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Giacomo Cao1 • Antonio Mario Locci1

Submitted: 18 August 2025 / in revised form: 18 December 2025 / Accepted: 28 January 2026 / Published online: 3 April 2026

� The Author(s) 2026

Abstract Understanding and predicting the thermody-

namic behavior, as well as their mutual interaction, of

refractory metal constituents of High-Entropy Borides

(HEBs) are essential for designing the compositions of

such ceramics with enhanced oxidation-resistant capabili-

ties. In this context, advanced CALPHAD models may

provide fundamental thermodynamic descriptions, includ-

ing the accurate representation of metastable solid and

liquid phases, which are crucial for investigating high-

temperature oxidation mechanisms and phase stability of

HEBs. In this work, the third-generation CALPHAD

approach is extended to elemental Hf, incorporating a

complete thermodynamic description of its metastable FCC

phase, in addition to the stable HCP and BCC structures,

and of the liquid phase, including its behavior in the

metastable region below the melting point. The Hf–Nb and

Hf–Zr binary systems are also re-assessed based on the

updated thermodynamic model of Hf. Then, taking

advantage of these binary assessments, predictions on the

Hf–Nb–Zr ternary phase diagram, for which no prior

CALPHAD studies exist, are presented. This investigation

represents a step toward the development of a robust,

thermodynamics-based tool for modeling oxidation mech-

anisms and guiding the compositional design of highly

resistant HEBs.
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1 Introduction

High-entropy borides (HEBs), based on the combination of

multiple transition metal diborides (HfB2, ZrB2, TiB2,

NbB2, etc.) in near to equimolar proportions, have emerged

as a novel class of ultra-high-temperature ceramics, whose

thermomechanical properties are not simply given by the

average values of their individual constituents.[1-3] Their

potential ability to maintain structural integrity and to resist

chemical degradation under extreme conditions has posi-

tioned them as suitable materials for high-temperature

technologies, making them promising candidates for

aerospace propulsion systems, nuclear reactors, and ther-

mal protection materials.[4]

Among the critical properties of HEBs, oxidation

resistance is particularly important for their performance in

such environments. Indeed, oxidation processes can rapidly

degrade structural integrity, thus limiting the applicability

of these materials where prolonged exposure to high-tem-

perature oxidizing atmospheres is unavoidable.[5,6] There-

fore, developing suitable HEB formulations to strategically

maximize oxidation resistance is essential. This composi-

tional design requires a fundamental understanding of the

thermodynamic stability of refractory metals and their

oxides, as well as the interactions among constituent ele-

ments at high temperatures.

During oxidation, complex mechanisms involving the

formation of individual and mixed oxides as well as tran-

sient liquid phases are frequently observed.[7-9] In partic-

ular, the formation of liquid boron oxide (B2O3), which

dissolves refractory metal species, plays a crucial role in

oxidation behavior.[10,11] This process occurs at tempera-

tures significantly below the melting points of refractory

metals, underscoring the importance of accurately

describing liquid metal thermodynamics in
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metastable regimes. Thus, a rigorous thermodynamic

description of interactions among HEB metal constituents

is a prerequisite for elucidating oxidation mechanisms and

enabling predictive modeling of phase stability under non-

equilibrium conditions.

The CALPHAD (CALculation of PHAse Diagrams)

method provides a robust framework for predicting phase

equilibria and thermodynamic properties in multi-compo-

nent systems.[12] In particular, third-generation CALPHAD

models incorporate a more physical description of

metastable states that, in turn, may enable a refined rep-

resentation of molten phases.[13] This approach has already

been successfully applied to describe several elements and

to reassess the corresponding binary phase diagrams,[14-27]

providing improved predictive capability for complex alloy

systems.[28-30] Extending this methodology to model Hf

and its interactions with Nb and Zr is therefore crucial for

establishing a comprehensive thermodynamic foundation

and, in turn, for the design of HEBs involving these

refractory metals as well as for modeling their oxidation

behavior.

As far as elemental Hf is concerned, third-generation

CALPHAD models have so far been applied only to

describe the stable solid HCP and BCC phases,[31,32] while

a complete thermodynamic description of the

metastable FCC and the liquid phases is still lacking. In

this work, the third-generation CALPHAD approach to

elemental Hf is addressed providing a comprehensive

thermodynamic model that includes both metastable solid

and liquid phases. Furthermore, the Hf–Nb and Hf–Zr

binary systems are re-assessed, leveraging the updated

thermodynamic models of Nb and Zr from our previous

study.[23] Notably, at the best of authors’ knowledge, only

one experimental investigation of the Hf–Nb–Zr ternary

phase diagram is available so far in the literature,[33] and no

CALPHAD-based assessments or predictions have been

reported to date for this system. Therefore, this study also

presents predictions on the Hf–Nb–Zr ternary phase dia-

gram, as well as the comparison with the published

experimental data. Particular attention is devoted to the

stability of the BCC A2 solid solution and the behavior of

the liquid phase, providing a valuable basis for future

studies on the oxidation mechanisms and compositional

design of HEBs.

2 Literature Review of Experimental and Assessed
Data

2.1 Pure Hf

Experimental information of elemental hafnium has been

collected and reviewed by Arblaster[34] and Paulson

et al.[35] The selected data for the condensed phases used in

this work are reported in Table 1. Please note that data for

the liquid phase taken from Paradis et al.[52] are adjusted in

this work by using the estimated value of the emissivity of

the solid phase at the melting temperature, instead of the

value reported by the authors (see next). The data reported

by Arblaster[34] for the gas phase were also adopted in this

work.

2.2 The Hf-Nb System

To the best of authors’ knowledge, there are only two

assessments available for this system.[55,56] Using the same

thermodynamic description of the unary endmembers, as

well as the same experimental data, these authors calcu-

lated the interaction parameters and obtained comparable

results. Both assessments do not show the formation of any

stable compound and describe the thermodynamic proper-

ties of elements according to the second-generation CAL-

PHAD database.[57] In the present work, Fernández

Guillermet’s assessment[55] is taken into account for the

comparison with the binary phase diagram resulting from

the proposed third generation-based approach.

2.3 The Hf-Zr System

Only two assessments are available for this system.[58,59]

However, only the work of Bittermann and Rogl[59]

describes the thermodynamic properties of elements by

using the CALPHAD method. In the present work, Bit-

termann and Rogl’s assessment[59] is then considered for

the comparison with the binary phase diagram resulting

from the proposed third generation-based thermodynamic

description. It is worth noting that no stable compounds

have been reported so far in Hf-Zr CALPHAD assess-

ments, although some reports mentioned the existence of

the intermetallic compound HfZr2.[60,61] In addition, ther-

modynamic stability of this intermetallic has been assessed

at 0 K through ab initio calculations.[62–65] Therefore, this

intermetallic phase is included in the proposed thermody-

namic description and the formation energy (-25 meV/

atom relative to pure Hf and Zr) reported in the Open

Quantum Materials Database (OQMD)[63,64] is used in this

work for the prediction of its thermodynamic stability.

2.4 The Hf-Nb-Zr System

Experimental findings related to Hf-Nb-Zr ternary solid

solutions have been reported by Fedorov et al.[33] These

authors investigated the phase formation by x-rays analysis

of samples obtained by annealing at 1000 and 1700 �C
followed by quenching. Electron-irradiation-induced

structural changes in Hf-Nb-Zr alloys have been
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investigated by Nagase and co-workers.[66,67] To the best of

authors’ knowledge, the CALPHAD thermodynamic

description of the ternary system Hf-Nb-Zr has not yet

been reported in literature.

3 Thermodynamic Model

The same third-generation CALPHAD modeling frame-

work adopted by the authors in a recent study[23] has been

employed to describe the thermodynamics of pure Hf

across its solid (stable, metastable, and amorphous), liquid,

and gaseous states. For brevity, the model equations

numbered (1) through (20) are summarized in Table 2. The

molar Gibbs energy of solid, liquid, and gaseous solutions

can be obtained by using the equations from (21) to (25)

reported in Table 3.

Thermodynamic properties of the intermetallic phase

HfZr2 are estimated through the Neumann-Kopp rule.[68,69]

Thus, for a binary compound AaBb, heat capacity at con-

stant pressure can be expressed as:

CAaBb
p ¼ nC

AxA
BxB

p ¼ n xAC
a
p;A þ xBC

a
p;B

� �
¼ aCa

p;A þ bCa
p;B

ðEq 26Þ

where, n is the number of atoms forming the compound,

while xA and xB are the molar (atomic) fractions of the two

components, A and B, respectively.

Accordingly, the other thermodynamic properties, such

as enthalpy, entropy and Gibbs energy are calculated as

follows:

HAaBb ¼ nHAxA
BxB ¼ DEAaBb

0 þ aHa
A þ bHa

B ðEq 27Þ

SAaBb ¼ nSAxA
BxB ¼ aSaA þ bSaB ðEq 28Þ

0GAaBb ¼ n0GAxA
BxB ¼ DEAaBb

0 þ a0Ga
A þ b0Ga

B ðEq 29Þ

where DEAaBb

0 is the difference between the enthalpy of

formation of the stoichiometric compound in J/mol per

formula unit and the enthalpy of formation of stable pure

components at 0 K. It is worth noting that in Eq 29, the

linearly dependent temperature term, which is usually

reported in literature, is not considered in this work.[68,69]

Indeed, the linearly dependent temperature entropy term in

third-generation models disappears but its contribution is

incorporated into the GEIN function through hE (cf.

Table 2).

The basic features of the stepwise procedure used for

estimating and optimizing the model parameters are the

same as reported in our previous work related to the third-

generation CALPHAD description of elemental niobium

and zirconium.[23] For brevity, the values obtained for Nb

and Zr are therefore not included in this paper. Only pri-

mary experimental enthalpy and heat-capacity data were

included in the optimization for elemental Hf. Parameter

fitting was carried out using non-linear regression tech-

niques implemented in custom Fortran codes, leveraging

IMSL numerical libraries. Phase diagrams (binary and

ternary) were computed using PANDAT Education

2025,[70] which also facilitated the optimization of solution

phase interaction parameters through model equations

implemented in a manually composed TDB file, available

as Supplementary Material. Multi-component systems are

described using the Muggianu’s geometric model (cf Eq

24). Experimental data on heat capacity, enthalpy, melting

point, and boiling point were used to optimize the ther-

modynamic parameters.

In principle, the Einstein temperature of the various

phases can either be evaluated using theoretical approaches

or optimized, depending on the availability of literature

estimated data and/or experimentally measured thermody-

namic properties. In particular, for hafnium solid phases

other than the standard reference stable phase (a) one (HCP

A3), the method proposed by Dinsdale et al.[16] can be

used. Specifically, the difference in molar entropy between

a metastable phase / and the reference stable phase a,

DSa!/, is expressed as a function of the ratio between the

Einstein temperatures of the two phases:

Table 1 Experimental data selected from scientific literature for the condensed phases of Hf

Phase Heat capacity Enthalpy

HCP

A3

Adenstedt[36];Wolcott[37];Burk et al.[38];Kneip

et al.[39];McClaine[40];Collings and Ho[41];Filippov and

Yurchak[42];Peletskii and Druzhinin[43];Arutyunov et al.[44];Cezairlilyan and

McClure[45];Milošević and Maglić[46]

Fieldhouse and Lang[47];Hawkins et al.[48];Golutvin and

Maslennikova[49];Kats[50];Cagran et al.[51]

BCC

A2

Cezairliyan and McClure[45];Paradis et al.[52] Kats[50];Rösner-Kuhn et al.[53];Cagran et al.[51]

Liquid Paradis et al.*[52];Korobenko et al.[54] Rösner-Kuhn et al.[53];Cagran et al.[51]

*Data adjusted by using corrected emissivity value for the liquid phase (see text).
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DSa!/ ¼ 3R ln
h/E
haE

 !
ðEq 30Þ

Therefore, if DSa!/ is known, the Einstein temperature

of the metastable phase can be calculated by using the

following relation:

h/E ¼ haE exp �DSa!/

3R

� �
ðEq 31Þ

Moreover, for the specific case of hafnium, the Einstein

temperatures of all solid phases can also be evaluated based

on the Debye temperatures reported by Chen and Sund-

man.[71] In this work, the Einstein temperature of each

phase was then determined, wherever possible, by both

optimization and Dinsdale’s method[16] (cf. Eq 31), and the

results were compared with the theoretical estimations

provided by Chen and Sundman in the aforementioned

study.[71]

The hexagonal crystal structure of Hf is stable from 0 K

to 2016 K[34]; then the phase transition to the BCC A2

structure occurs. The difference EBCC A2
0;Hf � EHCPA3

0;Hf , which

is required to calculate 0GBCC A2
Hf (cf. Eq 6), was also treated

as an adjustable parameter during the optimization proce-

dure. In fact, the corresponding value reported in the Open

Quantum Materials Database (OQMD)[63,64] was not

adopted in this work, since when using such energy dif-

ference, the model is able to reproduce the heat capacity

but failed to accurately predict the enthalpy. Heat capacity

Table 2 Summary of the third generation CALPHAD model equations for pure elements[23]

Solid state (stable and meta-stable phases)

C/
p ¼ 3R

h/E
T

� �2

exp
h/E
T

� �
exp

h/E
T

� �
� 1

h i�2

þa/T þ b/T2 þ c/T3
(1)

H/ ¼ E/
0 þ 3

2
Rh/E exp

h/E
T

� �
þ 1

h i
exp

h/E
T

� �
� 1

h i�1

þ a/

2
T2 þ b/

3
T3 þ c/

4
T4

(2)

S/ ¼ 3R
h/E
T exp

h/E
T

� �
� 1

h i�1

� ln 1 � exp � h/E
T

� �h i� �
þ a/T þ b/

2
T2 þ c/

3
T3

(3)

G/ ¼ E/
0 þ 3

2
Rh/E þ 3RT ln 1 � exp � h/E

T

� �h i
� a/

2
T2 � b/

6
T3 � c/

12
T4 (4)

Ha
SER ¼ Ea

0 þ 3
2
RhaE exp

haE
TSER

� �
þ 1

h i
exp

haE
TSER

� �
� 1

h i�1

þ aa

2
T2

SER þ ba

3
T3

SER þ ca

4
T4

SER

(5)

0G/ ¼ G/ � Ha
SER ¼ E/

0 � Ea
0

� �
þ Za

SER þ GEIN h/E ;T
� �

� P/ Tð Þ (6)

Za
SER ¼ � 3

2
RhaE exp

haE
TSER

� �
þ 1

h i
exp

haE
TSER

� �
� 1

h i�1

� aa

2
T2

SER � ba

3
T3

SER � ca

4
T4

SER

(7)

GEIN h/E ; T
� �

¼ 3
2
Rh/E þ 3RT ln 1 � exp � h/E

T

� �h i
(8)

P/ Tð Þ ¼ a/

2
T2 þ b/

6
T3 þ b/

12
T4 (9)

Amorphous and liquid state phases

Cliq�am
p ¼ Cam

p � Cneq þ Aliq � CliqT
� 	 dneq

dT
(10)

DGliq�am ¼ Aliq � BliqT þ CliqT ln T (11)

Gliq�am ¼ Gam þ nDGliq�am þ RT 1 � nð Þ ln 1 � nð Þ þ n ln nð Þ½ � (12)

neq ¼ 1 þ exp DGliq�am

RT

� �h i�1 (13)

dneq

dT
¼ Aliq�CliqTð Þ

RT2 neq � n2
eq

� �
(14)

Hliq�am ¼ Ham þ neq Aliq � CliqT
� 	

(15)

Sliq�am ¼ Sam � neq �Bliq þ Cliq 1 þ ln Tð Þ

 �

� 1
T G2ST DGliq�am

� 	
(16)

Gliq�am ¼ Gam þ G2ST DGliq�am
� 	

(17)

G2ST DGliq�am
� 	

¼ �RT ln 1 þ exp � DGliq�am

RT

� �h i
(18)

0Gliq�am ¼ Eam
0 � Ea

0

� 	
þ Za

SER þ GEIN ham
E ;T

� 	
� Pam Tð Þ þ G2ST DGliq�am

� 	
(19)

Gas phase

0Ggas ¼ agas
0 þ agas

1 T ln T þ
P10

i¼1

agas
iþ1T

i
(20)

TSER = 298.15 K and PSER = 105 Pa
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and enthalpy experimental data of BCC A2 were fitted by

imposing the constraint 0GBCC A2
Hf ¼0GHCP A3

Hf at the transi-

tion temperature. In the case of FCC phase, no experi-

mental data are available; therefore, optimization could not

be performed. The Einstein temperature of this phase was

instead estimated using the two alternative approaches

previously applied to the BCC phase. The coefficients of

the polynomial were set equal to those of the HCP phase,

following the standard procedure used in the context of the

third-generation description. Finally, the method proposed

by He et al.[13] was adopted in this work to prevent the re-

stabilization of solid phases at high temperatures (see

Supplementary material for details).

Thermodynamic properties of liquid Hf are assessed

using the two-state model for liquid-amorphous

phases.[72,73] The number of adjustable parameters is

reduced as much as possible, due to the lack of experi-

mental data available for the liquid phase below the

melting temperature. As presented in our previous work,[23]

coefficient aam should be set equal to the value of the

electronic heat capacity of Hf at high temperature, since it

is assumed that the electronic heat capacity of liquid-

amorphous phase is close to that of the solid at the melting

point.[74,75] However, based on author knowledge, no

electronic heat capacity for Hf at high temperatures is

reported in the literature. Thus, this value is obtained by

multiplying the electronic heat capacity of Hf at low

temperatures[34] by the ratio between electronic heat

capacity at high and low temperatures calculated for Nb,

assuming that this ratio is the same for Hf, Nb and Zr.[23]

Experimental data for the heat capacity of liquid Hf are

available near the melting point as well as at high tem-

peratures; therefore, the parameter bam was treated as

adjustable. The parameter Bliq in Eq 12 was fixed to the

communal entropy R,[23,76] while Aliq, Cliq, and the cohe-

sive energy difference Eam
0 � Ea

0 were optimized. It is

important to note that, since neq � n2
eq

� �
[ 0 in Eq 14, the

parameter Cliq must be negative to ensure a positive

derivative as T ! 1. Heat capacity and enthalpy data

were used for parameter optimization, with the additional

constraint that 0Gliq�am ¼0GBCCA2 at the melting tempera-

ture of Hf.

It is commonly reported that the emissivity, e, of the

liquid phase can be assumed constant and equal to that of

the solid phase at the melting temperature.[77,78] Accord-

ingly, in the case of liquid Hf, heat capacity data from

Paradis et al.[52] were corrected using a more accurate

emissivity value at the melting point (0.33462), as deter-

mined in this work based on measurements for the solid

phase carried out by the same authors.[52] Notably, the

emissivity value used by these authors for liquid Hf (0.25)

is identical to that reported for liquid Nb in their earlier

study.[79] Instead, the emissivity value calculated in this

work is in good agreement with that one estimated using

the following relation from Onufriev et al.[80]:

e ¼ 2:17810�1 þ 5:4710�5T ðEq 32Þ

As in our previous work,[23] coefficients agas
i appearing

in Eq 20 were obtained by fitting gas phase literature

data.[34] Lastly, in order to predict the thermodynamic

stability of the stoichiometric compound HfZr2, the value

of DEHfZr2

0 = - 7236.88 J/mol has been calculated starting

from the formation energy (-25 meV/atom) reported by

OQMD.[63,64]

4 Results and Discussion

This section presents the results of the third-generation

CALPHAD modeling, which are organized to reflect the

progressive construction of the thermodynamic description

from elemental Hf to its binary and ternary systems. First,

the thermodynamic description of elemental Hf is devel-

oped using the procedure described in Section 3 and the

obtained outcomes are compared with both experimental

data and previous modeling results. Subsequently, the Hf–

Nb and Hf–Zr binary systems are re-assessed using the

updated elemental Hf model provided in this work along

with the thermodynamic parameters of elemental niobium

and zirconium provided in our previous work.[23] Finally,

these binary descriptions along with the re-assessed Nb-Zr

binary system[23] are combined to predict the Hf–Nb–Zr

ternary phase diagram, with emphasis on the stability of the

BCC A2 solid solution and the behavior of the liquid phase.

No ternary interaction parameters have been estimated due

to the lack of reliable experimental data.

Table 3 Model equations for solution phases

Solution phases

0G/
mix ¼ REFG/

mix þ IDG/
mix þ EXG/

mix
(21)

REFG/
mix ¼

Pn
i¼1

x/i
0G/

i

(22)

IDG/
mix ¼ RT

Pn
i¼1

x/i ln x/i
(23)

EXG/
mix ¼ EXG/

mix;bin ¼
Pn�1

i¼1

Pn
j[ i

x/i x
/
j

Pl/
k¼0

kL/i;j:Va x/i � x/j

� �k (24)

kL/i;j:Va ¼ ka/i;j:Va þ kb/i;j:VaT
(25)
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4.1 Elemental Hf: Stable and Metastable Phase

Descriptions

The model parameters for the thermodynamic description

of elemental Hf are summarized in Table 4, and the cal-

culated heat capacities of FCC A1, BCC A2, HCP A3, and

liquid Hf are shown in Fig. 1. In particular, the reported

values of the Einstein temperature were all obtained

through optimization, except for the FCC phase. Parame-

ters a, b, and c were also calculated by fitting the available

heat capacity data (see Table 1). However, for the sake of

comparison, hE was also calculated through Eq 31, wher-

ever possible (e.g. BCC). The corresponding outcomes are

reported and compared in Table S.1, along with the esti-

mations obtained using the Debye temperatures provided

by Chen and Sundman.[71]

Beginning with the HCP phase, it is worth noting that

the fitted value of the Einstein temperature closely matches

the estimate obtained using the data reported by Chen and

Sundman.[71] Furthermore, the derived thermodynamic

description of the HCP phase compares well with literature

data in terms of heat capacity (cf. Fig. 1) and the derived

molar Gibbs energy (cf. Fig. S.1). Table S.1 also shows that

the approaches proposed by Dinsdale et al.[16] and by Chen

and Sundman[71] yield notably different estimations for the

BCC phase. To interpret this discrepancy, it is important to

recall that the first method is based on the assumption of a

constant entropy of transition at high temperatures.[16]

Figure S.2 shows this quantity as a function of temperature

according to the data provided by Dinsdale.[57] It can be

clearly seen that DSHCP!BCC significantly varies with

temperature. Therefore, it seems that the disagreement in

the Einstein temperature mentioned above could be ascri-

bed to this peculiar behavior of hafnium, which somehow

affects the procedure suggested by Dinsdale et al.[16].

Therefore, in this work, the Einstein temperature of the

BCC phase was also treated as a free parameter, and the

experimental data were fitted using various forms of the

polynomial PBCC Tð Þ (cf. Eq 9). Among the models yield-

ing a high regression coefficient, the one that provided an

Einstein temperature closest to the estimation based on

Chen and Sundman data (see Table S.1) was selected.

Optimization performed with the hE of the BCC phase

fixed to the exact value calculated through the Chen and

Table 4 Thermodynamic model parameters of elemental Hf

phase / E/
0 � Ea

0, J mol-1 h/E , K a/, J mol-1 K-2 b/, J mol-1 K-m-1 c/, J mol-1 K-m-1

FCC A1 6947.4 (a) 138.57 (b) 3.42879 10-3 2.85023 10-6 -4.88151 10-10

BCC A2 10855.9 111.86 2.45125 10-3 1.07012 10-6 0

HCP A3 (a) 0 149.53 3.42879 10-3 2.85023 10-6 -4.88151 10-10

amorphous 23793 89.17 1.26795 10-3 (c)(d) 3.99255 10-14 0

phase / Aliq, J mol-1 Bliq, J mol-1 K-1 Cliq, J mol-1 K-1

liquid 64167.4 8.31439 - 0.85093

phase / Parameter Value

gas agas
0

614079.21

agas
1

- 24.50304

a
gas
2

- 28.42421

agas
3

1.32726 10-2

agas
4

- 9.99610 10-6

agas
5

3.88428 10-9

agas
6

- 8.72211 10-13

agas
7

9.51597 10-17

a
gas
8

2.24366 10-21

agas
9

- 2.03659 10-24

agas
10

2.34914 10-28

agas
11

- 9.45007 10-33

(a)Saal et al.[63]; Kirklin et al.[64]; (b) Chen and Sundman[71]; (c) Arblaster [34]; (d) Traversari et al.[23]
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Sundman approach[71] resulted in a slightly lower regres-

sion coefficient. As previously mentioned in Section 3, no

experimental data are available for the metastable FCC

phase; therefore, optimization could not be carried out.

Regarding hFCC
E , Table S.1 shows that the approaches based

on Dinsdale et al.[16] and Chen and Sundman[71] yield

similar estimates. However, to maintain consistency with

the case of the BCC phase, where the optimized Einstein

temperature was closer to the estimate based on the data of

Chen and Sundman[71] than to that from Dinsdale et al.’s

method,[16] hFCC
E was fixed to the value obtained using the

former approach.

Different methods were also tested for the liquid/

amorphous phase. The corresponding Einstein temperature,

along with the other relevant parameters, was first opti-

mized following the procedure described in Section 3. The

agreement between the proposed description and the

experimental heat capacity data is shown in Fig. 1. The

adjusted parameters are reported in Table 4, and the

optimized Einstein temperature is also listed in Table S.1.

Alternatively, it is worth mentioning that He et al.[13]

suggested that ham=liq
E can be assumed to be equal to 80% of

that of the crystalline phase. However, in the case of ele-

ments exhibiting allotropy, such as hafnium, the choice of

the reference crystalline phase is not straightforward.

Among the elements investigated in the work of He et al.,

cobalt is the only one that exhibits allotropy. According to

Table 5 in their study, ham=liq
E for cobalt was estimated to be

80% of the Einstein temperature of its low-temperature

stable phase (i.e., HCP). Then this approach was tested for

hafnium. Specifically, the optimization was performed by

keeping ham=liq
E equal to 119.62 K (i.e., = 0.8hHCP

E ). The

results are shown in Figure S.3 of the Supplementary

material, where it can be clearly seen that although the

molar enthalpy trend is well reproduced, the agreement

with the experimental heat capacity data is not entirely

satisfactory.

Fig. 1 Calculated temperature profiles of hafnium heat capacity in comparison with experimental data and Dinsdale’s model results[57]. Color

code should be read as follows: FCC A1 (red), BCC A2 (black), HCP A3 (green), liquid (blue)
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Table 5 Comparison between the optimized and literature thermodynamic properties of hafnium

Properties Value Reference

CHCPA3
p 298:15 Kð Þ, J mol-1 K-1 25.69 Westrum[89]

25.73 Hultgren et al.[90]

25.72 Spencer[91]

25.69 Gurvich et al.[92]

25.69 Chase[93]

25.736 Barin[94]

25.688 Dinsdale[57]

25.69 Arblaster[34]

25.689 This work

HHCPA3 298:15Kð Þ � HHCPA3 0Kð Þ, J mol-1 5845 Westrum[89]

5845 Hultgren et al.[90]

5845 Gurvich et al.[92]

5842 Chase[93]

5845 Arblaster[34]

5904 This work

SHCPA3 298:15 Kð Þ, J mol-1 K-1 43.56 Westrum[89]

43.56 Hultgren et al.[90]

43.51 Spencer[91]

43.56 Gurvich et al.[92]

43.56 Chase[93]

43.555 Barin[94]

43.56 Dinsdale[57]

43.561 Arblaster[34]

43.561 This work

CBCCA2
p 298:15 Kð Þ, J mol-1 K-1 25.497 Dinsdale[57]

25.479 This work

CBCCA2
p � CHCPA3

p ; T ¼ Ttð Þ, J mol-1 K-1 -1.982 Barin[94]

-6.599 Dinsdale[57]

-0.907 Arblaster[34]

-5.201 This work

HBCCA2 � HHCPA3; 298:15Kð Þ, J mol-1 12378 Dinsdale[57]

10729 This work

HBCCA2 � HHCPA3; T ¼ Ttð Þ, J mol-1 5176 Peletskii and Druzhinin[43]

5200 Martynyuk and Tsapkov[95]

5908 Cezairlyan and McClure[45]

3376 Katz[50]

6736 Barin[94]

5866 Dinsdale[57]

5040 Arblaster[34]

6013 This work

SBCCA2 298:15 Kð Þ, J mol-1 K-1 51.573 Dinsdale[57]

50.321 This work

SBCCA2 � SHCPA3; T ¼ Ttð Þ, J mol-1 K-1 3.346 Barin[94]

2.921 Dinsdale[57]

2.500 Arblaster[34]

2.983 This work

CFCCA1
p 298:15 Kð Þ, J mol-1 K-1 25.688 Dinsdale[57]

25.762 This work
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It is worth mentioning that the criterion mentioned

above was first introduced by Chen and Sundman[72] in

their pioneering work on the modeling of the thermody-

namic properties of iron according to the third generation

of CALPHAD. Specifically, they applied the rule

ham=liq
E ¼ 0:8hBCC

E . However, in the case of iron, the BCC

structure represents both the low- and high-temperature

stable forms, leaving some ambiguity as to which

stable form should be considered. Interestingly, when the

same relation is applied by considering the high-tempera-

ture stable structure of hafnium, we obtain ham=liq
E = 89.5 K,

which is in very close agreement with the fitted value.

Therefore, among the two approaches considered for the

liquid phase, the full optimization method, i.e., including

the Einstein temperature as a fitting parameter, was

retained since it provides better agreement with the

experimental data. At the same time, it appears that the

relationship between the Einstein temperature of the liquid/

amorphous phase and that of the crystalline phase may

deserve further examination, especially for elements

exhibiting allotropy, where the choice of the reference

crystalline structure may not be univocal.

An overview of the reassessed properties of hafnium and

their comparison with reference literature values is pro-

vided in Table 5. It should be emphasized that, apart from

SHCP A3 298:15 Kð Þ, all properties reported therein and

evaluated in this work represent predictions of the pro-

posed thermodynamic model. Overall, the present results

exhibit very good consistency with the most reliable

experimental and assessed values reported in the literature,

confirming the accuracy of the adopted thermodynamic

description. For the low-temperature properties, the opti-

mized values are almost identical to those reported by the

various authors. This level of agreement demonstrates that

the revised Einstein-based heat-capacity model reproduces

the experimental measurements within their uncertainty.

Larger deviations are observed for some of the quanti-

ties related to the transition between the a-HCP and b-BCC

phases and the latter one to the liquid phase. However, it is

Table 5 continued

Properties Value Reference

HFCCA1 � HHCPA3; 298:15Kð Þ, J mol-1 10000 Dinsdale[57]

6925 This work

SFCC A1 298:15ð Þ, J mol-1 K-1 45.760 Dinsdale[57]

45.436 This work

Cliq
p 298:15 Kð Þ, J mol-1 K-1 25.434 Dinsdale[57]

25.137 This work

Cliq
p � CBCC A2

p ; T ¼ Tmð Þ, J mol-1 K-1 -3.347 Barin[94]

5.556 Dinsdale[57]

-0.893 Arblaster[34]

6.435 This work

Hliq � HHCPA3; 298:15 Kð Þ, J mol-1 27402 Dinsdale[57]

23573 This work

Hliq � HBCCA2; T ¼ Tmð Þ, J mol-1 25941 Ackermann and Ruth[96]

24058 Barin[94]

27196 Dinsdale[57]

20247 Rösner-Kuhn et al.[53]

14623 Paradis et al.[52]

16064 Korobenko et al.[54]

14690 Cagran et al.[51]

19855 Arblaster[34]

18806 This work

Sliq 298:15Kð Þ, J mol-1 K-1 54.658 Dinsdale[57]

55.523 This work

Sliq � SBCCA2; T ¼ Tmð Þ, J mol-1 K-1 9.623 Barin[94]

10.852 Dinsdale[57]

7.948 Arblaster[34]

4.810 This work
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Fig. 2 Calculated heat capacity

temperature profile of the

stoichiometric compound HfZr2

Fig. 3 Calculated molar Gibbs

energy temperature profiles of

hafnium phases relative to HCP

A3
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worth noting that, for the properties showing the largest

deviations, the corresponding literature data also display

the greatest variability among different sources. This

indicates that the observed discrepancies are not a conse-

quence of the present optimization procedure but rather

reflect the intrinsic scatter and uncertainty of the experi-

mental information available in the literature.

In Figure 1, the calculated heat capacities of FCC A1,

BCC A2, HCP A3, and liquid Hf as a function of tem-

perature are compared with the second-generation CAL-

PHAD description by Dinsdale[57] and with the

experimental data used for optimization. A very good

agreement is observed between the present calculations and

experimental data for the HCP and BCC phases. The

results are also comparable to those obtained using the

Dinsdale’s model up to the melting temperature.[57] How-

ever, it should be noted that the second-generation

description of BCC Hf is expected to be valid only below

3000 K, beyond which the calculated heat capacity of BCC

Hf unrealistically, and abnormally, decreases. A

notable divergence between the two approaches is also

observed for the HCP phase at higher temperatures, with

the second-generation model describing a more pro-

nounced increase of the heat capacity as the temperature

increases.

No experimental data are available for metastable FCC

Hf. As previously discussed for metastable FCC Nb and Zr,

and metastable HCP Nb,[23] differences between the FCC

Hf phase relative to the stable HCP one are confined to low

temperatures, while at higher thermal levels, the heat

capacity of FCC Hf converges toward that of the HCP

phase. This is expected since the heat capacity coefficients

for FCC were constrained to those of HCP (cf. Table 4).

For the liquid phase, the present third-generation model

shows very good agreement with experimental data, cap-

turing the temperature-dependent heat capacity from near

the melting point to higher temperatures. In contrast, the

second-generation model, which assumes a constant heat

capacity for the liquid phase above the melting point, fails

to reproduce the experimentally observed trend reported by

Korobenko et al.[54] Below the melting point, both models

are qualitatively similar.

Taking advantage of the third-generation CALPHAD

descriptions of elemental Hf (this work) and Zr,[23] the heat

capacity of the stoichiometric compound HfZr2 was esti-

mated as described in Section 3. No experimental data for

the heat capacity of this compound are available in the

literature. As shown in Fig. 2, the calculated temperature

dependence of Cp for HfZr2 is given by the molar weighted

average of the HCP phases of Hf and Zr, consistent with

the modeling assumptions adopted in this work.

Figure 3 presents the relative molar Gibbs energy of all

phases of Hf referenced to the stable HCP phase. The

results show that the BCC phase is stable only within a

narrow temperature range just below the melting point, in

agreement with the well-known HCP ? BCC transition

for Hf.[34] Above this range, the liquid phase becomes

stable, and at even higher temperatures, the gas phase

dominates. The intersection of the Gibbs energy curves of

liquid and gas phases occurs at approximately 4910 K,

Fig. 4 Calculated temperature

profiles of molar enthalpy of

solid HCP A3, BCC A2 and

liquid hafnium in comparison

with experimental data and

Dinsdale’s model results[57].

Color code should be read as

follows: BCC A2 (black), HCP

A3 (green), liquid (blue)
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which is in good agreement with the normal boiling point

(NBP) of Hf reported by Arblaster (4850 K).[34] Moreover,

these results show that, if the gas phase is suspended, the

BCC phase would not re-stabilize at higher temperature

because of the adoption of the He et al. method.[13]

A comparison between the calculated molar enthalpy of

the HCP, BCC, and liquid phases of Hf and the corre-

sponding experimental data is provided in Fig. 4. The black

and blue solid lines represent the fitted results for the BCC

and liquid phases, respectively, whose enthalpy data were

used to determine the model parameters (see Section 3).

The green solid line corresponds to the predicted enthalpy

of the HCP phase. The present calculations show excellent

agreement with the experimental data available for all

phases. The second-generation CALPHAD description of

Dinsdale[57] is also plotted for the sake of comparison.

While both models agree closely within the temperature

ranges where experimental data are available, differences

emerge in the metastable regions, specifically, below the

melting point for the BCC phase and at high temperatures

above the melting point for all the solid phases. It can also

be observed that the liquid phase enthalpy calculated in this

work is systematically lower than that provided by Dins-

dale’s description across the investigated range,[57] align-

ing more closely with the experimental findings and

thereby improving the reliability of the metastable liquid

phase description. It should be noted that the experimental

data used in this work, and reported in Fig. 4, are more

recent than those available at the time of Dinsdale’s

work.[57] This fact may therefore explain the differences

observed.

4.2 Reassessment of Hf–Nb and Hf–Zr Binary

Systems

The calculated phase diagrams of the two binary systems,

Hf-Nb and Hf-Zr, are presented in Fig. 5, while the re-

optimized interaction parameters derived in this work are

summarized in Table 6 and compared with those reported

in earlier assessments. It can be also observed that the

coefficients kb/i;j:Va (cf. Eq 25) are only non-zero for the

HCP and liquid solutions in the Hf-Zr system. According to

Dinsdale et al.,[16] the temperature dependence of the

excess Gibbs energy of the phase / results from the vari-

ation of the Einstein temperature of / with composition

quantified by kb/i;j:Va. Specifically,

lnh/E ¼ x/i h
/
E;i þ x/j h

/
E;j þ x/i x

/
j ln0 h/i;j ðEq 32Þ

where

ln0h/i;j ¼
0b/i;j:Va

3R
ðEq 34Þ

From Eq 33, 34 and considering the values of the

coefficients kb/i;j:Va reported in Table 6, it follows that lnh/E
of all solutions varies linearly with composition

(ln0h/i;j ¼ 0), except for the HCP and liquid phases of the

Hf–Zr system. Specifically, the former shows a positive

deviation, whereas the latter exhibits a negative one.

The Hf–Nb diagram (Fig. 5a) is compared with the

previous assessment by Fernández Guillermet,[55] while the

Hf–Zr diagram (Fig. 5b) is compared with that of

Fig. 5 The phase diagrams calculated using the present thermodynamic description (black line) and the comparison with the previous

assessments reported in the literature (dashed red line): (a) Hf-Nb; (b) Hf-Zr
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Bittermann and Rogl.[59] In both cases, an excellent

agreement is observed between the present calculations and

prior assessments, particularly in reproducing the HCP

BCC transformations, the wide solid solubility ranges, and

the liquidus/solidus boundaries. The gas phase is included

in both diagrams for the sake of completeness. Addition-

ally, the presence of the stoichiometric compound HfZr2,

whose thermodynamic description was derived from the

third-generation CALPHAD models of Hf and Zr, is shown

in Fig. 5b. It is worth mentioning that, due to application of

the procedure proposed by He et al.[13], the BCC phase

does not re-stabilize at high temperatures even when the

gas phase is suspended.

The comparison between the calculated phase diagram

and experimental data for the different equilibrium regions

are presented in Fig. 6, 7, for the Hf-Nb and Hf-Zr systems,

respectively. The black lines correspond to phase equilibria

calculated using the third-generation CALPHAD descrip-

tion developed for elemental Hf, Nb, and Zr, prior to any

re-adjustment of the binary interaction parameters. Devia-

tions between the black curves and the red dashed lines,

which represent previous assessments,[55,59] highlight the

influence of the newly adopted third-generation descrip-

tions of the elemental phases.

To improve agreement with the experimental data,

binary interaction parameters were subsequently re-opti-

mized. The resulting reassessed phase boundaries are

shown as blue curves, demonstrating a satisfactory repro-

duction of the experimental data across all regions. In the

case of the Hf–Nb system, the most significant changes

were made to the HCP A3 and liquid phases related

parameters, while the interaction parameters for the BCC

A2 phase were only slightly modified. For the Hf–Zr sys-

tem, the liquid and BCC interaction parameters underwent

only moderate re-adjustments. However, the most signifi-

cant change concerns the HCP A3 phase, which now

includes a temperature-dependent interaction parameter

instead of the temperature-independent and equal to zero

value used by Bittermann and Rogl.[59]

This significant change is due to the inclusion of HfZr2

in the phase diagram calculations. To our knowledge, this

represents a novel contribution to this study. Indeed, in the

previous description of the Hf–Zr system by Bittermann

and Rogl,[59] the presence of the intermetallic phase HfZr2

was not considered, as neither theoretical nor experimental

indications of its existence were available at that time.

Under these conditions (suppressing the intermetallic

phase), the interaction parameter 0LHCP A3
Hf;Zr:Va of the HCP

solid solution could not be negative without violating the

third law of thermodynamics.[97–100] In addition, since the

experimental data are limited to the high temperature

range, a free fitting of 0LHCP A3
Hf;Zr:Va based on them would result

in a positive value, which, in turn, would imply the pres-

ence of a low-temperature miscibility gap in the HCP

phase. Such a prediction is inconsistent with the well-

established strong chemical affinity and extensive mutual

solubility of Hf and Zr. To avoid this contradiction, Bit-

termann and Rogl fixed 0LHCP A3
Hf;Zr:Va equal to zero, even

though this choice did not yield the best fit to the experi-

mental data.

In the current assessment, by explicitly considering the

presence of HfZr2, the thermodynamic description of the

Hf–Zr system is significantly improved. The inclusion of

this intermetallic requires a negative of 0LHCP A3
Hf;Zr:Va at 0 K to

remain consistent with its thermodynamically favored

formation and to satisfy the third law of thermodynamics

(see also Supplementary material for an extended

Table 6 Interaction parameters of binary phase solutions modelled in

this work

Hf-Nb System

BCC A2: Hf;Nbð Þ1 Vað Þ3

0LBCC A2
Hf;Nb:Va ¼ 22713:5 [55]

0LBCC A2
Hf;Nb:Va ¼ 22324:1 This work

1LBCC A2
Hf;Nb:Va ¼ 184:1 [55]

1LBCC A2
Hf;Nb:Va ¼ 1361:47 This work

HCP A3: Hf;Nbð Þ1 Vað Þ0:5

0LHCP A3
Hf;Nb:Va ¼ 21866:6 [55]

0LHCP A3
Hf;Nb:Va ¼ 2755:03 This work

Liquid: Hf;Nbð Þ1

0Lliq
Hf;Nb ¼ 11082:8 [55]

0Lliq
Hf;Nb ¼ 12180 This work

1Lliq
Hf;Nb ¼ �966:8 [55]

1L
liq
Hf;Nb ¼ 1413:78 This work

Hf-Zr System

BCC A2: Hf;Zrð Þ1 Vað Þ3

0LBCC A2
Hf;Zr:Va ¼ �838:621 [59]

0LBCC A2
Hf;Zr:Va ¼ �35:3044 This work

HCP A3: Hf;Zrð Þ1 Vað Þ0:5

0LHCP A3
Hf;Zr:Va ¼ 0 [59]

0LHCP A3
Hf;Zr:Va ¼ �0:0330193 þ 0:321454 T This work

ln 0hHCP A3
Hf;Zr ¼ 0:01289 This work

Liquid: Hf;Zrð Þ1

0Lliq
Hf;Zr ¼ 8749:64 � 4:91269T [59]

0Lliq
Hf;Zr ¼ 5551:68 � 2:83702T This work

ln 0hliq
Hf;Zr ¼ �0:11374 This work

Note that all the values are given as SI unit J/mol formula unit
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discussion of this issue). At the same time, the high-tem-

perature experimental data necessitate a positive 0LHCP A3
Hf;Zr:Va

value to properly reproduce the observed equilibrium with

the BCC phase. To reconcile these requirements, 0LHCP A3
Hf;Zr:Va

was expressed as a temperature-dependent linear function,

i.e. 0LHCP A3
Hf;Zr:Va ¼ aþ bT , where a\0 and b[ 0. Optimiza-

tion yielded a negative and small value of a, consistent

with the low enthalpy of formation of HfZr2, and a positive

value of b, which ensures accurate reproduction of the

high-temperature solubility behavior (cf. Table 4 and

Fig. 7). This formulation successfully eliminates the

occurrence of an artificial miscibility gap in the HCP phase

while maintaining consistency with both experimental data

and fundamental thermodynamic constraints.

Fig. 6 The equilibrium boundaries of the Hf-Nb phase diagram,

calculated using the present thermodynamic description (solid black

and blue lines) and the parameters proposed by Fernandez

Guillermet[55] (dashed red lines), compared with experimental data:

(a) BCC A2/Liquid equilibrium boundaries, (b) HCP/BCC A2

equilibrium boundaries

Fig. 7 The equilibrium boundaries of the Hf-Zr phase diagram,

calculated using the present thermodynamic description (solid black

and blue lines) and the parameters proposed by Bittermann and

Rogl[59] (dashed red lines), compared with experimental data:

(a) BCC A2/Liquid equilibrium boundaries, (b) HCP/BCC A2

equilibrium boundaries
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Figure 8 illustrates the calculated enthalpy of mixing

(DHmix) of the HCP, BCC, and liquid phases in the Hf–Nb

system, where the results from this work (solid lines) are

compared with those of the previous assessment by Fer-

nández Guillermet[55] (dashed lines). It can be clearly seen

that the new description significantly reduces, as compared

to the previous assessment, the enthalpy of mixing of the

HCP across the entire compositional range. As for the BCC

phase, only minor differences are observed between the

two models, both showing a positive enthalpy of mixing

and a maximum near the equiatomic composition. For the

liquid phase, the present work predicts slightly lower

DHmix values than the previous model, especially for Nb-

rich solutions.

The calculated Gibbs energy of mixing of Hf–Zr solu-

tion phases at 300 K and 1500 K are shown in Fig. 9a and

b, respectively. The results are obtained using the updated

interaction parameters from this work (solid lines) and

compared with those from Bittermann and Rogl[59] (dashed

lines). At 300 K (Fig. 9a), the most notable difference is

observed for the liquid phase, which is reduced in the

updated model across the whole compositional range. It

can also be observed that DGEX
mix of the BCC phase remains

low in both descriptions, while the re-optimized model

introduces a sign change, causing the transition from

slightly negative to slightly positive values. A similar

behavior can be seen at 1500 K (Fig. 9b), where the dif-

ferences become slightly larger.

4.3 Prediction of the Hf–Nb–Zr Ternary Phase

Diagram

Based on the reassessed Hf–Nb and Hf–Zr binary systems

and their optimized thermodynamic descriptions, the Hf–

Nb–Zr ternary phase diagram was predicted still using the

third-generation CALPHAD framework. This represents

the first thermodynamic assessment of this ternary system,

as previous studies were limited to sparse experimental

data[33] without any reported CALPHAD modeling. The

prediction obtained in the present work offers a detailed

view of phase equilibria, including the stability of the BCC

A2 and HCP A3 solid solutions, and the behavior of the

liquid phase. The selected invariant equilibria for the Hf–

Nb–Zr ternary system calculated in this work are summa-

rized in Table 7, while Table 8 reports the critical points of

the BCC A2 miscibility gap determined from the predicted

ternary diagram.

Figure 10 provides a comprehensive overview of the

temperature-dependent stability of the various phases in the

Hf–Nb–Zr ternary system. Specifically, Fig. 10a presents

an isothermal section at 300 K, at which the stoichiometric

intermetallic compound HfZr2 is stable. The two white

triangular areas represent three-phase regions composed of

BCC A2 (Nb-rich), HCP A3 (Hf- and Zr-rich), and HfZr2.

The remaining regions correspond to two-phase equilibria

between BCC A2 and HCP A3. Notably, even when the

HfZr2 phase is excluded from the model, the calculated 300

K isothermal section does not exhibit extended

Fig. 8 The enthalpy of mixing

(DHmix) of Hf-Nb solution

phases
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stable single-phase fields, primarily due to the strong sta-

bilization of the BCC phase of elemental Nb.

The temperature isothermal contours for gas phase for-

mation are shown in Fig. 10b. Zr is the first element to

vaporize, with a liquid–gas transition occurring near 4588

K. As temperature increases, the gas-phase field expands

toward the Nb-rich side, while pure Nb subsequently ends

to vaporize around 5200 K. Figure 10c depicts isothermal

contours associated with the formation of the liquid phase.

The first appearance of liquid occurs via congruent melting

of the BCC A2 solid solution in the Nb–Zr section (at

approximately xNb & 0.2) around 2014 K,[23] which is

notably below the melting point of pure Zr (2127 K). A

continuous curve, connecting this point to the lowest

melting temperature on the Hf–Nb section (xNb & 0.37 at

& 2338 K), represents the composition-dependent

Fig. 9 The Gibbs energy of

mixing (DGEX
mix) of Hf-Zr

solution phases: a) 300 K and b)

1500 K
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congruent melting line. No BCC A2 phase is stable at

temperatures exceeding the melting point of Nb (2745 K).

Finally, the isothermal formation projections of the BCC

A2 phase are illustrated in Fig. 10d. The equimolar BCC

A2 solid solution becomes stable as a single phase only

above 1300 K. On the other hand, at lower temperatures

and intermediate compositions, particularly in the Hf-rich

portion, the BCC A2 phase is destabilized by the emer-

gence of a miscibility gap. This results in a two-phase

region (BCC1? BCC2), bounded by the blue curve tracing

the binodal line. As summarized in Tables 7 and 8, this

miscibility gap exists between approximately 900 K and

1351.5 K, depending on composition.

Figure 11a and b present the predicted isothermal sec-

tions of the Hf–Nb–Zr ternary phase diagram at 1273 K

and 1973 K, compared with the experimental data from

Fedorov et al.,[33] which are, at the best of authors’

knowledge, the only ones reported in the literature for this

system. The theoretical predictions are first illustrated and

a discussion about their comparison with the experimental

data will then follow. At 1000 �C (Fig. 11a), the model

predicts a narrow HCP A3 single-phase field along the Hf–

Zr side, a BCC A2 single-phase region that covers the Hf-

poor composition domain, a dominant HCP ? BCC two-

phase region in the Hf-rich part, a BCC miscibility gap

(BCC1?BCC2) extending into intermediate compositions,

and a small, albeit distinct, three-phase field

(HCP ? BCC1? BCC2). In contrast, a broad single-phase

BCC A2 field across nearly the entire diagram, with HCP

stability limited to the Hf-rich corner, is predicted by the

model at 1700 �C (Fig. 11b).

The experimental data reported by Fedorov et al.[33]

which are shown in Fig. 11 were obtained by annealing of

different samples at 1000 �C and 1700 �C, followed by

metallographic examinations of the quenched alloys. The

data points are classified based on the phases identified

post-quenching. Specifically, black points correspond to

compositions where a single-phase BCC structure was

observed, primarily located toward the Nb-rich side of the

diagram. Green data, which indicate regions of single-

phase HCP structure concentrated near the Hf–Zr-rich

edge, reflect the low-temperature stability of HCP for pure

Hf and Zr. Finally, red dots denote alloys whose phase

transformations during quenching resulted in mixed BCC

and HCP microstructures.

Table 7 Selected invariant Hf-Nb-Zr equilibria calculated in this work

Phase (i) Composition

Reaction (Type) (1) (2) (3) T [K]

Vap $ Liq Pure Hf Pure Hf … 4913.5

Pure Nb Pure Nb … 5199

Pure Zr Pure Zr … 4588

Liq $ BCC A2 Pure Hf Pure Hf … 2502

Pure Nb Pure Nb … 2745

Pure Zr Pure Zr … 2127

Liq $ BCC A2 (Congruent) xHf ¼ 0:660

xNb ¼ 0:340

xZr ¼ 0

xHf ¼ 0:660

xNb ¼ 0:340

xZr ¼ 0

… 2344.5

xHf ¼ 0

xNb ¼ 0:199

xZr ¼ 0:801

xHf ¼ 0

xNb ¼ 0:199

xZr ¼ 0:801

… 2014

BCC A2 $ HCP A3 Pure Hf Pure Hf … 2016

Pure Zr Pure Zr … 1139

HCP A3 $ HfZr2 (Congruent) xHf ¼ 1=3

xNb ¼ 0

xZr ¼ 2=3

xHf ¼ 1=3

xNb ¼ 0

xZr ¼ 2=3

… 461.9

BCC A2 $ BCC A2 ? HCP A3 (Monotectoid) xHf ¼ 0

xNb ¼ 0:185

xZr ¼ 0:815

xHf ¼ 0

xNb ¼ 0:922

xZr ¼ 0:078

xHf ¼ 0

xNb ¼ 0:000554

xZr ¼ 0:999456

890

Table 8 Information on the critical points of the BCC A2 phase

miscibility gap in the Hf-Nb-Zr ternary phase diagram calculated in

this work

T [K] xHf xNb xZr

1249.8 0 0.596 0.404

1309.6 0.342 0.495 0.163
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By comparing the thermodynamic description results

and the experimental data just discussed, it can be clearly

seen that, while some experimental points support the

theoretical results (black points in both Figures and some

red data in Fig. 11a), several other biphasic (red) points and

the single HCP phase (green) data fall within regions where

the model predicts the presence of the BCC single-phase.

On the one hand, this could imply that the proposed ther-

modynamic assessment overestimates the high-temperature

stability range of the BCC phase. On the other hand, the

experimentally inferred persistence of the HCP phase at

these high temperatures appears inconsistent, as none of the

constituent elements exhibits HCP stability under such

conditions.

Fig. 10 Hf-Nb-Zr ternary phase diagram: (a) isothermal section at

300 K; (b) isothermal gas phase formation projections (stable liquid

phase on the left); (c) isothermal liquid phase formation projections

(from the right bottom liquid phase forms as the temperature

increases); (d) isothermal BCC phase formation projections (blue

curve indicates the invariant equilibria depending on temperature due

to the presence of the miscibility gap)
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Fig. 11 Hf-Nb-Zr Ternary

phase diagram: isothermal

section at a) 1273 K; b) 1973 K.

Data from Fedorov et al.[33] :

BCC (black dots), BCC ? HCP

(red dots) and HCP (green dots)
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It is worth pointing out that, as far as the experimental

data are concerned, their reliability is uncertain. Impor-

tantly, Fedorov et al.’s own interpretation supports the

extensive high-temperature stability of BCC,[33] empha-

sizing that the discrepancies with the quenched structures

primarily reflect kinetic limitations associated with trans-

formations taking place during cooling rather than a fun-

damental thermodynamic disagreement. Specifically, it

was reported that the high-temperature BCC single-phase

could not be retained upon quenching in alloys containing

less than 60 at.% niobium, while this phase was not

observed at all at 1700 �C in alloys with less than 20 at.%

Nb (see dashed lines in Fig. 11).

This finding may be ascribed to the peculiar BCC-to-

HCP martensitic transformations taking place in b-Zr-

based alloys and, likely, in b-Hf-based ones.[101,102] To

perform a comprehensive analysis, the T0 value as a

function of composition was calculated based on the

revised thermodynamic description of this system. The

temperature T0 is defined as the temperature at which the

Gibbs energies of the parent (BCC) and product (HCP)

phases are equal, i.e., GBCC Tð Þ ¼ GHCP Tð Þ. It therefore

represents the limiting temperature below which the dif-

fusionless martensitic transformation becomes thermody-

namically favorable. The locus of compositions for which

T0 equals room temperature was then determined.

The results of these calculations are represented by the

black curve shown in Fig. 12. This curve divides the dia-

gram into two regions. On its left side (the Nb-rich part of

the diagram) lie the compositions whose T0 values are

lower than room temperature. Therefore, the corresponding

high-temperature BCC (b) phase can, at least in principle,

be preserved if sufficiently fast quenching is applied. This

occurs because the diffusion-less martensitic transforma-

tion to the low-temperature HCP (a0) phase cannot take

place. In contrast, this transformation is theoretically

expected to occur for all compositions located on the right

side of the black curve (the Hf- and Zr-rich region).

To verify the consistency of the derived thermodynamic

description, a comparison with experimental data is also

provided in Fig. 12. Specifically, available data related to

the high-temperature b phase obtained after annealing and

the corresponding phase observed after quenching or rapid

cooling are collected. In this analysis, the data reported by

Fig. 12 Ternary Hf–Nb–Zr

phase diagram showing the loci

of compositions for which the

equilibrium temperature T0

equals room temperature (black

curve). The curve separates the

Nb-rich region, where T0 is

below room temperature and the

Hf- and Zr-rich region, where

the BCC ? HCP martensitic

transformation is expected to

occur. Experimental data from

literature are also reported for

validation. Black symbols

denote compositions retaining

the BCC phase after quenching,

red symbols indicate dual-phase

(BCC ? HCP) products, and

green symbols correspond to

complete transformation to the

HCP structure
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Fedorov et al.[33] as well as experimental information

concerning the binary systems Hf–Nb[84,103,104] and Nb–

Zr[105] are included. It should be noted that, in the case of

the Hf–Nb system, a significant amount of Zr was also

present. The interpretation of the symbol colors is the same

as described for Fig. 11. Experimental black points (re-

tained b) cluster in the Nb-rich region while green points

(fully a0) lie predominantly in the Hf/Zr-rich region. On the

binary sides, datasets align closely with the calculated

partition: Nb-rich alloys predominantly retain b, Hf/Zr-rich

alloys transform to a0.
As a general conclusion for the Hf-Nb system, already

given by Taylor and Doyle,[103] it appears that the trans-

formation of the diffusion-less martensitic type induced by

quenching cannot be avoided in Nb-poor alloys. However,

the progressive addition of Nb lowers the transformation

temperatures and slows down the reaction rate, such that

when xNbJ0:75 it becomes possible to retain the b
phase.[103] In the case of the binary Nb-Zr, the required

amount of Nb to suppress the martensitic transformation

appears to be smaller.

Nevertheless, two groups of inconsistencies with the

calculated T0 can be identified. Specifically, minor devia-

tions appear close to the calculated boundary. These

include isolated red points where a single phase would be

expected, and some black or green points misplaced with

respect to the dividing line. Such discrepancies might be

readily explained by experimental uncertainties and kinetic

effects. Small differences in actual composition, grain size,

or cooling rate can easily shift the martensite start tem-

perature, Ms, by a few tens of kelvin, leading to either

incomplete or premature transformation. Furthermore, by

considering the not so recent literature sources, classifying

a microstructure as ‘‘dual’’ or ‘‘single’’ phase could have

been affected by the detection threshold used in each

experimental study.

The major inconsistencies regarding the Fedorov et al.

data correspond to intermediate Nb contents,[33] where

several red points lie far inside the predicted b-metasta-

bility domain. According to the present thermodynamic

model, these alloys should exhibit T0 lower than room

temperature and thus retain the b structure after quenching.

Their partial transformation is therefore unexpected and

likely reflects extrinsic factors, most probably insufficient

quenching rates, local segregation, or uncertainties in

reported compositions, that reduced the effective metasta-

bility of the b phase.

Despite the generally good agreement between the cal-

culated T0 partition and most literature data, the inconsis-

tencies observed in the intermediate Nb-rich composition

range, especially those reported by Fedorov et al.[33],

highlight the limited and somewhat heterogeneous nature

of the available experimental information. The scarcity of

more recent systematic quenching studies for the ternary

system Hf-Nb-Zr and performed under well-controlled

thermal conditions makes it difficult to unambiguously

determine whether these deviations arise from kinetic

effects, compositional inaccuracies, or intrinsic limitations

of the proposed thermodynamic description.

Therefore, new experimental investigations are strongly

needed to clarify the stability of the b phase in the inter-

mediate Nb-rich domain. Controlled annealing and rapid-

quenching experiments, possibly combined with in situ

high-temperature diffraction or microstructural characteri-

zation, would be particularly valuable to confirm whether

the b phase can indeed be retained metastably or if partial

martensitic transformation occurs under realistic cooling

rates. Such data would provide a critical benchmark for

validating and refining the present thermodynamic

description of the Hf–Nb–Zr system and for improving the

predictive accuracy of future CALPHAD assessments in

related refractory alloy systems.

5 Conclusions

In this work, the third-generation CALPHAD approach has

been first extended to provide a refined thermodynamic

description of elemental hafnium. This includes not only

the stable HCP and BCC phases, but also a complete

modeling of the metastable FCC and liquid phases. The

advanced treatment of the liquid phase allows for a better

representation of its temperature-dependent heat capacity,

including the non-linear behavior near and above the

melting point, which deviates from the constant heat

capacity assumption traditionally used in second-genera-

tion models.

The newly developed third-generation descriptions for

Hf, Nb, and Zr have been then used to reassess the binary

Hf–Nb and Hf–Zr systems. Notably, the modeling of the

Hf–Zr system also comprises the intermetallic HfZr2

compound, which had not been accounted for in earlier

assessments. This inclusion allowed for the reassessment of

interaction parameters, particularly for the HCP solid

solution, in a way that satisfies the third law of thermo-

dynamics and reflects both low-temperature phase forma-

tion and the high-temperature equilibria of the HCP one.

Based on these binary descriptions, the Hf–Nb–Zr

ternary phase diagram has been finally predicted using

third-generation models. The obtained outcomes success-

fully capture key topological features such as the BCC

miscibility gap and three-phase regions involving BCC1,

BCC2, and HCP phases. Comparisons with the only

available experimental isothermal sections from Fedorov

et al. reveal reasonable agreement particularly for Nb-rich

compositions, while larger discrepancies are evident in the
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case of alloy with less than 60 at.% of niobium.[33] These

differences can be largely attributed to some experimental

limitations associated with the quenching procedure used

in that study, which was apparently unable to retain the

high-temperature structures. High-quality ternary data with

improved kinetic control in experimental studies are then

urgently needed to further validate the thermodynamics of

this refractory system.

Supplementary Information The online version contains

supplementary material available at https://doi.org/10.1007/s11669-
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