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Fundamental Thermo–Visco Mechanical Interactions Governing the Acoustic Response of Laser-Excited
Nanoparticles
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• Coupled thermo-visco-acoustic model for laser-
heated spherical particles.

• Two emission regimes: thermophone (low-f) and
mechanophone (high-f).

• Interfacial thermal resistance governs the
crossover frequency.

• Laser-activated particles enable biomedical pho-
toacoustic applications.
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Abstract

In this work, we investigate the thermoacoustic generation and propagation of spherical waves in a viscous fluid in-
duced by a laser-heated spherical particle. Periodic laser excitation gives rise to two coupled mechanisms of acoustic
emission. Heat transfer from the particle to the surrounding fluid produces periodic compressions and rarefactions,
giving rise to the thermophone effect, while periodic thermal expansion of the solid particle modulates its radius
and launches acoustic waves through a piston-like action, known as the mechanophone effect. The thermophone
contribution dominates at low frequencies, whereas the mechanophone mechanism becomes more relevant at higher
frequencies, with the crossover governed by the interfacial thermal resistance at the solid–fluid boundary. We inves-
tigate the effect of nanoparticle embedding fluid viscosity on acoustic wave propagation. Viscous dissipation has a
significant impact on attenuation and substantially alters the acoustic penetration depth, thereby affecting the effec-
tiveness of the signal transmission. Viscous damping plays a key role in the mechanophone effect, where hypersonic
frequency waves are generated, notably by photoacoustic excitation with picosecond and subpicosecond laser pulses.
We develop a theoretical model based on the coupled conservation equations of mass, momentum, and energy in both
phases, explicitly accounting for thermal diffusion and viscous losses. The reciprocal coupling between thermal and
acoustic fields is fully described, allowing us to quantify how frequency and fluid viscosity jointly control the pene-
tration length of the generated acoustic waves in realistic media. Finally, we discuss the implications for theranostics,
highlighting how ensembles of laser-activated particles embedded in biological tissue may be optimized for diagnostic
and therapeutic applications.
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1. Introduction

The generation of acoustic waves in fluids—whether
liquid or gaseous—is a fundamental phenomenon un-
derlying a broad range of technological and scientific
applications. From traditional sound emission systems
to modern, non-invasive imaging and diagnostic tools,
acoustic generation plays a central role across disci-
plines such as biomedicine, industrial non-destructive
evaluation, and underwater communication [1].

Among the various mechanisms for producing acous-
tic waves, the piezoelectric effect, discovered in 1880
[2], has long been the cornerstone of acoustic trans-
duction technologies. Its foundational principles, estab-

lished through the works of Lippmann, Voigt, Langevin,
and others [3–8], have supported a century of innova-
tion in both sensing and actuation. Despite the matu-
rity of piezoelectric technology, limitations in frequency
bandwidth have motivated the exploration of alternative
approaches. In aqueous media, for example, the oper-
ational range of piezoelectric transducers typically re-
mains confined to 50–200 MHz, with only a few excep-
tional realizations extending to about 300 MHz [9–11].

To overcome these constraints, novel strategies have
been introduced, notably capacitive micromachined ul-
trasonic transducers (CMUTs), where the acoustic sig-
nal is produced by the electrostatic attraction between



capacitor plates [12]. The issue of bandwidth became
particularly pressing with the development of nanores-
onators, whose dimensions—on the order of tens of
nanometers—naturally give rise to vibrational modes in
the hypersonic frequency range [13, 14].

The pursuit of broadband acoustic sources suitable
for mesoscopic and nanoscopic scales has consequently
revived interest in thermoacoustic mechanisms, in par-
ticular the thermophone effect. In its simplest descrip-
tion, a transducer periodically heated while in con-
tact with a fluid induces a temperature field oscillation
within the latter. The resulting thermal expansion and
contraction generate pressure fluctuations that propa-
gate as sound waves. Because it does not rely on any
resonance phenomenon, this mechanism inherently sup-
ports a wide frequency spectrum.

Heat can be supplied to the transducer either by elec-
trical driving—where the conversion process is tradi-
tionally called the thermophone effect—or by optical
illumination, which gives rise to the photophone, pho-
tothermal, or photoacoustic effects. Interestingly, both
concepts were discovered contemporaneously with the
piezoelectric effect but developed independently, form-
ing distinct research branches in acoustic generation
(thermophone: Refs. [15–19]; photophone: Refs. [20–
27]).

For many decades, however, thermoacoustic genera-
tion remained limited in efficiency due to the absence of
suitable materials combining high thermal conductivity
with low volumetric heat capacity. The advent of nan-
otechnology has dramatically changed this landscape.
New classes of nanostructured materials—exhibiting
excellent thermomechanical properties—have enabled
efficient thermophone-based transducers [28–31]. Ex-
amples include carbon nanotube assemblies [32–38],
metallic micro- and nanowires made of aluminum, gold,
or silver [39–41], as well as graphene films and boron
nitride foams [42–48].

The resurgence of thermoacoustic approaches, often
through photoacoustic realizations, has in turn stimu-
lated significant theoretical and modeling efforts aimed
at optimizing energy conversion efficiency. Early quan-
titative models—developed for photoacoustic spec-
troscopy, microscopy, and imaging—provided a foun-
dational understanding of the coupling between thermal
and acoustic fields [49–52]. Notably, the concept of
the piston model, introduced in Ref. [52], established
a key framework for interpreting the emission dynamics
of photo-thermoacoustic sources.

Subsequent investigations have focused on improv-
ing the high-frequency response of the thermophone. It
is now well established that the thermal diffusion length

in the fluid scales as ω−1/2, where ω denotes the modu-
lation angular frequency. As a result, at increasing fre-
quencies, the thermal wave becomes confined near the
solid–fluid interface, thereby reducing the amplitude of
the generated acoustic wave and diminishing the overall
efficiency of the process [53–65].

Recently, a complementary mechanism—termed the
mechanophone—has been proposed to explain ther-
moacoustic generation in this high-frequency regime
[66–68]. In contrast to the thermophone, where heat
flux into the fluid directly drives compressional waves,
the mechanophone effect arises from the thermoelas-
tic oscillations within the solid itself. These inter-
nal stress–strain dynamics are mechanically transmitted
across the interface, launching acoustic waves into the
surrounding medium. Numerical and theoretical studies
have made it possible to understand certain aspects of
this process in the time domain or for one-dimensional
structures [66–68]; however, a comprehensive analyt-
ical description is still lacking for spherical nanopar-
ticles, particularly concerning the effects of fluid vis-
cosity. Such a formulation would enable a clear iden-
tification of the governing parameters that control the
transition between the thermophone and mechanophone
regimes, ultimately guiding the rational design of effi-
cient thermoacoustic nanotransducers operating at high
frequencies.

This point is crucial since laser-activated particles
have emerged as versatile tools for biomedical appli-
cations, bridging therapeutic and diagnostic domains
through controlled energy conversion at the microscale
(see Fig. 1, left panel). When illuminated by an exter-
nal laser, these particles can efficiently transform opti-
cal energy into localized heat or generate acoustic waves
via thermoelastic transduction [69–73]. Such dual func-
tionality enables two complementary applications: lo-
calized hyperthermia or photothermal therapy for treat-
ment, and photoacoustic or ultrasonic imaging for diag-
nosis [74–77].

In therapeutic contexts, localized heating of tissue is
used to selectively ablate or weaken pathological cells
while minimizing collateral damage to healthy regions.
The desired temperature range typically lies between
42–45 °C for mild hyperthermia or exceeds 50 °C for
photothermal ablation [75, 78]. Gold-based nanoparti-
cles, including nanospheres, nanorods, and nanoshells,
are particularly efficient photothermal transducers ow-
ing to their strong plasmonic absorption in the near-
infrared (NIR) spectral window, where optical pen-
etration in biological tissues is maximized [79, 80].
Other materials, such as iron oxide (Fe3O4), carbon
nanotubes, or semiconducting nanostructures, have also
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Figure 1: Left panel: population of spherical gold nanoparticles used for therapeutic and/or diagnostic (theranostic) biomedical applications,
embedded in a biological tissue. Right panel: single spherical gold nanoparticle immersed in a viscous fluid (water), activated by a laser light
pulse, and generating a thermoacoustic wave in the surrounding environment. The interfacial thermal resistance (also known as Kapitza resistance)
regulates the heat flow between particle and fluid by controlling the thermoacoustic generation process.

been employed for magnetothermal or photothermal
treatments [81]. Typical particle diameters range from
5 nm to 700 nm, balancing optical absorption efficiency,
tissue penetration, and biocompatibility [82].

Beyond therapy, these same particles serve as con-
trast agents. Under pulsed laser excitation, transient
heating induces rapid thermoelastic expansion, produc-
ing acoustic waves that can be detected to reconstruct
high-contrast images of tissue architecture and molec-
ular composition [83–88]. Materials with high opti-
cal absorption and low heat capacity—such as gold
nanorods, carbon-based nanoparticles, or metal–organic
frameworks—enhance the photoacoustic signal inten-
sity by efficiently coupling light absorption to acous-
tic emission [89–91]. In ultrasound imaging, micro- or
nanoparticles can also improve acoustic scattering con-
trast, providing complementary diagnostic information
[92].

Using localized particles embedded in tissue offers
substantial advantages compared to external transduc-
ers or heating devices. First, the spatial precision of en-
ergy deposition can be greatly enhanced, enabling selec-
tive treatment or imaging of specific microregions. Sec-
ond, internal particles minimize attenuation losses and
thermal diffusion, allowing efficient heating or acoustic
generation even in optically or acoustically challenging
environments. Third, these systems allow multimodal
operation, where the same agent can both generate di-
agnostic photoacoustic signals and provide therapeutic
heating—an approach often termed theranostics [93].

Finally, the possibility of targeted delivery—through
surface functionalization with antibodies, peptides, or
ligands—enables selective accumulation in tumors or
diseased tissues, further enhancing treatment specificity
[94].

Nevertheless, several limitations must be considered.
Biocompatibility and toxicity remain major concerns, as
metallic or inorganic nanoparticles may induce oxida-
tive stress, inflammation, or long-term accumulation in
organs such as the liver and spleen [95, 96]. The het-
erogeneous distribution of particles within tissues may
lead to uneven heating and reduced therapeutic control.
Furthermore, the optical attenuation of tissues restricts
laser penetration depth, limiting the effective treatment
or imaging volume. Addressing these challenges re-
quires careful design of particle size, coating, and com-
position to optimize stability, biodistribution, and clear-
ance [97, 98].

Overall, the use of embedded laser-activated par-
ticles represents a promising direction for localized
and minimally invasive photoacoustic and photother-
mal therapies. Understanding the underlying thermoa-
coustic generation mechanisms—including both heat
diffusion–driven (thermophone) and particle expan-
sion–driven (mechanophone) effects—is crucial for op-
timizing their performance and expanding their biomed-
ical applicability.

In this work, we develop a theoretical framework to
quantify the thermoacoustic fields generated within and
around a single solid laser-excited particle, such as a
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gold sphere, embedded in a surrounding viscous fluid,
for example, water (see Fig. 1, right panel). The model
simultaneously accounts for the balance equations of
mass, linear momentum, and energy in both phases,
thereby capturing the full thermomechanical coupling
of the system [99, 100]. At the solid–fluid interface, we
enforce the continuity of the normal mechanical trac-
tion, thermal flux, and velocity field. A temperature
discontinuity is present, however, due to the effect of
an interfacial thermal resistance (also known as Kapitza
resistance), which quantifies the impediment to heat
transfer across the interface between dissimilar mate-
rials [101–103] (see Fig. 1, right panel). This effect
can be regarded as one of the possible boundary con-
ditions describing an imperfect interface for transport
processes [104–106]. A uniform time-harmonic heat-
ing condition at angular frequency ω is imposed on the
particle to represent the energy input from a laser ex-
citation source. The resulting coupled field equations
admit an analytical solution, from which the complete
temperature, heat flux, velocity, and pressure distribu-
tions—both inside the solid particle and in the surround-
ing fluid—can be explicitly determined. Importantly,
the proposed model accounts for the viscosity of the sur-
rounding fluid medium (in addition to that of the spher-
ical particle, whose contribution is comparatively mi-
nor). Viscous effects are examined in detail because
they play a central role in determining the penetration
depth of acoustic waves and, consequently, their po-
tential therapeutic or diagnostic applications. We show
how the interplay between frequency and viscosity gov-
erns the acoustic penetration length in realistic media.

Frequency-sweep analysis remains a fundamental
tool for investigating photoacoustic phenomena induced
by pulsed laser excitation. Indeed, a pulsed laser source
can be interpreted in the Fourier domain as a superposi-
tion of time-harmonic components spanning an angular-
frequency range from 0 up to approximately τ−1, where
τ denotes the laser pulse duration. Since the hypersonic
acoustic modes associated with the mechanophonic ef-
fect extend up to the frequency range of 1011 rad/sec,
the generation of such waves in water requires laser
pulses with a duration of the order of picoseconds or
less, rather than pulses of the order of nanoseconds. At
these ultrahigh frequencies, dissipative effects arising
from fluid viscosity become crucial and must be explic-
itly accounted for in the acoustic response.

As mentioned earlier, two distinct phenomena can be
identified: at low frequencies, the thermoacoustic re-
sponse is dominated by the thermophone mechanism,
whereas at high frequencies, the mechanophone contri-
bution becomes predominant [66–68]. To demonstrate

this behavior, we perform two separate analyses. In the
first one, the thermal expansion coefficient of the solid
is set to zero so that acoustic waves in the fluid arise
solely from thermal compression and expansion within
the fluid itself (pure thermophone regime). In the sec-
ond analysis, the thermal expansion coefficient of the
fluid is set to zero, allowing the generation of acous-
tic waves only through the periodic modulation of the
particle size induced by internal thermal stresses (pure
mechanophone regime). When both thermal expansion
coefficients are assigned their realistic values, the full
solution of the coupled problem is recovered. This anal-
ysis is carried out over a broad frequency range, en-
abling us to track how the crossover between the two
mechanisms shifts with the variation of the Kapitza re-
sistance. The proposed comprehensive solution allows
for the examination of all thermoacoustic fields within
the system and thus provides valuable insight for opti-
mizing its performance as a function of tunable param-
eters, such as particle radius, interfacial (Kapitza) resis-
tance—modifiable through surface functionalization—,
the fluid viscosity, and the frequency and intensity of
the laser excitation. Finally, a refined analysis of the
resonance frequencies emerging in the high-frequency
regime is presented, and the effects of the fluid viscos-
ity are thoroughly examined.

2. Problem statement

We introduce here the general balance equations de-
scribing the coupling of the thermal and mechanical
fields in fluid and solid phases, respectively. Then, we
show how these equations are simplified for studying
the time-harmonic regime in a spherical geometry.

Concerning the fluid medium, the set of equations
takes into account the conservation of mass, momen-
tum, and energy, which can be written as [99]

1
B0

∂p
∂t
= α0

∂T
∂t
− ∇⃗ · v⃗,

ρ0
∂v⃗
∂t
= −∇⃗p + η0∇

2v⃗ + (ξ0 + η0)∇⃗(∇⃗ · v⃗), (1)

ρ0Cp0
∂T
∂t
= κ0∇

2T + α0Te
∂p
∂t
,

where the pressure p [Pa], the temperature variation
T [K] and the particle velocity vector v⃗ [m/s] are the
main variables depending on time t [s] and space r⃗ [m].
Moreover, ρ0 is the density [kg/m3], B0 the bulk mod-
ulus [Pa], α0 the coefficient of volumetric expansion
[1/K], η0 and ξ0 the first and second viscosity coeffi-
cients [Pa·s], Cp0 the specific heat at constant pressure
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[J/(kg·K)], Te the ambient or equilibrium temperature
[K] and, finally, κ0 the thermal conductivity [W/(m·K)].
Subscript 0 means that the parameters refer to the fluid
phase outside the spherical particle. Similar parameters
with subscript 1 will be introduced for the particle it-
self. It is important to remark that the balance equations
given in Eq.(1) represent the combination of the lin-
earized classical conservation laws with the linearized
constitutive equations of the material. This lineariza-
tion can be easily justified in our context since thermo-
acoustic waves are usually represented by small varia-
tions of the relevant quantities around given equilibrium
values. As an example, T is the variation of tempera-
ture with respect to its equilibrium value Te (the actual
temperature being equal to T + Te). This means that
|T | ≪ Te must always hold, and a similar relationship
must be verified for each physical field.

A similar set of equations can be written for the solid
medium by introducing the particle displacement vec-
tor u⃗ [m], the Lamé elastic coefficients λ1 and µ1 [Pa],
the specific heat at constant volume Cv1 [J/(kg·K)], the
externally applied body forces b⃗1 [N] and the supplied
thermal power density Q1 [W/m3]. The other parame-
ters used for the solid have the same meaning as those
introduced for fluids, with the only change being the in-
dex from 0 to 1. The classical continuum mechanics
delivers [100]

ρ1
∂2u⃗
∂t2 = (λ1 + µ1)∇⃗(∇⃗ · u⃗) + µ1∇

2u⃗ + b⃗1

+ (ξ1 + η1)∇⃗(∇⃗ · v⃗) + η1∇
2v⃗ − α1B1∇⃗T, (2)

ρ1Cv1
∂T
∂t
= κ1∇

2T − α1B1
∂

∂t

(
∇⃗ · u⃗

)
Te + Q1,

which is the system of equations governing the thermo-
elasticity under the hypotheses of small deformation
ε̂ = 1/2(∇⃗u⃗ + ∇⃗u⃗T ), and small temperature variations
T around Te. While the first equation represents the
momentum conservation, the second one describes the
energy balance. We remark that in the solid medium we
always have v⃗ = ∂u⃗/∂t, and B1 = λ1 + (2/3)µ1. Fur-
thermore, we underline that the power density Q1, en-
tering the active solid medium, will represent the energy
supplied to the system and converted into an acoustical
wave through the photo-thermo-acoustic coupling. Typ-
ically, Q1 will be generated by the photothermal effect,
induced by a laser pulse. Used in different applications,
not discussed in this context, we can also mention the
Joule effect, induced by an electric current applied to
the active material.

We finally remember that in both fluid and solid me-
dia the thermodynamic relation ρi(Cpi − Cvi) = α2

i BiTe

(i = 0, 1) is always satisfied.
We now introduce the harmonic time-dependence

through the substitution ∂/∂t → iω, and the spheri-
cal symmetry by means of the results discussed in Ap-
pendix A. For the fluid around the spherical particle, we
obtain

iω
B0

p = α0iωT −
1
r2

d
dr

(
r2v

)
, (3)

iωρ0v = −
dp
dr
+ (ξ0 + 2η0)

d
dr

[
1
r2

d
dr

(
r2v

)]
, (4)

iωρ0Cp0T = κ0
1
r2

d
dr

(
r2 dT

dr

)
+ iωα0Te p. (5)

Similarly, for the spherical solid particle, we have under
the same assumptions

−ω2ρ1u =
(
λ1 + 2µ1

iω
+ ξ1 + 2η1

)
d
dr

[
1
r2

d
dr

(
r2v

)]
− α1B1

dT
dr
, (6)

iωρ1Cv1T =κ1
1
r2

d
dr

(
r2 dT

dr

)
− α1B1iωTe

1
r2

d
dr

(
r2u

)
+ Q1, (7)

where v = iωu, and we assumed b⃗1 = 0, i.e. absence of
body forces.

It is important to stress that any thermoacoustic field
F (r, t) is finally obtained in the form F (r, t) = Fe +

Re
[
F (r)eiωt

]
, where Fe is the equilibrium value used in

the linearization of balance and constitutive equations,
and F (r) is the complex solution obtained from Eqs.(3),
(4), and (5), for the fluid and Eqs.(6), (7) for the solid
particle. Of course, the field F corresponds to the tem-
perature, the velocity, the normal stress or the heat flux.

3. Solution within the external viscous fluid

We obtain here the general solution for the thermoa-
coustic fields in the fluid phase described by Eqs. (3),
(4), and (5). From Eq. (3), we get

p = α0B0T −
B0

iω
1
r2

d
dr

(
r2v

)
, (8)

dp
dr
= α0B0

dT
dr
−

B0

iω
d
dr

[
1
r2

d
dr

(
r2v

)]
. (9)

Now, we substitute Eq.(8) in Eq.(5), and Eq.(9) in
Eq.(4). In the relation obtained by substituting Eq.(8) in
Eq.(5), we apply the thermodynamic relation ρ0(Cp0 −
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Cv0) = α2
0B0Te, and we obtain

iωρ0Cv0T = κ0
1
r2

d
dr

(
r2 dT

dr

)
− α0B0Te

1
r2

d
dr

(
r2v

)
.

(10)

The relation obtained by inserting Eq.(9) in Eq.(4) can
be simplified as follows

iωρ0v = − α0B0
dT
dr

+

(B0

iω
+ ξ0 + 2η0

) d
dr

[
1
r2

d
dr

(
r2v

)]
. (11)

At this point, we can determine the quantity 1
r2

d
dr

(
r2v

)
from Eq.(10), and we get

1
r2

d
dr

(
r2v

)
= −

iωρ0Cv0

α0B0Te
T +

κ0
α0B0Te

1
r2

d
dr

(
r2 dT

dr

)
.

(12)

Then, we substitute this result into Eq.(11), eventually
obtaining the expression of the velocity in terms of the
temperature only. We obtain

v = Lα0
dT
dr
+L

β
0

d
dr

(DT ) , (13)

where we introduced the coefficients

Lα0 = −
α0B0

iωρ0
−

(B0

iω
+ ξ0 + 2η0

) Cv0

α0B0Te
, (14)

L
β
0 =

1
iωρ0

(B0

iω
+ ξ0 + 2η0

)
κ0

α0B0Te
, (15)

and the operator

D f (r) =
1
r2

d
dr

(
r2 d f

dr

)
. (16)

We can see from Eqs. (8) and (13) that if we know the
temperature profile T (r), then we can also calculate ve-
locity and pressure functions v(r) and p(r). Hence, we
look for a pure equation in the temperature. To do this,
we apply the operator 1

r2
d
dr

(
r2•

)
to Eq.(11), and then we

substitute Eq.(12) in the resulting expression. We even-
tually obtain the following equation for the temperature
behavior(B0

iω
+ ξ0 + 2η0

)
κ0D2T

−

[
iωρ0Cv0

(B0

iω
+ ξ0 + 2η0

)
+ iωρ0κ0 + α

2
0B2

0Te

]
DT

− ω2ρ2
0Cv0T = 0. (17)

This equation can be written in the simplified form
a0D2T + b0DT + c0T = 0, where a0, b0, and c0 can be
identified by means of Eq.(17). Interestingly, the same
equation can be also rewritten as (D−ϑ2

0T )(D−ϑ2
0A)T =

0, where ϑ0T and ϑ0A are the solutions of the algebraic
equation a0ϑ

2 + b0ϑ + c0 = 0. The two subscripts A
and T identify the acoustic and thermal modes of the
process, respectively. This entails assuming ϑ0T , ϑ0A

on the basis of the typical physical parameters. We re-
mark that the two operators D − ϑ2

0T and D − ϑ2
0A are

commuting, as can be easily verified, and therefore the
solutions of Eq.(17) are the linear combinations of the
solutions of the two reduced equations (D − ϑ2

0T )T = 0
and (D − ϑ2

0A)T = 0.
Therefore, we search now the solution of the equation

(D − ϑ2)T = 0, for an arbitrary ϑ, which corresponds to

1
r2

d
dr

(
r2 dT

dr

)
− ϑ2T = 0, (18)

or

d2T
dr2 +

2
r

dT
dr
− ϑ2T = 0. (19)

By using the substitution T (r) = S (r)/r, we obtain the
following simple equation for S (r)

d2S
dr2 − ϑ

2S = 0, (20)

with solutions

S (r) = e±ϑr, T (r) =
1
r

e±ϑr. (21)

Finally, the general solution for Eq.(17) is given by

T (r) =
M0

r
e+ϑ0T r +

E0

r
e−ϑ0T r +

N0

r
e+ϑ0Ar +

F0

r
e−ϑ0Ar,

(22)

where ϑ0T and ϑ0A are the roots of the associated
second-degree equation, and we introduced the un-
known coefficients M0, E0, N0, and F0. If we de-
fine the values of ϑ0T and ϑ0A such that Re(ϑ0T ) < 0,
Im(ϑ0T ) < 0, and Re(ϑ0A) < 0, Im(ϑ0A) < 0, we will
have E0 = 0 and F0 = 0. In fact, the exponentials
with a plus sign in Eq.(22) represent progressive waves
(along the increasing radius) with decreasing amplitude
(induced by dissipative phenomena: viscosity and ther-
mal conduction). In contrast, exponentials with a neg-
ative sign are regressive waves that are not physically
acceptable in our case, where the source is represented
only by the central solid sphere. Hence,

T (r) =
M0

r
e+ϑ0T r +

N0

r
e+ϑ0Ar. (23)
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It means that we will have to determine the two con-
stants M0 and N0 to characterize the thermoacoustic re-
sponse within the fluid.

We can use Eq.(13) to determine the velocity field. If
we consider the general expression T (r) = 1

r e+ϑr, it can
be easily proved that

dT
dr
=

1
r2 e+ϑr(ϑr − 1), (24)

d
dr

(DT ) = ϑ2 dT
dr
=
ϑ2

r2 e+ϑr(ϑr − 1). (25)

Therefore, the velocity assumes the form

v(r) =
M0

r2 e+ϑ0T r
(
Lα0 +L

β
0ϑ

2
0T

)
(ϑ0T r − 1)

+
N0

r2 e+ϑ0Ar
(
Lα0 +L

β
0ϑ

2
0A

)
(ϑ0Ar − 1). (26)

We can also define the heat flux field through the re-
lation q(r) = −κ0 dT

dr . By using Eqs.(23) and (24), we
obtain

q(r) = − κ0
M0

r2 e+ϑ0T r(ϑ0T r − 1) (27)

− κ0
N0

r2 e+ϑ0Ar(ϑ0Ar − 1). (28)

To conclude, we can find the complete expression
for the pressure field. We use Eq.(8) combined with
Eqs.(23) and (26), and we get

p(r) =
M0B0

r
e+ϑ0T r

[
α0 −

1
iω

(
Lα0 +L

β
0ϑ

2
0T

)
ϑ2

0T

]
+

N0B0

r
e+ϑ0Ar

[
α0 −

1
iω

(
Lα0 +L

β
0ϑ

2
0A

)
ϑ2

0A

]
.

(29)

An equivalent simplified form can be obtained by sub-
stituting Eq. (12) into Eq. (3), and using again ρ0(Cp0 −

Cv0) = α2
0B0Te, as follows

p(r) =
M0

r
e+ϑ0T r iωρ0Cp0 − κ0ϑ

2
0T

iωα0 TE

+
N0

r
e+ϑ0Ar iωρ0Cp0 − κ0ϑ

2
0A

iωα0 TE
. (30)

This quantity represents the pressure corresponding to
the isotropic stress tensor σ̂p = −pÎ. However, it is
important to also consider the stress tensor σ̂v related to
the viscous response of the fluid, which is defined as

σ̂v = 2η0D̂ + ξ0 ÎtrD̂, (31)

where D̂ = 1
2

(
∇⃗v⃗ + ∇⃗v⃗T

)
is the rate of deformation (or

strain rate tensor). In our geometry with spherical sym-
metry, the velocity field is given by v⃗ = r⃗

r v(r), and there-
fore, we calculate the derivative

∂vi

∂x j
= δi, j

v
r
+ xix j

r dv
dr − v

r3 , (32)

and therefore we get

Di, j =
1
2

(
∂vi

∂x j
+
∂v j

∂xi

)
= δi, j

v
r
+ xix j

r dv
dr − v

r3 . (33)

From this expression, we easily obtain the trace of D̂ as

trD̂ =
dv
dr
+ 2

v
r
=

1
r2

d
dr

(
r2v

)
. (34)

Now, the total stress tensor in the fluid is given by σ̂tot =

σ̂p + σ̂v, and then the total radial traction is calculated
as p̃ = n⃗ · σ̂totn⃗, where n⃗ = r⃗/r. More explicitly, we have

p̃(r) = −p + (ξ0 + 2η0)
dv
dr
+ 2ξ0

v
r
, (35)

where we used the property n⃗ · D̂n⃗ = Di, jnin j =
dv
dr .

By using Eq.(8), and considering the second equality in
Eq.(34), we obtain the traction expression

p̃ =
(
ξ0 + 2η0 +

B0

iω

) dv
dr
+ 2

(
ξ0 +

B0

iω

) v
r
− α0B0T,

(36)

which delivers the following final result

p̃(r) =M0e+ϑ0T r
[
−
α0B0

r

+
2
r3

(
ξ0 +

B0

iω

) (
Lα0 +L

β
0ϑ

2
0T

)
(ϑ0T r − 1)

+
1
r3

(
ξ0 + 2η0 +

B0

iω

) (
Lα0 +L

β
0ϑ

2
0T

)
×

(
ϑ2

0T r2 − 2ϑ0T r + 2
)]

+ N0e+ϑ0Ar
[
−
α0B0

r

+
2
r3

(
ξ0 +

B0

iω

) (
Lα0 +L

β
0ϑ

2
0A

)
(ϑ0Ar − 1)

+
1
r3

(
ξ0 + 2η0 +

B0

iω

) (
Lα0 +L

β
0ϑ

2
0A

)
×

(
ϑ2

0Ar2 − 2ϑ0Ar + 2
)]
. (37)

We will discuss the boundary conditions fulfilled by
these fields after the study of the same quantities within
the solid spherical particle.
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4. Solution within the spherical particle

We search now for the solution of the thermoelas-
tic fields within the spherical particle described by Eqs.
(6) and (7). To begin, we can determine the quantity
1
r2

d
dr

(
r2v

)
from Eq.(7) (we remember that v = iωu), and

we get

1
r2

d
dr

(
r2v

)
=

κ1
α1B1Te

DT −
iωρ1Cv1

α1B1Te
T +

Q1

α1B1Te
,

(38)

We suppose now that the heat source applied to the par-
ticle is uniformly distributed within the whole volume,
and therefore we assume that dQ1

dr = 0. We can now
substitute Eq.(38) into Eq.(6), eventually obtaining

v = Lα1
dT
dr
+L

β
1

d
dr

(DT ) , (39)

where we introduced the coefficients

Lα1 = −
α1B1

iωρ1
−

(
λ1 + 2µ1

iω
+ ξ1 + 2η1

)
Cv1

α1B1Te
, (40)

L
β
1 =

1
iωρ1

(
λ1 + 2µ1

iω
+ ξ1 + 2η1

)
κ1

α1B1Te
, (41)

and the operator DT is defined in Eq.(16). To obtain a
pure equation in the temperature field, we can combine
Eq.(39) with Eq.(38), and we get(

λ1 + 2µ1

iω
+ ξ1 + 2η1

)
κ1D2T

−

[
iωρ1Cv1

(
λ1 + 2µ1

iω
+ ξ1 + 2η1

)
+ iωρ1κ1

+α2
1B2

1Te

]
DT − ω2ρ2

1Cv1T = iωρ1Q1, (42)

which is the solid counterpart of Eq.(17), previously ob-
tained for the fluid medium. The only differences be-
tween the equations for solid and fluid are the presence
of λ1 + 2µ1 instead of B0, and the presence of the term
depending on the heat Q1, entering the spherical parti-
cle. As before, the obtained equation for T can be writ-
ten in the simplified form a1D2T + b1DT + c1T = 0,
where a1, b1, and c1 can be identified by means of
Eq.(42). Therefore, the equation can be also rewritten
as (D − ϑ2

1T )(D − ϑ2
1A)T = 0, where ϑ1T and ϑ1A are the

solutions of the algebraic equation a1ϑ
2 + b1ϑ + c1 = 0.

We remember that the two subscripts A and T identify
the acoustic and thermal modes of the process, respec-
tively.

We can follow the same procedure introduced for the
fluid equation, and we obtain the following temperature
solution for the solid sphere

T (r) =
V1

r
e+ϑ1T r +

E1

r
e−ϑ1T r

+
W1

r
e+ϑ1Ar +

F1

r
e−ϑ1Ar +

Q1

iωρ1Cv1
, (43)

where we introduced the coefficients V1, E1, W1 and F1.
We remark that the particular solution (last term) has
been obtained by considering the homogeneity of Q1
within the sphere. We define the values of ϑ1T and ϑ1A

such that Re(ϑ1T ) < 0, Im(ϑ1T ) < 0, and Re(ϑ1A) < 0,
Im(ϑ1A) < 0. Within the particle, we can consider both
progressive and regressive radial waves (characterized
by the positive and negative sign in the exponent, re-
spectively) as the interface between solid and fluid al-
lows for thermal and mechanical reflections. By means
of Eq.(39), we can find the corresponding solution for
the velocity field. Straightforward calculations based on
Eqs. (24) and (25) deliver the expression

v(r) =
(
Lα1 +L

β
1ϑ

2
1T

)
×

V1e+ϑ1T r(ϑ1T r − 1) − E1e−ϑ1T r(ϑ1T r + 1)
r2

+
(
Lα1 +L

β
1ϑ

2
1A

)
×

W1e+ϑ1Ar(ϑ1Ar − 1) − F1e−ϑ1Ar(ϑ1Ar + 1)
r2 .

(44)

We remark that the entering heat Q1 does not directly af-
fect the velocity field since it is uniform, and v depends
directly on the derivative dT/dr. Within the particle,
we need to avoid singularities in both T (r) and v(r) for
r → 0, and then there are some conditions to be imposed
on the introduced coefficients. Since for small values of
x we have ex ∼ 1 + x, from Eq.(43) we obtain the first
order development

T (r) ∼
V1 + E1 +W1 + F1

r
+ (V1 − E1)ϑ1T

+ (W1 − F1)ϑ1A +
Q1

iωρ1Cv1
, (45)

which is valid for small values of r. Therefore, we have
to impose the relationship V1 + E1 + W1 + F1 = 0 to
eliminate the singularity for r → 0 of type 1/r. We can
perform a similar analysis for the velocity field. In this
case, the first-order development for small values of r is
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given by

v(r) ∼
(
Lα1 +L

β
1ϑ

2
1T

)
(V1 + E1)

ϑ2
1T r2/2 − 1

r2

+
(
Lα1 +L

β
1ϑ

2
1A

)
(W1 + F1)

ϑ2
1Ar2/2 − 1

r2 . (46)

Therefore, to eliminate the singularity of type 1/r2

we have to impose
(
LA

1 +L
B
1ϑ

2
1T

)
(V1 + E1) +(

LA
1 +L

B
1ϑ

2
1A

)
(W1+F1) = 0. Combining the conditions

obtained for the temperature and velocity fields, assum-
ing that ϑ1T , ϑ1A, we deduce that we must satisfy the
relations

V1 + E1 = 0, (47)
W1 + F1 = 0. (48)

These conditions help us to simplify the form of
Eqs.(43) and (44). We introduce M1 = 2V1 and N1 =

2W1, finally obtaining

T (r) =M1
sinh (ϑ1T r)

r
+ N1

sinh (ϑ1Ar)
r

+
Q1

iωρ1Cv1
, (49)

v(r) =M1

(
Lα1 +L

β
1ϑ

2
1T

)
×
ϑ1T r cosh (ϑ1T r) − sinh (ϑ1T r)

r2

+ N1

(
Lα1 +L

β
1ϑ

2
1A

)
×
ϑ1Ar cosh (ϑ1Ar) − sinh (ϑ1Ar)

r2 . (50)

In addition to these fields, we can introduce the heat
flow and the radial traction, which are useful for impos-
ing the boundary conditions later. The heat flux is intro-
duced through the relation q(r) = −κ1 dT

dr , and therefore,
by using Eq.(49), we obtain

q(r) = − M1κ1
ϑ1T r cosh (ϑ1T r) − sinh (ϑ1T r)

r2

− N1κ1
ϑ1Ar cosh (ϑ1Ar) − sinh (ϑ1Ar)

r2 . (51)

Concerning the radial traction, we start by considering
the total stress tensor σ̂tot inside the spherical particle,
given by

σ̂tot =2µ1ε̂ + λ1 Îtrε̂ − α1

(
λ1 +

2
3
µ1

)
ÎT

+ iω
(
2η1ε̂ + ξ1 Îtrε̂

)
. (52)

It is composed of elastic, thermal, and viscous con-
tributions, mentioned in order of appearance. Here

ε̂ = 1
2

(
∇⃗u⃗ + ∇⃗u⃗T

)
is the infinitesimal strain tensor mea-

suring the solid deformation. As discussed in the case
of the fluid medium, we are interested in the total radial
traction calculated as p̃ = n⃗ · σ̂totn⃗, where n⃗ = r⃗/r. Since

εi, j =
1
2

(
∂ui

∂u j
+
∂u j

∂xi

)
= δi, j

u
r
+ xix j

r du
dr − u

r3 , (53)

we have that

trε̂ = εk,k =
du
dr
+ 2

u
r
, (54)

and ϵi jnin j =
du
dr . Summing up, we get the following

expression for the radial traction

p̃ =
(
ξ1 + 2η1 +

λ1 + 2µ1

iω

)
dv
dr
+ 2

(
ξ1 +

λ1

iω

) v
r

− α1

(
λ1 +

2
3
µ1

)
T, (55)

where we introduced the velocity v = iωu. By using
Eqs. (49) and (50), the previous relation assumes the
following explicit form

p̃(r) =M1

[
−α1B1

sinh (ϑ1T r)
r

+ 2
(
ξ1 +

λ1

iω

) (
Lα1 +L

β
1ϑ

2
1T

)
×
ϑ1T r cosh (ϑ1T r) − sinh (ϑ1T r)

r3

+

(
ξ1 + 2η1 +

λ1 + 2µ1

iω

) (
Lα1 +L

β
1ϑ

2
1T

)
×

(ϑ2
1T r2 + 2) sinh (ϑ1T r) − 2ϑ1T r cosh (ϑ1T r)

r3


+ N1

[
−α1B1

sinh (ϑ1Ar)
r

+ 2
(
ξ1 +

λ1

iω

) (
Lα1 +L

β
1ϑ

2
1A

)
×
ϑ1Ar cosh (ϑ1Ar) − sinh (ϑ1Ar)

r3

+

(
ξ1 + 2η1 +

λ1 + 2µ1

iω

) (
Lα1 +L

β
1ϑ

2
1A

)
×

(ϑ2
1Ar2 + 2) sinh (ϑ1Ar) − 2ϑ1Ar cosh (ϑ1Ar)

r3


− α1B1

Q1

iωρ1Cv1
. (56)

These results will be used for imposing the pertinent
boundary conditions.
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5. Solution of the coupled thermoacoustic problem

We have determined, in previous Sections, the gen-
eral solutions for the thermoacoustic fields in each
phase. Now, the general solution for the whole system
can be obtained by imposing the interface condition at
the fluid-solid interface for r = R.

These conditions represent the continuity of heat flux
q, velocity v, and radial traction p̃. Moreover, we
have to impose the interface relation for the tempera-
ture jump ⟦T⟧, controlled by the Kapitza resistance1 τK

[m2·K/W], as follows [101–103]

⟦T⟧ = T (R+) − T (R−) = −τKq(R), (57)

where

q(R) = −κ1
dT (R−)

dr
= −κ0

dT (R+)
dr

. (58)

These four interface conditions allow for the compu-
tation of the four unknown coefficients M0, N0, M1, and
N1. They can indeed be recast into the inhomogeneous
linear system

A


M0
N0
M1
N1

 =


Q1

iωρ1Cv1
0
0

−
α1B1Q1

iωρ1Cv1


, (59)

with the matrix A defined as

A =


s0(ϑ0T ) s0(ϑ0A) −ℓ1(ϑ1T ) −ℓ1(ϑ1A)
g0(ϑ0T ) g0(ϑ0A) −g1(ϑ1T ) −g1(ϑ1A)
h0(ϑ0T ) h0(ϑ0A) −h1(ϑ1T ) −h1(ϑ1A)
f0(ϑ0T ) f0(ϑ0A) − f1(ϑ1T ) − f1(ϑ1A)

 , (60)

where to compact the notation we introduced the fol-
lowing functions

s0(ϑ) = ℓ0(ϑ) + τKg0(ϑ), (61)

ℓ0(ϑ) =
e+ϑr

r
, g0(ϑ) = −κ0

e+ϑr

r2 (ϑr − 1), (62)

h0(ϑ) =
(
Lα0 +L

β
0ϑ

2
) e+ϑr

r2 (ϑr − 1), (63)

f0(ϑ) =e+ϑr
[
−
α0B0

r
+

1
r3

(
ξ0 + 2η0 +

B0

iω

)
(64)

×
(
Lα0 +L

β
0ϑ

2
) (
ϑ2r2 − 2ϑr + 2

)
+

2
r3

(
ξ0 +

B0

iω

) (
Lα0 +L

β
0ϑ

2
)

(ϑr − 1)
]
,

1We used the symbol τK for the Kapitza resistance (also referred
to as interfacial thermal resistance ITR), instead of the more common
notation RK , to avoid ambiguities with other symbols.

Water Gold
ρ0 = 103 Kg/m3 ρ1 = 19.32 · 103 Kg/m3

α0 = 3.03 · 10−4 1/K α1 = 0.42 · 10−4 1/K
Cp0 = 4400 J/(Kg·K) Cp1 = 130 J/(Kg·K)
κ0 = 0.607 W/(m·K) κ1 = 310 W/(m·K)
η0 = 0.894 · 10−3 Pa·s η1 ≃ 0 Pa·s
ξ0 = 1.5 · 10−3 Pa·s ξ1 ≃ 0 Pa·s
B0 = 2.15 · 109 Pa B1 = 178 · 109 Pa
µ0 ≃ 0 Pa µ1 = 27 · 109 Pa
λ0 = 2.15 · 109 Pa λ1 = 160 · 109 Pa

Table 1: Physical properties of water and gold, used in the thermoa-
coustic model (measured at room temperature).

for the fluid phase, and

ℓ1(ϑ) =
sinh (ϑr)

r
, (65)

g1(ϑ) = −κ1
ϑr cosh (ϑr) − sinh (ϑr)

r2 , (66)

h1(ϑ) =
(
Lα1 +L

β
1ϑ

2
) ϑr cosh (ϑr) − sinh (ϑr)

r2 , (67)

f1(ϑ) =
[
−α1B1

sinh (ϑr)
r

+ 2
(
ξ1 +

λ1

iω

)
(68)

×
(
Lα1 +L

β
1ϑ

2
) ϑr cosh (ϑr) − sinh (ϑr)

r3

+

(
ξ1 + 2η1 +

λ1 + 2µ1

iω

) (
Lα1 +L

β
1ϑ

2
)

×
(ϑ2r2 + 2) sinh (ϑr) − 2ϑr cosh (ϑr)

r3

]
,

for the solid phase. The linear system of equations de-
fined in Eq. (59) can obviously be solved numerically
very easily using classic linear algebra procedures for
each frequency value.

6. Thermoacoustic behavior of gold particles in wa-
ter

We consider the thermoacoustic fields generated by
a uniform time-harmonic thermal source (laser) applied
to a spherical golden particle embedded in a water fluid
matrix (see Fig. 1, right panel). For gold and wa-
ter, we adopted the parameters reported in Table 1, ob-
tained from Refs. [68, 107–111]. In addition, we have
considered a spherical particle with radius in the range
R = 75 ÷ 300 nm, and an interface thermal resistance in
the range τK = 10−9 ÷ 10−6 m2· K/W [101–103].
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Figure 2: Pressure-frequency response for the gold-water system with different values of the Kapitza resistance between the two phases. The four
plots exhibit the shift of the crossover between thermophone and mechanophone behavior. The interfacial thermal resistance does not affect the
resonance frequencies (moreover, the thermophone resonances change the sign with different values of τK ). We adopted the radius R = 300 nm
and the Kapitza resistances τK = 10−9, 10−8, 10−7, 10−6 m2· K/W from the top to the bottom. The fields are measured at the distance R + 5Lth,
where Lth =

√
2κ0/(ωρ0Cp0) is the thermal length and ω = 10 MHz (the smallest frequency adopted).

In Fig. 2, we represent the generated acous-
tic pressure as a function of the frequency for four

different values of the Kapitza resistances τK =

10−9, 10−8, 10−7, 10−6 m2· K/W. In each plot, we have
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Figure 3: Pressure-frequency response for the gold-water system with different particle sizes and values of the Kapitza resistance between the two
phases. A larger radius gives larger resonance peaks at lower frequencies. In addition, there is a critical radius below which the first resonance
peak is no longer the absolute maximum. We adopted the radius values R=75 (cyan), 150 (red), 225 (yellow), 300 (violet) nm, and the Kapitza
resistances τK = 10−9, 10−7 m2· K/W from the top to the bottom. The fields are measured at the distance R + 5Lth, where Lth =

√
2κ0/(ωρ0Cp0)

is the thermal length and ω = 10 MHz (the smallest frequency adopted).

represented three different curves defined as follows.
The black curves represent the total pressure generated
within the system. The red curves represent the pressure
generated by the thermophone mechanism, obtained by
setting to zero the thermal expansion coefficient of the
solid (α1 = 0). So doing, the acoustic waves in the
fluid come solely from thermal compression and expan-
sion within the fluid itself. The blue curves represent
the pressure generated by the mechanophone mecha-
nism. In this case, the thermal expansion coefficient
of the fluid is set to zero (α0 = 0), allowing the gen-
eration of acoustic waves only through the size modu-
lation of the particle. Of course, the sum of each red
curve and blue curve gives the black curve as a result.
Importantly, we observe that the Kapitza resistance is
able to shift the crossover between thermophone and
mechanophone mechanisms. The termophone behav-
ior (red lines) is the dominant term at low frequencies,
whereas the mechanophone (blue lines) is dominant at
higher frequencies. Indeed, the heat flow decreases with
increasing Kapitza resistance. Since Kapitza’s resis-
tance can be modified by appropriately functionalising

the particle surface [103, 112, 113], this shift mecha-
nism can be used to adapt the system to diagnostic or
therapeutic devices.

To better explain this shift, we observe that the ter-
mophone mechanism becomes negligible at high fre-
quencies since the penetration length of the thermal
wave in the fluid follows the approximated expression
Lth =

√
2κ0/(ωρ0Cp0), decreasing as 1/

√
ω. The re-

gion identified by R < r < R + nLth (with n = 3 or
5 depending on the considered approximation) is the
active domain, where the thermophone effect generates
the acoustic wave. Therefore, for high frequencies, Lth

becomes very small, and the thermophone mechanism
is strongly reduced. In this high-frequency region, the
mechanophone mechanism (based on a piston effect, or
dilation and compression of the solid particle) becomes
dominant. Note that at extremely high frequencies, even
the mechanophone mechanism is reduced, and this is
due to the viscosity of the fluid, as described below.
Please note that the fields represented in Fig. 2 are mea-
sured at the distance R + 5Lth, where ω = 10 MHz (the
smallest frequency adopted, i.e., the largest Lth), and
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Figure 4: Left: acoustic Lac = −1/Re [ϑ0A] and thermal Lth = −1/Re [ϑ0T ] penetration lengths in the fluid phase. Right: acoustic λac =

−2π/Im [ϑ1A] and thermal λth = −2π/Im [ϑ1T ] wavelengths within the solid particle. The dashed line corresponding to the radius R = 300 nm
has been added to the plots for the sake of comparison.

therefore outside the active region in any case. This
means that the pressure values represented are signif-
icant from an acoustic point of view because they are
measured far from the region of generation.

In Fig. 2, we also observe that for high frequen-
cies the pressure-frequency response exhibits resonance
peaks (corresponding to the reflections of the elastic
wave inside the particle). Therefore, we can identify
a sub-resonance and a resonance regime. The reso-
nance peaks depend on the size of the spherical par-
ticle. Indeed, to better understand this resonance be-
havior, in Fig. 3 we plot the total pressure (thermo-
phone plus mechanophone) versus the frequency for dif-
ferent particle radii R=75, 150, 225, 300 nm, and differ-
ent values of the Kapitza resistances τK = 10−9, 10−7

m2· K/W. We observe effectively that the resonance
frequencies are dependent on the particle radius. In
particular, we see that the first frequency resonance
(highlighted by a dot) increases with a decreasing ra-
dius. This behavior is described by the general relation
f1,res = C/(2πR)

√
(λ1 + 2µ1)/ρ1, where C is a constant

parameter [114, 115]. It is straightforward to verify that
the represented dots follow this 1/R dependence exactly.

Furthermore, in Fig. 3, we observe that the pressure
intensity at the first resonance peak decreases as the ra-
dius decreases. Consequently, it is interesting to note
that there is a particle radius below which this peak no
longer represents the global maximum of the pressure
curve. We note that a radius of 300 nm has been selected
for most of the plots in order to illustrate more clearly
the behavior in the resonance region. In many practical
applications, the particle size is smaller—typically on
the order of a few tens of nanometers—but in such cases
it becomes significantly more challenging to disentangle

and discuss all aspects of the system’s physics, partic-
ularly at high frequencies. It should also be recalled
that the behavior of water in the ultrahigh-frequency
regime is extremely complex and not yet fully under-
stood [116–120].

To further understand the thermo-acoustic behav-
ior of the particle, we represent in Fig. 4 some
acoustic parameters that describe the propagation in-
side and outside the particle itself. In the left panel,
we show the acoustic Lac = −1/Re [ϑ0A] and ther-
mal Lth = −1/Re [ϑ0T ] penetration lengths in the fluid
phase. In the right panel, we show the acoustic λac =

−2π/Im [ϑ1A] and thermal λth = −2π/Im [ϑ1T ] wave-
lengths within the solid particle. All these parameters
are represented versus the frequency ω. We also added
a dashed line corresponding to the radius R = 300 nm,
for the sake of comparison. We recall here the approx-
imate expression for the acoustic characteristic length
[63]

Lac =
2C3

0

ω2

1
ξ0+2η0
ρ0
+

(Cp0

Cv0
− 1

)
κ0
ρ0Cp0

, (69)

where C0 =
√

(B0/ρ0)(Cp0/Cv0) is the sound speed in
the fluid phase, and the previously mentioned approxi-
mated expressionLth =

√
2κ0/(ωρ0Cp0) for the thermal

characteristic length. In Fig. 4 (left panel), we can see
that the Lac curve follows the 1/ω2 trend, and the Lth

curve follows the 1/
√
ω trend, in agreement with pre-

vious expressions. The physics of these curves can be
summarized as follows. The penetration depth of the
acoustic wave Lac describes the dissipation phenomena
of the process (thermal conduction and fluid viscosity)
and therefore the decrease of the acoustic wave as it pro-
gresses through the fluid medium. It can be seen that
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Figure 5: Spatial distribution of the thermoacoustic fields in the sub-resonance frequency region (ω = 107, 108, 108, 1010 rad/sec). Temperature T ,
heat flux q, velocity v, and total normal traction p̃ are represented as a function of the radial position r. Fields are normalized with respect to the
supplied thermal power density Q1, and given in logarithmic scale. We adopted the radius R = 300 nm and the Kapitza resistances τK = 10−7 m2·

K/W.

this decrease is practically negligible at low frequencies
but becomes very important at high frequencies (trend
1/ω2), where the propagation length becomes compara-
ble to the particle radius. We have already discussed the
thermal penetration length Lth, and observe here that
it is always less than the particle radius (in the gold-
water system). Furthermore, we can see that this pa-
rameter decreases with frequency (trend 1/

√
ω), driving

the transition between thermophone and mechanophone
mechanisms.

Concerning the right panel of Fig. 4, a sim-
ple approximation leads to the expressions λth =

2π
√

2κ1/(ωρ1Cp1), and λac = 2π/ω
√

B1/ρ1, whose
frequency trends (1/

√
ω, and 1/ω, respectively) corre-

spond perfectly to the curves shown. The thermal wave-
length λth is much greater than the particle radius at
low frequencies and only becomes comparable to that
radius at high frequencies. This means that the temper-
ature and thermal flux are almost constant within the
particle at low frequencies and fluctuate more at high
frequencies. The acoustic wavelength λac behaves in a

very similar way, which explains the emergence of high-
frequency resonance peaks.

These concepts can be easily understood by observ-
ing the variation in thermoacoustic fields as the ra-
dius varies for a fixed frequency. In Fig. 5, we find
the evolution of the four main thermoacoustic fields
(temperature, thermal flux, velocity, and pressure) ver-
sus the radius of the system in the subresonance fre-
quency region. Similarly, in Fig. 6, we show the fields
versus the radius of the system in the resonance fre-
quency region. In Fig. 5, we adopted the frequencies
ω = 107, 108, 109, 1010 rad/sec, and in Fig. 6, the values
ω = 5 × 1010, 10 × 1010, 15 × 1010, 20 × 1010 rad/sec. In
both figures, we have used a radius of 300 nm, and the
Kapitza resistances τK = 10−7 m2· K/W.

The first interesting point is that in both Fig. 5 and
6, in the temperature plot, we can identify the jump at
the solid-fluid interface corresponding to the Kapitza
resistance. Moreover, the (quite constant) temperature
within the solid is decreasing with an increasing fre-
quency of the supplied energy. This behavior is ex-
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Figure 6: Spatial distribution of the thermoacoustic fields in the resonance frequency region (ω = 5× 1010, 10× 1010, 15× 1010, 20× 1010 rad/sec).
Temperature T , heat flux q, velocity v, and total normal traction p̃ are represented as a function of the radial position r. Fields are normalized with
respect to the supplied thermal power density Q1, and given in logarithmic scale. We adopted the radius R = 300 nm, and the Kapitza resistances
τK = 10−7 m2· K/W.

plained by the last term in Eq. (43), describing the dy-
namic effect of thermal capacity. Indeed, at high fre-
quencies, the particle’s energy absorption cannot follow
the rapid temporal variations of the source.

In Figs. 5 and 6, the temperature and heat flux plots,
outside the particle, show that the thermal effects pene-
trate the fluid with a characteristic length Lth, inversely
proportional to the square root of ω. This result can
also be compared with the behavior of Lth versus ω,
represented in the left panel of Fig. 4. Once again, this
variation is at the origin of the transition between ther-
mophone and mechanophone mechanisms.

In Fig. 5, we can also observe the behavior of the
mechanical fields outside the particle. It is important
to remark the the acoustic propagation length Lac is
much larger than the thermal propagation length Lth

(at least in the low frequency regime, see Fig. 4), and
therefore in the velocity and pressure plots we see long
range acoustic fields. Of course, if the distance from the
spherical particle is very large, the dissipative phenom-
ena (heat conduction and viscosity) lead to a decreasing
trend of these mechanical fields.

In Fig. 6, we show the behavior of the thermoacous-
tic fields in the resonance region. In this case, both the
thermal and acoustic propagation lengths are very small,
and therefore all the thermoacoustic fields decay expo-
nentially near the solid-fluid interface. These decreasing
trends are governed by the length Lth for the tempera-
ture and heat flux fields, and by Lac for the velocity and
normal traction fields.

In this high frequency range (resonance regime), the
thermoacoustic fields shown in Fig. 6 exhibit large os-
cillations within the solid particle since the wavelength
is of the same order of magnitude as the particle radius.
For the chosen frequencies, it is possible to identify an
increasing number of oscillations (from 1 to 4) within
the particle. This behavior can be better understood by
observing the plot of the acoustic and thermal wave-
lengths in the solid gold particle, reported in Fig.4 (right
panel). It can be seen here that these wavelengths are ef-
fectively comparable to or smaller than the radius of the
particle in the resonance region.

To conclude the description of the system’s be-
haviour, Fig. 7 shows the effect of viscosity on ther-
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Figure 7: Effect of the viscosity on the thermoacoustic generation. Top panel: pressure-frequency response for the system with different values of
the viscosity (a case without viscosity, a case with the viscosity of water, and two cases with the viscosity of water divided and multiplied by 3).
The fields are measured at the distance R + 5Lth, where Lth =

√
2κ0/(ωρ0Cp0) is the thermal length calculated for ω = 10 MHz. Central panel:

spatial distribution (over the range 0 < r < R + 50R) of the normalized pressure for different values of the viscosity and two values of frequency
ω = 108 rad/s and ω = 1010 rad/s (sub-resonance region). Bottom panel: spatial distribution (over the range 0 < r < R + 50R) of the normalized
pressure for different values of the viscosity and one value of frequency ω = 1011 rad/s (resonance region). In all plots, we adopted the radius R=
300 nm, and the Kapitza resistances τK = 10−7 m2· K/W.

moacoustic generation, bearing in mind that viscosity is
often neglected in this type of analysis. The top panel
shows the frequency response for four different viscos-
ity values. We consider a fluid with no viscosity (black
curve), a fluid with the viscosity of water (red curve),

and two cases in which the viscosity is one-third (green
curve) and three times (blue curve) that of water. Please
note that the pressure in these plots, as before, is mea-
sured at the distance R + 5Lth, where Lth is the thermal
length (ω = 10 MHz is fixed to determine Lth). It is
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clear that at high frequencies, acoustic generation is de-
graded more significantly as viscosity increases (once
the measurement position has been set). This behaviour
is explained by Eq. 69, which describes the variation of
the acoustic penetration Lac as a function of frequency
and the two sources of dissipation, namely viscosity and
thermal conduction. In this expression, it is easy to see
that Lac decreases with both frequency and viscosity,
consistent with what can be observed in Fig. 7 (top
panel).

In the central and bottom panels of Fig. 7, we show
the spatial variation of pressure with different viscosities
and frequencies. In particular, the central panel consid-
ers the sub-resonance frequencies ω = 108 rad/s and
ω = 1010 rad/s, and the bottom panel the frequency
ω = 1011 rad/s in the resonance region.

In the central panel, for the curves corresponding to
ω = 1010 rad/s, it can be seen that the pressure decreases
more rapidly as the measuring distance increases when
the viscosity is higher. We also observe that for the
lower frequencyω = 108 rad/s, this phenomenon cannot
be observed because the frequency is not high enough,
and therefore the curves with different viscosity overlap
in the distance range considered (deviations can only be
observed at larger distances). In the bottom panel, we
see that at even higher frequencies, the decrease in pres-
sure is even stronger and amplified by higher viscosity
values. Furthermore, at these frequencies, pressure os-
cillations are also observed inside the sphere, typical of
the resonance region.

In conclusion, we can say that fluid viscosity plays
an essential role in determining the penetration length
of the acoustic wave generated by the photothermal ef-
fect. If we consider the viscosity of water, this penetra-
tion length can vary from a few metres at low frequen-
cies to just a few nanometres at high frequencies. As
we have just seen, these values can vary with the vis-
cosity of the medium, and this observation is therefore
particularly important for therapeutic or diagnostic ap-
plications where a localised effect of the waves used is
desired.

7. Conclusions

In this work, we have developed a comprehensive
theoretical framework for the thermoacoustic emission
generated by a single laser-heated solid particle embed-
ded in a viscous fluid environment, with reference to the
wide range of photoacoustic applications. By solving
the fully coupled thermoelastic and thermoacoustic field
equations in both phases, and by incorporating the effect

of interfacial thermal resistance, we obtained an analyt-
ical description of the temperature, heat flux, velocity,
and pressure distributions that emerge under harmonic
excitation. This formulation provides a unified perspec-
tive on the interplay between heat diffusion, thermal ex-
pansion, and elastic stress generation at mesoscopic and
nanoscopic scales. No approximations were introduced
at the level of the continuum model. In particular, the
viscosity of both media was fully accounted for, and the
effects of fluid viscosity in particular have been studied
in great detail to show how this viscosity strongly mod-
ifies the acoustic penetration length in the fluid itself.
Moreover, the formulation incorporates not only the in-
fluence of thermal fields on mechanical behavior, but
also the reciprocal effect of mechanical deformations on
heat transport—an aspect that is often neglected in stan-
dard theoretical treatments. The model is easy to imple-
ment numerically and can therefore be readily exploited
for biomedical and other applications. We would like
to point out that the work is based on the study of fre-
quency response in a stationary harmonic regime. Nev-
ertheless, the results obtained are significant in photoa-
coustics for studying the temporal response to a given
laser pulse by adopting classical techniques based on
Fourier series or Fourier transforms. When viewed in
the frequency domain, pulsed laser excitation provides
access to a broad spectral content, enabling the gener-
ation of hypersonic acoustic modes only when ultra-
short pulses are employed. In this regime, which far
exceeds that of nanosecond excitation, viscous dissipa-
tion in the fluid becomes a dominant factor shaping the
acoustic response, highlighting the need to explicitly ac-
count for dissipative effects in high-frequency thermoa-
coustic modeling.

Our analysis demonstrates that two distinct
physical mechanisms—the thermophone and the
mechanophone—govern acoustic emission depending
on the frequency regime. At low modulation frequen-
cies, thermal diffusion in the fluid dominates, giving
rise to pressure oscillations driven primarily by the pe-
riodic heating and cooling of the surrounding medium.
At high frequencies, however, thermal penetration
depths become small and thermoelastic deformations
within the solid become the leading source of acoustic
radiation. By selectively suppressing either the solid
or the fluid thermal expansion coefficient, we isolated
the individual contributions of these two mechanisms,
thereby clarifying their roles and identifying the
frequency range in which each one prevails.

The general solution presented here also highlights
the crucial influence of the Kapitza interfacial resis-
tance. By controlling the rate of heat exchange between
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the particle and the fluid, interfacial resistance shifts
the frequency crossover between thermophone- and
mechanophone-dominated regimes, with potentially
important consequences for the design of nanoscale
photoacoustic sources. Because the Kapitza resis-
tance can be modulated through material choice, sur-
face chemistry, or functionalization, it represents an ac-
cessible and powerful tuning parameter for optimizing
device performance.

Beyond mapping the thermophone–mechanophone
transition, the analytical framework developed in this
study allows for the prediction of resonance frequen-
cies in the high-frequency regime, where the particle’s
intrinsic elastic modes significantly enhance the gener-
ated acoustic field. These resonances, and their sensi-
tivity to particle radius and material parameters, offer
further opportunities for tailoring acoustic response for
specific applications. Another crucial aspect is the inter-
action between the applied frequency (or pulse duration)
and the fluid viscosity, which determines the length of
acoustic penetration into the fluid and therefore implic-
itly controls the therapeutic and diagnostic functions of
the system under examination.

Overall, the present work provides a rigorous foun-
dation for understanding photo-thermo-acoustic gener-
ation from laser-activated particles, bridging thermal,
mechanical, and acoustic perspectives into a single co-
herent model. The resulting insights can inform the ra-
tional design of broadband nanotransducers and enable
more efficient exploitation of photo-thermo-acoustic
phenomena in emerging biomedical and technological
applications, including localized imaging, targeted hy-
perthermia, and multifunctional theranostic systems.
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Appendix A. Differential operators under spherical
symmetry

If a scalar function (e.g., the pressure p) is charac-
terized by a spherical symmetry p = p(r), the gradient
operator simplifies as follows

∇⃗p =
∂p
∂xi

e⃗i =
dp
dr
∂r
∂xi

e⃗i =
xi

r
dp
dr

e⃗i =
r⃗
r

dp
dr
, (A.1)

where e⃗1, e⃗2, and e⃗3 are the unit vectors along the axes
of the orthogonal frame, r⃗ = (x1, x2, x3) = xie⃗i, and

r =
√

x2
1 + x2

2 + x2
3. We can also determine the Lapla-

cian operator as

∇2 p =
∂

∂xi

∂

∂xi
p =

∂

∂xi

(
xi

r
dp
dr

)
=

1
r2

d
dr

(
r2 dp

dr

)
.

(A.2)

If a vector field (e.g., the velocity field) exhibits
spherical symmetry, it can be written as

v⃗ =
r⃗
r

v(r), vi =
xi

r
v(r). (A.3)

The following derivative (without summation over i)

∂vi

∂xi
=

v
r
+

x2
i

r2

dv
dr
− v

x2
i

r3 (A.4)

is useful to obtain the simplified divergence operator

∇⃗ · v⃗ = 2
v
r
+

dv
dr
=

1
r2

d
dr

(
r2v

)
. (A.5)

We can also define the Laplacian of v⃗ as

∇2v⃗ = ∇2
(

r⃗
r

v
)
, (A.6)

or in components(
∇2v⃗

)
j
=
∂

∂xi

[
∂

∂xi

( x j

r
v
)]
, (A.7)
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with summation over i. By performing the derivatives,
we get (

∇2v⃗
)

j
=
∂

∂xi

[
δi j

v
r
+

xix j

r2

dv
dr
− xix j

v
r3

]
=

x j

r

(
d2v
dr2 +

2
r

dv
dr
− 2

v
r2

)
, (A.8)

and therefore

∇2v⃗ =
r⃗
r

(
d2v
dr2 +

2
r

dv
dr
− 2

v
r2

)
=

r⃗
r

d
dr

[
1
r2

d
dr

(
r2v

)]
. (A.9)

Similarly, we can also calculate the gradient of the di-
vergence as

∇⃗
(
∇⃗ · v⃗

)
= ∇⃗

(
2

v
r
+

dv
dr

)
, (A.10)

from which an arbitrary component is given by[
∇⃗

(
∇⃗ · v⃗

)]
i
=
∂

∂xi

(
2

v
r
+

dv
dr

)
=

xi

r

(
d2v
dr2 +

2
r

dv
dr
− 2

v
r2

)
, (A.11)

and therefore with spherical symmetry

∇⃗
(
∇⃗ · v⃗

)
= ∇2v⃗ =

r⃗
r

d
dr

[
1
r2

d
dr

(
r2v

)]
. (A.12)
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