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ABSTRACT

Given a directed graph, the Capacitated Steiner Arborescence Problem (CSAP) aims to determine the least-cost connection from
the root node to terminal nodes requiring a demand through Steiner nodes coming with a capacity, such that there is a unique path
from the root to each terminal. This paper presents a new extended formulation of the CSAP, which extends the classical multicom-
modity flow formulation of CSAP by introducing the notion of cardinality of terminals served by arcs. We show that our extended

formulation is stronger than the classical one. We present two classes of inequalities and separation heuristics exploiting the car-

dinality effect of the extended formulation. The first class is a generalization of cardinality induced Cover and (1, k)-Configuration
inequalities. The second class is called the p-Arc Cardinality matching inequalities and is based on matching the number of com-
modities flowing on active arcs across a cut-set to its composite cardinality. The computational study clearly demonstrates the

superiority of the extended formulation over the classical one. In particular, it consistently provides significantly tighter lower

bounds at the root node. Moreover, for all hard instances, solving CSAP to optimality requires a number of branch-and-bound

nodes that is several orders of magnitude larger under the classical formulation than under the extended one.

1 | Introduction

The Steiner Arborescence Problem (SAP) is a well-known
problem in network design and has great relevance to applica-
tions in computer networks. Given a directed graph G = (N, A),
with N = {r} US UT and each arc (i, j) € A associated with a
cost ¢; > 0, the Steiner Arborescence Problem is to connect the
root node r to each terminal node k € T through Steiner nodes
of set S, to obtain a least cost graph G = (N’, A’), where N’ =
{rfuS'UT, S'C S and A’ C A. The graph G = (N’, A’) has
a tree structure, with a unique path from r to each k € T. The
importance of SAP derives from its close relationship to the more
well-known Steiner tree problem defined on a graph G = (N, E),
where each e € E is an undirected link. The Steiner tree problem

has important applications in the design of logistics and telecom-
munication networks, as well as VLSI [1, 2]. It is well under-
stood that, when costs ¢, > 0 for each e € E, the Steiner tree
problem can be equivalently modeled as SAP by replacing each
link e = {u, v} by two directed arcs (u, v) and (v, u) [3]. Further-
more, as highlighted in [4, 5], SAP formulations provided tighter
lower bounds from their LP relaxations than Steiner tree formu-
lations with undirected links. Hence, our interest in SAP. In this
paper, we consider the capacitated version of SAP, referred to as
CSAP, in which each Steiner node j € .S comes with a capac-
ity C; > 0, while each terminal node k € T requires a demand
d, > 0. As recognized in [2], ‘intermediate’ Steiner nodes oper-
ate with finite capacities in telecommunication networks, hence
motivating the need to consider CSAP.
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Although there are many integer programming formulations of
SAP in extant literature, they can all be broadly categorized
into three, namely (1) Cut-based formulations, (2) Tree-based
formulations and (3) Multicommodity flow-based formulations.
Cut-based formulations are based on the observation that in any
partitionof N = N, U N,,wherer € N, and N, N T # ¢, atleast
one arc connecting nodes in N, to nodes in N, must belong to A’.
Tree-based formulations try to enforce a tree structure in every
sub-graph defined by N’ C N. In multicommodity flow-based
formulations, a commodity is associated with each k € T. The
formulation here sends one unit of flow from r to each k € T
of that commodity. Poltzin and Daneshmand [5] in their analy-
sis suggest that existing extensions of the multicommodity flow
formulations are superior to extensions of cut or tree-based for-
mulations. The main thrust of this paper then is a new extended
formulation of CSAP, which is based on further strengthening the
classical multicommodity flow formulation.

1.1 | Classical Formulation of CSAP

Before presenting the classical multicommodity formulation, the
following assumptions about CSAP are in order. First, the set of
Steiner nodes .S are treated as distinct from the terminal nodes 7.
However, if a terminal node j € T was also a candidate Steiner
node with a capacity C;, node j is split into two: j; € S, with
a capacity C; , and j, € T, with a demand d; . Further, an arc
( J1s jz) is created with cost equal to zero. The rest of the arcs enter-
ing and leaving j are now assigned to j;.

The cost Cj associated with arc (i, j), where j € S consists of two
components. The first component is associated with establishing
the link (i, j). The other component is the cost of establishing the
Steiner node j € S. Such an assignment depends on the fact that
at most one arc enters any node j € S.

Finally, to ensure that the problem instance is not trivial, it is
assumed that (i) d; < C, foreachi € S, j € T, and (ii) ZjEde >
C,;foreachi € S. The classical multicommodity flow formulation
of CSAP uses two sets of binary variables: (a) y; = 1,if (i, j) € A,
0 otherwise, for each (i, j) € A, and (b) xg =1, if commodity k
flows on arc (i, j) € A, 0 otherwise.

The classical multicommodity flow formulation of CSAP is:

(ny)
min 2 Y
(i.j)EA
s.t.
l,i=r
ng— ijkl.= -1,i=k

JEN JEN .
0,i #r,k

VkeT,Vie N

@®
x;;. <y Y@i,j) € A Yk eT 2)

Y dxk < Cyy V(i j) € {Alj € S} ®)

keT

Zyijsl

iEN

vies (4a)

Yw< Xy VieSs (4b)
(i.))EA (j.HEA
Yij xfj € {0,1} Y(i,j) € AVkeT (5)

Constraints (1) in (ny) enforce the flow conservation require-
ment wherein one unit of flow of commodity associated with k €
T starts at node r and ends at k € T. Constraints (2) ensure that
the commodity associated with k does not flow on arc (i, j), unless
it is setup. Constraints (3) enforce the capacity restriction on each
arc (i, j) where node j € S, that is the flow of commodities on
arc (i, j) cannot exceed C;. Constraints (4a) enforce in part the
tree structure wherein at most one arc enters each Steiner node
j € S. Finally, Constraints (4b), referred to as node-balancing
constraints by Duin [6], enforce that the indegree of a Steiner
node is less than or equal to its outdegree.

1.2 | Literature Review

This work addresses the capacitated version of the Steiner
Arborescence Problem (CSAP), extending the uncapacitated for-
mulation introduced by Wong et al. [3]. The underlying Steiner
Arborescence Problem (SAP) is known to be NP-hard [7]. Despite
its relevance, the capacitated variant has received limited atten-
tion in the literature. A closely related problem is the Capaci-
tated Minimum Spanning Tree Problem (CMST), which has been
extensively studied. However, CMST differs fundamentally from
the setting considered here, as it assumes unit demands and
defines capacity in terms of the maximum number of nodes in
each subtree rooted at the depot.

In an early contribution, Gavish et al. [8] propose a single-
commodity flow formulation of the problem, which enables
a Dantzig-Wolfe decomposition and the development of a
Lagrangian relaxation approach for the Capacitated Minimal
Directed Tree Problem. The proposed relaxation is exploited to
derive tight lower bounds on the optimal solution, as well as to
design a heuristic for obtaining high-quality feasible solutions.
The effectiveness of the procedure is demonstrated in computa-
tional tests. Later, a hop-index generalization of this formulation
has been proposed by Gouveia and Martins [9]. Gouveia et al. [10]
introduce a novel class of valid inequalities for the CMST problem
with arbitrary node demands. These inequalities strengthen the
classical multistar constraints. A Lagrangian relaxation dualizing
these inequalities is proposed and tested. Computational exper-
iment show that the new approach is particularly effective for
random cost and sparse graphs. Yet, Gouveia et al. [11] intro-
duce a flow-based formulation using binary variables ZZ‘ for the
CMST, which take the value 1 when a flow of ¢ units pass through
arc (i, j). Unlike the previous formulations, which requires O (n?)
constraints, this new model reduces the number of constraints
to O(n). Despite the simplification, its linear relaxation provides
lower bounds that remain comparable to those of the original
formulation.

The SAP was used as a powerful modeling tool for solving
other network design problems (e.g., VLSI) [12-14]. As the SAP
may provide a stronger LP relaxation than the STP, it offers
the potential to support the development of more efficient solu-
tion algorithms. Furthermore, any instance of the Steiner Tree
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Problem can be reformulated as a Steiner Arborescence Problem.
Although extensive literature exists on the uncapacitated Steiner
tree and its closely related SAP, there is little reported work on its
capacitated versions. In fact, to the best of our knowledge, there
is no reported work addressing capacitated versions as described
above.

A recent survey on the Steiner Tree Problem, covering formu-
lations and solution methods, is provided by Ljubic et al. [14].
The Steiner Tree Problem was explicitly formulated for the first
time by Hakimi et al. [15], whereas Wong [3] is among the ear-
liest contributions to introduce a multicommodity flow formu-
lation for the Steiner tree problem on a directed graph. Specif-
ically, given the same set of variables as in (ny), the formu-
lation in this paper consisted of constraints (1), (2) and (5).
A dual ascent procedure was developed to solve the LP relax-
ation of the multicommodity flow formulation. Their formu-
lation is valid for the SAP as well and can be easily adapted
to the prize-collecting and other STP variants. Their computa-
tional results show that this formulation is capable of producing
optimal or near-optimal solutions for the majority of the tested
instances. Goemans and Myung [4] compared cut-based formu-
lations to multicommodity flow formulations, both for Steiner
tree and SAP. The classical cut-based formulation and multicom-
modity flow formulation are shown to be equivalent for SAP,
which in turn are stronger than cut-based and multicommod-
ity flow formulation for Steiner tree on undirected graphs. They
introduced two extended formulations of a tree-based formula-
tion by introducing binary variables y; for each j € S, besides
link-based variables x, for each e € E. They showed the LP relax-
ation of their formulation to be as strong as multicommodity
flow formulation. Liu [16] presented an extended formulation
of SAP that is based on | T |= 3. Chopra et al. [17] used the
cut-based formulation to develop a branch-and-cut procedure to
solve the Steiner tree to optimality. Similarly, they report exten-
sive computational results showing that optimal or near-optimal
solutions are often obtained already at the root node of the
branch-and-bound tree. Poltzin and Daneshmand [5] provide an
excellent theoretical comparative analysis of the various formula-
tions in terms of the strength of their LP relaxations. They showed
that multicommodity flow-based formulations are at least as good
as tree-based formulations in terms of lower bounds obtained
from their respective LP relaxations. Furthermore, the ratio of
their corresponding lower bounds can be arbitrarily large. In
addition, they introduce a new formulation that extends the mul-
ticommodity flow formulation. Here, an additional set of flow
variables that describes co-flow of two commodities, k € T and
| € T, along each arc (i, j) € A is introduced. Although the clas-
sical multicommodity flow formulation is described by O(|A||T|)
variables and constraints, the extended formulation of Poltzin
and Daneshmand requires O(|A| |T|2) variables and constraints.
They demonstrate that this formulation is the strongest among
all previously proposed formulations. In [18] Poltzin and Danesh-
mand approach the Steiner Problem in networks using an exact
algorithm that integrates three main components: Relaxations,
heuristics, and reductions. Relaxations are employed to derive
lower bounds by relaxing feasibility constraints, thereby aiding
in solving or approximating optimization problems. The authors
proposed a family of new relaxations, demonstrated relation-
ships between classical and new approaches, and constructed
a hierarchy of relaxations. Heuristics provide “good” but not

necessarily optimal solutions, furnishing upper bounds crucial
for exact algorithms and bound-based reductions. The authors
introduced reduction-based heuristics that provide sharp upper
bounds with high efficiency. Reductions simplify the size of the
problem instances without compromising the optimal solution.
The authors developed efficient realizations of classical tests and
created a reduction package that performs stronger reductions
than competing packages.

Another class of models that has been proposed is the family of
hypergraphic formulations. These are based on the observation
that the edge set of any Steiner tree can be uniquely partitioned
into full Steiner components (FSCs) by splitting the tree at inner
terminal nodes. In the context of the geometric Steiner tree
problem, Warme [19] demonstrated that an optimal STP can be
equivalently represented as a minimum-cost spanning tree in
a specially constructed hypergraph whose nodes are terminals
and whose hyperedges correspond to FSCs. The weight of each
hyperedge equals the sum of the edge weights in the correspond-
ing FSC. Although finding an MST in a hypergraph is NP-hard,
hypergraphic Mixed Integer Programming (MIP) formulations
can be derived from classical MIP models for spanning trees. For
instance, the model using subtour elimination constraints (SECs)
on undirected hypergraphs is equivalent to the model employing
directed cuts on the corresponding directed hypergraph. Filipecki
and Van Vyve [1] introduced MCF-based formulations employing
aggregated-path variables. Their approach generalizes the classi-
cal MCF formulation by modeling flows over paths rather than
solely over edges. For an integer parameter A€ 1, ...,|[V]| -1,
the formulation, denoted MCF- 4, considers MCFs from a root
node to a terminal node by restricting attention to simple paths
of length at most 4. In a recent work, Rehfeldt et al. [20] pro-
pose an exact approach for SPG by developing a novel implied
bottleneck Steiner distance that estimates how critical an edge
is in connecting terminals. If this distance is smaller than an
edge’s weight, that edge can be safely excluded, enabling stronger
reduction rules than classical methods [21]. They also introduce
conflict detection between edges using node and edge replace-
ment ideas, which identifies edges that cannot coexist in a mini-
mum Steiner tree. By combining the new distance measure with
these conflict checks, they build a generalized extended reduction
framework that systematically prunes the search space. The new
methods were implemented within an enhanced branch-and-cut
framework, with a strong emphasis on reduction techniques dur-
ing presolving and domain propagation. Computational experi-
ments demonstrate that their approach significantly outperforms
the previous best state-of-the-art solver, achieving faster solu-
tion times across standard benchmarks, substantially reducing
problem sizes during preprocessing (e.g., up to 75% for VLSI
instances), and providing over sevenfold speedups on the hardest
instances. Moreover, the solver solved 19 instances to optimal-
ity for the first time and efficiently handled large-scale Euclidean
instances.

The work most closely related to the setting considered in this
study is that of Bentz et al. [22]. They address a capacitated ver-
sion in which each j € T can be thought of as having a unit
demand, whereas each edge e € E comes with a capacity c(e),
defined as the number paths that it can handle from r to each
j € T. They studied various versions of this problem, obtained
by classifying them along parameters, (i) fixed versus varying
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size of | T |, (ii) edge length of zero versus not, and (iii) capacity
c(e) = 1 versus greater than 1. By classifying the problem along
these three dimensions, they were able to identify hard and easy
versions in all but one. For those versions that were shown to
be NP-Hard, they proposed polynomial bounded approximation
algorithms with known worst case performance guarantees. For
the same capacitated version addressed by Bentz et al. [22], Van
den Eynde et al. [2] proposed a Capacitated Shortest path heuris-
tic which they tested on a large set of problem instances. They
were able to demonstrate their heuristic’s ability to obtain good
solutions for large size problems quickly. Di Puglia Pugliese et al.
[23] considered a version of the problem in [22] in which all links
e € E have a common demand K. They developed a Lagrangean
relaxation-based procedure along with a primal heuristic from
which they obtain a lower and upper bound on the optimal solu-
tion. They demonstrate the efficacy of their procedure on a large
set of testing problems with very small gaps.

Several variants of the Steiner Tree Problems have been explored.
Bentz et al. [24] study a robust variant of the capacitated Steiner
tree and network design problem on directed graphs, motivated
by applications such as wind farm cabling. Similarly to [22] each
arc (i,j) that comes with a capacity u;. The authors address
the challenge of ensuring connectivity from a root to multiple
terminals under arc failures, whereas satisfying capacity con-
straints. They introduce several robustness models, including
the possibility of protecting a subset of arcs, and focus on min-
imizing the cost of a resilient network that can sustain up to
k arc failures without disconnecting any terminal. The analy-
sis includes both tree and general network topologies, under the
assumption of uniform demands. The authors first analyze a
robust arborescence problem, proving its NP-completeness even
under uniform unit demands, and propose multiple formula-
tions balancing cost and robustness. For the general Capacitated
Rooted k-Arc Connected Steiner Network problem, they intro-
duce a bilevel optimization model along with equivalent cut-set
and flow-based formulations and examine their theoretical prop-
erties. Further variants account for protected arcs, for which
the formulations diverge. Two other variants of the Steiner Tree
Problems are the Node-Weighted Steiner Tree Problem (NWSTP)
and the Prize Collecting Steiner Tree Problem (PCSTP). Segev
[25] introduced the NWSTP and proposed two Lagrangian relax-
ation bounding procedures for a special case where a single
node is mandatory. These procedures are based on two mathe-
matical models, the tree-type formulation and the flow formu-
lation. Additionally, three simple heuristic methods were devel-
oped: One applying a subgradient method to the first Lagrangian
relaxation, and two using greedy strategies. Both the heuris-
tics and the bounding procedures were evaluated on complete
graphs of up to 40 vertices. Bienstock et al. [26] were the first
to propose a solution method for the PCSTP. They developed a
heuristic inspired by Christofides’s algorithm for the TSP adapted
to the PCSTP yielding a heuristic with a worst-case perfor-
mance ratio of 3. Leitner et al. [27] introduces a generalized
Branch-and-Bound (B&B) framework designed for the asym-
metric prize-collecting Steiner tree problem (APCSTP). They
propose a B&B framework based on a dual ascent procedure.
The proposed framework extends Wong’s dual ascent algorithm
by using a greedy scheme to iteratively adjust dual variables,
increasing the dual objective while maintaining feasibility. The
obtained lower bounds and dual information enable powerful

bound-based reduction tests. Extensive computational tests show
that the framework is highly effective for various Steiner-type
problems as it solves most benchmark instances—including
very large ones—to optimality. The proposed method achieves
speedups of up to hundred-fold compared to previous exact algo-
rithms. Its success is due to tight lower and upper bounds,
which enable strong graph reductions early in the computation.
The framework also outperforms recent heuristics, but is less
effective on highly symmetrical, reduction-resistant instances,
where branch-and-cut methods remain better. Rehfeldt et al. [28]
present exact algorithms for the PCSTP, combining new theo-
retical complexity insights with highly effective reduction tech-
niques. First, they introduce a standard formulation (PrizeCut)
for the general, unrooted PCSTP, which transforms the problem
into a SAP instance by choosing an artificial root node. Then,
they show that the PCSTP is Fixed-Parameter Tractable (FPT)
when parameterized by the number of proper potential termi-
nals, providing a strong theoretical basis for algorithms that
explicitly distinguish this vertex class. Their main algorithmic
contributions include the Prize-Constrained Distance (PCD), a
novel walk-based distance measure that yields an edge elimi-
nation criterion provably stronger than existing bottleneck dis-
tance tests, leading to significant instance reductions. In addi-
tion, they introduce the Terminal-Regions Decomposition (TRD),
a generalization of Voronoi decompositions that supports effec-
tive bound-based reductions during the pre-solving stage. More-
over, the left-rooted prize-constrained distance is employed to
detect implicit roots, that is vertices that must belong to every
optimal solution. This allows the PCSTP to be transformed into
the Rooted PCSTP (RPCSTP). This rooting insight allowed them
to introduce the PrizeRCut formulation, which uses a simpler
transformation that avoids the artificial complexities and large
constants necessary for the unrooted PrizeCut. As a result, the
model yields a tighter Linear Programming relaxation and, con-
sequently, stronger lower bounds for the optimal solution.

1.3 | Contributions of This Paper

Following the trend in the literature, we present an extended for-
mulation of CSAP that introduces the notion of terminal cardi-
nality on each arc (i, j) € {A| j € S'}. By cardinality we mean the
number of commodities—each associated with a terminal k € T
that pass flow on arc (i, j). Accordingly, the x and y variables in
(ny) are disaggregated into at most | T' | sets. Although such a
formulation is larger, consisting of at most 0(|A| |T|2) variables
and constraints, we show that its LP relaxation provides a tighter
lower bound than that provided by (P,,). We also present two
classes of inequalities that exploit the notion of cardinality on
arcs. The first ones are generalizations of the Cover and (1-k) Con-
figuration inequalities. Given the knapsack-type constraints (3)
on each arc, the Cover and (1-k) Configuration inequalities are
strengthened based on the cardinality of commodities that are
active on that arc. The second class of inequalities, called p-Arc
Cardinality matching inequalities, is derived from matching the
number of commodities flowing on p active arcs across a cut-set to
the composite cardinality of these p arcs. It needs to be mentioned
here that the notion of cardinalities to disaggregate variables has
been successfully tried and implemented earlier on the General-
ized Assignment Problem, as is reported in [29], as well as the
Concentrator Location Problem, reported in [30]. In both these

Networks, 2026

253

8518017 SUOWILLIOD BAIeR1D) 3|gedl|dde 3y} Aq pausenob 8e ssole O ‘85N J0 Sa|nJ 10y A%eiq 1T 3UIIUO AB]IM UO (SUO B IPUOD-PUe-SWLIBY W00 A | 1M AReq)1 BU1UO//ScY) SUORIPUOD pue SWie | 343 39S *[9202/80/TT] Uo Ariqiauliuo Ao |im ‘1e1ifed I elseAlun Ag €500, BU/Z00T OT/I0p/LI0d A8 |1m ATelq 1 Bu1juO//SAnY W1} papeo|umoq ‘g ‘920 ‘LE00L60T



papers, the use of cardinality induced Cover and (1-k) Configu-
ration inequalities have been successfully implemented as well.
What is indeed new in this paper, is the introduction of the p-Arc
Cardinality matching inequalities.

Finally, an implementation of a branch-and-cut procedure using
IBM ILOG CPLEX Optimizer software [31] is reported, wherein
at the root node, the LP relaxation of the extended formulation is
solved, followed by identifying and adding the proposed inequal-
ities when violated, together with the internal cuts generated
by CPLEX. The performance of our branch-and-cut procedure
is compared to that of the formulation in (P,,) in CPLEX on
both benchmark and synthetic test problems. The results demon-
strate that the lower bounds obtained at the root node of the
branch-and-bound tree from our branch-and-cut procedure are
superior to that obtained from the classical formulation (ny).
More significantly, for those problem instances where the duality
gap obtained at the root node of the branch-and-bound tree (ny)
was on the higher side, the number of branch-and-bound nodes
needed to verify optimality was found to be orders of magnitude
higher as opposed to the extended formulation.

The rest of this paper is organized as follows. In Section 2,
the extended formulation of CSAP is presented. We show that
the LP relaxation of the extended formulation is higher than
that obtained from the LP relaxation of (ny). In Section 3, we
present (a) cardinality induced Cover inequalities, (b) cardinality
induced (1, k)-Configuration inequalities, and (c) p-Arc Cardinal-
ity matching inequalities. We also describe separation heuristics
for each type of inequality. In Section 4, the results of a detailed
computational study are reported to assess the effectiveness of
our approach in terms of strength of the bounds, the number
of branch-and-bound nodes required, and time required to solve
the instances to optimality. Concluding remarks are presented in
Section 5.

2 | Extended Formulation of CSAP

Associated with each Steiner node i € S, let S; denote the max-
imum number of commodities that can pass through it. To
determine S;, the demands d; for each j € T is first sorted in
non-increasing order. Next, for each i € S, items in T are ‘packed
in a knapsack’ with capacity C; in the same order, till its capacity
is about to be exceeded. Each i € .S is now splitintoi(1), ...,i(s;)
nodes, resulting in an extended graph G, = (N,, A,), with N, =
{r}US,UT. Anode i(s) € S, represents the Steiner node i €
with exactly s commodities entering it, if selected. The cost asso-
ciated with arcs entering node j(s) € S, is the same as the arcs
entering node j € S, that is ¢y, = ¢;. To keep subsequent expo-
sition simple, nodes in .S, will generally be referred to as i or j
instead of i(s) or j(s), unless specific reference needs to be made to
5. Finally, the arcset A’, C A, is induced by the node set {r} U S,.
Given this disaggregation, the variable set y is defined exactly as
in (ny), whereas variable set z replaces x. The extended formu-
lation is:

(Py)

min Z €Yy
(i,))EA,

s.t.

l,i=r,
Z zg—z h=q-Li=k VkeT,Vie N, (6)
JeNe e 0,i #rk
zp < vy Y(i, j) € A,
VkeT (7)

2 izl < Civy V. j(s) € A,

keT

Vs=1,...,5, (8)

z ZS(s) = SYiis) (i, j(s)) € A,
keT

Vs=1,....5, 9

s, .
Z zx=1yij(s) =1 Vies (10
iEN,
zl{;,yij € {0,1} V(i, j) € A,
VkeT (11)

In (sz), (6) describes the flow conservation constraints for
each commodity k € T starting from node r to its destination
k € T. Constraints (7), known as variable upper bound (VUB)
constraints ensure that no flow of commodity k occurs along
arc (i, j) if it is not setup. Constraints (8) represents knapsack
type constraints, defined for each (i, j(s)) € A’, and cardinality
s. Cardinality constraints (9) enforce the requirement that if arc
(i, j(s)) is part the Arborescence tree, then exactly s commodities
must flow on it. Finally, constraints (10) ensure the tree struc-
ture wherein at most one arc enters each j € .S. A straightfor-
ward strengthening of (sz) is based on the observation that the
number of commodities entering a node j € S either remains
the same on a singleton arc leaving it or gets split up into flows
of two or more arcs. Consequently, for any arc (i(s,).Jj(s,)) €
A’, to be part of the solution, s, > s,. Therefore, all arcs
(i(s1).J(s,)) € A’, where s5; < s, can be eliminated from G, =
(N,, A,). The following example illustrates in part the construc-
tion of G, = (N, A,) and the associated formulation (P_, ) from
G = (N, A).

Example 1. Consider the graph G=(N, A), with N = {r} U
SUT and A consists of arcs that originate from r to each
node in S and T. Furthermore, A also consists of arcs origi-
nating from each node in S to remaining nodes in S and each
node in T. Here, S = {1,2} with capacities C; =10 and C,
11, respectively, whereas T = {3,4,5,6}, with demands, d; =
3,d, =4, ds=5 and dg = 6. Consequently, S, =5, =2. The
resulting arc set A, = {(r, 1(0)), (r, 1(2)), (r, 2(0)), (r, 2(2)),
@), 2(1)), (1), 1(1)), (1(2), 2(1)), A(2), 2(2)), (2(2), 1(1)),
(2(2), 1(2))}. The remaining arcs in A, connect nodes in {r}u
S, to nodes in 7. The figure below illustrates the node set
{r}u S, and the arc set A’, generated for the above example
(Figure 1).

Note that as mentioned earlier, there are no arcs (1(1), 2(2)) and
(2(1),1(2)) in A’,. Note as well that constraint (10) on node 2(2)

IS ¥, 00) + Y12)2y £ 1-

It is worth noting that (P,,) and (P,,) are not strictly equiva-
lent. Although every feasible solution in (sz) translates to an
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1(1) e 2(1)

1) e 1 200

FIGURE1 | [Illustration of node set {r} U S, and the arc set A’, in
Example (1).

equivalent solution in (P, ) with the same objective function
value, the converse is not true. Specifically, in ( ) for some
(i,j) € A, Vi = 1, but zij =0foreachk € Tis feas1ble There is no
such equivalent solution in (P ) However, in all known appli-
cations, c¢; > Oforall (i, j) € A. Therefore in any optimal solution
to( ) 1fx = 0foreach k € T for some (i, J)eAthenyU—O
The same then holds for (P,).

Consider the following LP polyhedral:

LP(x,y) = {(x,y) € RAITHA (1), .4),x >0,y >0} (12)
LP(z,y) = {(z, y) € RILITANT6) . (10),2 > 0. > 0)

13)

For some (z, y) € LP(z, y), consider the following aggregation,

i(5:) 5(S;)

X = Z Z Ziios6s) a4

i(s=1)j(s=1)

i(5;) J(S;)
Yy = Z Z Yis)js) (15)
i(s=1)j(s=1)

Let LP,(x, y) denote a projection of each (z, y) € LP(z, y) onto the
x-y space, defined as:

LP,(x,y) ={ (x,y) € LP(x,y) | (14),(15),Y(z,y) € LP(z, y)}

(16)

To clarify, (16) represents a transformation mapping every (z, y) €

LP(z, y) to the corresponding (x, y) € LP,(x, y).

Lemmal. LP,(x,y) CLP(x,y).

Proof: Consider a (z, y) € LP(z, y), which satisfies (6-8) and (10).

By applying (14) and (15) to (z, y), (x,y) € LP,(x, y) is obtained.

In the process, (6-8) and (10) get aggregated to become (14),

respectively. Hence, (x, y) € LP(x, y).

To show that LP,(x,y) C LP(x,y) it suffices to identify an
instance of (x,y) € LP(x,y) for which there is no equivalent
(z,y) € LP(z, y). That is, there is no disaggregation of (x, y) pos-
sible, which results in a (z, y) € LP(z, y) with the same objective
function value. Consider a (X,3) € LP(x, y) in which on an arc
(i, j) € A the commodity set K C T has positive flows on it. The
commodity set K is partitioned into K; and K,, with | K; [>1

FIGURE 2 | [Illustration of Lemma 1 using data in Example (2).

and | K, |> 1. For each k € K;, 5:‘5 = x,, each k € K,, 322 = Xx,,
with0 < x; < x, = fij. Furthermore, the knapsack constraint (3)
is satisfied exactly. Thus,

Z dpxy + Z dpx, = C; 9y (17)

kekK, keK,

The only way to disaggregate (X, ) on (i, j) to obtain (z, y) that sat-
isfies cardinality constraint (9) is to first split the node j into j (51)
and j(s,), with s, = K, | +| K, | and s2 =| K, |. Furthermore,
@) Yii(s,) = X1» (ii) Yii(sy) = X2~ X1» (iii) z i) = = x, foreach k € K,
and (iv) z i) = =x, — x,; for each k € K,, would satisfy (7) and (9).
Since yj; = x,, it follows from (17) that C; > ZkeK d,. Therefore
Ci¥ii(s,) > Likek, % . It then follows that ZkeK j( )

C, Yi(s) for(17) tobe satlsfled This clearly violates knapsack con-
straint (8). Hence, LP,(x, y) C LP(x, y).

To illustrate Lemma 1 consider the following example:

Example 2. Consider the arc (i,j) € A where j € S with
associated C; = 14. Let the fractional solution on (i, /) be as
follows: §; =08, %% =04, 22=04, £ =08, £ =08. The
demands of the four commodities are, d; = d, = 8, whereas
dy = d, = 3. Note that the fractional solution (X, ) in LP(x,y)
satisfies (2) and the knapsack constraint (3) exactly. The only
way the fractional solution (X, y) can be disaggregated to obtain
(z,7) is to set: (a) Kl—{l 2}, 2_{3 4} (b) s1—4 5, =
2, and (¢) i@ = 10’ Y i@ = o’ u(4> 10’ u(4) %’ ij4) %)’
’\;(4) 1‘; ’\3(2) = %, ’\;(2) . Note that (Z, y) satisfies (7) and
(9) Observe that while 32 i) + 3z i) < 14yU(2), SZU(4) + 8zy(4)

323 +32 > 145’1‘;’(4)' This is amply illustrated in Figure 2

U(4) ij(4)
below.

Besides Lemma 1, another important point to note about the
strength of the formulation in (P,,) is that it subsumes the
flow-balance constraints of Duin [6]. The flow-balance con-
straints have been successfully used to strengthen both cut-based
and multicommodity formulations of the Steiner Tree and Steiner
Arborescence problems. Let 6 (j(s)) denote the set of all arcs
entering j(s), and 5*(j(s)) the set of all arcs leaving j(s). For
(sz), the flow-balance constraints, the equivalent of (4b), are
defined for each j(s) € S as

Z Yijis) < Z

(i,j(5))€6~(i(s)) ((s).D€8*(j(s))

Yi(syi- (18)
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Constraint (18) essentially describes in part the tree structure
wherein the sum of y variables associated with arcs entering j(s)
is less than or equal to the sum of y variables leaving j(s). The fol-
lowing proposition shows that due to the elimination of all arcs
(i(s1).i(s,)) € A, where s, < s, from G, = (N,, A,) and con-
straints (10), every (z, y) € LP(z, y) satisfies (18), thus obviating
the need to incorporate them in (P, ).

Lemma2. Every (z,y) € LP(z,y) satisfies (18) for each
jis) e s.

Proof: Consider a (z,y) € LP(z,y) in which a j(s) € S is
‘active’ with a positive flow of commodities entering it, that is
Yiines-GisyYiis > 0- Let U C T denote the set of commodities
with positive flows in one or more arcs (i, j(s)) € 6~ (j(s)), that
isforeach k € U, z ) > 0 for some (i, j(s)) € 6~ (j(s)). It follows
from cardinality constralnt (9) that

Z iy =s. (192)

(i,j(s)€d™(j(s)) keU

We denote the end-node of each (j(s), i) € 6*(j(s)) as having car-
dinalities of s,, ..., s, respectively. Since all arcs (i(s,).j(s;)) €
A, are such s, > s,, it follows that 5, < s, foreach / =1, ..., p.
Due to flow conservation constraints (6), it follows that

Z Ziy = Z Z Z (19b)

(i.j(s)€67(j(5)) k€U G(s))es* (j(s)) keU

From the satisfaction of cardinality constraints (9) on each
((9).i(s;))e 67 (j(s)) it follows that

S * < Z yij(s)) = Z S1* Vj(ois,)- (19¢)
(i,j(s0)€8=(i(s) (i s)i(s;))€8* (i)

Equation (19c) can be rewritten as follows:

( Z yv<s>>= Z

(ij(s)Eb~(J(5)) (J(:i(51))€8* (i(5))

Sy
—_ yj(s),-(s,). (19(1)

One possibility is that s, = s, for each / =1, ..., p. In this case,
it follows that (18) is satisfied exactly. The other possibility is
that 5, < s for one or more arcs (j(s),i(s;)) € 6+(j(s)). Since

<1foreach!/ =1, ...,p, with one or more / where %’) <

l,l it follows that in (18) the left-hand-side is less than the
right-hand-side.

3 | Valid Inequalities for (P,,)

In this section, we present three classes of inequalities,
(i) cardinality induced Cover, (ii) cardinality induced (1,
k)-Configuration, which we will refer to as (1, p, )-Configuration
inequalities, and (iii) p-Arc Cardinality Matching inequalities. In
addition, separation heuristics are devised for each of the consid-
ered inequalities.

3.1 | Cardinality Induced Cover Inequality

We now present a generalization of the well-known Cover
inequality, which is derived from knapsack constraint (8) on arc
(i,j) € A',. Let

H(x,y) = Conv {(x,y) € BAITHA 1) (5)},  (20)

H(z,y) = Conv {(z, y) € BlAITP+[AiT] |(6)...(11)}. 1)

where B = {0, 1}. The classical cover inequality that is valid for
H(x, y), defined on an arc (i, j) € A is as follows. Let V' C T with
| V' |= v, satisty conditions:

i) Y, <

keU

C,YUCV,|U|=u>1

ii) Y di>CVUT C VLU =u+1

keU+

Given the above conditions, the (v, u)-cover inequality is valid for
H (x, y), that is the convex hull of feasible solutions obtained from
(ny ) :

Z Xy S uyy (22)

keVv

Definition 1. Let L C Twith0 <k <| L |.Then, D*(L,k) =
min{ jELdjxj|Zj€ij = k,xe{0, 1}I11}.

Given a set of L commodities, D*(L, k) represents a selection of k
items with minimum cumulative demand. Now consider an arc
(i, j(s)) € A’, where s > 2. Given that the set V' C T satisfies con-
ditions (i) and (ii) above, let R, ¢ V with | R, |=7, < min{v, s}
in turn satisfy conditions,

a4, +D*(T—§s,s—?s
jeR,

) <c, (23)

Y 4, +D*<T—ﬁs+l,s—?s - 1) > C VR, CV,

JER

§S+1| =7 +1

24
Then the following (v, s, 7,)-cover inequality is valid for H(z, y),
the convex hull of feasible solutions in (P, ):

2 Zijiey S Podijco- (25)

keVv

We now show that the (v, s, 7,)-cover inequalities added to
LP(z,y) results in ‘deeper’ cuts than the addition of (v, u)-cover
inequality to LP(x,y). Note that, for a given V C T, since
D* (T —R..,s— 7, —1) >0, it follows that 7, < u, for each s >
2. For s =1, 7, = 1. Furthermore, for a given V, while just
one (v, u)-cover inequality can be constructed for H(x, y), sev-
eral (v, s, 7,)-cover inequalities can be constructed for H(z, y),
one for each s > 2. That being the case, if for a given V, con-
straints in (25) are aggregated over i(s) and j(s), then from

s, S;)
(14), we obtain Zkevxu < 2,((; 1))21((s f) s, Vitjico- Due to (10),

s, s,
ZIJ.((SZ‘I))ZjES z)y,(m(s) < 1.With7, <u,foreachs > 2andfors =1,

7, = 1, it follows that Z{((sil))Zj((SS 3): Yi)jesy < uyy- Therefore, the
collection of (v, s, 7,)-cover inequalities derived for a given V,
dominates the corresponding (v, u)-cover inequality. The follow-
ing example illustrates the strength of (v, s, 7,)-cover inequalities

vis-a-vis (v, u)-cover inequalities.

s+1°

Example 3. Consider an instance in which | T |= 8, with
demands d; in sorted order from largest to smallest being,
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[14,14,14,14,14,7,7,7]. Consider the arc (r,j), with C; =50
and V = {1, ...,5}. Then a (5, 3)-cover inequality obtained for
H(x,y) is Zkevx’r‘j < 3y,;. What the (5, 3)-cover inequality says
is that at most three from the first five commodities in T can
be accommodated on arc (r, /), since the total demand of any
four commodities exceeds the capacity of 50. Note that since
S; =5, in G,=(N,.A,) node j is split into {j(1), ..., j(5)}.
Then, on arc (r, j(5)), for every I/Z\S C V with 7, = 2, Conditions
(23) and (24) are satisfied, since D* <T - I’Q\A\,, 5— ”r]) = 21, while

p*(T-R,.5-7, - 1) = 14. Note that D*(T -R.s —?S) =
21 implies that 3 commodities with the smallest demands from
the set (T—ﬁs) adds up to 21. However, two more com-
modities are needed from ﬁs on (r,j(5)) to enable a cardinal-
ity of 5. The additional demand being 28, the capacity con-
straint is satisfied. However, with D* <T - ﬁs 15— T — 1) =

14, three more commodities are needed from 1/2\5 on (r,j(5)),
whose additional demand is 42, resulting in the capacity con-
straint being violated. Hence, the (v, s, 7,)-cover inequal-
ity derived is ZkeVzl:j(s) < 2y,is)- On arc (r, j(4)), with 7, =3,
D*(T -R,.4 —?S> = 7, whereas D*(T -R,,.4-7 - 1) =0.
Therefore, here ¥, oy 2y, < 354 On arcs (r, j(3)). (. j(2)) and
(r,j(1)), the 7, values implied are 3, 2 and 1, respectively, which
are rendered redundant by constraints (9).

We now identify a partial solution (z,y) € LP(z, y) that violates

the (v, s, 7,)-cover inequalities above. Consider the partial solu-
tzon’ Vi) = 3 Zhis = Fais) = sy = Zz’(s; = %j Zhe) = 1 Fais) =
o Vi) = z‘r‘j(4) = zfj(4) = zfj(4) =z, = ;- It is easy to see that
this solution satisfies VUB constraints (7) and cardinality con-
straints (9) on both arcs, (r,j(5)) and (r,j(4)). The knapsack
constraint (8) on arc (r, j(5)) is satisfied exactly with both the
left-hand-side and right-hand-side equal to 25. The knapsack
constraint on arc (r, j(4)) is also satisfied with its left-hand-side
and right-hand-side equal to 21 and 25, respectively. However, the
(v, 5, F,)-cover inequality on (r, j(5)) is violated with its Lh.s equal
to E and its r.h.s equal to 1. Upon aggregating (14) and (15), the
equivalent (x, y) € LP,(x, y) obtained is: y,; = 1, x‘r‘j =x3=x" =

g
1,x8 =1 x2 = L x6 = 13 Thissolution satisfies the (v, u)-cover
A AT AT o

inequality, ker’:j < 3y, with its Lh.s equal toA a while its r.h.s
equal to 3. This illustrates the fact that the (v, s, 7 )-cover inequal-

ities dominate the (v, u)-cover inequalities.

We now describe a simple separation heuristic for identifying a
(v, 5,7,)-cover inequality that violates a fractional solution (z, y) €
LP(z, y). We first identify an arc (i, j(s)) € A’, with Yiics) > 0 and
asetCoy,) €T with positive flows along (i, j(s)), that is zg,(s) >0,
for each k € Coy,). Furthermore, (z,y) satisties (8) on (i, j(s))
exactly. The items in Coy,, are now sorted from smallest to largest
using function, g(yU(S), zg.(s), dj> = (yij(x) - zg.(s) + 0.1>/dj. This
function value is used to select V' C Coy,), with those k € Coy,,
with smaller value, more preferred. The identification of V' C
Coy;) starts with v = 2. In the first iteration, V' comprises of
the first v items in Coy,. If (23) or (24) are not satisfied with
7, = v—1, then in the next iteration, V' comprises of items 2 to
v+ 1 and tested for (23) and (24). Thus, in iteration /, items / to
v+ 1 —1are tested for (23) and (24) till v + / — 1 equals | Coyicy) |-
At this point v is incremented by 1 and the search continues

ALGORITHM 1 | Algorithm_7,.

1. for each (i, j(s)) € A] such that Vi) > 0 ¢

— k
2 Coyy={keriz >0}

5. sort elements in Coy, in terms of (y,-j(S) - zg.(s) + 0.1>/dk

6. v=2

8. whilev < |Coij(s) :

9. =2

10 whilev+/—1<|Coyql:

11. construct the set V' considering the first / elements
of Coy,,

13. if (23) and (24) are satisfied:

14. add the inequality (25) corresponding to V'

with?, =v—-1
15. I=1+1

16. v=v+1

till v =| Coy,, |. Whenever, both (23) and (24) are satisfied for
a given V, then the cover inequality (25) with 7, = v — 1 is set
up. This inequality is further lifted by expanding V' to selec-
tively include items in T — V" in the following way. First, all items
k € T —V whose d, > max {d,| k € V} are included. Next, for
those k € T -V whose d, <max{d,| k€ V} if D*(V.7,)+
dy+ D*(T —V,s—F,+1) > C,, then k is included in V. After
this lifting procedure, if the resulting cover inequality (25) is vio-
lated, it is added as a cut (Algorithms 1 and 2).

3.2 | Cardinality Induced (1, p)-Configuration
Inequality

Analogously to Cover inequality, the (1, k)-Configuration
inequality [32, 33] is derived from knapsack constraints. In this
paper, since ‘k’ is often used to refer to cardinality, in the inter-
est of clarity in exposition, the (1, k)-Configuration inequality
is henceforth referred to as (1, p)-Configuration inequality. The
basic idea behind the (1, p)-configuration inequality is as follows.
Given a ‘knapsack’ with a capacity of C, let V' c T denote the
set of commodities that can be accommodated in the knapsack.
There exists a ‘big’ item ¢ € T — V/, which cannot be accommo-
dated along with all items in V. More specifically, only all sets
P_, C V, consisting of p — 1 items can be accommodated, along
with item g. Formally, on some arc (i, j) € 4,, let V C T, with
|VI|=vandqeT -V, let

Yd <c, (26)
jev
Y, d;>CVPCV,|Pl=p2<p<v @7)
jePuiq}
Y d;<CVP,CV, P, |=p-1 (28)
JjeP_uig)

For some R, C V, with | R, |=r, satisfying p <r, <wv, the (1,
p)-configuration inequalities that are valid for H(x, y) is

(rU—p+1)xZ.+ Zx; <Yy (29)
kER,
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Observe that for a given V, (29) represents large number of
inequalities, one for each selection of R, out of V. For the same
V, the (1, p)-configuration inequalities can be strengthened to be
valid for H(z, y) as follows. On an arc (i, j(s)) € A’,, consider a
P, CV c T with |ﬁv) =p, <sandagq €T — V, that satisfies

de+D*(T—?U,s—ﬁv) <C, (30)

keP,

3 dk+D*(T—ﬁU—q,s—ﬁU—1>>cj,vﬁUgV, 5,
keP,u{q)
(D
Y d+D(T-P—qs5-5,)<C.VP,_ Po| =5, -1
ke{f{_luq}
(32)

Note that arc (i, j(s)) requires that s commodities flow on it,
if chosen. Therefore, condition (30) states that it is possible to
accommodate all commodities in ﬁv, as well as s — p, commodi-
ties chosen from T—ﬁv on arc (i,j(s)). On the other hand,
condition (31) states that if commodity ¢ € T — ﬁu were to flow
on (i, j(s)), then it is not possible to accommodate any ﬁv cv,
P | = .., even if the smallest set of s — p, — 1 commodities

are chosen from the set T — ﬁv — {q}. However, as per condition
(32), in the presence of commodity g, it is possible to accommo-
date any P, , C V, with ‘IA’U_1| = p, — 1, along with the remain-
ing s — p, commodities from T — }3”_1 — {q}. Upon satisfaction of
conditions (30-32), for some R, C V, with R, = r, where p, <
r, < v, the following set of (1, p,)-configuration inequalities that
is valid for H(z, y):

o~ q k
(ro =B+ 1)z, + 2 2 < v (33)
keR,

Itis worth noting that fora given R, C V', one (1, p)-configuration
inequality (29) is constructed, while several (1, p,)-configuration
inequalities (33) are obtained, one for each s > r,. For the case,
s=r, D* (T P -
P, = p, and the effect of inequality (33) is the same as inequality
(29). However, for each s > r,, D* (T -P —qs-p, - 1) >0,
and consequently p, < p, in each such case. For all s <r,,
it suffices to set p, = p in (33), and the resulting inequal-
ity will be valid for H(z,y). That is because, when s=r,,
the left-hand-side of (33) is at most r,. Therefore, when
s<r, due to (9) and (33) is naturally satisfied. The fol-
lowing example illustrates the relative strength of (1,
p,)-configuration inequalities vis-a-vis the (1, p)-configuration
inequality.

-q,s—D, — 1) =0 in (31). Consequently,

Example 4. Consider the following instance in which
|T| =11, with demands d; in sorted order being, [22,15,
15,15,14,14,14,6,6,6,6]. Let V ={5,6,7}, and a Steiner
node j € S with a capacity C; = 50. Then, defining R, =V,
g=1 and p=3 on arc (r,j), a (1, p)-configuration inequal-
ity that can be constructed is: x); + xfj + xfj +x], < 3y,. Note
that in G, =(N,.A,), since S, =5, node j gets split into
{j), ....j(5)}. On arc (r, j(4)) € A,, that is s =4, let P, C R,
with p, = 2. Here, D*<T —B.s —pv> - D*(T —P,a- 2) =12

represents the sum of the two smallest demands from the set
[22, 15,15,15,14,6,6,6,6]. The sum of demands of every set
of two commodities ﬁu C R, is 28. Therefore, (28) is satisfied
for every 13U C R,. In (31), commodity ¢ =1 is added to ﬁv,
resulting in the total demand of these three commodities is
28 + 22 = 50. To account for the cardinality of s = 4, the smallest
demand of D* <T -P—qs-p,- 1) = 6. The left-hand-side
in (31) being 56 > 50, it is satisfied. In (32), the left-hand-side
is the sum of the demands one commodity in 1/5”_1, that of
q =1, and two smallest commodities from the remaining, which
is D*(T -P_ —qs- i)‘v> =12. Hence, the left-hand-side
in (32) is 22+ 14+ 12 =48, and it is satisfied. Consequently,
the (1, p,)- configuration inequality obtained on arc (r,j(4))
is, 2zn(4) + er(4) + Zr](4) + 20(4) 3yrj(4). On arc (r,j(5)), since
s = 5, at most two commodities from the set V' can be accom-
modated, noting that the demands of the two commodities
add up to 28, whereas the minimum total from the rest is
3 % 6 = 18. Therefore, r, = 2. Note that if ¢ = 1 is to be accom-
modated on arc (r,j(5)), then no commodity from V can be
accommodated. Demand d; = 22, whereas any commodity in
V has a demand of 14. Three more commodities from the rest
have to be accommodated, the minimum total demand being
3 % 6 = 18. Thus, the total demand adds up to 54, exceeding
the capacity of 50. However, commodity ¢ = 1 can be feasibly
accommodated along with commodities 8-11. Therefore the (1,

S
pv) configuration inequality obtained is, 2z7 i T Zs + er(s) +
rj(S) = 2yrj(S)'
. . . . _ 1 q _
Consider the following partial solution, Vi) = 30 Zpay =
5 _,8 _1 9 g0 1 o1 a9 _ 8 _
Zriay = Zrjay = X Zrjay T Py e Yij$) = 30 Fris) T Fies)
9 — 10 _ 1 11 — 1 i -
Zys) = Zitsy = 30 Znies) = Zris) = 3¢ Observe that this solu

tion satisfies constraints (7-9), on both arcs (r,;j(4)) and
(r,j(5)). Although the (1, p,)-configuration inequality asso-
ciated with arc (r, j(4)) is satisfied exactly, the one associated
with arc (r,j(5)) is violated with the left-hand-side equal to
i and the right-hand-side equal to 1. By aggregating the
(z, ¥) solution above using (14) and (15), the (x,y) solution
obtained is, y,; =1, xJ =1, x} xgj x10 3 xljl = l
This solution satisfies (2) and (3) and the (1, p) configuration
inequality.

A brief description of a separation heuristic that identifies a
violated (1, p,)-configuration inequality now follows (Algorithm
2). Anarc (i, j(s)) € A’, with s > 2 and associated Yijis) > 0, along
with the set Cojy CT with positive flows on (i, j(s)) is identified.
The terminal ¢ isidentified as d, = max {d,| j € Coy, },whereas
V = Coy(s) q. Next, as with the heuristic for identifying a (v,
s, 7,)-cover inequality, V is sorted in increasing order, in terms
of g(yij(s), zg.(s), dj> = (yij(S) - zfj(s) + 0.1>/dj. To obtain p,, first
the smallest subset R, C V with |R,| = r, thatsatisfy 3., d; +
D*(T-R,—q.s—r,—1)>C;—d, is obtained. Next, set
13U = R, and p, = r,. Suppose that an item j* € V' — R, satisfies,
@) D*(R.p,—1)+d, +D*<T— P - —as—p,- 1) >
C;,—d, where P_,cP, and )ﬁv_1| =p,—1, and (ii)
Yjer d;+d;+D*(T - R, ~j*s—r,~1) <C;.  Whenever
this happens, R, = R,uUj* and r,=r,+ 1. This process of
expanding R, continues till all items in ¥ — R, have been
explored or thatr, = s.
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ALGORITHM 2 | Algorithm_p,.

ALGORITHM 3 | Algorithm_ ,.

1. for each (i, j(s)) € A/ such that Vi) > 0:
_ k
2 Coyy={keTiz, >0}

3. g = argmaxd,

keCoyq

4. V =Coy, —q

5. sortelementsin V' in terms of <yl-j(s) - zg.(x) + 0.1>/dk

6. find R, C V suchthat }, . d;
+D*(T-R,—q.s—|R|-1)>C,—d,

7. P,=R,andr,=p,=|R,|

8. whiler, <sandV — R, # @:

10. find a j* € V — R, such that:

11. D*(Rv,ﬁv—l)+dj*+D*<T—ﬁ_1—j*—q,s—ﬁv—1)

U

>C;—d,
12. Yierd;j+dp +D*(T =R, —j*s—r,—1) <C;
13. else if such j* not found:
14. stop
15 if (33) is satisfied:
14. add the inequality (33) corresponding to R, r, and p,

16. R,=R,Uj*
17. r,=r,+1

3.21 | P-Arc Cardinality Matching Inequalities

The p-Arc Cardinality matching inequality is defined over p >
2 arcs that form a cut-set separating the set of terminals in
U C T from root node r. That is, N, =rU .S, UT is partitioned
into two dichotomous sets, N,(1)={r}uS,1)UT —U and
N,(2)=S,2uU.Let A, = {(i.j))€A,| i € N(D),j E N,2)}
and XP C A, be such that A »| = p- The selection of set S,(2) is
minimal, in the sense that every j(s) € S,(2), is the end-node
of an arc (i, j(s)) € Xp. The essential idea behind the p-Arc Car-
dinality matching inequalities is that in any feasible solution to
(P.,), |U| = u commodities will flow on all arcs 2 € A ,- Note as
well that, due to (10), a cardinality (or number of commodities)
of s is associated with an arc a € A, if a = (i, j(s)). This includes
those arcs a = (i, j(1)), where j(1) € T. Given this, the cardinal-
ities associated with all arcs a € Xp must add up to u. We now
present two variants of the p-Arc Cardinality matching inequali-
ties that reflect this idea.

3.2.2 | P-Arc Cardinality Matching Inequality-I

‘We begin with the simplest one. Consider the solution (z,y) €
LP(z,y) in which z; =0 for each k € U and (i,j) € A, — A,.
As well, z; =0 for each keT -U and (i,j) e Zp. Thus,
there is a clear partition of flows, in which all commodi-
ties k€U flow entirely on arcs in A, while all com-

modities k € T —U flow entirely on some arcs in A, —A\p.

This implies that %, .2 sy = u. That being the case, it
> P

follows that

Z Zzg(s)S Z SYij(s)» (34)

(i.j(s)eA, kKeU (i.j(s)EA,

is valid for H(z, y).

Ls=s,n

2.COUNT =0

3.1, =0

4. while s < 5,

5. if (u — COUNT) < s | Jpppq.(5) |:
7, = my + |(u — COUNT)/s]

7 sp=s

8. stop

9. else:

10. m =m + |Jnode(s)|

11. COUNT = COUNT + s *| J,,,43,(5) |

12. s=s+1

Now consider the following optimization problem:

mo=maxqy Y yy,l(36a),(36b), (36¢) (35)
(1.j(s)€EA,
where
2 SYijs) = U (36a)
(1.J(s)€EA,
Y Vi S Vi) € N(2) (36b)

(i.j(s)EA,

Vi € (0, 1}¥(, j(9)) € 4, (36¢)

It is clear from (35) that 0 < — X, c4 Yis)» Provided
\ )
(35a-35c) are satisfied. The following inequality,

Y DS Y G-Dyyy+m €n)

(i.j(s)EA, k€U (j(s)EA,

is obtained as the sum of (34) and 0 < 7; — 3, isnei i) Since
> P

(34) is valid for H(z, y), so is inequality (37), which we will refer

to as p-Arc Cardinality Matching inequality I.

To obtain 7, in (37), the optimization problem in (35) is solved
by viewing it as a single-machine job shop problem. Here, each
arc (i, j(s)) € XP is a ‘job’ requiring s units time to process and all
jobs (i, j(s)) € Xp, have a common due date of u. The objective
then is to maximize throughput of jobs. Hence, the solution
to (33) uses the Shortest-Processing-Time (SPT) rule in which
jobs requiring less processing time are processed before those
requiring more time. To implement this rule, the following
lists are used: (i) Card_Node(j(s)) =s for each j(s) € N,(2),
and (i) Jpq(s) = {Vj(s) € N(2)] Card_Node(j(s)) = s}.
That is, list Card_Node(j(s)) assigns a cardinality of s to
each node j(s) € N,(2), while list J,,4(s) denotes the
set of all nodes j(s) € N,(2) whose cardinality is s. As
well, (i) sy, = min{Card_Node(j(s))| j(s) € N,(2)}, (ii)
Smax = Max { Card_Node(j(s))| j(s) € N,(2)}. The following
algorithm is formally stated to solve (35):

In Algorithm_ =, essentially nodes (or jobs) j(s) € N,(2)
associated with the smallest cardinality (or processing time) are
selected before moving on to nodes (jobs) with higher cardinality
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(processing time). Note that while the inequality in (37) is defined
in terms of selection of arcs in A\p, in Algorithm_ =, (Algorithm
3), , is determined as the maximum number of nodes selected in
N,(2). This is due to (36b) which enforces that at most one arc in
A\p enters each node in N,(2). The following example illustrates
an instance where a fractional solution (z, y) € LP(z, y) violates
(37).

Example 5. Consider a (z,y) € LP(z,y) in which ;\\p =
{(r,1(3)), (r, 2(3)), (r, 3(3)), (r, 4(3)), (r, 5(2)), (r, 6(2))}, u=12
with U = {10, ...,21}, and the corresponding partial solution
iS, Y@y = YVia@) = Via@) = Vi) = §s Yrs@) = Vre2) = % Note that
by inspection, Z(i,j(s))egp Yieu zg.(s) = Z(i’j(x))egpsyij(s) =12.
In this example, S, =2, Sy =3 Jnode(2) = {5(2),6(2)}
and J,,..(3) = {1(3),2(3),3(3),4(3)}. In the first iteration of
Algorithm_ m; (Algorithm 3) with s = 2, (u — COUNT) =12 > s |
J0de(8) |= 2 % 2 = 4. Therefore, #; =2 and COUNT = 4. In the
second iteration, (u— COUNT) =8 < 5| J0q.(s) [=3 x4 =12.
Therefore, 7z, = 7; + |[(u — COUNT)/s| =2+ |(12-4)/3| =4.
The procedure stops with z; = 4. This partial solution violates
the resulting inequality (37) since its left-hand-side is 12 and its
right-hand-side is 1 + ? +4= % This is illustrated in Figure 3
below.

It is worth observing that in Example (5) above, the p-Arc Car-
dinality Matching inequality in (37) is constructed with all com-
modities in U flowing exclusively on arcsin A ,- However, in some
instances it helps to remove some of those arcs from Xp where
the flow amount is very small. Consequently, the total flow in
A\p is less than u. However, by removing these arcs, the z; value
obtained from solving (33) is reduced much more, thereby result-

every commodity in U is allowed to flow on every arc in
;fp, to construct the p-Arc Cardinality Matching inequality
I, the actual flow of commodities, that is the z values do
not matter. Upon executing Algorithm_ n; (Algorithm 3),
7, =3 is obtained. Consequently, the right-hand-side of (37)
is é+%+f—2>+2*(é+é+ﬁ+1>+3=?, whereas the
left-hand-side value of (37) is 6. Hence, the inequality (37) so
constructed is not violated. However, if (r,3(2)) is removed
from XP, then upon executing Algorithm_r, (Algorithm 3),

m; = 2 is obtained. Therefore, the right-hand-side of (37) now

1,3 1 1 1 _ 67 s
becomes (E+Z>+2*<E+E+E+1)+2_ T while the

left-hand-side reduces to Z—g. This result is a violation.

3.2.3 | P-Arc Cardinality Matching Inequality-II

It is clear from (37) that in the construction of p-Arc Cardinal-
ity Matching Inequality I, all commodities in U are allowed to

~

flow on all arcs in A,,. In the next version of the p-Arc Cardinality
Matching inequality, the flow of each commodity & € U on arcs
(i,j(s)) € Xp is restricted in the following way. Based on a cur-
rent fractional solution (z,y) € LP(z, y), define Com_Card(s) =
{keU]| z;(g > 0 for at least one (i, j(5)) € Xp} for each s,,;, <
§ < $,ax- The set Com_Card(5), denotes the collection of all com-
modities with positive flows on at least one arc in XP, whose
end-node has a cardinality of 5. Essentially then, only those com-
modities k € Com_Card(5s), are allowed to flow on arcs (i, j(s)) €
Xp. Based on this notion, the following optimization problem is

solved to obtain z,.

ing in a violation. This is illustrated in the following example. 7, = max Z Yijis|(36a), (36b), (36¢), (39a), (39b), (39¢), (39d)
(.j()eA,

Example 6. Consider the following frac- (38)
tional solution (z,y) € LP(z,y) in which A, = where
{(r,1(2)), (r, 2(2)), (r, 3(2)), (r, 4(3)), (r, 5(3)), (r, 6(3)), (r, 7(3)) }, Z zg.@ <1 VkeU, (39a)
U ={11,...,16} and therefore u =6. The fractional y val- (.jG)EA,

. 1 3 1 1 1
Ues are: y.p) = ¢» V2@ = 1 Y@ T 330 Vo) T 10 Vs T g
Yoz = ﬁ Y3 = 1. Observe that Z(i,j(s))eXI,Syij(S) = 6. Since zg(g) < Yije» Yk € Com_Card(5),V(i, j(5)) € A, (39b)

5/6
> 1
/ 5/6
163) 2(3) 3(3) 4(3) 5(2) 6(2)

FIGURE 3 | [Illustration of Example (5).
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2o <SSy Vi) € A, (390)
keCom_Card(s)

z;m € {0,1},Vk € Com_Card(5), (i, j(5)) € A,. (39d)

Upon obtaining x,, the resulting inequality obtained is:

2z 2 Zii) < > =Dy +m  (40)

(i.j(s)€A, k€Com_Card(s) (i.j(s)EA,
Note that (40) is the sum of
k
2 2 Zij S 2 Vo (41)
(i.j(s))€A, k€Com_Card(3) (i.j(s)EA,

and 0 < 7, — Z(f,j(s))eﬁpyij(s)- Note that in (41), only those com-
modities belonging to Com_Card(s), are allowed to flow on each
arc (i, j(s)) € A\p. In contrast, in (34), all commodities k € U, are
allowed to flow on all arcs (i, j(s)) € Xp. Since (34) is valid for
H(z,y), so is (41). Furthermore, the solution to (38) ensures that
T, — Z(i,j(s))e i Vi) 2 0. Therefore, (40) is a valid inequality for
H(z,y).

Note that due to restrictions on the flow of commodities on
arcs in ;fp, as well as constraint (36a), the problem in (38)
could be infeasible. In which case, u = u — 1 in (36a) and (38)
is resolved. This is done iteratively till a feasible solution is
found. The algorithm employed to solve the problem in (38) can
be viewed as maximizing the number of bins needed to pack
items in U. Each arc (i, j(§)) € A , is a ‘bin’ with a capacity of 5,
whereas each item in U occupies a unitary volume. To facilitate
this algorithm, the list J,,.(5) = {(i,j(?)) S Xplj(§) € Jnode(ﬁ)}
is used. All items k € Com_Card(5s) are allowed to be packed
in arcs (i, j(5)) € J,,.(5), that is arcs whose ending node has a
cardinality of 5.

Our proposed algorithm first packs arcs having lower capac-
ity with available commodities before moving to arcs with
higher capacity. Hence, the proposed procedure begins with
min» terminating at §=s,,,. For arcs with a capacity
of 5, the number of arcs needed to accommodate maximum
possible commodities in Com_Card(s) is obtained as, a(5) =
min {||Com_Card(8)|/5]. J,.()}. The number of commodities
in Com_Card(5) that are actually accommodated in arcs (i, j(5)),
is § * a(5) < |Com_Card(s)|. The process of selecting the §  a(5)
number of commodities for Com_Card(s) and assigning them
to arcs in J,,(5) is as follows. Define Count_s*(k) = j:‘gﬂ |
kN Com_Card(s) |, for each k € Com_Card(s). It denotes the
number of cardinality levels above § in which commodity k €
Com_Card(s) has at least one arc with positive flow on it. The
commodities in Com_Card(5) are then sorted in non-decreasing
order, based on which the first § * a(5) number of commodities
are assigned to arcs in J,,.(5). These § * a(5) commodities are
removed from Com_Card(s), forall s =5+1, ..., s, The idea
behind this step is to ensure first those commodities that are
allowed only on arcs in J,,.(5) are selected. A formal statement
of this algorithm is:

~
NESI

The following example illustrates the construction of inequality
(40) using Algorithm_ =, (Algorithm 4).

ALGORITHM 4 | Algorithm_ ,.

l.7m,=

2. 5= sy,

4. while§ < s,

5. if Com_Card(s) # ¢:

6. () = min { | Com_Card(®)| /3], J () }

7. 7y =7y + a(s)

8. For each k € Com_Card(s):

9. Count 3% (k) = Y%, | kn Com_Card(s) |

10. Select the first § * a(5) elements of Com_Card(s) in
non-decreasing order of Count_s*(k)
11. Delete these 5 * a(5) elements from Com_Card(s) for all
s=5+1, ..
12. s=s+1

< Smax

Example 7. Consider the following partial fractional solu-
. . _ 2 1 1 _ _
tion, (2, ¥): ¥13) = Y23y = 32 Y3 = 30 Y = 72 Y2 = Yrs@) =
%. Here, U = {1,2, ...,6} and hence u = 6. The associated flow

variables of the commodities in U are as follows: z! z!

n1G) . %re) T

1 _1 2 _1 2 _2 3 _2 3 1 —

23T T3 e T 3 e T 3 e T 3 fne T

oA =14 =15 =l =l =l s =

37 %r23) T 27 T3 7 6’ Tri3) T 37 Tr23) T 6’ Tr4@ T 4’ Tr22 T
1 1 1 1 . .

. = 6 26 =220 =20 == This fractional

52 " 8’ Z.r3(2) T2t T v e T s T D .
solution is illustrated in Figure 4 below. Note that Figure 4 illus-

trates the flows from each node j(s) € N,(2) to commodities in
k € U. Each such flow equals the flow of that commodity k on
arc (r, j(s)). For instance, the flow from node 1(3) to commodity
2 in the figure is shown to be % This implies that zfm) = %
Observe that in this example, the total flow into each
commodity k€U is exactly 1. Furthermore, this par-
tial solution satisfies (36a-39c). Hence, (z,y) € LP(z,y).
From the figure, s,;,,=2, Suun=23 Com_Card(2)=
{1,4,5,6} and Com_Card(3)={1,2,3,4,5}. As well,
Jore(2) = {(,2(2)), (r,3(2)), (r,4(2)), (r, 5(2))}  and  Jarc(3) =
{(r,1(3)),(r,2(3))}. Applying Algorithm_ =z, (Algorithm
4), in the first iteration with § =2, one obtains a(2) =
Min{|Com_Card(2)|/2],| J,.(5) |} =2 and =, =2. In steps
8 and 9, one obtains Count_s*(1) =2, Countst(4) =2,
Count_s*(5) =2 and Count_s*(6) =0. Since 5 * a(s) =4, all
commodities {1,4, 5,6} are removed from Com_Card(3), if they
belong. Hence, Com_Card(3) = {2,3}. In the next iteration,
a(3) = min { [%J,Z} =min{0,2} =0. Hence, 7, =7, +0=2.
Since § has reached s,,,,,, the algorithm stops, with x, = 2. Here,
the left-hand-side of (38) is 6, whereas the right-hand-side is
2 <§+§>+<%+i+%+% +2=13—7, that is this is a viola-
tion. It is easy to see that if Algorithm_ z; (Algorithm 3) is applied
to the same example, then z; = 3 is obtained, resulting in the
left-hand-side equal to 2—30 and hence no violation.

4 | Computational Results

In this section, we present a detailed computational study com-
paring two formulations of the problem: the proposed extended

formulation (sz) embedded within a tailored branch-and-cut

framework, and the classical formulation (ny) solved using a

generic branch-and-cut approach. Both models are implemented
and solved using CPLEX 22.1.1.0, compiled with Microsoft Visual
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FIGURE4 | [Illustration of the fractional solution in Example (7).

C++ 2022, and tested on a machine equipped with a 2.9 GHz
AMD Ryzen 74800H processor and 32 GB of RAM. The pro-
posed branch-and-cut algorithm for (sz) incorporates the valid
inequalities introduced in this paper. The separation algorithms
for these inequalities, together with the extended model, are
implemented in CPLEX using the Callable Library (C API) and
are executed exclusively at the root node.

Two separate sets of datasets were used in this computational
study. One set comprised a suitable modification of instances
used by Beasley [34] for the closely related Steiner Tree Problem.
These instances are defined on sparse graphs in which Steiner
nodes are assumed to be uncapacitated. Thus, our modification
involved adding direct connections from the root node to the cus-
tomer nodes, adding capacities to the Steiner nodes, and demands
to the terminal nodes. The second set of instances generated was
on dense graphs. Furthermore, the costs associated with links
that were generated are proportional to their capacity and length.
The length of each link is determined as the Euclidean distance
between the two nodes. For the sake of clarity in the subsequent
exposition, we will henceforth refer to the former as CSAP-Sparse
dataset, and the latter as CSAP-Dense dataset.

The Beasley [34] dataset consists of four sets (b, ¢, d, and e).
A defining characteristic of these datasets are that the number
of potential Steiner nodes are much larger than the number of
terminal nodes. To adapt them to CSAP-Sparse, we randomly
assigned capacities to the Steiner nodes within the range [40, 80]
and modified the edge costs reported in the Beasley dataset by
incorporating a component F (C j) related to the capacity of the
corresponding Steiner node. More formally:

y=8(l—p)+pF(C) G.)HEAES  (42)

3
1
18
2(3)
/6
2(2) 5(2)
4 1V8 8
1/8
1/
4 5 6
¢ =Cii.))EAJET (43)

in which cAU is the cost associated with arc (i, j) € A reported in
Beasley [34], p is the weighting factor and F (C;) is the fixed cost
related to the capacity of Steiner node j, normalized with respect
to the average cost between nodes. In our computational testing,
p has been set to 0.8, while F(C;) is defined as:

w log(C;)
log([ESeS [Cx])

F(Cj) =

E;jen [CAU] (44)

where w is a weighting factor in F(C;) and is adopted to adjust
the balance between the cost associated with capacities and the
cost of selecting connections between nodes. E g [C,| repre-
sents the average capacity of the Steiner nodes. The parameter
w was set to 6. Finally, arcs that directly connect the root node to
aterminal node are penalized with a cost that is thrice that of arcs
connecting to Steiner nodes. This was done to make use of Steiner
nodes more viable as part of the optimal solution. Additionally,
demands for the terminal nodes were randomly generated within
the range [25, 32].

Table A1l presents the comparison of bounds obtained at the root
node between the classical formulation and the extended formu-
lation on the CSAP-Sparse dataset, given a time limit of 1h. In
Table A1, the number of terminal and Steiner nodes is reported in
columns “|T’|” and “|S|”, respectively and the number of edges is
reported in the column with heading “edges”. The column “gap”
reports the percentage gap between the root node lower bound
and the best-known integer solution and is computed as 2X5-£8
where BKS indicates the best-known solution and LB indicates
the lower bound at the root node. By best-known solution we
refer to the best integer solution found for the instance and not for
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TABLE1 | Comparison of average bounds obtained at the root node between the classical formulation and extended formulation on CSAP-sparse

datasets (per-set and overall).

Classical formulation

Extended formulation

Before cutting After cutting

Before cutting

After cutting

Name #gaps Gap (%) Gap (%) Time (s) #CPX #gaps Gap (%) Gap (%) Time (s) #cover #l1-pk #match #CPX
Setb 18/18 0.13 0.00 0.05 3.56 18/18 0.00 0.00 0.23 0.00 0.00 0.00 0.00
Set ¢ 17/20 0.78 0.00 662.08 22.20 16/20 0.01 0.00 790.54 0.50 0.00 0.00 1.70
Setd 15/20 0.49 0.00 922.17 21.80 15/20 0.01 0.00 1130.85 0.00 0.75 0.00 0.40
Set e 12/20 0.21 0.00 1628.74 16.60 8/20 0.00 0.00 2258.14 0.00 0.00 0.00 7.55
Overall 62/78 0.41 0.00 823.85 16.36 57/78 0.00 0.00 1071.73 0.13 0.19 0.00 2.47

the formulation. Hence, it could be obtained by one of both the
formulation. We also report the gaps in two points in time: before
cutting and after cutting to evaluate the effectiveness of the cuts.
The total CPU time (in seconds) taken to solve at the root node
is also measured and reported in the columns with the heading
“time”.

In the case of the classical formulation, CPLEX generates a vari-
ety of cuts using its separation heuristics. The number of such
cuts added for each instance are reported under the heading
“#CPX”. In the case of the extended formulation, we also report
the number of violated (v, s, r)-cover, (1, p,) and the p-Arc Cardi-
nality Matching inequalities, which are denoted under the head-
ing “#cover”, “#1-pk” and “#match”, respectively. We use the
label TL (Time Limit) to indicate instances where the solver
was stopped after 1h without proving optimality. The label NF
indicates that a relative optimality gap could not be computed
because at least one of its two components was missing within
the imposed time limit. Specifically, either (i) a valid lower bound
was unavailable because the LP relaxation at the root node did
not solve within the 1-h limit, or (ii) no feasible incumbent solu-
tion was found before the time limit expired. For example, in
the case of instance c_14, a feasible integer solution is known,
as the classical formulation successfully produced one. However,
the LP relaxation of the extended formulation required more
than 1h to solve at the root node, so no valid lower bound was
obtained. As a result, the optimality gap for the extended formu-
lation on instance c_14 could not be computed and is therefore
reported as NF.

It is clear from the results shown in Table Al, that in most
instances, the problems can be deemed as very easy, in that they
were solved at the root node, both by the classical formulation
and the extended formulation. It is indeed worth observing that
in most instances, no cut was generated either for the classi-
cal formulation or the extended formulation. This is particularly
the case with series b and to a large extent, series c, where the
problem sizes are relatively smaller. One possible reason that we
believe these problems to be easy is that the number of poten-
tial Steiner nodes are much more than the number of terminal
nodes in most instances. For instance, e_1 consists of 2495 Steiner
nodes, but only 5 terminal nodes. Thus, there is more than suffi-
cient total capacity to meet the total demand of terminal nodes.
Given the cost structure, relatively only a few Steiner nodes need
to be utilized in the optimal solution. This then explains the rel-
atively very small gap obtained from solving the LP relaxation of

the classical formulation. As the problem size increases, as with
seriesd and e, finding a feasible integer solution, as well as a lower
bound takes a long time. This problem becomes more acute with
the extended formulation, since the number of variables and con-
straints are many times more than the case with the classical for-
mulation. In all instances where the problem is solved at the root
node by the classical formulation, the extended formulation takes
more time to solve than the classical formulation. This is simply
due to the extended formulation consisting of significantly more
variables and constraints than the classical formulation. There-
fore, then, the extended formulation offers no advantage over the
classical formulation on CSAP-Sparse datasets. Table 1 shows the
per-set and overall average of the results reported in Table Al.
In addition, the columns labeled “#gaps” report the number of
instances for which a gap could be computed that is an integer
best known solution and a lower bound have been found. For
instance, for 17 instances out of 20 of dataset ¢ a gap could be
computed.

CSAP-Dense data set is composed of sets a, b and ¢ each with
20 instances. Set a consists of 35 Steiner nodes and 35 termi-
nal nodes, instances in dataset b consists of 25 Steiner nodes
and 45 terminal nodes, and instances in dataset ¢ consists of
20 Steiner nodes and 50 terminal nodes. It is assumed, with-
out loss of generality, that there exists a directed arc (r, j) from
root node r to every node j € {r} U S. For arcs that do not exist,
their costs are assigned an arbitrarily large value. Similarly, the
sub-graph, G’ = (S, A’), induced by S is fully connected, where
A ={(@,j)e Alie {r}uS,j € S}. Finally, there exists an arc
from each node i € S to each node j € T. Thus, each instance
consists of (|.S| + 1) X |T| + (|S] x |.S|) arcs and therefore classi-
fied as dense graphs.

The cost associated with arcs (i, j), where i € {r} U S and j € S,
is obtained as a linear combination of the Euclidean distance
between nodes i and j, and a cost proportional to the capacity of
the Steiner node. This clearly reflects the case with supply chain
and telecommunication networks, where the cost increases with
both capacity and length of the link. On the other hand, the costs
of arcs connecting nodes in {r} U .S to nodes in T are purely a
function of its distance as each such arc has sufficient capacity to
meet the demand of that node in T. More formally:

¢y =disty(1—p)+pF(C;) i€f{rjusS,jeS (45)

¢ = dist;; ie{rjusS,jeT (46)
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TABLE 2 | Comparison of average bounds obtained at the root node between the classical formulation and extended formulation on CSAP-Dense

datasets (per-set and overall).

Classical formulation

Extended formulation

Before cutting After cutting

Before cutting

After cutting

Name #gaps Gap (%) Gap (%) Time (s) #CPX #gaps Gap (%) Gap (%) Time (s) Cover 1-pk Match #CPX
Seta 20/20 5.82 0.41 72.56 151.25 20/20 1.74 0.13 145.25 18.80 7.10 0.95 50.60
Setb 20/20 6.60 0.28 49.89 172.20 20/20 1.38 0.11 86.27 18.65 12.00 3.75 59.40
Setc 20/20 61.83 10.94 37.40 397.95 20/20 12.73 4.59 26.52 1540 8.15 1.55 71.40
Overall 60/60 24.75 3.87 53.28 240.46 60/60 5.28 1.61 86.01 17.62 9.08 2.08 6047

in which distij represents the Euclidean distance between nodes,
p is the weighting factor and F(C;) is the fixed cost related to the
capacity of Steiner node j, normalized with respect to the average
distance between nodes. In our computational testing, p has been
set to 0.8, while F(C;) is defined as:

w log(C;))
log(E,cs[Cy])

F(Cj) =

E, jen [dist;] (47)

where w is a weighting factor in F ( Cj) and is adopted to adjust
the balance between the cost associated with capacities and the
cost of selecting connections between nodes. E g, [CS] repre-
sents the average capacity of the Steiner nodes. In our experi-
ments, w was set to 6. The idea behind these cost settings is that
arcs ending at Steiner nodes having higher capacity are charged
more on average, just as arcs covering larger distance cost more.
Finally, arcs that directly connect the root node to a customer
node are penalized with a cost that is approximately thrice that
of arcs connecting to Steiner nodes. This was done to make use
of Steiner nodes more viable as part of the optimal solution. For
all instances, the capacity C; of each Steiner node j was randomly
generated in the range [40, 80] using a uniform distribution. Simi-
larly, the demand associated with each j € T was generated in the
range [20, 30] using a uniform distribution. Computational test-
ing was conducted on the 60 randomly generated test problems.
The results are presented in Table A2, which is reported along the
same lines as in Table Al.

Several features are apparent from the results in Table A2. The
first is that the bounds obtained from the initial LP relaxation of
the classical formulation are poor. The percentage gap varies from
4.4% (in instance a_4 and a_13) to 217.9% (in instance c¢_1), with
an average of 24.75%. In contrast, bounds obtained from the ini-
tial LP relaxation of the extended formulation are very tight, rang-
ing from 0.20% (in instance ¢_I1I and c¢_19) to 37.3% (in instance
c_1) with an average of 5.28%. Consequently, for the classical for-
mulation, many cuts were generated by CPLEX. These numbers
varied from 62 in instance a_17 to 882 cuts in instance ¢_2. Com-
putationally, this translates to that many more re-optimizations
of the resulting LPs. In contrast, significantly fewer cuts were
generated for the extended formulation. Due to the large num-
ber of CPLEX cuts in the classical formulation, the time taken
at the root node is comparable to that of the extended formula-
tion, despite the extended formulation being much larger than
the classical formulation. The most important observation is that
with a fewer number of total cuts, the extended formulation can
close the gap after the addition of cuts much more effectively

than the classical formulation. With the extended formulation,
the optimal integer solution was obtained at the root node in 25
of the 60 problem instances. The percentage gap was found to be
less than 2% in 27 of the remaining 35 test problems, in which an
optimal integer solution was not found at the root node of the
branch-and-bound tree. Note that the optimal integer solution
was found at the root node in just 8 instances using the classi-
cal formulation. Of the 52 remaining problem instances, 37 had
a percentage gap below 2%.

The results presented in Table A2 also show that the percentage
gap at the root node of the branch-and-bound tree in data set c
is significantly more than that in sets a and b. Thus, data set c
represents instances that are much more difficult to solve to opti-
mality than instances in sets a and b. Problem instances in data
set a are seen to be easier than those in b. It is readily apparent
from this observation that with the range of capacities of Steiner
nodes and demands of terminal nodes being the same, as the
ratio of the number of terminal nodes to Steiner nodes increases,
the problem instances tend to become harder. This is because it
becomes harder to accommodate the demands of terminal nodes
with the available Steiner nodes. In fact, in some instances, with
insufficient capacities on Steiner nodes, direct connections from
the root node to some of the terminal nodes may be necessary.

All the test problems listed in Table A2 were made to run to
optimality on both the formulations, that is the CPLEX gener-
ated branch-and-cut on the classical formulation, and the CPLEX
generated branch-and-cut on the extended formulation, along
with user generated cuts of (v, s, 7,)-cover, (1, p,)-configuration
and the p-Arc Cardinality Matching inequalities. For both for-
mulations, all generated cuts are limited to the root node of
the branch-and-bound tree. Table 2 shows the per-set and over-
all average of the results in Table A2. In addition, the columns
labeled “#gaps” report the number of instances for which a gap
could be computed that is an integer best known solution and a
lower bound have been found. For instance, for 20 instances out
of 20 of dataset ¢ a gap could be computed.

The number of nodes required by the branch-and-cut procedure
to solve the problem instances to optimality, as well as the total
time taken are presented in Table A3.

It is quite evident from the results in Table A3 that in those rel-
atively ‘easy’ instances, where the number of branch-and-bound
nodes required using the classical formulation is not large, the
time taken by it to solve the instance to optimality is marginally
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TABLE 3 | Comparison of average number of nodes in the branch-and-cut tree and the average total computational time between the classical

formulation and extended formulation on CSAP-Dense datasets (per-set and overall).

Classical formulation

Extended formulation

Name #solved Nodes Time (s) #solved Nodes Time (s)
Set a 20/20 2338.45 249.91 20/20 20.75 158.83
Setb 19/20 3524.80 298.58 20/20 31.95 100.78
Set ¢ 11/20 67591.50 1767.68 20/20 98.15 48.84
Overall 50/60 2448491 772.05 60/60 50.28 102.82
TABLE4 | Average performance metrics for the extended formulation on CSAP-Dense instances (per-set and overall), along with root-node bounds
before and after cutting, number of CPLEX cuts added, branch-and-bound nodes, and total computational time.
Before cutting After cutting
Name #gaps Gap (%) #gaps Gap (%) Time (s) #CPX Nodes Time (s)
Set a 20/20 1.74 20/20 0.17 160.46 56.75 199.15 181.72
Setb 20/20 1.38 20/20 0.16 107.92 72.10 73.00 121.85
Set ¢ 20/20 12.73 20/20 4.58 31.92 106.00 576.15 65.25
Overall 60/60 5.28 60/60 1.64 100.10 78.28 282.77 122.94

better than the time taken by the extended formulation. This is
because the extended formulation is considerably larger in size
and therefore requires more time to solve each relaxation even
though it consistently requires fewer nodes than the classical
formulation. Thus, in some instances the extended formulation
achieves better times, whereas in others, specifically, a_3, a_4,
a 6,a 7,a 11,a 12,a_13,a_15,a_16, and a_17, the classical
formulation solves the problem faster by exploiting relatively few
branch-and-bound nodes. Overall, however, the solution times
of the two formulations remain comparable. This is particu-
larly so in the case of those instances of set a. Here, the times
taken by the classical formulation varied from 70.39s, instance
a_13,t0 620.26 s. In comparison, the times taken by the extended
formulation varied from 92.0s to 254.2s. In terms of number
of branch-and-bound nodes, the classical formulation required
nodes varying from 0 to 20 784, whereas the extended formula-
tion required between 0 and 223. It must be noted that even in
those instances of dataset a where the extended formulation took
more time, the difference was only marginal.

However, the results are dramatically different in those ‘hard’
problem instances where the gap between the lower bound and
upper bound obtained using the classical formulation is relatively
larger. This seems to be the case with sets b and c. In set b, the
performance of the extended formulation in comparison to the
classical formulation is even better. The times taken by the classi-
cal formulation varied from 44.87 s to over 3600 s. Note also that
problem b_18 could not be solved to optimality even after 3600 s.
In contrast, the time taken by the extended formulation varied
from 20.3s to 165.2s. Here, the extended formulation took less
time than the classical formulation in 8 of the 20 instances. In
terms of the number of nodes required, the extended formula-
tion uniformly outperformed the classical formulation. It is worth
noting that, while the classical formulation could not solve the
b_18 even after 60 585 nodes, the same was solved by the extended
formulation in 29 nodes.

The results obtained from dataset c series are even more dra-
matic. For problem instances c_1, c_3, ¢_5, ¢ 9, c_12, c_13,
¢_16, ¢_17 and c_18 the classical formulation could not solve
in 3600s, with almost all of them requiring more than 100 000
nodes. These same problems were solved using relatively few
branch-and-bound nodes by the extended formulation. Of these,
c_1 required the most branch-and-bound nodes (i.e., 315) by
the extended formulation. It is also interesting to note that c_3
was solved at the root node by the extended formulation. Con-
sequently, the times taken by the extended formulation to solve
these ‘hard’ instances was found to be many orders of magnitude
faster than those taken by the classical formulation. The most
time taken by the extended formulation to solve any instance in
the c dataset series is 96.6s. In comparison, many problems in
the c set series were not solved to optimality even after 3600s
by the classical formulation. This then is the inherent value of
using the extended formulation along with its associated valid
inequalities. Table 3 shows the per-set and overall average of the
results reported in Table A3. In addition, the columns labeled
“#solved” report the number of instances solved by each formu-
lation. For instance, 11 instances out of 20 of dataset c are solved
by the classical formulation, whereas all instances are solved by
the extended formulation. It is amply clear from Table 3 that the
extended formulation outperforms the classical formulation by
a huge margin, both in terms of time taken and the number of
branch-and-bound nodes needed to establish optimality.

To better understand the unique contribution of our user gen-
erated cuts for the extended formulation on the overall perfor-
mance, we report in Table A4 the bounds obtained at the root
node using the extended formulation on the generated instances,
without our cut procedures. Table 4 shows the per-set and overall
average of the results reported in Table A4. Comparing the results
in Table A4 to that in Table A2, it is evident that our cut proce-
dures lead to a better bound in most instances (e.g., c_2), whereas
in a few others the bound worsens (e.g., c¢_I). This may occur
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because, in certain cases, the default CPLEX cuts interact more
effectively with the problem structure when used alone. On aver-
age, however, the gap obtained after applying the cuts is smaller
when our cut procedures are employed. More significantly, the
average number of nodes and the average total computational
time taken to solve the instances is substantially lower when
using our cut procedures. Therefore, there is significant value in
incorporating our cut procedures in addition to those generated
by CPLEX on the extended formulation.

5 | Concluding Remarks

In this paper, we present a new extended formulation of CSAP
that uses the idea of cardinality associated with each Steiner
node. Even though the resulting formulation is bigger in terms
of the number of variables and constraints, we show theoreti-
cally that it is indeed a stronger formulation, that is its LP relax-
ation provides a tighter lower bound than the LP relaxation of
the classical formulation. In addition, we show that our proposed
extended formulation reveals generalizations of the Cover and
(1, k)-Configuration inequalities which collectively are stronger
than the original Cover and (1, k)-Configuration inequalities.
Finally, we present another class of inequalities called p-Arc Car-
dinality Matching Inequalities, which are specific to the extended
formulation.

We present results of extensive computational tests on data
instances reported in Beasley [34], as well as on 60 randomly gen-
erated problems that we generated on dense graphs with specific
characteristics. The datasets reported in Beasley [34] were suit-
ably modified to incorporate capacity and demand data. These
graphs are sparse, and hence we refer to them in our test as
CSAP-Sparse. In most instances, these problems were found to
be very easy, with the problem instances being solved at the root
node itself, both by the classical formulation and the extended
formulation. For a few instances, where the problem size was big,
the extended formulation could not establish bounds as it took a
long time to solve the LP at the root node. This is because the
extended formulation is substantially larger in terms of number
of variables and constraints.

We next generated 60 problem instances on dense graphs, which
we refer to as CSAP-Dense. Further, the cost data generated
was such that they increase with increasing capacity, as well as
increase with the length of the arc. This feature subscribes to
real-world supply chain and telecommunication networks. What
isindeed apparent from this dataset is that using the classical for-
mulation, the gap between upper and lower bound at the root
node of the branch-and-bound tree is substantially more than
that obtained using the extended formulation. Consequently, the
number of nodes required by using the extended formulation
to establish optimality was orders of magnitude less than that
obtained from using the classical formulation. The results on
CSAP-Dense clearly confirm the value of using our proposed
extended formulation, that is it provides a robust alternative to
the classical formulation. For those problems that the classical
formulation solves reasonably quickly, the extended formulation
also solves them with lesser number of nodes, even though it
takes slightly more time due to its problem size being larger.
However, for those ‘hard’ problem instances that the classical

formulation is unable to solve in reasonable time, the extended
formulation solves them many orders of magnitude faster.
We were able to demonstrate that our approach was able
to identify the optimal solution at the root node itself in
many instances. Furthermore, for all those problem instances
that the classical formulation was unable to solve in 1h,
those same problems were solved in less than 2min using
the extended formulation. This clearly demonstrates the value
of using the extended formulation proposed in this paper.
The results in this paper, both theoretical and computa-
tional, demonstrate an approach that seems very promising for
the more general version of CSAP, which is the capacitated
network design problem involving non-splitable multiple com-
modities, in which each commodity requires a route from its
source to its destination.
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Appendix A
TABLE A1 | Comparison of bounds obtained at the root node between the classical formulation and extended formulation on CSAP-sparse datasets.
Classical formulation Extended formulation
Before Before
Problems cutting After cutting cutting After cutting
Name |S| |T| Edges Gap(%) Gap(%) Time(s) CPX Gap(%) Gap(%) Time(s) #cover #1-pk #match #CPX
b_1 41 9 63 0.00 0.00 0.01 0 0.00 0.00 0.05 0 0 0 0
b_2 37 13 63 0.00 0.00 0.01 0 0.00 0.00 0.03 0 0 0 0
b_3 25 25 63 0.00 0.00 0.01 0 0.00 0.00 0.06 0 0 0 0
b_4 41 9 100 0.00 0.00 0.01 0 0.00 0.00 0.11 0 0 0 0
b_5 37 13 100 0.00 0.00 0.01 0 0.00 0.00 0.08 0 0 0 0
b_6 25 25 100 0.00 0.00 0.02 16 0.00 0.00 0.06 0 0 0 0
b_7 62 13 94 0.00 0.00 0.01 0 0.00 0.00 0.06 0 0 0 0
b_8 56 19 94 0.00 0.00 0.01 0 0.00 0.00 0.06 0 0 0 0
b_9 37 38 94 0.00 0.00 0.08 16 0.00 0.00 0.08 0 0 0 0
b_10 62 13 150 0.00 0.00 0.01 0 0.00 0.00 0.19 0 0 0 0
b_11 56 19 150 0.00 0.00 0.01 0 0.00 0.00 0.23 0 0 0 0
b_12 37 38 150 0.00 0.00 0.01 0 0.00 0.00 0.22 0 0 0 0
b_13 83 17 125 0.00 0.00 0.01 0 0.00 0.00 0.28 0 0 0 0
b_14 75 25 125 0.00 0.00 0.02 0 0.00 0.00 0.42 0 0 0 0
b_15 50 50 125 2.30 0.00 0.29 20 0.00 0.00 0.19 0 0 0 0
b_16 83 17 200 0.00 0.00 0.04 12 0.00 0.00 0.71 0 0 0 0
b_17 75 25 200 0.00 0.00 0.05 0 0.00 0.00 1.05 0 0 0 0
b_18 50 50 200 0.00 0.00 0.29 0 0.00 0.00 0.27 0 0 0 0
c_1 495 5 625 0.00 0.00 0.02 0 0.00 0.00 0.93 0 0 0 0
c_2 490 10 625 0.00 0.00 0.04 0 0.00 0.00 3.15 0 0 0 0
c_3 417 83 625 0.00 0.00 1.02 9 0.00 0.00 25.27 0 0 0 0
c_4 375 125 625 0.00 0.00 0.92 0 0.00 0.00 42.70 0 0 0 0
c_5 250 250 625 0.70 0.00 672.56 51 0.00 0.00 22.04 0 0 0 0
c_6 495 5 1000 0.00 0.00 0.03 0 0.00 0.00 2.51 0 0 0 0
c_7 490 10 1000 0.00 0.00 0.06 0.00 0.00 5.06 0 0 0 0
c_8 417 83 1000 0.00 0.00 7.22 36 0.00 0.00 150.60 0 0 0 0
c9 375 125 1000 0.00 0.00 1.60 0 0.00 0.00 103.31 0 0 0 0
c_10 250 250 1000 2.70 0.00 761.10 100 0.00 0.00 41.77 0 0 0 0
c_11 495 5 2500 0.00 0.00 0.06 0 0.00 0.00 0.89 0 0 0 0
c_12 490 10 2500 0.00 0.00 0.17 0 0.00 0.00 4.21 0 0 0 0
c_13 417 83 2500 0.10 0.00 250.33 50 0.00 0.00 135.96 1 0 0 9
c_l4 375 125 2500 6.90 0.00 442.99 63 NF NF TL 0 0 0 0
c_15 250 250 2500 2.10 0.00 17.50 129 0.10 0.00 736.61 9 0 0 25
c_16 495 5 12 500 0.00 0.00 52.19 0 0.00 0.00 18.71 0 0 0 0
c_17 490 10 12500 0.80 0.00 233.72 6 0.00 0.00 117.07 0 0 0 0
c_18 417 83 12500 NF NF TL 0 NF NF TL 0 0 0 0
c_19 375 125 12500 NF NF TL 0 NF NF TL 0 0 0 0
c_20 250 250 12500 NF NF TL 0 NF NF TL 0 0 0 0
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TABLE A1 | (Continued)
Classical formulation Extended formulation
Before Before
Problems cutting After cutting cutting After cutting
Name |[S| IT| Edges Gap(%) Gap(%) Time(s) CPX Gap(%) Gap(%) Time(s) #cover #1-pk #match #CPX
d_1 995 5 1250 0.00 0.00 0.04 0 0.00 0.00 341 0 0 0 0
d_2 990 10 1250 0.00 0.00 0.09 0 0.00 0.00 8.66 0 0 0 0
d_3 833 167 1250 0.00 0.00 5.42 0 0.00 0.00 334.55 0 0 0 0
d 4 750 250 1250 0.60 0.00 6.59 38 0.00 0.00 220.28 0 0 0 0
d_s 500 500 1250 0.90 0.00 14.46 35 0.00 0.00 121.98 0 0 0 0
d_6 995 5 2000 0.00 0.00 0.05 0.00 0.00 4.63 0 0 0 0
d_7 990 10 2000 0.00 0.00 0.13 0.00 0.00 13.20 0 0 0 0
d_s 833 167 2000 0.00 0.00 8.25 0.00 0.00 844.02 0 0 0 0
d_9 750 250 2000 0.80 0.00 13.94 68 0.00 0.00 1439.31 0 0 0 0
d_10 500 500 2000 0.60 0.00 23.16 72 0.10 0.00 395.89 0 0 0 0
d_11 995 5 5000 0.00 0.00 0.10 0.00 0.00 2.76 0 0 0 0
d_12 990 10 5000 0.00 0.00 0.21 0.00 0.00 4.22 0 0 0 0
d_13 833 167 5000 NF NF TL NF NF TL 0 0 0 0
d_14 750 250 5000 NF NF TL 0 0.00 0.00 977.09 0 15 0 8
d_15 500 500 5000 4.50 0.00 209.81 215 NF NF TL 0 0 0 0
d_16 995 5 25000 0.00 0.00 25.06 0 0.00 0.00 55.92 0 0 0 0
d_17 990 10 25000 0.00 0.00 136.07 0 0.00 0.00 191.07 0 0 0 0
d_18 833 167 25000 NF NF TL 0 NF NF TL 0 0 0 0
d_19 750 250 25000 NF NF TL 0 NF NF TL 0 0 0 0
d_20 500 500 25000 NF NF TL 0 NF NF TL 0 0 0 0
e_1 2495 5 3125 0.00 0.00 1.48 0 0.00 0.00 20.70 0 0 0 0
e 2 2490 10 3125 0.00 0.00 4.60 0 0.00 0.00 51.93 0 0 0 0
e_3 2083 417 3125 0.00 0.00 904.47 20 NF NF TL 0 0 0 14
e 4 1875 625 3125 0.30 0.00 1115.87 50 NF NF TL 0 0 0 37
e_5 1250 1250 3125 0.80 0.00 1006.44 138 NF NF TL 0 0 0 100
e_6 2495 5 5000 0.00 0.00 0.18 0.00 0.00 61.20 0 0 0 0
e_7 2490 10 5000 0.00 0.00 0.40 0.00 0.00 206.93 0 0 0 0
e_8 2083 417 5000 NF NF TL NF NF TL 0 0 0 0
e_9 1875 625 5000 NF NF TL 0 NF NF TL 0 0 0 0
e_10 1250 1250 5000 0.90 0.00 518.73 115 NF NF TL 0 0 0 0
e_11 2495 5 12 500 0.00 0.00 0.24 0 0.00 0.00 5.49 0 0 0 0
e_12 2490 10 12 500 0.00 0.00 0.60 0 0.00 0.00 20.93 0 0 0 0
e_13 2083 417 12500 NF NF TL 0 NF NF TL 0 0 0 0
e_14 1875 625 12500 NF NF TL 0 NF NF TL 0 0 0 0
e_15 1250 1250 12500 NF NF TL 0 NF NF TL 0 0 0 0
e_16 2495 5 62 500 0.00 0.00 2.28 0 0.00 0.00 424.36 0 0 0 0
e_17 2490 10 62 500 2.20 0.00 219.57 9 0.00 0.00 1171.18 0 0 0 0
e_18 2083 417 62500 NF NF TL 0 NF NF TL 0 0 0 0
e_19 1875 625 62500 NF NF TL 0 NF NF TL 0 0 0 0
e_20 1250 1250 62500 NF NF TL 0 NF NF TL 0 0 0 0
Networks, 2026 269

8518017 SUOWILLIOD BAIeR1D) 3|gedl|dde 3y} Aq pausenob 8e ssole O ‘85N J0 Sa|nJ 10y A%eiq 1T 3UIIUO AB]IM UO (SUO B IPUOD-PUe-SWLIBY W00 A | 1M AReq)1 BU1UO//ScY) SUORIPUOD pue SWie | 343 39S *[9202/80/TT] Uo Ariqiauliuo Ao |im ‘1e1ifed I elseAlun Ag €500, BU/Z00T OT/I0p/LI0d A8 |1m ATelq 1 Bu1juO//SAnY W1} papeo|umoq ‘g ‘920 ‘LE00L60T



TABLE A2 | Comparison of bounds obtained at the root node between the classical formulation and extended formulation on CSAP-Dense datasets.
Classical formulation Extended formulation
Before Before
Problems cutting After cutting cutting After cutting
Name |[S| |T| Edges Gap (%) Gap(%) Time(s) #CPX Gap(%) Gap(%) Time(s) #cover #1-pk #match #CPX
a0 35 35 2485 6.30 0.50 84.23 230 2.10 0.40 158.40 15 16 0 60
a_l 35 35 2485 6.50 0.70 85.67 190 1.80 0.00 142.10 18 0 0 38
a2 35 35 2485 7.30 0.30 95.42 119 2.20 0.00 158.60 27 0 0 56
a3 35 35 2485 5.30 0.50 83.89 91 1.90 0.40 202.70 36 0 1 54
a4 35 35 2485 4.40 0.10 67.63 96 1.60 0.00 139.50 31 10 0 68
as 35 35 2485 6.50 0.20 80.55 109 1.10 0.10 103.50 10 17 1 50
a6 35 35 2485 5.50 0.20 82.35 100 1.70 0.10 179.80 31 5 5 55
a7 35 35 2485 5.70 0.20 65.42 87 0.80 0.00 91.10 11 0 4 33
a8 35 35 2485 5.50 0.80 57.33 216 1.50 0.00 132.00 8 15 0 45
a9 35 35 2485 6.10 0.00 77.73 87 1.80 0.00 152.30 17 0 0 46
a_10 35 35 2485 5.80 1.00 101.76 487 2.60 0.20 234.90 18 20 4 68
a_11 35 35 2485 7.60 0.20 76.06 97 1.30 0.10 156.20 23 3 0 38
a_12 35 35 2485 6.10 0.20 76.51 105 2.30 0.10 161.10 19 4 0 54
a_13 35 35 2485 4.40 0.10 57.95 85 1.00 0.10 115.40 11 5 0 35
a_l14 35 35 2485 4.50 0.70 50.49 186 1.70 0.00 196.50 19 0 0 34
a_15 35 35 2485 7.30 0.40 55.35 108 2.40 0.20 115.89 23 6 2 56
a_l16 35 35 2485 4.90 0.50 61.67 110 2.20 0.40 134.44 21 8 2 70
a_17 35 35 2485 4.90 0.20 60.46 62 0.60 0.10 99.60 10 17 0 48
a_18 35 35 2485 6.90 0.00 80.59 104 1.60 0.00 71.60 15 0 0 50
a_19 35 35 2485 4.80 1.30 50.05 356 2.50 0.40 159.38 13 16 0 54
b_0 25 45 3175 10.20 0.50 60.05 262 2.20 0.20 113.10 25 11 5 71
b_1 25 45 3175 7.20 0.40 56.88 130 1.90 0.20 114.30 12 19 11 49
b_2 25 45 3175 6.20 0.10 67.44 144 1.30 0.00 85.60 23 1 0 68
b_3 25 45 3175 6.80 0.50 45.14 241 1.10 0.00 84.30 9 10 11 39
b_4 25 45 3175 5.70 0.00 46.40 138 2.00 0.00 130.10 28 0 0 62
b_5 25 45 3175 5.20 0.30 42.77 180 1.40 0.20 83.90 32 33 17 57
b_6 25 45 3175 6.40 0.30 47.01 144 0.90 0.00 94.70 13 36 3 66
b_7 25 45 3175 6.40 0.40 49.10 181 1.40 0.40 67.40 20 20 0 95
b_8 25 45 3175 6.50 0.10 40.74 94 0.60 0.10 59.70 7 18 0 46
b_9 25 45 3175 8.40 0.10 54.25 125 1.20 0.10 56.40 19 0 0 54
b_10 25 45 3175 5.30 0.40 51.29 262 1.30 0.30 87.10 18 11 4 79
b_11 25 45 3175 5.90 0.30 50.73 161 1.30 0.10 141.30 20 16 1 68
b_12 25 45 3175 6.30 0.00 56.03 106 1.60 0.00 84.10 32 5 0 72
b_13 25 45 3175 5.50 0.20 49.09 131 1.60 0.10 75.70 30 15 0 56
b_14 25 45 3175 8.50 0.50 54.85 218 1.20 0.00 79.40 9 6 0 41
b_15 25 45 3175 5.10 0.10 31.25 112 1.20 0.10 97.70 19 1 5 71
b_16 25 45 3175 6.10 0.00 37.66 77 0.30 0.00 21.50 4 1 0 37
b_17 25 45 3175 7.50 0.20 66.94 119 2.10 0.10 80.80 20 12 5 50
b_18 25 45 3175 7.10 0.90 34.72 461 1.50 0.30 56.20 8 18 11 41
b_19 25 45 3175 5.70 0.30 55.44 158 1.50 0.00 112.10 25 7 2 66
c_0 20 50 3520 29.80 0.10 23.38 134 17.30 3.50 22.40 25 5 4 139
c_1 20 50 3520 217.90 47.50 34.03 330 37.30 36.40 17.10 16 17 3 80
c_2 20 50 3520 133.30 18.20 49.51 882 20.30 0.20 28.90 31 5 0 81
c_3 20 50 3520 32.70 8.00 34.93 675 8.40 0.00 24.70 5 6 0 49
c_4 20 50 3520 28.80 0.00 27.80 109 19.10 0.00 16.50 11 7 0 66
c_5 20 50 3520 21.70 2.70 39.18 672 2.50 0.00 33.30 14 0 0 67
c_6 20 50 3520 132.00 32.80 32.39 109 33.50 0.00 16.50 9 0 0 48
(Continues)
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TABLE A2 | (Continued)
Classical formulation Extended formulation
Before Before
Problems cutting After cutting cutting After cutting
Name |S| |T| Edges Gap(%) Gap(%) Time(s) #CPX Gap(%) Gap(%) Time(s) #cover #l-pk #match #CPX
c_7 20 50 3520 35.50 6.90 34.55 497 6.10 5.80 13.80 8 9 6 56
c_8 20 50 3520 68.60 0.00 37.37 111 10.90 5.80 18.30 7 18 8 49
c9 20 50 3520 93.80 21.80 41.87 656 21.50 14.40 22.80 13 9 0 69
c_10 20 50 3520 4.50 0.00 43.99 106 0.60 0.00 41.30 17 0 0 61
c_11 20 50 3520 23.20 0.00 29.43 88 0.20 0.00 14.50 13 1 0 60
c_12 20 50 3520 72.90 10.50 45.76 676 7.70 6.30 22.10 12 0 6 67
c_13 20 50 3520 72.50 12.30 48.62 494 11.70 7.30 27.90 18 3 0 78
c_14 20 50 3520 6.10 1.20 34.48 160 2.60 0.50 64.00 36 9 0 84
c_15 20 50 3520 30.80 19.30 30.25 224 16.20 0.00 63.26 30 3 0 64
c_l6 20 50 3520 34.40 2.00 40.97 542 1.90 0.90 13.41 5 23 2 43
c_17 20 50 3520 119.30 24.50 46.28 728 24.70 0.00 26.25 7 15 0 50
c_18 20 50 3520 50.10 10.90 40.22 661 11.90 10.60 24.42 20 3 2 132
c_19 20 50 3520 28.60 0.00 33.00 105 0.20 0.00 19.03 11 30 0 85
TABLE A3 | Comparison of the number of nodes in the branch-and-cut tree and the total computational time between the classical formulation

and extended formulation on CSAP-Dense datasets.

Classical formulation

Extended formulation

Name Nodes Time (s) Nodes Time (s)
a0 2557 500.55 223 253.50
a_l 1769 358.78 0 143.50
a2 123 169.31 0 156.60
a3 102 130.68 22 230.10
a4 5 90.43 0 138.30
a5 47 133.85 0 106.10
a6 75 129.99 4 188.30
a7 43 89.75 0 92.00
a_8 7965 472.57 0 136.80
a9 0 104.23 0 151.30
a_10 10057 1323.54 16 254.20
a_11 26 112.44 2 165.60
a_12 104 106.57 4 163.70
a_13 23 70.39 0 117.60
a_l14 2624 205.82 0 194.30
a_15 258 122.26 7 134.25
a_16 185 95.15 119 189.52
a_17 22 81.12 1 101.44
a_18 0 80.46 0 72.48
a_19 20784 620.26 17 187.11
b_0 945 132.38 103 155.10
b_1 106 96.97 3 131.10
(Continues)
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TABLE A3 | (Continued)
Classical formulation Extended formulation
Name Nodes Time (s) Nodes Time (s)
b_2 35 108.21 0 84.20
b_3 2039 294.21 0 84.20
b_4 0 44.87 0 129.70
b_5 620 117.86 34 113.10
b_6 95 107.04 4 97.70
b_7 528 144.84 175 112.50
b_8 8 49.68 5 64.60
b_9 73 89.98 4 60.90
b_10 1806 271.34 227 147.00
b_11 137 108.48 30 165.20
b_12 3 67.07 0 83.50
b_13 124 86.15 10 98.60
b_14 2746 309.11 80.40
b_15 36 54.13 107.90
b_16 0 37.13 20.30
b_17 351 130.94 89.30
b_18 60 585 TL 29 79.10
b_19 259 120.36 0 111.20
c 0 79 54.17 397 94.60
c_1 124355 TL 315 84.00
c_2 40703 1154.86 80 67.70
c_3 158427 TL 24.90
c_4 0 27.34 16.80
c_5 116 004 TL 33.90
c_6 8360 168.32 15.20
c_7 58762 947.99 63 30.00
c_8 0 38.29 3 22.20
c9 167405 TL 121 57.70
c_10 39.26 0 41.30
c_11 31.71 0 13.90
c_12 143208 TL 19 38.10
c_13 85109 TL 310 96.60
c_l14 291 80.74 15 91.40
c_15 1492 115.05 21 80.44
c_16 200972 TL 36 26.14
c_17 107 065 TL 0 26.21
c_18 139595 TL 583 96.42
c_19 3 38.23 0 19.27
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TABLE A4

branch-and-bound nodes, CPLEX cuts added and total computational time.

Root-node bounds obtained with the extended formulation on CSAP-Dense (without our cut procedures), along with

Problems Before cutting After cutting
Name |S] |IT| Edges Gap (%) Gap (%) Time (s) #CPX Nodes Time(s)
a0 35 35 2485 2.10 0.40 196.70 62 136 238.19
a_l 35 35 2485 1.80 0.00 196.50 49 0 194.86
a2 35 35 2485 2.20 0.00 139.16 60 0 139.40
a3 35 35 2485 1.90 0.40 242.27 63 29 265.41
a4 35 35 2485 1.60 0.00 13543 64 0 138.73
a5 35 35 2485 1.10 0.00 123.52 53 0 127.46
a6 35 35 2485 1.70 0.10 192.57 54 1 195.39
a_’7 35 35 2485 0.80 0.00 108.72 39 0 111.43
a8 35 35 2485 1.50 0.00 190.18 38 2 203.47
a9 35 35 2485 1.80 0.00 148.81 54 0 154.73
a_10 35 35 2485 2.60 0.70 239.81 145 3576 415.36
a_11 35 35 2485 1.30 0.10 218.44 35 0 226.23
a_12 35 35 2485 2.30 0.10 171.75 64 1 175.21
a_13 35 35 2485 1.00 0.10 126.85 45 0 131.56
a_l4 35 35 2485 1.70 0.00 186.97 38 0 188.63
a_15 35 35 2485 2.40 0.20 107.61 54 86 138.05
a_16 35 35 2485 2.20 0.70 161.34 60 117 220.21
a_17 35 35 2485 0.60 0.20 79.59 51 21 100.79
a_18 35 35 2485 1.60 0.00 81.21 42 0 80.49
a_19 35 35 2485 2.50 0.40 161.87 65 14 188.85
b_0 25 45 3175 2.20 0.20 122.70 94 139 161.83
b_1 25 45 3175 1.90 0.30 145.13 57 17 159.64
b_2 25 45 3175 1.30 0.00 114.21 78 0 107.11
b_3 25 45 3175 1.10 0.30 109.85 57 44 124.16
b_4 25 45 3175 2.00 0.00 147.30 66 0 147.20
b_5 25 45 3175 1.40 0.20 118.08 87 40 137.65
b_6 25 45 3175 0.90 0.00 115.26 78 6 118.57
b_7 25 45 3175 1.40 0.40 92.01 122 309 129.88
b_8 25 45 3175 0.60 0.10 73.99 48 3 79.72
b_9 25 45 3175 1.20 0.00 91.32 57 4 93.49
b_10 25 45 3175 1.30 0.30 118.21 142 721 179.82
b_11 25 45 3175 1.30 0.10 144.05 68 20 161.53
b_12 25 45 3175 1.60 0.00 109.33 79 0 112.81
b_13 25 45 3175 1.60 0.10 126.07 62 14 134.70
b_14 25 45 3175 1.20 0.00 101.78 30 101.18
b_15 25 45 3175 1.20 0.10 84.46 80 89.77
b_16 25 45 3175 0.30 0.00 31.45 38 33.15
b_17 25 45 3175 2.10 0.10 110.95 64 15 120.18
b_18 25 45 3175 1.50 0.80 59.85 55 53 86.26
b_19 25 45 3175 1.50 0.20 142.31 80 69 158.40
c 0 20 50 3520 17.30 3.60 36.17 125 209 88.15
c_1 20 50 3520 37.30 22.80 32.74 89 73 69.08
c_2 20 50 3520 20.30 11.40 43.90 255 1760 160.19
c_3 20 50 3520 8.40 0.00 19.96 55 0 19.49
c 4 20 50 3520 19.10 0.00 30.35 71 0 30.09
c_5 20 50 3520 2.50 1.00 27.76 60 4 31.80
c_6 20 50 3520 33.50 0.00 23.68 30 0 24.74
c_7 20 50 3520 6.10 5.80 19.79 58 36 31.68
c_8 20 50 3520 10.90 5.80 20.78 52 4 25.01
(Continues)
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TABLE A4 | (Continued)
Problems Before cutting After cutting

Name |S| |T| Edges Gap (%) Gap (%) Time (s) #CPX Nodes Time(s)
c9 20 50 3520 21.50 18.10 23.65 142 418 75.99
c_10 20 50 3520 0.60 0.00 70.52 85 0 68.51
c_11 20 50 3520 0.20 0.00 26.12 54 0 24.07
c_12 20 50 3520 7.70 0.00 32.22 68 0 36.26
c_13 20 50 3520 11.70 10.80 32.08 502 8572 292.62
c_14 20 50 3520 2.60 0.60 63.42 106 29 88.20
c_15 20 50 3520 16.20 0.10 54.10 80 112 90.96
c_l6 20 50 3520 1.90 0.90 15.02 46 9 20.10
c_17 20 50 3520 24.70 0.00 22.49 44 2 25.23
c_18 20 50 3520 11.90 10.74 23.15 124 294 79.09
c_19 20 50 3520 0.20 0.00 20.58 74 1 23.72
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