportedinTable2.Itisapparentthatonlyforthefirstmode,theonlyoneinvestigatedbyKirchhoff,the355

frequencyofthetaperedbeamishigherthanthatoftheuniformone.356

Table2 Firstfiveangularfrequenciesλ0andvibrationmodeparametersA0,B0,Cforauniformbeam(i.e.ataperedbeamwith
m=0,n=0)havingonefixed(clamped)andonefreeend.Resultsareprintedwithaprecisionof15digits.

mode λ0=ζ0/(αl) A0 B0 C

1 3.51601526850015 1.00000000000000 .734095513702049 +5.00000000000000·10−1

2 22.0344915646668 1.00000000000000 1.01846731875921 −5.00000000000000·10−1

3 61.6972144135547 1.00000000000000 .999224496517428 +5.00000000000000·10−1

4 120.901916052304 1.00000000000000 1.00003355325171 −5.00000000000000·10−1

5 199.859530116801 1.00000000000000 0.99999855010865 +5.00000000000000·10−1

Thevibrationmodesofthewedge-shapedtaperedbeamandoftheprismaticonearecomparedinFigure4.357

ThenKirchhoffaddressesanotherproblem,namelythatoffindingthemaximumamplitudeofvibrationatthefreeendsuch358

thatthelongitudinalelasticstrainneverexceedsthelimitvalueεmaxwithinthebeam,whenthebeamisvibratingatthe359

fundamentalfrequency.Foraprismaticbeam(havingthesamecross-sectionasthatatthefixedoneofthetaperedbeam,360

namelywithacross-sectionwhosehalf-depthisequaltoa0),itisaneasytasktoshowthatthemaximumstrainoccurs361

attop/bottomfibresofthecross-sectionlocatedattheclampedend.Forawedge-shapedtaperedbeam,thismaximum362

longitudinalstrainoccursstillatthetop/bottomfibersoftheparticularcross-sectionwherethefollowingexpressionattains363

itsmaximumvalue:364

εmax=
d2u

dz2
xmax=

d2u

dz2
a0z

l
, (3.55)
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Fig.4Normalizedvibrationshapescorrespondingtomodes1–5forabeamclampedattheleftend(ζ=0)andfreeattherightone,

(ζ=1);(a):prismaticbeam;(b):wedge-shapedtaperedbeam.Inbothcasesthenormalizationfactorhasbeenchosensuchthatit
producesaunitdisplacementatthefreeend.

whered2u/dz2isthecurvatureofthebeam,accordingtoEuler-Bernoulli’stheory,andxmax =a0(z/l)istheabsolute365

valueofthedistance,measuredalongthex-axisofthetop/bottomfiberfromthecross-sectioncentroid,seeeq.(B.56).So366

theposition,alongthebeamaxis,oftheparticularcross-sectionwhereεmaxoccurs,isdefinedbythecondition:367

d

dz

a0z

l

d2u

dz2
=0, (3.56)

whereuisdefinedbyeq.(3.52).Then,sinced2u/dz2=(αλ0)d
2u/dζ2andλ0=ζ0/(αl),seeeq.(B.57),itfollowsthat368

eq.(3.56)becomes:369

d

dζ

a0ζζ0
l2
d2u

dζ2
=0. (3.57)

Byexpandingeq.(3.57)Kirchhoffprovideseq.(B.61),which,oncecommonfactorsaresimplified,isequivalentto:370

ϕ0
8ζ5/2

(3ζ−9) ζJ0(ζ2)−(12ζ−9)J1(ζ2)−(4ζ−9) ζJ2(ζ2)+4 ζJ3(ζ2)+ζJ4(ζ2)+

ψ0
8ζ5/2

(3ζ+9) ζI0(ζ2)−(12ζ+9)I1(ζ2)+(4ζ+9) ζI2(ζ2)−4 ζI3(ζ2)+ζI4(ζ2)=0, (3.58)

wheretheshorthandnotationζ2=2
√
ζhasbeenadoptedagain.Bysolvingeq.(3.58)itisfoundthatthemaximumstrain371

occursatapositiondefinedbyζε=3.710,whichhastobecomparedwithKirchhoff’svalue,eq.(B.62).Inparticular,it372

resultsζε/ζ0=0.698l.Theresultinglargeststrainisthengivenby:373

εmax=
a0ζζ0
l2
d2u

dζ2 ζ=ζε

=4.649C
a0ζ0
l2
, (3.59)

comparedtowhich,Kirchhoff’svalue,providedbyeq.(B.63)oreq.(B.64),hasalmosta7%relativeerror.Ontheother374

hand,thelongitudinalstrainofthetop/bottomfiberattheclampedend,isgivenby:375

εζ0=
a0ζζ0
l2
d2u

dζ2 ζ=ζ0

=4.334C
a0ζ0
l2
, (3.60)
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andisthereforelowerthanεmax.Finally,Kirchhoffevaluatesthemaximumdeflectionatthefreeend,U,correspondingto376

thismaximumstrain,andsincebyeq.(3.52)377

U=lim
z→0
u=C(ϕ0−ψ0)=19.571C,

hefindsthatitispossibletoeliminateC=U/(ϕ0−ψ0)fromeq.(3.59);thenitfollows:378

U=4.209
εl2

a0ζ0
, (3.61)

andthishastobecomparedwithKirchhoff’svalue,eq.(B.67),whichisaffectedagainbyarelativeerroraround7%.Inany379

caseKirchhoff’sconclusionthatthemaximumdeflection(correspondingtothesamevalueofthemaximumlongitudinal380

strain)ofthetaperedbeam,seeeq.(B.68)isaboutfourtimeslargerthanthatoftheprismaticbeamisafortioriconfirmed.381

3.4 Secondparticularcase:cone/pyramid-shapedbeamwithgenericcross-section382

Forthecasem=1andn=1(seeFigure3(b)andeq.(B.70),i.e.taperedbeamwithconicalshape)theODE(B.11)can383

bewrittenas384

α2λ2u=
1

z2
d

dz
z3
d

dz

1

z2
d

dz
z3
du

dz
, (3.62)

whichisequivalenttoeq.(B.71),whenposition(3.9)isrecalled.ThenKirchhoffshowsthateq.(3.62)issatisfiedbyeither385

ofthealternativesshownineq.(B.72),namely386

1

z2
d

dz
z3
du

dz
=±uαλ, (3.63)

which,withthesubstitutioneq.(3.15),seeeq.(B.73),splitsintothesetwoODEs:387

ζ
d2u

dζ2
+3
du

dζ
+u=0; (3.64)

ζ
d2u

dζ2
+3
du

dζ
−u=0, (3.65)

correspondingtothealternativesofeq.(B.74).388

3.4.1 Solutionmethod389

Itispossibletorecognizethateq.(3.21)andeq.(3.23),fortheparticularvaluep=3,coincidewitheqs.(3.64)–(3.65);390

thismeansthatthesecondderivativesoffunctionsψandϕdefinedbyeq.(3.20)andeq.(3.22)respectivelydosatisfythe391

sameeqs.(3.64)–(3.65).Asaconsequence,byfollowingtheprocedurepresentedinSection3.3.1itpossibletoconstruct392

thegeneralsolutiontoeq.(3.62):393

u=A1
d2ϕ

dζ2
+A2

d2ϕ

dζ2
+B1

d2ψ

dζ2
+B2

d2ψ

dζ2
(3.66)

3.4.2 Introductionofboundaryconditions394

Sincethepointededgeζ=0isfree,bothbendingmomentk(d2u/dζ)andshearforced/dζ[(k(d2u/dζ)]mustvanish395

there,seeeq.(B.75).Asaconsequence,thetwoln-typeterms,whichsurvivetodifferentiationandaresingularatzero,396

mustdisappear:thisimplies:A2=0andB2=0. Henceureducestoeq.(B.76)bysettingA1=AandB1=B.397

However,ifthefreeendz=l(orζ=αλl)isclamped,bothuanddu/dζmustvanishthere,aseq.(B.77)andeq.(B.78)398

require.Ontheotherhand,bytakingthefirstderivativesofeq.(B.26)andeq.(B.27),itispossibletoreplaceeq.(B.78)399

witheq.(B.79),andthefollowinghomogeneoussystemofalgebraicequationsisobtained:400









dϕ

dζζ=αλl
−
dψ

dζζ=αλl

d2ϕ

dζ2 ζ=αλl

d2ψ

dζ2 ζ=αλl














A

B





=






0

0





. (3.67)
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Nontrivialsolutionstoeq.(3.67)doexistprovidedthattherelevantcoefficientmatrixbecomessingular,andthisrequires401

thistranscendentalequation(inthevariableλ),whichisequivalenttoeq.(B.80),tobesatisfied:402

dϕ

dζ

d2ψ

dζ2
+
dψ

dζ

d2ϕ

dζ2 ζ=αλl

=0, (3.68)

eq.(3.68)providesthevibrationfrequenciesλofthebeambut,asKirchhoffnotices,see,e.g.,eq.(B.81),itsl.h.s.can403

bewrittenalsointhisway:d/dζ[(dϕ/dζ)(dψ/dζ)];hence,vibrationfrequenciesarethestationarypointsofthefunction404

product[(dϕ/dζ)(dψ/dζ)]|ζ=αλl.405

Again,toavoidmultiplyingtwopowerseries,Kirchhoffmakesuseofeq.(B.44),withthefunctionproductϕψdefined406

byeq.(3.47)andeq.(B.46).Indeed,itfollows:407

dϕ

dζ

dψ

dζ
=−
I1(2
√
ζ)J1(2

√
ζ)

ζ
(3.69)

whichisequivalenttoeq.(B.82). Thetranscendentalequationwhichgivesthefrequencyofvibrationisobtainedby408

enforcingeq.(B.81);bytakingthederivativeofeq.(B.82),changingitssign,dividingby2ζtogetridofthephysically409

unfeasiblezerosolution,andadoptingtheshortcutnotationζ2=2
√
ζ,onehas410

−
1

4ζ3
ζ[J1(ζ2)(I0(ζ2)+I2(ζ2))+I1(ζ2)(J0(ζ2)−J2(ζ2))]−2J1(ζ2)I1(ζ2) =0, (3.70)

whoseseriesexpansionisgivenbyeq.(B.83).Thesmallestpositiverootofeq.(3.70)givesthefundamentalfrequencyof411

vibrationofthecone-taperedbeam:thecorrectvaluewithfoursignificantdigitsisζ0=αλ0l=8.719,whileKirchhoff412

provideseq.(B.84),aslightlydifferentvalue. Theangularfrequencyλ0isthensimplycomputedbymakinguseof413

eq.(B.85).Noticethat,attheclampedendz=l,theouterfibresofthebeamcross-sectionlieatadistancea0,measured414

inthedirectionoftheoscillation,fromthecross-sectioncentroid.Henceconsideringalsothatq=q|z=l=ql
2;k=415

k|z=l=kl
4onaccountofeq.(B.10),onehas416

q

k
=
1

l2
q

k
, (3.71)

whichcorrespondstoeq.(B.86)sinceKirchhoffdefinesq0=qandk0=k.Thisallowsexpressingagaintheratio417

betweentheareaandthesecondareamomentofthecross-sectionlocatedatz=1asafunctionoftheratioofthe418

correspondingquantitiesevaluatedattheclampedend,z=l.Thus,byconsideringthatζ0=αλ0l,itfollowsthatthe419

fundamentalfrequencyλ0canbewrittenasineq.(B.87),showingthatitisinverselyproportionaltothesquareofthebeam420

length.421

Oncevibrationfrequencyisknown,onemayevaluatethecorrespondingvibrationmode,ugoingbacktoeq.(3.66).422

Itfollows,fromthefirstrowofeq.(3.67):A(dϕ/dζ)|ζ=ζ0−B(dψ/dζ)|ζ=ζ0 =0.ApossiblesolutionisthenA=423

(dψ/dζ)|ζ=ζ0=(dψ/dζ)0;B=(dϕ/dζ)|ζ=ζ0=(dϕ/dζ)0.Inparticular,itfollows,assumingfivesignificantdigits:424

dϕ

dζ 0

=19.031;
dψ

dζ 0

=0.099620; (3.72)

whichshouldbecomparedwithKirchhoff’svaluesofeq.(B.91).Then,consideringthat425

d2ϕ

dζ2
=
−I1(2

√
ζ)+

√
ζ[I2(2

√
ζ)+I0(2

√
ζ)]

2ζ3/2
;

d2ψ

dζ2
=
J1(2
√
ζ)+

√
ζ[J2(2

√
ζ)−J0(2

√
ζ)]

2ζ3/2
,(3.73)

thecompletesolutionintermsofthevibrationmodecanbewrittenasineq.(B.92),moreprecisely:426

u=
C

2(αλ0z)3/2
dψ

dζ 0

[−I1(2 αλ0z)+ αλ0z(I2(2 αλ0z)+I0(2 αλ0z))]+

dϕ

dζ 0

[J1(2 αλ0z)+ αλ0z(J2(2 αλ0z)−J0(2 αλ0z))] . (3.74)

whereCisasuitablenormalizationfactor.427
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Remark6.428

Kirchhoffisinterestedonlyinevaluatingthefundamentalfrequencyandhedoesnotmentionhigherfrequenciesofvibra-429

tion,whichcanbesimplycomputedbylookingforsubsequentrootsofeq.(3.70).Thishasbeendoneforthefirstfive430

modes(seeTable3),asinthepreviouslypresentedcase.Referencevaluesmaybecomparedwiththoseprovidedby[15].431

InTable3alsothecorrespondingvaluesof(dϕ/dζ)0and(dψ/dζ)0enteringeq.(3.74)aregiven,andtheparticularvalue432

ofthenormalizationfactorCwhichproduces,foranyvibrationmode,aunitdeflectionatthefreeendofthebeam.433

Table3 Firstfiveangularfrequenciesλ0andvibrationmodeparameters(dϕ/dζ)0,(dψ/dζ)0,Cforataperedbeamwithonefixed
(clamped)andonefreeend,forthecasem=1,n=1.Resultsareprintedwithaprecisionof15digits.

mode λ0=ζ0/(αl) (dϕ/dζ)0 (dψ/dζ)0 C

1 8.71925885507992 19.0311180121041 +0.0996198251914283 +1.04543798415395·10−1

2 21.1456623878687 270.306035232624 −0.0473872881082891 +7.40031823296399·10−3

3 38.4537712277326 4307.29019431664 +0.0290899050614729 +4.64325922465574·10−4

4 60.6801387750973 73856.3296625232 −0.0201780837819134 +2.70796092298841·10−5

5 87.8339912946009 1330802.38808128 +0.0150508382920721 +1.50285271148661·10−6

3.4.3 Comparisonwithacylindricalbeam434

Foraprismaticorcylindricalbeamhavingthesamecross-sectionattheclampedendasthecone-shapedtaperedbeamthe435

fundamentalfrequencyissimply:λ0=ζ0/(αl),ifζ0=αλ0ldenotesthesmallestrootofeq.(3.53). Whenα,provided436

byeq.(3.9),isexpressedthrougheq.(3.71),thevalueofλ0isgivenbyeq.(B.88).437

Inordertoevaluateagainthemaximumamplitudeofvibrationatthefreeendsuchthatmaximumlongitudinalstrain438

neverexceedstheelasticlimitvaluewithinthebeam,itisfoundthatsuchmaximumstrain,definedbyeq.(B.89)does439

notoccurattheclampedend,butatapositionζεdefinedbythecondition(B.90),which,again,dependsonthevibration440

frequency;thepositionofthecross-sectionwherethemaximumstrainisattainedisdefinedbyeq.(B.93),which,once441

commonfactorsaresimplified,becomes,whenζ2=2
√
ζ:442

dψ

dζ 0

1

16ζ7/2
{(−3 ζ(25+8ζ)I0(ζ2)+(75+99ζ+10ζ

2)I1(ζ2)− ζ(75+32ζ)I2(ζ2)+

(33ζ+55ζ2)I3(ζ2)−8ζ
3/2I4(ζ2)+ζ

2I5(ζ2))}+ (3.75)

dϕ

dζ 0

1

16ζ7/2
{(3 ζ(25−8ζ)J0(ζ2)−(75−99ζ+10ζ

2)J1(ζ2)− ζ(75−32ζ)J2(ζ2)−

(33ζ−5ζ2)J3(ζ2)−8ζ
3/2J4(ζ2)−ζ

2J5(ζ2))}=0

Bysolvingeq.(3.75)itisfoundthatthemaximumstrainoccursatapositiondefinedbyζε=4.402;thishastobe443

comparedwithKirchhoff’svalue,eq.(B.94),whichisaffectedbyarelativeerroraround1%.Itfollowsthatthepositionof444

thecross-sectionwheremaximumlongitudinalstrainoccursisdefinedbytheratioζε/ζ0=0.505l.Theresultinglargest445

longitudinalstrainisthen,seeeq.(B.95):446

εmax=
a0ζ0
l2
ζ
d2u

dζ2 ζ=ζε

=1.380C
a0ζ0
l2
, (3.76)

whichiscomparablewithKirchhoff’svalue,eq.(B.95).Thelongitudinalstrainofthetop/bottomfibreattheclampedend,447

isinsteadgivenby:448

εζ0=
a0ζ0
l2
ζ
d2u

dζ2 ζ=ζ0

=0.9749C
a0ζ0
l2
, (3.77)

andisthereforelowerthanεmax.Finally,Kirchhoffevaluatesthemaximumdeflectionatthefreeend,U,correspondingto449

thismaximumstrain,andsincebyeq.(3.72)andeq.(3.74):450

U=lim
z→0
u=(C/2)[(dϕ/dζ)0+(dψ/dζ)0]=9.565C,

hefindsthatitispossibletoeliminateC=2U/[(dϕ/dζ)0+(dψ/dζ)0]fromeq.(3.76).Itfollows,then:451

U=6.933
εl2

a0ζ0
, (3.78)
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andthishastobecomparedwithKirchhoff’svalue,eq.(B.98),whichisaffectedbyarelativeerrorlessthan1%.So452

Kirchhoff’sconclusionthatthemaximumdeflection(correspondingtothesamevalueofthemaximumlongitudinalstrain)453

oftheconicaltaperedbeam,seeeq.(B.100),isaboutseventimeslargerthanthatofthecylindricalbeam,eq.(B.101),454

ispreciselyconfirmed.InFigure5(left)thenormalizedshapesofvibrationforthefirstfivemodesarepresentedforthe455

cone-shapedtaperedbeam:theseshapesshouldbecomparedwiththose,showninFigure4,oftheuniformbeamandof456

thewedge-shapedtaperedbeam.InFigure5(right)themaximallongitudinalstrainateachcross-section(asafunction457

ofthenormalizedcoordinateζ/ζ0)hasbeenplottedforthewedge-andforthecone-shapedtaperedbeam,whenthey458

areoscillatingaccordingtothefundamentalmode(i.e.thefirstvibrationmode).Itisapparentthatthemaximumofsuch459

longitudinalstrainsdoesnotoccurattheclampedend,correspondingtoζ/ζ0=1butataspecificlocation,ζε,whichis460

differentforthetwoconsideredcases.
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Fig.5(a):Normalizedvibrationshapescorrespondingtomodes1–5foracone-shapedtaperedbeamclampedattheleftend,(ζ=0),

andfreeattherightone,(ζ=1);thenormalizationfactorhasbeenchosensuchthatitproducesaunitdisplacementatthefreeend.(b):
Comparisonofmaximallongitudinalstrainateachcross-sectionasafunctionofthenormalizedcoordinateζ/ζ0forawedge-andfora
cone-shapedtaperedbeamwhentheyoscillateaccordingtothefirsti.e.thefundamentalvibrationmode.

4 Kirchhofflegacyinthetheoryofvibrationoftaperedbeams462

Inthe90yearsafter1880,whenhiscontributionwaspublishedforthefirsttime,manyextensionstoKirchhoff’stheory463

havebeenpresented:apartiallistofthemoreinterestingonesisbrieflydiscussedinthesequel.Theinterestedreadercan464

findashortbutrathercompletehistoricexcursusupto1965inthepaperbyWang[69].Inparticular,inthefirstyearsafter465

theappearanceofKirchhoff’sessay,taperedbeams,whetherpointedortruncated,likeinthecaseofafrustum,hadbeen466

mainlyaresearchtopicforMathematicalPhysicists;instead,intheyearsfollowingWWIItheprevalentinterestofaircraft467

applicationsledmanyengineerstodealwiththischallengingtopic,whichisstillanactiveareaofresearch.468

ThefirstknowncontributionafterKirchhoff’sappearedin1888andwasauthoredbyF.MeyerzurCapellen[49],who469

studiedsomeotherparticularcases,likethatofabeamwithconstantdepthandvariablewidth,andprovidedalsothe470

vibrationfrequenciesofhigher-ordermodes.OthernoteworthycontributionsinthefieldofMathematicalPhysicscame471

fromMorrow[50],Ward[71],Nicholson[52]and[53],Wrinch[74]and[75],andOno[54].Amongthemaparticular472

mentiondeserves,DorothyWrinch(1894–1976),afemalescientistandthefirstwomantoreceiveaD.Sc.fromOxford;473

herfameismostlyduetotheresearchworkshedidafter1932onthethemathematicalmodelingofthestructureofproteins474

andcells,butintheearlyyearssheworkedmainlyonclassicaltopicslikemathematicallogicandappliedmathematics.475
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A Kirchhoff’spaperonthedynamicsoftaperedbeams:versions,structureand479

translationnotes480

InthisSectionsomenotesaboutthedifferentversionsofthepaper,aswellaboutitsstructure,translationandeditingare481

provided,toallowtheinterestedreadertocomparetheoriginalGermantextsandtheEnglishtranslation.482

Thereexistthreeversionsofthesamepaperwithminimaldifferences,mostlymisprintcorrections,buthavingadifferent483

numberofpages,duetodifferenttypingandcompositions,namely:484

1.the1879version[34](14pages),whichappearedonthe“MonatsberichtederköniglichpreussischenAkademieder485

WissenschaftenzuBerlin”,(MonthlyreportsoftheRoyalPrussianAcademyofSciencesatBerlin),andwillbereferred486

shortlybyMAW;thefull-text6canbefreelydownloadedbyfollowingthegivenlink.487

2.the1880version[35](12pages),whichappearedinthe“AnnalenderPhysikundChemie”,(AnnalsofPhysics488

andChemistry),alsoknown(between1877and1899)bythenameoftheeditor-in-chief,GustavHeinrichWiede-489

mann(1826–1899),as“WiedemannsAnnalen”;notethatvolume237ofthewholecollectioncorrespondstoWid.490

Ann.1,whilethelastone,Wid.Ann.69correspondstovolume305.ThisversionwillbereferredshortlybyAdP;its491

full-text7maybefreelyretrievedbyfollowingthegivenlink.492

3.the1882version[37](13pages),whichwasincludedbyKirchhoffhimselfinhis“GesammelteAbhandlungen”,493

(Collectedessays),pages339–351;thislastversionwillbesimplyreferredtoasGAanditsfull-text8,9maybe494

retrievedatoneofthegivenlinks.495

Thethreeversionsexhibitverysmalldifferences,mostlyrelatedtodifferenttypographicconventions:forinstance,496

MAWandGAdonothavepunctuationmarksbeforedisplayedequations,whileAdPdoes.Inthetranslationtheconvention497

usedbyMAWhasbeenadopted.Inanycase,thereisnoequationnumbering,nosubdivisionsintosections,andonlyone498

interruptionismarked;moreover,onlytworeferencesarementioned:J.W.Strutt(LordRayleigh:1842–1919)[63]anda499

workbyKirchhoffhimself[27].500

Languagerecallsoftenacousticormusictheoryexpressions(Quinte=fifth,Grundton=fundamentaltone,etc.)since501

mostmotivationsforstudyingstructuralvibrationproblemswerecomingfromtheneedofunderstandingtheproductionof502

sound:thiswasindeedthefirstaimofbothChladni[8]andLordRayleigh[63].503

TheGermanlanguagehassteadilyevolvedsinceKirchhoff’stimes,andthespellingofsomewordshaschanged.To504

providesomeexamples,TheilisnowspelledTeil,HülfeisreplacedbyHilfe,cylindrischiswrittenaszylindrisch,Coor-505

dinatensystem,ExcursionaresubstitutedbyKoordinatensystem,ExkursionandCoëfficientbecomesKoeffizient.Similarly,506

verbalformslikevariirtarenowspelledasvariiert,etc.507

Foreaseofreference,allbeginningsofanewpagehavebeenmarkedwiththesourcetext(withinbrackets)followedby508

thepagenumber,e.g.[MAW:817]denotesthebeginningofpage817intheMAWtext.Inthepresentedtranslation,again509

forthesakeofconvenience,allequations,whichareunnumberedintheoriginaltext,havebeengivenanumber.Some510

minormisprints,whicharestillstandinginallversionsofthepaper,havebeencorrected,e.g.thewronguseofpartial511

derivativesinsteadofordinaryonesinMAW:820,lines2and3fromtop,themissingindexiinsymbolB,MAW:821,one512

lineaboveeq.(B.46),themissingdenominatorinther.h.sofeq.(B.47),orthedenominatorofthelasttermappearinginthe513

r.h.s.ofeq.(B.93).Additionstothetexttomakeitmoreintelligiblearedenotedbyanglebrackets,asfollows:<...>.For514

thesamereason,theoriginalfootnotesbyKirchhoffarenumberedwithletters,whilefootnotesdenotedbyarabicnumbers515

arecommentsaddedbytheauthors.516

AdifferentproblemarisessinceKirchhoffusedthesamesymbolxwithtwodifferentmeanings:inthetextandin517

eqs.(B.1),(B.9)asacoordinatemeasuredalongtheprincipalinertiaaxiscorrespondingtothedirectionofoscillation;in518

eq.(B.23)andfollowingasaproperlyscaledcoordinatemeasuredalongthebeamlength.Ofcourse,theuseofdifferent519

meaningforthesamesymbolmightcreateconfusioninthereaderandforthisreason,followingthenotationemployed520

byTodhunterandPearson[65]thescaledcoordinatedefinedbytheabovementionedeq.(B.23)hasbeensubstitutedby521

thesymbolζ,whichreplacesxinallfollowingoccurrences.Forsimilarreason,toavoidusingwithdifferentmeaningthe522

samesymbolinthecomments,whatKirchhoffdenotesbya(e.g.thehalf-depthofthecross-sectionattheclampedend523

z=l),seeeq.(B.53)andfollowing,hasbeenreplacedbya0.524

Finally,thestandarddotnotationhasbeenadoptedfordecimalnumbers,i.e.onetenthisrepresentedas0.10,whilein525

allversionsoftheoriginalpaperKirchhoffmadeuseoftheGermancommanotation(1/10=0,10).526

6https://de.wikisource.org/wiki/Monatsberichte_der_Königlich_Preussischen_Akademie.
7https://de.wikisource.org/wiki/Annalen_der_Physik.
8https://books.google.it/books?isbn=1143798961.
9https://archive.org/details/gesammelteabhan01unkngoog.
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B Onthetransversalvibrationsofabeamofvariablecross-sectionbyG.Kirchhoff527

Thetransversalvibrationsofcylindricalbeamsaretheoreticallyandexperimentallytreatedindetail;thevibrationsof528

abeamwhosecross-sectionisvariablearenothowever,[GA:340]uptonow,morecloselyinvestigated,eventhough,529

besidesthemathematicalinterestwhichtheydeserve,theypossessinthisrespectapracticalone,too,becauseforabeam530

whichoscillateswithafreeend,theamplitudeofvibrationofthisendcanbemuchlarger,withoutexceedingtheelasticity531

limit,whentowardthisendthebeamistapered,thanwhenthecross-sectioniseverywherethesame. Thefollowing532

considerationsarereferredtoabeamwhichformsaprismoraconewithanextremelysmallangle,withtheedgeorthe533

sharptipatthefreeend.534

Forthemomentabeamistakenintoconsideration,whosecross-section,whichhasarbitraryshape,onlyvariesin535

thedirectionofthelengthsuchthatcross-sectionsbecomeinfinitesimal,theircentroidsliealongastraightlineandtheir536

principalaxeshavethesamedirections.Abeamlikethatcancarryoutsmalloscillations,bywhichdisplacementsinone537

ofthesetwodirections<namelyxory>occur;onsuchoscillationsattentionisfocused;thedifferentialequationitselfis538

knownaandiseasilydeducedwiththehelpofHamilton’sprinciple.539

Lettheline,whichthecentroidsofthecross-sectionsformintheequilibriumposition,bethez-axisofanorthogonalcoor-540

dinatesystem,andletthedirectionoftheprincipalaxisofacross-section,whichhappenstobeparalleltotheoscillations,541

bethedirectionofthex-axis.Letmoreoverbe[MAW:816;AdP:502]542

q= dxdy, k= x2dxdy, (B.1)

theintegrationsextendedoverthecorrespondingcross-sectiondependingonthevariablez,ξthedisplacementofthe543

centroidofthiscross-sectionasafunctionoftimet,µthedensity,Etheelasticcoefficientofthematerialofthebeam;544

thenthelivingforce10is545

µ

2
dzq

∂ξ

∂t

2

(B.2)

andthepotentialenergyofthebeam546

E

2
dzk

∂2ξ

∂z2

2

, (B.3)

[GA:341]theintegrationsbeingextendedalongthelengthofthebeam.Itfollowsfromherethepartialdifferentialequation547

qµ
∂2ξ

∂t2
=−E

∂2

∂z2
k
∂2ξ

∂z2
, (B.4)

and,ifatbothendsofthebeamnoforcesact,whichproducework,i.e.,whentheendsarefreeorfixed,itfollowsfurther,548

thatforeachend549

∂

∂z
k
∂2ξ

∂z2
δξ and k

∂2ξ

∂z2
δ
∂ξ

∂z
(B.5)

dovanish.550

Welimitourselvestotheanalysisofoscillationsbywhichthebeamproducesonesimplevibrationmode,henceonecan551

set552

ξ=usinλt, (B.6)

whereurepresentsafunctionofz,andλisaconstant.553

Foruonehasthereforetheordinarydifferentialequation554

qµλ2u=E
d2

dz2
k
d2u

dz2
(B.7)

aThetheoryofsoundbyJohnWilliamStrutt,London1877,Vol.I,page240.
10“LebendigeKraft”i.e.Livingforceistheold-fashionednameforkineticenergyinGerman.Fromahistoricpointofview,itisveryinterestingthat

Kirchhoffstillusedthisexpressioninsteadofkineticenergy.
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andthe<boundary>condition,thatateachend555

d

dz
k
d2u

dz2
δu and k

d2u

dz2
δ
du

dz
(B.8)

dovanish.556

[MAW:817]Thegeneralintegralofthisdifferentialequationisobtainedwithoutdifficultywhenthechangeofthe557

cross-sectionissuchthattheequationofitscontourisanequationbetweenthesevariables558

x

zm
and

y

zn
, (B.9)

wheremandnrepresenttwoconstants.Ifthevaluesofqandkforz=1aredefinedbyqandk,then559

q=qzm+n, k=kz3m+n, (B.10)

[AdP:503]hencethedifferentialequation560

qµλ2zm+nu=Ek
d2

dz2
z3m+n

d2u

dz2
. (B.11)

Anintegralofthisequationisobtainedbysetting561

u=Azh+A1z
h+(4−2m)+A2z

h+2(4−2m)+··· (B.12)

wherehisdeterminedbythe4th-degreeequation562

h(h−1)(h−2+3m+n)(h−3+3m+n)=0 (B.13)

[GA:342]andthecoefficientsA1,A2,...bytheequations563

quλ2

kE
A=A1(h+4−2m)(h−1+4−2m) (B.14)

(h−2+4−2m+3m+n)(h−3+4−2m+3m+n)

quλ2

kE
A1=A2(h+2(4−2m))(h−1+2(4−2m)) (B.15)

(h−2+2(4−2m)+3m+n)(h−3+2(4−2m)+3m+n)

andsoon.Ifonechoosesthevaluesforhoneafteranotheraccordingtothe4values0,1,2−3m−n,3−3m−n,gives564

tothearbitraryconstantAdifferentvalues,andformsthesumoftheobtainedexpressionsforu,thenonegetsthegeneral565

integralofthementioneddifferentialequation.Theconvergentseriesbywhichthesamegeneralintegralisrepresented566

proceedbyincreasingordecreasingpowersofz,accordingtombeingsmallerorlarger[MAW:818]than2.Inthelimiting567

casem=2,uisequaltothesumofthe4valueswhichtheexpression568

Azh (B.16)

takes,whenoneplacesinsideharootofthe4th-degreeequation569

h(h−1)(h+4+n)(h+3+n)=
qµλ2

kE
(B.17)

andchoosesthearbitraryconstantAalwaysdifferent.Eveninothercasesthedevelopedformofthegeneralintegralof570

thedifferentialequationlosesitsvalidity,i.e.whentwooftheindicatedvaluesforhbecomeequaltoeachother,orwhen571

oneofthefactorswithinbrackets,whichappearwithA1,A2,...intheequations<whichhavebeen>establishedforthese572

quantities,[AdP:504]disappears.Avalidformoftheintegralisobtainedthen,whenonethinksofthevalueofmchanging573

byanextremelysmallamount;thenonefindsitasasumofpower-serieswhicharepartlymultipliedbylnz;thecoefficients574

canbefoundaswelldirectlyfromthedifferentialequation.575

Fromhereon,onlythecaseswithm=1,n=0orm=1,n=1willbetreated.Inanyofthesecasesthe4th-order576

differentialequationcanbereducedto2nd-orderdifferentialequations[GA:343]whoseintegralareBessel’sfunctions577

withrealorimaginaryargument.578

Copyrightlinewillbeprovidedbythepublisher

Page 21 of 31

Wiley-VCH

ZAMM - Zeitschrift fuer Angewandte Mathematik und Mechanik



For 
Peer 

Revie
w

22 A.Cazzani,L.Rosati,andP.Ruge:ThecontributionofKirchhofftothedynamicsoftaperedbeams

Letbenow579

m=1, n=0; (B.18)

thisoccurswhenthebeamisdelimitedinthewidthdirectionby2parallelplanes,andinthethickness11by2planesmaking580

eachotheraninfinitesimalangleatthetip,hencewhenthebeamformsaverysharpprism.Thedifferentialequationisthen581

qµλ2

kE
zu=

d2

dz2
z3
d2u

dz2
(B.19)

or,whatisthesame,582

qµλ2

kE
u=

1

z

d

dz
z2
d

dz

1

z

d

dz
z2
du

dz
. (B.20)

[MAW:819]<Theequation>holds,when583

1

z

d

dz
z2
du

dz
=uλ

qµ

kE
, (B.21)

andalso,when584

1

z

d

dz
z2
du

dz
=−uλ

qµ

kE
. (B.22)

Itfollowsfromherethat,setting585

zλ
qµ

kE
=ζ, (B.23)

thegeneralintegralofthedifferentialequationvalidforuisequaltothesumofthegeneralintegralsofthedifferential586

equations[AdP:505]587

ζ
d2u

dζ2
+2
du

dζ
= u (B.24)

ζ
d2u

dζ2
+2
du

dζ
=−u. (B.25)

Nowletϕandψbecertainintegralsoftheequations588

ζ
d2ϕ

dζ2
+
dϕ

dζ
= ϕ (B.26)

ζ
d2ψ

dζ2
+
dψ

dζ
=−ψ, (B.27)

with589

ϕ=1+
ζ

12
+

ζ2

(1·2)2
+

ζ3

(1·2·3)2
+··· (B.28)

ψ=1−
ζ

12
+

ζ2

(1·2)2
−

ζ3

(1·2·3)2
+···, (B.29)

[GA:344]letϕandψbeadditionalintegralsofthesameequation,namely590

ϕ=ϕlnζ−2
ζ

12
+
ζ2(1+12)

(1·2)2
+
ζ3(1+12+

1
3)

(1·2·3)2
+· (B.30)

ψ=ψlnζ+2
ζ

12
−
ζ2(1+12)

(1·2)2
+
ζ3(1+12+

1
3)

(1·2·3)2
−· ; (B.31)

11KirchhoffusestheGermanword“Dicke”i.e.thicknesstodenotethedepthofthebeam,namelythedimensionofthebeamcross-sectionmeasured
intheplanewherevibrationsoccur.
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[MAW:820]thegeneralexpressionforuisthenthesumofthedifferentialquotients
dϕ

dζ
,
dϕ

dζ
,
dψ

dζ
,
dψ

dζ
,whichare591

multipliedbyarbitraryconstants.592

Foroneendofthebeamletz,andhenceζ,beinfinitesimallysmall,andletthisendbefree;thenforaninfinitesimally593

smallζ594

ζ3
d2u

dζ2
and

d

dζ
ζ3
d2u

dζ2
(B.32)

mustvanish;thisoccurs,whenthecoefficientsof
dϕ

dζ
,
dψ

dζ
intheexpressionofuaresetequaltozero,henceuappearsas595

u=A
dϕ

dζ
+B
dψ

dζ
. (B.33)

Letthesecondendofthebeambeconstrainedinsuchaway,thatforituand
du

dz
,hencealso

du

dζ
,mustvanish;forthis596

enditisthen597

0=A
dϕ

dζ
+B
dψ

dζ
(B.34)

and598

0=A
d2ϕ

dζ2
+B
d2ψ

dζ2
, (B.35)

[AdP:506]hencealso,accordingtothedifferentialequations,whichϕandψsatisfy,599

0=Aϕ−Bψ, (B.36)

therefore600

0=ϕ
dψ

dζ
+ψ
dϕ

dζ
(B.37)

or601

0=
d(ϕψ)

dζ
. (B.38)

Thisistheequationfromwhichthevaluesofλaretobedetermined,i.e.theoscillationnumbersofthevibrationmodes12602

whichthebeam[MAW:821;GA:345]canproduce.603

Forthisdevelopmentitcanbeuseful<adopting>themethodwhichIhaveusedinamoregeneralcaseinmyworkonthe604

vibrationsofacircularplateb.Ifthedifferentialequationsforϕandψaremultiplied605

by ψ orby
dψ

dζ
orby ψ

−ϕ
dϕ

dζ
ϕ

(B.39)

andaddedeverytime,thenoneobtains606

2ϕψ=
d

dζ
ζ ψ

dϕ

dζ
−ϕ
dψ

dζ
(B.40)

ψ
dϕ

dζ
−ϕ
dψ

dζ
=−
1

ζ

d

dζ
ζ2
dϕ

dζ

dψ

dζ
(B.41)

ζ ψ
d2ϕ

dζ2
+ϕ
d2ψ

dζ2
+
dϕψ

dζ
=0. (B.42)

12Kirchhoffusesheretheword“Töne”i.e.tones,sounds,whichisborrowedfrommusictodenotevibrationmodescorrespondingtodifferent
frequencies.
bCrelle’sJournal,Vol.40.<page51,1850>.
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Ifthelastoftheseequationsistransformedbymeansoftheidentity607

d2(ϕψ)

dζ2
=ψ
d2ϕ

dζ2
+ϕ
d2ψ

dζ2
+2
dϕ

dζ

dψ

dζ
, (B.43)

thenitbecomes608

dϕ

dζ

dψ

dζ
=
1

2ζ

d

dζ
ζ
d(ϕψ)

dζ
. (B.44)

Thereof,itresultsforϕψthefourth-orderdifferentialequation609

4ϕψ=−
d2

dζ2
ζ
d

dζ
ζ
d(ϕψ)

dζ
, (B.45)

andthisdeterminesthecoefficientsBiintheequation610

ϕψ=1+B1ζ
2+B2ζ

4+B3ζ
6+···, (B.46)

whichimmediatelyfollowsfromtheexpressionsofϕandψ.[AdP:507]Onefinds[MAW:822]611

Bn=−
Bn−1

n2·(2n−1)·2n
, (B.47)

and,ifonedefines612

1·2·3·...nthroughn! (B.48)

<itfollows>613

ϕψ=1−
ζ2

(1!)22!
+

ζ4

(2!)24!
−

ζ6

(3!)26!
+···. (B.49)

[GA:346]Theequation,whichhastobeusedforthedeterminationofthevibrationfrequencies,istherefore614

0=1−
ζ2

(2!)23!
+

ζ4

(3!)25!
−

ζ6

(4!)27!
+···. (B.50)

Letζ0bethesmallestpositiverootofthisequation,whichprovidesthefundamentalfrequency
13ofthebeam. Without615

difficultyonefinds:616

ζ0=5.315. (B.51)

Thelengthofthebeamisl,sothat617

lλ
qµ

kE
=ζ0; (B.52)

fromwhichthevalueofλforthefundamentalfrequencycanbecomputed.Let2a0bethethicknessofthebeamatthe618

clampedend;itisthen619

q

k
=
3l2

a20
, (B.53)

andhence620

λ=5.315
E

3µ

a0
l2
. (B.54)

Fortheprism-shapedbeamtherefore,likefortheparallelepipedone,theoscillationnumberofthefundamentalfrequencyis621

inverselyproportionaltothesquareofthelengthanddirectlyproportionaltothethickness,whenthethicknessismeasured622

13Again,referenceismadetomusic,asKirchhoffwritesliterally“Grundton”,i.e.fundamentalsound.
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attheclampedend.Forequalvaluesofa0andlthefundamentalfrequencyoftheprismaticbeamishigherthanthatofthe623

parallelepipedal;forthelatteritisindeed624

λ=3.516
E

3µ

a0
l2
, (B.55)

sothatthefundamentalfrequencyoftheprismaticbeamisapproximatelythefifth14ofthefundamentalfrequencyofthe625

parallelepiped.626

[MAW:823]Nowitwillbeexaminedhowlargetheamplitudesofoscillationofthefreeendoftheprismaticendmight627

be,when[AdP:508]themagnitudeofstrainmustnotexceedanywhereagivenlimit.628

Themaximumofthestraininanycross-sectionoccurswhenthebeamhasexperienceditslargestbendingdeflectionat629

theupperor[GA:347]atthelowerside,andthismaximumisequaltotheabsolutevalueof630

a0z

l

d2u

dz2
(B.56)

i.e.of631

a0ζ0
l2
ζ
d2u

dζ2
. (B.57)

Thisexpressiongets,whenζincreasesfrom0toζ0,amaximumforaparticularvalueofζwhichmustbecomputed.632

Denotethevaluesofϕandψforζ=ζ0byϕ0andψ0;itisthen633

ϕ0=19.2772 ψ0=−0.2934 (B.58)

andonecanset634

u=−C ϕ0
dψ

dζ
+ψ0

dϕ

dζ
, (B.59)

whereCisaconstant.Theconditionforthesoughtmaximumistherefore635

0=ϕ0
d

dζ
ζ
d3ψ

dζ3
+ψ0

d

dζ
ζ
d3ϕ

dζ3
(B.60)

or636

0=ϕ0
1

3!
−
2ζ

1!4!
+
3ζ2

2!5!
−
4ζ3

3!6!
+··· −ψ0

1

3!
+
2ζ

1!4!
+
3ζ2

2!5!
+
4ζ3

3!6!
+··· . (B.61)

Thesmallestrootofthisequation,andtheonlyonelyingbetween0andζ0,is637

=3.688. (B.62)

[MAW:824]Forthisvalueofζitis638

ζ ϕ0
d3ψ

dζ3
+ψ0

d3ϕ

dζ3
=−4.992. (B.63)

Forζ=ζ0thesameexpressionis=−4.333..Ifthelargeststrainisdenotedbyε,thenitis639

ε=C
a0ζ0
l2
4.992. (B.64)

[AdP:509]NowletUbethelargestelongation15ofthefreeendofthebeam;hence640

U=C(ϕ0−ψ0) (B.65)

14Namely,withtermsborrowedagainfrommusic,ina3:2ratiotothefundamentalfrequencyoftheparallelepipedalbeam.
15Kirchhoffdenotesby“Elongation”i.e.elongationwhatisbetterdefinedbytheworddeflection.
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[GA:348]whichmeans641

=C·19.563, (B.66)

sothat642

U=ε
l2

a0ζ0
3.919, (B.67)

orbysubstitutionintotheequationwhichdeterminesλ,643

U=ε
1

λ

E

3µ
·3.919. (B.68)

Forthevibrationscorrespondingtothefundamentalfrequencyoftheparallelepipedalbeamonefindsthemaximumstrain644

attheclampedend,andbetweenthismaximumandthelargestdeflectionatthefreeendthereexiststherelationship645

U=ε
1

λ

E

3µ
. (B.69)

Fromhereonesees,thatforequalmaterialandequalperiodofoscillation,theprismaticbeamcanproducedeflection646

amplitudesabout4timeslargerthantheparallelepiped.647

—ooo—648

[MAW:825]Now,inasimilarway,itwillbetreatedthecaseinwhichthebeamformsaverypointedcone.The649

differentialequationofitsvibrationsisthen,accordingtothepreviousobservations650

qµλ2

kE
z2u=

d2

dz2
z4
d2u

dz2
. (B.70)

Thiscanbewrittenas651

qµλ2

kE
u=

1

z2
d

dz
z3
d

dz

1

z2
d

dz
z3
du

dz
, (B.71)

anditissatisfiedwhenonesets652

1

z2
d

dz
z3
du

dz
=±uλ

qµ

kE
. (B.72)

Ifoncemoreζislike653

ζ=zλ
qµ

kE
, (B.73)

[GA:349]thenthegeneralexpressionofuisthesumofthegeneralintegralsofthetwodifferentialequations654

ζ
d2u

dζ2
+3
du

dζ
=±u. (B.74)

[AdP:510]Ifthesymbolsϕ,ψ,ϕ,ψareusedwiththesamemeaningasabove,thenuisahomogeneouslinearfunction655

of
d2ϕ

dζ2
,
d2ψ

dζ2
,
d2ϕ

dζ2
,
d2ψ

dζ2
,whosecoefficientsarearbitraryconstants.Butoneendofthebeamhastobefreeandzmust656

beinfinitesimallysmallatthatend;consequently,foraninfinitesimallysmallζ657

ζ4
d2u

dζ2
and

d

dζ
ζ4
d2u

dζ2
(B.75)

mustvanish;thisrequiresthatthecoefficientsof
d2ϕ

dζ2
andof

d2ψ

dζ2
aresetequaltozero.Fromthatonehas658

u=A
d2ϕ

dζ2
+B
d2ψ

dζ2
. (B.76)
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[MAW:826]Forthesecondendofthebeamletagainbeu=0and
du

dz
=0,whichmeans659

A
d2ϕ

dζ2
+B
d2ψ

dζ2
=0 (B.77)

A
d3ϕ

dζ3
+B
d3ψ

dζ3
=0; (B.78)

forthesame<end>itmustbealso660

A
dϕ

dζ
−B
dψ

dζ
=0, (B.79)

sothat661

dϕ

dζ

d2ψ

dζ2
+
dψ

dζ

d2ϕ

dζ2
=0 (B.80)

or662

d

dζ

dϕ

dζ

dψ

dζ
=0. (B.81)

Forthegivendevelopmentofϕψitfollowsthen663

−
dϕ

dζ

dψ

dζ
=1−

ζ2

1!2!3!
+
ζ4

2!3!5!
−
ζ6

3!4!7!
+···; (B.82)

andhencetheequationtobesatisfiedfortheclampedendis[GA:350]664

0=
1

2!3!
−
ζ2

1!3!5!
+
ζ4

2!4!7!
−
ζ6

3!5!9!
+···. (B.83)

Ifagainζ0isdefinedasthesmallestrootofthisequation,thenthefundamentalfrequencyofthebeamgives665

ζ0=8.718. (B.84)

Thevalueofzfortheclampedendofthebeamisagainl;hence,alsohereonehas666

lλ
qµ

kE
=ζ0. (B.85)

[AdP:511]Ifthevaluesofqandkforz=laredefinedbyq0andk0,then667

q

k
=
q0
k0
l2. (B.86)

[MAW:827]Fromhereitfollowsthat668

λ=8.718
k0E

q0µ

1

l2
. (B.87)

Thereforealsoherethefrequencyofoscillationsofthefundamentalmodeisinverselyproportionaltothesquareofthe669

length,providedthatthecross-sectionsattheclampedendareequalinbothcases.Foracylindricalbeam,clampedonlyat670

oneend,forwhichqandkassumethevaluesq0andk0,andhavinglengthl,thefundamentalfrequencyis671

λ=3.516
k0E

q0µ

1

l2
, (B.88)

sothatthefrequenciesofthefundamentalmodefortheconicalandthecylindricalbeambehavelike8.718:3.516.672
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Forwhatconcernsthestrainsintheconicalbeam,theirmaximuminanycross-sectionis673

a0ζ0
l2
ζ
d2u

dζ2
, (B.89)

ifa0denotesthemaximumdistance,inthedirectionoftheoscillation,oftheouterfibreofthecross-sectionfromits674

centroid.Hencethemaximumoccursforavalueofζwhichsatisfiestheequation675

0=
d

dζ
ζ
d2u

dζ2
. (B.90)

Forζ=ζ0itis[GA:351]676

dϕ

dζ
=19.024

dψ

dζ
=0.099534, (B.91)

fromhereonehas677

u=C 0.09953
d2ϕ

dζ2
+19.024

d2ψ

dζ2
, (B.92)

andthatequation<namely(B.90)>is678

0=0.09953
1

4!
+
2ζ

1!5!
+
3ζ2

2!6!
+··· +19.024

1

4!
−
2ζ

1!5!
+
3ζ2

2!6!
−··· . (B.93)

[MAW:828;AdP:512]Thesmallestrootofthisequationis679

ζ=4.464. (B.94)

Forthisvalueofζitis680

1

C
ζ
d2u

dζ2
=1.388. (B.95)

Forζ=ζ0thesameexpressionis=0.9734.Again,letεdenotethemaximummagnitudeofstrain,thenonegets681

ε=C·
a0ζ0
l2
·1.338. (B.96)

LetUbethelargestdeflectionofthefreeendofthebeam,soitis682

U=C·9.592, (B.97)

therefore683

U=ε·
l2

a0ζ0
·6.889 (B.98)

or,since684

l2

ζ0
=
1

λ

k0E

q0µ
, (B.99)

685

U=ε
1

λ

1

a0

k0E

q0µ
·6.889. (B.100)

Foracylindricalbeam,whoseclampedendhasthesamedimensions,<thelargestdeflectionatthefreeend>forthe686

fundamentalfrequencyis687

U=ε
1

λ

1

a0

k0E

q0µ
, (B.101)

suchthatforequalmaterialsandequalperiodsoftheoscillationstheconicalbeammightproduceamplitudesofoscillation688

atthefreeendabout7timeslargerthanthecylindricalone.689
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