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Abstract

A direction-selective elastic micro-structured medium is proposed. The lattice model com-
bines constitutive nonlinearity, a threshold activation displacement and the gyroscopic effect of
an isolated spinner to induce a tunable wave deviation on a selected direction in a full non-
reciprocal way. The direction selective effect is quantified in term of energy flux dependence
on gyricity and propagation velocity of the incident wave. Three different regimes are identi-
fied, addressed as passing, highly-directive and barrier. The nonlinear system sustains solitary
waves, described both numerically and through an analytical approximation, which show that
the wave is univocally determined by the propagation velocity. A final analysis demonstrates
the non-reciprocal mechanism originated by the proposed micro-structured medium.

1 Introduction

Micro-structured media are known to provide the capability to govern wave
propagation due to the internal microstructure. Linear elastic lattices, com-



posed of point masses and elastic non-inertial ligaments exhibit dispersive
and filtering properties, even if they are homogeneous [2] and a systematic
analysis of two-dimensional lattice structures providing a method to easily
identify band-gaps has been given in [22]. As first noted by Russell in 1834
[28], who observed a water wave propagation without distortion in the Union
Channel in Scotland, then reproduced in a laboratory wave tank, nonlinear-
ity can balance dispersive effects and create solitary waves that propagate
steadily maintaining their waveforms. Travelling waves governed by nonlin-
ear partial differential equations have been studied in a number of existing
works. Solitary waves, that retain their original form after a collision, with
only an alteration of the relative phase, are addressed as solitons and well-
known solutions are obtained from the Korteweg de Vries and sine-Gordon
equations [9]. Localised free motions and propagating solitons in discrete
chains of particles of infinite extent have been studied extensively since the
original contribution of Fermi et al. [11]. In [33, 34] solitary propagating and
non-propagating waves were investigated in chains of vibro-impact and other
non-linear systems. There a continuum approximation was implemented and
the differential equations of motions of the discrete chain were approximated
by a single Klein-Gordon nonlinear partial differential equation.

In the present work we propose an elastic nonlinear lattice in which the
non-inertial springs are strongly nonlinear and, similar to cables, react only
with tensile forces.

Another important property of the model is the capacity to break reci-
procity [12, 13] to tune transmission to different levels in opposite directions.
In elastodynamic reciprocity identifies the symmetry between action and reac-
tion in solids and can be expressed as a convolution between two elastic states
[16, 17]. Reciprocity breaks down in the case of structured space-dependent
and time-dependent constitutive properties [31, 32], constitutive nonlinearity
[20, 10], external bias [18, 29] and non-conservative follower forces [1].

Here, we combine constitutive nonlinearity of the lattice springs, with
an external bias induced by the gyroscopic effect of a spinner attached to
the central mass of the lattice. The gyroscopic effect is produced by the
mechanical action of a spinner, that couple the in-plane displacements of



the central node, intersection point of two one-dimensional lattices disposed
orthogonally. The first model of a gyroscopic elastic lattice was proposed
by Brun et al. [3]. These micro-structured media have the possibility to
exploit the gyroscopic effect to tune the frequency at which extreme dynamic
anisotropy is observed [1] and to create extremely localised waveforms [5].
It can also be implemented to force waves to propagate along a preferential
direction as illustrated in [24, 30, 35, 14, 23,21, 7,8, 15] and to design cloaking
devices to hide the presence of an object in continuous [3] and discrete elastic
systems [15].

Recently [26] and [37] showed non-reciprocal wave propagation of Rayleigh
waves in a linear gyroscopic lattice. Here, we combine the gyroscopic effect
and the nonlinearity of the springs to deviate waves in a fully non-reciprocal
way.

The paper is organised as follows. In Section 2 we present the two-
dimensional nonlinear gyroscopic micro-structured medium. We describe in
detail the nonlinear behaviour of the tensile elastic springs and the gyroscopic
spinner. The equations of motions of the particles of the lattice are reported
in Section 3. Solitary waves in the lattice are analysed and modeled in Sec-
tion 4, where the attention is focussed on a single chain without the presence
of the spinner. Analytical approximations of the solitary waves for displace-
ment, velocity and acceleration as a function of propagation velocity ¢ are
provided. The PadA@ approximation of the coefficients of the analytical
approximation is also given in order to provide a full explicit formulation in
term of c. In Section 5 we demonstrate the main property of the gyroscopic
micro-structured medium: the non-reciprocal direction-selective effect. We
quantitatively investigate energy-fluxes depending on the propagation veloc-
ity ¢ and gyricity 2* and we identify three different regimes. In addition, in
Section 6. we demonstrate the particular non-reciprocal effect of the system.
Finally, in Section 7 we provide some concluding remarks.



2 Non-linear gyroscopic lattice

We consider the micro-structured medium shown in Figure la, composed of
two infinite one-dimensional arrays of material points, labelled I and I1 and
joined at the central node. The material points of the two arrays are placed
at distance [, at initial position X! = il, Y = 0 and X/ = 0, V! = il
(i € Z), respectively.

Iy, I, Q

X

Figure 1: Non-linear gyrscopic micro-structured medium. (a) Two non-linear arrays I and I1 of mass particles and
non-linear springs. (b) Particles have mass m and springs have non-linear stiffness kf* (A = I,IT). (c) Gyroscopic
spinner at the central node. The spinner is hinged at its base and attached to the central lattice particle at its tip;
the spinner’s configuration is defined by the Euler angles 0, ¢ and v, representing the nutation, precession and spin
angles, respectively.

After deformation the points have position x(t) = XA4-u(t), where uf(t) =
[u (t) v(t)]" is the displacement of the node i of the array A at time ¢. Here
and in the following A = I, 1. A particle having mass mf‘ = m is associated
with each material point and neighboring particles are constrained by non-
linear elastic springs of stiffness k& and initial length [ = [ (Figure 1b). The

central particle identified by ¢ = 0 is also connected to a gyroscopic spinner.

2.1 Gyroscopic spinner

The gyroscopic spinner couples the displacement components in the X- and
Y -directions of the lattice’s particle to which it is attached. Its configuration



is determined by means of the nutation, precession and spin angles indicated
by 60, ¢ and 1, respectively (Figure 1c). It has length L, moments of inertia
I and I (about the axis of revolution and the two principal axes passing
through the spinner’s base, respectively) and gyricity Q. The gyricity is an
independent parameter, which depends on the initial conditions; it is given by
the sum of the initial precession and spin rates as follows = ¢ + 1) = Const
(see [0, 25, 15]). Here, it is assumed that the nutation angle of the gyroscopic
spinner is small and L > [.

2.2 Non-linear springs

The springs have non-linear stiffness
Kl + tanh [a(Au!(t) — Uy)]

kI(AU Uo) 9 ’ (NS Z, (1)
where K is the limiting stiffness for Au{ — 00, Au{(t) = uZ-IH(t) — uf(t)

is the displacement difference between neighbouring nodes, « is a scaling
factor and Uj is an initial contraction parameter. Formula (1) represents the
longitudinal stiffness of a cable which is shortened by the displacement Uj in
its initial configuration. A behaviour analogous to (1) holds for kX (AvH | Uy).
The stiffness k! is associated with the spring between nodes i and i + 1 and
the corresponding elastic interaction force is

AuiI
Fl (Al Uy) = /0 EL(C, U)d

ul cosh (a(Aul (t) — U, .
= KA—Z(t)JrEIO [ h(C(ESAh(;((t])O) U))] , 1€Z.(2)

2 2
Again, an expression analogous to (2) holds for FI(Av!, Upy). The force in
the initial configuration Au! = 0 is zero, while for Auf — —oc0

FY (Aul 1 ally
(Aus, Up) —10g< e > |

K ~ 2 e?Uo 4 g—alh (3)

which decays exponentially to zero with respect to both a > 0 and Uy > 0.
The stiffness k2 in (1) and the elastic force F/ in (2) are also reported in
Figure 2.
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Figure 2: (a) Stiffness k;A of the non-linear elastic spring between nodes ¢ and ¢ 4+ 1 in the array A
as a function of the displacement jump Auil or AviI T and (b) amplitude FiA of the corresponding
elastic force. Results are given for a = 10 mm~! and Uy = 0.9 mm.

3 Equations of motion

Here we report the equation of motions of the lattice’s particles.
For the array I, when 7 € Zg, the motion is governed by the equations

mi] = F/—F/,
ul = 2ul+ul, K cosh (oz(uifle —ul — Uo))
= K + —log — . (4)
2 2 cosh (aw(u! —ul | — Uy))

where () = d2(.)/dt2. For the array IT and i € Z, the corresponding equa-
tions are

SI1 Il Il
mu;t = I =1

— K”ﬁl — 20 + o, n A log cosh (a(vff; — v’ — Uh))
2 2 cosh (a(v/! — vt — Uy))

7

- (5)

The displacement of central particle, denoted as uy = [ug(t) vo(t)], where



uy = u} = ul!, satisfies the two equations

miy = Fy—F-; — Q%

_ Ku£1_2u0‘|‘u{+£ o cosh (a(u{—lio—Uo)) — Q%
2 200 cosh (a(uo—u,l—UO))
muy = FOH—FIH—FQ*QO
I _ 9 1y h T _ -0,
_ gV 2wdell Ko cosh (alyf o D | i (6)
D) 20 cosh (a(vo—v —Uy))

In (6), Q" is the effective gyricity, which depends on the gyricity 2 and
effective mass m* = m(1 + Iy/(mli?)) as follows:

I
' =m"——=0Q 7
m I() + ml? ’ ( )
as shown in [0, 25, 15] for small nutation angle. We underline in (6) the

coupling between the motions along different directions induced by the action
of the spinner.

4 Solitary waves in the non-linear lattice

The micro-structured medium can sustain tensile solitary waves [36]. We
initially focus on a one-dimensional chain, without any spinner and refer to
eq. (4), where we omit the superscript I for ease of notation.

Transient equations of motion have been solved numerically for a single
finite chain composed of N particles and zero initial conditions u; = 0 and
u; = 0, with ¢ = 1,--- | N. The system is loaded by imposing a tensile
displacement of amplitude U on the left boundary, namely

1+ tanh =

m(t) = 0 )
where t; is a time-shifting and 7 a transition period.
For i =2,--- | N — 1 the governing equations are as in (4), while
. UnN—-1 — UN K cosh (Oé(—UN — Uo))
= K———+ —1 : 9
N 2 * 20 2 | cosh (a(uy —un—1 — Up)) (9)
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Figure 3: Displacement u;(t), (i = 1,---,17), of the lattice particles as a function of time. Numer-

ical results obtained from a Matlab code (black lines) and Comsol finite elements (red lines) are
compared. Results are given for N = 50, U = 0.8 mm, ty = 400 s and 7 = 40 s.

A Matlab code has been implemented which makes use of the Runge-Kutta
[27, 19] integration scheme. The results are also compared with a finite
element (FEM) computation implemented in Comsol Multiphysics (version
5.5).

A typical result of the numerical computations is reported in Figure 3.
There, the lattice has [ = 10cm and /K /m = lrad/s. As shown in the
figure, starting from the second particle (i = 2) a stationary wave, different
from (8), propagates within the medium without distortion and with constant
velocity of propagation c.

4.1 Analytical solution

We search for an analytical solution of the stationary waves. We first intro-
duce the moving variable £ = X — ct, leading to the corresponding equations
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of motion for 7 € Z

m?cr“u;,(g) w1 - 2u;(§) ful§+D)
1 o cosh (a(u; (€ +1) —u; (&) — Uy))
204l & [cosh ((ui(§) —ui(§ = 1) — Uo))] ’ (10)

and, then, we search for a displacement in the form

D1 Dj arctan [\/—1 + Dy tanh (C—gg)}

ui(§) = — + Dy, 11

Z(f) \/TDQ 4 ( )

where the coefficients Dy, Dy, D3 and D, must be determined from the nu-

merical solutions.

In particular, considering the displacement, scaled velocity and scaled ac-

celeration profiles shown in Figure 4, from the numerical values U_, V), &
and Ay we solve the system

AD, Dy sinh (%2)
U’;/(é()) - 9 - AO )
Ds <2 — Dy + Dy cosh (Di§)>
Dy Dsarctan (v —1+ D
ui(§ — —o0) = 1Dy arctan ( 2)—FD4:U_,
V1D,
D Dsarctan (v/—1+ D
wi(€ — 00) = ——22 ( 2)+D4:o. (12)
v—1+ Dy
The system (12) can be easily solved; Dy = Vj is obtained from the first
equation, while

D — vV—14+ Dy U_ D _&
* 7 2arctan (V=1+Dy) Vo’ 1T

from the third and fourth ones. Then, by plugging D; and D3 into the second
equation in (12), we obtained a transcendental equation in Dy to be solved
numerically.

(13)
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Figure 4: (a) Displacement u;(§), (b) scaled velocity u}(€) and (c) scaled acceleration u// (&) profiles
as a function of the moving coordinate £. The critical values limg_,_ o u(§) = U—, v/(0) = V} and
u’ (&) = Ap are also indicated. Results are given for the same parameters as in Figure 3. Black
lines correspond to the numerical solution and red dashed lines to the analytical approximation
(11) with coefficients D;, (i = 1,2,3,4) computed at ¢ = 0.0129m/s.

The analytical approximation (11) and its derivatives (velocity and accel-
eration) are compared with the numerical solutions in Figure 4.

Interestingly, the wave is univocally determined by the velocity of propaga-
tion c. In particular, in Figure 5, we report the dependence of the coefficients
D+, Dy, D3 and Dy on the velocity ¢, while in Figure 6 the dependence of the
wave amplitude U_ and velocity amplitude Vj on c is shown.
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Figure 5: Coefficients of analytical solution (11) as a function of the velocity of propagation c. (a)
Dy, (b) Dy (in logarithmic scale), (¢) D3 (in logarithmic scale), (d) D4. Continuous black lines
correspond to the solution of the system (12), while grey dashed lines to their Padé approximation
(14).
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Figure 6: (a) Displacement U_ and (b) velocity Vy amplitudes as a function of ¢. Continuous

black lines correspond to the solution of the system (12), while dashed grey lines to the Padé
approximation (14) of the coefficients D; (i =1,2,3,4).

Additionaly, a Padé approximation of the coefficients of the analytical
approximation (11) as a function of the propagation velocity c is also derived,

13



where the approximation has the form

D~ agi) + agi)c + obéi)c2 + a:()f)c3

SO e | _ (14)
14+ alc+ a2 + a3 + all et

The coefficients a§i) (t=1,---,4,7=0,---,7) are given in Appendix 1. The
Padé approximation of the coefficients D; (i = 1,2,3,4) and the consequent
approximation of the analytical solution are also shown in Figures 5 and
6, respectively, where the excellent agreement with the target solutions is

evident.

5 Direction-sective splitter

The results of numerical computations for the cross-like system in Figure la
are analysed here.

A finite lattice with 4N + 1 nodes (N = 40) is implemented. An incoming
wave of the form (8) is imposed on the left boundary

_ 1+ tanh =l
ul (1) = =U a; T (15)

with U = 0.8cm, ty = 400s, 7 = 0.5s.

The set of equations of motion for each mass have been solved in the
transient regime, where each mass is initially at rest, namely u! = v/ = 0,
ul = o/ = 0, with i = —N,--- | N. The governing equations are (4) and
(5), for i = —=N,--- ;N and ¢ # 0 and (6) for the central node with the
attached spinner. Neumann boundary conditions are considered. Therefore,
FL=0in (4), Fif =0 and F, | = 0in (5); while, when i = —N, eq. (4)
is substituted by eq. (15).

In Figure 7 we show that the imposed boundary displacement generates
a solitary wave that propagates from the left to the right. When the wave
impinges on the central node, as a results of the gyroscopic effect, orthogonal
solitary waves are generated; nevertheless, due to the constitutive nonlinear-
ity of the system, the orthogonal wave propagate only on the bottom chain
and not on the top one. Clearly, this effect can be easily switched in order to

14
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Figure 7: Direction-selective system. A wave propagating from the left generates an orthogonal
waves only to the bottom, while the upper chain remains unperturbed. The notation I, r, t, b
indicates left, right, top and bottom chains, respectively. Displacement amplitudes are amplified
for visual purposes.

induce propagation of a solitary wave only in the top chain by simply revert-
ing the gyricity 2* from positive to negative values. The direction-selective
effect is also shown in the movies in the Supplementary Material.

By further inspection, we note that the incident wave generates transmit-
ted waves to the right and bottom, but not on the top, it induces vibrations of
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Figure 8: Energy distribution as a function of gyricity Q*. Curves are given for ¢ = 0.227 cm/s and
tr = 2000s. (a) Not normalised incident flux ®'. Normalised fluxes of the wave (b) transmitted to
the right chain ®", (c) transmitted to the bottom chain ®°, (d) transmitted to the top chain &, (e)
reflected back to the left chain ®! o+ (f) Kinetic energy of the central node. (g) Cumulative curves.

the central node and a possible reflection to the left. These combined effects
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Figure 9: Energy distribution as a function of gyricity Q*. Curves are given for velocities (a)
¢ = 0.036cm/s, (b) ¢ = 0.112cm/s, (c) ¢ = 0.356 cm/s at tp = 2000s. P, D and B denote the
passing, directive and barrier regimes.
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are quantified in Figures 8-11, where we show the total energy fluxes

151
Pl = — / Fla_,dt, ® = [[" Flu;dt,
0

P’ = / " Flly_jdt, @ = [37 Fllo; dt (16)
0
of the incident (®') and transmitted (®", ®°, &) waves, the total energy flux
o= /t ! Fla_;dt, (17)
of the reflected wave and the kinetic energy of the central node
T — 0+ 00 (18)

5
In (16) and (17), the superscripts [ (left), r (right), ¢ (top) and b (bottom)
indicate the corresponding semi-infinite portion of the chains, as shown in
Figure 7, while the index ¢ € N is not summed and represents the node
number. As expected, due to the existence of solitary waves, the total flux
does not depend on the node number 2. With reference to the time values
reported in eqns. (16) and (17), indicating with ¢¢ the instant in which the
wave reaches the central node, t; < t¢ has been chosen so that the generic
node —¢ finalised the first transition from undeformed to deformed configu-
ration, the instant ¢o > ¢ so that the node —:¢ has not initiated a second
transition from the deformed configuration to a second deformed configura-
tion induced by the reflected wave and, finally, tr > to. With reference to
the kinetic energy, for ¢t 2 1.1%¢, the kinetic energy T is constant and the re-
ported values have been computed at ¢t = tr. More precisely, indicating with
e, ¢, & and ¢ s the velocities of the solitary waves incident, transmitted to
the right, to the bottom and reflected back to the left, respectively,

(I =1l),

[
t(j——(|—i‘)<t1<t(], to <t <tec+
C

ref

[
tp —tc > max (—i, —2') : (19)
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Figure 10: Energy distribution as a function of velocity ¢. Curves are given for * = 0.01kg/s and

trp = 2000s. (a) Not normalised incident flux ®!. Normalised fluxes of the waves transmitted (b)

to the right chain ®", (c) to the bottom chain ®°, (d) to the top chain ® and (e) reflected to the
left chain &L - (f) Kinetic energy of the central node.

where, we remember, [ is the node distance.

Normalised values with respect to the incident flux are considered, namely

o 0¢
) :a, (C:l,r,b,t),
. T

where, as shown in Figure 10a, ®' depends on the velocity c.
In Figures 8-11 we show the energy distribution in different parts of the
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chain. In Figures 8 and 9 the dependence on the gyricity 2* is detailed, while
in Figures 10 and 11 the behaviour as a function of the velocity c is reported.

The direction selective effect is clear, since there are intervals of gyricity
and velocity in which ® # 0, while ® ~ (0 everywhere. The directive effect
is activated in relatively large intervals of 2* and c. In particular, Figure
8c shows with a dashed line the optimal gyricity * = 0.018 at which the
relative energy deviated to the bottom reaches a maximum, which is around
80%.

Depending on the gyricity Q* (Figure 8g), it is possible to roughly
distinguish three different regimes. A low-gyricity passing regime (P for
2* < 0.005), in which the coupling effect is negligible and most of the energy
is transmitted to the right chain; a medium-gyricity higlhy-directive regime
(D for 0.005 < Q*f < 0.035), where the coupling induces transmission to a
single direction orthogonal to the incoming wave and a high-gyricity barrier
regime (B for Q* 2 0.035), where most of the energy is reflected back and the
central node continues to vibrate (T > () and serves as a dynamic constraint
hindering energy propagation.

The cumulative energy distribution as a function of €2*, for three different
velocities ¢, is shown in Figure 9. Again, it is possible to distinguish the three
regimes P, D and B, where, increasing values of velocities ¢ widen the regime
intervals, shifting them to larger values of gyricity.

The energy distribution as a function of the velocity ¢ is shown in Figures
10 and 11. The not normalised incident flux reported in Figure 10a indicates
that |®| is a monotonic increasing function of ¢, approximatively linear when
c2 0.2

The optimal value of velocity ¢ = 0.113 for maximum redirection is shown
in part (c); while, once again, the absence of energy transmission on the top
chain is verified, confirming the directivity property of the gyroscopic system.

The results for the transmitted energy |¢"| in Figure 10b and the energy
distribution shown in Figure 11 evidence that the existence and the intervals
pertaining to the passing, directive and barrier regimes are also influenced
by the velocity ¢ of the incoming solitary wave. In particular, a competing
effect between velocity ¢ and gyricity Q* is retrieved, where passing (barrier)

20



regime is a result of low (sufficiently high) gyricity Q* and high (low) speed
c. We note that below a gyricity threshold the system do not reflect energy
at the central node. In addition, increasing values of * widen the velocity
intervals corresponding to the different regimes, shifting them to larger values
of velocity; this effect is also evidenced by the shifting of the optimal velocity
value for maximum directivity indicated with dashed lines in Figure 11.

6 Gyroscopic induced non-reciprocity

The microstructured system give rise to a particular non-reciprocal effect,
which is shown here throughout a numerical computation. We consider forces
applied at the points A, B and C' indicated in Figure 12, characterised by
the same time distribution, namely

o () mu () 7= ().

with .
_ _1+ tanh (=
flt, 7, F)=F 5 (T)
Additionaly, we compute numerically the mutual work between two forces
as the convolution [16, 17])

(22)

t
Wi (t,r, F) :FI*u{:/ Fi(s,7,F) -uj(t—s,7,F)ds, (23)
0

where ui is the displacement at a point I generated by a force F; applied at
a point J.
Reciprocity can be identified with the equality of the mutual work, i.e.

Wi =wi. (24)

In a linear space-time invariant mechanical system it is well-known that,
independently on the applied forces, reciprocity is satisfied; therefore, in the

linear regime, ) )
W[J(t,Tl,Fl) = Wj(t,TQ,Fg), (25)

21



for
1 # D) and/or Fl ;é FQ. (26)

On the contrary, in a nonlinear regime different loads excite non-reciprocal
wave propagation and condition (25) is not satisfied anymore. Anyway, also
in a nonlinear regime, the same loads generates reciprocal results, as follows

W[J(t,Tl,Fl) :W}(t,TQ,Fz). (27)

with
T =T and F = . (28)

This effect is shown in Figure 12b where it is verified that the mutual work
W (7, L) = Wg(t,m, F), (29)

with 77 = 80 s and F} = 0.6 N.

If, instead, we pose the attention to the mutual work between F, and
Fp, we demonstrate in Figure 12¢, that, as a result of the gyroscopic effect,
reciprocity is broken also for equal loads, namely

Wf(t77_lapl) 7£ Wé(t77-17p1)' (30)

This effect is also reported qualitatively in Figure 12a by the wavy arrows
indicating wave propagations.

7 Conclusions

The gyroscopic nonlinear lattice is a highly-directive system, that has been
designed to redirect waves in a non-reciprocal fashion. The identification of
the passing, highly directive and barrier regimes shows the capability of the
micro-structured medium to activate and deactivate different filtering prop-
erties; in particular non-reciprocal redirection (to the left and to the right) in
the highly-directive regime and full reflection in the barrier one. Interestingly,
once the mechanical parameters of the micro-structured medium have been
fixed, the regimes depend on only two parameters: the propagation velocity
c of the incoming wave and the effective gyricity 2*.
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The gyroscopic effect introduced by the spinner is such that non-reciprocity
is retrieved also in the case where forces with the same amplitude and time
distribution act in different points of the lattice.

We also note that the analysis of the solitary waves in the nonlinear lat-
tice has been performed for displacements which are sufficiently small with
respect to the initial distances between masses, but larger with respect to
the range where classical weakly nonlinear models are applied and third or
fifth-order polynomial expansions of the stiffness of the nonlinear springs are
implemented.

For this novel micro-structured medium we envisage applications that
range from the control of vibrations in large scale structures, such as slender
frame civil structures, to wave filtering and signal transmission in Micro and
Nano Electro-Mechanical Systems.
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Appendix A.

7.1 Coefficients of the Padé approximations of the analytical approximation of
the solitary wave

Here, we report the values of the components of the vector al”) of the Padé
approximations (14). The approximation concerns the coefficients D; (i =
1,2, 3,4) of the analytical ansatz (11) modeling the solitary waves propagating
in the nonlinear lattice. The values are reported in Table 1.
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Table 1: Coefficients agi) (i=1,---,4,j=1,---7) of the Padé approximations.
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Figure 11: Cumulative energy distribution as a function of velocity ¢. Normalised fluxes ]i”’|,
| B, ]<I>£,ef| |®*| (equal to zero) and normalised kinetic energy T are given for gyricities (a) Q* =
0.003kg/s, (b) 2* =0.010kg/s, (c) Q* =0.020kg/s at tp = 2000s. P, D and B denote the passing,

directive and barrier regimes.
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Figure 12: Wave propagation induced by forces acting at points A, B and C. Wavy arrows indicates
wave propagation; colours are associated to the locations where forces are applied. Mutual works:
(b) W& and W¢ and (c) W4 and W¥ as a function of time ¢.
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