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ABSTRACT

Polyhedra and spectrahedra over the real numbers, or more gener-
ally their images under linear maps, are respectively the feasible
sets of linear and semidefinite programming, and form the family
of semidefinite-representable sets. This paper studies analogues of
these sets, as well as the associated optimization problems, when
the data are taken over a valued field K. For K-polyhedra and lin-
ear programming over K we present an algorithm based on the
computation of Smith normal forms. We prove that fundamental
properties of semidefinite-representable sets extend to the valued
setting. In particular, we exhibit examples of non-polyhedral K-
spectrahedra, as well as sets that are semidefinite-representable
over K but are not K-spectrahedra.
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1 INTRODUCTION

Real polyhedra and linear programming (LP) lie at the core of
convex geometry and optimization, as a broad range of optimiza-
tion problems can be formulated as, or relaxed to, linear programs.
A non-trivial generalization of LP is semidefinite programming
(SDP), which consists in minimizing a linear function over the set
of positive semidefinite affine combinations of a finite collection
of real symmetric matrices. This problem has attracted consider-
able attention in the communities of real algebra and polynomial
optimization, primarily due to the relaxation method known as the
moment-SOS hierarchy [9].

Several properties of polyhedra extend to spectrahedra, the fea-
sible sets of SDP, e.g., spectrahedra are convex basic semialgebraic
sets, defined by a positivity condition on a pencil of real symmetric
matrices, known as linear matrix inequality (LMI). Nevertheless
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spectrahedra are not closed under linear images; that is, projec-
tions of spectrahedra — referred to as semidefinite-representable
sets — are in general not spectrahedra. Nemirovski [13] raised the
question of whether every convex semialgebraic set admits a semi-
definite representation, that is, whether it can be realized as the
projection of a spectrahedron. This question was later conjectured
affirmatively [8] but was subsequently disproved by Scheiderer,
who exhibited compact counterexamples [18].

A further distinction from polyhedra is that the base field over
which a LMI is defined may be insufficient to describe the points
of the corresponding spectrahedron. In particular, spectrahedra
defined over Q may fail to admit rational points; consequently, the
solution of a semidefinite program defined over Q need not be ex-
pressible as a rational combination of the input data. Nevertheless,
such solutions are algebraic over the base field. Therefore, assuming
that the input data of a semidefinite program belong to an effective
field K, it follows that a solution can be described and computed
as an element of a vector space over a suitable algebraic extension
of K. This observation gives rise to natural algorithmic questions.
Complexity bounds for the feasibility problem in semidefinite pro-
gramming were obtained in [15] and rely on general bounds from
quantifier elimination [16]. More recently, explicit exact algorithms
exploiting the underlying determinantal structure of semidefinite
programs have been developed [10, 11].

Nevertheless the complexity status of SDP, unlike that of LP,
remains largely open. This lack of understanding has spurred the
development of variants of the problem beyond the classical real
setting. In this direction, tropical convexity — and more precisely
tropical analogues of polyhedra and spectrahedra — were intro-
duced in [3, 6] and tropical techniques have since been applied
to non-Archimedean SDP [1]. Notably, tropical spectrahedra are
known to satisfy the Helton-Nie property [2]. More recently, linear
matrix inequalities with parametric coefficients have been investi-
gated in [12].

Main contributions. In this paper, we consider the setting in
which the input data are defined over (K, val), where K is a field
and val is a valuation on K. For simplicity, we assume throughout
that val is discrete and that (K, val) is complete, although some
results do not require this assumption. The prototype of valued
field we target is the field K = Q) of p-adic numbers, equipped
with its p-adic valuation.

A polyhedron over a valued field is naturally defined as the set of
vectors for which certain linear forms have nonnegative or infinite
valuation (see Definition 3.1). Our main result in this context is the
following theorem, proved in Section 3.1:

THEOREM 1.1 (DIRECT IMAGE (DI)). Let f : K — K™ be an affine
map and P a polyhedron in K™. Then f(P) is a polyhedron in K™.
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Next we turn our attention to linear programming. In Section 4,
we present an algorithm for solving LP problems with data over
(K, val), based on the computation of Smith Normal Forms, and we
prove its correctness (see Algorithm 1).

In Section 5, we introduce spectrahedra and semidefinite-repre-
sentable sets over (K, val). A spectrahedron over a valued field is
defined as the set of matrices in an affine space that are positive
semidefinite; that is, all of whose eigenvalues have nonnegative
valuation in some algebraic closure of K. As in the real case, this
gives rise to a class of semialgebraic sets that includes polyhedra.

Nevertheless, in contrast with the real case, we identify a class
of subsets of K (that is, in dimension one) that are semidefinite-
representable but not spectrahedral, under mild assumptions:

THEOREM 1.2. Annuli of K are semidefinite-representable but if
the residue field of K is infinite, no (non-trivial) annulus of K can be
a spectrahedron of K.

2 PRELIMINARIES

Throughout this paper, (K, val) denotes a complete valued field;
that is, K is a field, val : K - T' U {+oo} is a valuation on K, where
I is an ordered abelian group, and K is complete with respect to
the induced metric. The valuation is often assumed to be discrete
(I' = Z) with uniformizer 7 € K. The valuation ring of K is defined
as
Ok = {x € K :val(x) > 0},

with residue field k = Og /mg, where mg = {x € K : val(x) > 0}.
An element of Oy is called integral (at val). For k € N, we write
O(r%) for 7¥ Ok . Typical examples of such fields include the p-adic
numbers Qp, equipped with the p-adic valuation, in which case
Ok = Zp, and the field of Laurent series K = Q((¢)) with the t-
adic valuation, for which Ok = Q[t]. For general background on
valued fields, see [7, 19], and for effective computations over p-adic
numbers, see [5].

The K-vector space of polynomials of degree < d on variables
x = (x1,...,xp) with coefficients in K is denoted by K[x];. The
ring of matrices of size p X q with entries in a ring R is RP*9 and
the general linear group in R"*" is GL, (R). For the sake of ease of
writing, block-diagonal matrices with blocks By, .. ., By are denoted
by diag(Bz,. .., Bg), the null matrix of size p X q by 0, 4, and the
P X p identity matrix by I,.

We recall the definition of Smith Normal Form, in our context.

DEFINITION 2.1 (SMITH NorRMAL Form). Assume (K, val) is a
discrete valued field with uniformizer m. Let M € K™ " be of rank

r. There exist unique integers a; < ---

GL,(Ok) and Q € GL;,(Oxk), such that
SNE(M) := QMP™! = diag(z®, 7%, ..., 79, Om—r.n—r).

The matrix SNF(M) is called the Smith Normal Form (SNF) of M,
and the elements n% the invariant factors.

< ay, and matrices P €

REMARK 2.2. The valuation of the first invariant factor of SNF(M)
of a matrix M € K™ is the minimum of the valuations of the entries
of M. In particular, if M € O™, then SNF(M) € O™

Let us now briefly recall classical, that is, real polyhedra and
spectrahedra; see [14] for a recent and comprehensive survey. Let
Sa4(R) c R9%9 be the vector space of d X d real symmetric matrices.

C. Cornou, S. Naldi and T. Vaccon

A matrix M € S;(R) is positive semidefinite (M > 0) if and only if
the quadratic form x — xT Mx is nonnegative for all x € R", that
is, precisely when the eigenvalues of M are nonnegative. The set
S; (R) c S4(R) of positive semidefinite matrices is a closed convex
cone with non-empty interior in S;(R). It is also a semialgebraic
set, as M > 0 if and only if its principal minors are nonnegative.

Let Ao, A1, ..., An € Sg(R), and let L = Ag + span(Ay, ..., An)
be the affine space containing Ay with direction the vector space
spanned by Ay, ..., A, (which we may assume to be linearly inde-
pendent). The intersection

Ln S;(R) = {A(x) = Ay + inAi € Sy(R) : A(x) = 0} s

or equivalently, its pre-image S = {x € R" : A(x) > 0} under the
map x — A(x), is called a real spectrahedron. As an affine section
of S;(R) — or a linear preimage — real spectrahedra are closed
convex semialgebraic sets, possibly with empty interior.

ExAMPLE 2.3. Letd = n = 3. The 3-elliptope is the three-dimensio-
nal spectrahedron &3 given by

Loxx 3-Yx2>0
eR3: 1 >0l={xeR3: iz _
{x [zi X3 xl3 } {x 1+ 2x1x2x3 —inz >0

The polynomials on the right are the (non-constant) coefficients of

the univariate polynomial p(t) = det(A(x) + tI3). Equivalently E3

is defined by positivity of the principal minors of the defining matrix:
1-x220,i=1,23, and 1+2x1x2x3 —x2 —x% —x2 >0

The optimization problem of miminizing a linear function over
a real spectrahedron is called semidefinite programming (SDP).
Real polyhedra — subsets of R" defined by finitely many affine
inequalities — are special cases of real spectrahedra, where the
defining matrices Ay, ..., Ap can be chosen diagonal, so that A =
diag(#s, ..., £y) for some affine functions #. In other words, SDP
generalizes LP.

A more general class of convex semialgebraic sets is obtained
via linear projections of real spectrahedra, called semidefinite-re-
presentable sets: these are sets of the form
x1 n m
x= eR":EIyeR’",A0+inA,~+ZijjZO

i=1 j=1

Xn
When m > 0, the set is also referred to as a spectrahedral shadow.
There exist examples of spectrahedral shadows that are not spec-

trahedra (cf. Ex. 2.4) as well as compact convex semialgebraic sets
that are not semidefinite-representable [18].

EXAMPLE 2.4. The basic closed semialgebraic set R = {(x1,x2) €
R?:1- x;‘ - xg > 0} is not a spectrahedron but it is a spectrahedral
shadow with semidefinite-representation

. 1
frer?iayer®dag (|02, | 14 3114 5]) = of

3 POLYHEDRA

In this section, we define polyhedra over a complete discrete valued
field (K, val) with a uniformizer 7, and we prove that the class of
polyhedra is closed under linear transformations, as in the real case.
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DEFINITION 3.1. A polyhedron is a subset P € K" of the form

_ n val(£i(x)) 20 i=1,...,d
P_{XGK " oval(mj(x)) =400 j=1,....e |’ @
forsome ty,. .., 45, mq,...,me € K[x]1.
Below we use the following notation for z = (z1,...,2z4) € K4

z > 0if, by definition, val(z;) > 0 fori = 1,...,d, yielding the fol-
lowing matrix form for # (according to notation of Definition 3.1):

PZ{xeK":Ax+vZO,Bx+w:0}, 2)

for A € K9%" y ¢ K9, B € K®*" and w € K¢ such that Ax + o =
(t1,...,£7)T and Bx + w = (my,...,m)T. Remark that Defini-
tion 3.1 includes the case d = 0 corresponding to affine spaces, as
in the real case. Moreover by definition the class of polyhedra is
closed under intersection.

ExaMmPLE 3.2. The closed unit ball O = Boo(K") in K™ for the
supremum norm || - ||« is the polyhedron defined as the set of x =
(x1,...,xn) € K™ such that ||x||co = max;{|x;i|} < 1, in other
words, such that val(x;) > 0, foralli = 1,...,n. As such, OI’} is
the polyhedron in K™ defined by the affine polynomials £;(x) = x;,
i=1,...,n,ande =0, thatisOI'é:{xeK" :x > 0}.

3.1 Projections and direct image of polyhedra

The goal of this section is to prove Theorem 1.1, that is, that the
class of polyhedra is stable under application of affine maps. This
is done by reducing to particular cases. The strategy to deduce the
main theorem DI is given in Figure 1.

DIimm

[ Dlig —{ Dlpry = DI | DI = DI |

Figure 1: Strategy of proof of Theorem 1.1.

We begin with the case of linear maps in GL, (O ). We often fix
a linear basis &, .. ., & of K" which we call canonical.

LEMMA 3.3 (Dlayt). Let f € GL,(Ok) and P a polyhedron in
K™. Then f(P) is a polyhedron. If in addition, P is defined only by
inequalities, then so is f (P).

ProoF. Assume P is defined in matrix form as in (2), and let U
be the matrix of f in the canonical basis of K”. Let
Q={yeK" AU 'y+0>0BU 'y+w=0}.
Then it follow that Q is a polyhedron and f(#) = Q. It is also clear
that if P is defined only by inequalities, then so is f(P). O

If f is diagonal, we can also conclude.

LEMMA 3.4 (Dlgiag). Let f : K™ — K" be a linear map and P a
polyhedron in K" defined only by inequalities. If the matrix of f in
the canonical basis of K™ is diagonal, then f(P) is a polyhedron.
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PROOF. As in Lemma 3.3, a change of variables suffices to con-
clude. ]

We assume now f is a projection erasing the last coordinate.

LemMa 3.5 (Dlprop). Let f: K™ — K™ 1 (x1,...,Xn-1,Xn) —
(x1,...,%p=1), and let P be a polyhedron in K" defined only by
inequalities. Then f(P) is a polyhedron defined only by inequalities.

Proor. We assume that £ # 0 and that it is given in matrix
form: P = {x € K" : Ax + v > 0}, for some A € K9%n 4 e K9, and
x = (x1,...,xn) a column vector.

We can compute a Smith Normal Form SNF(A’) of the d X (n—1)
matrix A’ defined by the n — 1 first columns of A

SNF(A) = diag(81, - ., 8,04y n_1_p) € KD

to obtain a decomposition of the form

51 . a;
QaAP;" = [SNF(A) a] =

aq
with Q4 € GL;(Ok) and P4 € GL,(Ok) such that P4 &, = &,, and
a=(ay,...,ag)7.

Multiplying on the left by le does not modify whether the
valuation inequalities are satisfied. Moreover, thanks to Lemma 3.3,
P can be written as P = PAISD’ for some polyhedron #’ c K™ and
we are reduced to proving that f(#’) is a polyhedron for P’ defined
by the following linear matrix inequality (for some v’ € K dy,

X1
QaAP;! +0’ > 0.
Xn
We remark that asx, + 0f > 0 if and only if x, = —a;lo} +

O(x~ val(as)y This exactly corresponds to x, € B(—ag !0}, val(as)).
Since the conditions have to be compatible (we have assumed
P # 0), and thanks to ultrametricity, the intersection of these
conditions for s € [r + 1,d] is then given by the smallest of these
balls. Let us assume it is the one defined by the last inequality, i.e.
for s = d. The only condition on xj, is then val(agx, + U’d) > 0.

Thanks to Lemma 3.4, we can further assume that the §;’s and a,
are all 1’s and thus with abuse of notation we assume P’ is defined
by the linear matrix inequality:

a ,
X1 Ul

0ag-1 | [Xn C¥]
1

Finally, we can also assume that, up to a permutation of the vari-
ables, val(a;) = min{_, val(a;). We distinguish two cases: val(a;) >
0 and val(a;) < 0. Let us first assume that val(a;) > 0.

Let x € . Then x, = —0/, + O(1) and x1 + a1x, + 0] = O(1).
Consequently, x; —alu’d+b1 = 0(1)+0(xv3(@)) = 0(1). Similarly,

foralli € [2,r], xi — ajv); + 0] = O(1) + o(x¥al(a)y = 0(1).



ISSAC °26, July 13-17, 2026, Oldenburg, Germany

We define the polyhedron Q c K"~ ! by the following inequal-
ities: for all i € [1,r], val(x; — a;0, + 0]) > 0. Then the previous
computations prove that f(P’) c Q.

Conversely, let (x1,...,xp-1) € Q. Then let x, = —U:i. We
check that for i € [[1,r], x; + ajxn + 0] = x; — a,-v(’i +0; =0(1). In
addition x, + v"i = O(1) is satisfied and as we have assumed it is
the coarsest of the inequalities for s € [r + 1, d],, it implies that for
all s € [r+1,d — 1], asxp + v; = O(1). Hence (x1,...,x,) € P’
which means that (x1,...,x,-1) € f(P’). Thus f(P’) = Q, that
is, f(P’) is a polyhedron.

We now deal with the second case, val(a;) < 0. Let x € P’.
Then xp = —v/, + O(1) and x1 + a1xp + 0] = O(1). Applying the
first equality in the second, we get that x; — a;0); + v} = O(1) +
o(rval(@)y = o(xval(a)), Thus al’lxl - v; + al’lv; = 0(1). In
addition, x, = —a[ ! (x1+0]) +O(7~ val(a1)) Fori € [2,r], we plug
this equality for x, in x; + a;jx, + vl’. = 0(1) to get

xi —ajtai(x +0}) +0) = O(1) + O(x¥a (@) ~valla)y = (1)

using that val(a;) > val(aj).

We define the polyhedron @ c K"~ ! by the following inequal-
ities: Val(al_lxl - v(’i + al_lvi > 0 and for all i € [2,r], val(x; —
aj'a;(x1 +0}) +v}) > 0. Then the previous computations prove

that f(P’) c Q.

Conversely, let (x1,...,xp-1) € Q. Let x,, = —al_l(xl + vi).
Then x1 + ajxp +v] = 0 = O(1). Let i € [2,r], then x; + a;x, +
0] = x; — al_lai(xl +07) + 0] = O(1) since (x1,...,%p-1) € Q.

Furthermore, xp, + U; = —al_l(xl +0]) + u{’i = O(1) thanks to the
inequality satisfied by x1. Since the inequality for s = d has been
assumed to be the coarsest of the inequalities for s € [r + 1, d], we
also get that that for s € [r + 1,d — 1], asxp + v} = O(1). Hence
(x1,...,xp) € P’ which means that (x1,...,x,-1) € f(#’). Thus
f(P’) = Q and f(P’) is a polyhedron.

Therefore, in all cases, f(#) is a polyhedron, and inequalities
are enough to define f(#) as a polyhedron. ]

LEMMA 3.6 (Dlimm). Let f : K/ — K" be the immersion defined
by (x1,...,x71) = (x1,...,x,0,...,0) and let P be a polyhedron in
K!. Then f(P) is a polyhedron.

ProoF. Adding the equalities x;,; = 0,...,x, = 0 to the equa-
tions and inequations in x1, . . ., x; defining #, the resultis clear. O

We can now generalize to linear mappings and polyhedra defined
only by inequalities.

ProrosITION 3.7 (D). Let f : K" — K™ be a linear map and
P a polyhedron in K" defined only by inequalities. Then f(P) is a
polyhedron.

Proor. We identify f with its matrix in K"*", and we assume
that® # P = {x € K" : val(l;(x)) > 0,i=1,...,d}.

By Definition 2.1, the matrix of f can be decomposed f = Q~!AP
with P € GL,(Ok), Q € GL»(Ok) and

A = diag(61, ..., 8, Om—rn—r) = SNF(f) € K™*"

By Lemma 3.3, Q := PP is a polyhedron defined only by in-
equalities. We now prove that AQ is a polyhedron. One can write
that A is the composition of the immersion K* — K" sending
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(x1,...,%xr) ¥ (x1,...,%,0,...,0), the diagonal invertible map-
ping K" — K" sending (x1,...,x,) — (81x1,...,5:xr), and the
projections

(X1, X)) B (X1, .., x0),

(x1, .., xn) B (X1, .., Xn—1).
Thus, thanks to Lemmas 3.6, 3.5 and 3.3, AQ is a polyhedron. One
can note that it is only when applying the immersion as the last
mapping in the composition chain that equalities are needed to
define the last polyhedron.
Finally, thanks to Lemma 3.3, Q"!AQ = (%) is a polyhedron.
This concludes the proof. O

We can generalize from linear mappings to affine mappings.

ProrosITION 3.8 (DI;). Let f : K™ — K™ be an affine map and
P a polyhedron in K" defined only by inequalities. Then f(P) is a
polyhedron.

Proor. Let v € K™. One can see by immediate change of vari-
ables that Q is a polyhedron in K™ if and only if Q+v is a polyhedron
in K™. Consequently, translating by —f(O) in the codomain, where
O € K" is the origin, one can reduce to Proposition 3.7. O

We conclude with the proof of the main result of this section.

Proor oF THEOREM 1.1. Recall that here f : K" — K™ is an
affine map and $ ¢ K" is a polyhedron. Let us write # = Pr N Pg
with Py := {x € K", Ax+0v > 0} and Pg := {x € K", Bx + w = 0}.
Then f(P) = fp.(P1), ie., the image of Pr through the restriction
map of f to Pg.

Up to a translation, we can assume that P is a linear vector
space: we are reduced to proving that, if f : P — K™ is an affine
map and P is a polyhedron in the vector space Pg defined only
by inequalities, then f (%) is a polyhedron. This is the case thanks
to Proposition 3.8 and the theorem is proven. O

We recall that the Minkowski sum of two sets Sand T is S+ T =
{s+t:seS,teT}.

COROLLARY 3.9. The Minkowski sum of two polyhedra in K" is a
polyhedron in K™.

Proor. Straightforward from the equality P; + P, = {z € K" :
x € P1,y € P2, x +y = z} and applying Theorem 1.1. m]

PROPOSITION 3.10 (CHARACTERIZATION OF POLYHEDRA). A non-
empty polyhedron is the image of a polydisc under an affine map.

Proor. Let P = {x € K" : Ax+0v > 0,Bx+w = 0} be a
polyhedron in K. If P # 0, then there exists xo € K" such that
Bxg+w = 0.Let ] € K™XR guch that Im ] = ker B where R denotes
the dimension of ker B. Then P = xo + JP’ where A’ = A]J,
v =Axg+vand P’ = {y e KR : A’y +0’ > 0}.

Now let S € K"™*R be the SNF of A’ and Q € GL, (Ox) and
P € GLg(Ok) such that A’ = QSP~!. Then

P ={yeKR:05P 'y+0v' > 0} = PQ,

with Q := {z € KR : Sz+ Q710 > 0}. Let v”” := Q" 10’ then the
set Q = {z € KR : 5;z; +0 > 0,i = 1,...,R} is either empty or
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a polydisc (possibly with infinite radius). Thus = x + JPQ is
empty or the image of a polydisc by an affine map. O

COROLLARY 3.11. Polyhedra in K are either the empty set or balls,
possibly with infinite radius.

Proor. Let # C K be a non-empty polyhedron. By Proposi-
tion 3.10 there exists a polydisc D = {x € K" : val(sjxj — b;) >
0,i = 1,...,n} for some si,...,sp,b1,...,by € K™ and an affine
map f : K" — K such that # = f(D). Let ag, a1, . ..,an € K such
that f(x) = ap + a1x1 + ... + anxp. We can assume, without loss of
generality, that the a;’s are nonzero.

If there exists ip € {1,...,n} such that s;; = 0 then P = f(D) =
K and P is a ball of infinite radius. Otherwise, we have

b
D= {xeK" 1xj = —l+O(nval(bi/Si)),i: 1,...,n}
Si

and therefore for all x € K, one has x € P if and only if

n n
b b
x=ap+ § ai% +O(,Tval(aibi/5i)) =ap+ E ibi + O(n’d)
=\ Si -1 i

.....

" aib;
P={x€K:Val(x—a0—E 4% >dy.
Si

i=1

4 LINEAR PROGRAMMING

Alinear programming problem (or linear program) with data (4, b, c,
D, e) is defined as:

p* = infyegn val{c, x)
s.t. Ax+b =0 (LP)
Dx=e

for a vector ¢ € K" defining a cost function val {c, x), with (¢, x) :=
C1x1 4+ cnxn, A € K" b € K4, D € K™ and e € K™,
When d = n and A is diagonal, we refer to (LP) as a diagonal linear
program. We denote the feasible set of (LP) by

P={xeK":Ax+b > 0,Dx = e}.

Note that # is a polyhedron. A vector x € K" is called feasible
for (LP) if x € P. A feasible vector x* € P is called a solution to
(LP) if p* = val (¢, x*), i.e. if the infimum in (LP) is attained at x™.

REMARK 4.1. Assume val is a discrete valuation. Then if (LP)
admits feasible vectors, p* is either —co or attained at a solution x*.

In this section we present Algorithm 1, SOLVELPval, for solv-
ing problem (LP). The algorithm starts by eliminating the equality
constraint defined by D and e by variable substitution. Then the
matrix A is replaced by its Smith Normal Form, and the general lin-
ear program is consequently reduced to a diagonal linear program.
The original (LP) is then easily solved by looking at valuations of
input data in the reduced problem.

In order to prove correctness of Algorithm 1, we proceed step-
by-step. When the system Dx = e has no solution, (LP) is infeasible
and thus from now on we only consider the case when Dx = e has
a solution.
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Algorithm 1 SOLVELPval(A, b,c, D, e)

Input: A€ K9n pe K9 ce K", D e K™ and e € K™
Output: [TYPE, x], where:
TYPE = INFEAS and x = [] if and only if (LP) is infeasi-
ble
TYPE = UNBOUND and x = [] if and only if (LP) is
feasible and unbounded
TYPE = FEAS if and only if (LP) is feasible and has a

solution x

1: if Dx = e has no solution then

2. return [INFEAS, []]

3. end if

4: if D # 0 then

5 findJ € K™R with R = dim ker D, such that ImJ =kerD
6:  find x¢ such that Dxy = e

7. return SOLVELPval(AJ,b + Axg, JT¢,0,0) # Lemma 4.2
s: end if

9: if A not in Smith Normal Form then

10 [Q,S,P] « SNF(A)

1. [TYPE,y] « SOLVELPval(S, 0b, (P~1)7¢,0,0)
122 return [TYPE,P~ly] # Lemma 4.3

: end if

14: r « rank(A) # A is in SNF, with diagonal elements s;
15 if AL, (val(b;) > 0) then

16:  if VI, (ci #0) then

—
w

17: return [UNBOUND, []] # Lemma 4.4, item 2
18:  else

19: Ae—— Z{:l c,—bi/s,-

20: v« minj<j<, val(c;i/s;i)

21: if valA < 0 then

22: choosey € K" s.t.y; € (-bi +Ok)/si,i=1,...,r

23: return [FEAS, y] # Lemma 4.5, item 1
24: else

25: Jj e minj<j<,{i: 0 =val(c;/si)}

26: & =1(0,...,0,1,0,...,0), with 1 at coordinate j

27: return [FEAS, ¢;] # Lemma 4.5, item 2
28: end if

29:  endif

30: end if

31: return [INFEAS, []]

We first prove a reduction result, allowing to consider only iter-
ations of (LP) with data of the form (A4, b, ¢, 0, 0).

LEMMA 4.2. Let A € K™ b e K% c e K", D € K™", e € K™
and let ] € K™R be a matrix such thatImJ = kerD and R =
dim ker D. Assume there exists xo € K" such that Dxy = e, and let
x€{zeK":Dz=¢e} =xy+kerD. Lety € KR denote the unique
element of K™ such that x = xo + Jy. Then:

(1) x is feasible for (LP) with data (A, b, c, D, e) if and only ify is
feasible for (LP) with data (A], b +Ax0,]Tc, 0,0).

(2) x is a solution for (LP) with data (A, b,c, D, e) if and only if
y is a solution for (LP) with data (A], b +Axg, JT¢c,0,0) and
(e x*) = (JTey").
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Proor. First, if D = 0, then by the assumptions one must have
e = 0, and the problem is already reduced (with J = I, and xo = 0).
Next, assume D # 0, then Dx = e and Ax + b < 0 if and only if
AJy +b+ Axy < 0, proving Item 1. Finally, for all ¢ € K", {¢,x) =
(e, Jy) = JT ¢, y), which proves Item 2. O

Lemma 4.3 allows us to reduce problem (LP) without linear equa-
tions to diagonal linear programs.

LEMMA 4.3. Let A € K" b e K9 ¢ € K" and let S = SNF(A) =
QAP~! € K9" with P € GL,(Ok) and Q € GLy(Ok). Define
b =Qbandc’ = (P~H)Tc. Then

(1) x € K™ is feasible for (LP) with data (A, b, c,0,0) if and only

ify = Px € K" is feasible for (LP) with data (S,b’,¢’,0,0).

(2) x* € K" is a solution to (LP) with data (A, b,c,0,0) if and

only ify* = Px* is a solution to (LP) with data (S,b’,c’,0,0)
and {c,x*) = (¢, y").

Proor. Note that the transition matrices P and Q defining the
form SNF(A) are invertible in O and as such they preserve inequal-
ities: Mz > 0 if and only if Nz > 0, with N = SNF(M). Thus one has
that Ax+b = AP~ ly+b > 0ifand only if Q(AP™y+b) = Sy+b’ > 0;
this yields Item 1. Moreover, for all ¢ € K", {c,x) = (c,P_lpx) =
((P~HT¢, Px) = (¢’, y), which proves Item 2. O

Finally we show in Lemma 4.4 that solving a diagonal (LP)
amounts to checking the valuations of input data:

LEMMaA 4.4. Let (S, b, c) € K" x K9 x K™, with S in SNF.

(1) (LP) with data (S, b, c,0,0) is feasible if and only if the d—r last
coefficients of b have nonnegative valuation, for r = rank S.

(2) Assume at least one of the n—r last coefficients of ¢ is non-zero.
If (LP) with data (S, b, c) is feasible, then it is unbounded and
does not admit solutions.

PROOF. A vector y = (y1,...,yn)! € K" is feasible for problem
(LP) with data (S, b, c,0,0) if and only if val(s;y; + b;) > 0 for all
i=1,...,n.Howevers; = 0for n—r < i < n. Therefore, if (LP) with
data (S, b, ¢, 0,0) is feasible, necessarily the d —r last coefficients of b
have nonnegative valuation. Conversely, if the d — r last coefficients
of b have nonnegative valuation, the vector y € K" such that
yi = —bi/siif 1 < i < r, and y; = 0 otherwise, is feasible for (LP)
with data (S, b, ¢, 0, 0).

Concerning Item 2, let y* be feasible for problem (LP) with data
(5,b,¢,0,0). Let i be such that r + 1 < i < nand ¢; # 0. Consider
the vector & whose only non-zero coefficient is the i—th, which is
1. Then y* + a¢; is feasible for (LP) with data (S, b, c, 0, 0), for all
a € Kand (¢, y* + a&;) = (¢, y*) + ac;. In particular, for alln € N
if we set a, = —({c,y") + 77™)/ci, we have val ({¢, y* + an&;)) =
val 17" = —n. Therefore p* = —co and (LP) is unbounded. o

We conclude by giving explicit solutions to the reduced (LP):

LEMMA 4.5. Let (S,b,c) € K9" x K9 x K", with S in SNF, and
assume (LP) with data (S, b, c,0,0) is feasible. Let A = — 3.[_, c;b;/s;
and v = min; <;<, val(c;/s;).

(1) ifvalA < v, the minimum isval A and is attained on the whole

feasible set;
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(2) ifvalA > v, the minimum isv and is attained on &; € K", the
vector with all 0’s except with a 1 on the j-th component, with

Jj satisfying val(cj/sj) = v.
Proor. The feasible set ' = {y € K" : Sy+b > 0} of the

diagonal LP can be written as the set of vectors y € K" satisfying
siyi + bj € Ok for i =1, ...,r. In other words:

Y1
- {
y.n

The minimum in (LP) is the minimum of y + val ({(¢,y)) on #’.
The image of P’ by y > (c,y) is

r b
7\ = _oi L
(c,P)— El c,Si+

i= i=

Si

b; 1
eK":y,-e——'+—OK,1siSr}.
S

r

(%OK) = A+ 7%0k.
1 i

Two cases can occur depending on v and the valuation of A. If
val(1) < v, the minimum of y > val ({c, y)) over P’ is reached at
any point of £’, and is equal to val(1). Otherwise, A € 7O and
the minimum is v and is reached at any points y of £’ such that
(c,y) € 1°0Ok. O

We are now able to state a correctness theorem for Algorithm 1.
THEOREM 4.6. Algorithm 1 is correct.

Proor. If the linear system Dx = e has no solution, problem
(LP) is infeasible and Algorithm 1 outputs the correct answer at
step 2. Else, by Lemma 4.2 the input problem can be reduced to a
new linear program with D = 0 and e = 0, which is done at steps
4-6, and the correct recursion is given at step 7. The reduction based
on SNF from Lemma 4.3 is performed at steps 9-11 and the output
at step 12 is correct.

The core of Algorithm 1 is on steps 14-31. If val(b;) > 0, for all
i=1,...,r+1, withr = rank(A), by Lemma 4.4, item 1, the problem
(LP) is feasible. Two cases can occur under this assumption: either
at least one of the n — r last coefficients of ¢’ is non-zero, in which
case, by Lemma 4.4, item 2, the problem is unbounded and has no
solution, thus the output on step 17 is correct; or all the n — r last
coefficients of ¢’ are null. In this case the solutions are explicitely
constructed according to Lemma 4.5.

If the condition on step 15 is not satisfied, the problem is in-
feasible by Lemma 4.4 (step 31). Note that there are at most two
recursive calls, thus the algorithm terminates in a finite number of
steps. a

REMARK 4.7. To maximize the valuation of a linear map over a
polyhedron instead of minimizing it (which is equivalent to minimize
the absolute value) the same reasoning can be applied. The only
difference being that if val (1) < v the problem is unbounded and as
such does not admit a solution.

5 SPECTRAHEDRA

5.1 Positive semidefinite matrices

DEFINITION 5.1. We say that a matrix M € K9xd g positive
semidefinite, or psd (M > 0) if all its eigenvalues have nonnegative
valuation in an algebraic closure of K. We denote by KfXd c Kixd
the set of psd matrices. The characteristic polynomial of a matrix
M e K94 s denoted yp € K[T].
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Recall that the Newton polygon of a polynomial P = Z‘ii:o a;T €
K|[T] is defined as the lower convex hull of the set {(i,vala;) |0 <
i < d}, i.e. the graph of the greatest convex function ¢ : [0,d] - R
such that ¢(i) < vala; fori =1,...,d. This function is piecewise
affine and its slopes are exactly the opposites of the valuations of
the roots of P.

The following result shows that testing positive semidefiniteness
of matrices over valued fields reduces to checking whether the
coefficients of yjs are integral.

THEOREM 5.2. M € Kf'Xd if and only if ypr € Ok [T].

Proor. Both implications will be proven by contraposition. Let
M € K% with characteristic polynomial yp; = T4 + Z?;Ol a;T!
for ay, ...,ag_1 € K. First suppose M ¢ KfXd, thus yas has a root p
with val p < 0. It follows that

d-1
+oo = val ypr(p) = val (pd + Z aipi)
i=0
and val p? = dval p < 0. The properties of the non-archimedean
inequality and of the valuation imply that

d-1
d i . i
0 > val p® = val (IZ(; aip ) > Osrinslg_lval (alp )
Therefore, there exists j € {0,...,d — 1} such that Val(ajpj) <
val pd, i.e. such that valaj < (d — j)valp < 0. This shows that
xm ¢ Ok[T].

Suppose now yur € Ok [T]. There exists j € {0,...,d — 1} such
that vala; < 0. The polynomial yy being monic, the point with
abscissa d of the Newton polygon of yys is (d,val(1)) = (d,0).
Therefore, the point (j,vala;) having negative ordinate implies
that at least one of the slopes of the Newton polygon of yys is
positive, so that yus has a root with negative valuation. O

As a consequence, matrices with integral coefficients are psd.

COROLLARY 5.3. OI“éXd c K@xd,

Proor. Ok is a ring, therefore yy € Og[T]if M € 024, o

The reverse inclusion of Corollary 5.3 is false in general:
3/5+5 4/5
4/5 -3/5
mial of M is ypr = T? — 5T — 4. However when seen as a matrix over
K = Qs, then yp € Z5[T] = Ok [T]. As such M € (Qs)*2, while
nevertheless M ¢ (Zs)?*?, and hence (Qs)2%% ¢ (Zs5)**2.

ExXAMPLE 5.4. Let M = [ ] . The characteristic polyno-

DEFINITION 5.5. A cone in K% is a set which is closed under

multiplication by elements of Ok.
PROPOSITION 5.6, K3X4

open and closed.

is a cone. If val is discrete, then it is both

ProOF. The fact that K¢*¢ is a cone is immediate from the defini-
tion. Next, remark that Ok [T] is closed and open in K[T] equipped
with the infinity norm || X}_ 4 T¥||o = maxg<j<y |ag|, where
| - | is any norm induced by val: Ok is indeed the open unit ball
for || - ||oo that induces a discrete distance for which open balls are
also closed sets. Furthermore, fo‘i = y 1(Ok[T]) where y is the
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function that maps a matrix to its characteristic polynomial which
is continuous. Thus KfXd is both open and closed, too. O

5.2 Definition of spectrahedra

DEFINITION 5.7. A spectrahedron in K%%4 is g set of the form

n
S = LNk = {X e K. 3x e K" X = Ag + le-Ai,X > o}
i=1
where L = Ag + span(Ay, ..., A,) € K4 is an affine space, for
some Ag, Ay, ..., Ay € K9%d,

In the real case, one often abuses the definition of spectrahedra,
saying that the set {x € R" : Ao+ X' ; x;A; > 0} is also a spectra-
hedron. Remark that this yields that every affine subset of R” is also
a spectrahedron: indeed an affine equation £(x) = 0 is equivalent
to the two inequalities £(x) < 0 < £(x). Over a valued field it is
necessary to give the following definition in order to include affine
sets in the family of spectrahedra.

DEFINITION 5.8. A spectrahedron in K™ is any affine section of a
set of the form

SAzfpgl(KfXd) ={x e K" : Ay +x1A1 + -+ xpA, > 0}

for somed € N, where g4 : K" — £ < K99 s the map ¢ (x) =
Ap+x14A1 + -+ xpAp, and L = Ay + span(Ay, ..., Ap).

Remark that the map ¢4 in Definition 5.8 is onto £ but not
injective, unless Ay, ..., Ay are linearly independent. Moreover
K™ (and thus every affine subset of K™) is itself a spectrahedron,
choosing Ag > 0and Aj = Ay =---=A, =0.

The class of spectrahedra in Kdxd (or in K™) is closed under
intersection: indeed one has (£; N K&*9) N (L NKZ*d) = (£1n
L) N KfXd , for two affine spaces £1 = Ag + span(Ay,...,Apn)
and L2 = Ap + span(By,...,By), and (L1 N S4) N (La N Sp) =
(LiNnLy) N Sdiag(A,B) for two affine spaces L1, Ly € K™.

PROPOSITION 5.9. A polyhedron in K™ is a spectrahedron in K.

ProoOF. Assume P = LNM be a polyhedronin K", with L = {x €
K" :valfi(x) 2 0,i = 1,...,d} and M = {x € K" : valmj(x) =
400, j=1,...,e}, for some d,e € N. Let A, ..., Ap € K% be sit.

PA(x) = Ap + x141 + - - - + xpAp = diag(£1(x), ..., £3(x)).

Onehas L =84 = (p;‘l(KfXd). Since M C K" is affine, then P is a
spectrahedron in K. O

Spectrahedra form a strict generalization of polyhedra:

ExaMpLE 5.10. The following spectrahedron is not a polyhedron:

1
ZO}

ProoF. Note that yp(T) = T? — x(x + 7~ 1), therefore by The-
orem 5.2, S = {x € K : val(x(x + 771)) > 0}. Let A = {x €
K :val(x) > 1} and 8 = {x € K : val(x + 7~ 1) > 1}. We claim
that S = A U B, which is not a ball: therefore, by Corollary 3.11,
S is not a polyhedron. We prove now the claim. If x € ‘A, then
val(x) > 1 and thus val(x + 7~ !) = —1, that is val(x(x + 77 1)) > 0;
similarly if x € B then val(x + 7~!) > 1 and thus val(x) = -1,

0 x+n~
SM—{XEK.M.—x 0
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that is val(x(x + 771)) > 0; this shows S > A U B. Assume now
x € S\ (AU B). Then val(x) + val(x + 7~1) > 0 with val(x) < 0
and val(x + 771) < 0, implying val(x) = val(x + 7~ ) = 0, absurd.
Therefore S ¢ AU B, thatis, S = AU B. m]

DEFINITION 5.11. A subset S of K" is said semialgebraic if it is
defined by finite unions and intersections of sets defined by equalities
of the form {x € K™ : p(x) = 0} and of sets defined by inequalities
of the form {x € K™ : val p(x) > 0}, for polynomials p € K[x].

PROPOSITION 5.12. Spectrahedra in K™ are semialgebraic sets.

Proor. Let S4 € K™ be a spectrahedron, for some linear matrix
A=Ap+ X, xiA;. Denote by p; € K[x] the i-th coefficient of y4,
i=0,...,d. By Theorem 5.2 one has:

d-1

Sa={xeK": ya € Ok[T]} = m{x € K" :val(p;) = 0}. (3)
i=0

O

When n = 1, we can give a more precise characterization of the
geometry of spectrahedra from the representation in (3), using the
notion of diskoid defined in Riith’s PhD thesis [17].

DEFINITION 5.13. A diskoid of K is a set of the form
Disk(f,r) = {x € K : val(f(x)) > r},
for some polynomial f € K[x] and some rational numberr > 0.

PROPOSITION 5.14. Spectrahedra of K are finite union of balls.

Proor. By Definition 5.8, a spectrahedron in K can be defined as
the set S = {x € K : Ag+xA; > 0} for some integer d and matrices
Ag and A in K979 Thanks to Theorem 5.2, S = ﬂ?z_ol {x e K:
val(pi(x)) = 0}, for some polynomials p;, univariate over K. As
such, this set is the intersection of the diskoids Disk(p;, 0). By [4,
Lemma 6.9], diskoids are finite union of balls. Since the intersection
of two balls is either empty or the smallest of the two, we get that
intersection of diskoids are also finite union of balls. It is thus the
case for spectrahedra of K. O

5.3 Polyannuli

DEFINITION 5.15 (POLYANNULUS). A set of the form C = {x €
K|a < val(x) < b}, fora,b € Ry = {x € R : x > 0}, is called an
annulus. A product C; X Cy X -+ - X C, C K", where each C; C K is
an annulus, is called a polyannulus.

DEFINITION 5.16 (SEMIDEFINITE-REPRESENTABLE SET). A setR C
K™ is called semidefinite-representable (SDR) if there exist m,d € N
and matrices {A;,Bj :i=0,...,n,j=1,...,m} C K9%d sych that

n m
R={xeK":3yeK™ A+ ) xiAi+ ) y;Bj = 0]
i=1 j=1
that is, x € R if and only if there isy € K™ such that (x,y) € Sy C
K™™, for some pencil M(x,y) = Ag + X1 xiA; + Z;.":l yjBj. The
integer m is called the height of the representation and d its degree.

Of course a spectrahedron S4 = 4);\1 (K9%4) is SDR with height
m = 0 and degree d. In order to distinguish between spectrahedra
and possibly non-spectrahedral SDR sets we usually call spectrahe-
dral shadows the SDR sets with height m > 0.
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THEOREM 5.17. Polyannuli in K™ are spectrahedral shadows with
height m = n and degree d = 4n.

PrOOF. Let C = C; X - - X C,, € K" be as in Definition 5.15, for
some annuli Cy,...,C, C K. We claim that each C; is a spectra-
hedral shadow of height 1 and degree 4. Assume C; = {x; € K :
a; < val(x;) < b;} for some a;, b; € R} with a; < b;. Consider the
spectrahedron S, C K? defined by M© > 0 with

i . - Pt - 1%
MY (x;,y;) = diag (JT Ui, 1y, [ﬂ—lyi _”711 ) .
We claim that x; € C; if and only if there exists y; € K such that
(xi,9i) € Sy Indeed, by Theorem 5.2, M@ (x;, y;) = 0if and
only if (x;, y;) is a solution of the system of inequalities:

val(r™%x;) > 0

val(rby;) > 0

val(r™! = 771) = 400 > 0
val(r=2 (xjy; — 1)) 2 0

val (x;) > a
— qval(y;) = -b (4)
val (xjy; — 1) > 2

The last inequality implies that val (x;) + val (y;) = val (x;y;) =
val (—1) = 0 and therefore that val (x;) = —val (y;) < —(-b) = b,
so x; € C;. Reciprocally if x; € C; then (x;, xi_l) is a solution of (4).
This proves our claim. Finally, since C = C; X - - - X Cp, one has

C={xeK":IyeK" (xiyi) € Spyw,i=1,...,n}
={xeK":3yeK" (xy) € Sy}
with Syy = diag(MM, M@ M) e K[x, y]4>4. O
We prove now that, in general, annuli are not spectrahedra.

Proor oF THEOREM 1.2. Assume that k = Ok /mg, the residue
field of K, is infinite. By Proposition 5.14 spectrahedra of K are
finite union of balls.

In addition, if k is infinite, one can remark that the sphere {x €
K| val(x) = 0} is equal to the infinite disjoint union II;¢, B(by, |7|)
for some representatives b; € Ok of the classes of Og /7Ok = k.
It thus can not be covered by a finite amount of balls of radius |7|
and if one take any ball of radius 1 centered at a point of the sphere,
then one gets the whole B(0, 1).

A direct generalization of this argument proves that if x is infinite,
no (non trivial) annulus can be equal to a finite union of balls. Thus,
by Prop. 5.14 no (non trivial) annulus can be a spectrahedron. O
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