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1 | INTRODUCTION

Let Q C R" (n > 2) be a bounded domain. The Finsler p-Laplacian of a twice differentiable
function u at a point x with Du(x) # O is denoted by Ag., u(x) and defined by

Ap.,u = div(F(Du)?"'DF(Du)), 1 < p < oo,

where F : R" - [0, ) is a Finsler-Minkowski norm, which is discussed in the next section.
When F is the usual Euclidean norm, the Finsler p-Laplacian becomes the known p-Laplacian

Aju= div(|Du|P~2Du), 1 < p < .

Recently, the Finsler p-Laplacian has attracted the attention of researchers. We may mention [4,
5,7,9,10] and [13]. This paper is devoted to the study of problems related to the operator Ag.,
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FIGURE 1 QnZX.

in conjunction with Dirichlet and Neumann boundary conditions. Let the origin O be contained
inQ,andletT = {tx : x € w, t € Rt} C R" be a cone for some domain w C S"~! (see Figure 1).
We note that when w = S"~!, the cone = becomes the punctured space £ = R" \ {O} (not the
whole Euclidean space as mentioned in [8, p. 1026]). We require 06X \ {O} to be a hypersurface
of class C!' when w C "1, and we denote the outward normal by v. Define Iy =2n0oQ and
I=0EnQ)\ 1_“0. As it was investigated in the recent paper [8], for norms H,, and H (the dual
of Hy), if the problem

—Agu=1 inQNE
u=0 onr, (1.1)
(DH(Du(x)), vy =0 onTy\ {0}

has a solution satisfying the condition

lim H(Du(x)) = q(H,(z)) Vz € T, 1.2)

X—>Z
where g(r) is a positive, real-valued function such that g(r)/r is strictly increasing in r, then
QNZX=Bg(0,Hy)n X for some R > 0. In this paper, we generalize (1.1) and (1.2) by replacing the
Finsler Laplace operator Ay; with the Finsler p-Laplacian operator Ag, ,. In particular, F is not nec-
essarily a norm in the sense of functional analysis, and we also take p € (1, o). We denote by F*
the dual norm of F (see Section 2), and by B;.(O,R) = {x € R" : F*(—x) < R} the corresponding
(opposite) ball. Furthermore, let g(r) be a positive, real-valued function such that

q(r)/ rP'1is strictly increasing in r > 0, 1.3)

where p’ = p/(p — 1). Finally, we define the function space

W;;)p(Q Nnx)= { v: QNZ - Rwithv = wyg,y for some w € Wé’p(Q) }, (1.4)
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AN OVERDETERMINED PROBLEM RELATED TO THE FINSLER P-LAPLACIAN | 30f19

where o,y stands for the characteristic function of Q N X. If T is smooth enough, we may say
that functions in W;;)p have a null trace on I'y. We are now in a position to state our main result
as follows.

Theorem 1.1. Let q(r) be a positive, real-valued function satisfying (1.3), and let u € W;;p Qnz)
be a weak solution of the problem

—AF;puzl inQnN;
u=0 onTy (1.5)
(DF(Du), v) =0 onT;\{O}L

If u belongs to the smoothness class C1((Q N Z) U (T} \ {0})) N C°(Q N X\ {0}) and satisfies
lim F(Du(x)) = q(F*(-2)) Vz € To, (1.6)
then QNX = B(O,R) N Z for some R > 0.

Observe that Theorem 1.1 also holds in the case when w = S"~1. In this case, the intersection
Q N X becomes the punctured domain Q \ {O}. We also prove a result valid in the case when the
cone X is replaced with the whole Euclidean space R":

Theorem 1.2. Let q(r) be a positive, real-valued function satisfying (1.3), and let u € W(l)’p Q) bea
weak solution of the problem

—AF;pu =1 inQ; 7
u=0 ondQ. '

Ifu belongs to C1(Q) N C°(Q) and satisfies
lim F(Du(x)) = q(F*(-z)) Vz € 8Q, (1.8)
X—>Z

then Q = B (O, R) for some R > 0.

In this paper, we call the equation —Ay. , u = 1 Finsler p-Laplacian torsion equation. The proof
of Theorem 1.1 is obtained by comparison with solutions in Finsler-balls. The proof of Theorem 1.2
is quite similar. The main difficulty is to manage with condition (1.6), which is given in a limiting
form in place of the pointwise form F(Du(z)) = q(F*(—z)) because no regularity assumption is
imposed on Iy, (to this purpose, cf. [11, Theorem 1] and [8]). In order to overcome such a difficulty,
we develop a direct argument, without proceeding by contradiction as done in [8]. All the nota-
tions we have used are standard in partial differential equations (PDEs). In the special case when
F(&) = ||, problem (1.7) reduces to

—Apu =1 inQ;
(1.9)
u=0 ondQ.
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40f19 | GRECO and MEBRATE

If, furthermore, u € C1(Q), then (1.8) becomes
|Du(z)| = q(|z|) Vz € 0Q. (1.10)

Problem (1.9)-(1.10) is a special case of problem (1.6) in [12], where the more general right-hand
side f(]x|,u) is considered in place of the constant 1, and the conclusion is obtained under the
assumption that the ratio g(r)/ AT nondecreasing: To see this, justlete, = p — 1in [12, (1.10)].
The case of the normalized p-Laplacian AY is considered in [2] and [6].

We now arrange the rest of the paper as follows. In Section 2, we explore some basic con-
cepts about Finsler-Minkowski norms. In Section 3, we see the definition of weak solutions and
some properties that are needed in the sequel. In Section 4, the proofs of Theorem 1.1 and The-
orem 1.2 are given. We also show the behavior of the operator Ag.,u upon the transformation
v(x) = u(—x). Note that problem (1.5)—(1.6) under assumption (1.3) is not solvable, in general, even
in the case when Q = B/(O, R), and a similar remark holds for problem (1.7)-(1.8). It is easy to
identify the solvable instances: We do this in the final Section 5, where we also give some examples.

2 | PRELIMINARIES

In this section, we will discuss the definition of a Finsler-Minkowski norm and its dual, and some
of their properties in relation to our problem.

2.1 | Finsler-Minkowski norms

We consider a function F : R" — Rg with the following properties.

(A) FeC'(R"\{0}).

(B) F(t¢) =tF(£)VE € R" and Vt > 0.

(C) FAE + (1 =) <K AF(E) 4+ (1 — DF($) VE,¢ € R™ and VA € (0,1). Equality holds if and
only if £ = x¢ or { = x£ for some x > 0.

(D) F(§) >0V e R"\ {0}

A function F : R" — [R{(J)r that satisfies the above four conditions is called a Finsler-Minkowski

norm on R”. By (C), F is convex: Hence F € C°(R"). Thus, letting t — 0" in (B), we get F(0) =
0. Furthermore, writing 2£,2¢ in place of &,¢ in (C), and letting 1 = %, we obtain F(§ +¢) <

%F(2§) + %F(Z{). This and (B) imply
FE+<FE)+FQ)VE$ er™ (2.1

Equality holds in (2.1) if and only if £ = x¢ or { = k£ for some x > 0. However, despite the word
“norm,” F is not necessarily a norm in the sense of functional analysis because a norm must
satisfy F(t&) = |t| F(§) V& € R" and Vt € R (absolute homogeneity). For instance, the function
F: R" - [0, o) given by

F(&) =181+ (x.§), {er”
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for a fixed x € R" satisfying 0 < |x| < 1is a Finsler-Minkowski norm but not a norm in the sense
of functional analysis (see [15, p. 4]). The following lemma is a consequence of the definition of
a Finsler-Minkowski norm given above. It is found in [3] under more restrictive assumptions: In
particular, F is taken in C®(R" \ {O}), and the Hessian matrix of F? is required to be positive defi-
nite in R \ {O}. See also [16] for the case when F € C%(R" \ {O}). We check that such restrictions
are not essential.

Lemma 2.1. Let F be a Finsler-Minkowski norm. The following properties hold.

(1) (DF(§),¢) < F($) V&€ € R" \ {O} and Y¢ € R". Equality holds if and only if { = k& for some
x = 0.
(2) DF(t§) = DF(¢) V¢ € R" \ {O}and Vt > 0.

Proof. Let us begin with proving that
(DF(§), §) =F(§) VEeR"\{O} (22)

The linear function £(t) = tF(£) clearly satisfies #(1) = #’(1). By (B) we may write #(t) = F(t£),
and therefore #/(1) = (DF(§), &), whence (2.2). To prove the inequality (1), recall that F is convex
by (C), hence its graph lies above its tangent planes:

F() > F(§)+(DF($),¢{ - &) VEeR*\{0}, V{ eR".

By (C), and since the case & = O is excluded, equality holds if and only if ¢ = k€ for some x >
0. Using (2.2), inequality (1) follows. Equality (2) is obtained by differentiating (B) with respect
to &. Ol

Itis important to state the following lemma for the purpose of proving the comparison principle
(Proposition 3.4). Similar results were presented in [19] for the case when F € C*(R" \ {0}), and
the Hessian matrix of F? is positive definite in R" \ {O}. In [1] the norm F is required, in addition,
to be absolutely homogeneous. We show that such restrictions are not necessary.

Lemma 2.2. Let1 < p < o0. Then, the following hold true.

1) FAE+ A —=A))P < AF(E)P + (1 — VF($)P VE, ¢ € R" and VA € (0,1). Equality holds if and

onlyif§ =¢.
(2) The scalar function § — % F(&)P belongs to the smoothness class C1(RN) and its gradient X (§)

is given by

(2.3)

_ [F&PDF®, £#0;
X(§) = { 0 o

(3) (X(&)—X(), ¢ —¢) > 0VE, ¢ € R™ Equality holds if and only if € = ¢.
Proof.

(1) Since p > 1, the power function ¢(t) = tP is strictly increasing and strictly convex over the
closed interval [0, o). If we take 1 € (0,1) and &,¢ € R" with £ # ¢, two cases may occur:
Either F(§) = F({) or F(§) # F(¢). In the first case, by the positive homogeneity (B), the
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distinct points £ and ¢ do not lie on any half-line starting from the origin. Hence, by (C), we
have the strict inequality F(A§ + (1 — 2)¢) < AF(§) + (1 — 1)F(¢), which reduces to F(A£ +
(1 = )¢) < F(&). Raising both sides to the power p we obtain

FQA§+ (1 - )P <F(&P
= AF(§)P + (1 = DF(P.

If, instead, F(§) # F({), then p(AF(§) + (1 — D) F($)) < A@(F(§)) + (1 — A) p(F(£)) and the
conclusion follows.
(2) Since F € C'(R" \ {0}) by assumption, we obviously have

X(&) =F(&P ' DF(¢) for & # 0. (2.4)

Furthermore, since F(§)P = o(|€|) as € — O, we also have X(0O) = O. It remains to check the
continuity of X(&) at £ = O. By Lemma 2.1(2), we may write

sup |[DF(§)| = max |DF(§),
£+£0 1§1=1

hence DF(£) is bounded in R" \ {O}. Letting £ — O in (2.4) the claim follows.
(3) Since %FP is strictly convex by (1), the graph of % FP lies above its tangent planes. Contact

occurs only at the point of tangency, hence

LR@P > LFQP + (X(©), £~ ¢) forall £.¢ € "

and equality holds ifand onlyif § = . Interchanging ¢ with &, we obtain % F($)P > % F(&)P +
(X(&), ¢ — &), and summing term to term we obtain (3). O

Remark 2.3. Combining (2.2) with (2.3), we immediately obtain

(X(&),&) = F(&)P for every & € R™. (2.5)
2.2 | Thedualof F

Given a Finsler-Minkowski norm F : R"” — IR(')*, we define the dual F* : R" — Rg by

) = a5 6)
F0 = ey

(2.6)

It is easily seen from (2.6) that F*(O) = 0, F*(x) > 0 for x # O and F* is positively homogeneous
of degree 1. Furthermore, for every x;, x, € R", £ € R" \ {0}, and 1 € (0, 1), we have

(A + A=) xy, &) 0 (x1,8) _ (x5, §)
6 = Fe TPV Fe

SAF*(x)) + (1 = ) F*(x,),

hence F* is convex, and consequently it is continuous in R" and differentiable a.e. in R" \ {O}.
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Remark 2.4. By positive homogeneity (B), there is no loss of generality if we replace the constraint
& # O with F(§) = 11in (2.6), and we see that the supremum is in fact attained by compactness.
Furthermore, since the set{ £ € R" : F(§) < 1}isstrictly convex by (C), if x # O the supremum is
attained at a unique point £, on the surface F(§) = 1. When & ranges in R" \ {0}, the ratio in (2.6)
attains its maximum at the point t£, for every t > 0.

Let us prove, for completeness, the following known result.

Lemma 2.5. IfF is a Finsler-Minkowski norm, then

e (%)
F(¢) = )sclig oo (2.7)
Proof. Since F(O) = 0, and by the definition of F*, we get
(x,§) SF*(x)F(§) Vx,§ eR™
Thus, given £ € R" we have
(x,6) n
) <F() VxeR"\{O}L (2.8)

We note that equality holds in (2.8) if £ = O, as well as if we take £ # O and x = DF(£) on the
left-hand side: In fact, by (2.2), we have (x, &) = (DF(§), &) = F(§). It remains to check that

F*(DF(£))=1 VEeR"\{O} 2.9)

We have seen before that there exists a unique &, satisfying F(£,) =1 and such that F*(x) =
(x,&,). Here x = DF(§) for a given § € R" \ {O}. Hence, by Lemma 2.1, claim (1), we may write

F*(DF(§)) = (DF(&), §,)

< F(gx) =1.
This and (2.8) for x = DF(&) imply
(DE(§),§) _
(DF(§),§) < F(DF@) < F(§) = (DF(§),§),
which proves (2.9), and (2.7) follows. O

Remark 2.6. By property (C) in the definition of a Finsler-Minkowski norm, it follows that the set
{£ € R" : F(§) < 1} is strictly convex, hence F* is differentiable in R” \ {O} [18, Corollary 1.7.3].
Since F* is also convex, DF* is continuous in R" \ {O} [18, Theorem 1.5.2]. Finally, since F €
C!(R"™ \ {0}) by property (A) in the definition, and in view of (2.7), we may apply [18, Corollary
1.7.3] again and conclude that the set {x € R" : F*(x) < 1} is strictly convex: Hence, F* fully
satisfies the definition of a Finsler-Minkowski norm given in Section 2.1. Now the statement of
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Lemma 2.5 may be shortly expressed by
(F*)* =F.

We note that whenever x € R" \ {0}, the inequalities

|x|? (x8 _ €]
—— < sup < sup [x|
F(x) " zz0 F(&) ~ 20 F(§)
hold, and therefore we may write
alx| < F*(x) < Blx] Vx eR", (2.10)

where

B ]
f —=— and
=B Fe P = S ey

Similarly, we may write

pl§l <F() <olé] V§eR”, (21)
where p = )161;5 F':E' ) ando = ;Scig F':El 5 . We also remark that the following inequality is a direct

consequence of (2.10):

B

L Fr(x) < F*(=x) < 2 F*(x) Vx eRr".
B a

Given x, € R" and R > 0, the opposite Finsler-ball is defined by

B (xp,R) :={x €R" : F*(x,—Xx) <R},

which is, in general, different from B;E(xO,R) :={x € R" : F*(x — x;) < R}. Of course, the equal-
ity B;E(O,R) = —B;(O,R) holds. We adopt here the notation of [15, p. 3] and [16, p. 1143]. By
contrast, the notation in [9, (1.5)] is different. As a consequence of (2.10), we note that both
B;E(xo, R) and B (x,, R) are bounded: In fact we find that

B<x0, %) C BX(x,R) C B(xo, g)

‘We conclude this section by recalling two known properties that are needed in the sequel.

Lemma 2.7. Let F be a Finsler-Minkowski norm. Then, DF(DF*(x)) = Vx € R"\ {O}.

F *(X)
Proof. We have observed in Remark 2.4 that for each x € R" \ {O} there exists a unique &, €
R" \ {O} such that F(§,) = 1 and

(8

F*(x) = (x,§;) =m NS TR

(2.12)
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We can also write (2.12) as

(x, )
F*(x)

=1=F(£). (2.13)

This and (2.7) imply

(&) 8
F#(x) y#0 F*(y)’

Since the gradient DL of the linear function L(§) = (x, £) is DL = x, the extremality conditions
N ——E
F® ). F()

X = <x’§x>DF(§x) and gx F*(x) = <x’ §x>DF*(x)

y=x

give, respectively,

Using (2.13), these are transformed into

x = F*(x)DF(§,.) (2.14)

and
§, = DF*(x). (2.15)
Substituting (2.15) into (2.14), we obtain the desired result. O

Remark 2.8. By (2.15) we immediately obtain
F(DF*(x))=F(,)=1 VxeR"\{0}, (2.16)

which is the dual of (2.9).

3 | WEAKSOLUTIONS

In this part, we examine the nonnegativity of a weak solution, and the comparison between two
weak solutions in nested domains. We also recall the explicit solution of (1.5) in the case when
Q = B (0, R). We commence by the following definition.

Definition 3.1. Let f € LP,(Q N ), and denote by X (&) the vector field in (2.3). A weak solution
of the boundary value problem

—AF;pu=f(x) inQnNnz;
u=0 onTy; (3.1)
(DF(Du), v) =0 onT, \ {0}
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is a function u belonging to the function space W;;p (@NZ)in (1.4) and satisfying
/ (X(Du(x)), Du(x))dx = / fO)u(x)dx 3.2)
Qns ans

forevery v € W;;p (QNZ). Similarly, if f € LP'(Q), then a weak solution of the boundary value
problem

{ —Appu=f(x) inQ; (3.3)
u=0 on 0Q;
is a function u € Wé’p (Q) such that
/ (X(Du(x)), Du(x))dx = / fO)v(x)dx (3.4)
Q Q

foreveryv € Wé’p(Q).

The well-posedness of problem (3.1) is readily established by the direct method of the calculus
of variations:

Lemma 3.2. Problem (3.1) (respectively, problem (3.3)) has a unique weak solution for every f €
LP,(Q N X) (respectively, f € LP/(Q)).

Proof. Define the functional J : W;;p (QNZ) - Rby
s = [ Lruto.Dutoyd,
ons

where L(x,u,§) = %F(é’ )P — f(x)u. Due to (2.11), we may use the Poincaré inequality in W;;p
(see [17, Theorem 7.91, p. 488] for the special case when p = 2), and we can easily show that
J is coercive. By Lemma 2.2, the function L(x,u, §) is strictly convex in § € R", hence J has a
unique minimizer u € W;’p (Q N X). Since J is differentiable, the minimizer u is the unique solu-
tion of (3.1). Finally, if we replace the cone = with the whole Euclidean space R", and the Sobolev
space W;;p (Q N Z)with Wé’p (Q), the same argument still applies, thus proving the well-posedness

of problem (3.3). The usual Poincaré’s inequality in W(l)’p is needed in this case. O

In the next lemma, we state and prove the nonnegativity of weak solutions of (3.1) and (3.3) in
the case when f > 0.

Lemma 3.3. If f is a nonnegative function in LP'(QNZ), then the weak solution of B is
nonnegative. If f is a nonnegative function in LP'(Q), then the weak solution of (3.3) is nonnegative.

Proof. We give details for the first claim, the second one being analogous. Take

0 ifu=0
v(x) =

u ifu<o
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as a test function in (3.2). Using (2.5), almost everywhere, we have

0, u > 0;
F(Du(x))?, u<O.

(X(Du(x)), Du(x)) = {
Let Q™" ={x € QNZ: u(x) <0} Then
P =
0< /Q_ F(Du(x))? dx /Q_ (X(Du(x)), Dv(x))dx
= fO)u(x)dx <0.
o
We conclude that

/ F(Du(x))Pdx =0
o

and thereforeu > 0a.e.in QN X. O

Next, we compare two solutions in nested domains (cf. [9, Lemma 2.4]).

Proposition 3.4. Let Q;, i = 1,2 be two bounded domains in R",n > 2, containing the origin and
satisfying Q; N X C Q, N Z. Choose a nonnegative function f € LP'(Q2 N X), and denote by u; the
weak solution of problem (3.1) with Q = Q;. Then, u; < u, a.e. in Q; N Z. In the case when ~ = R",
the statement continues to hold for problem (3.3).

Proof. LetI'y; =XNJdQ;, i =1,2. Since f > 0, from Lemma 3.3, we have u, > 0 a.e. in Q, N X.

Hence the function
ul - uz, ul > uz
U=
o, u; < Uy

belongs to W;;‘z (9, N Z) and has an extension, still denoted by v, to W;f: (Q, N %) vanishing iden-
tically outside Q; N X. Therefore, v is an admissible test function in Definition 3.1 for Q = Q;,
i = 1,2, and we may write

[ x@un. oo = [ jeoudx
QN QN
and
[ x®ue) peeodx = [ jwemas
Q,n= Q,n=
By subtracting the second equality from the first one, we obtain

/Q i (X(Du,(x)) — X(Du,(x)), Du(x))dx = 0.
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Observe that the function under the sign of integral is nonnegative by claim (3) of Lemma 2.2.
Since the integral vanishes, the function under the sign of integral must vanish almost everywhere.
Using claim (3) of Lemma 2.2 again, we deduce Dv = O a.e. in Q; N Z and therefore u; < u, a.e.in
Q, N Z. In the case when £ = R", the argument proceeds identically after replacing W;;f @Q;,nx%)

with WP () fori = 1,2. O

Proposition 3.5. The weak solution of (1.5) in the case when Q = B;(O,R) is

(RP/ —F*(—x)p,)’ p, = p

u (x)—;
R _p’NP/—1 p—1°

Proof. Observe that ug(x) is well defined for all x € R", and clearly vanishes on 0B (O, R). Being
p’ > 1, the function F*(x)P’ belongs to C'(R"): See Lemma 2.2(2) and Remark 2.6. Hence, up €
CY(R™). Furthermore, by differentiation, we obtain

Dutg(x) = ﬁ F*(=x)? "' DF*(=x) for x # O (3.5)

and so by the positive homogeneity condition (B) and by Lemma 2.1 (2), we have, respectively,

F(Dug(x)) = ﬁ F*(=x)? ~' F(DF*(=x)) forx # 0

and
DF(Dug(x)) = DF(DF*(—x)) forx # O.
Consequently by (2.16) and Lemma 2.7, we get

F*(—x)P'~1

-X
, x €R", and DF(Dug(x))= 7

Frxy ¥ 7O

F(Dug(x)) =
The last equality implies (DF(Dug), v) = 0 on I'; \ {O} because (x,v) = 0 there, hence the third
condition in (1.1) is pointwise satisfied. Finally, by (2.3), we get X(Duz(x)) = —x/N for x € R",
and therefore

[ xOuenouendr=T [ (xbuwdx
BZ(O.R)NE N JBzR)nz
1 .
== v(x) div(x) dx
N JBzor)ns
= / v(x)dx
B (O.R)NE
foreveryv € W;;)p (Q N ), and the proof is complete. O
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It is readily seen that if u is harmonic in a domain Q, then the function #(y) = u(-y) is
harmonic in the set —Q ={y : —y € Q}. In the present case, we may prove the following
three-minuses formula:

—Ap.pu(x) = Ap,, (—u(—x)). (3.6)
To be more specific, we confine ourselves to problem (3.1). We have the following:

Lemma 3.6. Let f € LP(QNY), and denote by X (&) the vector field in (2.3). A function u €
W;;p (Q N Z)is aweak solution of (3.1) if and only if it solves the boundary value problem

Ap.p (=) = f(») in—(QNZ);
u=0 on =T, 3.7)
(DF(-D1t), v) =0 on T \ {O}.

Proof. Suppose il € Wi’ﬁ)(—(ﬂ N X)) is a weak solution of (3.7). For every v € W;;p (QNnZ),the
function v(y) = v(—y) belongs to Wi’ﬁo(—(Q N X)) and therefore we may write

- [ epaon.poondy = [ ooy
-onX -QnXZ
Taking into account that —Dii(y) = Du(—y) and —Duv(y) = Dv(—y), by the change of variable

x = —y, we immediately obtain

/ (X(Du(x)), Dv(x))dx = / f)v(x)dx,
Qng ong

hence u is a weak solution of (3.1). The converse is proved similarly. O

4 | PROOF OF THE MAIN RESULTS AND ALTERNATIVE
FORMULATION

In the present section, we prove the main results of this paper. We also derive an alternative
formulation of Theorem 1.1 using the three-minuses formula (3.6).

Proof of Theorem 1.1. Define R; = minzefO F*(—z)and R, = max, s F*(—z). Letu;,i =1,2, be
the weak solution of the Dirichlet problem in the opposite Finsler-ball Q; = B (O,R;), i = 1, 2.
Then, Q; N2 CQNZC Q,NZ We want to show Q; = Q,. By Lemma 3.3 and Proposition 3.4,
we have

u;<uaeinQ N, u<u,aeinQn.

Let us take z; € T, N 8Q; and observe that R; = F*(~z,), i = 1,2. Furthermore, we have u;(z;) =
u(z;) = 0, and taking into account that u; is continuously differentiable up to z;, we will show the
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following two inequalities.

/

p'—1
N;,_l = F(Duy(z;)) < q(Ry) 4.1)
and
p'-1
4(R) S F(Duy(,)) = 2. (42)

We first prove (4.1). Letting x(t) = z; — t |z;] 7'z, € Q; n > fort € (0, |z, ), we compute the limit

t
I = lim uy (x(1))
t—0t t
following two different arguments.
(i) Since u, is differentiable at z;, we may write [ = — <|z1 |71z, Dy, (zl)>. But using (3.5), we

/
RP!
get Duy(z,) = Iﬁ DF*(—z;). Hence applying (2.2) for F*, we have

!’ ’
RP -1 |z |—1RP
_ 1 -1 _ = 1
= —m(lzll Zl,DF*(—Zl)> —W (43)
(ii) By the mean value theorem, we have u(x(t)) = — <t|z1 |71z, Du(i)) for a convenient point
% on the segment from z,; to x(¢). Letting £ = Du(%) and x = —t|z,|~'z, in (2.7), and since
F*(—z;) = R, we may estimate
u(x(t)) < tRy|z, |1 F(Du(x)).
Ast — 0%, using assumption (1.6), we obtain
I<Ry |z qRy). (4.4)

By comparing (4.3) with (4.4), the inequality in (4.1) follows. We now prove the inequality in
(4.2). Take € € (0, q(R,)). By (1.6), there exists § > 0 such that for every x € Q N X satisfying |x —
Z,| < &, we have

0 < q(R,) — € < F(Du(x)). 4.5)

Without loss of generality we may take § < € and we define Us ={x € QNZ : |[x —z,| <6} =
QN XN B(z,,0). Pick x, € Us and consider the initial value problem

{x’(t) = DF(Du(x(t)))

x(0) = x,. (46)

Note that (4.5) implies Du # O in Uy. Since DF and Du are continuous vector fields, by Peano’s
theorem [14] the initial value problem (4.6) has a local solution (possibly many). Let us denote by

85U801 7 SUoWILLOD BAIRR.D 3|qedlidde 8y} Aq pausenob afe sappiie YO ‘88N JOSa|n1 104 A%IqIT3UIIUO /8|1 UO (SUOHIPUOO-PUe-SLULBYW0D" A3 | IM"AR.d 1BUI|UO//SAIY) SUORIPUOD PUe SW | 8U) 885 *[1202/80/T2] Uo Aiqiauljuo A8]IM 81l eueIy0D A L922T YIW/ZTTT OT/I0p/Lod A3 Im Akeiqijeul|uo-osyewpuo //sdny woiy papeojumod ‘v '#20z ‘Zv6LTv0e



AN OVERDETERMINED PROBLEM RELATED TO THE FINSLER P-LAPLACIAN

| 15 0of 19

x(t) amaximal extension of a local solution, subject to x(t) € U_5 \ 0B(z,,8)fort € [0, T). Observe
that DF(Du(x)) is bounded by Lemma 2.1(2) and so is | x/(¢)|. Furthermore, |x’(t)| keeps also away

from zero. By differentiation, and using (2.2), we find
d
Zux() = (Du(x(), X'(1))

= (Du(x(t)), DF(Du(x(1))))

= F(Du(x(t))).

Hence, % u(x(t)) is positive and keeps away from zero: This and u(x,) > 0 prevent x(¢) from
approaching I'. Note, finally that DF(Du(x)) is tangent to % whenever x € I'; \ {O} as a con-
sequence of the Neumann condition in (1.5). Therefore, the maximal solution x(¢) not only does
not approach T, but it will also proceed further even in case x(¢) € I'; for some ¢ > 0 and it will
eventually satisfy |x(T) — z,| = & for some finite T. Let us estimate u(x(7T)). On the one side, since

% u(x(t)) = F(Du(x(t))) > q(R,) — € by (4.5), we may write
"d
WD) = i)+ [ uxO)dt > uxy) + (q(R) - ) T.
0

On the other side, by differentiation and using Lemma 2.1(1), we find

% w,(x(1)) = (D, (x (1)), X'(1))
= (Du(x(t)), DE(Du(x(1))))

< F(Duy(x(1)))-

Since F(Du,(x)) < F(Du,(z,)) in Q, by Proposition 3.5, and using (4.7), we have

T
1y (x(T)) = 14y (x) + /0 Ly (e dt < ) + TFDus(2,)

and consequently
(q(Ry) —e) T < u(x(T)) — u(x)
< uy(x(T)) — u(xy)
< uy(xy) — u(xy) + TF(Du,(z,)),

whence

uy(xp) — u(xo)‘

q(Ry) — F(Duy(zy)) — € < T

Let us estimate T from below. Since |x/(¢t)| < M = r?ax |DF(&)|, we obtain
#0

T
XD =l < [ WOldi<MT.
0

4.7

(4.8)
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Letting x, — z, in (4.8), the value of T varies as well as the point x(T), however lim |x(T) — x,| =
xO —>Zz

6 and therefore liminf T > ]% Hence, we have % < % for x, close to z,. Using this last estimate
Xg—2Z;

in (4.8), we obtain
q(R,) — F(Du,(z,)) — € < (uy(xg) — ulxy)) % (4.9)

Keeping ¢ fixed and letting x, — z,, we arrive at q(R,) — F(Du,(z,)) < €. Since ¢ is arbitrary,
the inequality in (4.2) follows. Using condition (1.3), and inequalities (4.1) and (4.2), we obtain
R, =R,. O

Proof of Theorem 1.2. We argue as in the preceding proof. The definitions of R;, Q; and u;,i = 1,2
are identical. It follows that Q; C Q,, and we prove that in fact Q, = Q,. Since Lemma 3.3 and
Proposition 3.4 are applicable to the case when X = R", we have now

u; <uaeinQ;, u<u, ae inQ.

We take z; € 0Q N 0Q; and prove the inequalities (4.1) and (4.2). The derivation of (4.1) is identical,
apart from the fact that we use condition (1.8) in place of (1.6), and the point x(t) = z; — t |z;| 7'z,
now ranges in Q,, being = = R". For proving (4.2), we take ¢ as before, and using (1.8), we
determine § € (0, ¢) such that (4.5) holds for every x € Q satisfying |x — z,| < §. Next we pick
Xo €Us={x € Q: |x—z,| <§}and consider a maximal solution x(¢) of the initial value prob-
lem (4.6): Since in the present case I = @, the solution x(¢) will eventually satisfy |x(T) — z,| = &,
as before, for some finite T. The estimate of T is identical, and we arrive again at (4.9), whence
the inequality in (4.2) is obtained. Using the assumption (1.3), and the inequalities (4.1) and (4.2),
we finally prove R, = R, and the theorem follows. O

As stated at the beginning of this section, we now derive an alternative formulation of
Theorem 1.1 using the three-minuses formula (3.6). Here, B;(O,R) ={x€eR": F*(x) <R}

Theorem 4.1. Let q(r) be a positive, real-valued function satisfying (1.3), and let v € Wll,;p Qnk)
be a weak solution of the problem

App(-v)=1 nQNE;
v=0 only (4.10)
(DF(-Dv),v) =0 onT; \{O}

If v belongs to the smoothness class C*(Q N Z) U (T; \ {0)) N C°(Q N £\ {0}) and satisfies

lim F(~Du(x)) = q(F*(2)) Vz € T, (4.11)

then QN X = B}:(O,R) N Z for some R > 0.
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Proof. By Lemma 3.6, the function u = U is a solution of

—Appu=1 in—(QNZI);
u=0 on-TI;
(DF(Du), vy =0 on-T;\ {0}

Furthermore, if we pick z € —T;, we obviously have —z € T, and by (4.11)
lim F(—Du(x)) = q(F*(-z)).
X—>—Z

Since —Dv(x) = Du(—x), letting y = —x we arrive at

lim F(Du(y)) = q(F"(-2)) Vz € ~To,

which is (1.6) in different notation. Therefore, by Theorem 1.5 we may conclude that —-(QNX) =
B.(0O,R)n(-Z) for some R > 0, hence QN X = B;(O, R) N X as claimed. O

5 | EXAMPLES

As mentioned at the end of the introduction, problem (1.5)-(1.6) under assumption (1.3) is
not solvable, in general, even in the case when Q = B;(O,R), and a similar remark holds for
problem (1.7)-(1.8). Let us identify the solvable instances. For simplicity, we focus on the last
problem.

Proposition 5.1. Let q(r) be a positive, real-valued function, and let Q = B (O, R). Problem (1.7)
has a weak solution u € W;’p(Q) N CL(Q) N CO(Q) satisfying (1.8) if and only if

(%)p,_l = q®). 5.1)

Proof. The unique solution uy, € Wé’p (Q) of problem (1.7) in the ball Q = B;.(O, R) is given in
Proposition 3.5, and has an extension to C'(R"). The gradient Duy, is found in (3.5). Taking (2.16)
into account, condition (1.8) reduces to (5.1). O

Therefore, if the function q(r) satisfies (1.3), then the solvability of the overdetermined
problem (1.7)-(1.8) depends on the existence of a solution r, = R > 0 to the equation

(L) = q. (52)

By (1.3), the equation above may have at most one solution, but it may well happen that (5.2) is
unsolvable. On the basis of this discussion, we exhibit the following examples.

Example 5.2. If we choose q(r)=(rP'~!+rP)/NP'~1, then assumption (1.3) is satis-
fied. However, Equation (5.2) has no positive solutions, hence the overdetermined problem
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(1.7)—(1.8) is unsolvable. If, instead, we take q(r) = rP', then assumption (1.3) is still satisfied,
and Equation (5.2) has the unique solution r, =1 /NP'_l. Consequently, the overdetermined
problem (1.7)=(1.8) is solvable if and only if Q = B(O,R) with R = 1/N p'-1,
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