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Abstract

This article focuses on characterizing lattice-order structures arising from ma-
jorization within the space L'[0,b). Particular attention is given to the analysis
of suprema and infima in the majorization order on continuous strictly unimodal
functions.
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Introduction

Majorization theory is a powerful mathematical framework for comparing probability
distributions in terms of disorder or randomness. It allows one to determine which of
two distributions exhibits a higher degree of randomness. This theory has been widely
applied in several areas, including information theory [17] and economics [11]. In
particular, it provides a rigorous tool for the study of quantum information processes
[12] such as quantum measurements, entanglement transformations and a broad class
of problems in quantum mechanics [13]. In its original formulation, majorization es-
tablishes an order relation between probability vectors in finite-dimensional spaces.
Subsequently, Hardy, Littlewood, and P6lya [6, 7] extend this theory to continuous
probability distributions and Chong [5] later generalized it to the space L!(X) over an
arbitrary measure space X. It is the recent development of quantum information the-
ory in infinite-dimensional spaces [8, 10, 14] that has stimulated growing interest in
Chong’s extension. Examples include the study of semidoubly stochastic operators on
L'(X) [9] and investigations of information theoretic properties of Wigner functions in
phase space [18], among others.

The majorization order also induces a lattice structure on finite-dimensional prob-
ability vectors. This structure, known as majorization lattice, was first identified by



Bapat [1] and has important applications in several areas of information theory. For
instance, in classical information, majorization lattice has been shown to provide an
appropriate setting for studying fundamental properties of the Huffman algorithm [15].
In quantum information, it also plays a crucial role in the analysis of local operations
with classical communication (LOCC) in the context of quantum resources [2, 3]. More
generally, for infinite-dimensional vectors, a majorization lattice can also be defined,
playing an analogous role in quantum resource theories within infinite-dimensional
quantum information theory [10].

Motivated by the interest in extending majorization to more general settings, this
article characterizes several majorization lattices in L'[0, b), where 0 < b < oco. In this
context, particular attention is given to the majorization lattice operations on strictly
unimodal functions, which provide a unifying framework encompassing key families
of probability distributions such as Erlang distributions.

The paper is organized as follows. Section 1 introduces the basic notions on lattice-
ordered structures and majorization in the discrete setting. In Section 2, we establish
technical results concerning lattice operations on concave Lipschitz-continuous func-
tions, which will be instrumental in analyzing majorization lattice structures in L'[0, b).
Section 3 introduces the notion of majorization in L'[0, b) and presents a comprehen-
sive description of the resulting lattice-ordered structures. A general characterization
of the suprema and infima in this context is also provided. Finally, Section 4 is de-
voted to studying these lattice operations acting on strictly unimodal functions. Erlang
distributions are examined as a particular case.

1 Lattice-ordered structures and majorization
in discrete settings

We begin this section by introducing basic terminology of lattice theory. Let us con-
sider an ordered set (L, <). If L has a greatest element (resp. a least element), we denote
it by 1 (resp. 0). The ordered set (L, <) is said to be a lattice iff every a,b € L both
a supremum a V b and an infimum a A b exist in L. Thus, V and A define binary op-
erations on L and this lattice is denoted by (L, V, A). We denote by L the class of all
lattices. Let L be a lattice. Then L is said to be distributive iff, for all a,, a», az € L, the
following conditions hold:

a; A(az V as) (a1 ANa2) V (a1 A az),
arV(a ANaz) = (a1 Va)A(aVas). (1

If not, L is referred to as non-distributive. If L has a greatest (resp. least) element,
it is denoted by (L, Vv, A, 1) (resp. (L, V, A,0)). When both extremal elements exist,
L is called a bounded lattice and denoted by (L, Vv, A,0, 1). The lattice L is called \/-
complete (resp. )\-complete) iff every non-empty subset (x;);c; of L admits a supremum
denoted by \/;¢; x; (resp. an infimum, denoted by A;¢; x;). If every subset of L admits
both a supremum and an infimum, L is said to be a complete lattice. Weaker variants
of these notions of completeness are also considered, which, in our setting, emerge
as distinctive features of the lattice-ordered structures associated with majorization.



Specifically, L is conditionally \/-complete (resp. conditionally \-complete) iff every
nonempty subset of L that is bounded above (resp. bounded below) has a supremum
(resp. an infimum). If both properties hold, L is said to be conditionally complete.

Let X be a countable set whose elements are called variables. We inductively define
the notion of L-ferm, also referred to as L-polynomial symbol, as follows:

- If x € X, then x is an L-term.
- If t; and 1, are L-terms, then (#; A t,) and (¢; V 1) are L-terms.
- Only the expressions defined above are £-terms.

We denote by Term (X) the set of all L-terms over X. If r € Term(X), we use the
notation #(xi, ..., X,) to indicate that the variables involved in ¢ are among xi, ..., X,.
The complexity of terms is inductively defined as the function Comp : Termg(X) —» N
such that

- Comp(t) =0iff r € X;

- Comp(t; AN ty) = Comp(t, V t;) = Comp(t) + Comp(ty) + 1.

Let L be a lattice. Each term #(xy, .. ., x,) canonically defines an n-ary operation on L,
denoted by t*. Foray, ...,a, € L, t*(ay, ..., a,) denotes the result of applying the term
operation " to the elements ay, . ..,a,. This is generally referred to as a valuation of

the term 7 in L.

We now introduce the notion of majorization for discrete structures. A proba-
bility vector of dimension d is a vector X = (x1,X2,...,Xg7) € R4 with nonnegative
components satisfying Z;‘Z:  Xi = 1. The decreasing rearrangement of x, denoted by
xt = (xf s x,ll), is the vector consisting of the same components as x but ordered in

non-increasing order i.e., xi > xé 22 xj > (. This rearrangement is unique up to
permutations of equal components. Given two probability vectors y = (yy,...,ys) and

X = (x1,...,x;) in R, we say that y majorizes x, denoted by x <y, iff

k
x}szy} foreachk=1...d. )
i=1

k
i=1

The intuitive idea behind majorization is that one probability distribution is more
concentrated than another when, after the decreasing rearrangement, more weight is
placed in the first coordinates. These first coordinates represent the largest contribu-
tions to the total mass, so a distribution that allocates more weight to them concentrates
its mass on fewer points, whereas a distribution with weight more evenly spread is less
concentrated. By the uniqueness of the decreasing rearrangement, we can restrict our
study of majorization to the following set:

d
Al = (a1, %) - % 2 x4 and Zx,:l}. 3)

i=1

Majorization induces a partial order on Aj, with 1, = (1,0, ...,0) as the maximal

1

element and 0, = (5 o, 3) as the minimal element. Accordingly, 1, is the most



concentrated distribution and thus majorizes all others, while the uniform distribution
0, is the least concentrated and is majorized by all others. In [1], it is also proven
that majorization endows Afl with a complete lattice-ordered structure, referred to as
majorization lattice, and denoted by

(AL AV, 04, 1). 4)

It can be shown that Aj is distributive iff d < 3. In [4], an algorithmic method for
computing X; A X, and X; V X; is presented.

The above structure admits a generalization to the set £ 1) of sequences in the real
interval [0, 1] [16]. More precisely, consider the set

AL, = {(x)ien € Loy © X; > X141 and in =1}. )
i=1

Fory = (3)ieny and X = (x;)jen in Aclx,, we say that y majorizes X, and also write X <y,
iff for each k € N, Zf;l x; < Zle v;. In this setting, A}, still carries a non-distributive
lattice-ordered structure, although it is weaker. For instance, Aio is bounded above by
the sequence 1., = (1,0,0,...), but it does not possess a minimal element. Further-
more, completeness is relaxed to \/-completeness and conditional A -completeness.
This lattice is denoted by

(AL, ALV, 1), (6)

As in the finite case, this lattice-ordered structure also plays an important role in the
theory of quantum resources associated with infinitary LOCC protocols [10, 14].

In this section, we have highlighted the most relevant features and applications of
majorization lattices in the discrete setting. This provides a clearer understanding of
the ideas underlying the extension of majorization to L'[0, b).

2 Concavity, Lipschitz continuity and lattice operations

This section gathers the technical results needed to study lattice-ordered structures as-
sociated with the extension of majorization to Lebesgue integrable functions. Through-
out the paper, A denotes the Lebesgue measure on R. In view of the mathematical
framework considered here, we confine our developments to functions defined on real
intervals.

Let / € R be an interval. We denote by /° the interior of /. For measurable
functions f,g : I —» R, we write f = g a.e. on [ iff f(x) = g(x) for 2-almost every
x € I. We denote by L'(I) the set of real-valued Lebesgue integrable functions on 1.
We also denote by LI‘OC(I) the set of real-valued locally integrable functions, namely,
those functions that are integrable on every compact subset of 1.

A function f is said to be concave on [ iff, for every x,y € I and every g € [0, 1],
fBx+ A -p)y) =Bf(x) + (1 —B)f(y). An equivalent characterization of concavity is
that, for every x <y < zin I,

fO =) [ =fO)
y=x = z-y

(N



We denote by Conc([) the set of all concave functions on /. The following proposition
states a well known lattice-theoretic property of concave functions.

Proposition 2.1 Let I C R be an interval and (f})je; be a subset of Conc(I). Assume
that, forall x € I, —0 < /\fj(x). Then /\fj € Conc(I).

jeJ jeJ

O

Definition 2.2 Let / C R be an interval, and let f : I — R be a function. The concave
envelope of f on [ is defined as f = /\{g € Conc(l) : f < g} whenever this infimum
exists.

Let f € Concla, b) with a < b < co. A standard fact in convex analysis is that, for
every xo € (a,b), there exists at least one real number p, called a supergradient, such
that

F(x) < p(x = x0) + f(xo) forall x € [a, b). 8)

Let f1,f» € Concla,b) and xy € (a,b), with a < b < co. By Eq. (8) consider
supergradients pj, p, such that

i) < pilx — x0) + filxo), i=1,2.

Set m = max{pi, pp} and h = max{f;(xp), f2(x0)}. Then f(x) = m(x — xp) + h €
Concla, b) and dominates f; and f> on [a, b). Hence,

Ch.p =1{h € Concla,b) : fi <hfori=1,2}#0.

Consequently, it follows from Proposition 2.1, that

AV A= N\Chs ©)

is well defined as a binary operation on Concla,b). By considering this operation,
the following proposition describes the natural lattice-ordered structure of Concla, b)
based on the concave envelope. As we will see in Theorem 3.8 and Example 3.9, it will
be crucial for describing the majorization lattices in L'[0, b) and, in particular, for the
valuation of terms in these lattices.

Proposition 2.3 Let 0 < a < b < 0. Then

1. (Concla,b), /\,V> is a conditionally complete lattice.

2. If (fjjes is a subset in Concla, b) such that there exists the supremum \/ fiin
jeJ

Concla, b) then \7]‘1 = \//?j

jeJ jeJ

Proof: 1) This follows directly from Proposition 2.1 and Eq. (9).



2) Since \/ f; exists in Concla, b), it is also an upper bound of the family (f)jes.

jeJ

Hence f; < \/ fi £ \/ fj for every j € J. Thus, by Proposition 2.1, the concave
jeJ jeJ

envelope of \/ fj exists and it satisfies \/ fi £ \/ fi £ \/ fj. Therefore, by the
jeJ jeJ JjeJ JjeJ

definition of the supremum in Concla, b), we obtain \/ fi= \/ fi-

jeJ jeJ
O
A function f : I — R is said to be Lipschitz continuous on I iff there exists a
constant M > 0 such that |f(x) — f(y)] < M|x —y| for all x,y € I. Any such M is
referred to as a Lipschitz constant for the function f. We denote by Lip(I) the sets of
Lipschitz continuous functions on /. By the Rademacher theorem, if f € Lip(I), then
f is differentiable A-almost everywhere on /°, and its derivative f” satisfies

f <M. (10)

fyf'(t) dt = f(y) - f(x) forall x,y €I with x <y. an

The following proposition provides a classical characterization of concavity for
Lipschitz continuous functions.

Proposition 2.4 Let I C R be an interval and f € Lip(I). Then, f € Conc(I°) iff there
exists a decreasing function g : I° — R such that ' =g a.e. on I°.
O

Let us consider the interval [a, b) with a < b < co. We then define
lji;J[a, b) = Concla, b) N Lipla, b).

Combining Eq. (10) and Proposition 2.4, if f € Iji;a[a, b), then the decreasing func-
tion g such that f’ = g a.e. on (a, b) can be extended to the left endpoint a by setting
8@ = Vye@p) &(x). The resulting extension, which we denote by Df, is decreasing
on [a, b) and right-continuous at a. This observation allows us to introduce the fol-
lowing differential-type operator, which will be useful for simplifying the notation and
subsequent developments in the next sections.

Lipla,b) > f — Df (12)
which satisfies the following properties:
DI1. Df is a decreasing function on [a, b).

D2. Df = f' a.e.on (a,b). Consequently, if a < x <y < b then

"y
f Df(@0)dt = f(y) = f(x).



D3. Df is right-continuous at a.
Proposition 2.5 Let f : [a,b) — [0,00) where a < b < oo and assume that f €
Conc(a, b).
1. If f is right-continuous at a then f € Concla, b).

2. If f(x) < M(x — a) then f € Lip[a, b).

Proof: 1)Lete >0besuchthata <a+¢€ < x <y<b. Since f € Conc(a,b) and is
right-continuous at a, by Eq. (7) we have

SO -fl@ . f@-flate 5 fO =&
xX—a -0t x—(a+e¢€) y—x

Hence, f € Concla, b).
2) Since f(x) < M(x — a), it follows that f(a) = 0 and that f is right-continuous at
a. Therefore, by item 1, we have f € Concla, b). Leta < x <y < b. Then, by Eq. (7),

_ M) 0 _ 0= f@) | f0) - )

xX—a x-a x—a y—x

M

Hence f € L’,E)[a, b).
O

Proposition 2.6 Let f : [0,b) — [0,c0) be an increasing bounded function, where
0 < b < co. Then the concave envelope f exists and satisfies

n%ﬂmzn%ﬂm
Moreover, if f is right-continuous at 0, the following hold:
1. J(0) = f(0).
2. ]"\is increasing on [0, b).

Proof:  Since f is bounded and increasing on [0, ), we have m = \/ o) f(x) =
lim,_,;, f(x) < oo. The constant function m is concave and dominates f on [0, b).
Hence,

Cr=1{g:10,b) = [0,00) : gis concave and f < g}
is nonempty and Proposition 2.1 yields f(x) = Agec, 8(x). Let ng € N be such that
% < b. For each n > ng, we define the function

nim—fA)x+ f(b), if0<x<i
gn(x) = n n n

m, if 1 <x<b,

i.e., on [0, %] the function g, coincides with the line segment joining (0, f(%)) and
(%, m), elsewhere it equals m. Observe that g, € C; and f < g,. Thus, for each n > ny,

f<f<g,<m. (13)



By Eq. (13) and the Squeeze Theorem, it follows that m = lim,,;, f(x) < lim,_,), ﬂx) <
lim,_,; g,(x) = m and hence lim,_,;, f(x) = lim,,;, f(x). Let us now suppose that f is
right-continuous at 0. N

1) By Eq. (13) and the right-continuity of f at 0, we obtain f(0) < lim,_, £,(0) =
lim, e £(2) = £(0) = 0.
__2) Suppose that ]"ls strictly decreasing on [0, ). From item 1, we have f(0) =
f(0) = 0. Since f < f, it would follow that there exists xo € [0, b) such that f(xo) <
f(x0) < 0, which contradicts the non-negativity of f. Therefore, f must be increasing
on [0, b).

O

Let [0, ) be an interval with 0 < b < co. In order to simplify notation and stream-
line the developments in the subsequent sections, we consider the Volterra operator
defined on Lllo .10, b), namely

Lie[0,0) 3 f = (V)(x) = fx f(ndt,  0<x<b. (14)
0

Since Iji}[O, b) C L! [0,b) and, considering the operator D introduced in Eq. (12),

loc
it follows from condition D2 that

[ €Lip[0,b) = (VD)) = f(x) = f(0). s)

Note that if f : [0,b) — [0,0) is decreasing, then f € L! 0, b), so that the

1
function (Vf)(x) is well defined on [0, ). Based on this obser\(/)acltion, we state the

following result:

Proposition 2.7 Let (f})ic; be a subset of non negative decreasing functions on [0, b)
where 0 < b < co. Then

/\ Vi  Lipl0.b)

i€l

Proof: Foreachi € Iandall 0 < x <y < b, we have [(V)(y) — (V)| =
|[7 fiwydi| < £i©)ly — 11, so that Vf; € Lip[0, b). Moreover, since (V) (x) = fi(x)
and f; is decreasing on [0, b), it follows from Proposition 2.4 that Vf; € Conc(0, b).
Thus, by Proposition 2.1, /\(V f; € Conc(0,b). Since f;(0) = max f; and f; > O there

i€l
exists M = Aje; fi(0). Thus,

A((Vﬁ)(x) = Afoxﬁ(t)dts /\foxﬁ(O)dt: /\fi(O)xs Mx.

iel iel iel i€l

Hence, by Proposition 2.5-2, it follows that /\ Vf; € Lip[0, b).

iel



Proposition 2.8 Let (f))ie; be a subset of nonnegative functions in L ([0, b)), with

loc

0 < b < co. Assume that there exists a constant M > 0 such that f; < M on (0, D) for
alli € I. Then the concave envelope \/ c; V f; exists and satisfies

v V¥ e Lipl0, b).
i€l

Proof:  Since V((Vﬁ)(x) = v i fitndr < Mx € Conc[0,b) it follows that the

i€l iel

concave envelope \/ V f; exists and also satisfies v Vfi(x) < Mx. Hence, by Propo-

iel iel

sition 2.5-2, it follows that v V¥ € Lip[0, b).

iel

3 Majorization lattices in L'[0, b)

Following Chong’s generalization of majorization to arbitrary measure spaces [5], we
begin by introducing preliminaries and basic terminology adapted to the case of L'[0, b).
Let f € L'[0,b) where 0 < b < oo and @ € R. The set

ST ={xe[0,b): f(x) > a} (16)

is referred to as the a-superlevel set of f. The distribution function associated with f
is defined as the function

[0,00) 3 @ = 67(a) = A(SD). a17)

Definition 3.1 Let f € L'[0,b) with f > 0 and 0 < b < co. The decreasing rearrange-
ment f* of f is equivalently defined (see [9, Theorem 2.1]) as the function

[0,6) 3 x> fYx) =infla > 0: 6r(a) < x} =supla 2 0:6r(a) > x}.

The decreasing rearrangement of a function plays a role analogous to that of the
decreasing rearrangement of a probability vector. Let f € L'[0,b) with f > 0 and
0 < b < co. A characteristic property of f! is that

b b
f f(dt = f FL@) dr. (18)
0 0

Moreover, if f is also decreasing, then
f=f" ae. on[0,b). (19)

Definition 3.2 Let f,g € L'[0,b) with 0 < b < co, f.g > 0,and [, f(5)dt = [ g(¢)dr.
We say that f is A-majorized by g, also written f <, g, iff

Vit <Vgt onl0,b).



An immediate consequence of Definition 3.2, Eq. (18) and Eq. (19) is that the study
of A-majorization may be restricted to the following subsets of L'[0, b).

Definition 3.3 Let 0 < b < o0 and 0 < @ < oo. Then we define
b
LL[0,b) = { feL'0,b): f>0, fis decreasing, and f f(odt = a}.
0

We observe that L},[O, b) provides a natural generalization of the set of probability
vectors Aj defined in Eq. (3), where the A-majorization relation can be established.

Let f € Lﬁ[O, b). Since f is decreasing, it is bounded above by f(0). Hence we
may define

fo =\ f. (20)

xe(0,b)
Proposition 3.4 Let fi, f> € L(lI[O, b) such that fi <, f>. Then f,(07) < £,(07).
Proof:  Fori = 1,2, we define the function

£:(0Y), ifx=0,
fio(x) = .

fi(x), ifx€(0,b).
Note that f;, is right-continuous at 0. Hence, for every € > 0 there exists 6 > 0 such
that fj5(0) — € < fip(x) < fip(0) + € for x € [0,0). Consequently, for i = 1,2 and
x € [0,6), we have

(fi0(0) = ©)x = (V(£ip(0) — )(x) < (Vfig)(x) < (V(fin(0) + )(x) = (fi(0) + €)x.

It shows that f;(0%) = limy_o+ 1(Vfio)(x) fori =1,2.

Since f; = fiy a.e. on [0, D) it follows from the hypothesis and the preceding
result that f1(0) = lim,_,o+ }C((V fi0)(x) = lim, o+ é((v f)(x) < limy,o- i((v LX) =
lim,or 1(V£,0)(x) = f2(0).

O

Proposition 3.5 Let f, g € LL[0,b) with 0 < b < co. Then
f=2agandg =, f iff f=g ae onl0,Db).

Proof:  Suppose that f <, g and g <, f. Then (Vf)(x) = (Vg)(x) for all x € [0, b).
Since both functions are differentiable on (0, b), it follows that f = (Vf) = (Vg)' =
g a.e.on [0,b). The converse is immediate.
O
Note that the relation = a.e. defines an equivalence on LL[0, b). Consequently,
Proposition 3.5 establishes the antisymmetry of the relation <, in the quotient set
L},[O, b)/-ae.. Since <, is clearly reflexive and transitive on L},[O, b), it therefore in-
duces a partial order on the corresponding quotient set. For the sake of simplicity,
and in view of the above argument, we shall regard <, as an order on L(lI[O, b), where

10



equality between two functions f, g € LL[0, b) is understood modulo the equivalence
= a.e.. This partially ordered set will be denoted by

(LL[0,b), <2). 1)

1
To study the lattice-ordered structure of (L},[O, b), <) we denote by ( A ,AY) and

2
(\/ , V4 the corresponding infima and suprema with respect to the A-majorization
order.

By considering the operator D defined in Eq. (12) we establish the following result.

Theorem 3.6 Let fi, f> € LL[0,b) with 0 < b < co. Then
L fi N fa= DV NVS).
2. iVt fo = D(VAVVL).
Thus, (Li[O, b), AL, VY is a lattice.
Proof: 1) By Proposition 2.7, Vfi A Vf, € l’,EJ[O, b). Thus, D(Vfi A V) is well

defined on [0,b). We first prove that D(Vfi A Vf>) € L}Y[O, b). By condition D1
in Eq. (12), D(Vfi A Vf,) is decreasing on [0, ). Then we only need to show that

foh D(Vfi AVf)()dt = a. Since A is continuous, Eq. (15) yields
b
f DV i NV @) dt = limh(VD((Vfl ANV f2)(x)
0 X—
= )lci_)H;(Vfl AN VR)X) = (Vi AV f)(0)

b b
=f fl(t)dt/\f H®dt —0=a.
0 0
Hence, D(Vfi AV f) € Lg[o, b).

We now show that D(Vf; A Vf,) is the infimum of {f;, f»} with respect to A-
majorization. Since (Vf; A V£)(0) = 0, it follows from Eq. (15) that

VE>2VAANVE =VDVAANVSH), i=1,2 22)

which shows that D(V fi A V f>) is a lower bound of {f}, f>}. Moreover, if g € L},[O, b)
satisfies g <, f; fori = 1,2 then Eq. (15) again yields

Ve <VHANVH=VDVHi ANV]. (23)

This shows that g <, D(V fi AV f)ie., D(Vfi AVf)is the greatest lower bound of
{fi, £} in the sense of A-majorization. Hence, fi A1 fo = D(Vfi A V).

2) Since f; and f, are both decreasing on [0, b), we have

fi OOV £0),  i=12 (24)
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It then follows from Proposition 2.8 that fol/VTV f € Iji;J[O, b). Hence, by Eq. (12),
D(VF VV$ ) is well defined on [0, b). We first show that D(Vf v V) € LL[0, b).
By condition D1 in Eq. (12), D( mez) is decreasing on [0, /). Then we only
need to show that foh D( ’Vﬂ\(v > )()dt = . Note that Vf; VVf, is a non-negative,
increasing function defined on [0, b) and bounded in view of Eq. (24). Moreover, as V
is continuous, V f; V V f; is also right-continuous at 0. Then, by Proposition 2.6, the
following two results hold:

VANV VAHO) = (VA VVHO) =0, (25)

b b
lim Vi VL0 = BV V) = fo fiyde v fo hydi=a  (26)

Combining the above results and using Eq. (15), we have

b
fo D(VI VA0 di = lim VDV VY f)(

= im(VAV VAR = (VAVVL)O) = a.

Hence D(VA V V£ ) € L]0, b).
We now show that D(Vf; vV Vf,) is the supremum of {fi, f>} with respect to A-
majorization. By Eq. (15) and Eq. (25), we have

VHE<VAVVAE<VAVVH =VDVAEVYS), i=12 (27

which shows that D(Vf; V V) is an upper bound of {f}, f>}. Let g € L},[O, b) be such
that f; <, g fori = 1,2. Then

VAVVSH < Vs. (28)

Since g is decreasing and non-negative on [0, b), by Proposition 2.7, Vg € L/il\v[O, b),
so that Vg is concave on [0, ). Then, by combining Eq. (15), Eq. (25) and Eq. (28),
we obtain o o
VD(VANVYVHR)=VAiVYV]H < Vs (29)
This shows that D(Vfi v V) <, gie., D(Vfi V Vf,) is the least upper bound
of {f1, f»} in the sense of A-majorization. Thus f; V4 f» = D( (Vﬂ\(v f>). Since
Vh,Vf € Concl0,b), by Proposition 2.3-2, we have ViVVf = VF vV f. This
completes the proof of the item.
Hence, (L}[0, b), A%, V1) is a lattice.
O
The following theorem gives conditions ensuring the existence of arbitrary infima
and suprema in Lﬁ[O, b) with respect to A-majorization.

Theorem 3.7 Let0 <b < oo, g€ L},[O, b) and (f)ie1 C Lﬁ[O, b). Then:

12



1. If g <, fi for every i € I, then the family (f;)ie; admits an infimum, given by
P
N fi=D N\ V.
i€l i€l

2. If fi <, g for every i € I, then the family (f;)ic; admits a supremum, given by

\/'fi = D\/ V.

i€l i€l

Proof: 1) By Proposition 2.7, \ V; € Lip[0, b). Thus, D \ Vf; is well defined on

[0, b). We first prove that D A fVEfI € LL[0,b). By condition ;311 in Eq. (12), D /\ VF,
i€l iel

is decreasing on [0, b). Therel we only need to show that fob D /\ Vi@ dt = Zz. By

hypothesis we have @ = lim,_,;(Vg)(x) < lim,_,; /\((V )(x) Slefimx_ﬁ,((v ) = a.

iel

tlim A\ VA = a. (30)

i€l

Thus,

Since A V£(0) = 0, by Eq. (15) and Eq. (30) we have

i€l

b
fo D/\Wﬁ(t)dtzigr;WD/\Wﬁ(x) = mAq/ﬁ(x) =a.

iel iel iel

Hence D/\(Vf,- € Li[O, b). Finally, to prove that D/\(Vf,- is the infimum, in the sense
i€l iel

of A-majorization, of the set (f;);c;, one can proceed by arguments analogous to those

used to prove Eq. (22) and Eq. (23) in Theorem 3.6.

2) Since f; <, g, by Proposition 3.4 we have f;(0*) < g(0%). Thus, for all i € I,
fi < g(0%) on (0,b), which shows that g(0*) is an upper bound of all f; on (0, b).
It then follows from Proposition 2.8 that \/q/' f; € I]??[(), b). Hence, by Eq. (12),

iel
D\/(V £ is well defined on [0, b). We first show that D\/(V f € LL[0, b). By condition
iel iel
D1 in Eq. (12), D\/(Vf,- is decreasing on [0,b). Then we only need to show that
iel
fob D\/‘V fi(t)dt = @. Since g is decreasing and non-negative on [0, b), it follows from
i€l

Proposition 2.7 that Vg € ZE?[O, b), so that Vg is concave on [0, b). As a consequence
of this and the hypothesis, we have

\/Vﬁs\msq/g. 31

iel iel

13



By Eq. (31), we have @ = lim,_,,(‘V£)(x) < lim,_, \/((v £)(x) < lim,p V(v fi(x) <
iel iel

limy(Vg)(x) = [} g(t)dt = . Thus,

tim \/ V£ = a (32)

iel

Considering Eq. (31) again, it follows that \/V £;(0) = 0. From this and, by combining
iel

Eq. (15) and Eq. (32), we obtain

b —_— —_— —_—
fo D\/ V) dt = Ler;(VDV Vfi(x) = ml\;(Vﬁ(x) =a

iel iel

Hence D\/(V f; € Li[O, b). To prove that D\/(V f; is the supremum, in the sense of
iel iel

A-majorization, of the set (f;);cs, one can proceed by arguments analogous to those used

to prove Eq. (27) and Eq. (29) in Theorem 3.6. Finally, by Proposition 2.3-2, we have

\/ fi= \/ fj. This completes the proof of this item.
jeJ jeJ
O
The following proposition establishes a useful relation between the valuations of
L-terms in (L3[0, b), A%, vy and in (Concl0, b), A, V).

Proposition 3.8 Let #(x1,...,x,) € Termg(X) and 0 < b < oo. For fi,...,fn €
Li[O, b) the following statements hold:

1. tCanC[O,h)((Vf] .oV e Zi;[o’ b).
2 tL},[O,b)(fl’ iy f)) = DCnOD (Y g YL,

Proof: 1) We first prove that there exists M > 0 such that "D (V£ Vf)(x) <
Mx. We proceed by induction on the complexity of L-terms. If Comp(t) = 0, then ¢ is
a variable. In this case, tC“l0D(V £, ... Vf,) = VS for some i = 1,...,n. Since f;
is decreasing on [0, b), it follows that (V f;)(x) < fi(0)x. Assume that the result holds
for all terms with Comp(¢) < n, and suppose that Comp(t) = n. There are two cases to
consider.

Case I: (<O Vi V) = 57OV, VE) NSOV VL.

(O YL VE) = 1OV VE) NSO VARV
< Mix A Myx < max{M, M,}x.

Case 2: (C"ON(Vf V) = (X" CNVSH VIOV VED.
In this case, observe that

1O VEIWVETOD VS VE) < MixvMaox < max{My, Ma)x = Mx.

14



Since Mx is concave, by the definition of concave envelopes and Proposition 2.3, it
follows that

1Y f VWSO VL V) < M.
Hence, by Proposition 2.5, (Co"00( £, .. Vf,) € Lip[0, b).

2) We first observe that item 1 together with condition D2 in Eq. (12) guarantee
that
VDI ODYL, VL) = OV VL. (33)

To prove this item, we again proceed by induction on the complexity of L-terms. If
Comp(t) = 0, then ¢ is a variable, and this case follows immediately. Assume the result
holds for all terms with Comp(t) < n, and suppose that Comp(f) = n. Taking into
account Theorem 3.6-1 and Eq. (33), we consider two cases.
Ift(xg,....x,) = ti(x1, ..., X)) Ata(x1, ..., X,), then Comp(t;) < nforeachi=1,2.
Then
l l 1
FONS £ = OO ) N O )
l !
= D(V (s ) N VRS )
=D(VD" OV, VE)AVDE OV V)
=D (" VAL VE) NSOV VD)
= DO (Y V).

If t(xy,...,x0) = t1(x1,..., X)) V 2(X1, ..., X,), once more, we have Comp(t;) < n
foreachi =1,2. Then

l | l
OO fi, o f) = O VAP )
1 — 1
=D (Vi (fi o NV (s )
=D(VDH" OOV, VEVYDE OOV, VL)
=D (" VAL VEVE OOV VD)
= DOV, V).
Hence, tLﬁ[O"’)(fl, s o) = DO Y VL.
O
Item 2 in Proposition 3.8 provides a streamlined method for evaluating £-terms
in LL[0,b). Specifically, if #(xy,...,x,) € Termy and fi,...,f, € LL[0,b), then to
compute {Lalob)( fivooy f) in LE[0, b), it suffices to evaluate /COD( V£ .. V) in
Concl0, b) and then apply the operator D to the resulting function. As an application of

this procedure, in the following example we study the non-distributivity of the lattice
LL[0,b) for 0 < b < co.
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Example 3.9 [Failure of distributivity in L(ll [0, b)] To prove the failure of distributivity
in L},[O, b) for all 0 < b < co, we begin by showing that the first condition in Eq.(1)
does not hold in the particular case of Lﬁ [0,4). Consider the following decreasing step
functions on L%[O, 4):

%, 0<x<l,
I, 0<x<l, = 1sx<2, 5, 0<x<3,
X) = X) = X)=1"
i {%, t<x<d. POV acias P70 3<ica
i, 3<x<4
Then
%x, 0<x<l1,
Y 0<x<l1 Ix+d, 1<x<2
Vi) =47 B T VhH(x) =Y 152 ’
A {%x+§, 1 <x<4. A& 17—5x+%, 2<x<3,
Ix+8, 3=<x<4
2
zx, 0<x<3
(V — 3 kd —_ o
) {2, 3<x<4
By a straightforward calculation, we obtain
Ix+, 0<x<l,
(Vi AVEVVEND) =4 3x+ 1, 1<x<],
%x+%, %Sx<4.
Thus, by Theorem 3.8-2 we have that
‘5—‘, 0<x<l,
fi N BV LX) =D (VAANVAVV) ) =42, 1<x<], (34)
%, %Sx<4
By a straightforward calculation, we also obtain
%x, 0<x<l,

(VA AVAVVAAVA)® = Sx+ & 1sx<2,

5
Ix+3, 2<x<4

Thus, by Theorem 3.8-2 we have that

AN VAN D = D(VAAVAVV AV

0<x<l1,

, 1<x<2, (35)
, 2<x<4.

Giloe 1+

W=
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Then, by Eq.(34) and Eq.(35), we have

Li N RV R # i AR VAR AY ).

which shows that Lﬁ[O, 4) is not a distributive lattice.
We now use f, f>, and f3 to extend the above argument and establish the failure of
distributivity in L0, b) for any 0 < b < oo and @ > 0. We distinguish two cases.

Case: L(ll[O, o). Extend f; by zero on [4,c0) for i = 1,2,3 and consider the
functions (% fi=123. Observe that % fi € L},[O, o0) and, by an argument analo-

gous to the case of Lé[O, 4), one can show that % fi, % b, % f3 do not satisfy the
distributivity condition in L}[0, c0).

Case: LL[0, b) where 0 < b < co. Consider (%ﬁ(%x))i:hm. It is straightforward
to verify that %” f,-(%x) € Li[O, b) for i = 1,2,3 and, by an argument analogous
to the case of Lﬁ[O, 4), one can show that %fl(%x), @fz(%x), @f;(%x) do not

satisfy the distributivity condition in L0, D).
Hence, L},[O, b) is not a distributive lattice for any 0 < b < co and @ > 0.

In the final part of the section, we focus on the extremal elements of the lattice
(LL10,b), A*, V).

Proposition 3.10 For 0 < b < oo, the lattice (L},[O, b), AY, VY has no maximum ele-
ment.

Proof:  Suppose that m is the maximum element of (L},[O, b), <,). We first prove that

a
o) = b. (36)

Assume first that b < co. Since m is decreasing, we have m(x) < m(0*) for all x € (0, b),

and therefore a = fob m(t)dt < m(0*)b. The case b = oo is immediate. In view of
Eq. (36), we may now define the following step function:

2m(0%), if 0<x< 52,
mz(X)z{ m(07), 1 Y= 20

: a
0, if m<x<b.

Note that m»(0%) = my(0) £ m(0"). Therefore, by Proposition 3.4, m, £, m, which
contradicts the maximality of m. Hence, L},[O, b) does not admit a maximum.
O

Proposition 3.11 1. If 0 < b < oo then the constant function 0,(x) = § in [0,D) is
the minimum element of (L{l,[O, b), At v,

2. (L},[O, 00), A%, VY has no minimum element.
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Proof: 1) We first observe that 0, € LL[0,b). Let f € LL[0,b). Since b < co, by
Proposition 2.7, it follows that V f is a concave function on [0, b]. Let x € [0, b]. Then
we can write x = b + (1 — )0 and g = 3 where 8 € [0, 1]. By the concavity of Vf,

we obtain
(VHx) = (VHBb+ (1 -B)0)

x Y a
> VI = Ja = [T ar= V0.
b o b
Thus 0, <, f and therefore, 0, is the minimum element in Li [0, D).
2) For each n € N, define

—2e 42 §f 0<x<n,
n? n

Ja(x) = {

0, if x> n.

Observe that f,, € L}I[O, o). Suppose that there exists i € L}I[O, o0) such that 2 <, f,
for all n € N. Then, by Proposition 3.4, it follows that 2(0*) < f,(0") = f,(0) = 27“
for all n € N. Consequently, 2(0*) = 0 and, since # is decreasing on [0, c0), we must
have 2 = 0 on (0, o). Hence h ¢ L}I[O, 00), which is a contradiction. Therefore, the
sequence (f;,)neny does not admit a lower bound in Lf, [0, 00). This shows that L}, [0, o)
is not bounded below.
O
To summarize the properties established in Theorem 3.7, Propositions 3.10, Propo-
sition 3.11 and to compare them with the majorization lattices Afl and Aio, we present
the following synthesis:

1
O For 0 < b < oo, (LL[0, b), A%, v4,0,) is a non-distributive, /\ -complete and

P
conditionally \/ -complete lattice that is bounded below but not bounded above.

O (L(ly [0, o), A%, V1) is a non-distributive, unbounded, conditionally complete lat-
tice.

4 (A%, vY) on continuous strictly unimodal functions

A difficulty in handling A% and v in concrete settings, such as probability distribu-
tions, is that their computation requires an estimate of the decreasing rearrangement,
which can be difficult to obtain. The case of continuous strictly unimodal functions
is particularly interesting, since it allows us to bypass the decreasing rearrangement
and, moreover, provides an abstract framework encompassing important families of
probability distributions, such as the Erlang distributions.

We begin by presenting specific technical results on the decreasing rearrangement,
which will be important throughout the section.

Theorem 4.1 [Layer-cake representation] Let f € L'[0,b) with0 < b < 0 and f > 0,
and let E C [0, b) be a Lebesgue measurable set. Then

ff(t) dr = fw AEN ST da.
E 0
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O

Proposition 4.2 Let f € L'[0, b) where f > 0 and 0 < b < co. Then for each x € [0, b)
we have

(VHx) = f“’ min{x, §s(@)} da.
0

Proof: By Definition (3.1) we have that fl(r) > « iff sup{8 : 0r(B) > t} > aiff
O¢(a) > t. Therefore, {t > 0 : fl(t) >at = {t>20: 0p(@) >t} = (0,67()) and
consequently

A0.x1 {20 f11) > a}) (10, x1 1 (0, 84(e))

min{x, §(@)}. 37)

Thus, by Theorem 4.1 and Eq.(37) we have

(VIHx) = f ' FHnde = f oo/l([O,x]ﬂ(O,(Sf(oz)))da/z f mmin{x,éf(a/)}da.
0 0 0

d

Let ACRandlet f: A — R be afunction. The function f is said to be unimodal

iff there exists a point xy € A such that f is non-decreasing on {x € A : x < xo} and

non-increasing on {x € A : x > xp}. In other words, f increases up to a single mode

(or peak) at xog and decreases thereafter. If, moreover, x( is unique and f is strictly

increasing on {x € A : x < xp} and strictly decreasing on {x € A : x > xp}, then f is
said to be strictly unimodal.

Proposition 4.3 Let f : [0,b) — [0, o) be a continuous and strictly unimodal function
with a unique maximum at xy, where 0 < b < oco. For each a > 0 consider S£ the a-
superlevel set of f Then:

-: {w, ifa = f(x),

1. !
(ag,by) ifa< f(xo) where 0 < a, < xog < b, < b.

2. 6f(a) = by — a, and the restriction 6|aim,_, f(x),f(x)] define a strictly decreasing
homeomorphism onto [0, b).

3. flae) = f(ba) = .

Proof: 1) If @ > f(xp), it follows directly from Eq. (16) that S {; = (. To analyze
the case @ < f(xg), we consider the restrictions fljox, : [0, x0] — [f(0), f(xo)] and
Sflixop) : [%0,0) = (limy—p, f(x), f(x0)]. Because f is continuous and strictly monotone
on each side of xp, the mappings f|jo.x,) and f|ix,.») are both homeomorphisms, and their
inverses

[fO), faD] 2@ = flig (@) = da,
(im f(0), fo)] 3@ = Sl (@) = b (38)
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exist, are continuous and strictly monotone. We next distinguish three possible sub-
cases:

Subcase 1: a € [f(0), f(x0)) N (lim,-p f(x), f(x0)), that is, @ corresponds to a
horizontal line intersecting the graph of f at two distinct points, one on each side
of xo. By Eq. (38), there exist unique points a, € [0, xy] and b, € [xo,b), that is,
0 <a, < xp < by < b, such that f(a,) = f(by) = @. Thus, from the definition of S f;,
together with the continuity of f and the fact that it is strictly increasing on (a,, xo] and
strictly decreasing on [xg, b,), it follows that S‘Z = (ay, by).

Subcase 2: a < f(0), that is, a corresponds to a horizontal line intersecting the
graph of f at most once, to the right of xy. In this case (0, xo] € S {, If @ < lim,,;, f(x),
it follows immediately that S £ = (0,b). If instead @ € (lim,—, f(x), f(xo)), then by
Eq. (38) there exists a unique b, € [xg,b) such that @ = f(b,). Hence, from the defini-
tion of S 5, together with the continuity of f and the fact that f is strictly decreasing on
[Xo, ba), we conclude that S¥ = (0, b,).

Subcase 3: a < lim,_,;, f(x), that is, @ corresponds to a horizontal line intersecting
the graph of f at most once, to the left of xy. In this case, [xg9,D) C S £ If a < f(0)
then, by Subcase 2, it follows that S £ = (0,b). For a € [f(0), f(xo)), Eq. (38) ensures
the existence of a unique a, € [0, xo] such that f(a,) = a. Therefore, by the definition
of § £, together with the continuity of f and its strict monotonicity on [0, xy], we obtain
S% = (aa, b).

2) By item 1, it follows immediately that the image of d is contained in [0, b), and
moreover,

Op(a) = by — aq. 39)

As shown in Eq. (38), f] II’O{XOI(Q) = a, is continuous and satisfies f| I[’O{XO]( £(0)) = 0. We
may therefore extend f Iﬁ){x[)] to the entire interval [0, f(x()] by defining f I[’(){XO](Q) =
a, =0forall 0 < a < f(0). Accordingly, the mapping

0, if 0 < @ < f(0),

. . (40)
A (@, i £0) < @ < f(x),

[0, f(x)] > @ > a, = {

is continuous. If f(0) < lim,_,; f(x), then by Egs. (39) and (38) it follows immediately
that 6 flgim,., f(x).f(xo)1 18 continuous. If instead f(0) > lim,_,; f(x), the same conclusion
follows from Egs. (40) and (38). Hence, this restriction defines a continuous mapping
of the form

S5+ (lim f(x), f(x0)] = [0,0).

For any lim,_,, f(x) < a1 < a2 < f(x) we have a,, < a,, and b,, > b,,. Hence,
Op(a1) = by, — G, > by, — G, = 0y(a), showing that 6 is strictly decreasing on
(limy—p f(x), f(x0)]. Moreover, limgy ~¢(x,) e = Xo and limg ~¢(x,) bo = Xo, and there-
fore lim, ~f(x)) 0 (@) = 0. We thus conclude that the restriction 6 fl(tim x—b7(x),f(x)] 19
bijective, and hence a homeomorphism.

3) Since f is strictly increasing on [0, xo], with ][0, a,) < @ and f|(a,, xo] > @, the
continuity of f implies that f(a,) = a. Similarly, as f is strictly decreasing on [xo, b),
an analogous argument shows that f(b,) = @ as well.

O
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Theorem 4.4 Let f : [0,b) — [0, o) be a continuous, strictly unimodal function with
a unique maximum at xo, where 0 < b < oco. Then, for each x € (0,b), there exists a
unique a, € [0, xo] such that f(a,) = f(a, + x). Moreover,

V) = f oy,

Proof:  Letx € [0, ). By Proposition 4.3-2, there exists a unique @, € (lim,— f(f), f(x0)]
such that 7(ay) = x. Then, by Proposition 4.3-1, S,_is an interval of the form
Sa, = (ay, by) satisfying x = b, — a,, i.e., by = a, + x. By Proposition 4.3-3, we
have f(a,) = f(a, + x). Since a, < x9p < a, + x and, f is strictly increasing on

[0, xo] and strictly decreasing on [x, b), it follows that a, is the unique point in [0, x¢]
satisfying this equality. We first prove that

or(a), if op(@) £ x,

Mg a, +x1N ST =
X, if 6¢(a) > x.

If 67(@) < x = &7(a,) then S, C S, = [ay,a, + x]. Thus, A([a,,a, + x] N S}) =
/l(Sf:) = 0r(a). While if 6p(@) > x = dp(ay) then [ay,a, + x] = §,, C Si. Thus,
A[ay, ay + x1 N ST) = Alay, a, + x]) = x. Tt shows that

A[ay a, + x] N S1) = min{x, 6 (a)}. 41

Hence, by Eq.(41) and Proposition 4.2 we have

ay+X 00 )

f(®dt = f Alay, a, + x] N S£) da = f min{x, 6r(a)} da = ((Vfl)(x).
ay 0 0

(]

Note that Theorem 4.4 provides an expression for Vf! without relying on the de-
creasing rearrangement. Combining this result with Theorem 3.6 yields an explicit
form of (A%, v*) for non negative, continuous, strictly unimodal functions, as stated in
the following theorem.

Theorem 4.5 Let fi, f> : [0,b) — [0, 0), where O < b < oo, be continuous, strictly
unimodal functions with unique maxima xo, and xo, in (0, D), respectively. For each
x €[0,b), let ay, € [0, xo,] be such that fi(ay,) = fi(ay, + x) fori =1,2. Then

D )\ f " rwd,

i=12

D/\/\ f o (42)

i=1,2

(fi A* f)(x)

(fi V! ()

O

In the above theorem, when a,, and a,, can be explicitly determined or accurately
estimated from f; and f>, the computation of f; A* f> and f; V2 f, is greatly simplified,
as it avoids resorting to the decreasing rearrangements fll and le.
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Example 4.6 [Erlang distributions] The Erlang distributions form a family of proba-
bility distributions that generalize the exponential distribution. While an exponential
random variable models the waiting time between consecutive events, an Erlang ran-
dom variable describes the waiting time between an event and the k-th subsequent
event. Erlang distributions arise naturally in Poisson processes and are widely used
in queueing theory, mathematical biology, and other applied areas. The probability
density function of an Erlang distribution with parameters k € N5 and [/ > 0 is given
by

lk
(k—l)!xk Lemlx, x> 0.
where k denotes the shape parameter and [ the rate parameter.

It is well known that the family (fi;)r>1 constitutes a particular class of strictly
unimodal functions. Consequently, Theorem 4.5 can be applied to derive explicit ex-
pressions for A% and V4. For fixed k > 1 and /, using standard arguments, we can see
that the maximum of fj ;(x) is attained at

Jra(x) =

_ k-1 B (k- l)k_l —(k=1)
Xo=— Jri(xo) =1 T e

(43)
For each x € [0, 00), a straightforward calculation shows that the unique a, € [0, x¢]
such that f ;(ay) = fri(ax + x) is given by

0, ifk=1, “
TV _x o ifks 1. (a4)

x_
ek-T—]

Thus, for f, ;,(x) and fi, 1, (x) with ki, k, > 1, Theorem 4.5 and Eq.(44) yields

e k-1 1
D —— e dt,
/\ f k-Di" ¢

i=1,2

— X,'+Xi lkl
D I B T PV 45
i>1/2 j: (ki — 1) ¢ (45)

(foy A fio (%)

(Faots V* fios)(X)

Now, by considering Eq.(45), we will calculate A* and v for the specific case of fl’%
and f, 1. Note that

((Vfli’%)(x) = %foxe-mz =1-¢ (46)

Dy LT (et
((sz (X)) = 1 te”idt = e 2\ e (Y7 - 1). 47
53 X
X2
We can verify that the only intersection of the graphs of the two functions in [0, c0)
occurs at

ap =~ 3.9936354442081754.
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Thus, to compute fl’% A fz’%, we first observe that
e_%(Hﬁ) e?-1) 0<x<a,

(VI AV &) =
o 2 1 — /4, ap < x.
Hence f, 1 A' f, 1 is give by

i -
) ] x=0,

P _ ! Uy = ) _Xe X

(it Ao, )(x) =D ((Vfl’% A (Vf2’%)(x) “Nrer o 0 < x < ap, (48)
% e, ap < x.

Next, in order to compute f ! vA b 1, we begin by observing

—x/4
x4 0 < x<ay,

l1-e

L 4 =
((Vfl,% \% (VfZ,%)(X) - { ,%(Hﬁ) (ex/Z -1, ag<=x

e

In this way the concave envelope of V. fll VY le , is given by
% )

1 —e ¥4, 0<x<a,

(q/fl{yvfz{%)(x)z mx+b, a) < x < ap,

. I
e (14 7) @?-1), a<nx

m = 0.10316718375,

where
a; ~ 3.54205,
b ~ 0.22207396534.

ap = 4.440225,

Hence f; 1 VA f, 1 is give b
1 4 2 2
%e"‘/“, 0<x<a,

m, a <x<a (49)

(fis VP LD = D (VI VYV D) =
°4 »2 xe_m
m, ap < X.

The following figures show the plots of f| ! A 5, 1 and f; 1 vA b, 1 respectively.
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