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Introduction

Hadrons, such as protons and neutrons, are the building blocks of visible matter in the
universe. Unlike elementary particles (like leptons), they are made up of quarks and
gluons, collectively known as partons, bound by strong interaction. The underlying theory,
Quantum Chromodynamics (QCD), is a non-Abelian gauge theory developed in the early
1970s with colour as its charge and gluons as self-interacting gauge bosons.

A distinctive feature of QCD is the way the strong interaction manifests itself at
different energy scales: at short distances, quarks and gluons interact weakly, allowing for
the application of perturbative methods (asymptotic freedom); at large distances, colour
confinement prevents coloured particles from being observed in isolated states, making
the study of hadron structure particularly fascinating and challenging. This dichotomy
implies that the quark-gluon dynamics we seek to uncover must be inferred from colour-
neutral hadronic final states measured by detectors, and the use of a theoretical approach
that allows us to distinguish between short-distance physics and long-distance structure
embodied by universal functions.

The modern picture of hadron structure emerged from a sequence of decisive experi-
ments and parallel theoretical advances. Deep inelastic electron-nucleon scattering (DIS)
at the Stanford Linear Accelerator Center (SLAC) in 1967-69 revealed scaling behaviour
in the inclusive cross section, showing how the nucleon is composed of point-like con-
stituents. Breidenbach et al. [1] observed that the structure functions exhibit only a
weak dependence on the photon virtuality, an empirical regularity later termed Bjorken
scaling. Theoretically, Bjorken related the scaling limit to current-algebra arguments [2],
and Callan and Gross derived the relation Fy(x) ~ 2xFi(x) for scattering off spin-1/2
constituents [3], thereby providing a crucial consistency check for point-like quarks. This
interpretation was formalised by Feynman’s parton model, which offers a simple yet pow-
erful description of hadron structure, in which DIS is explained as incoherent scattering
off quasi-free constituents at high momentum transfer, described in terms of distribution
functions [4].

Soon after, precise measurements revealed small, but systematic deviations from ex-
act scaling (“scaling violation”). The theoretical breakthrough came in 1973, when Gross,
Wilezek [5] and Politzer [6] demonstrated that non-Abelian gauge theories are asymptoti-
cally free. This led to QCD as the theory of strong interactions and explained why partons

behave as nearly free particles at high Q?, while remaining confined at low energy.
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Though exact scaling is expected in the parton model, QCD predicts a logarithmic ()2
dependence of the structure functions; indeed, gluon radiation and parton splitting lead
to small, logarithmic deviations from exact scaling. This insight gave rise to the QCD
evolution equations, derived independently by Dokshitzer [7], Gribov and Lipatov [8], and
Altarelli and Parisi [9] in the 1970s, now universally referred to as the DGLAP equations.
These equations describe how parton distributions evolve with the energy scale, and their
predictions were later confirmed experimentally by muon—nucleon scattering experiments
such as those conducted by the European Muon Collaboration (EMC) [10], the BCDMS
collaboration [11] at CERN and later at HERA [12].

A complementary theoretical development was Wilson’s operator product expansion
(OPE), which provided a systematic method to separate short-distance (perturbative)
contributions from long-distance (non-perturbative) effects. Based on the ideas of OPE
and the renormalisation group, factorisation theorems were established for certain classes
of high-energy reactions (such as inclusive DIS, Drell-Yan, and hadron production in
ete” annihilation) [13]: cross sections can be written as convolutions of universal parton
distribution functions (PDFs) or fragmentation functions (FFs), non-perturbative but
measurable quantities, with hard-scattering coefficients calculable in perturbation theory.

In collinear factorisation, partons (hadrons) are characterised by their longitudinal
momentum fraction x (z) with respect to the parent hadrons (partons). Universal PDFs
and FFs, combined with perturbatively resummed hard parts (e.g., CSS resummation for
low transverse momentum), describe a wide range of processes from inclusive DIS and
Drell-Yan to pp collisions at the LHC, and remain the standard language for precision
phenomenology.

Despite its successes, the collinear approach has intrinsic limitations that have led to
the need for a more general formalism. In fact, it neglects the intrinsic momentum kr
of partons and is insensitive to spin-momentum correlations in the transverse plane; as a
result, it cannot fully account for observables that depend on the azimuthal structure or
on the spectrum at low transverse momentum. The Transverse-Momentum-Dependent
(TMD) framework addresses these issues by introducing TMD PDFs and FFs that explic-
itly depend on both z (or z) and kp, and by incorporating appropriate soft factors and
evolution equations (like e.g., in the Collins-Soper-Sterman approach or in soft collinear
effective theories (SCET)). Thus, TMDs account for a much richer structure involving
correlations (e.g., the Sivers and Boer-Mulders functions) among the spin, or polarisa-
tion state, and the intrinsic motion of partons and hadrons. These correlations manifest
themselves in observable spin and azimuthal asymmetries in inclusive and semi-inclusive
hadronic processes.

Rigorous TMD factorisation has been proven for three fundamental processes charac-
terised by two distinct energy scales: a perturbative one, related to a large momentum
transfer in the process, ), and a much smaller second scale, g7, comparable to the QCD

scale and such that Q > qr ~ Agcp, which is related to the intrinsic parton motion
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inside hadrons [14-17]. These processes are: (1) Semi-inclusive deep inelastic scattering
(SIDIS), ¢p(N) — ¢'h + X; (2) The Drell-Yan (DY) process for inclusive dilepton pro-
duction in hadronic collisions, AB — v*, Z — (t{~ + X; (3) Two almost back-to-back
hadron production in lepton-antilepton annihilations, ¢t¢~ — ~* Z — hy ho + X, also
known as semi-inclusive ¢*¢~ annihilation (SIA).

Indeed, most of the available experimental information on quark TMDs comes from
these three processes. Concerning phenomenology, the full (leading and, in some cases,
next-to-leading twist) structure of azimuthal dependences for particle production in (un)po-
larised processes has been derived in the TMD approach for SIDIS [18-20] and DY [21]
processes, as well as for hadron-pair STA production [22, 23]. In particular, Refs. [20, 23]
present, respectively for the SIDIS and SIA cases, an independent derivation within the
TMD approach and the helicity formalism that will be adopted also in the next sections.
Other processes, like Higgs [24, 25], photon pair [26], J /1 pair [27], J/¢+photon [28] and
C-even quarkonium production [29, 30] in hadronic collisions, where the dominance of
the colour-singlet quarkonium formation mechanism is assumed, represent another source
of valuable information on TMDs, in particular the almost unknown gluon ones. For
these reactions, TMD factorisation is not fully proven yet and there are some indica-
tions for possible factorisation-breaking effects for processes involving four hadrons, see
e.g. Ref. [31].

A central goal of modern hadronic physics is to obtain a three-dimensional picture of
the nucleon (and, more generally, of quark—gluon dynamics) by extracting TMDs from
experimental data. To this end, we have to solve an inverse problem: measured two-scale
observables (with ¢r < @) are deconvolved into universal TMD PDFs/FFs and pertur-
bative hard parts. Ref. [32] lays out a practical workflow: (i) identify "good” two-scale
observables (cross sections or asymmetries) that admit TMD factorisation; (ii) select com-
plementary data sets that jointly constrain a closed set of TMDs; (iii) compute/validate
the short-distance hard parts; (iv) implement the scale evolution of TMDs so measure-
ments at different () can be compared; (v) perform global fits minimizing the difference
between data and theoretical calculations based on the factorization formalisms to ex-
tract the set of universal TMDs that can best describe the data within the experimental

uncertainties.

Within the workflow outlined above, we will follow two directions. First, we sug-
gest considering photon-photon scattering as a clean, factorisable channel to access TMD
fragmentation through azimuthal modulations in inclusive almost back-to-back hadron
pair production. TMD factorization is expected to hold, given the clarity of the ini-
tial electromagnetic state and the presence of final-state interactions only. This makes
vy — hihy + X a "good” two-scale observable, complementing semi-inclusive deep in-
elastic scattering and ete~ annihilation processes, which provide most of the present

phenomenological information on TMDs.

Second, we study Higgs production through gluon fusion in the low-qr regime, which



Introduction

provides a probe for gluon TMDs. For colour-singlet final state and gy < my, the cross
section factorises into a hard function and gluon TMDs that evolve with the Collins-Soper
kernel; the spectrum is directly sensitive to the unpolarised f{(x,k,) and, in refined
analyses, to the linearly polarised h;¥(z, k. ). Empirically, gluon TMDs remain poorly
constrained compared to their quark counterparts; for this reason we want to exploit the
LHC measurements of H transverse momentum in the TMD region, in order to fit the
measured low-gr Higgs spectrum, and more precisely, obtain the non-perturbative contri-
bution with the relative uncertainties. A first consistent extraction of the non-perturbative
contribution from Higgs g7 data would put gluon TMDs on a similar path to that already
followed by quark TMDs, which are now comparatively well constrained. The resulting in-
formation on the gluon sector can then be applied to other gluon-initiated processes (e.g.,
low-gr vector-boson plus jet or heavy-quarkonium channels), providing stronger global
constraints and cross-checks of TMD universality and evolution. Furthermore, such a fit
would advance our understanding of the three-dimensional, momentum-space composi-
tion of the nucleon’s gluons, significantly improving our knowledge of hadronic structure.
This thesis is structured as follows:

Chapter 1 is a review of the theoretical framework that underpins the TMD approach.
It starts with a review of the operator definitions of quark and gluon TMDs, the
factorization of two-scale observables, and the roles of the renormalization and ra-
pidity scales. It then discusses perturbative evolution and matching, clarifying how
logarithms of the hard scale are resummed and where genuinely non-perturbative

information is required.

Chapter 2 turns to photon—photon collisions across different processes, showing how
they can provide a clean environment to access TMD fragmentation physics. It in-
troduces the relevant kinematics and helicity formalism, derives the structure of az-
imuthal modulations, and illustrates how selected asymmetries isolate specific TMD
fragmentation functions; a concise phenomenological study shows the sensitivity of

projected measurements.

Chapter 3 addresses gluon TMDs using the low-g;r Higgs transverse-momentum spec-
trum in gluon fusion. It formulates the gg— H cross section in TMD factorization,
details the experimental inputs and fiducial selections (notably the H — v and
H — 40 channels), and presents first results together with a discussion of theoreti-
cal and experimental systematics. Technical material, including hard and matching
coefficients, numerical strategies, and phase-space factors, is collected in dedicated
appendices where appropriate.



Chapter 1

Theoretical framework

Quantum Chromodynamics is the accepted theory of the strong interaction that describes
the structure and dynamics of hadrons. Its Lagrangian density reads

T 1 a a pv

L= 30D — mo)y — FL F, (1.1)
q

where 1), denote the quark fields of flavour ¢ with mass m,, and the sum runs over the

Ny active flavours, q € {u,d, s, c,b,t}. The covariant derivative is D), = 9, —ig AT and

the field—strength tensor is

Fo, = 0,A; — 0,A% + g fabCAj;Ag, (1.2)

where A7 are the gauge (gluon) fields, T are the generators in the fundamental repre-
sentation of the group SU(N,) (with a € {1,...,N? — 1}), f%¢ are the structure con-
stants, and N, = 3 is the number of colours. Non—Abelian gauge theories such as QCD
are renormalizable; see, e.g., [33]. Consequently, the coupling constant acquires a scale
dependence through the renormalization scale p. Assuming that the strong coupling
as(po) = g*(po)/(4m) is small at some reference scale pg, its running for p > pg can be
determined perturbatively. At leading order one finds

as(f1o)

= , (1.3)
1+ f—;ag(uo) In Z%

as (i)

with Gy = %NC — %N 7. Increasing o at fixed po thus decreases ag(p); for example, one
finds ag(91 GeV) ~ 0.12 at the Z-boson mass scale. In the limit y — oo, ag(u) — 0,
thus exhibiting asymptotic freedom [34]. Conversely, if we want to evolve towards p < pu,
we must account for the increase in ag(p). Indeed, when p approaches hadronic scales
o~ Mpog ~ 1 GeV, ag is close to unity, leading to a breakdown of the perturbative ex-
pansion. Consequently, the interaction is too strong, and non-perturbative techniques are
required to tackle QCD; in this sense, PDFs and their generalizations are non-perturbative
objects and cannot be derived within perturbative QCD. Two other features of QCD are:

5
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YVYY

Figure 1.1: The amplitude of deep-inelastic scattering in the Bjorken-limit, where the
electron scatters elastically off a charged parton carrying the momentum fraction x >~ x,
of the nucleon’s momentum P.

colour confinement, describing the empirical fact that free colour charges have never been
observed in nature; and the spontaneous breaking of chiral symmetry, which is approxi-
mately present in the Lagrangian (due to m, < M, for light flavours ¢ = u, d, s), but
is not manifest in the hadron spectrum. Modern knowledge of the partonic structure
of hadrons comes from collinear QCD. In this framework, as discussed above, the cross
section factorizes into short-distance, perturbatively calculable hard parts, and universal,
process-independent non-perturbative functions, known as the collinear parton distribu-
tion functions (PDFs) and fragmentation functions (FFs). A canonical example is inclusive
DIS, whose kinematics can be described by the following variables:
Q° P-q

S:(P“—l)Q, QQZ—QQ, xB:QP.q’ y:Tl, (14)

where s is the square of the centre-of-mass energy, x, is the Bjorken scaling variable,

B
y denotes the energy loss of the electron in the target rest frame, and the momentum
transfer () defines the hard scale of the process. The QCD factorization formula for the

unpolarised cross section ! can be written as:

un ol TB Q A CD

o) =3[ 2 i) a0+ (2, Lasum) 10 252). g
B T MUR Q

where f¢ is the unpolarised (spin-averaged) PDF with a = u, 4, d, d, ...,g. The partonic

cross section dg® can be computed order—by—order in perturbation theory. While the tree—

level term coincides with the parton model result, radiative QCD corrections appear at

next—to-leading order (NLO), such as virtual one-loop corrections to the process v*q¢ — ¢

In the TMD formalism, one often writes f for unpolarized PDFs instead of f¢, or ¢ and g, which
are also widely used.

6
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as well as real radiative corrections v*q — g¢gq and the photon—gluon fusion process
Y9 —qq.

Both the partonic cross section and the PDFs depend on unphysical scales: the renor-
malization scale g, which enters the running coupling as(pg) and the hard parts, and
the factorization scale up, at which collinear singularities are absorbed into the PDFs.
At O(ag), ultraviolet divergences from loop integrals are removed by renormalization (in-
troducing pg), whereas collinear singularities associated with nearly collinear radiation
are factorized into the PDFs (introducing pr). In dimensional regularization, pug appears
when loop integrals are evaluated in 4 — 2¢ dimensions; up arises from the subtraction
of collinear poles and the definition of the PDF scheme (typically MS). It is common
practice to choose pur ~ pup ~ @ to avoid large logarithms In(Q/u), although the two
scales are conceptually distinct.

In this way, PDFs and partonic cross sections are both scale and scheme dependent;
however, these dependences must drop out for the full cross section, which is a physical
observable. As in the case of ag(u), perturbative QCD predicts the scale dependence of
the PDFs through the DGLAP evolution equation,

dgllnxuu Z/ldw ( s(M)> THENOP (1.6)

where the splitting functions

2

Pufr,00) = 55 PY() + (;“j) PO®@) + .. (1.7)
can be computed order—by—order. Because of the quark—gluon coupling and the gluon
self-coupling, a parton can split into other partons, thus P,, measure the probability of
finding a parton a inside a parton b. Although p is formally arbitrary, in practice, the
perturbative calculations require choosing the scale to be close to the hard scale @) of the
process to avoid divergences. Otherwise, large logarithms o () In"(Q/p) (due to n-loop
contributions) spoil the convergence of the perturbative series. Consequently, yu is usually
set equal to the hard scale of the process.

Let us consider now the distributions of spinff quark carrying a longitudinal momen-
tum fraction z of its parent hadron. For a spinfi nucleon target one can define: (i) the
unpolarised quark density f{(z) in an unpolarised nucleon; (ii) the helicity distribution
gi(x) in a longitudinally polarised nucleon; and (iii) the transversity distribution h{(z)
in a transversely polarised nucleon, where the quark’s transverse polarisation is aligned
with that of the nucleon. Analogous distributions exist for antiquarks as well. In order to
provide a definition of the quark distributions in terms of QCD operators, we introduce

the following correlator:

®I(z,5) = /d(l'rp)e”'p (P, S| q(0)WI0, N g (MNP S) |4y Ly (1.8)
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where P* and S* are the hadron momentum and polarisation four-vectors. Gauge in-
variance of the QCD operator 1,(0)W[0, AJ¢o,()) is ensured by the Wilson line W[0, )], a
path—ordered exponential of the gluon field

Wy = P exp {—ig/ydm“AfL(x)Tc} , (1.9)

which connects the quark fields along a path « appropriate to the process and factorisation

scheme. Quark distribution functions are essentially traces of the correlator in Eq. (1.8),
1
d1l(z) = 5 Te(@7T], (1.10)

where I' is a specific Dirac structure. At leading twist, only three Dirac structures con-
tribute,

e {7+, s, iao‘+75} , (1.11)
with
04 A3 -
+_ 7 + af _ Yra B
= L 0% = [y, AP, 1.12
gl 7 5% (1.12)

yielding, respectively, to the unpolarised (used in Eq. (1.5)), helicity and transversity
quark PDFs:

o0 Ne) = fi@),  @TNa) = Spgi(@), T N@) = SLh{(x), (1.13)

where the transverse index is j = 1,2, the nucleon polarisation is described by S* =
(0,8, Sr) in the nucleon rest frame. As a result of charge conjugation symmetry, the
corresponding antiquark distributions are given by

fi(x) = —fl(=2), gi(x) =gi(~2), hi(z)=—hi(-2). (1.14)

The chiral properties follow from the decomposition ¢r 1, = %(1 + 5) 1

Uyt = vpytor + Yyt n, Uyt = vrytstr — Yy ysvn,

- - - (1.15)
¢103+75¢ = ¢L10J+75¢R - ¢RZUH%¢L,

so f1 and gy are chiral-even, whereas h; is chiral-odd. In inclusive DIS chiral-odd con-
tributions are suppressed by m,/@, but they can be accessed in other processes such as
semi-inclusive DIS (SIDIS) and Drell-Yan.

For gluons in a spin—% hadron, only two twist—2 collinear distributions exist: the un-
polarised density f{(z) and the helicity distribution g7, (z). A collinear gluon transversity
distribution for the nucleon is forbidden at twist-2 by angular-momentum conservation:
a spin—1/2 nucleon cannot provide the required two—unit spin flip.

An analogous classification applies to collinear fragmentation functions. For spinless

hadrons in the final state (e.g., pions) only the unpolarised FF D? / (2) appears at leading

8
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twist, whereas for polarised hadrons (e.g., A hyperons) one has the helicity G !(z) and
the transversity H f / ?(z), describing longitudinal and transverse spin transfer, respectively.
Here z (also denoted as z,) is the light-cone momentum fraction carried by the observed
hadron relative to the fragmenting parton.

We can obtain an operator definition of the collinear gluon PDFs and fragmentation
functions as in Eq. (1.8), suitably modifying the QCD operators. These collinear PDFs
and FFs, evolved with DGLAP equations, underpin the successful description of a wide

class of observables.

Now we must ask when collinear QCD is sufficient to describe physical processes, and
when it is not. When the measured observable is inclusive over transverse momentum
(e.g. DIS structure functions) or probes kinematics with gr ~ @ (hard recoil generated
by perturbative radiation), fixed-order collinear factorization provides an accurate de-
scription. In such cases, the intrinsic transverse motion of partons can be integrated out
without compromising predictability.

There exists, however, a broad and phenomenologically crucial class of observables for
which the above conditions are not met. Whenever we measure a transverse-momentum
spectrum much smaller than the hard scale, ¢r < @, fixed-order predictions develop large
logarithms In(Q/qr) and even unphysical 1/¢% singular behaviour order by order. This
signals the need for an all-orders resummation of In(Q)/gr). In this two-scale regime, the
appropriate framework is TMD factorization, in which the cross section factorizes into (i)
a hard, perturbatively calculable coefficient, (ii) universal TMD PDFs/FFs that depend
on (z, ky)—up to a process-dependent gauge-link structure—and (iii) a soft factor (which
in modern definitions is absorbed into the TMDs). The associated evolution involves both
renormalization-scale and rapidity (Collins—Soper) evolution, enabling controlled predic-

tions from ¢r — 0 with matching to fixed order at larger qr.

Concrete phenomenological triggers for TMDs. Typical situations where collinear

factorization alone becomes insufficient include:

o Small-qy spectra for colourless final states (DY,W/Z,Higgs): when ¢r < @Q, large
In(Q/qr) towers require all-orders resummation and gr — 0 region is described by
TMD factorization.

o Azimuthal and spin asymmetries in SIDIS and DY (e.g. Sivers/Collins effects):
these observables are intrinsically sensitive to spin-k, correlations and cannot be
captured by collinear PDFs/FFs alone.

e Back—to-back hadron pairs in ete™: the small transverse-momentum imbalance di-
rectly probes TMD FFs.
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1.1 Quark and Gluon TMDs

The theoretical framework of TMD factorization is inherently more involved than its
collinear counterpart. In collinear calculation, crucial cancellations arise after integrat-
ing over the partonic transverse momentum. In the TMD context, those integrals are
not performed: the dependence on k| is retained explicitly, so contributions that would
cancel upon integration must be consistently accounted for. The Collins, Soper and Ster-
man (CSS) formalism provides a systematic framework to handle these complications
of transverse-momentum dependence. Classic applications include the Drell-Yan (DY)
process, semi-inclusive deep-inelastic scattering (SIDIS), and back-to-back hadron produc-
tion in electron—positron annihilation at small transverse momentum, where CSS TMD
factorization applies and constrains the functional form of TMDs. For comprehensive
treatments of TMD definitions and TMD factorization, see, e.g., Ref. [32].

Transverse tensor conventions

We work with the Minkowski metric g"* = diag(1l,—1,—1,—1) and the antisym-
metric tensor e#??, with €"23 = +1. We introduce two light-like reference vectors

n* and n*, which can be aligned, for instance, with the 42z directions,

1 1
nt = —(1,0,0,1), nt = —(1,0,0,—-1), 1.16
75(1,0.0.1) 5(1,0,0,-1) (1.16)
so that n? = 72 = 0 and n-n = 1. The transverse projector and antisymmetric
tensor are

gl =g" - (n“ﬁ” + n”ﬁ“), e’ = P n,yng, (1.17)

which satisty ¢/"n, = ¢/"n, = ¢|"n, = ¢"n, = 0. With the above choice of n and

n, the transverse plane coincides with the zy—plane, and the components of ¢/ and

" are
gt =¢2=—1, g7 =0otherwise (for i,j =1,2), and €2=+1, ¢ =—1,
(1.18)
all other components being zero. It is then convenient to identify 513' = — gij =
diag(1,1).

Leading Quark TMD PDFs

For a spin—% hadron with momentum P and covariant spin vector S, the unsubtracted
quark TMD distributions can be obtained by taking the trace over the Dirac indices of
the product of the correlator ®¢, multiplied by the Dirac structures I'. Namely,

A\ P) @Ay

(2 k) = /(27T)3€ (P, S|4;(0) W[0, A] I;%O\) |P,S) |lur,  (1.19)

10
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where the nonlocality is restricted to the light-front LF (A\-m = A" = 0). The path-ordered
gauge link W0, \] is the staple-like Wilson line; its direction (future- or past-pointing)
encodes the colour flow of the process and is the origin of the process dependence of T-
odd TMDs, Ref. [32]. As in the PDF case, the I' matrices of (1.11) are associated with
unpolarised, longitudinally and transversely polarised quarks and antiquarks, respectively.
However, due to the presence of k, , eight leading power TMDs exist, compared to the
three leading twist collinear PDFs. The projections of the correlator onto the Dirac

structures are explicitly given by

po
El kLp SLO’

N
N w kw1, Q) = fulw, ki) = =7 S k),
Ty k.-S
O} Nk Q) = Spga(e ki) + = gl k).
(1.20)
oo Sp kg
(I)I‘}[ZU er5}(1‘7 kLa#?C) = Si hl(xa kl) + ZNe hllL(xv kl)
kK] — 500°K1 ) S1 € k
Gt ) LN WAP L R TI
The expressions Eq. (1.20) define TMDs of antiquarks according to
q + f Y l? hJ- 7 hl?
TMD (2, k1) = £ TMDY(—z, k1) with orgu Jirs Map, by (1.21)

The partonic interpretation of the leading quark TMDs is as follows; three of them
have collinear counterparts:

o fi(z, k1) describes the distribution of unpolarised quarks inside an unpolarised
hadron, similar to the unpolarised collinear distribution f;(x).

e gi(z, k) is the helicity distribution, that is the distribution of longitudinally po-
larised quarks inside a longitudinally polarised hadron, similar to the collinear he-
licity distribution g;(x).

o hi(z,k,) is the transversity distribution, that is the distribution of transversely
polarised quarks inside a transversely polarised hadron, similar to the collinear
transversity distribution hy(x).

The remaining distributions arise only when measuring transverse momenta and have no

collinear counterparts:

o fir(z, k) is the Sivers function [35], which describes the distribution of unpolarised
quarks inside a transversely polarised hadron. Since it is T-odd, it was originally
believed to vanish due to symmetry arguments [36]. It was later clarified that it is

non-vanishing when the Wilson lines are properly accounted for in the definitions
of the unsubtracted TMD PDF and the soft function [37-39).

11
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Figure 1.2: Leading power quark TMD parton distribution function for a spin—% (or for
an unpolarised or spin 0) hadron.

e gir(z, k1) is the distribution of longitudinally polarised quarks in a transversely
polarised hadron, and vice versa, hij (z, k) describes transversely polarised quarks
in a longitudinally polarised hadron [40]. They are referred to in the literature as
"worm-gear” T and L functions, or Kotzinian-Mulders functions [41, 42].

o hi(z, k) isthe Boer-Mulders function [43], which describes a transversely polarised
quark in an unpolarised hadron. Like the Sivers function fis(z, k), it is time-
reversal odd.

o hip(x, ki) is the pretzelosity function, which contributes to the distribution of a
transversely polarised quark in a transversely polarised hadron [44], in addition to
the transversity hq(z, k1 ). This is due to the monopole structure (proportional to 6
and associated with h;) and the quadrupole one (proportional to (kﬁki — 307° ki)
and associated with hi;) in the transverse plane.

Because of parity conservation in QCD, the empty fields in Fig. 1.2 would correspond
to distributions of unpolarised (longitudinally polarised) quarks inside a longitudinally
polarised (unpolarised) hadron that are forbidden.
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1.1. Quark and Gluon TMDs

Leading Gluon TMD PDF

In the same way, it is possible to define a total of eight leading power gluon TMDs. The
gluon correlator is defined as

(2, k) =/WMMP,S]FW(O)W[O,A] F5(\)|P,S) [, (1.22)

where, compared to the quark correlator in Eq. (1.8), the quark fields have been re-
placed by the field strength tensor F,(\) = F,(\)T?, related to the potential by
F., = 0,A, — 0,A, —ig[A,, A)]; the gauge link # is the staple-like Wilson line in
the adjoint representation. Due to the tensor structure of the gluon field strength tensor,
the gluon TMD correlator carries a tensor structure as well. In addition, o and § have to
be transverse indices, which is kept implicit in Eq. (1.22).

At leading power the spin-decomposition of the correlator for a spin—% hadron is

2

N k gaﬂ Lok
o stk + 4 (5 S i)

k} ep{akﬁ}
W hfg(l’, kl)

1
Iq)aﬂ(x7 kJ_a 1y C) - 5

S o
+7L - ZGLBQfL(fakL)_

1 ne k.-
{gaﬁ KipSi0 €l Lg(%lﬂ) eop BL5L gir(z, k1)

) R VR eV

P{OIS/B}

ka_ €
hleg(xakL)_WhgT(kaL) )

ki, ek koS,
2M? M

(1.23)
where al®b?? = a®b® 4+ aPb*. Because the gluon is spin 1, the allowed tensor structure
differs from the quark case and includes linear-polarization terms (helicity-2 structures),
e.g. hfg , in addition to helicity-0 and helicity-1 structures. A compact classification is

given in Fig. 1.3. A useful helicity interpretation follows from the £1 gluon helicity basis

t= (&1 +ié2)/V2 and }= (&1 —ié3) /V/2.

o The symmetric helicity 0 combination 1] + |1 gives the unpolarised configurations
that appear for the unpolarised and transversely polarised hadrons, with distribution

flg and fiqT-

o The antisymmetric helicity 0 combination 1] — |71 yields the helicity distributions

g7, and g}, for the longitudinally and transversely polarised hadrons, respectively.

o The helicity 2 combinations 11 + || and 11 — | are given in Eq. (1.23) by the
hi?, hif, hdy and hif terms for all the possible spin-3 hadron polarization.
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Figure 1.3: Leading power gluon TMD parton distribution functions for a spin—%

THONO

(or for
an unpolarised or spin 0) hadron.

Leading Quark TMD FFs

The projections of the quark TMD fragmentation correlator onto specific Dirac structures
I, for a quark fragmenting into a detected hadron (with mass M), and spin vector S), can
be expressed as

A[F( Z,p1) Z—TrZ/
< (0| (W) (N) ><h,X\<zﬁjw 0)[0).

where z is the hadron’s light-cone momentum fraction, p, is the hadron transverse mo-

(1.24)

mentum with respect to the fragmenting quark direction, and ¥V denotes the appropriate
Wilson lines. The projections onto the leading Dirac structures (as in the PDF case) yield
the eight leading power quark TMD FFs:

N 17 p1,S1s
AY Nz piin Q) = Di(zpr) + = =272 Dl(2,p1)
z Mh
o5 1 -S
AV pri, €)= Sp Gz o) + = BE2E Gz, p0)
z Mh
1ot A5 ]_ S p
AP N pi €)= SY Hy(z,py) — - ZorE Hiy (2,p0)
z Mh
1 (p2p? —3002) S1, 1 epr,
) Ve HlT(ZapL)'i';ThHI (z,p1)-

(1.25)
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Figure 1.4: Leading power quark TMD fragmentation functions for a spin-5 (or for an

unpolarised or spin 0) hadron.

This decomposition is analogous to the PDF case in Eq. (1.20) and has a similar inter-
pretation in terms of quark and hadron polarizations, as summarized in Fig. 1.4. Here
we again encounter two T-odd functions, namely the polarizing FF D7 and the Collins
function Hi.

Helicity formalism. It is often convenient to describe parton PDFs and FFs in the
helicity basis, which makes the role of the parton and hadron polarizations explicit.

As an example, in the fragmentation sector, following the approach adopted in Ref. [23,
45], we can define

’\)\h)\/h

DYtz = Y Daaen, (5:010) Dy o (:01) (1.26)

X7>\X

where ﬁj\\f;\\& is the fragmentation amplitude describing the process ¢ — h + X in which
the parton ¢ from the elementary scattering ab — cd generates the detected final hadron
h.

If we define ¢, as the azimuthal angle of the hadron A in the helicity reference frame of
parton ¢, we can rewrite the fragmentation function as

25/\hJ\X ;)\C(Z,pL) = DAh7/\X§>\c(z’pL) el heon ) (1'27)
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where p; = |p, |, so that

A}\;,,,)\,h

Ao, :
Dy (2,p1) = DA:,X:(ZJPL) €xp [Z(/\c — ) ¢h} ) (1.28)

where DiZ’;\Zl(z, p1) is the azimuthal-independent modulus of b\f\‘:;\\é(z, p1), which can be
obtained by replacing D — D in Eq. (1.26).
From Eq.(1.26) we can get the following relation, valid for both quarks and gluons,

(DY) =Dy (1.29)
which, in particular, gives
(D) =D, (D7) =D+, o
() =p*t, (D) =Dit '

Concerning the parity properties of the D helicity amplitudes, they satisfy the standard
parity relation,

_ i (8e—Sp—S i (Ae—Ap+A
D_)\}“_)\X;_)\C_ne (se=Sh=5x) oim (Ae=An X)th,kxzkcv (1‘31)

where 7 is the intrinsic parity factor such that n?> = 1. Consequently,

“An, =y Ay Al

DI zps) = expim(( = X = Qu = M) | DY ep) . (132

Notice that the additional phase factor leads in some cases to different behaviours between
the quark (A. = £1/2) and gluon (A, = +1) cases. Exploiting the parity relation, the
corresponding quark (upper signs) and gluon (lower signs) fragmentation functions obey
the relations

DiT=D"", DT =Dy,
Dt =D, Dft =D,
o o o o (1.33)
Dyt =—-D"7, Dif=—-DT",
DIZ =+D7T, DZT =+DI".
These constraints leave us with only six independent amplitudes,
Dt Dt Dt DI, DiZ D' (1.34)

Finally, suitable linear combinations of these (in principle) complex quantities yield eight
independent real functions; in fact, contracting them with the helicity density matrices of
the quark and the hadron provides the complete set of leading quark TMD fragmentation
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1.2. TMD factorization in Drell-Yan processes

functions. The final expressions are reported below; for further details, see Ref. [23].

Dyjy(2,p1) = Dpjy = (DI + D)
ADyjgor(2,p1) = AVDy 1 sin(¢s, — ¢p) = 4Im DT sin(ps, — dp)
ADYY, (zp1) = ADYY, = (Di — D)
AEZQI/ST(Z’pi) = ADZQQ/ST cos(¢s, — ¢n) = 2Re DT cos(ps, — én)
MDY (p1) — ADES,, — 2ReD 19
Aﬁgiq/w(z’pl) = ADZ‘Q/ST cos(¢s, — ¢n) = (DIZ + DT7) cos(¢s, — én)
ADgy/q(z’pi) = ADgy/q = ANDm/q = —2ImDI*
ADYY (2.p1) = —ADGY  sin(g,, — ¢y) = (DI~ — D*7) sin(ds, — én)

where S; (J = XY, Z) denotes the components of the hadron spin along the axes of its
helicity frame, and sy (sr) denotes the transverse (longitudinal) component of the quark
spin in its own helicity frame.

To conclude, we present the correspondence with the Amsterdam notation adopted in the
previous subsection (see Eq. 1.25 and Fig. 1.4):

Dyjq = D::___t + Dt = Dy (z,p1)

AD} = ANDye )y = =2 Im DI = f]\;h Din(zp.)
ADYS, =Dt — D = Giy(z,pL)
ADZQ/SL =2ReDif =— zp]\j[h Gir(z,p1)
ADY  =2ReDi;=— ﬁ\;h HE (2,p1) (1.36)
ANDy =4 Im DIt = ﬁ Hi(z,p1)

1 _ _
§|:ADSX/5T +A DSY/ST:| = D::-_— = Hi(z,p1)

1
2

2
_ - 4
[ADSX/ST —A DSY/ST:| = Di+ = 222;—\4}% H#T('vaJ-)

1.2 TMD factorization in Drell-Yan processes

To introduce TMDs and the basic ideas behind TMD factorization, we consider the fac-
torization theorem for the unpolarised Drell-Yan process, pp — ~v*/Z — £10~.
Kinematics.

In an inclusive Drell-Yan process,
hi(Py) + ho(P2) = v*/Z(q) + X = 0T() + ¢ (') + X, (1.37)
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Py

qr
nucleon

nucleon
P

Figure 1.5: Kinematics relevant to the Drell-Yan process. In the hadronic center-of-mass
frame the two incoming nucleons travel along the (z) direction with four-momenta P}* and
PY. A quark with four-momentum k{ and transverse momentum k,; annihilates with a
(anti)quark of four-momentum k% and transverse momentum k5. The hard scattering
produces a time-like gauge boson, a virtual photon or Z, with four-momentum ¢*, and
transverse-momentum conservation implies gr = ki1 + k12 (up to power-suppressed
recoil).

two hadrons with momenta P, and P, collide at a centre-of-mass energy squared s =
(P, + P,)? producing a neutral vector boson with momentum ¢ and invariant mass Q =
v/q2 = /5. The boson subsequently decays into a lepton anti-lepton pair. In the hadronic
centre-of-mass frame, we define the magnitude of the lepton-pair transverse momentum

1 qo0 + q-
_ 2 2 — ZIn (2% 1.38
gr = iz td;, Yy =g (qo — qz> (1.38)

with the z-axis aligned with the beam direction.

and its rapidity as

In the small-gr regime (g7 < @), the Drell-Yan cross section admits a TMD-factorized
form [14]. In particular, the differential cross section can be written in terms of the
unpolarised TMDs of the two hadrons as

do 16m2a%qr
= H E
deyqu 9@3 (Q?l’[’) 7 CQ(Q)
X /dzkud%u wy fi(xy, ko, G) wo f (w0, Kooy, ()0 (ki + kio — qr),

(1.39)
where « is the electromagnetic coupling and H(Q, p) is the hard factor encoding the
perturbative short-distance dynamics, depending on the hard scale () and on the renor-
malization scale p1. The sum runs over the active quarks and anti-quarks, and ¢, are the
respective electroweak charges. In the second line of Eq. (1.39) the TMDs f{ and f{
appear in a convolution over the intrinsic transverse momenta of the annihilating partons

from hadrons h; and hy. The partonic light-cone momentum fractions are (neglecting
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1.2. TMD factorization in Drell-Yan processes

subleading corrections in k; /Q)

Tip = \%eiy (1.40)
and the delta function 6@ (k11 + k12 — qr) enforces transverse momentum conservation
at parton level.

Since TMD distributions arise from a two-scale theoretical framework [17], they de-
pend on two factorization scales. One is the usual renormalization scale p associated
with UV divergences; the other is the rapidity scale (also called Collins-Soper scale) (,
which regulates the rapidity divergences. Both scales are essential and should be treated
independently. A more detailed discussion of the renormalization of the TMDs, from
their bare to the renormalised definition, is provided in [32]. As customary, p may be
chosen arbitrarily, while the rapidity scales for the two TMDs must satisfy the kinematic
constraint (;(, = @Q*, leading to hard factors that do not depend explicitly on these
scales [16]. Our choice for these scales is discussed in Sec.1.3. It is convenient to rewrite
Eq.(1.39) in bpr-space (the conjugate space to the transverse momenta k), in this way
the convolution in transverse momenta simplifies into a product of functions. Thus, we

introduce the Fourier transform of each TMD?:
ff<x7 bT7 22 C) = / koleikL.be{](x7 k:J_7 23 C) (141)
Using Eq. (1.41), the convolution in Eq. (1.39) becomes

/deudeu $1f{](371,ku',u C1) $2flq(5527k¢2;/~b C2)5(2)(k¢1 + ko — CIT)

d> b
/ g ZquT xlfl(xlvbTa:u Cl)l‘Zfl(m?abTaM C2>
= %/o dby by Jo(qrbr) x1 fl (21, br; g, G1) @o fi (22, brs 11, G2) (1.42)
where .J; is the Bessel function of the first kind of order zero, with integral representation®
1 2m ix cos 6
Jol@) = 5- /0 dei>eos? (1.43)

Inserting Eq. (1.42) into the differential cross section, Eq. (1.39), yields

do B 8ralqr

XY c(Q) /OOO dbr by Jo(qrbr) o1 f1 (21, br; gy G1) wo fi (22, brs 1, G2) -

(1.44)

2Henceforth, we refer to the bp-dependent function f; as to "TMD”, even though it is the Fourier
transform of the momentum-space distribution f;.

3The form with Jy assumes azimuthal symmetry, i.e., fl depends only on by = |br|. When an explicit
azimuthal dependence is present(e.g., in polarised observables), the angular integral instead projects onto
higher-order Bessel functions J, with n > 0.
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1.3 Evolution and matching

In this section we summarize the main steps needed to solve, for TMDs, both the
renormalisation-group equation (RGE) and the rapidity-evolution equation (also referred
to as the Collins-Soper equation). Since the evolution structure is the same for TMD
PDFs and FFs, and the solution of the equations only depends on whether we are evolv-
ing a quark or a gluon function, we continue to consider the DY example to show how
the evolution and matching enter into the characterisation of TMDs in practice.

As already mentioned above in Eq. (1.39), the (i, () dependence of the TMDs ff@
arises from removing ultraviolet and rapidity divergences in their operator definition®.
The solution of the evolution equations allows us to express the distribution ff@ at some
final scales (u, () in terms of the same distribution at the initial scales (1, (p). This
is achieved by computing the evolution kernel, R[(x,() < (t0,¢o)], also known as the
Sudakov form factor. To evaluate the Sudakov form factor R, we start from the RGE and
the CS equation:

81nf1 . (9lnf1 .
o = (1, €), aln\/Z_K(”)’

where 7 is the anomalous dimension governing RG evolution in y, and K is the anomalous

(1.45)

dimension of the Collins-Soper evolution in /¢ [46]. In addition to the evolution equation
in Eq. (1.45), the rapidity anomalous dimension K needs to be renormalised and thus it

obeys its own RGE:
oK

Olnp

= —x(as(p), (1.46)

with vx known as the cusp anomalous dimension. Since the crossed double derivatives of
f1 must be equal, using Eqs. (1.45) and (1.46) we obtain

Oy
dln+/C

Using the point ¢ = p? as a boundary condition, this integrates to

2(1,€) = e (1)) = e s () 1n“f , (1.48)

where vg(as(p)) = v(u, 2). If the TMD f; is known at the scale (uo, (o), the solution
to the evolution equation given in Eq. (1.45) reads

fl(’ua ¢) = R[(p, ) < (o, Co)] fl(uo,fo)a (1.49)

with R, accounting for the perturbative evolution of f;, defined as

— —ic(as(p)) (1.47)

R[(1, Q) = (10, C0)] = eXP{K(MO) In \/\/é + u: Cif,/ [VF(%(N/)) - ’YK(Oés(#/)> In \:/Z] } .

(1.50)

4In what follows we focus on the u and ¢ dependences; other arguments that are not essential for the
discussion are temporarily suppressed to lighten the notation.
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1.3. Evolution and matching

There are several equivalent implementations of Eq. (1.50). Here we follow the stan-
dard treatment of Ref. [16]. As the next step, we rewrite the exponent in terms of the
perturbatively calculable ingredients.

At a non-perturbative transverse scale gr ~ by’ ~ Agcp, TMDs are genuinely non-
perturbative objects. However, phenomenology is also sensitive to the region qr ~ b;' >
Agep. In this regime, more precisely at small bp, f1 can be matched onto the collinear
PDF through an operator expansion; we can write the initial scale TMD PDFs at small

values of by as [16]:

i Ldy T

S (@, br; po, Go) = Z / — Cij(%lio, ¢o) i <,M0> = [O® fi](z,br; po, Co), (1.51)
i=ga@”" Y Y

where the sum runs over all the parton flavours and Cj; are perturbative matching kernels,

also called matching coefficients. Thus, the only non-perturbative input in Eq. (1.51) is

the collinear PDF f;°. With this notation, the evolved TMD reads

file,brip () =R [bTS (1, C) < (PJO7CO)} [C® f1](z,br; po, Co)- (1.52)

Matching and evolution are affected by non-perturbative effects that become relevant
at large by, which are handled phenomenologically. In the CSS approach, this is im-
plemented by a multiplicative non-perturbative function fyp (diagonal in flavour space)
together with a prescription that smoothly damps the perturbative content at large by
(b, prescription), discussed below.

1.3.1 Perturbative part

For phenomenological applications, we must choose the values of both the initial and final
scales (10, (o) and (p, €). It turns out that in the MS renormalization scheme there exists
a particular scale,

(br) = ) (1.53)

with vz the Euler constant, that avoids large logarithms in the perturbative expansion of
both the Collins-Soper kernel K and the matching coefficients C' when they are evaluated
at po = /Co = -

Once more, in order to avoid divergences, we choose the same final renormalization
scale 1 as the one used in the hard factor H in Eq. (1.44); indeed, i has to be of order @
to avoid large logarithms in H, therefore we set ;1 = (). Variations around this choice can
be propagated by solving RGE for the strong coupling constant ag. As explained above,
the rapidity scales (; » obey the constraint ;¢ = Q*, therefore, a common and convenient

choice is ¢; = (, = Q?. However, we stress that any alternative choice satisfying that

5The symbol ® denotes the Mellin convolution, the sum over the flavours is implied and the matching
function C' has to be regarded as a matrix in flavour space multiplying a column vector of collinear PDFs
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constraint is equivalent at the level of the cross section; in fact, from Eq. (1.50) it can be
seen that the evolution factors R entering in the two TMDs in Eq. (1.44) combine such
that the results depend on the product (;(s.

With these scales fixed, we briefly recall now the required perturbative ingredients.
The hard function has the expansion

H(Q,Q) =1 + i (O‘Z(f)y H™ (1.54)

where H™ for the DY case can be read off from, e.g., Ref. [47] up to the two-loop
accuracy. Beyond O(a?) the hard factor can acquire a non-trivial flavour structure (see,
e.g., Ref. [48]); in such cases H should be moved inside the flavour sum in Eq. (1.44).
Next, we consider the matching function C' introduced in Eq. (1.51) to express the
TMD distribution in the small by region. The perturbative expansion at the initial scale

is

Cij (@, brs py, 1) = 0i50(1 — x) + Z ( > Ci (), (1.55)

where the C

i ’
results for quark channels are presented in Ref. [48]. Finally, the anomalous dimensions

known up to n = 2, have been computed in Refs. [49, 50], and O(a})

entering the Sudakov form factor in Eq. (1.50) can be expanded as

s = 3 (L) g,

o 47

/}J) n+1
) v, (1.56)

:iCM

Vre(as(p)) = i (O‘ZST’“‘)YH .

n=0

For reference, the coefficients K™ can be found up to n = 3 in Ref. [50] and up to n = 2
in Ref. [48]. 7}?) and 7\ are given in Refs. [48, 50] up to n = 2. Notice that different
conventions exist in the literature for these coefficients, reflecting alternative definitions
of the CS kernel.

Logarithmic accuracy.
In this section, we discuss how to combine Eqs.(1.54)-(1.56) consistently to compute the
cross section in Eq. (1.44). In particular, we adopt the convention used in Ref. [51] for
the definition of the logarithmic ordering.

TMD factorization resums large logarithms of Q)/gr or, equivalently, of Q/u;,. The re-
summation is encoded in the Sudakov form factor R defined in Eq. (1.50), whose schematic

expansion is
n 2n

_1+Z<0‘57r ) ZL’“ RM) (1.57)
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Figure 1.6: Graphical representation of logarithmic countings: in the left panel the count-

ing is done at the level of the cross section, in the right panel at the level of the logarithm

Q2>
L=In[%].
n(ui

The inner sum up to 2n displays the double logarithmic character of the resummation.

of the cross section.

with
(1.58)

This structure traces back to the evolution equations in Eq. (1.45), which resum two
distinct categories of logarithms. With our scale choice pg = /(o = iy and p = /¢ = Q,
the p- and (-evolution logarithms coincide, generating up to two powers of L per power
of ag. Consequently, Eq. (1.57) must include all powers of ag whenever agl? > 1. Tt is
convenient to reorganise the series by logarithmic accuracy,

R =1 + Z RN’VLL 5 (159)
k=0
with .
RNkLL _ Z <CYZ(Q)> LQn—k R(n, 277,—](:)7 (160)
n=1+|k/2| @

where | k/2] is the integer part of k/2. According to this definition, the leading logarithmic
(LL) approximation corresponds to & = 0 in Eq. (1.59), the next-to-leading logarithmic
(NLL) to k =1, and so forth.

If we multiply the expression of Ryrry, by an additional explicit factor o, the tower
is effectively shifted by two orders

(9

~ RN k+2pLL »

p co m

m=1+|(k+2p)/2] A

(1.61)

where ~ indicates identical logarithmic accuracy on both sides.
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This is a crucial point in the discussion: in the cross section the Sudakov form factor
is multiplied by powers of ag arising from the hard factor H and/or the matching kernel
C'. Thus, Eq. (1.61) implies that (at cross section level) including one additional power of
ag in the perturbative expansion of H and/or C raises the overall logarithmic accuracy
by two orders relative to the leading contribution. For instance, at LL and NLL accuracy,
the function H and C may be taken at O(1); at NNLL and N3LL, O(ag) corrections
in H and C are required; and so on. This counting is illustrated in the left panel of
Fig.1.6, where diagonal bands represent the terms included in Ryirp, and H™) denotes
the perturbative coefficients of either H, C', or combinations thereof.

In general, the above counting applies to any process whose amplitude factorizes in
the appropriate limit, as in TMD factorization. In the particular case of DY, the phase
space for the emission of n real particles factorizes in br-space (see, e.g., Ref. [52]). These
two aspects allow one to exponentiate soft-collinear emission, and consequently write the
Sudakov form factor in the following general form®:

R = exp[%L g (agL) + %g@)(aSL) + 1ag g (agL) + - } . (1.62)

where the functions g are defined with the boundary condition ¢¥(0) = 0. Compared
to the general organization in Eq. (1.57), this exponentiation relates all terms of the form
al L™ with n + 1 < m < 2n to lower-order contributions. In Eq. (1.62), the logarithmic
counting is performed at the level of the exponent: Lg™") resums the LL series akLmr
g® resums the NLL series aZL"'; agg® resums the NNLL series aZL""'; and so on.
This counting is driven by the condition agL? > 1, which extends the validity of the
resummed result (truncated at a given level: NLL, NNLL, etc.) to larger values of the
divergent L (for smaller values of gr).

The logarithmic counting applied to the arguments of the exponential is equivalent to
considering the logarithm of the cross section [47]. In fact, neglecting for simplicity the
matching functions, we schematically have

d
ln(dQ d;’qu> oclnH + Lg" +¢® +asg® 4. (1.63)

Expanding In H gives

H M2
ln(l +agHWY + a%H(Q)) = agHY + a3 (H(Q) - 2> +0O(a}). (1.64)

2
contributes to the aZL"~2 (N®LL). The same counting applies to the matching functions

Here the agH™ term contributes to the a2L"~! (NLL) tower, while a? (H(Q) — H(m)

C. Hence, including O(ag) terms in H and C' introduces NNLL corrections; including

O(a?) terms upgrades the accuracy to N°LL; and so forth. A schematic visualization

6The factors 1/2 in the argument of the exponential are justified by the fact that each of the two
TMDs involved in the cross section contains an evolution factor R
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1.3. Evolution and matching

Accuracy H,C K, vr YK PDF & ag evol.

LL 0 — 1 —
NLL 0 1 2 LO
NLL/ 1 1 2 NLO
NNLL 1 2 3 NLO
NNLL/ 2 2 3 NNLO
N3LL 2 3 4 NNLO

Table 1.1: Truncation order in the expansions of Egs. (1.54)—(1.56) for the two logarithmic
countings considered in this work. The last column reports the order used for the evolution
of the collinear PDFs and «s.

of this logic is shown in the right panel of Fig. 1.6, where bands indicate logarithmic
tower and H represents the relevant coefficients in In H, In C, or their combinations. This
logarithmic counting has been employed in several works (see, e.g., Refs. [47, 53-55]). In
what follows we adopt this "standard counting” and denote accuracies as NLL, NNLL,
ete.

A slightly different convention, widely used in literature, is the "primed” counting (see,
e.g., Ref. [56, 57]). Expanding the Sudakov factor in Eq. (1.62) and multiplying by the
hard function of Eq. (1.54), the cross section has the schematic form

do

= x1+LaWm @ 4 g Lol ... 1.65
dQdydgy <L TRO 9T A as Ly (1.65)

where the last term arises from the product of the O(ayg) term of H and Lg"). Since this
contribution scales as a’¢L", like ¢?, one may argue that achieving NLL accuracy requires
including not only ¢ but also H®) [56]. The same reasoning holds at higher orders: at
a given logarithmic accuracy, one includes one extra order in H (and/or C) relative to the
standard scheme. We refer to this as "primed counting”, denoted NLL’,NNLL’, etc. The
apparent contradiction with the standard definition is resolved by noting that the first
term in the expansion of agLg™ is proportional to a%L?, i.e. it belongs to the NNLL
tower a3 L?"~? and is formally sub-leading with respect to the NLL accuracy governed by
¢® in the exponent.

Table 1.1 summarises the perturbative ingredients required for a consistent computation
of Eq. (1.44) under both the standard and primed countings. The table entries indicate
the higher power of ag to which each quantity should be computed, and the last column
specifies the corresponding accuracy in computing the evolution of the collinear PDFs and
of the coupling ag.

Finally, we note that some works employ a different notation for perturbative accu-

racies and/or different evolution frameworks. For example, Refs. [58-60] do not use the
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Theoretical framework

definitions summarised in Tab. 1.1 because the double-scale evolution of TMDs is carried
out within the ”"(-prescription”, which differs from the standard CSS formalism.

1.3.2 Non perturbative part

As explained above, within the MS scheme it is possible to avoid large logarithms by
choosing 11, as the initial scale (pg, (o). Accordingly, in the perturbative expansions of K,
Eq. (1.56), and C, Eq. (1.55), the strong coupling «yg is evaluated at p,. As by grows,
as(p) increases and eventually diverges when gy, approaches the Landau pole at Agep.
Since the computation of gr dependent observables requires a Fourier transform of the
TMDs, one must also handle the large by region where the perturbative treatment in the
previous section breaks down. To overcome this limitation, it is customary to adopt a
prescription that avoids integrating over the Landau pole. In this work, we follow the
prescription of Ref. [61]. We therefore introduce an auxiliary scale by,,,, denoting the

largest by value for which perturbation theory is trusted, chosen such that

2 —YE
a5< ¢ ) <1 (1.66)

bmaac

In addition, we wish to prevent pu; from becoming much larger than the hard scale @)
(1p > Q). While not strictly necessary, this feature facilitates the expansion of the cross
section integrated in gy, whose leading term reproduces the leading order collinear result
[62]. To this end, we define

26_’YE
bmin = , 1.67
0 (1.67)
and
bnae = 277 GeV 1 &~ 1.123GeV . (1.68)

With these choices, the scale u;, is constrained between 1 GeV and ), and consequently

the collinear PDFs are never computed below 1 GeV and the lower limit in the p/-integral

appearing in the perturbative Sudakov factor (Eq. (1.50)) never exceeds the upper limit.
Then, we introduce a smooth monotonic map b,(br) with the limiting behaviours

by(br) = bpin  for by — 0,
(br) g (1.69)
by (br) = byax  for by — 0.

In particular, we adopt the functional form of Ref. [63], which ensures a rapid and smooth
approach to the asymptotic limits,

b 1/4
1 —exp (— b4T>
bi(br) =D B . (1.70)
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1.3. Evolution and matching

|
1.4_ —Q:SGeV‘

12 _bmax -

02 _bmin
0.0

| | | | | | |
0.00 0.25 050 075 100 1.25 150 1.75 2.00
br

Figure 1.7: Example of the b, prescription, Eq. (1.70), at @ = 5GeV.

Other definitions for b,(br) are possible; for instance, Collins, Soper and Sterman, in
Ref. [61], used

b
b, (by) = 7Tb2 (1.71)
14 pof

max

with bpax ~ 0.5 GeV~!. With this in place, we write the TMD f; as

r fl(x7bT;u7<) ‘|~
1 7b7 ) = = 1 7b*b s My
labrin ) = | ZEIE ] b o) 0

= pr(JT, bT, C) fl(x7 b*(bT)v My C) :

(1.72)

This separation is advantageous because, due to the behaviour of b, (br), fi(z, b (br); p, ¢)
can be computed in perturbation theory for any value of by, while fyp(z, by, () embodies
the non-perturbative dependence that has to be constrained through a fit to experimental
data.

However, by means of Eq. (1.72), we can work out some general properties of fyp.
First, fyp is independent of the renormalization scale p, since this dependence cancels in
the ratio. More explicitly, choosing py = pp = 2772 /by and using Eqgs. (1.49) and (1.50),
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we obtain

V¢

= exp {K(,ub) In— — K(u,) hrl\/Z
Hb

Ho.,

fl(fE, bT7 ,ua g)
b = —=
pr(Jh TaC) fl(x’b*(bT);N7C>

o dp : / V¢ fil@,brs o, i
- /ub ;5 [VF(O‘S(M ) = (as(u) lnu’] }fl (m’(b*(bT)le:b/ig )
(L.73)

with pp, = pp(be(br)). For large by, pp, saturates to some minimal value piy(byq,), while

iy becomes increasingly small. As a consequence of this deviation between u,, and pup,
as well as between /¢ and y; in the exponential, Eq. (1.73) tends to be suppressed, and
so does fyp. In the small-br region, b, — by, as by — 0; thus, looking at Eq. (1.69),
we can see that p,, saturates to ) while p, becomes larger and larger. In this limit, we
have [62]

Ixp m 1—1—(9(6;) ) (1.74)
with some positive power p. Since TMD factorization applies at leading power in gr/Q, we
can neglect the power suppressed contribution such that fyp — 1 for by — 0. Finally, it is
important to stress that the split between perturbative and non-perturbative components
of a TMD is prescription-dependent and reflects the chosen treatment to regularise the
Landau pole. For any such choice, only the product in Eq. (1.72) is meaningful; it is

therefore misleading to regard fyp as a universal, process-independent non-perturbative
part of TMDs.
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Chapter 2

Azimuthal asymmetries in
photon-photon colliders

Currently, our phenomenological knowledge on quark TMD fragmentation functions re-
lies mainly on SIDIS and nearly back-to-back hadron production in e*e™ annihilation,
for which, however, quark flavour separation remains challenging. Moreover, TMD PDFs
and FFs always appear coupled in SIDIS, making phenomenology even more complicated,
while in eTe™ collisions, where only fragmentation processes play a role, experimental in-
formation is presently relatively scarce. These limitations motivate considering additional
processes and observables sensitive to intrinsic parton motion effects, for which TMD fac-
torization is guaranteed, with the aim of improving the knowledge and phenomenology of
TMD fragmentation functions.

A new class of processes for which TMD factorization is expected to hold, given the clear-
ness of the initial electromagnetic state and the presence of final state interactions only,
is inclusive hadron-pair production in photon-photon collisions. These can be studied at
present in ultraperipheral collisions at hadron colliders, like the Large Hadron Collider
(LHC) at CERN and the Relativistic Heavy Ion Collider at Brookhaven National Labo-
ratory, although in these experiments the intricate hadronic environment can hinder the
study of TMD observables.Photon-photon collisions are also actively investigated as a
source of information for Higgs and heavy-boson properties and decays, and light-by-light
scattering. In fact, the -y collider operational mode is considered in all major proposals
for future circular and linear lepton colliders (for more information on photon-photon
physics, see e.g. Refs. [64-68]).

Therefore, we propose to consider photon-photon scattering as a future tool for gaining
new complementary and clean information on quark TMD fragmentation functions; two

aspects are particularly noteworthy:

o In v collisions flavour separation would result more effective, as compared to SIDIS
or T/~ annihilations, since the contributions of d, s, b quarks should be suppressed

by a relative factor 1/16 (coming from their fractional electric charge to the fourth
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Azimuthal asymmetries in photon-photon colliders

power) with respect to those of u, ¢, quarks. This would certainly help in better
determining quark TMD FFs and disentangling different flavour contributions.

o While ¢*¢~ colliders operate at some fixed energy scale (the centre of mass (c.m.)energy
of the two leptons), photon-photon collisions allow to vary the perturbative energy
scale (related to the photon virtualities). Thus, one can study the scale dependence

of the TMD FFs in the same process and experimental setup.

It is natural to ask about the reachable luminosity in the photon-photon collision mode
at lepton colliders, and the attainable c.m. energy. All these aspects must be carefully
considered while developing proposals for future lepton colliders and the related detectors.
At this stage, we suggest taking into account the possibility of conducting a valuable,
complementary analysis of the 3D structure of hadrons and TMDs, together with the
main physics cases considered. The main motivation of this work is to stimulate the
study of TMD physics at future photon-photon colliders, at the time the nuclear and
particle physics communities continue to discuss prospects for future large-scale hadron

and lepton colliders.

2.1 Lepton colliders as effective photon photon col-

liders

As a first illustrative example, we will consider the azimuthal distribution of a pseudoscalar
hadron pair, inclusively produced in opposite hemispheres with respect to the final jet
thrust axis, in photon-photon collisions, £T¢~ — v*y — qq — h1ho + X, with one deeply
virtual and one quasi-real photon. To this end, we will adopt the TMD approach at
leading order and leading twist, complemented by the helicity formalism, which allows us
to follow step by step, in the physical process, the role of the spin and polarization state
of the particles involved.

In what follows, we describe the formalism adopted and outline the kinematics of the
process. Next, a detailed derivation of the differential cross section and the measurable
azimuthal asymmetries is presented, alongside a discussion of their physical content. Any
additional technical details on the kinematics, the virtual photon helicity density matrix
and the hard-scattering helicity amplitudes are presented in the appendices.

2.1.1 Kinematics and Formalism

In this section, we provide the main analytic expressions and kinematical details required

to derive the differential cross section for the process
(L) + 0 (12) = 05(1) + ha(Py) + ho(P) + X, (2.1)
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2.1. Lepton colliders as effective photon photon colliders

where the four-momenta of the particles involved are shown within brackets. At leading
order in the electromagnetic and strong coupling constants, o and ag respectively, the
dominant channel of this reaction is

(@) + 72(q2) = q(Ky) +q(Kz) = ha(Py) + hao(P2) + X, (2.2)

that is the production of a quark-antiquark pair by two-photon fusion, and their subse-
quent fragmentation into two light unpolarised or scalar mesons (we mainly have in mind
pion and kaon mesons here). In Eq. (2.1) we are considering the single-tagged configu-
ration for a leptonic circular collider (¢ = e, p) where, for instance, the final antilepton
¢'* with four-momentum !, is detected and the virtuality ¢? = (I — I})? = —Q% of 7
is known, while the final lepton ¢~ is undetected and 75 can be effectively considered as
(quasi)real, g5 ~ 0, and described by a collinear Weizsicker-Williams distribution inside
the parent beam lepton [69, 70]. For completeness, we will also consider the case in which
the lepton beams can be longitudinally polarized. Furthermore, we note that the two
final hadrons are produced almost back to back (in the partonic c.m. frame), with a
large transverse momentum with respect to the v*v axis. Intrinsic transverse momentum
effects in the fragmentation process, encoded in the quark TMD fragmentation functions,
lead to an observable non-collinearity of the two final hadrons around the ¢-¢ axis. This
in turn manifests itself as azimuthal correlations in the two-hadron angular distribution

around the jet thrust axis.

‘Il’q
l}{/‘/ﬂ Zq
I q ~
) ! 2

b1z = by — Py

Thrust axis (qq) plane

Leptonic plane

Figure 2.1: Kinematics of the process €*(I) ¢~ (I-) = £+ (I',) hi(Py) ho(P2) + X in the
two-photon center-of-mass frame.
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Azimuthal asymmetries in photon-photon colliders

Before going into more details, some comments are in order:

a) As mentioned in the introduction, we adopt here a TMD factorization approach within
the helicity formalism. The simple electromagnetic initial state should guaran-
tee the validity of the approach as in ¢T¢~ SIA processes. Moreover, it has been
proven that TMD fragmentation functions are universal and process independent
(see e.g. Refs. [71-73]), so that we can consider the process in Eq. (2.1) as a useful
additional tool for TMD FF phenomenology.

b) From the theoretical point of view, the two-hadron azimuthal distribution around the
jet thrust axis is the cleanest possible observable to consider; from the experimental
point of view, however, it requires a good determination of the thrust axis that
can be difficult to achieve. In fact, experimental results for SIA processes are often
presented for the azimuthal distribution of one final hadron around the direction
of motion of the second one. In this thesis, mainly devoted to illustrate a first
application of the TMD approach in photon-photon collisions, we keep on working in
the thrust-axis configuration. The formalism adopted here has been already worked
out also for the second kinematical configuration, and could be easily implemented

in our case, see Ref. [23] and references therein for more details.

c) TMD evolution with the energy scale has been formulated within the Collins-Soper-
Sterman approach [16, 46, 61, 74] and the soft collinear effective theory, see e.g. Refs. [75,
76]. In this work we present results in a simplified framework valid at a fixed energy
scale. Full implementation of scale evolution of TMD FFs, crucial when experi-
mental data will become available, has been already performed, using our same
framework, for the ete™ — hy hy + X process in Refs. [77, 78] and can be directly
applied to the process under study. While making the analytical expressions of the
quantities considered more involved, it does not modify the general structure of the

azimuthal modulations.

d) A possible competing contribution to our observable comes from the gluon distribution
fg/¢(€) inside the second lepton, coupled to the hard process v* g — ¢¢. However,
this contribution should be suppressed with respect to the photon one, since one
needs first to produce a gg pair by a primary photon inside the lepton to generate
a gluon. This is only partially compensated by the order aags(Q?) of the cross
section for the hard v* g — ¢ ¢ process, as compared to the v*~v — ¢ ¢ one of order
a?. Moreover, in principle this contribution can be distinguished experimentally
by the presence of additional hadronic production along the second lepton beam,
which is suppressed in photon-photon scattering. Anyway, the y-g contribution
could be easily added to the -y one by simply adapting the results presented
below, implementing the required changes in the couplings and replacing the photon

distribution in the second lepton, f,,,, by the gluon one. In this case the results are
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2.1. Lepton colliders as effective photon photon colliders

very similar to those discussed in the literature for the SIDIS case, see e.g. Ref. [79]
and references therein. In fact, we have verified that, with due changes, our results
agree with those of Ref. [79] for the common parts.

Concerning the kinematics of the process, different c.m. frames enter into play: the lepton-
beam (¢~ c.m. frame, the 77 ¢~ (analogous to the v* p frame commonly adopted in SIDIS)
and the ] v2 ones. We will summarize in this section the derivation of the differential
cross section of the process under investigation. The azimuthal distributions of the two
final hadrons around the final jet axis, which in our lowest-order (in the strong coupling
constant) analysis coincides with the ¢¢ axis, will be discussed in the following section.
Useful kinematical relations in the different c.m. frames, required for the calculations, are
collected and discussed in Appendix A. To summarize what has been said so far, we will
adopt a leading order and leading twist TMD factorization approach within the helicity
formalism, which clearly describes, for each step of the process, the polarization state of
the particles involved and their role in the measured azimuthal distributions. Given the
simplicity of the initial (electromagnetic) state, the process under consideration is on an
equal footing with direct lepton-antilepton annihilation, for which TMD factorization has
been fully proven. Therefore, we are confident that the same approach can be applied
to photon-photon collisions. Within the above described framework, the differential cross
section for the process in Eq. (2.1) can be written as follows:

ot 1 4’ K BK,
d £+Z —)K+h1h2X: + q q 2 45(4) _K _Ki
’ A(ly - 12) 2(2m)3 U0 2(2m PP KD 2(27T)3Kg( ™) 0 a1 + @2 — Ko — Kq)
" ) d¢ ~ .
X Z Z pAl,)\’l(’Yl) pAz,)\’Q(’VQ) f7/€777957 (f) ? H/\qykq;)q,)\z HA&,X%;)\Q,XQ
a {\} -

(2.3)
X Df\i% (z1,p11)dzy dp 4 ﬁﬁ;,\% (22,p12) dza d®p s .

In this equation, the first line contains the kinematical terms related to the initial flux
factor, the ¢'* Lorentz-invariant phase space factor (LIPS), which will be expressed in
the ¢7¢~ c.m. frame, the LIPS for the quark and the antiquark produced in the i,
annihilation, as well as the Dirac § imposing momentum conservation in the hard process.
The last two lines refer to the dynamical kernel of the cross section, including the hard-
scattering amplitudes and the parton hadronisation process into the two final hadrons,
through the TMD fragmentation functions. According to the factorization approach, in
a reference frame where the initial photons move collinearly and in opposite directions,
this kernel is given in terms of the distributions of the initial photons inside the parent
leptons, the hard-scattering amplitudes for the process 7§ 72 — ¢ ¢, and the fragmentation
functions of the final quark and antiquark (¢, ¢) into the observed hadrons (hy, hs).

Let us illustrate all the ingredients entering this expression in more detail:

1. The first sum over (light) quark flavours extends to ¢ = w, i, d,d, s,; it can be

generalized to include heavy (¢, b) flavours.
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2. In the second sum {\;} stays for a sum over all involved helicity indices;

3. p(77) and p(7,) are, respectively, the helicity density matrices of the virtual photon
v1 and the quasi-real one, 72, whose expression will be given in the following.

4. fy0pe(§) is the Weizsicher-Williams distribution for the quasi-real photon inside
the initial unpolarised (Pf = 0) or longitudinally polarized (P: = 41) ¢~ lepton
and & the corresponding light-cone momentum fraction.

5. The H A Azianhe S are the helicity scattering amplitudes for the hard partonic process
V(A1) +72(X2) = a(Ag) +q(Ag)-

6. Finally, the Dﬁq} ,\g(z, p1)’s are the transverse momentum dependent fragmentation
functions encoding the soft fragmentation process of quark ¢ into the final hadron
h carrying a light-cone momentum fraction z of the parent quark momentum and

an intrinsic transverse momentum p,; with respect to its direction of motion.

In order to simplify the notation, an energy scale dependence of the parton distribution
and fragmentation functions is implied. Let us now summarize, referring to Appendix A
for more details, some useful standard manipulations on the kinematical factors in the first
line of Eq. (2.3). We will adopt the usual invariant variables for deep inelastic scattering,

_ Q2 :CI1'L
2 -1 YT

S = (l+ + l_)2 = 2l+ Sl s B (24)
with Q* = —¢? = zpy s. Notice that we will neglect lepton, quark, and hadron masses in
the following. From Eq. (2.4) it is easy to derive the flux factor in Eq. (2.3), 41, -1_ = 2s.
The Lorentz-invariant phase space for the final tagged positron can be written, in the
(t-{~ c.am. frame, as follows:

4L, L ydupd (2.5)
= S €T .
22m)3 10 ~ 1672 "
where the angular dependence has been integrated over. This can be seen explicitly by
looking, e.g. ,at the expression of I, in Eq. (A.1) and evaluating from there the Jacobian
for the change of variables d(Z,)'d(Z,)*d(l,)? = |J|dzpdydd,. Concerning the four-
dimensional Dirac ¢ in Eq. (2.3), we can write

S+ — Ky = Ky) = 0(qf +af —KF = K7)0(ay +a5 — K, — K;) 0% (—Kyr — Kqr)

(2.6)
where we have switched temporarily to light-cone four-vector components, a* = (a™,a™, ar),
with a* = (a® £ a*)/v/2. The 2-dimensional Dirac delta on the transverse momenta fixes
K, = Kr = —K ;1. Moreover, by using the results of Appendix A, we find:

9 K2
o +a5 —K;—K7)0(qy +aq; —K; —K7) = e 6(1-(;—Cq) 0 <€ —zp— @@Zs) , (2.7)

34



2.1. Lepton colliders as effective photon photon colliders

where the additional invariants ¢, ; are defined as

K, -I_ K;-l_
Cq: ! ) Ctj: ! )
q -l q -l

(2.8)

see Appendix A for more details. The LIPS for the final quark-antiquark pair can be
further manipulated:

K, BK; 1 dK? dK3
0 (~K,r — Kyr) = LKy — L 2.9
2(2m)3 KD 2(2m)3K) (—Kqr — Kqr) 4(2m)8 KO T K (2:9)
By using again the results of Appendix A we find that
dK3 d¢,
R P —— (2.10)
K ¢

where 7, is the quark pseudorapidity, and similarly for K;. Furthermore, ®*Kr =
KrdKrdg, = (1/2)dK7dg¢,. Inserting all these results into Eq. (2.3) and collecting

the constant factors, we finally get

do.lﬁ'f_*) o+ hiho X

dopdyd(dK2de,dEdz d2p) 1 d2y d2pry
1 1
271 ((1-¢)€s
X Z Z Pax, (1) Pran (72) fy/zipgf () ﬁAqu;Al,/\z ﬁi;,,\g;/\'l,xg
7 {x} -

Bl i, R B
X Aq,,\q<21’pl1) Ag N, (22, P12) (5 TB C1—=Qys)’

where (; = ¢, (; = 1 —(, and the remaining Dirac J can be used either to fix £ in terms of
K2 or vice versa. The various ingredients of the dynamical kernel in the above equation
are described below. The expression of the helicity density matrix for the tagged virtual
photon 77 in the deeply inelastic scattering regime, py, x (77), properly normalized to
unity, has been derived and discussed in detail, e.g., in Refs. [64, 80, 81]. For completeness,
we summarize its derivation in Appendix B. Its expression in terms of the deeply inelastic
scattering invariants, in the photon helicity frame, where the photon moves along the +2

axis and the leptonic ¢T-¢'* plane spans an azimuthal angle ¢, with respect to the 2-2
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plane, reads
. 1
p(n) = M

I+ (1—y)?+ Py —y)  —e/2(1—y) [2—y) +PL Y] —e02(1 —y)
e 21— y) [2-9) + Py A1-y) e\ /2(1—y) [(2 —y) — P v
—e02(1 — y) o \2(1—y) [(2—y) - PLly| L+ (1—y) =P y2—y)
(2.11)

where Pfi = 0, =1 for unpolarised or longitudinally polarized initial leptons ¢, respec-
tively, and, without loss of generality, in the following we will take ¢, = 0. Notice that the
normalized helicity density matrix (p = p/Tr[p], so that Tr[p] = 1) in Eq. (2.11) has to be
used in normalized observables related to do /o, while in the differential cross section do,
Eq. (2.11), one has to reinstate the appropriate normalization factor, using p = pTr[p],
where

2 2 2 _ 2 2 2 2 2
T = 22y _ 2¢C—y) (2.12)
Q*y? Ty’ s
Concerning the untagged quasi-real photon s, since it can only have Ay = 41 helicities,

its helicity density matrix can be effectively written as a 2 x 2 matrix,

1+ P2 0
p(y2) = = : (2.13)

0 1-P

where P;? is the longitudinal component of the 7, polarization (pseudo)vector along its

direction of motion, P;? = £1. Notice that in our partonic reference frame 77 and 7,

move back to back along the Z axis, so that 2 = 2. = —2; = —2. As a consequence of

Eq. (2.13), only two distinct combinations play a role in Eq. (2.11),
[p++(’72) + p——('}?)] fv/gf,pg: (f) = f,y#/gipg: (5) + f%—/f’ﬂ’ﬁ: (5) = f'y/f(g) )
[p++(72) - p——(rYQ)] ffy/ﬁ,pz@: (5) = ,P;/; ffy/zf’pgi <§>

- f77+/g—7pﬁ: (f) - f%_/g—pg: (f) = 775: ALfy/Z(€)>
(2.14)

where f,/0(§) = fya/e-+ + frze-+xand Apf (&) = fya/0-+ — fy5/0- 4 are, respec-
tively, the unpolarised and longitudinally polarized Weizsédker-Williams parton distribu-

tions for =, inside lepton £~

36




2.1. Lepton colliders as effective photon photon colliders

The next ingredient in the dynamical kernel of Eq. (2.11) are the helicity amplitudes
1’:.1,\(1,,\11;%)\2 for the hard-scattering process i (q1, A1) + 72(q2, A2) = (K4, Ag) + a(K7, Ag)-
Since we are considering the production of light quarks, neglecting their masses, due
to helicity conservation in the photon-quark vertices, the only non-vanishing amplitudes
have opposite values of the quark and antiquark helicities, which helps in simplifying the
expression of the kernel in Eq. (2.11). Moreover, using parity conservation, one can see
that there are only six independent amplitudes. We list here all the non-vanishing helicity
amplitudes for real photon v, and massless quarks, in terms of Q?, the virtuality of photon
1, the partonic Mandelstam invariants §, ¢, ¢ and the azimuthal angle ¢4 between the ¢-q¢
plane and the leptonic plane for the virtual photon 1 (assumed to be, without loss of
generality, the Z-Z plane). We also give their expression in terms of the invariants =g, &
and ¢, that will be used to evaluate the Ay ;, and By, factors in Egs. (2.23) and (2.24)
respectively, in the sequel.

~ R 2 ~ -
He gy=-H . =-2V3e%¢ @ \/g — 232218 1-¢ 7

5 Q2 e\
7 Frx 2 2 29, 3 i 2 2 2,8 T8 [1-G
H+_;17_1:—H_+;_171:_2\/§€ eqe ¢ W\/;: _2\/56 qu ¢ 5 g

N N . 3 t oy E— B ¢
H, . ,=-—H*" ., ,=2vV3e*e2e % \[= = V3ePele P
+——11 —+;1,—1 \/_ q §+Q2 i q 5 1 _C ’

) =
N N t
Hi .1 1=—-H ;1:1= 23 e%e? ¢ = 2V/3e%¢? B L

; s q § + QQ 5 q ? 1 . C 9
Hi g1 =—H 4011 = £2V6e el eTi¥s §+82 = £2V6 e el T —

(2.15)

The last step of the scattering process consists in the independent fragmentation of
the quark and the antiquark (produced exactly back to back in their c.m. frame in the
leading order approach considered here, along the jet thrust-axis direction) in the final
observed hadrons. This non-perturbative process is embodied into the transverse momen-
tum dependent fragmentation functions Df\‘; X, (z1,p11) for ¢ = hy + X (and analogously
for the antiquark fragmentation). As a result of the explicit account of intrinsic trans-
verse motion effects, the two observed hadrons are no longer exactly back to back in the
partonic c.m. frame. This generates possible azimuthal asymmetries in their distribution

around the jet axis, which are the main subject of this study.

TMD fragmentation functions into unpolarised (or spinless) and spin-3 hadrons within
the helicity formalism have been discussed in detail in Refs. [23, 45]. Here we only

summarize some relations useful for the evaluation of the kernel. TMD FFs for the
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process a(s,) — h + X, where a is a quark or an antiquark, can be written as
D)\/ X( ,PL) = Z I D/\h,Ax;Aa(zapi)D,\h,AX;A;l(%Pi)v (2.16)
An X\ x

where the 75)\}“ Axida (2, P1)’s are soft, non-perturbative helicity amplitudes for the process
a(Xa) = h(An)+X(Ax) and the symbol £y , . stands for the helicity sum and phase space
integration for the final unobserved remnants, collectively named X, in the fragmentation
process. Using parity symmetry of strong interactions it is easy to see that for quark
fragmentation into spinless or unpolarised final hadrons there are only two independent,
leading twist TMD FFs: the unpolarised one,

DYe(z,pr) = DM (2, p1) = D (z.p1), (2.17)

where p; = |p.|, and the Collins fragmentation function [36], describing the fragmenta-

tion of a transversely polarized quark into an unpolarised hadron,
DY(z,p1) = DY/ (2,p1 )€ | (2.18)

where ¢" is the azimuthal angle of the hadron A momentum in the fragmenting parton
helicity frame. It is also easy to see that

DM(z,py) = = [DY*(2,p1)] = =D (2 pr)e % (2.19)

Common notations adopted in the literature for the p,-dependent term of the quark
Collins FF are:

2 a
AND:(z,p1) = 27]:;' Hf" (z,p1) = —i2DY h/a “(z,p1), (2.20)
h

with my, the mass of hadron h, while the 1 arrow specifies that the quark a is transversely
polarized with respect to the plane containing the quark itself and the hadron. Notice
also that

/ d2p, D"(z,p1) = D'(2) (2.21)
the usual collinear unpolarised fragmentatlon function. Moreover, for future use, we also

define the lowest transverse moment of the Collins function,

/dzmA DI (z,p1) /d2pL7H1 “(z,p1) —27r/dmmA Dl (z,p1)

= ANDI (2) = 4 H P (2).

2.1.2 Cross section and azimuthal asymmetries

Inserting Egs. (2.11)—(2.20) into Eq. (2.11) and using symmetry considerations, after some
lengthy but straightforward calculations, one finally finds the explicit expression of the
differential cross section (in the sequel we will use Py for Pﬁi for shortness),

d0.£+€74>f/+h1h2X (7)+ 7)_) 30[3
depdyd¢ de, d§ dz d?piq dze d?p o  Aq TRy §3 Ze
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2.1. Lepton colliders as effective photon photon colliders

x{ [Av + PP Ap o (AG"7 o+ PP AL cos g+ AT cos 20,| DI (21, p11) D (22, p12)
+[@me+PizBmmﬁaﬁ@z+(CM%¢”*4’P—C%%¢m)m“%_¢”>

n (Bcos(¢q+¢12 +P, P B cos(¢q+¢1z ) cos(y + dr2) + BCOS(Q% ¢12) cos(2¢4 — ¢12)

+ B?S(2¢q+¢12 cos(2p, + ¢12)} ANDZ%(Zl,Pu)ANqu (22,p12) } ) (2.22)

where we have used the remaining Dirac § in Eq. (2.11)) to fix K7 = ((1-()(§—zp)ys =
((1—=¢)s. In Eq. (2.22)), ¢, is the azimuthal angle of the scattering plane of the process
Y2 — qq with respect to the leptonic plane ¢*-¢'* for the tagged photon. Moreover, we
have introduced the angle ¢35 = gbhl — 22, where, as can be seen from Eq. (2.18), gbhl
( h2) is the azimuthal angle of hadron h;(hy) around the direction of motion of the parent
quark(antiquark). The subscripts U and L in the A, B coefficients refer to configurations
where both lepton beams are unpolarised, that is P, = P_ = 0, or longitudinally
polarized, P, = £1 and P_ = +1, respectively. Using also the results of Eq. (2.15), the
A coefficients read

1—2¢(1—¢)
—n— + 16 (1 —y) 563(5—1‘3)} Fae(€)

1—2¢

_l’B \/Tffy/

Ay =2 {[1+<1—y>2ux23+<5—x3>21

A9 — —8(2—y) VI —y (€ —22p) \Jap(E

AP =16 (1 — y) 256 — xp) fo(6) s

A= =290z - 9) 606 - 200) oy = Aufile)
1—92C

AT = 8y T=y€ \JolE - Avfyl€) (2.23)

W g

Similarly, for the B terms we obtain
By = { 1+ (1 —y)? 2%+ (€ —2p)*] — 8(1 —y)zp(§ — =p) } fre(€)

B[c]os(¢q_¢12) = —2(2—y) \/ﬂ(g — 2xp) \/m \/? fre(§)

COs d) ¢12 — fz 2 — 2 B E
COs q fz —_ [€ ] C Y
Ccos q jz [¢ C J ’

¢
Bi™™ = —y (2 —y) (& — 2wp) Arfoul€),

Bzos(¢q_¢12) — 2y /1 _ yg m A llfg ALf'y/f(g)
Besuton) _ oy T y¢ M\F Apfy(€). (2.24)
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Azimuthal asymmetries in photon-photon colliders

In the above equations, we have given all the expressions in terms of the variables xp, v,
¢, and ¢ in which the cross section is differential. Using the results of Appendix A one can
easily find the same quantities in terms of the partonic Mandelstam variables. To collect
more statistics one can first perform the change of variables (¢21, ;32) — (¢ ¢h1 h2 =
¢12), then integrate Eq. (2.22) over the azimuthal angle ¢* and the moduli of the mtrmsic
transverse momenta, p 1, and p;o. By using Egs. (2.21) and (2.22), one finally gets

do.Z*Zf—)é’* hihe X (73+7 'P,) 305 .
dop dydC de, d€ dzy dzadorn 872 25y 53 Z

x{ [Au + PP Ap o+ (A7 + PLPo AT ) cos ¢ + AT cos 26] DY (21) D2 ()
[(Bms‘b12 +P.P_ Bcos‘m) cos ¢ + ( BislPa=o) | p p peesl@an ¢12)) cos(pg — ¢12)

n (BCOS(¢>q+¢12 + P P_B5 (¢qt012) ) cos(¢g + P12) + BCOS(M‘] ¢12) cos(2¢, — ¢12)

L Bt (g0 +¢1z)} AN DI (20) AND"2(z) } (2.25)

From Egs. (2.22), (2.25), and using the shorthand notation do (P4, P-) for the differ-
ential cross section, we see that
do(0,0) = do(1,0) = do(0,1) = do™?,
do(1,1) = do(—1,-1), (2.26)

Additionally,
do™™ = i{da(l,l) + do(1,-1) + do(=1,1) + do(~1,-1)
= ;[da(l,l) + do(1,-1) |, (2.27)
Apo = do(1,1) — do(1,—1) = do(-1,-1) — do(—1,+1). (2.28)

We can therefore define the longitudinal spin asymmetry

dO’(l,l) _ dU(l,—l) ALU
A = = : 2.2
L= do(1,1) + do(l,—1)  2dowe (2.29)

To isolate the factors associated with the different azimuthal modulations appearing
in Egs. (2.22), (2.25), and (2.29), it is common to define appropriate azimuthal moments
of the unpolarised cross section, do"*P, and the longitudinal spin asymmetry Ayr. In our
case their general form can be given as follows:

[ dogdera do™P(¢g, Pr12) cos[ngdy + mi2gi2]

[ dy doia doump (¢, d12) ; (2.30)

(d0™™ | nyimry ) = 2

and

J dogdera Apr Ao (g, ¢12) cos[nggy + miadia)

[ do, dgia doimP (¢, d12) ) (2.31)

(App|ngmia) = 2
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2.1. Lepton colliders as effective photon photon colliders

ng M (o™ |ng; mas ) (Apclngmis)
0 0 - Ar
Ay
b0 A A7
AU AU
cos 2¢,
120 Ay 0
Ay
4 N h N nh 4 N nh N h
0 L B[C]OS¢12 Zq:eq A Dq% A Dqﬁ ijf’w” zq:eq A Dqu A Dqﬁ
Ay Y e Dyt Dy Ay Y e Dyt D
q q
4 AN nh N nh 4 AN nh N nh
L a1 B Zq: eg AT Dt AT D Beos(brkon) Zq: ey AT Dyt ATDg
Ay > e, Dy D Au > ey Dyt Dy?
q q
_1 :Fl 1 14
4 N h N nh
9 41 Bcos(2¢q:|:¢12) Z €q A Dqu A leg 0
U q
A YD Dy
q
_2 :Fl 1 14

Table 2.1: Summary of the relevant azimuthal moments of the unpolarised cross section,
do"™P_ and of the longitudinal azimuthal asymmetry, Ay, according to Egs. (2.30) and
(2.31).

where n, = 0,1,2 and m;y = 0,£1. Notice that in the case of Eq. (2.30) the trivial
case ng, = miz = 0 will not be considered anymore. The relevant azimuthal moments are
summarized in Table 2.1.

For clarity, in Table 2.1 we have simplified all the overall prefactors appearing in
Eqgs. (2.22) and (2.25); this is correct if we are considering the fully differential cross
section, without any integration over the kinematical variables xg, y, and &; however, if
we want to integrate over some of the variables in order to gather further statistics, we
must explicitly reinstate the corresponding prefactors in the numerator and denominator
of the moments. The azimuthal moments in the first three rows of Table 2.1 do not de-
pend (at fixed z; and z3) on the fragmentation functions, therefore they do not provide
any information on the Collins FF. However, they can be useful in testing the approach
as far as the initial state of the process is concerned. The azimuthal moments in the rest
of Table 2.1 are the ones carrying information on the Collins FF. The complete prefactor
ratios multiplying the ratio of products of (Collins and unpolarised) fragmentation func-
tions can be separately integrated over some (or even all) of the other variables (zp, v, C,

€). In doing so, the kinematical constraints described in Appendix A must be taken into
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Azimuthal asymmetries in photon-photon colliders

account in order to stay in the regime of validity of the approach.

Similar reasoning applies also to the more differential expression of the cross section
in Eq. (2.22), where the dependence on the moduli of the hadron transverse momenta
with respect to the parent quarks(antiquarks) is still explicit.

Let us also recall that the two angles entering the azimuthal moments, ¢, and ¢,
are measured around different, well-distinct, (light-cone) directions, the first one being
the azimuthal angle of the ¢-q plane (relative to the leptonic plane) around the direction
of motion of the two colliding photons in their c.m. frame, while the second one is
the difference among the azimuthal angles of the two final hadrons around the parent
quark(antiquark) direction of motion (coinciding with the jet thrust-axis in our leading
order approach).

From the phenomenological point of view, it is important to stress that the ratio of
combinations of Collins and unpolarised fragmentation functions appearing in Table 2.1
is the same one involved in the eTe™ SIA process, ete™ — hy hy + X, with the important
difference that the fractional charge relative weight among different flavours is 16:1:1
in our case and 4:1:1 in the SIA case, respectively for u, d, s flavours. Therefore, the
analysis of the process considered here would contribute to better disentangle the flavour
dependence of the Collins FF, especially for u quarks. In fact, this is one of the main
motivations for considering this observable in future photon-photon colliders. A second
important benefit, once the already available full TMD scale evolution scheme will be
implemented, is to study the scale dependence of the TMD Collins FF within the same
process and experimental setup by varying the virtuality of the DIS photon.

2.1.3 Preliminary Results

! In this section we will present some preliminary estimates for the azimuthal moments
of the cross section and the double longitudinal asymmetry displayed in Table 2.1 for the
two-pion production case. In order to collect more statistics, we will present results for the
azimuthal moments for like-charged (7t7+ + 777 ~) and unlike-charged (77~ + 77 ™)
pion pairs, at different fixed values of Q?, as a function of 2, in bins of 2; (similarly to what
is done for Belle data in STA e*e™ annihilations). All the other variables will be properly
integrated over the allowed kinematical range. Let us notice first that the integration over
the variable ( in the coefficients Ay 1, Eq. (2.23), and By, Eq. (2.24), can be performed
analytically. Since the allowed kinematic range for ¢, Eq. (A.22), is symmetric, two of
the coefficients, A(Ifz%, that are antisymmetric in ¢, will vanish once integrated over the
full range. Therefore, for these two cases, we integrate only over half the allowed range.
Accordingly, the same is due for Ay (which is clearly symmetric in ) when evaluating the
corresponding azimuthal moments. At fixed Q* and g, y = Q?/(xp s) is also fixed. The

remaining integrations on xg, £ and z; (in the chosen bin) are performed numerically.

IWe would like to thank Dr. Carlo Flore for his collaboration on this section.
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2.1. Lepton colliders as effective photon photon colliders

The evaluation of the coefficients Ay, By requires an explicit expression of the
unpolarised and longitudinally polarized WW photon distributions. We will adopt the
results of Refs. [82, 83]:

r 1_ 2 2 1 1
Fl€) = % 1+(€ £) ]n( r;ﬁx>+2mgg< - _2~>]’ (2.32)
[1— (1 —¢)2 2 1 1
au® = g P (e oz )] e
where 252
2 _ M 2 _ S 2
min 1 - 57 max 4 90 (1 f) + Qmin . (234)

Here 6. is the maximum deflection angle of the photon from the flight direction of the
emitting lepton in the cm frame, and depends on the experimental setup. As an example,
in Table 2.2 we report the expected values of a few relevant parameters of interest for
some of the proposed future lepton colliders (see Ref. [84] for more details).

Facility /s [GeV] 0, [mrad] [ dt £ [ab™! /year]
FCC-ee 92 30 17
CEPC 92 33 15
ILC 500 14 0.3
CLIC 3000 20 0.6

Table 2.2: Summary of some selected tentative parameters for proposed future lepton
colliders [84].

To proceed we also need a parametrisation of the collinear unpolarised pion fragmen-
tation functions and of the first p,-moment of the Collins TMD FFs. To this end we
will adopt the recent parametrization proposed in Ref. [85], obtained by fitting available
results for the pion Collins asymmetry coming from SIDIS and ete™ SIA data.

The unpolarized TMD fragmentation function is parametrized with a simple factorized
Gaussian ansatz:
e~ P1/(P1)

m(p1)
where (p% ) = 0.12 GeV?, as extracted from a fit to HERMES multiplicities [86], and for
the collinear FFs the set by de Florian, Sassot and Stratmann (DSS) has been adopted [87].
The Collins FF has been taken proportional to the corresponding TMD FF times a

Dl (z,p1) = D)(z) , (2.35)

factorized, Gaussian-like p,-dependent factor:

p _
AND (zp1) = N (2) = 2V2ee M DGz p) (2.36)

43



Azimuthal asymmetries in photon-photon colliders

— Q> =4 GeV? Q? = 10 GeV? — Q*=100 GeV?
004l 01 <21 <02 102<2 <03 103<2 <04
o02f 4 b e
N AR S SR\ SRR R
002} V5 =92GeV — U
= Qf =38 GeV? e y
€ ol 04<m<05 05 <2 <07 0.7 < 2, < 0.9
oo2f - 4 ]
O mmmmm e e oo
S RN
025 050 0.5 025 050 0.7 025 050 0.
zZ2 z2 z2

Figure 2.2: Preliminary estimates of the azimuthal moment (do™®|0,1) for unlike-
charged (U) and like-charged (L) combinations of pion pairs for the kinematical setup
of FCC-ee, Table 2.2, at several fixed values of %, as a function of 2, and in bins of z;.
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Figure 2.3: Preliminary estimates of the azimuthal moment (do"™®|1,1) for unlike-
charged (U) and like-charged (L) combinations of pion pairs for the kinematical setup
of FCC-ee, Table 2.2, at several fixed values of ()%, as a function of 2z, and in bins of z;.
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Figure 2.4: Preliminary estimates of the azimuthal moment (do™P|2,1) for unlike-
charged (U) and like-charged (L) combinations of pion pairs for the kinematical setup
of FCC-ee, Table 2.2, at several fixed values of )%, as a function of 2, and in bins of z;.

where the flavour ¢ is limited to the favoured (e.g. D7) and unfavoured (e.g. D5 ") cases,
My is a free parameter with mass dimension, N&, (z) = NS 27, NC.(2) = N&;. See
Refs. [85, 86] and references therein for more details on the fit procedure, the value of the
fit parameters and their statistical uncertainties.

Scale evolution is taken into account through a simplified scheme, applying DGLAP
evolution to the collinear components of the TMD FFs. As said, the implementation of
the proper TMD evolution within the Collins-Soper-Sterman approach is already available
for two-hadron production in ete~ SIA processes and can be applied also to this case.
This is left as a future development in view of more detailed phenomenological analyses.
Notice in any case that, based on the present phenomenological information coming from
SIDIS, eTe™ annihilations and DY processes, scale evolution effects appear to be mild for
spin and azimuthal asymmetries.

In Figs. 2.2-2.4 we present, for the tentative FCC-ee kinematical setup of Table 2.2,
estimates for some of the azimuthal moments of the unpolarised differential cross sec-
tion do""P /dQ? dz; dzy, at different fixed values of the tagged photon virtuality Q?, as a
function of 2z, and in bins of 27, integrated over the other variables in the allowed range.

In this preliminary analysis we present only the central-value curves of our estimates,
postponing to future more extensive studies a detailed investigation on the statistical
uncertainties of our results and the determination of statistical error bands.

In Figs. 2.5-2.6 we present similar preliminary results for two azimuthal moments,
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Figure 2.5: Preliminary estimates of the azimuthal moment ( A, |0, 1) for unlike-charged
(U) and like-charged (L) combinations of pion pairs for the kinematical setup of FCC-ee,
Table 2.2, at several fixed values of )%, as a function of 2z, and in bins of z;.
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Figure 2.6: Preliminary estimates of the azimuthal moment ( Ay |1, 1) for unlike-charged
(U) and like-charged (L) combinations of pion pairs for the kinematical setup of FCC-ee,
Table 2.2, at several fixed values of ()%, as a function of z5 and in bins of z;.
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(Arpp10,1) and (Arr|1,1), of the double longitudinal spin asymmetry Ayy.

As a general comment, in these kinematical setup the azimuthal moments of the
unpolarised cross section seem to be small but, at least in some case, of the order of a
few percent in size, that might be at reach of future experiments. Concerning Ay, the
two moments considered are of the order of a few per mille in size and therefore unlikely
to be measurable.

Notice that the size of the moments depends not only on the ratio of weighted com-
binations of Collins and unpolarised fragmentation functions, but also on the prefactor,
related to ratios of the corresponding Ay 1, By, coeflicients. The size of these prefactors
depend crucially on the considered range of values of the variables Q?, zp, £&. A com-
plete careful study of the allowed variable phase-space is therefore mandatory in order
to possibly maximize the size of the azimuthal moments and to properly determine the
potential role of these observables in improving our phenomenological knowledge of the
TMD fragmentation functions. At the same time one has also to verify that the unpo-
larised cross section is not excessively suppressed in these phase-space regions. This more
in-depth study is currently in progress and will hopefully be completed soon.

2.2 Hadron-pair production in two quasi-real photon

collisions

In this section, adopting the same formalism as in the previous ones, we will discuss
the production of two unpolarized, almost back-to-back hadrons in quasi-real photon-
photon collisions at lepton colliders. At variance with the previous case, therefore, here
both final leptons are undetected. The derivation of the cross section and the azimuthal
asymmetries around the thrust-axis will follow the same lines as in the v*v case, therefore
we will restrict ourself to the essential steps of the calculation.

For completeness, a similar derivation in the case of ultraperipheral heavy-ion collisions
at hadron colliders (LHC, RHIC), adopting a more general (and common in the literature)
scheme involving hadronic correlators and Sudakov decompositions for the kinematics will
be discussed in Sec. 2.3.

The process under consideration is the following:
() (2) = nlal = 0)72(es = 0) = q(Ky) 4(Kq) = ha(Pr) ha(P2) + X . (2.37)

Again, the invariant differential cross section for the process can be written as follows:

_ 1 d3K dBK*

d Z+f —>h1 hQX — q q 2 45(4) B K B K_
’ 4(l4 -1-) 2(2m)° K 2(27r)3Kg< m) 0 @ + a2 — Ky — Ky)
d& d&o

XD D P () Prany (12) £ s pe (€1) & s pe- (62) .
¢ N} o ! - 2
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Azimuthal asymmetries in photon-photon colliders

2 Py Ah 2 Ah 2
X HAq,,\q;,\l,,\2 H/\&A’q;ki,/\’z DA;,\;I(Zl,le) dzd®p i D,\;,\% (2’271%2) dzod®pis,

(2.38)

where the meaning of all factors has been already illustrated in the previous sections. The
first line includes all kinematical factors, the initial flux and the Lorentz invariant phase-
space factors for the two observed jets (that in our leading order approach are identified
with the final quark and antiquark in the hard partonic process). The second and third
lines include all dynamical factors and will be denoted as the Kernel of Eq. (2.38) in the
sequel.

In the leptonic center of mass reference frame, we have:

I, = \fu,o,o,n, I = \f(l,0,0,—l)

S S
Q1:€l£<1707071)7 612252{(1,(),07—1)

o[

2
G+ q = (&1 +&,0,0,& — &)
(

K,; = Kr(coshn,g, +£ cos¢,, £sin¢,,sinhn,z), (2.39)

where ¢, is the azimuthal angle of the plane containing the thrust axis with respect to the
xz-plane of the chosen cm frame. Moreover, Ky = |Kr|, with K; = Krp (cos ¢4, sing, ).
From Eq. (2.39) we see that the total energy in the partonic center of mass reference
frame is V3§ = &1 & s. Moreover, in this frame,
ql:\gg(]-)o:()a]-% QQZég(lvoa()?_l)
K,; = Kp(coshij, £ cos ¢y, £sin ¢,, £sinh 7 ), (2.40)

since in this frame 7, =7 = —n;.

Let us now consider the kinematic factors in the first line of Eq. (2.38). The flux factor
4(l4 -1-) = s/2. Working in the leptonic cm frame, the four-dimensional Dirac delta
can be easily decomposed as follows:

2 K ,
S+ g — Ky — Ky) = 35(51 - fz(enq + enq))

Kr )
e P =1 @ - K-
><5(§2 e ))5 (~K,r—Kyr). (2.41)

Therefore, in this case the light-cone fractions & » of the quasi-real photons are fixed
once we know the transverse momentum K and the (pseudo)rapidities 7,z of the two

jets originating from the ¢, ¢ fragmentation. Precisely,

GGl e eee) o ew
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2.2. Hadron-pair production in two quasi-real photon collisions

Clearly, the remaining two-dimensional Dirac delta in Eq. (2.41) gives
K,r = Kr = —Kgr, (2.43)

as it was anticipated in Egs. (2.39), (2.40).
Let us consider now the factor
$K, &K,
2(2m)? K9 2(2m)3 Ky
1 dK3 K, r dK? dKyy

0O (~Kyr — Kqr)

2
= 98,6 KO KD ot )<_KqT - K ) (2.44)
q
1
= 28 776 d2KT dT]q d?’]q, (24.5)

where we have used Eq. (2.40) to set dK7 /K. = digq.
The expression of the differential cross section (2.38) can therefore be written as:

dotHe =ik X _ 135(& _ KZ(enq + enq))(g(& _ };(e—nq + e—n:;))

2s NG
1 d§ d&
x (2m)* 55 6 d* K dn, dn, T & x Kernel
1 1
—— A’ Ky dn,dn; x Kernel. (2.46)

T 167252 & &
Furthermore, from Eq. (2.42),

1 s 1
& & KF2[1+cosh(n, — ng)]’

(2.47)

so that
dUﬁjLéi —hi1hy X 1 1

EKrdndny, 32725 K3 1+ cosh(n, — ng)

x Kernel. (2.48)

Let us now consider all the factors in the dynamical Kernel, as defined in the last two
lines of Eq. (2.38). Since they were already discussed in details in the previous sections,
we will only briefly recall the main steps of the calculation here.

The normalized helicity density matrix of the two quasi-real photons reduces to

1+PF 0
p(i) = 5 . (2.49)

0 1-P

Due to parity conservation, only two combinations of the photon WW distribution
inside the initial leptons may appear in the Kernel:

[P++(%‘) + P——(%‘)} Froper pi (6)
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Azimuthal asymmetries in photon-photon colliders

= f’YiHr/@i:Pi (é@) + f’ﬁﬁ/@iﬂ’i (fl) = f%‘/fi(fi)7 (2'5())

and

[er (i) = p— (1) | et pe (&)

= fw,+/€i,73:t (gl) - f%,—/(i,Pi <gl) = P:I: ALf%/Ki (52)7 (251)
where as done previously we use the shorthand notation Py = Pﬁi for the longitudinal
component of the lepton polarization vectors (in their proper helicity reference frame),

with P; = 0, £1.
Concerning the helicity amplitudes for the hard partonic scattering,

Yilar, M) 2(az, A2) = q(Kq, Ag) 4(Kg, Ag) (2.52)
they can be directly recovered from the ones for the v*v case, Eq. (2.15), by simply
taking the limit Q* = —¢? — 0. As a result, only four amplitudes are non vanishing (in
the massless limit considered here) and due to parity conservation only two of them are
independent:

He g 4= - I:ILF;,M = —23¢? e e2%a ¢(na—na)/2
Hy . 14 = — ﬁj+;1,—1 = 2/3¢? ex e 20 e~ (ma=ma)/2 (2.53)

Regarding the fragmentation sector, as in the previous case for (pseudo)scalar or unpolar-
ized hadrons only two terms contribute to the kernel, involving respectively the product of
the unpolarized fragmentation functions, D (z1, p11) ij” (22,p12), and that of the Collins
FFs, ANDZTI(ZI,pM) ANDQ_?(ZQ,pu), for the final quarks and antiquarks.

Inserting all these ingredients into Eq. (2.54), after some calculations, we finally get:

dot" ¢ hihe X(p, ) 6 02 1 >
= e
Ky dngdngdz d?pridzy d®pry s K7 14 cosh(n, — 1) 5 °

X { Frye(&0) frye(&2) — Py PoApfy (&) Arfye(&) }

X {cosh(nq — 1g) DZI(ZMPM)D;}Q(Z%Z?L?)

1
+ 1 Cos(df - ¢22)ANDZTI(ZLPH)AND(]%Q(Zzapu) } (2.54)

We recall that gbgl and ¢’q}2 are respectively the azimuthal angles of the two hadrons
around the direction of motion of the parent quark/antiquark as measured in their helicity
reference frame.

Notice that, at variance with the more complex y*vy case, here the unpolarized and
longitudinally polarized WW distributions multiply the same factors related to the frag-
mentation functions, therefore their contributions are simply additive.

By introducing again the variables

1 1

Cq m Cq =1-¢= ERp - (2-55)

¢ =
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2.2. Hadron-pair production in two quasi-real photon collisions

it is also easy to see that

cosh(n, — 1)
1 + cosh(n, — ng)
1

1 + cosh(ng — ng)

=+ (1-¢)7?,

= 2¢(1-0). (2.56)

Therefore, Eq. (2.54) agrees, with the obvious changes in the notation, with Eq. (2.93)
for the case of heavy-ion ultraperipheral collisions. Notice that there the azimuthal angles
¢1,2 are both measured around the chosen light-cone direction, while in our case, as said,
gbfl”, 22 are each measured around the 2 axis of the parent parton helicity frame, therefore,
¢21 = ¢1, GZ%L? =27 — ¢3.

Since Kr = |K7| plays the role of the hard scale for this process, to guarantee the
validity of the TMD approach we require that Ky > Ky > Aqcp, where K is a convenient

reference hard scale. Therefore, the allowed range of values for K is

Ky < Kp < \f (2.57)
with K7 = 1/s/2 corresponding to the limit 7, = 7; = 0 and & = & = 1. Furthermore,

one can see that at fixed s and Kr, it must be

log{l{}ﬁ— ;%—4}} anglog{;{£+ ;%—4}}. (2.58)

Notice that /s/Kr > 2because of Eq. (2.57). Finally, at fixed 7, within the range
(2.58), one has

Vs oo Vs
Clog( Y2 — e )< g < log( Y2~ em ) 2.
og( 3 = e ) < mp < tog(F — o) (2.59)

The allowed phase space for 7, and 7; is clearly symmetric.

To collect more statistics, we can first consider that
dI*Kr = KrdKrdg, = (1/2) dKZ de, .

Using the fact that the differential cross section (2.54) is independent of ¢,, we can
integrate over it and simply get an additional 27 factor on the right-hand side. Moreover,
using Eqgs. (2.21) and (2.22), and performing the substitution (¢/t, ¢k?) — (¢h, ¢ —

¢22 = ¢12) we can write

/dQPJ_l/dQPJ_I D) (z1,p11) DI (22, p12) = DI (21) DI (22),

/dQPJ_l/dQPJ_I AND,};%(ZMPM)AND;?(Zz,Pu)
1

o ANDZ% (21> ANDZ;E (ZQ) d¢12 . (260)
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Azimuthal asymmetries in photon-photon colliders

Inserting these results into Eq. (2.54) we therefore get the less differential cross section

do.€+€7—>h1 hQX(’P+77)7> 3062

1 4
dK?2 dn, dngz dz; dzg dgia s K% 1+ cosh(n, — ng) Zq: “a
X< { F1e(€) frye(&) = PP ALfe(&) Anfye() }

x { coshln, — mg) D} (21) Dl (z2)

1
+ 4 cos b AV DI () AV DI () } (2.61)

Using again as shortand notation for the differential cross section do(Py,P_), we can
write

1
do"P = 5 {da(—i—,—k) + do(+, )],
dApo = do(+,+) — do(+,—), (2.62)
and define the double longitudinal spin asymmetry

_do(+,+) —do(+,—)  dApo
~ do(+,+) + do(+,—)  2dowe’

Arr (2.63)

We can also define, as usual, the azimuthal moments of the differential cross section
do""? and the double longitudinal spin asymmetry Apr:

[ d¢ra cos ¢rp do"™
f dgblg do-unp
1 ¢ €9 ANDM (21) AN D2 (2,)
4 cosh(ng — ng) 3, et DM (z1) DI ()

(o™ | cos g1y} = 2

(Arr| cosgra) = 2 J d¢ra cos gp1p Apy do™?

[ duz o
_ 1 Anfyye(&) Aufoe(&) Xq € AV DG (21) AVDR (25)
4 cosh(ng — mg)  frye(&) fre(&2) Y, eiDh(z) DI ()

(2.64)

Notice that these expressions of the azimuthal moments are obtained by simplifying all
common factors within the numerator and denominator. This procedure is only justified
if we are working at fixed kinematical variables Kr, 1, 5. In case we want to integrate over
some definite range one or more of these variables we first need to reinstate all appropriate
factors in the numerator and denominator of the moments. In fact, 5172 depend on K7 and
Nq.g - Moreover both the WW photon distributions and the ¢, ¢ fragmentation functions
depend, through TMD evolution which is always understood here, on the hard scale of
the process, K. Although from available phenomenology TMD evolution seems to play
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2.3. Cross section for inclusive hadron-pair production in UPCs

a mild role as far as concerns spin and azimuthal asymmetries, this still needs further
study and must be taken into proper account in future phenomenological analyses.

Finally, let us remark that all the above discussion on the azimuthal asymmetries and
moments, based on Eq. (2.61), can be clearly repeated also for the more differential cross
section (2.54), where the intrinsic transverse momenta of the two hadrons w.r.t. their
parent partons have not been integrated out.

2.3 Cross section for inclusive hadron-pair produc-
tion in UPCs

In this appendix we calculate the differential cross section for the process

where the four momenta of the particles are given within brackets, and the hadron pair
in the final state is produced in an ultraperipheral collision (UPC) of two highly charged
nuclei. We focus on the specific kinematic configuration where the hadrons are almost
back to back in the plane perpendicular to the direction of the initial nuclei. The final
state X consists mostly of the same two nuclei, as the energy carried away by the photons
is small. It is however possible for the nuclei to mutually excite each other through
photon exchange, leading to subsequent emission of one or more neutrons along both
beam directions.

According to the Equivalent Photon Approximation (EPA), first considered by Fermi,
von Weizsécker and Williams [69, 70, 88], an ultra-relativistic nucleus with atomic number
A and charge Z can be seen as a flux of photons, described by the distribution f,4(&) [89]

Z%a 1 9/ 19 9

fr1a(8) = r € 2a; Ko(w:) K (w;) — a7 (Kq (i) — Ki(w3)) | (2.66)
where £ is the momentum of a charged nucleon, inside the nucleus, carried by the photon.
The above expression involves an integration between b, and infinity over the impact
parameter b, which is the distance between the two colliding nuclei transverse to the
beam axis. In Eq. (2.66), z; = £ My by, with My being the nucleon mass, whereas K,
K, are the modified Bessel functions of the second kind of zero and first order, related
respectively to the emission of longitudinally and transversely polarized photons. The

transverse polarization dominates for ultrarelativistic particles (y > 1).
The dominant hadron-pair production channel is the photon-photon fusion subprocess

(@) +7v(q2) — a(Ky) + a(Kg) = ha(P1) + hao(P2) + X (2.67)

In the following we calculate the cross section within a manifestly covariant formalism, us-

ing two different methods to define the azimuthal angles: one based on the reconstruction
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Azimuthal asymmetries in photon-photon colliders

of the thrust axis, described in Appendix 2.3.1, and the other based on a reference frame
similar to the Gottfried-Jackson frame of the Drell-Yan process, also known as hadron
frame, discussed in Appendix 2.3.2.

2.3.1 Thrust-axis method

We start by performing a Sudakov decomposition of all the particle momenta in terms of
the two light-like vectors n; and nsy, which are essentially defined by the nucleon momenta

Pin and Psp, such that ny - ny = 1. Hence we have

7)2

b Pt IN 0 Dt B

PIN_Pan1+2P+ ny ~ Piyny,
IN

P3 _ _
2N
Assuming that the photons are emitted collinearly to their parent nuclei, the other mo-
menta entering the scattering process vy — ¢¢ can be written as

wo_ + b
q =& Piyny,

q5:£2P;Nng,
KQ
R e ) qT  p e
Ké‘—an1+2K+n2+KqT,
q

Ky = gp i+ Ky nf + K. (2.69)

We assume that at sufficiently high energies the cross section factorizes as follows

1 dé d&  d°K, PK; PP AP, 454

do = v e 2m)4 8 K K-

"= Soww ] & & @np2E, @r2E, B B, 1) 0 late-Kokg

X Grue grvs Frya(61) fra(€) B g @ HiS00s @ Aer, kqr) © Az, kg
(2.70)

where we have summed over the polarization states of the incoming photons by means of
the symmetric transverse projector

G = g —nlng — . (2.71)

Moreover, in Eq. (2.70), H,,_,; is the amplitude for the hard partonic subprocess vy —
qq, the convolutions ® denote appropriate traces over the Dirac indices, while A and A
are the fragmentation correlators defined in Eq. (1.24), describing respectively the quark
and antiquark transition to a hadron. The momentum conserving delta-function can be
decomposed as follows

SN qt+qp—K,—K;) = 6(21 Py — K/ —K7)o(xsPly — K — K,) §*(Kyr + Kgr)
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2.3. Cross section for inclusive hadron-pair production in UPCs
2 K*F K? K- K?
=—9 (.Z'l — j — 7qT+ ) ) (.TQ - i} - +qT7 >
SNN Pin  2K7Piy Pon  2K7Pay
x 0*(Kyr + Kqr) - (2.72)

In the center-of-mass frame of the two nucleons emitting the photons, where

Piv = Pin =\ (2.73)

we can introduce the rapidities of the final quark and antiquark, in terms of which we can

write

o+ — [ Karl e - — [ Karl
V2 V2

Our final results can be expressed as a function of the following energy fractions of the

e, (2.74)

final (anti)quarks

Ky-q1 1 Ki-q 1

= 5= = ) 2.75
@i-q l+enma’ G G G2 1+emam (2.75)

Cq:

Due to momentum conservation, ¢; + ¢ = K, + Kg, we have (, + (; = 1, so that we can
define ¢ = (, and therefore (; = 1 — (. Hence Eqs. (2.69) can be rewritten as

S
df =&/ 0t (2.76)

@ = &S, (2.77)

K? 1 5
Ki=="5 el (& + K (2.78)

K2
Kl = a _TO fg\/;smn!f + (1—()52\/51\[7]\7”5 - Kr, (2.79)

with Ky = Ky = —Kgr. The partonic Mandelstam variables are written in terms of ¢
and |Kr| according to
2 K}
S=(n+@) =77,
(4ol =ra_g
. K?
P= (g — K, = ——L (2.80)
1-¢
. K7
UZ(Ql—Kq)ZZ—TT7

from which we obtain that ¢;+¢» = K1+ K, implies that K2 = §( (1-() = & & syn ¢ (1—
(). Thus the previous expressions can be rewritten in their final form as

SNN
B W
¢ =&

2 nl’

B =&\ (2.81)
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Azimuthal asymmetries in photon-photon colliders

K5=(1—C)€1\/M—an+<"§2\/8N7Nn’5+ C(1—¢)8 K4,
Ki=Cen/™nt + (1= Q&S0 - (A= Qs Kb (282)

Concerning the momenta of the two final hadrons, P; and P,, we can use the quark

and antiquark momenta as light-like vectors to perform the further decomposition:

M +p?,
Pl =2 Kl + —221<K K)K“ + i~ Ky + P,
M+
P“—iK“—i—ng“ ok A KE ol (2.83)

2 22(K; - K,)
The corresponding phase-space element can thus be expressed as

BP B3P d(P - K- d(P, - K dz; d
1 y  d(P KG) d2py . M(Ppu_ dz; dzp d2py, d2py, . (2.84)

E, E,  P-K; P K, 2 7

Similarly, for the outgoing quark-antiquark pair,

$K, Bk, 1 1 dKrdK? 11
S EK,p 2Ky = dn, dng 2K 0 A2 Ko .
(2m)32E, (27)32E, 4 (2n)8 K Kj = NI T g (gn)s Tl TS Rar @ Rar

(2.85)

By substituting Eqs. (2.72), (2.84) and (2.85) into Eq. (2.70), we obtain

do 11
dn, dng 2K dz; dze d?pyy d?pay T 16s%y (2m)2 €16 21 20

H,%%qq & H:»Oy[iqq X A(Zh k(jL) & Z(ZQv kql) )
(2.86)

9Tpa 9703 fW/A (51) fv/A (52)

with the momentum fractions & and & given by, in the nucleon-nucleon c.m. frame,

K K 1
& = |Kr| (e + 1) = [Kr| 1 enq :
SNN VSnn 1 —
K K 1
b= MBIl (o oy - BTl L (2.87)

SNN VSNN C

The transverse momentum dependent (anti)quark fragmentation correlators for unpo-
larized hadrons are usually parametrized by using an alternative Sudakov decomposition
in which P, and P, have no transverse momenta. The quark and antiquark momenta

therefore read

q 2 1 12(P1-P2) qJ— 1 qJ—’
1 Z9 2 22(P1P2) ! qJ_ 2
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2.3. Cross section for inclusive hadron-pair production in UPCs

The relation between the transverse vectors (ky, k%, ) and (pf,,py, ), defined in the two
different reference frames considered, can be found by noticing that, from the above

equations and from Egs. (2.83):

1 1 1
ké}l%Ké‘—;lP{‘%Kﬁ—Z(leg‘erﬁ):—;lp’ﬁ,
Kt ~ KE 1P“NK“ ! KE+ph ) = Lo 2.89
oL Mg — I 5_5(22 (j+p2L)__;2p2L' (2.89)

The quark and antiquark fragmentation correlators are thus given by [90]

Ao kg) = Dyl 2K Pr o+ i B (e, ) s s T

1

Z(Z'Q, k(jj_) = E1<Z2, Zg kgj_) Pg + ZH#(ZQ, Z% k;l) W s (290)
2

where D, is the unpolarized fragmentation function and Hi is the Collins function.
It is useful to decompose all the momenta in terms of a new set of light-like vectors
k1 and kg, such that k; - kg = 1 and K, and K; have no transverse momenta,

g = S0-gu Lo+ a- 0,

¢ =\[5CR 5 (I= QR —/C(1=¢) 3L,
Ky =5t

S
Kg: iK’lZAa

5 2 21 k2
P{L:Zl\/gﬁf+\g_ ! QLﬁg—ZlkgLa

V2 2 k? S
1[’2“:7 \/éﬁ K + 29 5/{5 — 2kl . (2.91)
Using the shorthand notation
do

do (2.92)

- d?’/q dnq dZKT le dZQ d2pu dngL ’
we can write the cross section in its final form as follows

2
do = &2 263 f'y/A(gl) fv/A(fz) [CQ + (1 - C)Z} D?(zl,pi)ﬁf(zwi)
SNN KT q

|P1L| |P2¢| L
+2¢(1-¢) MMy 21 29 cos(¢p1 + ¢2) Hf:rq(zhpi) HH?(ZM?%L) )
(2.93)

where we have assumed that the two photons lie in a plane with azimuthal angle ¢ = 0,
while ¢; and ¢ are the azimuthal angles of P, and P, respectively.
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Azimuthal asymmetries in photon-photon colliders

2.3.2 Gottfried-Jackson frame

A second way of defining the azimuthal asymmetries is based on the integration over all
thrust axis directions, leaving only one azimuthal angle. This angle is defined as the angle
between the planes spanned by the momentum of hadron h, and the lepton momenta,
and the transverse momentum of hadron A; with respect to hadron hy. The cross section

in its most differential form can be written as

do = Ssij Cgl dég de dZZ A kyr APkgr (27f;£ B (23;52 5 2m) 6 (1 +q—K,—K;)
X Grpa 9rvp frya(&1) frya(€2) D Hyygq ® H;kf;iqq @ Az, kgr) @ A(Z, kgr) -
q (2.94)
It is convenient to introduce the sum of the momenta of the incoming photons:
“"=q + ¢, (2.95)
with § = (¢1 + q2)? > 0. If we define
Py q
y = Byg (2.96)

in the center-of-mass frame of the two incoming photons, neglecting hadron masses and
terms of the order O(1/syy) and assuming that P, has no transverse momentum, we can
write

g S .
¢h = 5(1—y)€‘1‘+ §y€§‘— y(1—y) 547,
qME M_}_qﬂ_ Agl“_’_\/ggﬂ
1 2 2 1 2 2
s P?
Pl =zt + —_ ¢+ p
1 1 9 1 21\/2_§ 2 11

Pl = 2 \/g o (2.97)

In this frame, the phase space of the final hadrons becomes

d3P1 dSPQ dPl+ 1 le 1 d §
= d’Py, —dP?dcosbydey = — d2P;, = 25\ 4 d cos 6o d
B, E P 1L 5 dby dcos b b2 - 115 @, |22 g ) de2deosts b
s d
=T ; Z9 ﬁ ng d2P1J_ d cos 92 . (298)
<1

On the other hand, if the longitudinal direction is set by the two outgoing hadrons,
we can write

N 2
w_ |5 Iz Qr a Al
=\\/zyn" + nt 4+ Wyl —y)sqr,
a1 \/;y \/2—§y y( y) qir
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2.3. Cross section for inclusive hadron-pair production in UPCs

wo_ 8 (qT_qlT) e m I
%—\[2( y)n* T ia " T y(I—v)3qr,

q“Eq?ﬂtqg:\[ \[ + a7,
\/E
_ZQ\[

_Z S i qu Lo
Z\/7 3 #+k‘TN;P1+qu7

21

Z9 |8 _ 1
Kt = \/_ n' 4+ = \[2 “+k§T~;P“+k (2.99)

The momentum-conservation delta function can be decomposed as follows,

0(q— Ky~ Kp) =0 (¢" = K)o (a7 = K;) 6 (ar — kgr — kar)
2 _
=3 21296(2 — 21) 6(2 — 2) 6% (qr — ker — kgr) , (2.100)
fixing z = z; and z = z,.
By comparing the two different Sudakov decompositions of P; and P, in Egs. (2.99)

and (2.97), we find
H_gﬂ \/> J_+O<P12L>,

= (2.101)

By substituting the above equations in the expression for ¢* in Eqgs. (2.99) and identifying
it with the corresponding expression in Eq. (2.97), we find

Py =~ -xdqy, (2.102)

and therefore d®P;; = 27 d®¢p. Furthermore,

1+ cos by

2.1
= (2108)

y:

where 65 is the angle of the z-axis with respect to the incoming photon ¢;, d cos #, = 2dy.
Thus we can write
B3P, 3P,

BB =782 2 dz dzo dy d2gr, (2.104)

which implies

do 1 1
= ¢, déy A2k A2kor = 82 (qr—kyr—Fke - ar
le d2’2 dy d2qT 64T 2172 / gl 52 ar qr s (QT qT qT) 9Tua 9103
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X f'y/A(fl) fv/A(£2> ng—mq b2y H*?;iqq & A(’Zlu qu) ® Z(§27 qu) 5
(2.105)

and therefore, as a final result we obtain

do _6ma® 2Pz dé d& B
o dody Pqr sww v1-9J & & fra(&1) fr74(&2) { [y2 +(1— y)ﬂ C[Dy D]
+ 2y(1 — y) cos(2¢) Clws HllHlL]} , (2.106)

where ¢, is the azimuthal angle between h =& = P, and [,. The convolutions of TMD
fragmentation functions are defined as

ClwDD] =3 e / Py gz 02 (g7 — kg — kgr) w(kyr, k) D21, 22k2) D (29, 22k%) |

4.9
(2.107)
with
’qu| | qT| 1 2(QT : qu)(QT : qu) - qu : qu
kor, k _—
( qT'» qT) Ml M2 ((bq + (b(I) ]\4’1 M2 q%
1 N ~
= 57 a 20 k) k) = e - ). (2.108)

¢, and ¢z being the azimuthal angles of k,r and kzr with respect to h,and h = —qr /lar|-

A Kinematics

For completeness, we collect here the explicit expressions of the four-momenta of the
particles involved in the process of interest, in the different reference frames considered.

We also summarize several useful kinematical relations.

The lepton-beam or Laboratory cm frame

We first consider the Laboratory, or £T-f~ c¢m frame, where the tagged lepton £ moves
along the +2 axis and the untagged one, ¢, in the opposite direction; for massless leptons,

we have:

(1,0,0,1),

|G

- = Q2/§ = \25(17 07 07 _1)a

\/_<1— (1 —2zp)y, 2\/zpy(1 ,0,1—( 1+a:B)y>
2
s
Chz\é_( (1 —2B)y, —2/zpy(1 (1+2zp) > (A.1)
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where in the second line £ is the light-cone momentum fraction of the quasi-real photon
v inside the untagged lepton £~. Without loss of generality, we have chosen the leptonic
plane as the z-z plane of our reference frame. If necessary, one can easily reinstate the
most general dependence on the azimuthal angle of the leptonic plane, ¢,, with respect to
the x-z plane of a general arbitrary frame. Let us also remind the definition of the usual
kinematical invariants adopted in deep inelastic scattering:

s= (4 +1)? =21 -1, QQZ—Q%:—(Z+—ZQF)2:%+'Z;,

Q2 [ - a1 2
By defining as K, and K3 the four-momenta of the quark and antiquark produced
in the two-photon collision (¢ = wu,u,d, CZ,S,E), we can also introduce two additional
invariants: Ko Ko
=24 - , o= = A.3
Cq e l_ Cq ¢ - l_ ( )

Notice that we neglect light quark masses, therefore K 3 =K g = 0.

The virtual photon - untagged lepton ~{-¢{~ cm frame

This frame is the analogous of the y*-nucleon reference frame usually adopted in semi-
inclusive deep inelastic scattering processes, with the untagged lepton ¢~ and the quasi-
real photon v, playing respectively the role of the target nucleon and the collinear struck
parton. In this frame 7 moves along the +2 axis, and the untagged lepton, ¢, and ~,
in the opposite direction. The cm energy, usually named W, is given by

W2 = (1) = (1—zp)ys — "B 2. (A4)

B

The four-momenta of the particles involved are:
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The four-momenta of the final quark and antiquark can be written as:

K, = Kyr (coshn,, cosg,, sin¢,, sinhn, ),
K5 = Ky (coshng, —cos ¢y, —sin¢,, sinhng ), (A.6)



Azimuthal asymmetries in photon-photon colliders

where we have introduced the pseudo-rapidities of the quark and antiquark, n, and 7,
that in the massless limit coincide with their rapidities.

It is easy then to verify that in this frame the invariants ¢, ; introduced in Eq. (A.3)
are given by:

e (A7)

The virtual photon - quasi-real photon vj-7, cm frame

This is the cm frame of the hard partonic scattering process {7, — ¢, again with ~f
moving along the 42 axis and the untagged lepton and 7, moving in the opposite direction.
The final quark and antiquark are produced back to back in a plane forming an angle ¢,
with the ¢T-¢'* leptonic plane, that we have assumed to be the #-2 plane. This frame is
related to the previous one in section A by a Lorentz boost along the Z axis specified by
the Lorentz factors:

1— 1—2zp+
=178 = sk S (A8)
1—2xp+¢ 2,/(1—25)(& —2p)
The squared cm energy in this frame is:
. (-
=0+ @) = (€ —ap)ys === Q" (A.9)

which also implies the constraint £ > zp. The four-momenta of the particles involved are:
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As for the final quark-antiquark pair, we can write in general:
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K,;= 1, £sin @, cos ¢,, £sinf,sin ¢, j:coqu> : (A.11)

where 6, and ¢, are respectively the polar and azimuthal angle of the quark direction of
motion in the ~vj-v, cm frame. It is again more convenient to consider the modulus of
the ¢, ¢ transverse momentum, K, and their pseudorapidities 7, 4. In fact, the first one
is invariant, while the second ones are simply additive under boosts along the 2 axis. In
the 77-v2 frame (which is also the ¢-g cm frame) we clearly have 7, = —f); = 7. We can
therefore write the quark and antiquark four-momenta as

K,;=Kr (cosh 7, & cos ¢, £sin ¢, j:sinhﬁ) , (A.12)
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A. Kinematics

and the transverse and longitudinal components of the quark three-momentum with re-
spect to the Z axis are:
Vi o1

Kp=Y>
"7 2 coshp’

K, = \gg tanh 7 . (A.13)

From this relation we can also see another useful property:

4K2 cosh? 7
T e/

" (A.14)
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Using Eq. (A.8) it is easy to see that, moving back to the 7{-¢~ cm frame, by an inverse
Lorentz boost with rapidity

e (222 < () o

the pseudorapidities of the quark and antiquark will become

Ng="T—=Ys Ng=—1—Y, (A.16)
and ) o
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Following Ref. [79], we can also write the invariant variables (, ; introduced in Eq. (A.3)

in terms of 7, 4:

C_C— 1 o e _KT —
7> emma4 1 2coshh 3
1 0 Kp
G=1-C= S (A.18)

el +1  2coshi) /3

from which it is also clear that (,+(; = 1, and in the last equality we have used Eq. (A.13).

Using these results, we can also write

K,g==-\(—zp)ys (1, +2,/((1 =) cosy, £21/¢(1—C) sing,, (1 — 2()) .
(A.19)
It is also useful to give the relation between these invariant variables and the Mandelstam

invariants in the two-photon cm frame:

§=(&—axp)ys, t=-Cys, a=-(1-0)%ys. (A.20)

Let us also remind that there are a few additional kinematical constraints that must
be fulfilled in order to guarantee the validity of the formalism adopted: 1) First of all,
to stay in the deeply virtual and factorization regime we require Q? > Q32 > A%QCDv with
Q? an arbitrary fixed hard scale of at least a few GeV?; 2) Secondly, in order to clearly

distinguish the two light-cone directions considered, the v*v axis and the jet thrust axis,
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Azimuthal asymmetries in photon-photon colliders

and keep staying in the validity regime of the factorization approach adopted, we also
require |K,r| = Kr > Q. From Eq. (A.18) it is also easy to see that

K2 =((1-¢)s. (A.21)

Therefore, putting a lower limit on the value of Kr, as required for the applicability of
our factorization scheme, implies a lower cut on § and a limited range of allowed values
for ¢: Since Max[((1 — ()] = 1/4, § > 4Q3 and, at fixed 3,

O RS S DA

For a generic Q* > @3, requiring that § = (£ — r5)Q?/xp > 4Q3 implies

£ > g <1+4§f’>. (A.23)
Since ¢ < 1, one finds
2
rp < gjrgax(Q2> — QQ_CFQM < 1. <A24)

Given that 28(Q?%) = Q*/s (for y = 1), imposing that 25(Q?) < 2%9%(Q?), one
also finds an upper limit for Q% Q* < s — 4Q3. Furthermore,

Q° Q4405

min(?) = = A.25
Y@ (0 5 . (A.25)
and, from Eq. (A.23),
min 2 min 2 4@3 min 2
§M(Q7) = 25"(Q7) 1‘1‘@ = y"™(Q7). (A.26)
Summarizing, then, we have the constraints:
Q5 < @ < s—40Q7,
Q* Q?
— < < — A2
s _mB_Q2+4Q%’ ( 7)
2 2
QA& oy
S

B The virtual photon helicity density matrix in DIS

processes

The derivation of the virtual photon helicity density matrix was given in detail, although

with a notation different from the one adopted in this paper, in Ref. [80]. It was also
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B. The virtual photon helicity density matrix in DIS processes

briefly discussed, within the same notation adopted here, in Ref. [81]. We therefore believe
it can be useful to summarize here the main steps leading to the explicit expression of
Eq. (2.11).

Let us start from the helicity amplitudes for a generic process in which a lepton /¢
interacts with a given initial system M by exchanging a single virtual photon, £(1, \;) +
M(P;,N;) — U, \y) + M(Pf,Ay). For shortness, P, s, A; s represent the full set of
initial and final moments and helicities of M. This system can be e.g. a second lepton,
like in our case, or a proton/nucleon target like in SIDIS.

The helicity amplitude for this process can be written as follows:

_ Guv
Hy, Ap a0 = €Uy, Y uy, ( ; )MAfA (Pr, Pr)

_ v qu4qv v
— ey, 7 Uy, [—zgq“ + BT My (P P) (B.1)
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)\'Y

where in the second line we have used Ward identity and in the last line well-known
properties of the polarization vectors of a virtual photon.

At the same time, we can separately define the helicity amplitudes for the processes
UL ) = OV M) + 7 (g, Ay),

Hapayne = ey, Y uy, €, M(Q)v (B.2)
and v*(q, Ay) + M(P;, A;) — M(Py, Ay),
Hapna = €, () M/l\/f;Ai(Pfapi)- (B.3)

Let us now consider the differential cross section for the full process £(1, \g)+M (P;, A;) —
O, ) + M(Pf,Ay). Assuming in general that the initial lepton ¢ is in a polarization
state described by its helicity density matrix pf\(;‘i)g, where s, specifies the lepton ¢ spin

state, and using Eqs. (B.1), (B.2), (B.3), we can write

dO_ X Z Z p)\g /\/ HAZ’ Af Aoy A H)\el Af )\ SN
)\g,)\ gt A Ay

— Z Z )‘lve|:q Z(—1)M+17{Ae,,>w;xg"HAf;,\y,A,ﬂ

XeAp A AiAy Ay

1 / . i}
X L]z > (=pH* Hyya o, HAf;)\L/,AZ} (B.4)
Xy

= Y ) S Hapan Hi

Ay, AiAg

where we have defined the (non normalized) helicity density matrix for the virtual photon
7 |
ﬁA77A{y(7*) —- — (—];)/\’Y—"_/\’Y Z p)\Z )\/ H)\[, ’\7?)‘[ H}\[, )\/ )\/ . (B5)

4
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Azimuthal asymmetries in photon-photon colliders

This is the expression we were looking for.
The helicity density matrix for the initial lepton can be written in general as

1 14+P! PLtiP!
£(s
s, =5 (1+P o) =3 , (B.6)

P.—iP, 1-P;

where P’ is the polarization (pseudo)vector of the lepton. In this paper, we will only
consider the case of unpolarized or fully longitudinally polarized lepton beams (P{ = 0
or +1 respectively), taking P§ = 735 =0.

Inserting Eqs. (B.2), (B.6) into Eq. (B.5) and performing some traces we finally get:
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By assuming that the virtual photon moves along the positive Z axis of our reference
frame, and the leptonic ¢-¢' plane forms an angle ¢, with the 2-Z plane, and using the
results of Appendix A in the y*-/5 frame, we get:

Vs L
2 A —zp)y

(1 — xBY, 2\/x3(1 —xp)(1 —y) cos ¢y, 2\/x3(1 —x)(1 —y) singy, 1 — 2z —i—a:By)
Vs 1

q= ) m ((1 —2zxp)y, 0, 0, y) ) (B.8)

Furthermore, one has

(0, =Xy, —2,0)
1

ex,=+1(q) =

(1,0,0,1 —2zp) . (B.9)

EM:O(C]) = ep(l —7p)

SN
—_
[\

Inserting these expressions into Eq. (B.7), after some straightforward calculation we
finally get the result of Eq. (2.12).

Notice that the normalized helicity density matrix of the virtual photon is entirely
given in terms of the DIS invariant y. The only kinematical frame-dependent quantity
is the azimuthal angle ¢, of the leptonic plane, which is however invariant under boosts
along the 2 axis.

Let us finally observe that the virtual photon helicity density matrix is directly related
to the usual leptonic tensor L*.
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Chapter 3

Gluon TMDs from Higgs production
at the LHC

Among all hadronic final states, inclusive Higgs production in proton-proton collisions
stands out as the cleanest probe of the unpolarised gluon transverse momentum dependent
distribution f{(z,k,). The reasons are both conceptual and practical. At the LHC
the dominant production mode is gluon fusion, and the observed final state is colour-
singlet. Thus, it is possible to avoid colour entanglement issues that can compromise
TMD factorization in channels with coloured final states, such as jets or colour octet
quarkonia, making the Higgs production one of the simplest channels for which rigorous
TMD factorization is available and strongly supported in the literature. In the small-g7
region, precisely where intrinsic and soft transverse momenta dominate, the differential
cross section factorises into a hard function and a convolution of two gluon TMDs with
the usual soft factor and Collins-Soper evolution; consequently, the shape of the Higgs
gr distribution becomes directly sensitive to f{, with possible modifications from linearly
polarised gluons hi?.

On the methodological side, Higgs production benefits from high theoretical precision
in the ingredients entering a TMD analysis; in particular, the perturbative treatment
of gluon TMDs, including matching/evolution, has been pushed to high orders, with
dedicated NNLO studies and applications to the Higgs ¢r spectrum, thereby enabling
robust extractions with quantified uncertainties.

In order to extract this information from the experimental data, we employ the Nan-
gaParbat! fitting framework, developed by the MAP Collaboration. This C++ code
allows us to perform fits to experimental measurements and generate grids for the re-
sulting TMDs. The framework supports multiple functional forms and evolution options
for the TMDs, enabling the selection of physically motivated parametrisations and the
assessment of the associated uncertainties. Notably, NangaParbat is modular: the same
TMD ingredients can be interfaced with different process modules, ensuring a like-for-like

!The NangaParbat code is available at https://github.com/MapCollaboration/NangaParbat.
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Gluon TMDs from Higgs production at the LHC

comparison between theory and data while keeping the treatment of factorisation and
evolution consistent across datasets. In the following, we will implement this tool for our

analysis.

3.1 Higgs cross section in TMD factorization
We study the inclusive hard scattering process
hi(Py) + ho(P2) = H(y,qr, Mu) + X (3.1)

in which two hadrons with four-momenta P, and P, collide to produce a color-singlet
Higgs boson of invariant mass ¢* = M, accompanied by an arbitrary and undetected
final state X. The hadronic centre of mass energy of the colliding hadrons is denoted by
/s, and Higgs rapidity y is defined in the laboratory frame of the colliding hadrons.

At the LHC the dominant production channel is gluon fusion, gg — H, mediated by a
heavy quark loop, as illustrated in Fig. 1. Since the Yukawa coupling of the Higgs boson
to a quark is proportional to the quark mass, the amplitude is dominated by a virtual top

loop, while lighter (e.g. b) quark contributions are suppressed.

Py

L

PN

Figure 1: Higgs production through gluon fusion

The matrix element that describes the contribution of the loop is [91]

4M2
A Q)

Q

2

a%(MIQJ)M;fIGF (3.2)

2887/2

[M(gg — H)|* =

where Gp = 1.16639 x 1075 GeV 2 is the Fermi constant, Mg = M; or M, denotes the
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3.1. Higgs cross section in TMD factorization

on-shell pole mass of the top or bottom quark, and the amplitude A is given by
3
Ag(x) = 2x{1 +(1-— x)f(x)],

(1 N
o) - arcsin <\/§> , 2 >1, (3.3)
1—v1—2z ’ '

4
In our analysis, we take the large top mass limit, from which Ag — 1, reducing the gluon
loop to an effective ggH vertex.
Since the process structure closely mirrors Drell-Yan, we employ TMD factorization as in
Sec. 1.2, taking care in considering the gluon distribution rather than the quark distribu-
tion. In the small transverse momentum region, qr < My, the differential cross section
of the production of a spin-0 Higgs boson can be factorized as

do  _ a3(QQ*GrP o
dQdydgr 288725 Haqn (@ )/ (2m)2

X [mff(%,bT;Ma Ca) Tofi(z0, by 1, G) 4 x1hd (21, brs 1, o) $2E§($275T;M7Cb)]
(3.4)

ibr-qr

where § = x1x9s is the partonic centre-of-mass energy squared for gg — H + X, and
T12) = Q/ V/se*¥ are the light-cone momentum fractions. P is the phase-space reduction
factor associated with the kinematic cuts on the final state, discussed in Appendix C.2
Now we show how the methods developed in Sec. 1.3 enable us to disentangle, within
the TMD extraction, the perturbative and non-perturbative contributions. In what fol-
lows, we spell out which ingredients can be precomputed in a TMD fit, and which are

obtained through the implementation of NangaParbat. We adopt the shorthand notation

Fg(l', bT; e, C) = .Ileg(l', bT;,ua C) ) (35)

which is convenient for the implementation. As reviewed in Sec. 1.2, the scales p and
¢ arise from removing UV and rapidity divergences in the TMD definition; a standard
choice is to set them equal to the hard scale, u = /¢ = Q.
The computation-intensive part of Eq. (3.4) takes the form
d*b ibar —

[ij(xlax27QT;M7C> = /Ee Fz(mlabaM7C)FJ(x2>bvﬂ7C) (36)
where Fi(j) denote combinations of evolved TMD PDEFs. For convenience, the indices i
and j do not coincide with the physical gluon label g, but they are related to it by a fixed
linear transformation.

_ a3(Q)Q°Gr

2For brevity, we will use the shorthand oy = 58825 throughout.
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In general, a two-dimensional integral has to be carried out in Eq. (3.6); however, if F}
only depends on the absolute value of br,|br| = by as in Eq. (1.42), we can write

1 oo — —
[ij<x17$27QT;/fL7 C) = 5/0 dbb‘]()(qu)Fl(xl?bmu’? C)Fj<x27bnu7C) . (37)

As detailed in Sec. 1.3, at small by and taking into account correct evolution treatment,
the TMD PDF F; can be written as

Fi(x,br; 1,¢) = R(po, Go — 1, G br) Y (Cij®fj)(37abT7,u0><0) ; (3.8)
J=9.4(q)
where the Cj; are the matching functions to the collinear PDFs f;, while the Sudakov
form factor describing the evolution term is collected in R(ug, (o — p,(;br). Matching
and evolution receive non-perturbative contributions that become relevant at large bp.
In order to account for such effects, one usually introduces a phenomenological function
fnp. Adopting the b, prescription (Sec. 1.3.2), we then write:

Fi(x,br; i, ¢) = Fi(x, 0. (br); g, €) fup (2, br, ) - (3.9)

Including the non-perturbative function, Eq (3.7) becomes

00 br o
Iij(J?l’xz;QT;NaO:/O dbr Jo(brar) %Fi(xbb*(bT);N,C)Fj(%,b*(bT);MC)

X fNP($1, bTaC)fNP<I27 br, C)]

1 0o _ —
= — dbr Jo(br)
qr Jo

br — br _ br
7F1$,b* — | Ky F'l’,,b* — | M
il (q) 1, OF (s (q) 1,0)

X fNP (Il) bT7C> fNP <x27 bT?C)] ;
ar qar
(3.10)

which is a Hankel transform that can be efficiently evaluated using the Ogata quadrature
[92]. Accordingly, Eq. (3.6) can be computed by the weighted sum

T 3 T, (o (S ) 7 (0 () )
zxaxaav—i T1,06 | — | s 1 i T2, 06 | — | S 14y
JNEL T2 4T3 B T o1 24T ' qr s T\ qr a

(0) (0)

z, Zp,

><fNP <I17 - C) fNP <x27 7C> )
qr qr
(3.11)

where the unscaled coordinates z(”) and the weights w(® can be precomputed from the
zeros of the Bessel function Jy and one single parameter (see Ref. [92] for details).? Based

3The superscript 0 in 27(10) and w( ) indicates that the Hankel transform involves the Bessel function

of order zero, Jy. This is useful in the next calculation, where the integration over ¢r leads to a similar
Hankel transform with Jy replaced by J;. The Ogata algorithm applies there as well, with different
coordinates and weights.

70



3.1. Higgs cross section in TMD factorization

on the (empirically verified) assumption that the absolute value of each term in the sum in
the r.h.s. of Eq. (3.11) decreases monotonically, the truncation N is chosen dynamically
so that the (IV + 1)-th term is smaller in absolute value than a user-defined tolerance
relative to the sum of the preceding N terms.

As customary in QCD, the most convenient basis for the matching in Eq. (1.51) is the
"evolution” basis (i.e. X, V, T3, V3, etc.). In this basis, the operator matrix Cj; is nearly
diagonal, with the only exception of crossing terms that couple the gluon and the single
¥ distributions. Consequently, this basis is also optimal for the computation of I;;. Since
the TMDs entering Eq. (3.4) are written in the "physical” basis, we need to rotate Fj
from the evolution basis, over which the indices ¢ and j run, into the physical one via an
appropriate constant matrix 7T,

Fy(wy, by, €) = 3 ToiFilwn, by, ). (3.12)

Putting all the pieces together, the cross section in Eq. (3.4) can be cast into the
compact form

do N 27(10) ~(0) (0) (0)

020 g . Fn” ) ( “n” > 3.13
w x 7I7 b) ] x? ] x? M M .
dQdydgr ‘= " qr <1 2 gr H <> fNP( Y ogr ¢ | Ine | 22 qr ¢ (3:13)

Eq. (3.13) enables one to precompute the weights S, so that the differential cross

section in Eq. (3.4) can be evaluated as a simple weighted sum over the non-perturbative
contribution. Although S appears to depend on five arguments, they are not independent;
in practice, S depends on only three variables. The two arbitrary scales p and ( are
typically chosen proportional to @ (by a constant factor), while x; and x5 are functions
of @) and y as specified above. Hence, the full dependence on the kinematics of the final
state of Eq. (3.4) is fully characterized by @, vy and gr.
Despite the efficiency of Eq. (3.13), a direct comparison with experimental results often
requires bin-integrated observables, since measured differential distributions are usually
reported after integration over finite regions of the final-state phase space. The relevant
quantity to compare with data is therefore

dU 1 /dex Ymax 4T, max do‘
- d / d / d [] , 3.14
qu QT,maX - QT,min min Q Ymin y qT,min qT dedeT ( )

where the intervals [Ymin : Ymax], [@min : Q@max) a0 [¢7.min © ¢7.max] define the phase space

integration domain, and the integrand is given in Eq. (3.4). Consequently, to confront
theory with data, these integrations must be performed. While the integrals over () and
y are computed numerically, the integral over gy can be carried out (semi)analytically by
exploiting a property of the Bessel functions J,, (see Appendix B for more details).
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3.2 Experimental data

In this section, we describe the experimental data used in this analysis. We consider the
Higgs-boson transverse-momentum (gr) distribution measured by the ATLAS and CMS
experiments in two decay channels: two-photon (y7v) and four-lepton (4¢). Table 1 lists
the datasets considered. For each channel and experiment, we import the fiducial binned
spectra do/dpH, together with bin edges and central values, from HEPDATA. Through-
out, we keep the data at particle (fiducial) level, identifying p2 = pJ7 in the diphoton
channel and pf = p# in the four-lepton channel.

At this stage, our main goal is to assess whether these data are sensitive to TMD effects
and, consequently, whether they allow a future extraction of the unpolarised gluon TMD.
Since the published spectra are inclusive over production mechanisms, the theory predic-
tion entering the likelihood is the sum of the SM modes (ggF, VBF, VH, ttH, bbH)
evaluated within the relevant fiducial selections. Sensitivity to the gluon TMD is driven
by the gluon-fusion channel (dominant in rate), while sub-leading modes are included
with state-of-the-art normalizations. Uncertainties associated with these sub-leading con-
tributions are propagated as theory nuisance parameters.

One channel is the Higgs decay into four leptons, H — ZZ* — 4/ (electrons, muons, or a
combination of both). At tree level, this decay proceeds through the Higgs coupling to two
neutral gauge bosons, see Fig. 2. For mpy ~ 125 GeV, at least one Z is off shell, but the
four charged leptons in the final state allow a clean reconstruction of the Higgs candidate.
The other channel is the diphoton decay, H — 77, see Fig. 3. It is rare in the SM because

Py

{;+

Figure 2: Representative Feynman diagram for Higgs-boson production and decay in
the four-lepton channel: gluon—gluon fusion via a heavy-quark loop, followed by H —
ZZ%) =t~ (0~ with £ = e, p.

it occurs via loops of charged particles (primarily the top quark and W bosons), but
it offers a striking experimental signature with a narrow peak in the diphoton invariant
mass. In addition, we also consider the experimental results obtained by combining these
processes, as provided by the ATLAS and CMS experiments, see Refs. [93, 94]. Since

our analysis is based on the TMD factorization formula in Eq. (3.4), only data at small
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Figure 3: Representative Feynman diagram for Higgs-boson production and decay in the
diphoton channel: gluon—gluon fusion via a heavy-quark loop, followed by H — 7.

gr can be described. Hence, we impose a cut to exclude measurements with large qr by
requiring ¢r/Q < 0.3 (numerically, bins below ~ 40 GeV for mpy ~ 125 GeV). The second
column in Tab. 1 reports, for each dataset, the number of data points passing this cut;
the total number of points included in our analysis is 36.

An important feature of all the datasets listed above is that the cross sections are
given within a certain fiducial region, with kinematic cuts on the transverse momentum
and pseudorapidity of the particles in the final state. Tables 2 and 3 summarize the cuts
implemented for each channel and experiment.

Notice that there are no cuts implemented for the combined data since, to perform the
combination, the measurements are extrapolated to the full phase space. Our predictions
are corrected by means of the phase-space reduction factor P introduced in Eq. (3.4),
which accounts for these cuts. Details concerning the calculation of P are given in the
Appendix C.

Most of the considered experimental datasets are released with both uncorrelated and
correlated uncertainties. As already pointed out in Ref. [103], a proper treatment of
the experimental uncertainties is crucial to achieve a reliable extraction of TMDs. In
other words, the x?, which quantifies the agreement between data and predictions and
is minimized during the fit, has to be computed taking into account the nature of the
various uncertainties.

In the presence of correlated uncertainties, the y? can be decomposed as [104]

X=X+ X5 (3.15)

where x% is the uncorrelated (diagonal) contribution, while x3% is a penalty term that
encodes the effect of correlations (see, e.g., Appendix B of Ref. [103]). For the computation
of X%, theoretical predictions are shifted by best-fit nuisance parameters to account for
the correlated systematics. The shifted predictions provide a better proxy for visual
comparison to experimental data; accordingly, all plots shown below display shifted theory

curves.
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Experiment N, Decay V5 [GeV] Lumilfb~!] Ref.
CMS Runll 7 H — vy 13000 137 [95]
CMS RunlI 3 H — 44 13000 138 [96]
CMS Runl 2 combined 13000 35.9 [93]
CMS 8 TeV 2 H =y 800 9.7 [o7]

ATLAS RunlIl 7 H — vy 13000 139 [98]

ATLAS RunIl 3 H— 4 13000 139 [99]

ATLAS Runl 2 H — vy 13000 36.1 [100]

ATLAS Runl 4 H — 4 13000 36.1 [101]

ATLAS Runl 3 combined 13000 36.1 [94]

ATLAS 8 TeV 2 H — vy 800 20.3 [102]

ATLAS 8 TeV 1 H— 4t 800 203 [101]

Total 36 - - - -

Table 1: Breakdown of the datasets included in this analysis. For each dataset, the table
includes information on: the number of data points (Ng,) passing the nominal cut on
qr/Q, the decay channel, the centre of mass energy /s, and the public reference. For all
the data we have fixed the invariant mass at the Higgs mass, () = my, and the range of
the Higgs rapidity at |y| < 2.5. The total number of data points amounts to 36.

An additional key point concerns the choice of the collinear PDFs. To extract fyp in
Eq. (1.72), one must fix a specific PDF set; in this work we use the set NNPDF3.1 [105].
Since PDF uncertainties reflect the experimental uncertainty of the dataset used for their

extraction, it is natural to regard them as experimental and include them in y? evaluation.

3.3 Preliminary Results

In this section, we present a preliminary consistency test between the experimental mea-
surements of Tab. 1 and our theoretical predictions.

As a first step, we adopt a minimal, z-independent ansatz for the non-perturbative factor
fnvp in Eq. (1.72). The function fyp accounts for large-byr behaviour of the TMDs, and,
in general, depends on by, ( and x. While the asymptotic dependence on by follows from
first principles (see Sec. 1.3.2) and the evolution with ( is determined by the Collins-Soper
equation (1.45), the x dependence is a priori unknown. To test the dataset with a simple,
z-independent form, we use the DWS parametrisation

(b, ¢) = exp [—; <91 + 95 ln2§2(2)> b?p] . (3.16)
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Exp: H — 4/ pre (GeV) 7] Event selection
pre (GeV) Lepton pair mass (GeV)
CMS Run IT 13 TeV >7(e),>5(n) <25(e), <2.4(n) > 20,> 10 40 < myp < 120, 12 < myy < 120
ATLAS 8 TeV >7(e),>6 (1) <247(e), <27(n) >20,>15,>10 50 < myy < 106, 12 < mgy < 115
ATLASRun 113 TeV > 7 (e), >5 (u) < 247(e), <2.7() >20,>15,>10 50 < myy < 106, 12 < mgq < 115
ATLAS Run T 13 TeV > 7 (e), > 5 () < 247(e), < 2.7(n)  >20,>15,> 10 50 < myy < 106, 12 < msy < 115

Table 2: List of event selection requirements which define the fiducial phase space for the
cross-section measurement of the decay channel H — 4/.

Exp: H — vy PTy /My (%) Pz /My (%) [,
CMS Run II 13 TeV > 35 > 25 ny| < 1.4442 V 1.566 < || < 2.5
CMS Run I 13 TeV > 35 > 25 0| < 1.4442 V 1.566 < |n,| < 2.5
CMS 8 TeV > 35 > 25 Iny| < 1.44 v 1.57 < |n,| < 2.5
ATLAS 8 TeV > 35 > 25 Iny| < 1.37 Vv 1.56 < |n,| < 2.37
ATLAS Run I 13 TeV > 35 > 25 Iny| < 1.37 v 1.52 < |n,| < 2.37
ATLAS Run II 13 TeV > 35 > 25 Iny| < 1.37 v 1.52 < |n,| < 2.37

Table 3: List of event selection requirements which define the fiducial phase space for the
cross-section measurement of the decay channel H — vy

with two parameters, g; and go, and Q3 = 1.6 GeV?, inspired by the work of Davis, Web-
ber, and Stirling, Ref. [106]. As a benchmark, we fix gy = g» = 1 and perform a central-
replica fit at N3LL accuracy, applying the cut ¢7/Q < 0.3 to stay in the TMD-validity
region. Table 4 reports the breakdown of the central-replica x? per dataset, normalised
to the corresponding number of points Ng,;. We quote separately the uncorrelated piece
X% and the correlated penalty x3; their sum gives the total x?2.

The global value x? ~ 2.10 indicates that our benchmark setup does not yet yield a
fully satisfactory description of all datasets. Part of the tension likely stems from limited
statistics in some spectra and from residual sensitivity to fiducial selections; nevertheless,
several channels are already reasonably captured. In particular, the ATLAS Run II H — 4/
measurement shows a good level of agreement, whereas the CMS Run I H — 4/ and the
ATLAS 8 TeV H — v spectra contribute disproportionately to the total x2. Overall,
the picture for the most recent LHC runs is mixed but encouraging: some distributions
are described within uncertainties, while others clearly point to missing flexibility in the
present non-perturbative ansatz.

Nevertheless, there is room for improvement in a more refined analysis: we will explore
more flexible parametrizations to better capture the data and improve the treatment of
uncorrelated uncertainties as well as the implementation of fiducial cuts.

For a visual assessment, Fig. 4 compares data (black dots) and theory (red dots) for
the ATLAS and CMS Run II datasets. In each panel, the theoretical points are shifted
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2

Experiment X5 X3 X
CMS Run II, H—~yy  2.147 0 2.147
CMS Run II, H— 4/ 4.864 0 4.864
CMS 8 TV, H—~y  0.201 0 0.201
CMS Run I, combined  4.509 0 4.509

ATLAS Run II, H—~vy 1.551 0.724 2.275
ATLAS Run II, H —4¢ 1.440 0.000 1.440
ATLAS Run I, H—~~ 0.654 0.034 0.689

ATLAS Run I, H—4¢ 1.374 0.001 1.375

ATLAS Run I, combined 0.719 0 0.719
ATLAS 8 TeV, H—~y 3.223 0.399 3.622

ATLAS 8 TeV, H—4¢ 0.001 0 0.001

Total 1.934 0.165 2.099

Table 4: Breakdown of the central-replica fit at N3LL with the selection ¢r/Q < 0.3.
Shown are the uncorrelated (x%), correlated (x3), and total (x?) contributions per dataset.

by the best—fit nuisance parameters to account for correlated uncertainties, while the
experimental error bars combine uncorrelated components in quadrature. In each panel,
the upper part displays the absolute gy spectrum; the lower one shows the theory/data

ratio.
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Figure 4: Comparison between ATLAS and CMS Run II measurements and theoretical
predictions at N3LL accuracy. Upper panels show the absolute gy distributions; lower

panels show the same distributions normalized to the experimental central values.

A Hard and matching functions

As discussed in Sec. 1.3, a TMD prediction at a given logarithmic accuracy requires
two perturbative ingredients: (i) the hard function H, encoding short-distance virtual
corrections to the partonic hard subprocess, and (ii) the matching coefficients C;.;, which
relate TMDs to collinear PDFs in the small-by (OPE) regime. Throughout we work in
the MS scheme and set u = /¢ = @ unless stated otherwise; color factors are Cy = N,,
Cp = (N?—1)/(2N,), T = 3, and ny denotes the number of light flavours.

In what follows we collect the specific expressions needed for the gluon—initiated chan-
nel relevant to Higgs production, gg — H, and for the gluon and quark matching coeffi-
cients entering the perturbative part of the (unpolarised) gluon TMD.
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Hard function

Starting from Eq. (1.54), the hard function at p = @ is expanded as
H(Q,Q) = 1 + Z(O‘S(Q)) H™.
=\ 4rm

For the process gg — H we use:

2
oY H = 2[CA<5+ 776T> —304 , (A.1)

1
a7 M (ny) = ol 135Cy4 + 23827 C3 — 216 O — 15660 C4Cr + 5832 C%

+ 2268 C4 Ly — 3564 CACr Ly — 4510 Cany — 4428 Crny + 1296 Crny Ly
+ 6795 C3 m° — 2268 CaCp * — 4507 Cany + 333 7% C5

— 5148 C’i C(3) — 1656 Canys((3) +2592Crny C(B)},
(A.2)
where

L = 2 ln<mH> , (A.3)

my

and ((3) denotes Apéry’s constant (the Riemann zeta function ((s) evaluated at s = 3).

Matching coefficients

The small-by matching relates the gluon (and quark) TMDs to collinear PDFs via Eq. (1.51):

Fila,brs . Q) = 3 (Cicy® ;) (w0, 1),

J

with perturbative coefficients expanded as (Eq. (1.55))

(&P " n,
Ciey =Y (M) CrO 4.

n>0
where the superscript (n,0) denotes the non—logarithmic part at order o in our conven-

tion.

LO. At leading order one has

COY) = Cc09(z) = §(1 —2), (A.4)

q<—q g9

while all other flavour transitions vanish.
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NLO. At O(as) the non—vanishing coefficients read

2

CL(z) = Cp| 2(1 —2) — 6(1 —a) % , (A.5)
C’é}_’? (x) =4Tgz (1 —x), (A.6)
C’g(}_’%) (x) =2Cpx, (A.7)
Ci(z) = —Cad(1 —1x) 7: (A.8)
Corp () = Cg(@) = 0. (A.9)

For the gluon TMD entering gg — H, the relevant channels at this order are C’;L’Og) and

C’é}_’oq). Higher-order matching coefficients and the associated logarithmic terms needed

at our target accuracy are taken from Refs. [50, 107] and implemented consistently with

the evolution discussed in Sec. 1.3.

B Numerical integration

B.1 Integrating over ¢r

The bin integration over gy can be carried out analytically by using the identity for Bessel

functions d
e [T ()] = 2™ T (), (B.1)
which yields
/dx zdo(x) =z (z) = /:2 dx xJo(z) = x9J1(20) — 21 J1(271) - (B.2)
Note that the differential cross section in Eq. (3.4) has the schematic form
a@j;quT x /OOO dbqrJo(brar) - .. (B.3)

where the ellipsis denotes terms independent of ¢gy. Hence, applying Eq. (B.2) we obtain

/qT,max d do’ /OO db /qT,max d J (b ) o
qar m X 0 T dr qrJo\0T4qT =

4T ,min 4T, min
0 db quT,max oo db
/ TT / dx l’Jo(SC) = / - [QT,male (bTQT,max> - QT,minJI (bTQT,rnin)] e
0 bT b7 9T min o br
(B.4)
Defining

dQdydqr
i.e., the indefinite integral over gr of the cross section in Eq. (3.4), we then have

K(QT)E/dQTl do 1 (B.5)

4T ,max do-
d = | =K max,) — K v 9 min )/ » B6
/QT,min i [d@dyqu] (@, Y, q7,max) (Q, Y, qr,min) (B.6)
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with

K(Q,y,qr) = %H(Qa 1) /000 db Jl<bQT>Fg(xla br; i, C)Fg(ﬂ?z, br; i, C)
x fxp(z1, b7, Q) fxp(22, b1, (), (B.7)

which can be evaluated via the Ogata quadrature as

N " 2 () ()
K(Q;Z/?(JT)Ean S 3717132,7;/1,4‘ fNP xbi’é‘ fNP 1’277& : (BS)

n=1 qr qr qr
The unscaled coordinates z(!) and the weights w!) can again be precomputed and stored
from the zeros of the Bessel function J;. Eq. (B.6) thus reduces the ¢r bin integration
to a calculation fully analogous to the unintegrated cross section, particularly convenient

since it obviates performing a separate numerical integration over gr.

Kinematic cuts

When kinematic selections are applied to the data, such as those on the final state due to
experimental constraints, the analytic bin integration over gy discussed above cannot be
performed. The reason is that implementing these cuts effectively inserts a gr-dependent
factor P* into the integrand:

do
dQdydqr

which prevents the direct use of Eq. (B.2). Since P varies slowly with ¢r across a typical

x /OOO dbr qrJo(brar)P(qr) - - - (B.9)

bin, we approximate the bin integral as

e max + @ min
/ dqr QTJO(bTQT)P(qT) ~ P <QT’ZQT’>

4T ,min
4T max +q . min 1
= P < T : T > —_— [QT,male (quT,max) - QT7minJ1 (quT,min)] .

br
(B.10)
This structure is, however, inconvenient because it mixes the two bin edges, hindering a

4T, max
/ dgr qrJo(brqr)

4T, min

recursive computation. To go a step further, and assuming the bin is sufficiently narrow,
we expand P about either edge

max + min
D <CJT, qr,

2 ) = P (qT,min + ACZT) = P (QT,min) + Pl (QT,min) AQT + O (AC]%) )

max + min
D (QT, qr,

2 > = P (qT,max - AQT) = P (QT,max) - 7), (QT,maX) AQT + O (AQ%) 3

(B.11)

4In fact, P also depends on the invariant mass @ and rapidity y of the lepton pair, which must likewise
be integrated over.
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with

AQT _ 4T max ; 4T, min . (B]_Q)

Therefore,

4T, max
bT/ dQT QTJ0<bTQT)P(QT) = QT,maxJ1(bTQT,max) [73 (QT,max) - P (QT,max) AQT]

4T ,min

— @Tmin 1 (070G7 min) [P (¢7.min) + P’ (q1,min) Agr] -
(B.13)

Compared to Eq. (B.10), the advantage is that each term now depends on a single bin
edge in g, rather than on a combination of adjacent edges. Consequently, in the presence

of kinematic cuts, the primitive K of Eq. (B.6), whose explicit form without cuts is given
in Eq. (B.7), becomes

K(Q.y,qr) = % H(Q, 1) [P(Q,y,qr) £ P (Q,y,qr) Aqr]

X /0 db Jy(bqr ) F g(1, br; i, Q) F g (22, br; 1, €) fnp (21, by, €) fyp (2, b1, €)

(B.14)
where we have made explicit the dependence of P and its gp-derivative P’ on @ and y.
In the square brackets of Eq. (B.14), the minus sign applies when ¢r is the upper edge
of the bin, and the plus sign when it is the lower edge, in accordance with Eq. (B.13).
As discussed below, when integrating over bins in ) and y, one should also integrate P
and P’. Nevertheless, in the interpolation strategy outlined later, these functions can be
factored out of the ) and y integrals in a controlled way, avoiding repeated evaluations
of the computationally expensive function P and greatly simplifying the structure of the

resulting interpolation tables.

B.2 Integrating over () and y

As a final step, we need to evaluate the integrals over () and y defined in Eq. (3.14).
These can only be performed numerically. Since the integration over g7 has been reduced
to the difference of the two terms on the r.h.s. of Eq. (B.6)°, we focus on integrating the
function K over ) and y at fixed qr:

— Qmax Ymax
Klr)= [ @ [ dyK(Q.v.ar). (B.15)

min

In this way, the cross section

- /Qmax d@ /ymax d /‘IT,max d [ do‘ ] (B 16)
g = -V | > .
Qmin Ymin y 4T, min QT dedeT

SFor now we ignore the complications due to final-state cuts discussed in Sec. B.1; we will return to

them at the end of this section.
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can be calculated as
o= K(qT,maX> - K(QT,min) . (B]_?)

To proceed, it is convenient to make explicit the dependence of x; and x5 on ) and y.
For simplicity, we identify the scales u and v/ with @ (scale variations can be reinstated
later) and thus drop one of the arguments from the TMD distributions /' and from the
hard factor H. This gives

T o0 Qmax eYmax
Q

< F, (%abm);@)F (H (0 m) far (\/gf,bT;Q> pr(ﬂ__ bT,Q>,
(B.18)

where we have changed variables to ¢ = €Y. We now define one grid in &, {&,}, with
a =0,...,Ng, and one grid in @, {Q,}, with 7 = 0,..., Ng, each equipped with the
corresponding interpolating functions Z.

The grid’s boundaries satisfy o = e¥= and {n, = eV, and Qg = Qmin and Qn, = Qmax-
This allows us to interpolate the product of the two fyxp factors in Eq. (B.18) for generic
(§, Q) as

Inp (Qﬁa bT;Q> Inp (

NG by Q) ~

VsE
Ne No 0
aZOTZOI Q) fxp (\/:§a7 T,QT> Inp (\/—fa, T,QT> : (B.19)

Inserting this into Eq. (B.18) yields

NQ N€ max
Ran)= [T aneen L3 | [ a0z Q)
7=0 a=0 Qmin 2

y / mm dE T, (€) 21?9 (\%5 b.(br); Q) F, (\%; b, (br); Q) ] (B.20)

Q. , . Q.1
\/ggombTaQ‘r> fNP (ﬁ&é’bT’QT) .

Finally, the by integral is evaluated with the Ogata quadrature as before, giving

><pr<

N Ng Ne

Klgr) =333 [w,sﬂ /, Q 107 ™ nq)

n=17=0 a=0

[ ol (Gen ()9 (400 (2)

QT Zn QT 1 Zn
XfNP(\/gfa o ; Qr >fNP<\/—§a o QT> .

(B.21)
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C. Phase space reduction factor

In conclusion, by defining

Woralar) = o [ dQZ.() ™9 1)
e (B.22)
¢ 15 (@ 2\ o\F (L1, ().
<[ emi r (Sen (2) ) 7 (G (2) 9).
we obtain

N Ng Ne

N Qrp 2o, Q1 z

K(QT) — ;;;}Wnra(QT)fNP (\/§§a7 QT’QT> fNP (ﬁfa’ quQT> . (B23)

The advantage of Eq. (B.23) is that the weights W,,,,, which depend on ¢y and on the
intervals [Qumin : @max] and [Ymin : Ymax), can be precomputed once for each experimental
point used in the fit and then reused to extract fyp. This provides a fast prediction
tool that greatly facilitates the determination of the non-perturbative component of the
TMDs.

We now discuss how the weights in Eq. (B.22) are modified by the cuts described in
Sec. B.1. In principle, the square-bracket factor in Eq. (B.14) should appear under the
integrals in Eq. (B.22) and be integrated over () and & = e¥. This is numerically chal-
lenging because evaluating the phase-space reduction factor P is expensive to compute;
moreover, since the factor between square brackets in Eq. (B.14) depends on whether gr
is a lower or upper bin edge, one would effectively need duplicate sets of weights. To
simplify, we assume that P and its derivative P’ vary slowly in () and y across the typical
grid spacings, and we note that the interpolating functions Z,.(Q) and Z, (&) are strongly
peaked at @), and &,. Under these conditions, we can pull P and P’ out of the integrals
and replace Eq. (B.22) by

Wara(qr) = [P (Qr,In(&a), qr) £ P’ (Qr,In(&a), q7) Agr] Waralqr) - (B.24)

In practice, the only extra inputs needed to implement the cuts are the values of P and
P’ on the (Q, &) grid for all g7 bin edges. Equation (B.24) then permits to use the weights
computed over the full phase space.

C Phase space reduction factor

In this appendix we detail the computation of the phase-space reduction factor P (intro-
duced in Eq. (3.4)) for final states with two and four particles. The factor P encodes the
effect of fiducial selections and detector—level kinematic requirements on the theoretical
cross section. We begin with the diphoton channel, H — 7, where our derivation follows
Ref. [51]. This serves to fix the notation and reproduce the known result for the two-body
case. We then extend the calculation to the four-lepton channel, H — 4/, generalising
the construction of P to accommodate the additional decay kinematics and fiducial cuts

specific to a four—particle final state.
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C.1 Cuts on the two-particle final state

The phase-space reduction factor P is defined as

/ﬁd d4p1d4p2 5(]9%)5(]03)9(]91,0)9(192,0)5(4) (pl + p2 — Q) ’M<p17p2)’2
P(Q,y,qr) = Plq) = ==F=

/d4p1d4p2 5@?)5(]?3)9(]71,0)9(]92,0)5(4) (1 +p2—q) |M(p1,]02)|2
(C.1)
where p; and ps are the four-momenta of the outgoing photons and M(py,ps2) is the
amplitude of the decay H — v~°, that reads

e’y v ’
M = MF (p1-p2 9" — phoY) €u(pr)en(p2) (C.2)
so that .
MP o PPt ©3)
where F' includes contributions from W and fermion loops
F = Fw(fw)+>_ N.QF Fr(5y) . (C.4)
f
Here N, is a colour factor ( N, =1 for leptons, N, = 3 for quarks) and
4m? 4m?
b ="lar s Br=oah (C.5)
with
Fw(B) =2+3B8+38(2—28) f(B), (C.6)
Fy(B) = =281+ (1= 8) f(8) ], (C.7)
where ]
arcsin?(—= ), >1,
f(B) = (\/B) ’ (C.8)
I YRR A B |
1 Vi3 | )

The integral in the denominator of Eq. (C.1) is restricted to some fiducial region. Finally,
we find:

/ d*prd*ps 5(p2)3(p2)0(p1.0)0(p20) 0™ (p1 + P2 — @) (p1 + p2)*
P(g) = P10 (©9)
/d4p1d4p2 5(19%)5(173)9(]?1,0)9(272,0)5(4) (p1 4+ p2 — q)(p1 +P2)4

The effect of integrating over the fiducial region can be implemented by defining a gener-
alised #-function, ®(py, p2), that is equal to one inside the fiducial region and zero outside.

6Unlike Drell-Yan, which involves the contracted leptonic tensor, the Higgs is a spin-0 scalar; therefore
only the decay amplitude is required.
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This allows one to integrate also the numerator of Eq. (C.9) over the full phase-space of
the two outgoing photons.

/d4p1d4p2 5(17%)5(293)9(]01,0)9(]72,0)5(4) (p1+p2 — @)@ (p1,p2) (01 +p2)4

/d4p1d4pz 5(p2)3(p2)0(p10)0 (p2.0)0™ (p1 + pa — @) (p1 + p2)*

P(q) = (C.10)

Now we can integrate over one of the outgoing momenta, say p,, exploiting the momentum-
conservation d-function both in the numerator and in the denominator. Specifically, the
numerator of Eq. (C.10) gives:

/d4p1d4p2 3(p?)3(p3)0(p1,0)0(p2,0)8™ (p1 + p2 — Q) 2(p1, p2) (p1 + p2)* = ©11)
Q4/d4pl5(p§)5((q - p1)2)9(]91,0)9(% - pl,o)‘b(ph q— p1) ) .

and likewise in the denominator setting ®(p;,p2) = 1. Finally, renaming p; = p, the
phase-space reduction factor reads:

/d4p5 —p)*)0(p0)8(q0 — po)®(p,q — p)
/ d4pa — D000t —po)

The two d-functions can now be used to fix two of the components of the four-momentum

(C.12)

p. In particular, the on shell constraint d(p3) is typically used to set the first component
of p (the energy). Since the photons are massless, this gives

[ o) = [ atps(e — proE) = [GERE-p) = [ G5 (©19

Accordingly, the four-momentum p appearing in the integrand has to be taken on shell
(E = |p|). We then write the three-dimensional measure d®p in spherical coordinates as

d’p = |p|*d|p|d(cos 0)dg . (C.14)

Next, we make a change of variable from (|p|,cosf) to (|pr|,n), since the fiducial cuts
are defined in terms of these quantities. This proceeds via the standard relations:

Ip| = |pr|coshn,

(C.15)
cosf = tanhn.
It follows that
d’p _ 1 1/,
s = 5 [ Ipldpli(eoso)do = 5 [ pridpridnd = 5 [ dpran. (€10

Now we consider the second d-function,

S [ @prdns(a =)0 —p0) =5 [~ dn [ do [ lorldipr (@2 ~ 20 0)bla0 1)
(C.17)
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being ¢ = Q% and p? = 0. It is convenient to express the four-vector ¢ in terms of Q, v,

and qr:
q = (M coshy,qr, M sinhy) . (C.18)
with M = \/Q2 + |qr[*. While
p = (lpr|coshn, pr, [pr|sinhn) (C.19)
therefore

p-q = |pr|M (coshncoshy —sinhnsinhy) — pr - qr = [pr|M cosh (n — y) — pr-ar.
(C.20)
We may, without loss of generality, align the two-dimensional vector qr is aligned with
the x axis so that pr - qr = |pr|lar|cos¢(7). Thus, the argument of the §-function in
Eq. (C.17) becomes

f(prl,n, ¢) = Q° = 2|pr| [M cosh (n — y) — |qr| cos @] . (C.21)

while the argument of the ¥-function is M coshy — |pr|coshn. It is then convenient to
integrate Eq. (C.17) over |pp| first:

1 oo % _ Pt
5 [ Iprldor] 507 2 )0(an — o) = LM coshy ~ycostn) = 2 (:22)
with(®):
_ Q? Q° 1
cos @) = = . C.23
pr(cos ¢) 2[M cosh (n —y) — |ar|cos¢]  2|qr| [M — cos qﬁ} ( )

lar|

Now we consider the integral over d¢. For this purpose, the following relations are useful:

[ o feos o) = [[| 2 [7(a) + f(=a). (C:24)

and

dx 221 — 22 2a . xm
/ (a 4 x)Qm - (a2 _ 1)(:132 — ag) + (ag — 1)3/2 tan <m> (025)

For the definite integral, one finds

! dx e
/—1 (atz)V1—22 (2132 (C.26)

"In the general case where qr makes an angle 3 with the x axis, the scalar product is |pr||qr| cos(¢—23).

However,  can always be absorbed into a redefinition of the integration angle ¢ in Eq. (C.17).
8Notice that the ¥-function has no effect.This has been verified numerically.
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We now use Egs. (C.24)-(C.26) to evaluate

! /02”d¢[pT<cos¢>]2— i /02”[ 10

202 C SlarP o [Meoshioy) _ o)

_ @ /1 du 1 N 1

B e (G e Ml o e )

_ Q° 2lqr?rv/1 — 22

- 8{ (M2 cosh? (1 — y) — |ar|*)(2?|ar|* — M? cosh® (n — y)) (C.27)

B M cosh (n —y) - |lar| — @M cosh (n — y)
(M2 cosh? (n — y) — |qr|?)?/? \/(M2 cosh? (n —y) — |ar|?)Vv1 — 22

_tan—1< |ar| + @M cosh (1 — y) )]}1
V2 cosh? (n —y) — lar)VT =22/ ]
7Q?M cosh (n — y)
4(M? cosh? (n — y) — |ar[?)?/?

We can proceed further and also perform the integral in 7,

fe'e) T 2M h .
[ 3@ a =000 ~p0) = [~ dn s Cfsh2<;()_s ;)"_ |z>T|2)3/2 _
T Q? /00 d(sinh 7) o Q? [ M sy |7 ) (C.28)

3/2 A A2 .
o (sinh2(n —y) + %) AM sin? ) + {5 ]

| X

Notably, this result reproduces the denominator of Eq. (C.12). We now need the nu-
merator, which is obtained by inserting the appropriate function ®. In this case, we will
consider symmetric cuts for the two outgoing particles, (in the next section we will also

consider asymmetric constraints)

Nwin < M2) < Twax  a0d  |P712)| > P7min - (C.29)

Consequently, the function ® factorises into two identical functions as

®(p1,p2) = O(p1)O(p2) (C.30)
with
@(p) = 79(77 - nmin)q%nmax - n)ﬁ(’pT| - pT,min) . (C31)
Using Eq. (C.12) and the relation above, we obtain

q—p = (Mcoshy — |pr|coshn, qr — pr, M sinhy — |pr|sinhn) . (C.32)
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we thus have
®(p,q—p) =06(p)O(¢ —p) =
(1 = Nnin) Y (Manax — 1) X
I(|pr| — Prmin) X

9 11 M coshy — |pr|coshn + M sinhy — |pr|sinhn 9
2 M coshy — |pr|coshn — M sinhy + |pr|sinhn hnin

9 1l M coshy — |pr|coshn + M sinhy — |pr|sinhn
max — 7 1 . .
1 M coshy — |pr|coshn — M sinhy + |pr|sinhn

2

(C.33)
19(|qT - pTl - pT,min) -

1) : 19(77 — 77min> X ﬁ(nmax - 77) X
2) . 9Dy — Prmin) X
1 MeY — pre” 1 MeY — pre”
3): 9| =1 — Tlmin U { Mmax — 51 B,
) <2 n(Mey—pTen> ! ) : (77 2 D<M€y—pT€" :

4) : 19(\/|qT|2 +T?% _2|QT|T9T Cosqb_pT,min))
where in the last step we have replaced |pr| with pp defined Eq. (C.23). Our next task is

to characterise the integration domain specified by ®(p, ¢—p) in the (n, cos ¢)-plane. Since

the f-functions in Eq. (C.12) will appear inside a double nested integral over x = cos ¢

first and 7 second, it is convenient to rewrite ®(p, g — p) from Eq. (C.33) as follows
P(p,q —p) = I(N — Mmin) X V(Tmax — 1)

x 9z — fO 0, prmin)) (C34)

X DO (10, 1nin) = 2) X (P (1), ) — ) '

X O(f (0, prmin) — ),

with

2M P min cosh(n — y) — Q?
f(2) (nva,cut> == T (n y)

2pT,cut|qT| ’
3) _ Mecosh(n—y) Q*(sinh(n — y) coth(y — neu) + cosh(n — y))
f (777 77cut> - — :
lar| 2Jar| M

M COSh(U - y) (Q2 - 2p%,cut + 2|qT|2) - QQ\/M2 SinhQ(n - y) + p%,cut
2‘qT‘ (M2 - p%cut)

f(4) (777 pT,Cut) ==

(C.35)
Because —1 < cos¢ < 1, the domain is confined to this interval. Therefore, Eq. (C.34)

can be recast in an even more convenient form
®(p, ¢ —p) =91 — Nnin) I (Mmax — 1)
X ¥z — max[f(Z)(n,mein), —1]) (C.36)
X ﬁ(mln[f(g) (777 77min)7 f(3) (777 nmaX)7 f(4) (nva,min>’ 1] - ZL‘)
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such that a double integral over n and z would read

00 1 Nmax x2(n)
[ dn [ deopa—p)-= [ dniesin) — i) [ L b (o)
where
z1(n) = max[f® (1, pr.mn), —1] (C.38)
and
22(n) = min[f (10, Dmin) s £C 0, Nmax)s (0 Prmin), 1] - (C.39)

Collecting all ingredients, the final expression for the phase-space reduction factor becomes

P(Quy.ar) = [ dni(aan) () [F(wa(n).n) — Fla().n) (C.40)
with
1 Q? 232/ 1 — 22
Pl = g - q%{ g7 — I

VE2 — qr ,/Ez—qu ,/E'Z—qT\/l—ix2
(C.41)
where we define E, = M cosh(n —y) and ¢gr = |qr|. Let us consider the case y = ¢ =0,

assSuUMing Nmin = —Nmax- Lhe result is
P(Q,0,0)HQ — 2p7 min) tanh(max|[Nmax, 7)) - (C.42)
with 7 defined as
_ _ Q )
= cosh™* . C.43
7 <2pT,min ( )
This result can be written more explicitly as:
0 Q < 2pT,min7
— 2pT min 4PT min
P ,O, 0) = < tanh =11 + ’ - 2 min S <2 min cosh max )
(@ ) (M) ( 0 ) O+ 2prmm pr, Q P, Ui
tanh(nmax) Q 2 2pT,min COSh Thmax -

(C.44)

C.2 Asymmetric cuts

In some cases, asymmetric cuts are required to match the experimental measurements.
More specifically, the two outgoing photons are subjected to different cuts depending on
their hierarchy (Tab. 3). Usually, one defines the (sub)leading photon as the particle with

the (smallest)largest pr and according to whether the particle is leading or subleading
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a different cut on the pr is enforced. In this situation, the cut function ® needs to be
generalises to

O(p1,p2) = V(phy — P72)OW (p1)OP (p2) + V(P — p11)OV (p2)OP (p1),  (C.45)
where
@@( )= 19(77 ~ o) (s = 10D = Pin) 1= 1.2, (C.46)
and, in general, pT nin 7 pT min- As shown above, the photon four-momenta p; and p, are
constrained kinematically so that effectively p; = p and ps = ¢ — p with pr; = pp (where
Pr is defined in Eq. (C.23)) and
pQT,Q = 47 + Dr — 2qrPr cos .. (C.47)

Therefore, the functions ¥(p7,; — p7,) and 9(pF., — p7.,) can be reduced to the following
J-functions on the azimuthal angle ¢:

cosh(n — cosh(n —
V(G —phs) =0 (Cow - ]\57 y>> . I(pho—pp,) =0 (QT ]\57 W) _ cos ¢>
(C.48)

Generalising the procedure detailed above for the implementation of the cuts, we introduce

the additional function

@y _ dreosh(n —y) 4
such that
®(p, g = p) = 90 — Mhuin) (1w — 1) [0 — 21)9 (28 = 2) + 9z — 2P)0 (2 — )] ,
(C.50)

where we have defined

() = max[fD (1), £ (0, P hn) —1]
— (3) (4) (2)

M) = min[f® (n, nmu)l) (0 max)s £ (0, 07 min)> 1] (C51)

(77) = max[f(2 (7] meln) _1] ;

) = min[FO0), £O 0, i)y 01, )y £O 00 08 i) 1]

It follows that
0o 1 max )
[ [ dwep.g-p)...= [y {ﬁ(xél)(n) —xﬁl)(n))/xm(n? da ...

o 1 (C.52)

()

2 (n)
+ 9P () — 2P (n)) / da .. ] .

Finally, exploiting the primitive of the integral in x, the phase-space reduction factor for

asymmetric cuts can be written as
PQuar) = [ anf o 1) = o 0) [Fe8 )~ P 0]
+96D () - 220m) [F ), 1) - Fa ), m) } ,
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with F' defined in Eq. (C.40).

C.3 Cuts on the four-particle final state

In this appendix, we extend the calculation of the phase—space-reduction factor P to the
four—lepton final state,

/ dcb4 |M(p1;p2ap3ap4)|2
fid. reg.

/d(I)4 |M(P17P2>P3:P4)’2

P(Q,y.qr) = : (C.54)

where p; are the lepton four-momentum, M is the decay amplitude for H — ZZ — 4/,
and d®, is the four-body Lorentz invariant phase space,

4 4

d®, = (21)*5W (g sz 11 dp) 5(5%) 6(piy) (C.55)

As in the two photon case, the decay amplitude can be written in terms of the HZZ

vertex, the two Z propagators and the leptonic currents. Using

gz = e/(sin Oy cos Oy ) ,vp = I3 ; — 2Qssin® Oy ,ap = I3 (C.56)
with I3, = —%, Q. = —1 for leptons, we can write
M=1ig.Mzgq —ig” _igzﬂsl(pl) [iem(v —a 7)}1}82(])2)
’ (0 +p2)? = MG +iT My 2 fo R e
(C.57)
—1 gVﬂ _ZgZ s . sS4

— ) C.58
. { (ps +pa)? — Mz +ilz M, 2 U (ps) {Ze o (v af%)} Y (p4)} ( )

After the spin sum, the squared amplitude takes the schematic form
M o [((v7 + af)* + 4gviai)(p1 - ps)(p2 - pa) + (07 — af)*(pr - pa) (P2 - p3)] (C59)

[((Pl +p2)? —m3)” +F2M2} {((pz& +pa)? —m3)’ +F2MZ}

so that the explicit dependence on all lepton momenta prevents further analytic simplifi-
cations of Eq. (C.54) in the general kinematics (Q, v, qr).

To enable an efficient numerical evaluation and a transparent implementation of fidu-
cial cuts, we factorise the four-body phase space into a sequence of two—body phase spaces,
reflecting the tree structure of the LO decay. To do so, we introduce the intermediate
four-momenta

@1 = Pp1+ P2, 42 = p3 + P4, @ +q2=q (C.60)
with virtualities Q% = ¢} and Q3 = ¢3. Then

dQ3 dQ3
d®4(q; p1, D2, 3, pa) = e d®s(q; k1, k2) dPo (ks p1, p2) dPo(ka;ps,pa).  (C.61)
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This 1 —2— 2 — 2 factorisation matches the Monte Carlo mapping used in our calculation:
it reduces the dimensionality of the integrations at each step, allows us to impose the
fiducial requirements (pr thresholds, |n| windows, Z;/Z; mass windows, ordered lepton
cuts) at particle level, and leads to a stable and efficient numerical implementation of
Eq. (C.54).

This 1 — 2 — 2 — 2 factorization makes the calculation suitable to a Monte Carlo
integration: each step lowers the effective dimensionality and exposes simple two—body
kinematics, so the fiducial selections of Table 2 (pr thresholds, |n| windows, myz, /mz,
mass windows, ordered-lepton cuts) can be imposed directly at particle level. In this
way, Eq. (C.54) is evaluated numerically in a stable and efficient manner.
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This thesis advances the three-dimensional description of hadrons in momentum space
within the Transverse Momentum Dependent (TMD) framework along two complemen-
tary directions: the study of azimuthal distributions of hadron pairs produced in pho-
ton—photon collisions, where we formulated the kinematics and helicity formalism and
derived the pattern of azimuthal modulations proportional to the TMD fragmentation
functions, and the use of the low-¢r Higgs spectrum at the LHC to probe the gluon sec-
tor, where the colour-singlet final state and ¢r < mpy justify rigorous TMD factorisation
and make the shape of the spectrum directly sensitive to the gluon distribution. We in-
vestigated azimuthal asymmetries for inclusive production of light-hadron pairs in three
leading-order channels,

(T =y y=qq—hho + X, O =5yy=qq—nha+ X, NN —=9y—=qq—hihy + X,

requiring the two hadrons to be almost back to back and with large transverse momenta
in the photon—photon c.m. frame. The proposed measurements would stimulate TMD
studies in photon—photon scattering at a time when future lepton colliders are under
discussion. They can improve the determination of quark TMD fragmentation functions
with more effective flavour separation than SIDIS or T/~ annihilation, since d, s, b
contributions are suppressed by a charge weight factor of 1/16 relative to u, ¢. Moreover,
while ¢T¢~ colliders operate at fixed c.m. energy, photon—photon scattering allows one
to vary the perturbative scale via the photon virtualities (or the hadron pair transverse
momentum) and thus to study the scale dependence of TMD fragmentation functions
within the same process and setup.

For the ¢T¢~ — ~*v case, the azimuthal asymmetries and their moments (Table 2.1)
involve ratios of unpolarised and Collins TMD FFs, with prefactors that depend on the
kinematics, the initial-state polarisation and the dynamics of the hard process; comparing
their relative weights across DIS and SIDIS-like configurations provides a validation of
the approach. We presented preliminary estimates for the azimuthal moments of the
unpolarised differential cross section and of the double-longitudinal spin asymmetry in
two-pion production, for like- and unlike-charged pion pairs at fixed Q?, as functions
of 29 in z; bins, with the remaining variables integrated over the allowed range. The
(¢ integration in Ay and By is analytic; by symmetry, the antisymmetric coefficients

A?}f—fﬁq vanish on the full range and are therefore evaluated over half of it, and the same
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prescription is adopted for Ay in the corresponding moments.

The coefficients were evaluated using unpolarised and longitudinal Weizsécker—Williams
photon distributions [82, 83], with Q2 and Q2. fixed by 6. as in Eq. (2.34), and illus-
trative collider parameters in Table 2.2. Fragmentation was described by a factorised
Gaussian ansatz for unpolarised TMD FFs ( Eq. (2.35)), with (p?) = 0.12 GeV? and DSS
collinear FFs [87]. The Collins FF was taken to be proportional to the TMD FF as in
Eq. (2.36), with favoured /unfavoured normalisations and a free parameter M¢, following
Refs. [85, 86]. Scale evolution was included through a simplified DGLAP treatment of
the collinear components; full TMD evolution in the Collins—Soper—Sterman approach, al-
ready available for ete™, is left for future phenomenology, in line with current indications

that evolution effects are mild for spin and azimuthal asymmetries.

For FCC—ee kinematics (Table 2.2), we showed central-value estimates of (do"™ | n, 1)
at fixed Q% and analogous results for ( Azz|n,1). In the considered setups, the unpo-
larised azimuthal moments are small but in some cases reach a few percent in size and
may be within experimental reach; Ay; moments are at the per—mille level and likely
unmeasurable. Their size depends on weighted combinations of Collins and unpolarised
FFs and on prefactors related to Ay, and By, with a crucial dependence on the Q2
rp and & ranges. A complete exploration of phase space is necessary to maximise the
moments while avoiding excessive suppression of the unpolarised cross section; this study
is in progress. The same formalism can be applied to photon—photon scattering in lin-
ear lepton colliders with Compton back—scattered photons, and extended to hadron pairs
including spin—1/2 particles (e.g. A), allowing studies of spontaneous A polarisation and
quark—flavour effects. We also extended the calculation to hadron—pair production in colli-
sions of two quasi-real photon at lepton colliders, implementing the same methodology as
in the v*~ case and deriving compact expressions for the differential cross section, the dou-
ble—-longitudinal asymmetry A;; and their azimuthal moments. An analogous computa-
tion was performed for inclusive hadron—pair production in ultraperipheral heavy—-ion col-
lisions within the Equivalent Photon Approximation, using both the thrust—axis method
and the Gottfried—Jackson frame, obtaining results parallel to the lepton—collider case.
The feasibility ultimately depends on achievable luminosities and centre—of-mass energies

in the photon—photon mode and should be assessed in future collider studies.

Inclusive Higgs production in proton—proton collisions provides a clean and sensitive
probe of the unpolarised gluon TMD f{(x,k ). In the small-gr region the cross section
factorises into a hard function and a convolution of two gluon TMDs with the soft factor
and Collins—Soper evolution, making the Higgs g distribution directly sensitive to f{
(with possible modifications from hfg ). Methodologically, the perturbative ingredients
for gluon TMDs (matching and evolution) are available at high accuracy and can be

deployed consistently in precision phenomenology.

We implemented a TMD analysis of Higgs production using NANGAPARBAT. The

calculation is performed in by space, with evolution and matching organised through the
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b, prescription and a nonperturbative factor fyp; the Hankel transform is evaluated effi-
ciently via the Ogata quadrature, allowing precomputation of weights and fast predictions.
The modular structure ensures a like—for—like comparison across datasets while keeping
factorisation and evolution consistent. Fiducial selections are incorporated through a
phase-space reduction factor P, and the comparison to data uses a x> = x% + x3 with
shifted theory curves for visualisation of correlated systematics.

We confronted these predictions with ATLAS and CMS measurements of the Higgs
transverse-momentum spectrum in the 77y and 4¢ channels (and their combinations),
restricting to the TMD-validity region ¢r/Q < 0.3 and retaining 36 data points. As a
preliminary consistency test, we adopted the DWS ansatz for fyp with (g1,¢92) = (1,1)
and performed a central-replica fit at N3LL accuracy. The overall quality, x? ~ 2.10, is
mixed but encouraging: several spectra are well described (e.g. ATLAS Run II H — 44),
while others (e.g. CMS Run II H — 4¢ and ATLAS 8 TeV H — ~+) drive the tension.
This pattern suggests genuine sensitivity of current data to TMD effects, but also points
to limited flexibility in the present non-perturbative model.

These results motivate a refined analysis with more flexible parametrisations of fyp,
an improved handling of uncorrelated uncertainties and a more detailed implementation
of fiducial cuts. Within such an enhanced setup, the same methodology can enable robust
extractions of the unpolarised gluon TMD from Higgs qr spectra with quantified theo-
retical and experimental uncertainties, while continued work on photon—photon channels
can tighten constraints on TMD fragmentation functions within a unified helicity—based

framework.
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