npj | acoustics

Article

https://doi.org/10.1038/s44384-026-00068-3

The flexural SSH-type model: Topology
and edge states in elastic beam systems
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Giorgio Carta', loannis loannou Sougleridis***, Lorenzo Morini' & Michele Brun'

We study the topological properties of slender flexural waveguides subject to kinematic constraints
that selectively suppress rotations or transverse displacements. By deriving the 2 x 2 Bloch
Hamiltonian, which possesses sublattice symmetry, we map the continuous flexural system onto the
discrete Su-Schrieffer-Heeger (SSH) model and characterize its band topology. The emergence of
topological edge states is also predicted by the quantized values of the Zak phase. In addition, we
examine finite configurations with different boundary conditions to demonstrate bulk-boundary
correspondence, revealing edge modes localized at either end depending on the termination and the
coupling parameters. We further introduce elastic boundary springs as tunable elements to
continuously control the existence and localization of edge modes. The present framework lays the

groundwork for future extensions to more general flexural models, incorporating all kinematic
variables, more elaborate boundary conditions, and additional physical effects.

In recent years, topological insulators have inspired the design of a new class
of wave-based systems across a wide range of physical domains, including
photonics'~, mechanics*’, and acoustics”™. A defining feature of topological
systems is the emergence of robust, spatially localized states at their
boundaries or interfaces, which are protected against disorder and imper-
fections. Owing to their fundamental importance, topologically-protected
edge wave phenomena have been studied in quantum systems™",
acoustics'', photonics'>", and mechanics"*".

In this context, the one-dimensional Su-Schrieffer-Heeger (SSH)
chain®” is a canonical model, with non-trivial topology and established
bulk-boundary correspondence®. In essence, in the bulk of the system, a
topological invariant can be defined, directly related to the underlying
symmetries of the system”. The values of the topological invariant depend
on the parameters of the Hamiltonian of the model and take integer values,
which correspond to the number of localized and robust bound states in a
finite system with vanishing boundary conditions™"’.

Beyond its original formulation, the SSH model has been extended in
numerous directions, encompassing both one- and higher-dimensional
realizations™ ™. Within this broader framework, an increasing number of
studies have demonstrated that acoustic and one-dimensional mechanical
systems can be accurately captured using SSH-type descriptions*™. In
parallel, the field of acoustic and mechanical metamaterials has undergone
rapid development™, with increasing attention devoted to their topological
properties and to experimental realizations spanning two->"""**"* and even

three-""** dimensional architectures. In particular, some studies have
examined mechanically isostatic systems with topological properties, either
based on the SSH model™ or involving three-dimensional structures®.

However, a rigorous connection between a structural/mechanical
waveguide and the SSH model is still lacking. To the best of our knowledge,
no direct mapping between structural/mechanical waveguides and the SSH
model-as well as other models in the context of topological insulators-has
been established without relying on lumped-element descriptions, fitting
models, or tight-binding approximations. Here, we introduce a continuous
flexural waveguide, and propose a mapping to the SSH model within the
framework of the Euler-Bernoulli beam theory. In practice, we provide a
simple and general framework for investigating the topological phases of
continuous beam structures, while highlighting in depth the importance of
boundary conditions in establishing bulk-boundary correspondence and
obtaining accurate predictions of the edge states.

In this work, as a prototype of flexural waveguide, we introduce a two-
phase structured Euler-Bernoulli beam with pinned or, alternatively, sliding
supports at the junctions between the distinct phases. By exploiting the
physical constraints associated with the considered supports, we switch
from a fourth-order to a second-order formulation of the flexural wave
propagation problem. For periodic infinite systems, we analytically derive a
discrete SSH model corresponding to the second-order reduced continuous
flexural problem. We show how the dispersion relation of the continuous
structured beam can be obtained from the non-trivial solutions of the
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eigenvalue problem associated with the discrete SSH equivalent model. The
chiral symmetry (also known as bipartite or sublattice symmetry™) of the
associated SSH model allows for the definition of a topological invariant, in
this case the winding number”, while the mirror symmetry implies the
quantization of the Zak phase™. We discuss how the sublattice and mirror
symmetries guarantee the equivalence between the winding number and the
Zak phase” in determining the existence of boundary states in cases of
appropriate interface and boundary conditions**"**’. Beyond the linear
regime considered here, the interplay of nonlinearity and non-trivial
topology has recently been investigated in®, showing the importance of
chiral/sublattice and particle-hole symmetries.

The general setup developed for periodic infinite waveguides is then
adapted to study finite-sized systems considering both Neumann and
Dirichlet boundary conditions. For both pinned and sliding supports, we
show the existence of edge modes and discuss the effects of the boundary
conditions and the symmetries of the considered structured beams on their
properties. In addition, we demonstrate that interface modes can occur at the
same frequencies as the edge modes in structures made of two insulators with
distinct topological properties. Finally, a parametric analysis is carried out to
study the transition of edge modes obtained with different termination
constraints by introducing Robin-type boundary conditions, which are
implemented via elastic supports in the form of rotational or translational
springs.

Results

Bi-phase flexural pin-supported waveguides

Firstly, we study the topological properties of flexural waveguides consisting
of bi-phase Euler-Bernoulli beams with pinned supports at the junctions
between different phases. We start by introducing periodic infinite systems
and examining their analogy with the well-known SSH model**”. Subse-
quently, we analyze both symmetric and non-symmetric finite-sized
structures, discussing the influence of different boundary conditions on the
existence of edge and interface modes.

The periodic structure consists of an infinite repetition of two distinct
phases of Euler-Bernoulli beams, with pinned (or hinged) supports at the
junctions between phases A and B (see Fig. 1a). The length, Young’s
modulus, mass density, cross-sectional area and second moment of area of
each phase i (where i = A, B) are denoted as I, E;, p;, A; and I, respectively.
The total length of each elementary cell is designated as L.

In this work, we study only flexural waves, described by the small
amplitude transverse displacement v(x, ), where x is the axial coordinate
and ¢ is time. In particular, we assume time-harmonic conditions, whereby
v(x, D) = V(x)e ™, with w being the radian frequency and V/(x) representing
the transverse displacement amplitude. Henceforth, all kinematic and static
variables will be expressed in terms of their amplitudes, and the term
“amplitude” will be omitted for brevity.

For a structure composed of beam elements, such as the one depicted in
Fig. 1a, the generalized vector of kinematic and static variables typically
includes four components, namely the transverse displacement V(x), the
rotation O(x), the bending moment M(x) and the shear force T(x), resulting
in a 4 x 4 transfer matrix”. However, since at the pinned supports the
displacements are fixed to zero, the generalized vector of the beam element is

reduced to two components™: its rotation @(x) = V’(x) (the kinematic
field) and its bending moment M(x) = —EI®'(x) = —EIV"(x) (the dual
static field). Consequently, the 4 X 4 transfer matrix is simplified to a 2 x 2
transfer matrix. The expression for the latter is given by (16).

Following the mapping procedure described in the Methods section,
we retrieve the eigenvalue problem
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In the equations above, k is the wavenumber and f! is the frequency para-
meter (see (11)). We note that the eigenvalue E(fI) corresponds to either of
the identical diagonal terms of the transfer matrix in (16). In addition to
using the rotation as the mapping variable, an equivalent mapping can be
established by employing the bending moment, following an approach
similar to that in"”*’. We refer the reader to the Methods section for details.

The coupling coefficients « and <, defined in (2), are real and positive
quantities that meet the condition « + <~ = 1. Consequently, the matrix in
(1) has the same structure as the Bloch Hamiltonian of the SSH model. The
spectral parameter E(B]) of the bulk problem, interpreted as the energy
eigenvalue in the quantum SSH model, is a function of the frequency
parameter 3], and it is broadband, as long as the Euler-Bernoulli approx-
imation is valid”. The broadband validity of the mapping is different from
the majority of elastic and mechanical topological systems, which resort to
lumped-element*** or fitting models, which thus have limited tunability.

The dispersion relation is determined from the non-trivial solutions of
the eigenvalue problem (1), resulting in

E(ﬁl) = =+ \/Mz + w? + tha)COS(kL). (4)
Due to the sublattice symmetry, the spectrum E(BI) is symmetric with
respect to E(Bl) = 0, which occurs for l = (n+1/4)n  (n € N¥).InFig.
2, we show the dispersion curves for three different values of the coupling
pair («, «): specifically, « = 0.25, 22 = 0.75 (inset (a)); « = 20 = 0.5 (inset (b));
and «~ = 0.75, 2«2 = 0.25 (inset (c)). Since the periodic waveguide is con-
tinuous, it supports infinite dispersion bands. In panel (b), corresponding to
« = ¢o = 0.5 (i.e,, when phases A and B are dynamically identical), a band
closing occurs, whereas in panel (c) aband inversion is observed with respect
to panel (a). All dispersion curves exhibit a zero-frequency band gap, as well
as band gaps at higher frequencies, due to the pinned supports. These band

Fig. 1 | Mapping of the periodic flexural beam A B Ea, pa, Aa, In Eg,pp, Ag, In
system to an SSH-type lattice. a Periodic system of e T T T T I I o (a)
elastic beams composed of two phases (denoted as A T ,Zi,
and B), supported by pins at the junctions between ': 7‘ I Is
the phases. b Mapping to the discrete SSH model. y V=0
L
O(zy1) Oy O(xy) O(xy) O(zny1)  Olzny) (b)
5 z ﬁ'—l u a‘§, 1 w 1'7? 1'3’5 41"§+1 'T;§+ 1
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Fig. 2 | Dispersion curves and Zak phase of the periodic flexural system with
pinned supports. Dispersion curves for the system shown in Fig. 1, for different
values of the coupling terms: a « = 0.25, 22 = 0.75;b 2z = 22 = 0.5; ¢ 22 = 0.75, 22 = 0.25.
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Band gaps are highlighted in gray. The values of the Zak phase associated with
the displayed bands are also indicated. The dots in panel (a) are obtained from three-
dimensional finite element simulations, where the beams are modeled as solids.

Zak
9}’1

gaps are denoted by light shaded regions, while the band gaps associated
with the periodicity of the waveguide when « # « are highlighted by dark
shaded regions.

The Euler-Bernoulli beam model provides an accurate approximation
for thin solids whose cross-sectional dimensions are significantly smaller than
their length. In Fig. 2a, the dispersion curves obtained from alternative finite
element computations are indicated by dots. In these simulations, still based
on modal analysis incorporating quasi-periodicity conditions, the elements
are modeled as thin solids rather than beams; in particular, we have taken E,
= Ep =210 GPa, p, = pp = 7800 kg/m’ (steel beams), [, = 1 m, Iz = 1.1699 m,
and square cross-sections of side length equal to 1 cm (phase A) and 1.3687 m
(phase B), yielding Sals = Bpls = L. The results show good agreement with the
analytical predictions based on the Euler-Bernoulli beam theory.

We can observe that the Hamiltonian (1) has sublattice symmetry,
allowing for the definition of a topological invariant, which, in the case of the
SSH model, is the winding number”’. We also note that, in addition to
sublattice symmetry, the system possesses mirror symmetry, since PT =
T 'P, with P = diag[ — 1, 1]. The mirror symmetry implies that the values of
the Zak phase®, defined below in this section, can take only two integer
values, 0 or 7, that correspond to two phases, trivial or topological,
respectively. We note that in this framework the Zak phase is mod(27). The
presence of both the sublattice and mirror symmetry provides an algebraic
connection between the quantized values of the Zak phase and the winding
number (see, for example,”). By ensuring that bulk-boundary correspon-
dence is satisfied”**”" (see also next section), the Zak phase can be used as a
bulk quantity to probe the emergence of edge modes in finite lattices, for
appropriate boundary terminations or interfaces***””", where translational
symmetry is broken.

The Zak phase associated with the n-th band is defined as™

~t/L
94k — _Im / / (@, 9, ®)dk, 5)
J —n/L

where () represents the Hermitian inner product, @ is the normalized
eigenvector evaluated at the wavenumber k for the n-th band, and 0, @ is its
derivative with respect to k. Although it is not strictly necessary to compute
the Zak phase for the SSH model”, for completeness we compute it
numerically as follows:

Ny—1 N1

Sgak ~ _Im Z (Dj(¢i+l — @i) ~ —Im E lOg(@j@Hl)v (6)
i=1 =

i=1

where t denotes the conjugate transpose and N is the number of values of k
considered in the numerical calculations. Due to the mirror symmetry, the
values obtained by expression (5) or alternatively (6) are quantized to either
0 or 7. According to the sublattice symmetry of the Hamiltonian (1), 9% is
related to the winding number v, of the #-th band through the expression
9% = 7y, . Consequently, 9 = 7 corresponds to v, = 1 and to one
topologically protected edge mode, which can be observed in a corre-
sponding finite-sized structure with appropriate boundary conditions.
Conversely, for 9 = 0 we have v, = 0, and no topologically protected edge
modes can be detected in an associated finite waveguide. The value of the
Zak phase is appended to every dispersion curve in Fig. 2. We point out that,
since 92 = 7, topologically protected edge modes are expected for finite
waveguides characterized by « < 0.5 or, equivalently, <~ > 0.5.

Finite pin-supported structures and bulk-boundary
correspondence

In this section, we examine beam systems composed of a finite number of
repetitive cells, set to 20 in our calculations, and determine their eigen-
frequencies (eigenvalues) and eigenmodes (eigenvectors). The latter are the
eigensolutions in terms of transverse displacements evaluated at the cor-
responding eigenfrequencies. We impose different boundary conditions to
investigate how they affect the eigenspectra of the systems.

In the numerical computations, we assume that the two phases are steel
beams of square cross-section with identical constitutive properties, namely
Ex = Eg =210 GPa and p, = pg = 7800 kg/m’. Regarding the geometrical
parameters, for phase A we set the length equal to [, = 1 m and the side
length of the square-cross section equal to s, = 1 cmj; conversely, the geo-
metrical properties of phase B are determined such that the coupling term ~
(or <) takes the specified value and that Szlx = Bpls = fl, namely s =
((1—22)/ )" sp and Iy = /s /s, |, Nonetheless, we point out that the
above values for the material and geometrical parameters are only indica-
tive, since the results depend on the non-dimensional quantities « (or «)
and fl.

We start from the finite structure shown in Fig. 3a, which presents a
hinged support—vanishing displacement and bending moment—at the left
end and a clamped support—vanishing displacement and rotation—at the
right end. At the interfaces between phases A and B, pinned supports are
applied, as in Fig. 1. In the 2 x 2 restriction induced by the supports, the
hinged and clamped supports on the boundaries identify, respectively,
Neumann and Dirichlet boundary conditions. As shown in*"*, different
boundary conditions require different mapping variables in order to ensure
bulk-boundary correspondence’™”. In the present system, a hinged
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Fig. 3 | Edge modes and eigenspectrum in a finite flexural system with pinned
supports and distinct boundary conditions. a Finite structure featuring a
hinge-vanishing displacement and bending moment-at the left end and a
clamp-vanishing displacement and rotation -- at the right end. b, ¢ Edge modes
detected in the first and second band gaps, which are localized on either boundary of
the finite structure, respectively, of the corresponding periodic system for « = 0.25.
In this and all subsequent figures, the eigenmodes are normalized so that their
maximum value is equal to 1. d Eigenfrequencies for different values of the coupling
term «.

boundary condition enforces a vanishing bending moment, making it the
appropriate variable for predicting topological edge modes. Conversely, for
a clamped boundary condition, the rotation vanishes and therefore con-
stitutes the correct mapping variable. For a finite lattice with mixed
boundary conditions (hinged on the left and clamped on the right), each end
of the structure can be effectively isolated, and treated as a semi-infinite
chain, provided that the number of unit cells is sufficiently large. Conse-
quently, the influence of each boundary condition and its connection to the
bulk can be analyzed independently. Finally, we note that for brevity we shall
only use the couplings ~ and «~ of the rotation mapping in the following
analysis, while keeping in mind that for the bending moment mapping the
couplings are inversed (refer to the “Methods” section).

The first two clusters of eigenvalues are reported in Fig. 3d for different
values of u (here we remind that the system admits an infinite number of
eigenfrequencies, since it is continuous). As expected, the eigenfrequencies
associated with spatially extended eigenmodes, which have support
throughout the entire system, lie within the pass bands of the corresponding
periodic system. Moreover, additional eigenstates localized at the edges of
the structure appear for «~ < 0.5, occurring for E(f)=0 and, hence,
Bl ~ (n + 1/4)71 (n € N™). For each of these values of BI, two coin-
cident eigenfrequencies are obtained, associated with two edge modes, one
localized at the right end and the other at the left end (see Fig. 3b, ¢ for I ~
57/4 and Bl ~ 971/4, respectively). We also note that, if the constraints at the
two boundaries are swapped, the same results are retrieved, but for « > 0.5
(the corresponding results are not shown here for brevity).
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Fig. 4 | Edge modes and eigenspectrum in a finite flexural system with hinged
boundary conditions. a Finite system of beams with hinged supports at both
boundaries. b, ¢ Edge modes observed for « = 0.25 and « = 0.75, respectively.

d Eigenspectrum versus coupling term «.

In Fig. 4 we consider the same structure as in Fig. 3, but with hinges at
both ends. Here, the applicable mapping variable is the bending moment.
Also in this case, edge modes are found for Bl >~ (n+ 1/4)m  (n € N*);
however, with the constraints as in Fig. 4a, edge modes emerge for all values
of the coupling «. In particular, when « < 0.5 (« > 0.5) the edge states are
localized at the left (right) end. On the other hand, when the two ends are
clamped, the opposite behavior is observed, i.e., an edge mode is detected on
the right (left) boundary when « < 0.5 (« > 0.5).

As a third example, we consider the system shown in Fig. 5a, which has
clamped ends (implying that the corresponding mapping variable is the
rotation), and phases arranged as “BA ...BAB”. All eigenvalues are included
in Fig. 5d as functions of «. As in the case examined in Fig. 3, edge modes
occur only for « < 0.5, and each dot represents a pair of coincident eigen-
frequencies. Nonetheless, in the present configuration, localization appears
at both ends, with symmetric and antisymmetric mode shapes (see Fig. 5b,
©). Referring to the same structure with the pattern “BA ...BAB”, but when
the two ends are hinged, we observe the same behavior, but for ~ > 0.5.
Conversely, when the left end is clamped and the right end is hinged, the
same conclusions drawn for the case in Fig. 4 also apply here. Localization
occurs at the opposite edge when the boundary constraints are swapped.

We remark that the observations in the previous paragraph are
reversed when the phases follow the pattern “AB ...ABA”. Namely, the
results are the same as those obtained for the structure “BA ...BAB” under
the substitution «~ — (1 — «).

Finally, we present an example of a localised mode at the interface
between two insulators. To the left of the interface, we consider the finite
structure with the pattern “AB ...AB” and hinged supports. To its right, we
connect the same structure, but mirrored, so that phases A and B are
exchanged (see Fig. 6a). As expected, a localised mode is observed at the
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Fig. 5 | Edge modes and eigenspectrum in a finite flexural system with clamped
boundary conditions. a Finite system of beams with clamped supports at both ends,
that starts and ends with phase B. b, ¢ Edge modes observed for « = 0.25 within the
first and second stop-band, respectively. d Eigenspectrum for various coupling
strengths «.

interface, at the same frequency as the edge modes. Two such interfacial
modes, occurring for Bl ~ 57/4 and Bl ~ 9n/4, are illustrated in Fig. 6b.

Modulated Robin-type boundary conditions for the pin-
supported structures

The systems illustrated in Figs. 4a, 3a share the same internal structure and
the same boundary condition at the left end, but differ in the constraint
applied at the right end, namely a hinge in the former and a clamp in the
latter. Both configurations can be represented by the system shown in Fig.
7a, which presents a hinge equipped with a rotational spring of stiffness Kr
at the right end. In particular, setting Kg = 0 (or Kg — o) recovers the
structure with the hinge in Fig. 4a (or the configuration with the clamp in
Fig. 3a). Accordingly, the rotational spring can be used as a modulation
parameter, enabling a continuous transition between the two structures in
Figs. 4a, 3a. We note that the rotational stiffness at the boundary is a Robin-
type boundary condition, and breaks the bulk-boundary correspondence
for both the rotation and bending moment mappings. However, as we
approach the limits Krp — 0 and Krx — oo, we asymptotically recover the
bulk-boundary correspondence.

In Fig. 7b, the eigenfrequencies obtained across several values of the
coupling term « and five distinct values of the normalized rotational
stiffness Ky are reported, where Ky = = Kgly/(EI,). From the diagrams,
it is apparent that if K is small (e.g., Kz = 0.05), the eigenspectrum of
Fig. 4d is recovered, w1th the eigenfrequencies corresponding to the
localized edge modes becoming higher for larger values of «. Conse-
quently, the edge modes localized on the right boundary do not occur at

intel:face (a)
A B A B i B A B A
w ] w AR un w A w - w w 2
i
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o M
B~ A UL
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M,
Bl ~ %‘ o

Ay e

Fig. 6 | Interface modes at the boundary between flexural systems with distinct
topological phases. a Structure comprising two insulators connected at an interface.
b Localised modes observed at the interface, obtained for I ~ 57/4 and Bl ~ 97/4.

E(BI) =0, as required by the sublattice symmetry in the SSH model, due
to the presence of the Robin-type boundary condition which does not
satisfy bulk-boundary correspondence. In addition, as the normalized
rotational stiffness increases, the localized modes observed for « > 0.5
progressively disappear, as in the case I~<R = 5. For sufficiently large K R
additional frequencies associated with edge modes emerge for ~ < 0.5. In
the limit Ky — oo, the eigenspectrum of Fig. 3d (exhibiting for « < 0.5
two coincident eigenfrequencies, corresponding to two localized modes
at the opposite ends) is retrieved, as expected. Overall, the results in Fig. 7
illustrate the gradual transition between the structures in Figs. 4a, 3a as
the rotational stiffness is varied.

To further illustrate the transition described above, Fig. 8a, ¢ show the
eigenfrequencies computed for fixed values of the coupling term (« = 0.75
and « = 0.25, respectively) while varying the normalized rotational stiffness
Kg. From Fig, 8a, it is possible to roughly identify the value of Ky, for which
the edge mode disappears within each stop-band. A precise threshold
cannot be determined, as the localisation of the mode progressively weak-
ens. This behavior is demonstrated in Fig. 8b, where two edge modes
depicted in the first and second band gaps and exhibiting weak localisation
are included. In the range ~ € (0, 0.5) (e.g., « = 0.25 as in Fig. 8c), for
sufficiently large values of the normalized rotational stiffness, an additional
edge mode appears in each stop-band at a frequency that increases with Kg.
In the limit when K — o0, corresponding to a clamped end, the eigen-
frequencies coincide, as also shown in Fig. 3d. Figure 8d illustrates two
eigenmodes localized at the opposite ends, corresponding to two closely
spaced eigenfrequencies.

Bi-phase flexural structure with sliding supports

Now, we study systems of Euler-Bernoulli beams with sliding supports that
allow transverse displacements but prevent rotations. We first investigate
the topological properties of a periodic infinite bi-phase flexural waveguide
and subsequently examine the existence of edge modes in finite structures
with different boundary conditions.

We refer to the periodic system shown in Fig. 9a, consisting of an
infinite repetition of phases A and B, supported by sliders at the junc-
tions. Since rotations are restricted at these locations, the only kinematic
variable is the transverse displacement V, while the dual static variable is
the shear force T. As demonstrated for the waveguide with pinned
supports, the 4 x 4 transfer matrix is simplified to a 2 x 2 transfer matrix,
which is given by (27).

Upon completing the necessary algebraic operations, we obtain the
eigenvalue problem:

k) (5)=20(5) @

0 7+t we
7 + 77 ekt 0
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Fig. 7 | Control of the eigenspectrum via a rota- A B A B Kr
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where however, considering that the band is symmetric with respect to positive and
negative values of kL and that it is differentiable in the domain kL € (0, 7],
E(Bl) = W 7 we calculated the Zak phase over this interval and doubled the result to obtain
1
» b (8) thevalue for — n<kL<m. Comparing Figs. 10 and 2, we note similarities in the
- — A —5 — B 73 P — . . . .1 .
Z=p4p, P =hap, o # T @ = L behavior of the systems with pinned and sliding supports, which suggests
similar features in the existence and properties of edge modes, as shown in the
with following.
. Finite structures with sliding supports
P, =/ (p,A)’El, (i=AorB). ©) 9 supp

We point out that E(BI) is equal to either of the diagonal terms of the transfer
matrix in Eq. (27),and E(B) = 0 for Bl =~ (n — 1/4)m  (n € N™). Asfor
the flexural waveguide with pinned supports, in addition to the displace-
ment mapping, an equivalent mapping can be established by employing the
shear force as the mapping variable””, as detailed in the Methods section.

The dispersion curves, determined by E(B) =
+ \/ZZ + 722% 4 272 7z cos(kL), are shown in Fig. 10 for z = 0.25, 7z =
0.75 (inset (a)); 7 = zz = 0.5 (inset (b)); z = 0.75, zz = 0.25 (inset (c)).
Differently from the structure with pinned supports, no zero-frequency band
gap appears in this case, as transverse displacements are allowed. Band
inversion is observed for zZ = 7z = 0.5. In addition, the values of the Zak
phase for the dispersion bands included in the diagram are reported in the
same figure. We note that the lowest band is not differentiable at kL = 0;

We study finite structures consisting of 20 unit cells and endowed with
different constraints at the ends, in order to investigate the effect of the
boundary conditions on the emergence of edge modes. In the 2 x 2
restriction, the sliding and clamped supports on the boundaries identify
Neumann and Dirichlet boundary conditions, respectively.

Similarly to the case of pinned supports, the numerical simulations
are carried out by considering the two phases as steel beams with square
cross-sections and identical material properties, namely E = Eg = 210
GPa and ps = pp = 7800 kg/m’. With reference to the geometrical
parameters, phase A is assigned a length [, = 1 m and a square-cross
section with side length s5 = 1 cm; on the other hand, the geometrical
properties of phase B are chosen so that the coupling term % (or w)
assumes the ?rescribed value and Bala = Bels = I, in particular sy =
(1 —7)/7)*" s, and I = \/s3/5, L. It should be emphasized again
that the above material and geometrical parameters are reported only for
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Fig. 8 | Emergence and evolution of edge modes
with increasing rotational spring stiffness.

a Eigenspectrum calculated for several values of Ky
and « = 0.75. b Examples of edge modes exhibiting
weak localization. ¢ Eigenfrequencies versus Ky, for
2=0.25.d Eigenmodes for I~<R = 50, associated with
two closely spaced eigenfrequencies.
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completeness, since the results ultimately depend on the non-
dimensional quantities 7 (or zz) and fI.

As discussed for the system with pinned supports, in the context of
bulk-boundary correspondence™”, different boundary conditions require
different mapping variables. In the present system, a sliding boundary
condition enforces a vanishing shear force, making it the appropriate
variable for predicting topological edge modes. Conversely, for a clamped
boundary condition, the displacement vanishes and therefore constitutes
the correct mapping variable. For a finite lattice with mixed boundary
conditions (slider on the left and clamp on the right), each end of the
structure can be effectively isolated and treated as a semi-infinite chain,
provided that the number of unit cells is sufficiently large. Consequently, the
influence of each boundary condition and its connection to the bulk can be
analyzed independently. Finally, for brevity, we shall only use the couplings
7z and 7z of the displacement-based mapping in the following analysis, while
keeping in mind that for the shear force-based mapping the couplings are
inversed, as shown in the Methods section.

We begin by considering the system represented in Fig. 11a, char-
acterized by an “AB ...AB” pattern and featuring a slider on the left end
(preventing only rotations) and a clamp on the right end (constraining both
rotations and transverse displacements). The eigenspectrum for different
values of the coupling term 7 is reported in Fig. 11b. As in Fig. 3, we notice

that edge modes appear only for 7z < 0.5; however, in the present case they
occur for I > (n — 1/4)m  (n € N™). For each of these values of B, two
coincident eigenfrequencies are found, associated with two edge modes
localized at the right and left ends, as shown in the insets of Fig. 11b.

In the structure depicted in Fig. 12, the clamp at the right end is
replaced by a slider, while preserving the “AB ... AB” pattern of Fig. 11. This
modification of the boundary condition at the right end leads to the
appearance of edge modes over the entire range zz € (0, 1). Nonetheless, in
contrast to the case of Fig. 11, each pointat fl > (n — 1/4)n (n € N™)
corresponds to a single eigenfrequency. This configuration is analogous to
the scenario examined in Fig. 4, where rotations at the junctions were
allowed.

The transition between the scenarios described in Figs. 12, 11 can be
achieved by introducing a translational spring of stiffness K at the right end
(Robin-type boundary condition), as illustrated in Fig. 13a. The spring
stiffness is increased to establish a continuous variation between the
structure in Fig. 12 and that in Fig. 11. To this end, we introduce the
normalized translational stiffness Ky = K113 /(E,1,).

In Fig. 13b, we set the coupling parameter zz = 0.75 and calculate the
eigenfrequencies for several values of K ;. As K is increased, we observe that
the eigenfrequencies associated with edge modes migrate and eventually
merge into the bulk bands of the system. For zz = 0.75, and more generally
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Fig. 10 | Dispersion curves and Zak phase of the 7w =0.25, o =0.75 w=w=0.> 7 =0.75, w = 0.25
periodic flexural system with sliding supports. 3 I 3 3 0
Dispersion curves for the system shown in Fig. 9, for - <> </
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Fig. 11 | Edge modes and eigenspectrum in a finite A B A B
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for zz> 0.5, edge modes tend to disappear; the corresponding critical values
of K depend on the band under consideration and are difficult to identify
precisely due to the gradual nature of the transition. Examples of weakly
localized edge modes are shown in Fig. 13c.

In Fig. 13d, the coupling term is taken as zz = 0.25. In this case, and
more generally for 7z < 0.5, each odd stop-band induced by the structural
heterogeneity contains a constant eigenfrequency branch corresponding to
an edge mode. In addition, a second branch of edge-mode eigenfrequencies
emerges at finite values of K-, until the two branches coalescence in the limit
Ky — 0o (representinga clamped end). In Fig. 13e we present two localized
edge modes with closely spaced frequencies.

Discussion

The occurrence of edge modes in a continuous flexural waveguide system
with periodically constrained kinematic components has been investigated
by mapping the governing equations onto the classical SSH model. This
analogy shows that edge modes arise under Neumann boundary conditions
in phase A and under Dirichlet boundary conditions in phase B when the
parameter «~ < 1/2. Analogous results are obtained for «~ > 1/2, when the
boundary constraints associated with the two phases are exchanged. When
the free kinematic variable at the junctions between different phases is the
rotation (displacement), Neumann boundary conditions correspond to

hinged (sliding) constraints, whereas Dirichlet boundary conditions cor-
respond to clamped ends.

Consistent with previous studies in solid-state physics and acoustics, as
long as bulk-boundary correspondence is satisfied—which is achieved by
choosing the appropriate mapping variable for the corresponding boundary
condition—the eigenfrequencies of the localized edge modes in the finite
structure coincide with the zeros of the bulk Hamiltonian energy.

In particular, for simplicity, we refer to Fig. 3, where the mode localized
at the left boundary exhibits non-zero rotations only at the A-type nodes”.
Specifically, ®(x)=0 denotes the rotation at the boundary node, whereas
O(xP) = 0 fori=1,2, .... On the other hand, the topological nature of the
mode localized at the right boundary can be justified by exploiting the dual
formulation presented in the “Methods” section. In this dual representation,
where the mapped variable is the bending moment M, the right edge mode
remains topologically protected, since it localizes on the sublattice of A-type
nodes where the moments are non-zero, while M(x?) =0fori=..,N—
1,N.

To clarify this point, we refer to Fig. 14. Panel (a) shows the rotations in
the vicinity of the left boundary for the left end topologically protected mode
at 8l ~ 5m/4, where E(f]) = 0. As expected, the rotations are non-zero only at
the A-type nodes. For the right end protected mode, panel (b) shows that the
rotations vanish at the A-type nodes (with node Ay located at the
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Fig. 12 | Edge modes and eigenspectrum in a finite
flexural system with sliding boundary conditions.
a Finite system with sliders at both ends.

b Eigenspectrum versus 2 and instances of edge
modes, evaluated for 7z = 0.1 and z = 0.9.
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Fig. 13 | Control of the eigenspectrum via a
translational spring at a boundary. a Finite struc-
ture with a slider at the left end and a slider equipped
with a translational spring of stiffness Kr at the right
end. b Eigenfrequencies for different values of the
normalized translational stiffness I?T (ona
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boundary), which may suggest a trivial mode. However, the dual formula-
tion in terms of nodal bending moments shares the same eigenfrequency but
yields different eigenvectors'™. In this representation, the sublattice
supporting non-zero bending moments is again the set of A-type nodes.
This result confirms the robustness of the edge mode localized at the
right end.

In this work, we have proposed a general framework to investigate
the existence and topology of edge and interface modes in mechanical
systems modeled as microstructured media. Future developments will
extend the present formulation to more general configurations in which
all kinematic variables at the junctions are admissible, leading to a 4 x 4
bulk Hamiltonian. Moreover, the proposed results are broadband and
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Fig. 14 | Kinematic (rotation) and static (bending Sk;

moment) field distributions of topological edge
modes in the finite flexural pin-supported system.
a Rotation field in the structure of Fig. 3a, evaluated
for « = 0.25 and fl ~ 5m/4, associated with the edge
mode localized at the left end. b Rotation (above)
and bending moment (below) fields in the structure
of Fig. 3a, evaluated for ~ = 0.25 and I ~ 57/4,
corresponding to the edge mode localized at the
right end.

(_.)A

Fig. 15 | Reference configuration of a flexural beam with pinned supports. Elastic
beam with pinned supports at the left (L) and right (R) ends, having length [, Young’s
modulus E, mass density p, area A and second moment of area I.

Fig. 16 | Reference configuration of a flexural beam with sliding supports. Elastic
beam with sliding supports at the left (L) and right (R) ends, with length /, Young’s
modulus E, mass density p, area A and second moment of area I.

remain accurate within the validity range of the Euler-Bernoulli
approximation, as confirmed by independent 3D finite element simu-
lations. More refined beam theories are expected to further extend the
frequency range over which agreement with the continuous structural
models can be achieved.

Methods
Derivation of the transfer matrix for an Euler-Bernoulli beam
element with pinned supports
Consider an Euler-Bernoulli beam of length I, Young’s modulus E, mass
density p, area A and second moment of area I. Its flexural motion in the
time-harmonic regime is described by the transverse displacement ampli-
tude V(x), where x is the axial coordinate (refer to Fig. 15). At its left and
right boundaries, the transverse displacement is restrained by pinned
supports.

The expression of the transverse displacement amplitude at a generic
position x is given by”’

V(x) = A, cos(Bx) + A, sin(fx) + A, cosh(fx) + A, sinh(Bx), (10)
where A, ..., A, are unknown coefficients and
4 PAC()Z (1 1)
p= EI’

with w denoting the radian frequency.

By imposing the boundary conditions V(x=0) =0and V(x=1) =0, we
determine the constants A; and A, in terms of A; and A,. Introducing a
change of variables from A, and A, to B, and B,, defined by B; = — A, and

written in matrix form as follows:

O(x)

) = (M(x)

) = S(x)B, (12)

where ¥(x) is the generalized vector containing the kinematic and static
variables for this case, B = (Ble) is the vector of unknowns, and

sin(fx) + sinh(fx)
SG) = +F(BI) cosh(Bx) cos(Bx) — G(BI) cosh(fx)
| —EIB [cos(Bx) + cosh(Bx) ’
+F (Bl)sinh(Bx)] EIB[sin(Bx) 4+ G(BI) sinh(Bx)]
(13)
with F(Bh = e, "

Gl = smly -

Evaluating the generalized vector at the left (x;, = 0) and right (xg = I)
ends, we obtain respectively:

Y(x) = S(x)B, (15)

Y(xp) = S(xp)B = S(xx)S™(x) ¥(x;) = T¥(xy).

In the latter formula, we have denoted by T = S(xz)S '(x.) the transfer
matrix for a beam element with pinned supports at the ends, which results in

cos(Bl)—coth(pl) sin(Bl)
1—csch(pl) sin(Bl)

cos(BI) coth(Bl)—csch(pl)
—EIp[1—csch(pl) sin(BD)]

B, = BA,, we obtain the expressions for the rotation amplitude ®(x) = T= 2EI sin(B]) cos(BD—coth(B]) sin(Bl) (16)
V’(x) and the bending moment amplitude M(x) = —EI®'(x), that can be 1—csch(pl) sin(Bl) 1—csch(Bl) sin(BD
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We note that det(T) = 1, and

cos(Bl)—coth(Bl) sin(BI)
1—csch(pl) sin(pI)
—2EIp sin(Bl)
1—csch(pl) sin(pl)

cos(pI) coth(Bl)—csch(Bl)
EIB[1—csch(Bl) sin(Bl)]

cos(fl)—coth(Bl) sin(BI)
1—csch(pl) sin(pBl)

T!'= (17)

Mapping of the flexural periodic waveguide with pinned supports
onto the SSH model
We map the periodic flexural waveguide in Fig. 1a to the discrete lattice
shown in Fig. 1b, following an analytical approach similar to that proposed
in"*"* for acoustic waveguides. Notice that the nodes x* of the discrete
system correspond to the change of material from phase B to phase A, going
in the positive x-direction, whereas the nodes x® correspond to the change of
material from phase A to phase B.

First, we assume continuity of rotations and bending moments at the
nodes:

(el =o, [[M]] = [[-EI®]] = 0, (18)

expressed in terms of jumps [[]]. Next, we calculate the rotations at each
node, using the transfer matrix T in (16). Specifically, considering the
junctions at the right and left of x2, we can write:

OE) = THO() + THM(x}),
O = (Th) 'O + (Th) ' M(x)) = T}, 0(x;) — THM(x}),
(19)

where the subscript of T indicates the entry of the transfer matrix, while the
superscript denotes the phase (A or B). Upon eliminating the bending
moment M (x‘:) from both Egs. (19), we obtain an equation expressed in
terms of rotations. We repeat the procedure for the two nodes around xE. In
addition, since the system is spatially periodic, we impose Bloch conditions,
ie. O(x* ) = O(xM)e* and O(E ) = O(xB)e ™, where k is the
wavenumber. Furthermore, we assume that Sl = Bl = I, which is a
necessary condition to establish a mapping between the periodic flexural
beam and the discrete SSH model. We recall that §; is the frequency-like
parameter given by §; = +/p;A,w? /(E;I;) (i= A, B).

Accordingly, we obtain a system of two equations in the two unknowns
O(x*) = A and O(xP) = B, given by

{(EIB, + EgIgBy) [cos(Bl) — coth(BI) sin(BD)] }.A
+{(ExInBs + EglpPre ") [esch(Bl) sin(Bl) — 1] } B = 0,
{(EAI4By + EglgPye) [csch(Bl) sin(Bl) — 1] }.A
+{(EsIB, + EglgPy) [cos(Bl) — coth(Bl) sin(B)] } B =0.
(20)

This system leads to the eigenvalue problem (1).

Bending moment mapping for the beam system with pinned
supports

Following the mapping of the flexural periodic waveguide with pinned
supports onto the SSH model using the rotation as the mapping variable, we
now demonstrate that an equivalent mapping can be achieved by employing
the bending moment as the mapping variable, in line with the approach
reported in””’. As in the case of the rotation-based mapping, our starting
point is the continuity of rotations and bending moments at the nodes,
expressed by Eq. (18).

Next, we employ the transfer matrix T in (16) to calculate the bending
moment at each node:

M(xB) = T5,0(x2) + THM(x2),
M(xE_ ) = (T5) 7 0(ch) + (T5) T M(xh) = —T5 0(x2) + THM(x?).
(1)

Asfor the rotation mapping, we eliminate the rotation ®(x*) from both Egs.
(21), to obtain an equation expressed in terms of bending moments. We
repeat the procedure for the two nodes around x%. In addition, we impose
Bloch conditions, i.e. M(x2 ) = M(xj:)eikL and M(x2_,) = M(xB)e L.
We recall that we have assumed Sl = fpls = L.

After some algebra, we obtain the following eigenvalue problem for the
two unknown bending moments M(x2) = A,, and M(xZ) = B,:

) —ikL A A
0 N ty oy € ( M):E(ﬁl)( M)’ 22)
ty oy € 0 BM BM

where the energy and couplings are

__ cos(fl)—coth(Bl) sin(Bl)
E(ﬁl) — 1—csch(pl) sin(pl) (23)
— —_Q
M T Q) M T Qs

with Q; defined in (3). Notice that the effective energy E(f]) is the same as
for the rotation mapping, which indicates that the mappings are
isospectral.

By comparing the set of couplings of the bending moment mapping
(2¢pp00 ) to the set of the rotation mapping («,¢c), we have: # — <), and
w — ). Consequently, for the same bulk, the two different mappings
have inverse topological phases.

Derivation of the transfer matrix for an Euler-Bernoulli beam

element with sliding supports

Here, we study an Euler-Bernoulli beam constrained by sliders at its ends

(see Fig. 16), which prevent rotations and allow transverse displacements.
Using the expression (10) for the transverse displacement amplitude,

we obtain that the rotation amplitude is given by

Okx)=V'(x)= [—A1 sin(Bx) + A, cos(Bx) + A sinh(Bx) + A, cosh(ﬂx)] ,
(24)

where f is the frequency-like parameter defined in (11).
By setting V'(x =0)=0 and V'(x =1) =0, we can express the
unknown coefficients As; and A4 in terms of A; and A,. Then, we derive:

Vi(x)

o) (25)

Y(x) = ( ) =Z(x)A,
where Y{x) represents the generalized vector including the amplitudes of the
kinematic (the transverse displacement V(x)z_ and static (the shear force
T(x) = —EIV"”(x)) variables, A = (A1A2) stands for the vector of

unknowns, and

Z(x)

_ cos(Bx) + %(BI) cosh(fx) sin(Bx) — sinh(Bx) — 7 (BI) cosh(fx)

T \—EI ﬁ3 [sin(ﬁx) + 9B sinh(ﬁx)] EI B3 [cos(ﬁx) + cosh(Bx) +7 (Bl) sinh(ﬁx)]
(26)

where the functions F(fI) and G(BI) are given in (14).

Following the same procedure as that for the beam with hinged ends,
we find that the generalized eigenvector ¥(xg) = Z(xp)Z (x1)Y(xr), where
T = Z(xz)Z '(x; ) is the transfer matrix for a beam element with sliding
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supports at the ends, given by

cos(Bl)+coth(Bl) sin(Bl) cos(BI) coth(Bl)+csch(Bl)

— 1+csch(pl) sin(Bl) —EIB*[1+csch(Bl) sin(Bl)
T= g e el g

—2EIB’ sin(Bl) cos(l)+coth(Bl) sin(Bl)

1+csch(pl) sin(Bl) 1+csch(Bl) sin(Bl)

and characterized by det(T) = 1.

Mapping of the flexural periodic waveguide with sliding supports
onto the SSH model
The mapping procedure from the flexural waveguide represented in Fig. 9a
to the discrete SSH model sketched in Fig. 9b is based on the same steps
described for the pin-supported structure, including the assumption Sals =
ﬁBlB = ﬁl

In this case, the junction conditions are expressed as [[V]] =0
and [[T]] = [[-EIV"]] = 0.

Using the transfer matrix in (27), we retrieve the following system of
equations:

{—(EAILB + EpIppy) [cos(Bl) + coth(Bl) sin(Bl)] }C
+{ (EAIA[?; + EBIBﬁ%e*”‘L) [1+ csch(Bl) sin(BN)] } D = 0,
{(EALB + EglBie ) [1 + csch(Bl) sin(Bl)] }C
+{—(EAILB3 + Eplps) [cos(Bl) + coth(B) sin(B))| } D = 0,
(28)

where C = V(x2) and D = V(). The system above yields the eigenvalue
problem (7).

Shear force mapping for the beam system with sliding supports
As demonstrated for the flexural periodic waveguide with pinned supports,
there are two equivalent mappings onto the SSH model, using the rotation
or bending moment as the mapping variables. This is also the case for the
flexural periodic waveguide with sliding supports, where now the mapping
variables are the displacement and the shear force.

Following the displacement mapping, we consider the continuity of
displacement and shear force in the nodes of the system, namely [[V]] = 0
and [[T]] = [[-EIV"]] = 0.

Next, we employ the transfer matrix T in (27) to calculate the shear
force at each node, and by eliminating the displacement V(x*) we obtain an
equation expressed in terms of shear forces. We repeat the procedure for the
two nodes around xP. In addition, we impose Bloch conditions, ie.,
T(x2 ) = T(xﬁ?)eikL and T(x®_,) = T(xE)e*ikL. Again, we point out that
we have assumed Sals = fpls = Sl

After some algebra, we obtain the following eigenvalue problem for the
two unknown shear forces T(x2) = Cr and T(xB) = Dy

kL CT - CT
() -m(5) e

0 Zp + 7oy et
— — kL
iy + oy e 0

where the energy and couplings are

5 __ cos(Bl)+coth(Bl) sin(Bl)
E(ﬁl) T 14csch(Bl) sin(Bl)
_ P P,

— B A
AT = PytPy T = PytPy’

)

(30)

with P; defined in (9), while the effective energy E(BI) is the same as for the
displacement mapping, which indicates that the mappings are isospectral.

By comparing the set of couplings of the shear force mapping (zz .z 1)
to the set of the displacement mapping (7z,z2), we have: 7 — zz; and
7o — 7y. Consequently, for the same bulk, the two different mappings
have inverse topological phases, as for the case of the flexural waveguide with
pinned supports.

Data availability

The main data supporting the findings of this study are available within this
paper. The codes used to analyze the data and generate the plots for this
manuscript are available from the corresponding author upon request.
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