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A B S T R A C T

This study presents a comprehensive investigation into uncertainty quantification in the free vibration analysis of 
functionally graded (FG) micro-beams using a double parametric form-based Haar Wavelet Discretization 
Method (HWDM). The spatial variation of Young’s modulus and mass density across the beam’s thickness is 
characterized by a power-law distribution, with the FG micro-beam composed of two constituent materials of 
metallic phase and ceramic phase (here aluminum (Al) and alumina (Al2O3) are taken), incorporating uniformly 
distributed porosity to reflect material inhomogeneities. Material uncertainties are modeled using Symmetric 
Gaussian Fuzzy Numbers (SGFNs) for both the metallic and ceramic constituents. To accurately capture size- 
dependent mechanical behavior at the microscale, the Modified Couple Stress Theory (MCST) is employed. 
The numerical robustness and accuracy of HWDM are verified through pointwise convergence studies. To further 
assess the influence of material uncertainty, a Monte Carlo Simulation Technique (MCS) is utilized, generating a 
large ensemble of random samples within the defined fuzzy bounds to estimate the natural frequencies. The 
natural frequencies obtained from HWDM, represented as Lower and Upper Bounds (LB and UB), show excellent 
agreement with those derived from the MCS, thereby validating the proposed fuzzy-based approach. Additional 
validation is performed by comparing HWDM results with those from Navier’s method under the Hinged-Hinged 
(H-H) boundary condition, further demonstrating the accuracy of the present formulation. A detailed parametric 
study is conducted to explore the effects of the power-law exponent, porosity volume fraction index, and 
thickness-to-material length scale ratio on the natural frequencies under fuzzy uncertainty. The investigation is 
carried out across multiple classical boundary conditions—Hinged-Hinged (H-H), Clamped-Hinged (C–H), and 
Clamped-Clamped (C–C). Physical interpretations of the observed trends are provided, highlighting the complex 
interplay between material gradation, porosity, size effects, and uncertainty in the dynamic response of FG 
micro-structures.

1. Introduction

Functionally graded materials (FGMs) are an interesting class of 
highly inhomogeneous composites whose composition varies in some 
direction, see e.g. [1,2] and references therein. Among such materials, 
thermal coatings consisting of ceramic and metallic components are 
worth mentioning [3]. For the modelling of FGM, different distributions 
of the components could be assumed, such as power or exponential laws. 
When considering thin structures made of FGMs, such as beams or 

plates, some deviations from the ideal form of these laws can be 
observed, i.e. some uncertainties in the material properties. At small 
scales, such uncertainties could be the result of manufacturing or 
chemical/physical processes such as oxidation/diffusion. The dynamics 
of FGM beams has been studied in many papers, see e.g. [4,5] and the 
recent review [6–12].

However, in micro-scale applications, the mechanical behavior of 
structures deviates significantly from classical predictions due to the 
emergence of size-dependent effects. These effects, which stem from the 
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material’s internal length scales and microstructural interactions, 
cannot be accurately captured by classical elasticity theories that lack 
intrinsic length scale parameters. As a result, conventional models often 
underestimate the stiffness and dynamic response of micro- and nano- 
scale structures, leading to inaccurate predictions of their perfor
mance. To overcome these limitations, the Modified Couple Stress 
Theory (MCST) has been developed as an extension of classical contin
uum mechanics. Unlike traditional theories, MCST incorporates a ma
terial length scale parameter, which allows the modeling of size effects 
by accounting for additional stiffness introduced by material micro
structure. This inclusion results in more realistic and reliable predictions 
of structural behavior at small scales [13–17]. The theory retains the 
symmetry of the classical stress tensor but introduces a couple stress 
tensor dependent on the rotation gradients, effectively capturing the 
influence of microstructural deformation mechanisms. MCST has gained 
widespread attention and has been successfully applied to analyze a 
variety of micro- and nano-scale structures, particularly functionally 
graded (FG) beams and plates. Studies have demonstrated its capability 
in accurately predicting size-dependent bending, buckling, and vibra
tion characteristics of FG microstructures, thereby enhancing the fidelity 
of simulations used in the design and optimization of MEMS and NEMS 
devices [18,19]. This makes MCST a powerful and necessary tool in the 
accurate modeling of microscale functionally graded systems, especially 
under complex loading and boundary conditions.

Another significant concern in the modeling and analysis of func
tionally graded (FG) structures is the presence of uncertainties, which 
can arise due to various inevitable factors such as manufacturing defects, 
heterogeneity in material composition, imperfect bonding, or changing 
environmental conditions like temperature, humidity, and mechanical 
wear. These uncertainties can lead to significant deviations between 
predicted and actual behavior, especially in advanced applications 
involving micro- and nano-scale structures where precision is crucial. 
Among the different types of uncertainties, epistemic uncertainties—
those stemming from lack of knowledge or incomplete informa
tion—pose a particular challenge. Unlike aleatory (random) 
uncertainties, epistemic uncertainties are not easily characterized by 
traditional probability distributions, especially when sufficient experi
mental or statistical data is unavailable. As a result, a number of prob
abilistic and non-probabilistic frameworks have been developed to 
address these limitations. Techniques such as Monte Carlo Simulation 
(MCS) have been widely used for probabilistic uncertainty quantifica
tion, relying on repeated random sampling to estimate the response 
variability. However, such methods can be computationally expensive, 
especially for high-dimensional problems or complex structural models 
[5,20–22]. To circumvent the need for extensive statistical input and 
reduce computational cost, non-probabilistic approaches such as fuzzy 
set theory and interval arithmetic have emerged as powerful alterna
tives. Among these, fuzzy modeling using Symmetric Gaussian Fuzzy 
Numbers (SGFNs) has shown great promise. SGFNs offer a mathemati
cally robust and intuitive way to capture the uncertainty in material 
properties, geometric parameters, or boundary conditions. By repre
senting uncertain quantities through smoothly varying membership 
functions, SGFNs can effectively encode imprecision and ambiguity 
inherent in real-world systems without requiring precise probability 
distributions. This makes them especially suitable for engineering ap
plications where expert judgment or limited experimental data is the 
primary source of information. In the context of FG microstructures, the 
use of SGFNs enables a more realistic modeling of spatially varying 
material properties, such as elastic moduli or density, which are often 
susceptible to localized variations during fabrication. Incorporating 
fuzzy uncertainty into the structural analysis framework thus leads to a 
more comprehensive and reliable prediction of dynamic responses 
under uncertain conditions.

Furthermore, in recent years, wavelet-based numerical methods 
have emerged as powerful tools for solving a wide range of complex 
boundary value problems in structural mechanics, particularly in the 

context of functionally graded (FG) micro- and nano-structures. These 
methods offer significant advantages due to their multi-resolution 
analysis capability, localized basis functions, and excellent conver
gence properties. Among them, the Haar Wavelet Method (HWM)—one 
of the simplest forms of wavelet-based techniques—has gained consid
erable attention for its computational efficiency, ease of implementa
tion, and effectiveness in capturing localized features of structural 
responses. The standard Haar wavelet, characterized by piecewise 
constant basis functions, provides a sparse and hierarchical represen
tation of functions, making it highly suitable for problems involving 
discontinuities or sharp gradients. Advanced wavelets, including B- 
spline wavelets on interval (BSWI) and Gaussian wavelets [23,24], 
provide superior continuity and precision for smooth problems. The 
principal rationale for selecting the Haar wavelet basisis its computa
tional efficiency, compact support, and proficiency in managing dis
continuities and localized behavior, particularly in the context of 
uncertainty. Furthermore, the formulation incorporates uncertainty 
quantification through fuzzy sets, whereby the resolution and localiza
tion characteristics of Haar wavelets are beneficial for effectively 
capturing variability in material parameters with minimal computa
tional burden. Building upon this, several higher-order extensions of the 
HWM have been developed to improve accuracy and address limitations 
associated with the original formulation. These enhanced versions have 
demonstrated superior performance in vibration, buckling, and stability 
analysis of FG beams and plates at micro- and nano-scales, especially 
under complex boundary and loading conditions [25–29]. The wavelet- 
based discretization not only reduces the computational burden but also 
provides better control over the solution resolution across different re
gions of the domain. An important advancement in this direction is the 
integration of the double parametric form-based discretization approach 
within the wavelet framework. This approach introduces two levels of 
parametric variation: one to describe the spatial dependence of struc
tural parameters (e.g., material gradation, porosity distribution) and 
another to represent the associated uncertainties or imprecision in a 
flexible and compact manner.

Recent studies [20] have shown that this methodology significantly 
enhances the versatility of the wavelet framework, allowing for the 
simultaneous treatment of spatial variability and uncertainty in material 
properties and geometric parameters. Such a unified modeling strategy 
is especially beneficial when dealing with porous FG microbeams, where 
both deterministic gradation and epistemic uncertainties coexist and 
influence the dynamic behavior of the system. In essence, the integration 
of wavelet-based numerical schemes—particularly the Haar wavelet 
method and its double parametric form-based variants—provides a 
robust and scalable computational framework for analyzing complex 
micro-scale structures subjected to uncertain conditions.

Although many valuable contributions have been made toward un
derstanding the dynamic behavior of functionally graded (FG) beams, 
most studies have focused on idealized models that neglect the simul
taneous presence of porosity, material uncertainty, and size-dependent 
effects. In real-world applications—particularly at micro- and nano- 
scales—these factors often coexist and significantly influence the 
structural performance. However, there remains a notable gap in the 
literature in terms of developing a unified and comprehensive frame
work that can address the interplay among these critical aspects. One of 
the major challenges in modeling FG structures arises from the presence 
of porosity, which is an inherent consequence of certain manufacturing 
processes such as powder metallurgy, additive manufacturing, or ther
mal spraying. The inclusion of voids or micro-pores within the material 
matrix can drastically alter the mechanical behavior of FG beams by 
reducing their stiffness, load-carrying capacity, and natural frequency. 
Several studies have investigated the effects of porosity in FG materials 
[30–41], revealing that neglecting these imperfections may lead to non- 
conservative or overly optimistic predictions of structural response. This 
is particularly critical in high-temperature environments, where thermal 
gradients exacerbate porosity-induced weakening, and in aerospace or 
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MEMS applications, where lightweight and miniaturized components 
must meet stringent performance and reliability standards. Moreover, 
porosity is often non-uniformly distributed across the beam’s cross- 
section due to gradients in the processing environment, which adds 
another layer of complexity to the modeling. When combined with 
material uncertainties—arising from variable gradation profiles, 
inconsistent constituent properties, or imprecise fabrication con
trol—and size effects prominent at micro-scales, the need for a more 
robust and integrated modeling strategy becomes evident. Classical 
beam theories fall short in capturing these subtleties, and simplified 
assumptions can no longer suffice in ensuring design safety and per
formance. Therefore, there is a pressing need for advanced computa
tional models that not only account for porosity effects but also integrate 
uncertainty quantification and microscale theories. Such models would 
be instrumental in improving the reliability of FG micro-structures in 
diverse applications and guiding the development of next-generation 
smart and functional materials.

Most studies addressing fuzzy-based structural dynamics predomi
nantly utilize finite element or classical analytical methods, with limited 
efforts focusing on wavelet-based schemes—particularly those employ
ing Haar wavelets—for uncertainty modeling. In contrast, the present 
work introduces a unified framework that uniquely combines a double 
parametric form-based Haar Wavelet Discretization Method (HWDM) 
with the Modified Couple Stress Theory (MCST) to effectively capture 
size-dependent behavior at the microscale. Material uncertainties in 
Young’s modulus and mass density for both metallic and ceramic con
stituents are represented using Symmetric Gaussian Fuzzy Numbers 
(SGFNs), providing a flexible and physically meaningful model of 
epistemic uncertainty. To the best of our knowledge, this multiscale, 
uncertainty-aware approach has not been previously reported. The 
proposed framework is rigorously validated against Monte Carlo Simu
lation (MCS) and analytical solutions based on Navier’s method under 
Hinged-Hinged (H-H) boundary conditions. Extensive parametric 
studies further demonstrate the influence of porosity, power-law index, 
and material length scale on the fuzzy natural frequencies. These results 
not only confirm the robustness of the methodology but also offer 
important insights into the dynamic response of FG microstructures in 
uncertain environments.

2. Preliminaries

A Gaussian fuzzy number is a type of fuzzy number characterized by 

a Gaussian or bell-shaped membership function. It is defined by two 
parameters: the mean and the standard deviation. Let us consider an 
arbitrary standard Gaussian fuzzy number, Ũ = (δ, σ1, σ2). Here δ is the 
mean and σ1 and σ2 are the left and right standard deviation about the 
mean. When both the left and right standard deviations become equal, it 
is called Symmetric Gaussian Fuzzy Numbers (SGFNs). The concept of 
Symmetric Gaussian Fuzzy Numbers (SGFNs) offers a robust framework 
for modeling uncertainty in systems. SGFNs represent a specialized class 
of fuzzy numbers, defined by symmetric Gaussian membership func
tions, which provide a smooth and continuous depiction of uncertainty 
around a central value. This characteristic makes them particularly 
effective for capturing material uncertainties, as they retain essential 
information about variability and central tendency. By incorporating 
SGFNs into mathematical models, uncertainty can be effectively 
accounted for, resulting in more realistic and reliable analyses in areas 
such as structural stability, risk assessment, and the behavior of mate
rials under diverse conditions. This section introduces the Symmetric 
Gaussian Fuzzy Number (SGFN) along with its single and double para
metric representations.

2.1. Symmetric Gaussian fuzzy number

Let us consider a Symmetric Gaussian Fuzzy Number (SGFN), Ũ =

(δ, σ, σ). The membership function μŨ of this fuzzy number is defined as 
[20–22] 

μŨ(x) = e
− (x− δ)2

2σ2 , ∀x ∈ R (1) 

Here δ represents the modal value or mean, while σ denotes the spread 
or standard deviation in relation to the Gaussian distribution.

2.2. Single parametric form

The single parametric form of the Symmetric Gaussian Fuzzy Num
ber (SGFN), Ũ = (δ, σ, σ), can be expressed by an ordered pair of 
functions through α − cut approach as [20–22] 

Ũ = (δ, σ, σ) = [u (α), u (α) ]

=

[

δ −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2(logeα)
√

, δ +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2(logeα)
√ ]

, where, α ∈ (0, 1] (2) 

Fig. 1. Schematic representation of a rectangular FG microbeam with evenly distributed porosity.
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2.3. Double parametric form

Applying α - cut approach, symmetric or standard Gaussian fuzzy 
number can be converted into interval form as Ũ = [u(α), u(α) ]. Now, 
by using another parameter β, the interval form can be written in crisp 
form as [20–22] 

Ũ(α, β) = 2β
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2(logeα)
√

+ δ −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2(logeα)
√

where α ∈ (0, 1] and β

∈ [0, 1]
(3) 

The Eq. (3) represent the double parametric form of the fuzzy number 
Ũ = (δ, σ, σ). By substituting α = 1, the modal value δ can be obtained. 
Likewise, the lower and upper bounds in the single parametric form can 
be obtained from the double parametric form by substituting β = 0 and 
β = 1, respectively, leading to: Ũ(α,0) = u (α) and Ũ(α, 1) = u (α) .

3. Mathematical formulation of the proposed uncertainty model

In this study, a functionally graded porous microbeam characterized 
by its length (L), breadth (b) , thickness (h), and porosity volume fraction 
ϑ,(ϑ < 1) is considered. The top surface (z = h/2) of the beam is 
ceramic-rich, while the bottom surface (z = − h/2) is metal-rich, and the 
gradation along thickness from the ceramic-rich surface to metal-rich 
surface is governed by power-law variation model. The porosity is 
assumed to be uniformly spread across both ceramic and metal com
ponents, as depicted in Fig. 1.

Young’s modulus E(z), and material density ρ(z) of the FG micro 
beam, following the power-law variation model, can be mathematically 
expressed as [30–34] 

E(z) = (EU − EL)

(
z
h
+

1
2

)k

+ EL −
ϑ
2
(EU + EL) (4) 

ρ(z) = (ρU − ρL)

(
z
h
+

1
2

)k

+ ρL −
ϑ
2
(ρU + ρL) (5) 

Here k represents the power-law index. EU,ρU denote Young’s modulus 
and material density fraction of the ceramic component, whereas EL,ρL 
refer to those of the metal component. It may be noted that the material 
gradation follows a power-law distribution based on volume fraction, 
assuming no chemical interaction between constituents. Since Young’s 
modulus and material density of both ceramic and metal components in 
the FG microbeam are uncertain, the Symmetric Gaussian Fuzzy Num
ber (SGFN) for the ceramic constituent is expressed as, ẼU =

sgfn (EU, σ1, σ1), and ρ̃U = sgfn (ρU, σ2, σ2). Utilizing the double para
metric form given in Equation (3), it can be rewritten as: 

ẼU(α1, β1) = sgfn (EU, σ1, σ1)

≅

((

2β1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
1ln(α1)

√ )

+ EU −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
1ln(α1)

√ )

, (6) 

where α1 ∈ (0 1] and β1 ∈ [0 1]. 

ρ̃U(α2, β2) = sgfn (ρU, σ2, σ2)

≅

((

2β2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
2ln(α2)

√ )

+ ρU −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
2ln(α2)

√ )

, (7) 

where α2 ∈ (0 1] and β2 ∈ [0 1].
Similarly, the SGFN representation for the metal constituent is: ẼL =

sgfn (EL, σ3, σ3), and.
ρ̃L = sgfn (ρL, σ4, σ4). With the help of double parametric form, it can 

Fig. 2. Power-law variation of Young’s modulus for FG microbeam (Al and Al2O3).
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be rewritten as 

ẼL(α3, β3) = sgfn (EL, σ3, σ3)

≅

((

2β3

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
3ln(α3)

√ )

+ EL −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
3ln(α3)

√ )

, (8) 

where α3 ∈ (0 1] and β3 ∈ [0 1]. 

ρ̃L(α4, β4) = sgfn (ρL, σ4, σ4)

≅

((

2β4

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
4ln(α4)

√ )

+ ρL −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ2
4ln(α4)

√ )

, (9) 

where α4 ∈ (0 1] and β4 ∈ [0 1].
Consequently, incorporating fuzzy uncertainty, Young’s modulus 

E(z) and material density ρ(z) of the FG microbeam under the power-law 
variation model are expressed as below and illustrated graphically in 
Figs. 2 and 3 with the power-law index (k =

{0.2,0.8,1.8, 3.2, 5.0,7.2, 9.8}. 

E(z) =
(

ẼU(α1, β1)

− ẼL(α3, β3)

)(
z
h
+

1
2

)k

+ ẼL(α3, β3) −
ϑ
2

(

ẼU(α1, β1)

+ ẼL(α3, β3)

)

(10) 

ρ(z) =
(

ρ̃U(α2, β2) − ρ̃L(α4, β4)

)(
z
h
+

1
2

)k

+ ρ̃L(α4, β4) −
ϑ
2

(

ρ̃U(α2, β2)

+ ρ̃L(α4, β4)

)

(11) 

According to the Euler-Bernoulli beam theory (with the assumption that 
transverse shear deformation is neglected, the strain and stress fields are 
assumed linear, and the influence of rotatory inertia and shear defor
mation, which may be non-negligible in thick or moderately thick mi
crobeams, is not included), the displacement field is given by: 

u1(x, z, t) = − z
(

∂w
∂x

)

(12) 

u2(x, z, t) = 0 (13) 

u3(x, z, t) = w (x, t) (14) 

Where w (x, t) represents the transverse displacements along the neutral 
axis of the FG microbeam.

Under the modified couple stress theory, the strain energy (Us) for an 
isotropic linear elastic material occupying a domain V is formulated as 
[13–19] 

Us =
1
2

∫∫∫

V

(σ : ε + m : χ) dv (15) 

Where ε represents the strain tensor, σ is the classical stress tensor, χ 
signifies symmetric curvature tensor, and m signifies the deviatoric 
component of the couple stress tensor. Also, these tensors are defined as 
[13–19] 

ε =
1
2
[
(∇U) + (∇U)

T ]σ = λtr(ε)I+2με (16) 

θ =
1
2

curlU, χ =
1
2
[
(∇θ) + (∇θ)T ]

,m = 2ℓ2μχ (17) 

Here U = (u1, u2, u3) represents displacement vector, θ denotes the 

Fig. 3. Power-law variation of mass density for FG microbeam (Al and Al2O3).

S.K. Jena et al.                                                                                                                                                                                                                                  Composite Structures 372 (2025) 119600 

5 



rotation vector, ℓ signifies the material length scale parameter, while λ 
and μ are Lame’s constants, expressed as [13–19] 

λ =
E(z) υ

(1 + υ)(1 − 2υ) (18) 

μ =
E(z)

2(1 + υ) (19) 

Here E(z) and υ denote Young’s modulus and Poisson’s ratio of the 
microbeam, respectively.

The tensors corresponding to Equations (16) and (17) are expressed 
as [13–17] 

εxx = − z
∂2w
∂x2 , θy = −

(
∂w
∂x

)

, χxy = −
1
2

(
∂2w
∂x2

)

(20) 

Substituting Equation (20) into Equation (15), the strain energy Us 
simplifies to [13–17] 

Us =
1
2

∫∫∫

V

[
εxxσxx + 2mxyχxy

]
dv

=
1
2

∫∫∫

V

[

σxx

(

− z
∂2w
∂x2

)

+ 4ℓ2μχ2
xy

]

dv
(21) 

By incorporating the stress tensor from Equation (16) and considering 
variations in strain energy, we obtain: 

δUs =
1
2

∫∫∫

V

δ

[

(λ + 2μ)
(

− z
∂2w
∂x2

)2

+ ℓ2μ
(

∂2w
∂x2

)2 ]

dv

=
1
2

∫ L

0

∫

A

[

(λ + 2μ)δ
(

− z
∂2w
∂x2

)2

+ ℓ2μδ
(

∂2w
∂x2

)2 ]

dAdx

=

∫ L

0

∫

A

[

(λ + 2μ)z2∂4w
∂x4 δw + ℓ2μ ∂4w

∂x4 δw
]

dAdx

=

∫ L

0

[

Ã11
∂4w
∂x4 δw + ℓ2B̃11

∂4w
∂x4 δw

]

dx

(22) 

Ã11 =
∫

A(λ + 2μ) z2dA and B̃11 =
∫

Aμ dA
The kinetic energy (T) of the FG microbeam is described as [15] 

T =
1
2

∫ L

0

∫

A
ρ(z)

[(
∂u1

∂t

)2

+

(
∂u2

∂t

)2

+

(
∂u3

∂t

)2
]

dA dx

=
1
2

∫ L

0

∫

A
ρ(z)

[(

− z
(

∂2w
∂x∂t

))2

+

(
∂w
∂t

)2
]

dA dx

=
1
2

∫ L

0

[

Ĩ0

((
∂w
∂t

)2
)

+ Ĩ2

(
∂2w
∂x∂t

)2 ]

dx

(23) 

In which 
(

Ĩ0, Ĩ2

)

=
∫

Aρ(z)
(
1, z2) dA represent the mass moments of 

inertia.
The variation in kinetic energy (δT) is derived from Equation (23)

using integration by parts as: 

δT =
1
2

∫ L

0

[

Ĩ0δ

((
∂w
∂t

)2
)

+ Ĩ2δ
(

∂2w
∂x∂t

)2 ]

dx

=

∫ L

0

[

− Ĩ0

(
∂2w
∂t2

)

δw + Ĩ2

(
∂4w

∂x2∂t2

)

δw
]

dx

(24) 

By substituting Equations (22) and (24) into Hamilton’s functional and 
equating its variation to zero: 

i.e., δΠ =

∫ T

0
(δT − δUs)dt = 0 (25) 

The governing equations of motion are derived as: 

Ã11
∂4w
∂x4 +ℓ2B̃11

∂4w
∂x4 = Ĩ2

(
∂4w

∂x2∂t2

)

− Ĩ0

(
∂2w
∂t2

)

(26) 

Assuming a harmonic motion for the microbeam 

i.e.,w(x, t) = w0(x)eiωt (27) 

where ω is the natural frequency, Equation (26) transforms into: 

Ã11
d4w0

dx4 +ℓ2B̃11
d4w0

dx4 = ω2

[

Ĩ0w0 − Ĩ2

(
d2w0

dx2

)]

(28) 

Here; 

Ã11 =
bh3(1 − υ)

(1 + υ)(1 − 2υ)

⎡

⎢
⎢
⎣

(

ẼU(α1, β1) − ẼL(α3, β3)

)
(
k2 + k + 2

)

4(k + 1) (k + 2) (k + 3)

+
ẼL(α3, β3)

12
−
( ϑ

24

)(

ẼU(α1, β1) + ẼL(α3, β3)

)

⎤

⎥
⎥
⎦

B̃11 =
bh

2(1 + υ)

⎡

⎢
⎢
⎣

(

ẼU(α1, β1) − ẼL(α3, β3)

)

k + 1
+ ẼL(α3, β3)

−
(ϑ

2

)(

ẼU(α1, β1) + ẼL(α3, β3)

)

⎤

⎥
⎥
⎦

Ĩ0 = bh

⎡

⎢
⎢
⎣

(

ρ̃U(α2, β2) − ρ̃L(α4, β4)

)

k + 1
+ ρ̃L(α4, β4) −

(ϑ
2

)(

ρ̃U(α2, β2)

+ ρ̃L(α4, β4)

)

⎤

⎥
⎥
⎦

Ĩ2 = bh3

⎡

⎢
⎢
⎣

(

ρ̃U(α2, β2) − ρ̃L(α4, β4)

)
(
k2 + k + 2

)

4(k + 1) (k + 2) (k + 3)
+

ρ̃L(α4, β4)

12

−
( ϑ

24

)(

ρ̃U(α2, β2) + ρ̃L(α4, β4)

)

⎤

⎥
⎥
⎦

4. Solution Procedures

The Haar Wavelet Discretization Method (HWDM) presents a 
powerful and efficient technique for analyzing vibrations in complex 
systems, offering significant advantages over traditional approaches 
such as Navier’s method. By employing compactly supported orthogonal 
Haar wavelets to discretize the derivatives in governing equations, 
HWDM converts differential equations into a set of algebraic equations. 
This approach not only simplifies the computational process but also 
ensures high accuracy with reduced computational effort. HWDM is 
particularly adept at managing complex boundary conditions and 
intricate geometries, making it highly suitable for advanced vibration 
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problems. In contrast to Navier’s method—which depends on separation 
of variables and is typically restricted to simpler geometries—HWDM 
delivers greater flexibility, improved convergence, and superior per
formance in multi-dimensional and nonlinear scenarios. This section 
provides an overview of the Haar Wavelet Discretization Method, 
highlighting its applicability, in the context of the current investigation 
as outlined below.

4.1. Preliminary of Haar wavelet

The Haar function can be represented as [25–29] 

hi (x) =

⎧
⎨

⎩

1 for x ∈ [φ1(i), φ2(i)]
− 1 for x ∈ [φ2(i), φ3(i)]

0 elsewhere
(29) 

i = m + k + 1, with m = 2j and k represents the maximum number of 
square waves and the specific location of a particular square wave 
within the interval [I1, I2]. 

φ1(i) = I1 + k
I2 − I1

2j (30) 

φ2(i) = I1 +(2k + 1)
I2 − I1

2j+1 (31) 

φ3(i) = I1 +(k + 1)
I2 − I1

2j (32) 

where j(j = 0, 1, …, J ) and k
(
k = 0, 1, …, 2j − 1

)
represent the dilata

tion and translation parameters of the wavelets, respectively. J is called 
as maximal of resolution of the wavelets.

The Haar function, Eq. (29) is only valid if i ≥ 2. For i = 1, h1(x) = 1 
for x ∈ [I1, I2] and 0 elsewhere.

The κ− th integral of the Haar function (for i > 1), presented in Eq. 
(22) can be derived analytically as [25–29] 

pκ, i(t) =
1
κ!

⎧
⎪⎪⎨

⎪⎪⎩

0 for x ∈ [I1, φ1(i))
(x − φ1(i))

κ for x ∈ [φ1(i), φ2(i))
(x − φ1(i))

κ
− 2 (x − φ2(i))

κ for x ∈ [φ2(i), φ3(i))
(x − φ1(i))

κ
− 2 (x − φ2(i))

κ
+ (x − φ3(i))

κ for x ∈ [φ3(i), I2)

(33) 

For i = 1, we have φ1 = I1,φ2 = φ3 = I2 and pκ, 1(t) = 1
κ !
(t − S)κ.

The collocation points are considered as [20–24] 

xk = I1 +(k − 0.5)
I2 − I1

2J+1 , k = 1, 2,…, 2J+1 (34) 

H, P1, P2, P3,…,Pκ are the Haar matrices of dimension 2J+1 and the 
elements of these matrices are expressed by H(i, k) = hi(xk) and Pκ(i,
k) = pκ, i(xk).

4.2. Application of the Haar wavelet Discretization Method

According to the Haar wavelet approach, the highest order deriva
tive can be represented in terms of a square integrable and finite func
tion in the interval [0, 1] as 

d4w0

dx4 =
∑2J+1

i=1
cihi = cTH (35) 

Now, by integrating consecutively for the fourth time, 

d3w0

dx3 (x) =
∑2J+1

i=1
ciP1, i(x)+

d3w0

dx3 (0) (36) 

d2w0

dx2 (x) =
∑2J+1

i=1
ciP2, i(x)+ x

d3w0

dx3 (0)+
d2w0

dx2 (0) (37) 

dw0

dx
(x) =

∑2J+1

i=1
ciP3, i(x)+

x2

2
d3w0

dx3 (0)+ x
d2w0

dx2 (0)+
dw0

dx
(0) (38) 

w0(x) =
∑2J+1

i=1
ciP4, i(x)+

x3

6
d3w0

dx3 (0)+
x2

2
d2w0

dx2 (0)+ x
dw0

dx
(0)+w0(0)

(39) 

Here C =
(
c1, c2, c3,…c2J+1

)T and D =

(

d1 = d3w0
dx3 (0), d2 = d2w0

dx2 (0 

), d3 = dw0
dx (0), d4 = w0(0)

)T

. d1, d2, d3, and d4 are the integration 

constants, which can be obtained from boundary condition. Now, by 
substituting Eq. (35)-Eq. (39) into the governing Eq. (28), 
(

Ã11 + ℓ2B̃11

)

CTH = ω2
[

Ĩ0

(

CTP4 +
x3

6
d1 +

x2

2
d2 + xd3 + d4

)

− Ĩ2
(
CTP2

+ xd1 + d2
)
]

(40) 

Simplifying once again 

(

Ã11H + ℓ2B̃11H
)

CT = ω2

⎡

⎢
⎢
⎢
⎣

(

Ĩ0P4 − Ĩ2P2

)

CT +

(

Ĩ0
x3

6
− Ĩ2x

)

d1+

(

Ĩ0
x2

2
− Ĩ2

)

d2 +

(

Ĩ0x
)

d3 +

(

Ĩ0

)

d4

⎤

⎥
⎥
⎥
⎦

(41) 

For this investigation, three boundary conditions have been considered: 
Hinged-Hinged (H-H), Clamped-Hinged (C–H), and Clamped-Clamped 
(C–C), as demonstrated below.

Hinged- Hinged (H-H): w0(0) = 0, d2w0
dx2 (0) = 0 and w0(1) = 0,

d2w0
dx2 (1) = 0.

Clamped-Hinged (C–H): w0(0) = 0, dw0
dx (0) = 0 and w0(1) = 0,

d2w0
dx2 (1) = 0.

Clamped-Clamped (C–C): w0(0) = 0, dw0
dx (0) = 0 and w0(1) = 0,

dw0
dx (1) = 0.

By applying the defined boundary conditions outlined above, the 
integration constants can be ascertained. Subsequently, substituting 
these constants into Eq. (41) yields a generalised Eigenvalue problem 
represented as follows: 

[K]
{

CT} = ω2[M]
{

CT} (42) 

where [K] and [M] denote the stiffness matrix and mass matrix, respec
tively. ω represents the circular frequency and CT =

(
c1, c2, c3,…c2J+1

)
.

5. Numerical results and discussion

In this investigation, the natural frequencies of the functionally 

Table 1 
Assigning of Symmetric Gaussian Fuzzy Number (SGFN) to uncertain 
parameters.

Parameters Modal Values Sym. Gaussian Fuzzy nos.

Young’s Modulus (Ceramic) EU = 380 GPa ẼU = sgfn(EU , 2%, 2%)

Mass Density (Ceramic) ρU = 3800 Kg.m− 3 ρ̃U = sgfn(ρU , 5%, 5%)

Young’s Modulus (Metal) EL = 70 GPa ẼL = sgfn(EL , 2%, 2%)

Mass Density (Metal) ρL = 2700 Kg.m− 3 ρ̃L = sgfn(ρL , 5%, 5%)
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graded micro-beam have been computed utilizing Haar wavelet dis
cretization method for Hinged-Hinged (H-H), Clamped-Hinged (C–H), 
and Clamped-Clamped (C–C) boundary conditions. For the purpose of 
computation, the geometrical properties of the FG micro-beam are 
considered from [15] as material length scale parameter (ℓ) = 17.6 μm, 
length of the micro beam (L) = 20h, and unless mentioned bh = 2 and hℓ =

3 while the mechanical properties are taken from [35] and considered in 
term of Symmetric Gaussian Fuzzy Numbers as given in Table 1 and 
graphically illustrated in Fig. 4.

5.1. Convergence

In this subsection, a detailed pointwise convergence study of the 
Haar Wavelet Discretization Method (HWDM) has been carried out to 
assess its numerical efficiency and stability in capturing the dynamic 
behavior of the functionally graded (FG) micro-beam under fuzzy un
certainty. The analysis is focused on the variation of the first four natural 
frequencies with respect to the maximal level of resolution (J) for three 
different boundary conditions: H-H (hinged-hinged), C–H (clamped- 
hinged), and C–C (clamped–clamped). The corresponding results are 
presented in Table 2(a–c) and Figs. 5a–c, which depict both the tabu
lated and graphical representation of the pointwise convergence 
behavior. The convergence analysis is performed for both the lower and 
upper bounds of the natural frequencies for all four vibration modes, 
considering the presence of material uncertainty characterized by a 
power law exponent (k) = 0.25, porosity volume fraction index (ϑ) =
0.3 and an additional fuzzy parameter α = 0.6 while all other geomet
rical and mechanical parameters are maintained as defined in the pre
vious section to ensure consistency in the numerical evaluation. It is 
observed that the first mode natural frequencies for all boundary con
ditions achieve convergence at a resolution level of J = 5, while the 
second mode requires a higher resolution level of J = 7. Similarly, the 

third and fourth modes converge at J = 8 and J = 9, respectively. These 
results indicate that higher vibration modes necessitate finer resolution 
due to their increased modal complexity and spatial oscillation, which 
demand a denser approximation grid for accurate representation. From 
these results, it is evident that a maximal resolution level of J = 9 is 
adequate to capture the converged natural frequencies for the first four 
modes under all considered boundary conditions, even in the presence of 
fuzzy uncertainty. Therefore, (J) = 9 is adopted in all subsequent nu
merical computations to ensure both accuracy and computational effi
ciency. This also reinforces the suitability of the Haar wavelet basis in 
handling discontinuities and sharp gradients commonly associated with 
higher mode shapes in FG micro-structures.

5.2. Validation

In this subsection, the validation of the proposed model is performed 
through two complementary approaches. First, the accuracy of the 
present formulation is assessed by comparing the results with those 
obtained from the Monte Carlo Simulation Technique (MCS), which 
serves as a benchmark for uncertainty quantification. Second, analytical 
validation is conducted using Navier’s method for the Hinged-Hinged 
(H-H) boundary condition, incorporating the relevant material un
certainties as specified in the model. These dual validation strategies 
ensure both numerical reliability and theoretical consistency of the 
proposed framework.

5.2.1. Validation with Monte Carlo Simulation Technique
The Monte Carlo Simulation Technique is a powerful computational 

method used to quantify uncertainty and analyze variability in complex 
systems, such as the vibration behavior of FG micro beams. In this 
context, the technique involves defining key input parameter
s—including material properties, geometric dimensions, boundary 

Fig. 4. Symmetric Gaussian Fuzzy Numbers (SGFN) associated with Young’s modulus and Mass density of both the Ceramic and Metal components.
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conditions, and environmental influences—that contribute to uncer
tainty. These parameters are assigned probability distributions based on 
experimental data or expert judgment, and random samples are drawn 
from these distributions. Each sample set is then used in numerical 
simulations to evaluate the vibration characteristics of the nanobeam. 
The results are statistically analyzed to measure variability and 

uncertainty, using indicators such as the mean and standard deviation. 
Sensitivity analysis helps identify the most critical parameters affecting 
the system’s behavior, while verification and validation ensure the 
reliability of the simulation outcomes. By offering a probabilistic un
derstanding of micro beam vibrations, Monte Carlo Simulation serves as 
a valuable tool for engineering design, enabling informed decision- 

Table 2 
Variation of Maximal level of resolution (J) with natural frequencies in MHz for HWDM with α = 0.6, k = 0.25,ϑ = 0.3

J (a) H-H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

2 0.3063 0.2971 1.2329 1.1961 2.8033 2.7195 5.0521 4.9010
3 0.3056 0.2964 1.2211 1.1846 2.7432 2.6612 4.8669 4.7214
4 0.3054 0.2962 1.2181 1.1817 2.7284 2.6468 4.8201 4.6760
5 0.3053 0.2962 1.2174 1.1810 2.7247 2.6432 4.8085 4.6647
6 0.3053 0.2962 1.2172 1.1808 2.7237 2.6423 4.8056 4.6619
7 0.3053 0.2962 1.2172 1.1808 2.7235 2.6421 4.8049 4.6612
8 0.3053 0.2962 1.2172 1.1808 2.7235 2.6420 4.8047 4.6610
9 0.3053 0.2962 1.2172 1.1808 2.7234 2.6420 4.8047 4.6610

J (b) C–H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

2 0.4787 0.4643 1.5617 1.5150 3.2947 3.1961 5.7176 5.5466
3 0.4773 0.4630 1.5453 1.4991 3.2191 3.1228 5.4936 5.3293
4 0.4770 0.4627 1.5412 1.4951 3.2005 3.1048 5.4382 5.2755
5 0.4769 0.4626 1.5402 1.4941 3.1959 3.1003 5.4244 5.2622
6 0.4769 0.4626 1.5400 1.4939 3.1948 3.0992 5.4210 5.2589
7 0.4769 0.4626 1.5399 1.4938 3.1945 3.0990 5.4201 5.2580
8 0.4769 0.4626 1.5399 1.4938 3.1944 3.0989 5.4199 5.2578
9 0.4769 0.4626 1.5399 1.4938 3.1944 3.0989 5.4199 5.2578

J (c) CC boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

2 0.6947 0.6739 1.9292 1.8715 3.8275 3.7130 6.4316 6.2392
3 0.6926 0.6719 1.9072 1.8502 3.7330 3.6214 6.1585 5.9743
4 0.6921 0.6714 1.9018 1.8449 3.7103 3.5993 6.0933 5.9111
5 0.6920 0.6713 1.9005 1.8436 3.7046 3.5938 6.0771 5.8954
6 0.6919 0.6712 1.9001 1.8433 3.7032 3.5925 6.0731 5.8915
7 0.6919 0.6712 1.9000 1.8432 3.7029 3.5921 6.0721 5.8905
8 0.6919 0.6712 1.9000 1.8432 3.7028 3.5920 6.0718 5.8903
9 0.6919 0.6712 1.9000 1.8432 3.7028 3.5920 6.0718 5.8902

Fig. 5a. Variation of Maximal level of resolution with natural frequencies for 
HH boundary condition.

Fig. 5b. Variation of Maximal level of resolution with natural frequencies for 
CH boundary condition.
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making under uncertain conditions.
In this study, material uncertainties associated with Young’s 

modulus and mass density for both aluminum (Al) and alumina (Al2O3) 
are modeled using symmetric Gaussian fuzzy numbers. This fuzzy rep
resentation effectively captures the inherent vagueness and imprecision 
in material properties, which often arise due to manufacturing toler
ances or environmental influences at the microscale. For computational 
tractability and to enable deterministic analysis, these fuzzy parameters 
are subsequently transformed into an equivalent interval form using the 
α-cut (or level-cut) technique based on a single parametric formulation. 
This approach yields a family of nested intervals corresponding to 
different confidence levels (α ∈ (0 1]), allowing for the evaluation of 
both lower and upper bounds of the physical quantities. The resulting 
interval representations of Young’s modulus and mass density are 
expressed as follows: 

Fig. 5c. Variation of Maximal level of resolution with natural frequencies for 
CC boundary condition.

Table 3 
Intervals for different α, for uncertain parameters.

α ẼU = [EU EU ] ρ̃U = [ρU ρU] ẼL = [EL EL] ρ̃L = [ρL ρL ]

0.1 [363.69, 
396.30]

[3392.3, 
4207.7]

[66.9956, 
73.0044]

[2410.3, 
2989.7]

0.2 [366.36, 
393.63]

[3459.1, 
4140.9]

[67.4882, 
72.5118]

[2457.8, 
2942.2]

0.3 [368.20, 
391.79]

[3505.2, 
4094.8]

[67.8275, 
72.1725]

[2490.5, 
2909.5]

0.4 [369.71, 
390.28]

[3542.8, 
4057.2]

[68.1048, 
71.8952]

[2517.2, 
2882.8]

0.5 [371.05, 
388.94]

[3576.3, 
4023.7]

[68.3516, 
71.6484]

[2541.0, 
2859.0]

0.6 [372.31, 
387.68]

[3608.0, 
3992.0]

[68.5849, 
71.4151]

[2563.5, 
2836.5]

0.7 [373.58, 
386.41]

[3639.5, 
3960.5]

[68.8176, 
71.1824]

[2586.0, 
2814.0]

0.8 [374.92, 
385.07]

[3673.1, 
3926.9]

[69.0647, 
70.9353]

[2609.8, 
2790.2]

0.9 [376.51, 
383.48]

[3712.8, 
3887.2]

[69.3573, 
70.6427]

[2638.0, 
2762.0]

1 EU = 380 GPa ρU =

3800 Kg.m− 3
EL = 70 GPa ρL =

2700 Kg.m− 3

Table 4 
Comparison of the Natural Frequencies in MHz obtained by double parametric 
form based present method Vs. Monte Carlo Simulation with k = 0.4,ϑ = 0.3, 
and ẼU = (380 , 2%, 2%)GPa.

α (a) 1st Mode Natural Frequency

ω1(Present Method) ω1 

(MCS)
% Error in ω1

ω1 ω1 ω1 ω1 ω1 ω1

0.1 0.2513 0.2681 0.2536 0.2641 0.9152 1.4920
0.2 0.2524 0.2665 0.2545 0.2633 0.8320 1.2008
0.3 0.2533 0.2654 0.2551 0.2627 0.7106 1.0173
0.4 0.2539 0.2645 0.2556 0.2622 0.6696 0.8696
0.5 0.2546 0.2637 0.2560 0.2618 0.5499 0.7205
0.6 0.2552 0.2630 0.2564 0.2614 0.4702 0.6084
0.7 0.2558 0.2623 0.2568 0.2610 0.3909 0.4956
0.8 0.2564 0.2616 0.2573 0.2605 0.3510 0.4205
0.9 0.2572 0.2607 0.2578 0.2600 0.2333 0.2685
1 0.2589 0.2589 0.2589 0.2589 0 0

α (b) 2nd Mode Natural Frequency

ω2(Present Method) ω2 

(MCS)
% Error in ω2

ω2 ω2 ω2 ω2 ω2 ω2

0.1 1.0021 1.0691 1.0114 1.0533 0.9281 1.4779
0.2 1.0067 1.0626 1.0149 1.0499 0.8145 1.1952
0.3 1.0100 1.0583 1.0173 1.0476 0.7228 1.0111
0.4 1.0127 1.0548 1.0192 1.0457 0.6418 0.8627
0.5 1.0152 1.0518 1.0210 1.0440 0.5713 0.7416
0.6 1.0175 1.0489 1.0226 1.0424 0.5012 0.6197
0.7 1.0199 1.0461 1.0243 1.0408 0.4314 0.5066
0.8 1.0225 1.0432 1.0260 1.0391 0.3423 0.3930
0.9 1.0256 1.0398 1.0281 1.0370 0.2438 0.2693
1 1.0326 1.0326 1.0326 1.0326 0 0

α (c) 3rd Mode Natural Frequency

ω3(Present Method) ω3 

(MCS)
% Error in ω3

ω3 ω3 ω3 ω3 ω3 ω3

0.1 2.2435 2.3936 2.2643 2.3582 0.9271 1.4789
0.2 2.2539 2.3791 2.2721 2.3506 0.8075 1.1979
0.3 2.2612 2.3693 2.2775 2.3454 0.7209 1.0087
0.4 2.2673 2.3615 2.2819 2.3411 0.6439 0.8639
0.5 2.2728 2.3547 2.2858 2.3373 0.5720 0.7389
0.6 2.2781 2.3483 2.2895 2.3337 0.5004 0.6217
0.7 2.2834 2.3421 2.2932 2.3301 0.4292 0.5124
0.8 2.2892 2.3355 2.2970 2.3263 0.3407 0.3939
0.9 2.2961 2.3279 2.3016 2.3217 0.2395 0.2663
1 2.3117 2.3117 2.3117 2.3117 0 0

α (d) 4th Mode Natural Frequency

ω4(Present Method) ω4 

(MCS)
% Error in ω4

ω4 ω4 ω4 ω4 ω4 ω4

0.1 3.9611 4.2261 3.9977 4.1635 0.9240 1.4813
0.2 3.9794 4.2004 4.0116 4.1502 0.8092 1.1951
0.3 3.9923 4.1832 4.0211 4.1410 0.7214 1.0088
0.4 4.0031 4.1694 4.0288 4.1334 0.6420 0.8634
0.5 4.0128 4.1574 4.0358 4.1267 0.5732 0.7384
0.6 4.0221 4.1461 4.0422 4.1203 0.4997 0.6223
0.7 4.0316 4.1351 4.0487 4.1140 0.4241 0.5103
0.8 4.0417 4.1236 4.0556 4.1072 0.3439 0.3977
0.9 4.0539 4.1101 4.0637 4.0992 0.2417 0.2652
1 4.0815 4.0815 4.0815 4.0815 0 0
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ẼU = sgfn(380 , 2%, 2%)GPa

=

[

380 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2888ln(α1)

25

√

, 380 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2888ln(α1)

25

√ ]

ρ̃U = sgfn(3800, 5%, 5%) Kg.m− 3

=
[
3800 − 190

̅̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ln(α2)

√
, 3800 + 190

̅̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ln(α2)

√ ]

ẼL = sgfn(70, 2%, 2%)GPa =

[

70 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 98ln(α3)

25

√

, 70 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 98ln(α3)

25

√ ]

ρ̃L = sgfn(2700, 5%, 5%) Kg.m− 3

=
[
2700 − 135

̅̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ln(α4)

√
, 2700 + 135

̅̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ln(α4)

√ ]

α1, α2, α3, α4 ∈ (0 1]

For various values of the confidence level α, the corresponding interval 
representations of the fuzzy material properties are computed and pre
sented in Table 3. To account for the uncertainty within these intervals, 
a Monte Carlo simulation approach is employed. Specifically, 10,000 
random samples are generated within the defined intervals to represent 
the variability of the uncertain parameters. The 10,000 random samples 
were used, as this sample size was found sufficient to achieve stable 
results that closely match those obtained from the HWDM. These sam
ples are then used as input in repeated deterministic analyses of the 
natural frequencies. By evaluating the natural frequencies for each 
sample point, a statistical characterization of the system response is 
achieved. This allows for the estimation of the lower and upper bounds, 
as well as the mean values, of the natural frequencies under uncertainty. 
The mean natural frequency obtained through the Monte Carlo simu
lation serves as a statistically representative value of the system’s dy
namic behavior, effectively bridging the gap between fuzzy uncertainty 
modeling and deterministic structural analysis.

For the purpose of validation, the results obtained using the double 
parametric form of the Haar Wavelet Discretization Method (HWDM) 
are evaluated by considering fuzzy uncertainty in selected parameter
s—specifically with values of with k = 0.4,ϑ = 0.3, and J = 9. These 
results are then compared with those obtained through the Monte Carlo 
Simulation Technique (MCS) for H-H boundary condition for the first 
four natural frequency modes, evaluated in terms of both their lower and 
upper bounds as presented in Table 4. It is important to note that, for this 
comparative study, only Young’s modulus of the ceramic phase in the 
functionally graded (FG) microbeam is treated as a fuzzy variable. 
However, the methodology is generalizable and can be extended to 
include additional fuzzy parameters, such as the metal phase properties, 
if needed. As observed in Table 4, the percentage error between the 
HWDM and MCS results decreases monotonically with increasing α-cut 
levels. This trend can be attributed to the progressive narrowing of the 
fuzzy interval at higher α-cut levels, which correspond to more certain or 
core values within the fuzzy set. As α-cut increases, the influence of 
uncertainty reduces, and the system response approaches a determin
istic behavior. Consequently, the discrepancy between the HWDM and 
MCS results becomes smaller, reflecting improved agreement in the vi
cinity of the most probable values. The comparative results demonstrate 
strong agreement between the HWDM and MCS approaches, thereby 
validating the accuracy and reliability of the proposed double para
metric HWDM. Moreover, the efficiency and computational simplicity of 
the HWDM, especially in handling fuzzy uncertainty without relying on 
extensive sampling, highlight its potential as a powerful tool for un
certainty quantification in micro-structural analysis.

5.2.2. Validation with Navier’s Method
To establish the validity and accuracy of the proposed Haar Wavelet 

Discretization Method (HWDM) under uncertain material conditions, a 

comparative analysis is carried out against classical analytical results. 
Navier’s method, known for its exact solutions under idealized boundary 
conditions, is employed as a benchmark for the Hinged-Hinged (H-H) 
case. This comparison serves to verify whether the HWDM, despite its 
numerical formulation and inclusion of fuzzy uncertainties, can reliably 
reproduce natural frequencies within acceptable bounds. Considering 
the uncertainties associated with all the relevant material parameters, 
the natural frequencies obtained via HWDM are compared with those 
computed using Navier’s method for the H-H boundary condition. The 
parameters used in this comparison include an α-cut level of 0.4, a 
power-law index, k = 0.4 and a porosity volume fraction index, ϑ = 0.3. 
The analysis focuses on the first six modes of vibration, and both lower 
and upper bounds of the natural frequencies are considered to fully 
account for the fuzzy uncertainty. Fig. 6a illustrates the comparison for 
the upper bound values, while Fig. 6b presents the lower bound results. 
As observed from the figures, the HWDM predictions closely match 
those from Navier’s method, with a consistent trend across all modes. It 
is also noted that the frequencies obtained from HWDM lie slightly on 
the higher side compared to Navier’s method, which can be attributed to 
the numerical stiffness introduced by wavelet-based discretization. 

Fig. 6a. Comparison of Upper Bound Natural Frequencies Obtained by HWDM 
and Navier’s Method for the First Six Modes under H-H Boundary Condition.

Fig. 6b. Comparison of Lower Bound Natural Frequencies Obtained by HWDM 
and Navier’s Method for the First Six Modes under H-H Boundary Condition.
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Table 5 
Variation of power-law index with natural frequencies in MHz for α = 0.5, and ϑ = 0.3.

k (a) H-H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

0 0.3342 0.3226 1.3321 1.2858 2.9804 2.8768 5.2574 5.0746
0.2 0.3108 0.3000 1.2392 1.1961 2.7727 2.6763 4.8916 4.7215
0.4 0.2941 0.2838 1.1723 1.1316 2.6231 2.5319 4.6277 4.4668
0.6 0.2816 0.2718 1.1226 1.0835 2.5117 2.4244 4.4311 4.2770
0.8 0.2720 0.2625 1.0843 1.0466 2.4260 2.3417 4.2796 4.1309
1 0.2644 0.2552 1.0539 1.0172 2.3578 2.2758 4.1591 4.0145
3 0.2259 0.2181 0.9004 0.8691 2.0139 1.9439 3.5509 3.4275
5 0.2048 0.1977 0.8163 0.7879 1.8256 1.7621 3.2186 3.1067
7 0.1890 0.1824 0.7531 0.7269 1.6844 1.6258 2.9696 2.8664
9 0.1764 0.1702 0.7029 0.6784 1.5720 1.5173 2.7716 2.6752

k (b) C–H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

0 0.5219 0.5038 1.6853 1.6267 3.4958 3.3742 5.9304 5.7242
0.2 0.4855 0.4686 1.5677 1.5132 3.2522 3.1391 5.5179 5.3260
0.4 0.4593 0.4433 1.4831 1.4316 3.0767 2.9697 5.2202 5.0387
0.6 0.4398 0.4245 1.4202 1.3708 2.9461 2.8436 4.9984 4.8246
0.8 0.4248 0.4101 1.3718 1.3241 2.8455 2.7466 4.8276 4.6597
1 0.4129 0.3986 1.3333 1.2869 2.7655 2.6694 4.6916 4.5285
3 0.3528 0.3406 1.1391 1.0995 2.3620 2.2799 4.0053 3.8661
5 0.3199 0.3088 1.0327 0.9968 2.1412 2.0668 3.6305 3.5043
7 0.2952 0.2849 0.9528 0.9197 1.9755 1.9069 3.3496 3.2331
9 0.2755 0.2659 0.8892 0.8583 1.8437 1.7796 3.1262 3.0175

k (c) C–C boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

0 0.7573 0.7310 2.0795 2.0072 4.0521 3.9112 6.6437 6.4127
0.2 0.7045 0.6800 1.9344 1.8672 3.7698 3.6387 6.1816 5.9667
0.4 0.6664 0.6433 1.8300 1.7664 3.5663 3.4424 5.8481 5.6448
0.6 0.6381 0.6160 1.7523 1.6914 3.4149 3.2962 5.5996 5.4050
0.8 0.6164 0.5950 1.6926 1.6337 3.2983 3.1837 5.4082 5.2202
1 0.5991 0.5783 1.6451 1.5879 3.2056 3.0941 5.2558 5.0731
3 0.5120 0.4942 1.4055 1.3566 2.7378 2.6426 4.4869 4.3309
5 0.4642 0.4480 1.2742 1.2299 2.4818 2.3956 4.0669 3.9256
7 0.4283 0.4134 1.1756 1.1347 2.2898 2.2102 3.7523 3.6218
9 0.3997 0.3858 1.0971 1.0590 2.1371 2.0628 3.5021 3.3803

Fig. 7a. Variation of Natural frequency with Power-law index for H-H 
Boundary Condition.

Fig. 7b. Variation of Natural frequency with Power-law index for C–H 
Boundary Condition.
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Nevertheless, the overall agreement confirms the robustness and reli
ability of the proposed HWDM in handling uncertainty-driven vibration 
analysis of FG micro-beams.

5.3. Effect of Power-Law index

This subsection investigates the influence of the power-law index on 
the first four natural frequencies of the functionally graded (FG) micro- 
beam, considering three distinct boundary conditions: H-H (hinged- 
hinged), C–H (clamped-hinged), and C–C (clamped–clamped). The 
analysis is conducted under fuzzy uncertainty, with the porosity volume 
fraction index set to ϑ = 0.3 and J = 9.To model the uncertainty in 
material properties, an α-cut level of 0.5 is adopted for all fuzzy pa
rameters, thereby representing a moderate confidence level in the fuzzy 
input space. The power-law index (k), which governs the gradation of 
material properties through the thickness of the beam, is varied over a 
representative range: 0, 0.2, 0.4, 0.6, 0.8, 1, 3, 5, 7, and 9. For each value 
of k, the lower and upper bounds of the first four natural frequencies are 
computed to capture the effect of material gradation under uncertainty. 
The results are presented in both tabular (Table 5(a–c)) and graphical 
(Figs. 7a–c) formats, clearly illustrating the sensitivity of vibrational 
characteristics to the power-law index across the different boundary 
conditions. The results clearly indicate that as the power-law index in
creases, the natural frequencies of all vibration modes exhibit a 
decreasing trend. This decline is particularly pronounced for higher 
values of power-law index. Physically, this behaviour can be attributed 
to the gradation of material composition across the thickness of the FG 
micro-beam. At k = 0, the beam is entirely composed of the ceramic 
phase, which possesses a higher Young’s modulus and, consequently, 
greater stiffness—resulting in the highest natural frequencies. In 
contrast, as k→∞, the material composition transitions toward a fully 
metallic beam, characterized by a significantly lower Young’s modulus 
and thus reduced stiffness. This reduction in stiffness increases the 
structural flexibility, leading to a drop in natural frequencies. Therefore, 
the increase in the power-law index effectively softens the beam by 
reducing its average stiffness, thereby diminishing its capacity to resist 
vibrational deformation. This fundamental relationship between mate
rial gradation and dynamic behavior underscores the importance of 
accurately modeling FGMs in micro-scale structural analysis, especially 
under uncertainty.

5.4. Effect of porosity

In the present study, the functionally graded (FG) micro-beam is 
modeled as a porous structure, with porosity uniformly distributed along 
its thickness. The influence of both the power-law exponent (k) and the 
porosity volume fraction index (ϑ) on the vibrational behavior of the 
micro-beam is systematically examined. Graphical and tabular results 
are presented in Table 6(a–c) and Figs. 8a–c, respectively. The tabulated 

Fig. 7c. Variation of Natural frequency with Power-law index for C–C 
Boundary Condition.

Table 6 
Variation of porosity volume fraction index with natural frequencies in MHz for 
different power law exponent with α = 0.4.

(a) H-H boundary condition

k ϑ ω1 ω1 ω2 ω2 ω3 ω3

​ 0 0.3187 0.3059 1.2703 1.2196 2.8420 2.7286
​ 0.1 0.3232 0.3103 1.2884 1.2370 2.8826 2.7676
0 0.2 0.3286 0.3155 1.3100 1.2577 2.9308 2.8139
​ 0.3 0.3351 0.3218 1.3360 1.2827 2.9891 2.8698
​ 0.4 0.3432 0.3295 1.3681 1.3135 3.0609 2.9388
​ 0.5 0.3534 0.3393 1.4087 1.3525 3.1518 3.0260
​ 0 0.2651 0.2546 1.0569 1.0148 2.3647 2.2703
​ 0.1 0.2651 0.2546 1.0569 1.0148 2.3647 2.2703
1 0.2 0.2651 0.2546 1.0569 1.0148 2.3647 2.2703
​ 0.3 0.2651 0.2546 1.0569 1.0148 2.3647 2.2703
​ 0.4 0.2651 0.2546 1.0569 1.0148 2.3647 2.2703
​ 0.5 0.2651 0.2546 1.0569 1.0148 2.3647 2.2703
​ 0 0.2274 0.2183 0.9062 0.8701 2.0270 1.9462
​ 0.1 0.2221 0.2133 0.8853 0.8499 1.9801 1.9011
5 0.2 0.2151 0.2066 0.8574 0.8232 1.9177 1.8412
​ 0.3 0.2054 0.1972 0.8187 0.7860 1.8309 1.7579
​ 0.4 0.1909 0.1832 0.7606 0.7303 1.7010 1.6331
​ 0.5 0.1664 0.1597 0.6630 0.6366 1.4825 1.4234

(b) C–H boundary condition

k ϑ ω1 ω1 ω2 ω2 ω3 ω3

​ 0 0.4977 0.4778 1.6070 1.5429 3.3334 3.2004
​ 0.1 0.5048 0.4847 1.6300 1.5650 3.3810 3.2461
0 0.2 0.5133 0.4928 1.6573 1.5912 3.4376 3.3005
​ 0.3 0.5235 0.5026 1.6902 1.6228 3.5059 3.3661
​ 0.4 0.5360 0.5147 1.7308 1.6618 3.5902 3.4470
​ 0.5 0.5519 0.5299 1.7822 1.7111 3.6967 3.5493
​ 0 0.4141 0.3976 1.3371 1.2838 2.7735 2.6629
​ 0.1 0.4141 0.3976 1.3371 1.2838 2.7735 2.6629
1 0.2 0.4141 0.3976 1.3371 1.2838 2.7735 2.6629
​ 0.3 0.4141 0.3976 1.3371 1.2838 2.7735 2.6629
​ 0.4 0.4141 0.3976 1.3371 1.2838 2.7735 2.6629
​ 0.5 0.4141 0.3976 1.3371 1.2838 2.7735 2.6629
​ 0 0.3551 0.3410 1.1465 1.1007 2.3775 2.2826
​ 0.1 0.3469 0.3331 1.1199 1.0753 2.3224 2.2297
5 0.2 0.3360 0.3226 1.0847 1.0415 2.2493 2.1595
​ 0.3 0.3208 0.3080 1.0357 0.9944 2.1474 2.0618
​ 0.4 0.2981 0.2862 0.9623 0.9239 1.9950 1.9154
​ 0.5 0.2599 0.2495 0.8388 0.8053 1.7388 1.6694

(c) C–C boundary condition

k ϑ ω1 ω1 ω2 ω2 ω3 ω3

​ 0 0.7221 0.6933 1.9829 1.9038 3.8638 3.7097
​ 0.1 0.7325 0.7032 2.0112 1.9310 3.9190 3.7627
0 0.2 0.7447 0.7150 2.0449 1.9633 3.9846 3.8256
​ 0.3 0.7595 0.7292 2.0855 2.0023 4.0638 3.9017
​ 0.4 0.7778 0.7467 2.1356 2.0504 4.1615 3.9955
​ 0.5 0.8009 0.7689 2.1990 2.1113 4.2850 4.1141
​ 0 0.6009 0.5769 1.6499 1.5840 3.2149 3.0867
​ 0.1 0.6009 0.5769 1.6499 1.5840 3.2149 3.0867
1 0.2 0.6009 0.5769 1.6499 1.5840 3.2149 3.0867
​ 0.3 0.6009 0.5769 1.6499 1.5840 3.2149 3.0867
​ 0.4 0.6009 0.5769 1.6499 1.5840 3.2149 3.0867
​ 0.5 0.6009 0.5769 1.6499 1.5840 3.2149 3.0867
​ 0 0.5153 0.4947 1.4146 1.3581 2.7557 2.6458
​ 0.1 0.5034 0.4833 1.3818 1.3267 2.6918 2.5845
5 0.2 0.4875 0.4681 1.3384 1.2850 2.6071 2.5031
​ 0.3 0.4655 0.4469 1.2779 1.2269 2.4890 2.3897
​ 0.4 0.4325 0.4153 1.1873 1.1399 2.3124 2.2201
​ 0.5 0.3770 0.3620 1.0349 0.9936 2.0153 1.9349
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data include the first three mode natural frequencies for all three 
boundary conditions (H-H, C–H, and C–C), while the figures illustrate 
the variation of the fundamental natural frequency with porosity vol
ume fraction index for different power-law exponents. The analysis is 
conducted under fuzzy uncertainty, with an α-cut level of 0.4 applied to 
the all-uncertain material parameters. In this study, the porosity volume 
fraction index (ϑ) is varied from 0.1 to 0.5 in increments of 0.1, and the 
power-law exponent (k) is considered at three representative values: 0, 
1, and 5. This approach captures the coupled effects of material grada
tion and porosity on the stiffness and dynamic response of the FG micro- 
beam. The results reveal a nuanced relationship between porosity vol
ume fraction and the natural frequencies of the FG micro-beam, which is 
significantly influenced by the power-law exponent. When the power- 
law exponent k < 1, the beam has a higher proportion of the stiffer 
ceramic phase near the neutral axis, resulting in an overall increase in 
stiffness. In this regime, a rise in porosity volume fraction—despite 
reducing mass and stiffness locally—has a compensatory stiffening ef
fect due to the dominance of ceramic properties, leading to an increase 
in natural frequencies. Conversely, for higher power-law exponents 
(k > 1), the beam becomes increasingly metal-rich and thus more 

compliant. In such cases, increasing the porosity volume fraction exac
erbates the reduction in effective stiffness, resulting in a noticeable 
decrease in natural frequencies. At k = 1, the spatial variation of ma
terial properties (such as Young’s modulus and density) through the 
thickness becomes linear—changing evenly from one constituent ma
terial to the other. Under this specific condition, and with porosity 
applied uniformly to both constituents in our study, the effect on the 
natural frequency often appears nearly “invariant,” exhibiting only 
minimal changes. This analysis clearly indicates that the influence of 
porosity on natural frequencies is not uniform but strongly dependent on 
the power-law index. The observed trends are consistent across all 
boundary conditions considered, underscoring the interplay between 
material gradation and porosity in governing the dynamic behavior of 
porous FG micro-beams under uncertainty.

5.5. Effect of thickness to material length scale ratio

In this subsection, the influence of the thickness-to-material length 
scale ratio (h/l) on the first four natural frequencies of the functionally 
graded (FG) micro-beam is investigated under fuzzy uncertainty. The 
results are presented in Table 7(a–c) and Figs. 9a–c. The thickness-to- 
length scale ratio is varied over a representative range: 1, 3, 5, 7, 9, 
11, 13, and 15. The analysis is carried out for a fixed power-law index 
(k) = 0.4 and a porosity volume fraction index (ϑ) = 0.2, using an α-cut 
level of 0.8 to model uncertainty in the material properties. The findings 
clearly show that as the thickness-to-length scale parameter increases, 
the natural frequencies of the FG micro-beam also increase for all four 
vibration modes and across all considered boundary conditions. This 
behavior can be attributed to the non-classical size-dependent effects 
captured by modified continuum theories such as strain gradient elas
ticity or modified couple stress theory. As the thickness becomes larger 
relative to the intrinsic material length scale, the microstructural in
teractions become more prominent, leading to an increase in effective 
stiffness. This enhanced stiffness results in higher natural frequencies, 
particularly for higher modes, where the strain gradients and localized 
deformation effects are more pronounced. These results underscore the 
importance of size effects in the dynamic analysis of micro-scale FG 
structures, where conventional beam theories may fail to capture the 
observed frequency shifts. The increasing trend in natural frequencies 
with the thickness-to-length scale ratio remains consistent regardless of 
boundary conditions, highlighting the robustness of this observation.

Fig. 8a. Variation of Fundamental natural frequency with Porosity volume 
fraction index for H-H boundary condition.

Fig. 8b. Variation of Fundamental natural frequency with Porosity volume 
fraction index for C–H boundary condition.

Fig. 8c. Variation of Fundamental natural frequency with Porosity volume 
fraction index for C–C boundary condition.
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5.6. Effect of uncertainty on natural frequency

Material uncertainties in functionally graded (FG) micro-beams 
typically arise from intrinsic atomic-level defects and manufacturing- 
induced inconsistencies. These uncertainties can significantly influ
ence the dynamic response, particularly the natural frequencies. In this 

subsection, the effect of material uncertainty on the natural frequencies 
of FG micro-beams is investigated using a fuzzy logic-based approach. As 
detailed in Table 1 and Fig. 4, the uncertain input variables—such as 
Young’s modulus and mass density—are modeled as Symmetric 
Gaussian Fuzzy Numbers (SGFNs), which offer a realistic representation 
of epistemic uncertainty in micro-scale materials. The first four natural 

Table 7 
Variation of thickness to material length scale parameter with natural frequencies in MHz with J = 9,α = 0.8, k = 0.4, and ϑ = 0.2.

h
l

(a) H-H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

1 0.1837 0.1801 0.7346 0.7200 1.6519 1.6191 2.9341 2.8758
3 0.2884 0.2827 1.1499 1.1271 2.5730 2.5219 4.5392 4.4491
5 0.4260 0.4176 1.6885 1.6549 3.7423 3.6680 6.5190 6.3896
7 0.5723 0.5609 2.2486 2.2039 4.9175 4.8198 8.4223 8.2550
9 0.7208 0.7064 2.8007 2.7451 6.0250 5.9054 10.1205 9.9195
11 0.8691 0.8518 3.3323 3.2661 7.0369 6.8972 11.5816 11.3517
13 1.0160 0.9958 3.8368 3.7606 7.9435 7.7858 12.8134 12.5590
15 1.1608 1.1377 4.3107 4.2251 8.7452 8.5716 13.8403 13.5655

h
l

(b) C–H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

1 0.2870 0.2813 0.9297 0.9113 1.9385 1.9000 3.3120 3.2463
3 0.4505 0.4416 1.4548 1.4259 3.0179 2.9580 5.1204 5.0187
5 0.6652 0.6520 2.1347 2.0923 4.3851 4.2981 7.3445 7.1987
7 0.8931 0.8754 2.8401 2.7837 5.7544 5.6401 9.4735 9.2854
9 1.1241 1.1018 3.5331 3.4629 7.0392 6.8994 11.3635 11.1379
11 1.3543 1.3274 4.1977 4.1144 8.2070 8.0441 12.9812 12.7235
13 1.5818 1.5504 4.8256 4.7298 9.2480 9.0644 14.3385 14.0539
15 1.8053 1.7694 5.4125 5.3051 10.1638 9.9620 15.4655 15.1585

h
l

(c) C–C boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

1 0.4165 0.4082 1.1475 1.1247 2.2481 2.2035 3.7128 3.6391
3 0.6537 0.6407 1.7951 1.7594 3.4982 3.4287 5.7363 5.6224
5 0.9650 0.9459 2.6323 2.5801 5.0783 4.9775 8.2181 8.0550
7 1.2954 1.2696 3.4990 3.4295 6.6556 6.5234 10.5840 10.3739
9 1.6299 1.5975 4.3478 4.2615 8.1293 7.9679 12.6740 12.4224
11 1.9629 1.9240 5.1586 5.0562 9.4625 9.2746 14.4539 14.1669
13 2.2916 2.2461 5.9213 5.8038 10.6448 10.4335 15.9400 15.6235
15 2.6140 2.5621 6.6306 6.4989 11.6798 11.4479 17.1687 16.8279

Fig. 9a. Variation of Natural frequency with Thickness-to-material length scale 
ratio for H-H boundary condition.

Fig. 9b. Variation of Natural frequency with Thickness-to-material length scale 
ratio for C–H boundary condition.
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Fig. 9c. Variation of Natural frequency with Thickness-to-material length scale 
ratio for C–C boundary condition.

Table 8 
Natural frequencies in MHz with k = 0.5, ϑ = 0.35, ẼU = (380 , 2%, 2%)GPa, ρ̃U = (3800, 5%, 5%) Kg.m− 3, ẼL = (70, 2%, 2%)GPa, and ρ̃L =

(2700, 5%, 5%) Kg.m− 3.

α (a) H-H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

0.1 0.2937 0.2753 1.1710 1.0975 2.6201 2.4558 4.6224 4.3325
0.2 0.2919 0.2766 1.1639 1.1026 2.6042 2.4672 4.5943 4.3526
0.3 0.2907 0.2775 1.1591 1.1062 2.5935 2.4752 4.5755 4.3668
0.4 0.2898 0.2782 1.1553 1.1092 2.5850 2.4819 4.5604 4.3785
0.5 0.2890 0.2789 1.1519 1.1119 2.5775 2.4879 4.5473 4.3892
0.6 0.2882 0.2796 1.1488 1.1145 2.5705 2.4937 4.5350 4.3993
0.7 0.2874 0.2802 1.1458 1.1171 2.5637 2.4995 4.5229 4.4096
0.8 0.2866 0.2809 1.1426 1.1199 2.5566 2.5058 4.5103 4.4207
0.9 0.2857 0.2818 1.1388 1.1233 2.5482 2.5134 4.4956 4.4341
1 0.2837 0.2837 1.1309 1.1309 2.5305 2.5305 4.4642 4.4642

α (b) C–H boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

0.1 0.4588 0.4300 1.4814 1.3885 3.0732 2.8805 5.2143 4.8872
0.2 0.4560 0.4320 1.4724 1.3950 3.0545 2.8938 5.1826 4.9099
0.3 0.4541 0.4334 1.4664 1.3995 3.0420 2.9032 5.1613 4.9259
0.4 0.4526 0.4346 1.4616 1.4033 3.0320 2.9110 5.1443 4.9391
0.5 0.4513 0.4356 1.4573 1.4067 3.0232 2.9181 5.1295 4.9511
0.6 0.4501 0.4366 1.4534 1.4099 3.0151 2.9249 5.1156 4.9626
0.7 0.4489 0.4377 1.4495 1.4132 3.0070 2.9317 5.1020 4.9742
0.8 0.4476 0.4388 1.4455 1.4168 2.9987 2.9391 5.0878 4.9868
0.9 0.4462 0.4401 1.4408 1.4211 2.9889 2.9480 5.0712 5.0018
1 0.4431 0.4431 1.4307 1.4307 2.9680 2.9680 5.0358 5.0358

α (c) C–C boundary condition

ω1 ω2 ω3 ω4

ω1 ω1 ω2 ω2 ω3 ω3 ω4 ω4

0.1 0.6657 0.6239 1.8279 1.7133 3.5623 3.3389 5.8415 5.4751
0.2 0.6616 0.6268 1.8168 1.7212 3.5406 3.3543 5.8060 5.5005
0.3 0.6589 0.6288 1.8094 1.7268 3.5261 3.3652 5.7822 5.5184
0.4 0.6567 0.6305 1.8034 1.7315 3.5145 3.3743 5.7631 5.5332
0.5 0.6548 0.6321 1.7982 1.7357 3.5043 3.3825 5.7465 5.5467
0.6 0.6531 0.6335 1.7933 1.7397 3.4949 3.3904 5.7309 5.5596
0.7 0.6513 0.6350 1.7886 1.7438 3.4856 3.3983 5.7157 5.5726
0.8 0.6495 0.6366 1.7836 1.7482 3.4759 3.4068 5.6998 5.5866
0.9 0.6474 0.6385 1.7778 1.7534 3.4645 3.4171 5.6812 5.6035
1 0.6429 0.6429 1.7654 1.7654 3.4404 3.4404 5.6416 5.6416

Fig. 10a. Fundamental natural frequency in term of Fuzzy output for HH 
boundary condition with UB Width: 0.0100 MHz and LB Width: 0.0084 MHz.
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frequencies of the FG micro-beam are computed using the double- 
parametric form of the Haar Wavelet Discretization Method (HWDM) 
for three different boundary conditions: hinged-hinged (H-H), clamped- 
hinged (C–H), and clamped–clamped (C–C). The tabulated results are 
presented in Table 8(a–c), while the corresponding Gaussian fuzzy 
outputs for the fundamental natural frequency are illustrated in 
Figs. 10a–c. To capture the fuzzy response, the α-cut level is varied from 
0.1 to 1.0 in increments of 0.1. The computations are performed 
considering the key material parameters as k = 0.5, and ϑ = 0.35. For 
each α-cut level, the natural frequencies are obtained in the form of 
lower and upper bounds, along with the deterministic (crisp) values, for 
all three boundary conditions and for the first four vibration modes. It is 
important to note that due to the fuzzy nature of the input parameters, 
the resulting natural frequencies are also expressed as Gaussian fuzzy 
numbers. The extent of fuzziness—or the spread of the frequency 
band—is observed to be highest for the C–C boundary condition and 
lowest for the H-H condition, when all other parameters are held con
stant. Additionally, for each boundary condition, the spread of fre
quencies associated with the upper bound is greater than that of the 
lower bound. This indicates that more constrained boundary conditions 

are more sensitive to uncertainty in material properties, possibly due to 
their higher stiffness and corresponding influence on modal behavior.

6. Conclusions

In this research, a comprehensive framework for uncertainty quan
tification in the free vibration analysis of functionally graded (FG) 
micro-beams has been developed using a double parametric form-based 
Haar Wavelet Discretization Method (HWDM) integrated with the 
Modified Couple Stress Theory (MCST). These uncertainties in Young’s 
modulus and mass density for both the metallic and ceramic constituents 
of the FG micro-beam are modeled using Symmetric Gaussian Fuzzy 
Numbers (SGFNs), offering a flexible and realistic representation of non- 
probabilistic uncertainty. The micro-beam, composed of aluminum (Al) 
and alumina (Al2O3), was assumed to exhibit a power-law variation in 
material properties through its thickness, with uniformly distributed 
porosity incorporated to simulate real-world material inhomogeneity. 
The modified couple stress framework enabled the incorporation of size- 
dependent effects, which are known to become significant at micro and 
sub-micro scales, especially when the structural dimensions approach 
the material length scale. The numerical performance and accuracy of 
the proposed HWDM were verified through rigorous pointwise conver
gence studies. Furthermore, the fuzzy-based HWDM results, expressed in 
terms of lower and upper bounds of the first four natural frequencies, 
were cross-validated against Monte Carlo Simulation Techniques (MCS) 
involving 10,000 random samples generated within α-cut based fuzzy 
intervals. Additional validation was performed by comparing the 
HWDM results with analytical solutions derived from Navier’s method 
for the Hinged-Hinged (H-H) boundary condition, further establishing 
the reliability of the proposed methodology. The excellent agreement 
between HWDM and MCS results demonstrates the robustness and 
computational efficiency of the proposed methodology in handling 
complex fuzzy uncertainties. Extensive parametric studies were con
ducted to assess the impact of various physical and fuzzy parameters on 
the dynamic behavior of FG micro-beams under three classical boundary 
conditions: Hinged-Hinged (H-H), Clamped-Hinged (C–H), and 
Clamped-Clamped (C–C). It was observed that the power-law index 
plays a critical role in defining the material gradation, where higher 
values shift the composition towards the more compliant metallic phase, 
thereby lowering the natural frequencies. In contrast, lower power-law 
indices favor the stiffer ceramic phase, increasing the overall stiffness 
and corresponding frequencies. The effect of porosity was found to be 
highly coupled with the material gradation—at low power-law indices, 
increasing porosity could paradoxically increase stiffness due to ceramic 
dominance, while at higher indices, the same porosity reduced stiffness 
and frequencies. Additionally, the thickness-to-material length scale 
ratio had a pronounced effect, especially in higher modes, where 
increasing the ratio significantly elevated the natural frequencies due to 
enhanced stiffness contributions from microstructural effects. The 
fuzziness in the output natural frequencies—quantified as the spread 
between lower and upper bounds—was most significant for clamped 
boundary conditions (C–C), highlighting their increased sensitivity to 
uncertainty, and least pronounced for simply supported (H-H) configu
rations. This behavior underscores the importance of considering 
boundary conditions when performing uncertainty-based dynamic an
alyses of FG structures.
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