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The positive and negative energy modes of a field theory in x-Minkowski/k-Poincaré noncommutative
spacetime have very different symmetry properties. This can be understood geometrically by considering that
they span two distinct sectors of a curved momentum space. By performing an explicit direct computation of
the relativistic Noether charges and their algebra within the canonical formalism, we identify a striking
consequence of this asymmetry in momentum space: charge conjugation and Poincaré invariance are
incompatible. We then notice how the structure of momentum space suggests that time reversal could be
deformed so that the overall CP7 -invariance is restored. We prove that this new proposal works by studying
the transformation properties under deformed discrete symmetries of the new relativistic charges.
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I. INTRODUCTION

The «x-field theory [1-8] (the theory of fields in
k-Minkowski noncommutative spacetime [9] with
k-Poincaré deformed relativistic symmetries [10,11]) has
played a prominent role in the context of quantum gravity
phenomenology, as it provides a fruitful framework in
which to test the properties of Planck-scale deformed
relativistic symmetries, characterizing effective models of
quantum spacetimes [12,13].

It is now well understood that in a theory of fields living
in a noncommutative spacetime of Lie algebra type, as is
the case for k-Minkowski, the momentum space is a group
manifold, which in general has curvature [8,14—16]. One
consequence of the curvature of momentum space [16] is
that in such a theory positive and negative frequency modes
are distinct, in the sense that, apart from being characterized
by a different sign in the “time-frequency” part (the energy
of the field mode), the geometry of momentum space for
(on-shell) positive and negative frequency modes is fun-
damentally different (see Sec. II).

The aim of this work is to investigate the consequences
of this asymmetry for the consistency of continuous and
discrete relativistic symmetries.
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The properties of k-momentum space have been studied
in several previous works, which have shed light on some
aspects of its symmetries. One important step forward has
been achieved in [7] in understanding how the positive/
negative frequency sectors of momentum space transform
under (deformed) Lorentz transformations. The transfor-
mation properties defined in [7] rely on the so-called
“antipode” map (in the sense of Hopf-algebra) of the
k-Poincaré algebra. The crucial observation of [7] can be
rephrased in these terms as follows (see also [17]): if the
momenta of a mode in the positive frequency sector
transform with the action of the Lorentz generators (of
k-Poincaré) algebra, for the corresponding mode in the
negative frequency sector—whose momenta are the anti-
pode of the ones of the positive frequency mode—they
transform with the antipode of the Lorentz generator.

The results of [7] were at the basis of a series of
works [8,17,18] aiming to study the discrete symmetries
of a scalar field theory with k-momentum space, in which
some of the authors of this work were also involved.

One of the aims of these previous works was to formulate
an action for a scalar field explicitly invariant under charge
conjugation C, intended (as usual) as an exchange between
positive and negative frequency modes, which, after quan-
tization, corresponds to an exchange between particles and
antiparticles. One puzzling aspect emerging in [8,18] is that
even if one starts with an apparently C-invariant Lagrangian,
the C-invariance seems to be broken at the level of Noether
charges. Specifically, it was observed that the Lorentz
charges obtained from the action in [8,18] are not C-invariant.
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To investigate this problem, the first objective of the
present work is to derive the whole set of relativistic
conserved charges (in particular, the Lorentz charges) from
a direct calculation based on the canonical Noether analysis
of the k-field action. In most of the past works, only the
translational charges were derived directly with the canoni-
cal formalism, while the Lorentz charges were obtained
through a “covariant phase space” approach [8,18] that
dramatically reduced technical difficulties (an exception
being [5], which however considered a model different
from the one we discuss here). That approach, even though
in principle rather efficient in treating Noether analysis,
obscured some of the underlying assumptions needed to
make it work consistently. It is only through a direct
calculation based on the canonical formalism that one can
shed light on these hidden features.

The noncommutative structure of the theory allows
indeed to consider different ordering prescriptions for
the Lagrangian, all reducing to the same classical limit.
The C-invariance of the model, however, depends on the
choice of the ordering prescription. Aside from the calcu-
lation of the translational charges, we thus perform the
explicit direct calculation of the Noether charges associated
with Lorentz transformations for the x-field action, study-
ing how the structure of the charges and their symmetry
properties depend on the ordering of the terms in the action.
We then obtain the symplectic structure associated with the
action and compute the full Poincaré algebra.

This is the first result of the present work. In particular,
the comparison between the fully direct approach and the
covariant phase space approach brings to light the role that
boundary terms play for the (incompatible) symmetry
properties of the deformed action under continuous and
discrete transformations, a feature that was previously
missing in the literature. Specifically, one finds that even
if one starts with a Lagrangian whose combination of terms
is ordered so that the starting model is C-invariant, the
covariant phase space approach of [8,18] automatically
modifies the starting Lagrangian by (implicitly) adding
boundary terms in order to make it consistent with the
Poincaré algebra, at the cost of breaking the C invariance of
the starting model. In other words, the covariant phase
space approach picks up only a subclass of the possible
Lagrangians that could be admissible in principle by the
different ordering prescriptions, that indeed turn out to
differ by boundary terms.' On the other hand, the direct
canonical approach keeps track of all the boundary terms,
and at the end allows one to obtain conserved charges for
all classes of models, including those that are C-invariant
but break the Poincaré algebra.

"This implies also that Lagrangians corresponding to different
ordering prescriptions can be traced back to the same action. The
discrepancy between the x-field action and Lagrangian was
discussed preliminarily in [19].

On the conceptual level, focusing on the geometry of
momentum space, the main consideration underlying our
analysis is that if charge conjugation is defined as a
transformation from the positive to the negative frequency
sectors (or vice versa) of momentum space, then it is hard to
expect that such a symmetry will survive in a theory where
these sectors are distinct. The results of our investigation
confirm this expectation. More specifically, one finds that
there is no way to preserve simultaneously charge con-
jugation and Poincaré symmetries.

Our thesis is that the asymmetry in k-momentum space is
responsible for the fact that a field theory invariant under -
deformed relativistic symmetries cannot be C-invariant.
Even if this aspect might not be particularly concerning,
unlike charge conjugation, CP7 symmetry is widely
regarded as a fundamental feature of all known relativistic
(Lorentz-invariant) field theories. While CP7 violation is
naturally expected in frameworks where Lorentz invariance
is explicitly broken, it would be conceptually troubling if
CPT symmetry were violated in a theory that still admits a
full set of relativistic symmetries, even if deformed.

The second result of the present work is that there is a
natural—albeit nontrivial—way in which CP7 -invariance
can be restored in our noncommutative framework. Besides
charge conjugation and parity, we propose a new definition
of the action of time reversal on fields, motivated both by
the algebraic properties of k-momentum space and by its
geometrical structure. We study the action of the whole set
of discrete symmetries on fields, and show how, with our
new definition of time reversal, CP7 symmetry leaves both
the x-field action and the Poincaré invariant relativistic
charges invariant. We thus finally prove that, with our new
proposal, while the Poincaré invariant k-field models
cannot be C invariant, they can be naturally invariant
under CP7.

Restoring CPT -invariance is possible due to the flexi-
bility inherent in defining discrete transformations within
the deformed framework. In particular, we assume a
definition of time reversal 7 different from the one used
in the previous works [8,18]. However, we notice that both
definitions are technically plausible, since they both reduce
to the standard action of 7 in the undeformed case, even if
they have significantly different conceptual, and also
phenomenological, implications. We are going to comment
on this point shortly in the conclusions.

The paper is organized as follows:

In Sec. II we briefly recall the geometry of k-momentum
space. In Sec. III we define the scalar field and introduce its
Lagrangian and action. In Sec. IV, we perform the Noether
analysis for the Lagrangian introduced in Sec. III and
calculate the conserved charges associated with Poincaré
transformations and their algebra. In Sec. V, we introduce a
definition of charge conjugation and discuss its relationship
with the theory described in the previous sections. We also
show how the incompatibility between C and Poincaré
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invariance emerges, how it is related to the addition of
boundary terms to the action, and we clarify the aspects and
implications of previous attempts to compensate for it by
comparing the direct Noether computations presented here
with previous covariant phase space computations. In
Sec. VI we propose a new definition for the remaining
discrete transformations and their combination (CP7). In
Sec. VII, we demonstrate that the action of Sec. III and its
conserved charges (Sec. IV) are in fact invariant under this
transformation. Finally, in Sec. VIII we discuss the results
of our analysis and comment shortly on possible implica-
tions of the new definition of discrete symmetries.

II. «-MOMENTUM SPACE

We present here a concise description of the main proper-
ties of the k-momentum space. Other basic features of the
structure of its symmetries are reported in Appendix A 1.

Considering x-Minkowski noncommutative spacetime,
defined by the relations

)=lo wa=o (1)

the time-ordered noncommutative plane waves
A (A k3 kR0
ek(x) — etk,x/ezkox (2)

span a group manifold that constitutes the AN; space
[5.8,14,15], covering half of de Sitter space. In terms of 5D
embedding (momentum-space) coordinates

FIG. 1.

1
po = ksinh (ky/x) + 2—ek0/’<k2
K
__ Lko/x
pj =e€ o/ kj

1
ps = kcosh (ko/k) — — eko/Kk? (3)
2K
this space can be identified with the de Sitter hyperboloid

pi—p*—pi =K (4)

restricted to the portion

A (p)=po+ps=py >0, ps > 0. (5)

An on-shell “positive energy mode” (blue curve in Fig. 1) is
described by the constraint

po =y =\/m? +p?, (6)

while a “negative energy mode” (red curve in Fig. 1) is
obtained through the antipode map, so that it has energy
and momentum

B p
wp = S(Po)l py=w, = —@p +Z
K
p—S(p)=-—p (7)
P+

where p, = A, (p) is also on shell

pa(p) = Vm® +x% (8)

P+ = wp + pa(p)s

(I 4 1)D depiction of k-momentum space. The portion of the hyperboloid covered by the momentum space coordinates is the

(yellow) one over the p, = py + p4 (orange) plane and for positive p, (lhs). The on-shell orbits are the one sectioned by the plane
ps = Vm? + 2, respectively the blue (positive frequency) and red (negative frequency) curves on the rhs. The blue and red dots depict

two particular on-shell modes connected by the antipode map.
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The asymmetry of the momentum space is manifest: the
on-shell orbits for the positive energy are unbounded, while
the orbits of the negative energy modes are bounded by the
values

S(Po)l py=w, €(=Vm? +x%,=m].  S(p)E€(-x.x).  (9)

III. COMPLEX FIELD IN x-MINKOWSKI

To study the properties of fields in noncommutative
spacetime, and in particular their (noncommutative) Fourier
transform, the main tool is provided by the Weyl
map [20,21]. The Weyl map makes it possible to describe
the noncommutative fields in terms of standard functions,
where the noncommutative product is represented in terms
of a %-product, encoding an infinite series of derivatives on
the fields. The corresponding noncommutative Fourier
transform then establishes a link between the field and
its (curved) momentum space.

Given a noncommutative spacetime, the choice of Weyl
map is not unique. We choose here to work with the Weyl
map that was introduced in [5] for x-Minkowski (see,
e.g., [4,21] for different choices of Weyl maps), and which
we denote here as the “embedding” Weyl map

e(2) = W(ePuk"), (10)

This particular choice has the property that noncommuta-
tive derivatives emerging from the five-dimensional differ-
ential calculus’ introduced in [24] (see Ref. [25] for the
properties of the calculus and their application to field
theory) are mapped to standard derivatives on functions of
coordinates, which in turn correspond to the embedding
momenta defined in Sec. II (details of the properties of the
calculus are reported in Appendix A 2). This is the choice
of Weyl map that was also used for the works [8,18], where
the discrete symmetry sector of the theory was studied.

Given (10), an on-shell scalar field in k-Minkowski can
be defined [8] through the (inverse) noncommutative
Fourier transform

) = / du(p(R)3(pup* — )PPV (2(8)). (1)
where

du(p) = 2kd°pd(pg — p* = pi +x2)0(p)0(ps)  (12)

is the left-invariant Haar measure on AN;3. The on-shell
mode decomposition (11) can be reformulated [8] as

It is also possible to construct a 4D differential calculus in
k-Minkowski [22,23]. This is at the basis of the works [4,21].

By p)een v

o= [ 550

2004/

#S(p) -+ .
+/7¢(—w ,S(p))e’C@sw=S(P)x)
dwsgpafc’ 5P (p))
dp {~ .
= [ 5 |p(wp, p)e P
/2wp[’4/K ( P )
3
+ K_sﬁi(—ws(p), S(p))e’-@swi=SP)x) (13)
Py

for which we introduce the shorthand notation®

& . .
14 [apesz + b;f)els(p)x] (14)

20/ Pl

where we define the positive and negative frequency mode
coefficients

~ 3 71
aP:\/Z(ﬁ(CUp’p)’ bP:\/Z1’§3+¢*(_wS<p)’S(p))‘ (15)

Since, after quantization, one expects the coefficients to
correspond to creation/annihilation operators for particles
and antiparticles, we will refer to the modes in the
following briefly as particle and antiparticle modes.
Accordingly, the mode expansion of the conjugate field is

P(x) =

#" (x) e'SP¥ 4 p e, (16)

d*p +
S -
2wy\/pa/x

An action for the field, invariant under x-Poincaré sym-
metries, can be written as

S b) == [ dals(0,)0 k0 +mig xd)=5, (17)
with the Lagrangian

L(p".¢) = =S(9,)¢" * ' —m’p" % p=L,. (18)

where the *-product is defined via the Weyl map (10) as

fxg=WTW(FHIW(g)). (19)

The action (17) is the same, through the Weyl map

S(@".d) = W(S(¢".¢))), as the action on noncommuta-
tive fields

’The choice not to include the 1/ /2w, factor in the
normalization of @, and b, is deliberate and results in much
more compact results for the Noether charges.
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3@.) = - / G #D - my Y. (20)

where the noncommutative derivatives are defined in
Appendix A 2.

IV. NOETHER ANALYSIS

In this section we present the derivation of Noether
charges associated with x-Poincaré symmetries for the
complex scalar field described by (18). We then compute
the symplectic structure associated with the action, and
show that the charges satisfy the Poincaré algebra, so that
they are indeed a representation of the (deformed) sym-
metries of the theory that preserve Lorentz (and Poincaré)
invariance. The analysis is based on techniques that were
used in particular in [5,8], and we refer to those papers for
further details. We review the relevant properties of the
differential calculus in Appendix A 2, as well as some other
useful formulas in Appendices A4, AS, and B2. The
Lorentz charges are here calculated explicitly, with the
canonical approach.

As it was shown in [5] (see also [8]), the 5D differential
calculus can be described in terms of the sum of two
differentials, one associated with a 5D translation and one
with Lorentz transformations: d = dr + d; (we are going
to define them explicitly below). It should be noted that the
differentials associated with translations (d;) and Lorentz
transformations (d;) do satisfy Leibniz rule under the
*-product,

d(f * g)=df * g+ f * dg (21)

which is a crucial property in the calculations that follow.
This is made possible by having both the derivative
operators and parameters (that is, both d, and dx* in the
case of dy) noncommutative.

Moreover, the derivatives emerging from the differential
dr generate translations that close the standard Poincaré
algebra with the Lorentz generators, as shown in detail
in [5]. This means that with this definition of translations,
one expects to find Noether charges that satisfy the standard
Poincaré algebra, i.e., that close the so-called classical basis
of x-Poincaré [26]. In this particular basis, the algebra is
undeformed, all the deformation being in the coalgebra
structures (see Appendix A 1).

A. Variation of the action

Following the properties of integration by parts with
respect to the *-product here adopted (see Refs. [5,8] and
Appendix A 2), the variation of the action (17) can be
expressed as

55, = / [0, (THAGT * 5) + S(0,) (64" * S(TT)gh)
— (S(2,)S(2") + ) x 60
— 5" % (dﬂa" + m2)¢}, (22)

where the IT{ operators denote

2

mw=20 =Ly  m=-" (23
K K K

Ignoring the surface terms, we read off the equations of
motion, which, since the mass Casimir* is invariant with
respect to the antipode, are undeformed for both ¢ and ¢

(0,04 + m*)p =0, (24)
(5(0,)8(*) + m*)¢p* = (0,0 + m*)p" = 0. (25)

The basis for our calculations of the Noether charges is then
the variation of the Lagrangian. Imposing (24) and (25), it
becomes

8Ly = 0,(TI{p" * 6¢) + S(04)(8¢" x S(MT})p).  (26)

B. Translation charge

The 5D translation differential takes the form [5,8,24]
dr = €0, = dx* % 0, + dx* x 0, where the *x-commuta-
tors of the dx* are reported in Appendix A 3. To calculate
the translation charge, we substitute the differential dy in
place of the variation in (26) which we can do because dr
satisfies the Leibniz rule)

drLy = 0,(TH¢" x drep) — S(04)(drp™ % S(I1{)¢) =0
(27)

Since €? is itself noncommutative, in order to factor it out
we commute it to the left in all terms in (27) using (21)

€Pp[Ly — 0, (I} T % @)] + 04 (eP 0TI " * )

— S(04)(e®app" * S(IT})p) = O (28)
The first term vanishes on-shell [as evident from (22)], and
since [5] d,e® =0, we obtain the energy-momentum
conservation equation
04 (0pTI1 " x p) — S(04) (0" x S(TI{)gp) = —0,T% =0

(29)

*We refer to the Laplacian 9,0" as the mass Casimir, since it
corresponds to the quadratic invariant of the Poincaré algebra.

The sign change with respect to (28) in the definition of 7%
comes from our choice to define the positive energy modes as e’P*
rather than e~/P*,
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With the explicit forms (A22)—(A24) of S(d4), we find that the time component of the current is

T = —05T0¢" % ¢ — 950" * S(MY)p (30)

Integrating it over space and substituting the mode expansions (14) and (16), we obtain the translation charges

PL = /d3xT2

[ 080 )+ 0+ ST

3dpdqlc

:/d

2wp 2wy py

P4 P4
S L (5(p,) 2 S(op)ahesr + p, 2

pbpeil”‘) * (aqeiqx + b;eis(q)")

+ (S(p)abe P + p,byel?) x (’fj S(g)age'® + L4y )]

&p Pi i T
= /E [K—3bpbppﬂ - apapS(p”)} (31)
&
Pi:/d%ch:/ P [p+bTb + aha ](p4—1<) (32)
2w,
where we evaluated the Dirac deltas according to the 1 .
prescriptions in Appendix A 4. X x x) = K (6B + 100, ) P (1) (35)

C. Lorentz charges

It has been shown in [5] (see also [8]) that the differential
associated with Lorentz transformations that is compatible
with the differential calculus is d;, = @ * (x, * A"—+dy) =
" % L,, where o = -, d,0" = 0 and d, satisfies
the Leibniz rule (21) (the x-commutation properties of w*”
are discussed in Appendix A 3). Replacing the variation in
(26) with this differential (which we can do because d; also
satisfies the Leibniz rule), we proceed as we did for
translations. Since the operator L,, does not commute

with d4, commuting o to the left requires an extra step

Ly L1+ [04. Ly (T T % ) + L, 04 (TH T x )
—05(L,, I} )T % ) +S(04) (L, " * S(TI{)p) =0 (33)

A straightforward calculation gives the explicit commutator
[04+ L] = Naju0,), which, together with the explicit form
of S(d,), results in the conservation equation for Lorentz
transformations 9,74, = 0 with

K K
j;eu = Xu * (_au]H?¢T * d) + A_+ab]¢-r * S(H(l))¢>

+ 1apbol1t PT * . (34)
The calculation then proceeds much like for translations in
(31), with a few important caveats. First, we make use of
the following identity:

proven in Appendix A 5. Second, special care must be
taken with the Fourier transform of x;. Due to the deformed
addition rules for plane waves (see Appendix A 4)

et x 117 = lPBD — (i(P®D’ oi5pita)Y  (36)

x; must be Fourier transformed (schematically) as

; ‘ 0N oo
570 % 9(2) = Fp)ala)ev0n (=i 2 etomor
q0p’

(37)

To better illustrate this methodology, we present the
derivation of the antiparticle (bp, by,) sector N j?b for the
boost charge

&pdq « , .
Nbb — /d3 o % (0TI, iP* 5 bl piS(a)x
J 20, 2wy P4 p+x[0 (0 jJtibpe q€
+0,bpeP* x S(I0) by eiS(@)

- njAHfbpeipx * bqe"S(Q)"}

dpdq K
/ x2a)p2a) [ P+x[0pj] (@

x by bye!(P®S(@)x (38)

At this point we use (35) to obtain
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. 1
= x ,*ez(pGBS())x_(Lx ——x(p®S )
b, 0P e olp ® S(q));

X pj]e i(p®S(q)) (39)

Note that after evaluating the Dirac delta according to
(A35) the second term vanishes, since p @ S(p) = 0 and
w, @ S(wp) = 0 by definition. We are thus left with

&p dq K .
Nj?b:/cﬁx— [ —(tp;— xjwp)(wp—l—a)q)+zpj}

20p2wq | g

X by bye!(P@S(@)x (40)

The terms proportional to 7p; and p; can be simplified by
resolving the exponents as Dirac deltas to

Eppl[ « ip,
S e ~ b, by 41
2w, ©* { Py ity ] (41)

The remaining terms are evaluated using (37)

1 d*q x §
E/d3xd3 aax (C()p +6()q)b b i(p®S(q))x

1 &
/d3 BT (w0, + wg)byblel @S
"2 @q 9+

X _lq_+i eiﬁ(p—q),xi
K dp’

d3 ob / ,
—ppi[' il JAR iﬁbpbu—ﬁbb}

2w, K3 Popi 2w
(42)
Collecting (41) and (42), we obtain
> d’p P’ + Oby
bb _ +
N] - 26() p pap] (43)

Applying the same method to the remaining contributions
to J, 8 (and similarly for rotations j ) we obtain the

rotation (M j) and boost (N }) charges, Wthh in the end
take a fairly simple form

&p [P’
Ml = / +
k I€ijk Za)p |:K3

d% 3 ob aa
I — Bl oty it LIS
N ’/2w [3 Pop 0t a5

. 0b, da
b}, S(p)ah, —2—| (44
pl P a J + (pl)ap ()S(pj):| ( )

Stap)| @9

The Lorentz charges (44) and (45) are here obtained for
the first time explicitly in a direct, canonical approach.6
Their expression must be compared with the one derived
in [18] through a different technique, based on a “covariant
phase space” approach, which did not directly depend on
the surface terms in the deformed action. We will discuss
the comparison in Sec. V D.

D. Symplectic structure and algebra

The starting point for obtaining the symplectic form is
the symplectic potential current &, which comes from the
variation of a Lagrangian in standard field theory as

SL(p) = E.O.M X 5¢p + 9,6 (46)

This definition naturally extends to our deformed case, and
we identify 64 as the total derivative term in (22), whose
time component is

O =Tp" * 5¢ — 5¢p" x S(IY)¢p (47)

The symplectic form € is obtained by integrating the
antisymmetrized second variation of #° over a constant
time Cauchy hypersurface %,

Q= / Bx[5pT A, 5 — ' A, S(TT)5g)]
%

dp [p
:z/ [ £ 5b, A b — dag, A Say |, (48)
2w, K>

where we denoted a A, b = a * b — b % a. The resulting
Poisson brackets are

{ap. ai} = —2iw,8*(p — q) (49)

3

{by by} = —2iwy 56 (p ~q) (50)
Py

It can be shown that with the brackets (49) and (50) P.,

M;, and N satisfy the standard Poincaré algebra (as

expected for the classical basis of k-Poincaré), assuring the
relativistic invariance of the theory

{Pﬂ,P } =0, {Nj’Pk} = njkPO’
N, Py} = =P, M, P} = e Prs
{M;, Py} =0, M, My} = ejuM,,
{ijNk} = €jklva {vaNk} = _€jklMl (51)

Some parts of the derivation were already in [5]. However a
complete explicit derivation of the charges was missing.
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The proof is fully analogous to the undeformed case, since
in the b particle sector the extra pi /3 factor is canceled by
the bracket (50), while the a particle sector is identical to
the undeformed case with p changed to —S(p). The algebra
also has 3 additional brackets

{PuPay ={M;. Pa} ={N;. Ps} =0 (52)

which shows that P, is a central charge for the x-Poincaré
algebra in the classical basis. The fact that the charges
satisfy the Poincaré algebra shows that they are a repre-
sentation of the relativistic symmetries that preserve
Lorentz (and Poincaré) invariance.

V. CHARGE CONJUGATION

A. Definition

Let us start by noticing that the definition of the discrete
symmetries in a deformed theory is not free from ambi-
guity. Several different assumptions can be made, as long as
they reduce to the standard properties of Poincaré sym-
metries in the undeformed (commutative) limit.

A definition of charge conjugation C that appears to be
natural even in the deformed setting is to assume that its
action is to switch between particle and antiparticle modes

c c
a, — by, b p- (53)
This is indeed the choice that was made in the previous
works [8,18]. Notice that in terms of momentum-space

fields this means that

p

K3

~ C ~
¢(a)p7 p) — p_3¢ <_wS(p), S(p)) (54)
+
Using the definition (13) or (14) of the field it is
straightforward to show that this implies that C acts as’

P(x) — ¢' (x). (55)

This rule of action is the same as in the undeformed
(commutative) case, except that here one should be mindful
of the fact that the () is not just complex conjugation ()*,
as it also involves a transposition of the noncommutative
plane wave.

It should be noted that the action S(¢", ¢) defined in (17)
is not invariant under the C transformation here defined, as
evident from the form of its conserved charges [e.g., (31)].
Indeed, this was not the action considered in [8,18], whose
purpose was to start from a C-invariant model. We elaborate
on this point in the next two sections.

"This action extends to noncommutative fields as

P(3)-5 ' (3).

B. Aside on alternative ordering in the action

The ordering between ¢ and ¢' in the action (17) is
arbitrary, and one may just as well consider the action

S(p, ") = - / d4x[S(0”)d) * Pt +m?p * ¢'],  (56)
which is related to S(¢", ¢) by the transformation C defined
in (55). Repeating the analysis in Sec. IV for S(¢, ¢"), we
obtain the following conserved charges:

P2 = /d3 p+a1a Pu—bib,S(p,) (57)
H 2a)p K."; P¥plu P¥p H ’
&Ep [P} i
P2 — /E [K_;apa,, + by | (pa = ). (58)

&dpp3 da . 0b
/\/lzzie,--k/— [—p aT—erS(pi)b'—P.}, (59)
TR 2w, |63 TP opd Pas(p/)

[ dpp oa ob,
2 T P
N3 = l/2a)p L apa +bp0S( )S(wp)] (60)

It is immediately apparent that these charges are also
related to the ones obtained from S(¢',¢) by the C
transformation (53). This shows that the ordering of ¢
and ¢' is responsible for determining which particle
species ends up in the p and S(p) momentum spaces
(cf., Fig. 1).

This fact can be explained by a closer examination of the
steps leading up to the calculation of (31). Since the
translation parameter € is always commuted to the left,
in the end dz always acts on the left field, which for
particles corresponds schematically to 0Ba eSPY % a,e'Pr

for S(¢7, ¢) and dpaye’™ * apeSP) for S(¢p, pt). This
crucial point, regarding the commutation of the parameter
in the Lagrangian, and determining the difference between
the charges (58), (59), (60) and (31), (44), (45), can be
uncovered only through the canonical formalism, and it
was impossible to appreciate through the covariant phase
space approach. Indeed, it was overlooked in the previous
works, obscuring the cause of the breakdown of the C
invariance of the charges calculated there. We will discuss
the consequences of this observation in Sec. VD. It is
important for the following discussion to point out that the
difference in commuting the parameter to the left or to the
right in the Lagrangian amounts to a total derivative acting
on the fields.

One should note, in closing this section, that the theories
described by S(¢',¢) and S(¢,¢") can be considered
physically equivalent. While they assign different momen-
tum properties to particles and antiparticles, the only way to
distinguish them would be by those very properties; thus,
the labeling itself is irrelevant. On the other hand, once the
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labeling convention is fixed, the two theories become
distinct (as they assign different momenta to the same
species of particle) and related by C, and as such neither of
them is C-invariant.

C. Incompatibility between C and Poincaré invariance

A natural approach to compensating for the loss of
charge conjugation symmetry is to consider the sym-
metrized Lagrangian

Lo=3(LW9)+ L)) ()

This was the starting point of the studies carried out
in [8,18]. The Noether analysis, performed through a direct
computation using the canonical formalism as in Sec. IV,
results in the sum of the charges obtained for £(¢, ¢) and
L(¢p,¢"), e.g., for translations

1
Pf =3 (P +Ph)

&’p Py
2 / 20, [ Pu
The same happens for the Lorentz charges /\/ljc and N/ jc for
the action (61), which turn out just to be the sums of the
charges (44) and (45) with (59) and (60), respectively. All
these resulting charges differ with respect to the ones
calculated in [8,18]. In particular, differently from those
in [8,18], P, MC and NC are manifestly C-invariant. The
reason for this dlscrepancy will become clearer with the
following observations.
First, one can easily show (it is enough to sum Eq. (48)
with the same expression but with a;, and b}, interchanged)
that the Lagrangian (61) gives rise to the Poisson brackets

. sm} (abay + biby)  (62)

—21wp

W53 (p—q). (63)

{a[vaa} = {bp.bq} =
These Poisson brackets are consistent, up to a different
normalization, with the ones found in [8,18].

However, if one now uses (63) to compute the algebra of
the charges P¢, ./\/lf and V' jC one finds that the brackets do
not close, in the sense that it is not possible to express them
just in terms of the charges themselves, and in particular
they do not reproduce the Poincaré algebra. This indicates
that the relativistic symmetries are broken. This is com-
plementary to what was obtained in [8,18], where the
charges associated to (61) were Poincaré invariant, but
broke C invariance (even if the starting Lagrangian (61) is
manifestly C invariant).

A tentative explanation for this puzzling fact can be
given in terms of the transformation properties of p, and
S(p,) under k-Poincaré. Since the a, and b, sectors are
independent, we can interpret the algebra of charges for
S(¢", ¢) as the fact that p, transforms as a vector under

Lorentz transformations L,,, while S(p,) transforms as a
vector under antipodes of Lorentz transformations S(L,,,)
in the Hopf-algebraic sense (this was already noticed
in [17]).

From this perspective, the symmetrized Lagrangian (61)
effectively assigns p, + S(p,) momenta to both species of
particle. However, p, + S(p,) is not a vector under
L,, + S(L,,), thus the theory described by L is actually
not Poincaré invariant.

A possible work-around is to take advantage of the twisted
cyclicity under integration (defined in Appendix A 6) to
commute the terms coming from £(¢, ¢") in the action

Sc = —% / dx[S(3,)p" * PP+ mipT % ¢

+8(0,)¢p * #p" + m*p x 7]
_ _% / dx [S(a,,)(/ﬁ * P+ mp %
A3 A3
+ 09" % K—;S(a,,)d) +m*p’ x K—;fﬁ (64)

While this restores the Poincaré invariance of the action (as
explained below), it corresponds to a modification of the
Lagrangian by a boundary term, which affects the conserved
charges. Our study shows that this corresponds to what was
implicitly done by the covariant phase formalismin [8,18], as
we are going to discuss in the next section.

Performing once again the Noether analysis, we find
charges of the form

pCl :1/d3p
K 2) 2w,

with the symplectic structure identical to (63). These satisfy
again the Poincaré algebra through the same mechanism as
explained in Sec. IV D [as the overall factor in (65) exactly
matches the one in (63)], but are evidently not C-invariant
anymore—both of which can be traced back to the
introduction of the boundary term.

This observation suggests that, within the deformed
framework, C-invariance and Poincaré invariance may
not be simultaneously realizable, as enforcing one appears
to break the other.

(1+‘Z+>[b*bpp,, ayayS(p,)] (65

D. Comparison with the covariant phase space
approach

We discuss now briefly how the covariant phase space
approach used in [8,18] works, highlighting some its
underlying assumptions. The idea at its basis is that using
the symplectic form (48), one can compute all the charges
using the defining relation
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where the charge Q. obtained in this way is the result of the
spacetime symmetry described by the vector field & in
spacetime, 1 represents the contraction of the vector field
0 with Q, 6 is the vector field in phase space generated by
the action of the symmetry vector &, and ¢ is the exterior
differential. Because of general arguments concerning
spatial translations [18], the canonical nondeformed con-
traction rule 5 1A A B = (6;A)B — A(6:B) was deformed

into
8: 1A A B = (5:A)B + A(S(5:)B) (67)

where S(6¢)B is the same as 6:B with every momentum
switched for its antipode.8 It is right here where the features
pointed out in the previous sections are hidden. In fact, it is
possible to show that the property (67), introduced for the
consistency of the covariant phase space approach,
amounts in the end to switching the noncommutative
parameter ¢! to the right (only) for the part of the
Lagrangian L(¢, ¢") of (61). In turn, this implies that a
total derivative (a boundary term) is added to the
Lagrangian, precisely the boundary term needed to turn
(61) into (64). And indeed, the charges obtained from the
action (61) with this method are exactly the charges in (65)
(and their counterparts for rotations and boosts), which
close the Poincaré algebra. In other words, the additional
surface term is implicitly considered in the choice (67),
which allows one to go directly from (61) to (65), without
needing to rewrite the action as in (64).

Summarizing, switching from a Lorentz-invariant to a C-
invariant Lagrangian requires introducing different boun-
dary terms. The direct Noether approach, which obtains the
charges directly from the boundary term, naturally keeps
track of this. On the other hand, such direct computations
are already very challenging even for simple models. The
covariant phase space approach, while much simpler and
transparent from a computational point of view, may hide
implicit choices of boundary terms which need to be taken
into consideration. In the complex scalar field considered
here and in [8,18], it is clear that the relation (64)
implies that Lorentz and C invariance are incompatible.9
Generalizing to arbitrary x-deformed models, we argue that
starting from a Lorentz-invariant Lagrangian, the asymme-
try between positive and negative energy modes imposes
charges where particles and antiparticles are associated to
different domains in momentum space. This in turn trans-
lates into different momentum-dependent functions appear-
ing in the a,a’ and b, b sectors in the charges and the
symplectic form. Such additional terms allow the charges to

8Depending on the field &, an additional canonical minus sign
may be needed besides switching every momentum for its
antipode, see Ref. [18] for more details.

At least when considering C transformations which relate ¢
and ¢' as in Eq. (55).

close the Poincaré algebra (consistently with the Lorentz
invariance of the action), but spoil C invariance.
Alternatively, starting from a manifestly C-invariant
Lagrangian allows one to obtain manifestly C-invariant
charges and symplectic form, which spoil Lorentz (and
Poincaré) invariance. The relation between the two for-
mulations is a boundary term. It is important to notice that
the latter model, where C-invariance is maintained but the
charges are not Poincaré invariant, can be described only
within the canonical approach, since the covariant phase
space approach automatically modifies the starting
Lagrangian by a boundary term that restores Poincaré
invariance (but spoils C invariance).

We conjecture that the incompatibility between C and
Lorentz symmetry, shown for the complex k-deformed
scalar, holds for general xk-deformed models because of the
momentum space geometry.

VI. PARITY, TIME REVERSAL, AND CPT

After having identified the origin of the incompatibility
between C and Poincaré invariance, we describe in this
section our new proposal for the remaining discrete
symmetry transformations—parity, time reversal, and
finally the combined CP7T transformation. In particular
we find that there is a natural choice for the action of time
reversal that restores the overall CP7 invariance of the
Poincaré invariant model.

We remark again that there is a certain degree of
arbitrariness in the definition of the action of x-deformed
discrete symmetries. The definitions we give here differ, for
instance, from the ones in [17], which were based on
considerations involving the algebra generators—particu-
larly translations—on particle states. Our definition relies
solely on the properties of the x-field theory defined in
Sec. IIT and of its momentum space (Sec. II). For the
purposes of this work, it suffices to show that there is a
possible, well-motivated choice of these definitions that
allows us to recover CP7 -invariance. We postpone to
future studies a thorough critical analysis of the differences
in these definitions.

We stress, however, how our new proposal is rather
appealing from a relativistic point of view, restoring the link
between CP7 and Poincaré invariance, a pillar of (special)
relativity, also in a deformed relativistic setting (we briefly
comment on this point in the conclusions).

A. Definition of parity

Considering the structure of x-momentum space
described in Sec. II, we expect the theory to be symmetric
if one changes the sign of the spatial momentum. This
motivates us to define the parity transformation P in the
standard way, i.e., as a reflection of the spatial momentum
(corresponding to a reflection with respect to the p; axis in
Fig. 1. See also Fig. 2)
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FIG. 2. A pictorial description of the action of P and 7 in the
momentum space of a field.

ap f» a_p, bp f» b_p
~ P o~
or ¢(a)p’ p) - ¢(wp’ _p) (68)

This was the choice that was also made in the previous
works [8,18].

Considering the Fourier transformed on-shell field
expression (13) (or (14), it is quite straightforward to show
that, substituting the action of P and changing variable of
integration as p —» —p and S(p) - —S(p), one simply
obtains

$(1,%) = (1, —x), (69)

as in the standard commutative field theory.

B. Definition of time reversal

Due to the asymmetry of k-momentum space, the action
of time reversal 7 is more subtle, and requires careful
treatment. We begin by noticing that in the commutative
case, besides reversing the direction of (spatial) momenta,
p — —p, 7 is an antilinear operator (in the quantum
setting). In the commutative case, the antilinearity of the
T operator is expressed, for the Fourier transformed field,
by its action of complex conjugation on the plane wave
associated with each mode. There is a subtlety in general-
izing this property to the noncommutative case, in that the
plane wave is not just a complex number, but an ordered
function of noncommutative coordinates, that more pre-
cisely is an element of the AN(3) group, which is a
group arising in the Iwasawa decomposition (KAN

decomposition, see Ref. [27]) of SO(4,1) [28]. One of
the consequences is that the complex conjugate of the plane
wave involves a transposition of the elements, amounting to
an inversion of the group element

61(3) = e ik — oIS IS (70)

which, under our choice of Weyl map, means that
(eipx)’r — iS(p)x, (71)

If we extend this property to the action of 7 on the
Fourier transformed field, so that, besides reversing the
direction of (spatial) momenta, it gives the complex
conjugate of the plane wave associated with each mode,
we obtain that the field transforms as

T d*p . .

¢(x —>/7 a_, S 4 pTeirxy (72

" [ g eeos b, (72)

By changing again variables of integration as p — —p and
S(p) = —S(p), the last expression can be rewritten as'’

(1, %) — (=1, %). (73)

This is clearly a generalization of the action of 7 in the
undeformed (commutative) theory. Here, in the definition
of 7, is where our new proposal differs from the one in the
previous works [8,18].

With some calculations, it can be shown that (see
Appendix C) one can rewrite the right-hand side (rhs) of

(72) as
&*p (K3 .
— | —a el(_wpt_pix)
[z Geseo

)ei(ws(p>f+5+(p)-X)> , (74)

where S_(p) and S, (p), are the on-shell antipode of the
spatial momenta defined in Appendix B.

This last expression shows the interesting property that
the action of 7 on fields can be interpreted formally also as
simultaneously reversing the sign of the energy of the field
modes and changing their spatial momenta into their
(on-shell) antipodes. This property looks intuitively con-
sistent with the picture of k-momentum space: if we look at
Fig. 1, Eq. (74) implies that time reversal corresponds to a
reflection with respect to the p, axis, and a replacement of
the momenta of the modes with their (on-shell) antipodes
(see also Fig. 2).

Notice that in noncommutative coordinates, i.e., before
applying the Weyl map, the action of 7 can be expressed as

P30, 2) LT (=30, %).
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C. Action of PT

If we combine the action of P and 7, we obtain that P7T
acts on a noncommutative field so that

3
wwﬁ/—ii4%

Xt bietrr). (75
2wy o ). (75)

This rule of action can be written concisely as"!

$(x) 2 ¢ (—x). (76)

D. CP7T transformation

Finally, let us consider the joint action of CP7 . From the
previous results, it is straightforward to obtain that the field
changes as

CPT

P(x) — ¢ (—x). (77)

exactly like for the standard commutative case.'?
Repeating steps similar to the ones for 7, we can give a
more insightful interpretation of the action of CP7 on
particle/antiparticle modes. Indeed, considering the expres-
sion (74), acting again with P will change the sign of x (it
changes the sign of p, but we can reabsorb it into a change
of x), while acting with C will switch ¢ modes with b
modes. We thus can reexpress the change of a field under

CPT as
ftaals
20,p4/x \p>

Ky i(ws, (py1=S (p)x

+ o o7 aS+(p)e( 5. () 1=5+(P) >>' (78)
If we neglect the factors x°/p3, the last expression
suggests that if a theory is CP7 -invariant, it means it is
invariant under a symmetry that exchanges particles with
antiparticles traveling backward in time with antipodal
momentum.

Sf(p>ei(_wpt+px)

VII. CP7T INVARIANCE

In this section we finally prove that the action and the
charges that we have obtained in Sec. IV are invariant under
the action of the CP7 transformation that we defined in the
previous section.

A. Invariance of the action

We can easily prove the CP7 -invariance of the action if we
write it in terms of noncommutative fields, as in Eq. (20). Itis
enough to notice that under a CP7 transformation the action

”Or erting it for the noncommutative field, as

P52 (~4).
Or, extending the action to the noncommutative field as

P(3) P (-3).

goes into its complex conjugate, without any transposition
(i.e., it is not an inversion) of the plane wave

S@'d) 3@ ¢, (79)

Then, if the action is real, it is CP7 -invariant (as in the
commutative case).

It is easy to prove this for the off-shell action. Indeed,
notice first that, using the 4-dimensional (noncommutative)
Fourier transform and the properties of plane waves, (17)
can be rewritten as

@) = [ aulb) [ dua)kar = m)
% (PSS @ g)
— [duta) [ dkttar - )
x ¢ (k)p(q)8* (k — q)
= / du(q)(q,9" —m*)d*(9)¢(q), (80)

where we used Egs. (A38) to resolve the 4-D delta. It is
straightforward to show that, similarly,

)= [ a@ae - mdad @ 61
The two results coincide.

B. Invariance of the conserved charges

To prove that the charges are invariant, it is enough to
consider that the net action of CP7 on the charges (31),
(44) and (45) amounts to replacing the momentum space
fields (i.e. the a, and b}, coefficients) with their complex
conjugates. It is straightforward to show that the translation
charges (31) are CP7 -invariant.

For the boost charges, it is convenient to rewrite (45) as

N;= /d3p

We now integrate by parts half of each term, so to obtain

ob, db}
3 P
Nj=3 / &p (b —ap] -3 b,,)

; 3 T
! Py v 0ap day
L #sp) e N
2/ s (a,, as(p’)  aS(p’) ap)

da

3
Tt . 3 Py P )
bpdf z/dS() apaS( 7y (82)
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Notice now that by the rule (77), it follows that

op(p)
ap

= —i/d4x¢(x)x”e_i”x

CPT .

= l/d“xd)*(—x)x"e‘””‘

u

_ * J ipx __ 0&5*(]))
= —/d“xcﬁ (x)aep = - o, (84)

Then, using the definitions (16), it follows that

daycrr _dap - Obycrr_ by (85)
op’ op’ op’ op’
Using these relations and replacing a, and b, with their
complex conjugate, we obtain that the boost charges are
CPT -invariant.

The proof of invariance for rotation charges follows
analogously.

VIII. DISCUSSION AND CONCLUSIONS

In this work we studied the properties of deformed
symmetries in a framework where spacetime is character-
ized by noncommutativity of x-Minkowski type and its
symmetries are described by the x-Poincaré Hopf algebra.
The momentum space of the theory becomes a group
manifold, denoted as x-momentum space, where the
curvature radius corresponds to the deformation scale.

We used as a test model a scalar field theory defined in this
framework, relying on a specific representation based on the
so-called classical or embedding basis of k-momentum space
that was also used in previous works [5,8,18]. We performed
the Noether analysis of the model and we obtained, for the
first time, besides the conserved charges associated with
translations, the explicit expression of the Lorentz boost
charges through canonical Noether formalism. Apart from
the intrinsic interest in these computations, they allowed us to
bring to light the apparent incompatibility between C and
Lorentz invariance.

The study of deformed symmetries is particularly rel-
evant for quantum gravity research, where the deformation
scale is expected to be close to the Planck scale. In addition
to the deformation of the continuous Poincaré symmetries,
it is also important to understand the properties of the
deformed discrete symmetries: charge conjugation C, parity
P, and time reversal 7.

As a definition of C, we considered the same one that was
already introduced in the previous works [8,18,29], which
corresponds to exchanging the particle and antiparticle
modes, and amounts to a conjugation of the field, analo-
gously to the standard undeformed case: g;ﬁ SN 9?57. The
result of this conjugation is that the momenta of the particle
and antiparticle are connected by antipode, as one expects

from the structure of k-momentum space. In this sense, one
can say that the action of C is deformed.

Having obtained the explicit expression for the charges
in the canonical formalism, we clarified a puzzling aspect
that emerged from the previous studies: symmetrizing the
Lagrangian in the attempt to define a C-invariant field
model leads to a breaking of Poincaré symmetries; on the
other hand, the technique of computation of the charges
that was performed in [8,18], based on a covariant phase
space approach, amounts to adding a boundary term to the
action that restores Poincaré invariance, but leads to a
Lagrangian which is no longer C-invariant. This result
suggests that in k-momentum space, due to the asymmetry
between its positive and negative frequency sectors, C and
Poincaré invariance are not compatible.

Regarding the remaining discrete transformations, in the
previous works [8,18,29] the action of P and 7 was kept
undeformed. This choice was motivated by the fact that the
k-deformation defining relation

20 ai] _ Lo
(20,5 = 5 (56)
is covariant under the undeformed action of parity and time
reversal. However, this choice inevitably leads to a violation
of CPT PT symmetry. From a theoretical perspective, a
departure from exact CP7 symmetry would naively seem to
contradict the Jost and Greenberg theorem (see Ref. [30] and
references therein). Yet, as explained in [ 18], the proof of this
theorem does not hold in the case of x-deformed symmetry.
On the phenomenological side, the x-deformation of CPT
symmetry implies different decay times for highly energetic
particles and antiparticles, which could, in principle, be
observed in future accelerators [29].

In this paper, we proposed a different form of deformed
discrete symmetries. Keeping the charge conjugation C
deformed as before, we introduced here a deformed time
reversal 7, while keeping parity P undeformed. We argue
that this choice can be motivated by inspection of the
algebraic and geometrical properties of x-momentum
space. What we find is that the momentum-space defor-
mations of C and 7 compensate each other, and as a result,
the overall (deformed) CP7 symmetry is preserved. It can
also be shown that this deformation of discrete symmetries,
although different from the one considered previously, still
preserves the defining relation (86). The reason for this
seemingly paradoxical conclusion lies in the fact that the
relation (86) captures only leading-order information about
1/x noncommutativity, and at this order, both definitions
agree. It would be of interest to check whether one could
generalize the Greenberg and Jost theorems in the case of
the new definition of discrete symmetries.

On the phenomenological side, we expect this new
deformation to predict an additional, energy-dependent
contribution to P7 symmetry violation. However, restoring
a (deformed) CP7 symmetry may lead to the conclusion
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that in this theory there is no difference between the
lifetimes of particles and antiparticles, although this state-
ment should be carefully scrutinized. We leave a careful
investigation of these phenomenological implications to
future studies. We mention, however, that even though they
have different conceptual and phenomenological implica-
tions, as far as we can say, both modifications of discrete
symmetries are self-consistently defined, and we leave it to
experiment to decide which one (if any) is realized in
nature.

Finally, we remark that these features can perhaps be
better understood considering the difference in analogous
cases between the effects of a deformation (in the sense of
DSR) with respect to those of a violation (in the sense of
LIV) of relativistic symmetries [12,13]. It is indeed
common for these frameworks that some core properties
of (special) relativistic symmetries, like for instance the
impossibility of having observer-dependent threshold
effects in some particular particle processes, are allowed
in a LIV scenario, but are still preserved when symmetries
are DSR-deformed but not broken [12,13]. It could be that
CPT symmetry, which seems to be a core feature of a
(special) relativistic theory, plays a similar role.

ACKNOWLEDGMENTS

This work falls within the scopes of the EU COST
Action CA23130 “Bridging high and low energies in
search of quantum gravity (BridgeQG),” and was supported
by a STSM Grant from the same COST Action CA23130.
For A.B., J.K.G., and G.R. this work was partially
supported by funds provided by the National Science
Center, Project No. 2019/33/B/ST2/00050.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: PROPERTIES OF x-POINCARE
x-MINKOWSKI NONCOMMUTATIVE
SPACETIME

We review here some properties of x-Poincaré/k-
Minkowski noncommutative spacetime in “embedding”
momentum space coordinates that are useful to reproduce
some of the calculations reported in this work. Most of
these properties were already discussed thoroughly in
previous papers, so we avoid dwelling too much on the
motivations and details of these structures, and limit
ourselves to provide the reader with the formulas most
useful for this work. We refer to the previous papers, in
particular [5,8] for further details.

1. x-Poincaré Hopf algebra

Defining the translation operator k, so that its action >
on the time-ordered noncommutative plane waves (2) is

kB 2 (%) = kg (2),

" (A1)

it follows [21] that the &,(%) form a basis for the bicross-
product k-Poincaré Hopf algebra [9]

[k, k] =0, [R;, Ry = iejuRy,

[R;, Ni| = iejiuN;, [N, Ni| = —iejuR,

[Rj kol = 0. [Rj. ki) = iejuky.  [Nj ko] = ik;,

l1—e 2k ¢

N k] = i), <T+§k2> — itk k. (A2)

with coproducts
Aky=ky®1+1Q k.
Akj=k;® 14+ e ™ Qk;,
AR;=R;®1+1Q®R;,
AN;=N; @ 1 +e ™ @ N, + fejyuky @ R;.  (A3)

such that, for instance,”

ku > (2(£)24(%)) = Ky > 2gq) (£)
= (Ak,(2(%) ® 24(%)))
= (Kku(1) > 2e(2)) (ku2) > 24(%)))(A4)

The algebra admits a quadratic (mass) Casimir

C = 4x? sinh? (12{—0> — eko/rk2, (A5)
K

If one applies the map (3) then it is easy to see that the
generators corresponding the embedding momenta p,, close
the standard Poincaré algebra

[R;, po] =0, [R;, pr] = i€ejupi,
[N, pol = ip;s [N, pil = i8jipo- (A6)
The coproducts become

- P+ | Pj K

Apy=po®—+—®p;+—® po,
K P+ P+

o P+

APj—Pj®7+1®Pj7 (A7)

The mass Casimir becomes the same as in the undeformed
case

C=p;5—p° (A8)

Bwe use here Sweedler notation, such that Aa = a(y ® a(,

Za
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which justifies the choice of mass-shell constraint adopted
in this work. This is sometime called [26] the “classical
basis” of x-Poincaré.

Another important Hopf-algebraic property is the anti-
pode of the generators, such that, for an element a of the
algebra (A2),

(A9)
The antipodes in the bicrossproduct basis are given by
S(ko) = —ko, S(kj> = —€k0/Kkj,

1
S(R;) = =R}, S(N;) = —e"/*N; + ;ejk,eko/Kkle. (A10)

In the classical (embedding) basis the translation antipodes
become

2
P K

S(po)=—po+—: S(p;)=——r;. S(ps)=ps. (All)
D+ D+

2. Differential calculus

We define the noncommutative derivatives 5A such that
they act on the plane waves through the Weyl map (10) as

9,21 (%) = W(9, e

=W(ip,eV¥) = ip e (%), (Al2)

and

042y = i(ps — k)2, (A13)

Consider now the product of two noncommutative plane

waves 2,2, = W(e’»*")W(e'%"). The operator d,, acts on
such a product via the coproduct rules inherited from the

translation generators

N

—i0,(2,8,) = pu > 2,€; = (Put) > 2,)(Puz) > 24)
= (P @ Q)yépéq’ (A14)

where
gy -1 K
(P®q)y="—"pot+priP ad+—q (AlS)
K P+

494

(P®q);="" (A16)

Pjt4;.

corresponding to the translation coproducts (A7).

The partial derivatives thus inherit the Hopf-algebraic
structure from the translation generators. We illustrate
this for the spatial derivatives 0; as an example. Since

e'P* % ' = Wl(2,e,), we have

eiP¥ % oitx — oi(P@a)x (A17)
The coproduct follows from
0;(e'P* % e'1¥) = ajei(peaq)x =i(p® q)jei(pEBq)x
=i (%pj + CIj) el(P®q)x
:0je’7”‘*%eiqx—i—ei’”‘*ajei"x, (A18)

where A, = —idy — idy + k.
We obtain the antipode of the derivative by identifying

. K . .
iS(p))e" = ~i = pjeint = (~kAT'd,)e"

4
= 5(0;)e'"™. (A19)
In this way, we obtain the following properties:
9 (f(x) * g(x)) = dof *x A x™'g—iATI0;f % d;g
+ kAT f x 9yg, (A20)
0,(f *x g) =0;f x Aux~lg+f *0d;9.  (A21)
S(0p) = —0y — iAT'0;0;, (A22)
S(0;) = —m;laj, (A23)
§(04) = 94 (A24)

These relations are used repeatedly for integrating by parts
with respect to the *-product in deriving the Noether
charges in Sec. IV. Finally notice also that these relations

imply that d,"(¢) = W(S(9,)¢).

3. Properties of the noncommutative translation
and Lorentz parameters

The properties of the noncommutative parameters were
derived in [5,24] (see also [25]). They can be written in
terms of *-products between the differentials and the plane
waves as (see also [8])

dxt % p(x) = (K)3(0)p(x) * d,

0" x p(x) = (Q)pe(0)p(x) x @ (A25)
where
+ P’ Ty P’
1 P4 0, p Po T 5o
K(p) - ; Poj‘m p K13X3 Poj‘m p ’ (A26)
—Po -p’ Pa
and
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Qo(p) = 8,71(p) (A27)
with
2-%__1] 2D
T(p):( Po*g* Iiﬁ“). (A28)

4. Deformed composition of plane waves

Using (A15) and (A16), we can evaluate the integrals
over dx of x-composed plane waves as Dirac deltas, e.g.,

/ d*xd* pd*qF (po. p. qo. Q)€ P9
N / d*xd* pd*qF (o, p. o, q)e'P®Do 5 p=Sla)

3 a+ K
= / dxdpod*gF(po. S(). g0, @)~y €070
q

K q
= [ darsta). s@.a 0 5%, (429)
+
This way we obtain the following identities
/d“xe“pe}q)x K B s 5'(p—S(q)) (A30)
3K
3
/ dxelr®s@r = LeBigay 0y (A31)
K K
i X K q
/ dxeiSwoar — Z T sig5) _5(q))  (A32)
fI+
3
/ dxeiSwosy — L siigny ) (A33)
K> K
and their 3-dimensional (on-shell) counterparts
[ @etveon S Sp-Sa@) (A%
Q+
. q3
/d3xe’(p®s(q>)fxl = %53(1) -q) (A35)
K
S L
/d xe!S(P)®a)¥ — — 6 (S(p) — S(q)) (A36)
q=
3
i X q-
/ Lxe SISO =25 (S(p) —q). (A7)

Similar relations can be obtained easily for the 4-
dimensional deltas in terms of the momentum space
coordinates k, defining the noncommutative plane wave (2)

5k @ q) = /x4 (S(k) — q).
5k @ S(q)) = e¥o/xs*(S(k) — S(q)).
5*(S(k) @ q) = e /x84 (k — q),

5 (S(k) @ S(q)) = e~ /*5* (k - S(q)). (A38)

5. x-product for x,

The product x, x e'?* can be expressed as

etpx) * equ
p=0

i (P®q)x (A39)

Calculating the respective p, and p; derivatives of (Al5)
and (A16) and putting p to 0, we obtain

) 1 .
X, x ' = - (X.q+ — X0q,)e'"* (A40)
Now for any function ¢(x) we can write
Xy * P(x) = / d*pe(p)x, * ™
~ 1 4
= /d4p¢(l’);(xﬂl’+ — Xopu)e'’*
1 .
= (xﬂA+ + lxo()”)d)(x) (A41)

6. Twisted cyclicity

While the *-product is inherently noncommutative, it
possesses twisted cyclicity under integration

/d4xf*g:/d4xg* (i—}f):/d“ (A;g>*f

(A42)

This can be proved directly from the Fourier transform
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[ ater) x ot
4 d*S(q o
/d /P4/K/ 614/K )9(S(q))e’P@sta)
3
/p4/z</d4 (q))i—;54(p_q)
7}
_/ Q/Kf()(())_a
- [ L ftaisia) o)
while
/d4xg(x) *f(x)

/d4 / pa/K /q4/Kf(Q)9(S(p))ei(S(P)®q)x

=[50 [ daptarntsion 5 s) - sta)
_ [ dq K_S_ 4
- [ <q>g<s<q>>q3—/d AT %
= [ @ 2y

where we made use of (A31) and (A32).

(A44)

APPENDIX B: PROPERTIES
OF THE ANTIPODE ON-SHELL

Since the main results of our work rely on the structure of
k-momentum space, we think that the properties of the
momentum-space antipode on-shell require a more careful
description. These properties were already discussed in [5],
and we refer to that paper for further insights.

1. Positive and negative frequency antipodes

On-shell, we can consider only the antipode of the spatial
momentum. On the positive frequency mass-shell orbit, one has

Po = Wp = p2 + mZ’ (Bl)
which, under antipode, gives
wS(P) = wp - p:rlp2 = _S(pO)lpozwp' (Bz)

While the four-dimensional antipode is an involution that maps
the positive frequency mass-shell to the negative and vice-versa,
from the last relation we see that if we act with only the spatial
antipode we are still in the positive frequency mass-shell. It
follows that the spatial antipode, by itself, is not an involution,
since

SS@) =p+ 5P p# (B3)
P))=P K2_2p2P p.

Following [5], one can however recover a “‘semi-
involution property” considering the role of the negative
frequencies. Let us define p_(p) as (here and in the following
all variables are to be considered as functions of p)
= P4 + p0|p0:—a}p (B4)

P-=Pilp—a, = P4 — .

Let us now distinguish between the spatial antipode on the
positive shell and the one on the negative shell. Let us call
them, respectively14

K K
Sy(P) =-5P)lpy=0, = —P = p. B5
+(p) (Pl py=a, p P it o (B5)
and
K K
S_(p) = =S(P)|py=-w, = —P = p B6
(p) ()l =, p P pimwy (B6)
From (B2) we have that
W5, (p) = Wp — PT'P* (B7)

It is easy to show that

os_(p) = @p + p='P* = S(Po)l py—m0, (B8)
We find also the relations
2
P+(87(p)) = ps + w5-(p) = r (B9)
and
2
P-(S1(p)) = ps — w5t (p) = —, (B10)
+
From these relations it follows also that
S7(S*(p)) = ST(S7(p)) = p. (B11)

2. Change of the spatial integration
measure under antipode

Under the change p — S(p), the integration measure
changes as

3
K
&p—

Ds(p)
2 )

*S(p) =
p Wy

(B13)

“Notice the change of sign, so that S, (p) and S_(p) have the
same sign of p.

Since the domain of integration of S(p ) is bounded to the
values |S(p)| < «, the overall change of integral is

K 5. (p)

= / (B12)
@p Py JIS,(p)l<c @5, (p)
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More generally, one can prove that

3
K s, (p)

3
N

d*S.(p) = d°p (B14)

p

APPENDIX C: PROOF OF THE EXPRESSION (74)
Consider the action of 7 on fields (72), that we can rewrite explicitly as

30 [0

i(—wg(p) 1=S(p)-X) + bT i(wpt—p-X)
_n€ —p€ .
2ogpalx » )

Using the properties obtained in the last sections, we can rewrite it as

/Ma S (s ei(_“’S+<P)’+S+(P)‘X)+/Mlﬂ
20)57(3+(p))p4/1< S-S ) 2a)S+(S,(p))p4/K =5.(S-(p

&S, (p IS o < d*S_(p IS
:/ +(p) 3 a_s (s, eSO / L 3 (.00
205, (p)P4/k P2 (S4(P)) 205 pyPa/xp(S_(P)) ¢

3 3 3
_ /Md—pp/K (;Tas_(me—i(wpﬁrpx) + ;_3b§+(p) ei(a)5+(p)t+S+(p)‘x)>
pr4 - +

)ei(w5+(57(p))t—s+(S_(p))-x)

£/ (@s. (s_p)1=5+(5-(p))x)

where in the last passage we substituted S, (p) — —p in the first integral and S_(p) — —p in the second integral.
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