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Abstract

This paper investigates the stress distribution in tensile-loaded single-lap joints
made of aluminum and bonded with an epoxy adhesive using analytical modeling,
finite element analysis (FEM), and experimental testing. The analytical frame-
work is developed for joints with varying material properties, adherend and adhe-
sive thicknesses, and overlap lengths, assuming a constant joint width and a thin
adhesive layer. The analysis is based on elasticity theory and the principle of sta-
tionary potential energy. Three closed-form solutions are derived. Solutions I and
IT describe shear stress transfer at the interface, neglecting and including transverse
deformability of the adhesive, respectively. Solution III further extends the formu-
lation by accounting for joint bending induced by load eccentricity, enabling the
evaluation of both shear and peel stresses. The proposed solutions are validated
against classical analytical models (Goland & Reissner, Hart-Smith), FEM simu-
lations (Abaqus), and experimental results. Owing to the adopted representation
of the adhesive layer, the stresses predicted by Solution III should be interpreted as
effective structural stresses rather than exact local adhesive stresses, particularly
near the overlap edges, where the stress field is influenced by the combined effect
of geometric features and material mismatch, leading to a singularity. In this re-
gion, not only the stress magnitude but also the precise location of extreme values
becomes inherently ambiguous and method-dependent. Despite these limitations,
Solution III provides a physically consistent representation of the stress state in
the joint, accurately capturing the global stress distribution and providing reliable



estimates of extreme stress levels.

Keywords: single-lap joints, closed-form analytical solutions, stationary
potential energy principle, FEM, experimental tests

Nomenclature and symbols
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longitudinal coordinate along the joint

transverse coordinate (joint width direction)

through-thickness coordinate

overlap length

distance from the support to the start of the overlap (i = 1,2 adherends)
joint width

thickness of layer i (i = 1,2 adherends; i = 3 adhesive)

applied tensile force

Young’s modulus of layer i
shear modulus of layer i
Poisson’s ratio of layer i
normal stress

shear stress

normal strain

shear strain

axial normal stress in layer i (i = 1,2 adherends)
shear stress in the adhesive layer
peel stress in the adhesive layer

bending stiffness of adherend i (i = 1,2 adherends)

bending stiffness of the overlap region

total bending stiffness of the adherends

effective (approximate) shear stiffness per unit length of the adhesive layer
neutral axis offset of the joint cross-section

bending coefficient accounting for load eccentricity

maximum interlayer slip

relative slip index

dimensionless bending-shear interaction parameter

total strain energy
strain energy density of adherend 1
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Vo strain energy density of adherend 2
Vi strain energy density of the adhesive layer

1. Introduction

Among the various types of adhesive joints used in engineering (Fig. 1), the
most common and conventional configuration is the single-lap joint (Fig. 2). One
of the earliest studies on single-lap joints was conducted by Volkersen, whose sem-
inal work was published in 1938 [1]. In his analytical model, developed originally
in the context of riveted joints, Volkersen introduced a non-uniform distribution of
shear stresses in joints subjected to axial tensile loading. This approach stood in
contrast to earlier, more simplified model, which assumed a constant shear stress
distribution within the adhesive layer. As de Bruyne later pointed out [2], single-
lap joints are prone to deformation. The actual deformation depends not only on
the shear deformation of the adhesive — governed by its shear modulus — but also
on the deformation of the adherends. Moreover, and most importantly, such joints
tend to bend due to the eccentricity of the tensile load path. In the same year, 1944
— prior to the publication of de Bruyne’s paper — Goland & Reissner proposed an
analytical solution that accounted not only for shear stresses in the adhesive but
also for peel stresses in the joint [3]. Due to the complexity of the resulting for-
mulation, they simplified the model by assuming that the adherends were of equal
thickness and made of the same material. In the following years, numerous papers
and technical reports were published addressing the problem of single-lap joints
[4,5,6,7,8,9,10, 11, 12]. Among them, the papers by Adams and his co-authors
[13, 14, 15] deserve special attention, as they provide clear and general analytical
solutions to the problem — not only along the load axis but also in the transverse
direction — although, unfortunately, they do not account for peel stresses in the
joint. Next, a more general and comprehensive analytical solution was developed
by Cheng, Chen, and Shi [16]. Initially, Chen and Cheng formulated the problem
in a manner similar to that of Goland & Reissner [17]. They subsequently intro-
duced a general linear analytical solution based on the energy approach, accounting
for adherends of different thicknesses, made of various materials, while assuming
a thin adhesive layer. However, the authors of the study [16], following the ap-
proach of Goland & Reissner, assumed symmetry in the peel stress distribution
within the joint under bending. As a result, the analytical solution was formulated
using a coordinate system located at the center of the single-lap joint. Neverthe-
less, extreme peel stresses do not occur at the mid-thickness of the adhesive layer
but are typically asymmetrical and arise at the interfaces between the adhesive
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and the adherends. The solution proposed in this paper seeks to address this is-
sue, among other things, and represents a further development and refinement of
precisely these linear analytical formulations. Further analytical studies were pub-
lished in subsequent years [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. At
this point, it is important to distinguish between two traditional approaches to an-
alyzing the mechanical behavior of bonded joints. The first approach, outlined
above and adopted in the present study, is based on evaluating stress distributions
within the joint under the assumptions of linear elasticity. The second, more recent
approach is founded on the principles of fracture mechanics. As noted above, nu-
merous analytical formulations have been proposed over the years to describe the
mechanical behavior of bonded joints. Important milestones in the description of
the development of analytical models are the papers of da Silva et al. [31], Wang
and Zhang [32], and Du et al. [33]. Together, these contributions have played a
significant role in advancing the analytical modeling of bonded joints.

In many analytical models of adhesively bonded joints, the stress analysis is per-
formed using simplified two-dimensional, linear-elastic formulations. These as-
sumptions make it possible to obtain closed-form solutions and provide a conve-
nient basis for engineering assessment. In a large class of such approaches, the ad-
hesive layer is represented in an averaged sense, often through elastic type idealiza-
tions. This significantly reduces the complexity of the governing equations while
still capturing the main features of load transfer between the adherends. However,
these simplified representations do not explicitly resolve the detailed stress state
within the adhesive layer. In particular, the variation of stresses across the adhe-
sive thickness and the differences between the two adherend-adhesive interfaces
are only approximately described. As aresult, the equilibrium conditions at the the
interfaces, as well as the local stress concentrations associated with bending and
transverse deformation effects, are represented in a simplified manner. In single-
lap joints, the eccentric load path induces bending of the adherends and gives rise
to asymmetric peel stress distributions, with peak values typically occurring at the
adhesive-adherend interfaces. Accurately capturing this coupled bending-shear
behavior and the associated asymmetric interfacial stress state within a closed-
form analytical framework, while maintaining general applicability and analytical
tractability, therefore remains a challenging problem.

Substantial progress has been achieved through numerical formulations and com-
putational modeling, with particular emphasis on the FEM [34, 35, 36, 37, 38]. In
parallel, experimental investigations have accompanied these theoretical and nu-
merical developments since the earliest studies, providing validation and deeper
insight into the mechanical behavior of bonded joints [2, 39, 40, 41, 42, 43, 44].
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FEM numerical simulations, together with supporting experimental studies, have
been primarily applied to advanced bonded-joint configurations and complex load-
ing conditions, for which closed-form analytical descriptions are excessively com-
plicated or not feasible.

Despite the substantial amount of research conducted in this field, certain aspects
of existing analytical or FEM solutions still exhibit limitations, even within strictly
linear analytical frameworks. The need for further research is further emphasized
by the ongoing development of advanced adhesive materials and innovative struc-
tural designs across a wide range of engineering applications, including aerospace,
automotive, and civil engineering. Consequently, targeted analytical studies, FEM
simulations, and experimental investigations remain still necessary to evaluate and
support existing design approaches for various structures. The aim of this study is
to contribute to these efforts by comparing the authors’ proposed analytical solu-
tions with selected classical analytical solutions that serve as points of reference.
The results are then verified using the FEM and experimental research.

Thus, the novelty of this study lies in the development of an extended analytical
framework for single-lap bonded joints, formulated within a general linear-elastic
approach and explicitly accounting for both shear and bending effects in a realisti-
cally thin adhesive layer. A key contribution is the derivation of new closed-form
expressions for the bending coefficients - denoted as k for symmetric adherents and
k., k, for asymmetric adherents - which enable the prediction of bending moments
in joints with arbitrary geometric and material configurations. Although bending
effects have been addressed in the classical formulations of Goland & Reissner,
Hart-Smith, and Cheng, Chen, and Shi, the formulation presented here provides
an alternative and more general treatment.

The paper also introduces a method for solving the coupled differential equations
that describe the behavior of a joint subjected to eccentric tensile loading. As
mentioned above, proposed theoretical developments are complemented by a con-
sistent verification strategy that combines FE simulations with experimental tests
on aluminum-epoxy joints bonded using 3M™ Scotch-Weld™ DP490 adhesive.
The most general formulation developed in the present paper (Solution III) is in-
tended to complement existing analytical approaches by extending the description
of the coupled bending-shear behavior of single-lap joints. The solution is derived
from the principle of stationary potential energy and provides a fully coupled rep-
resentation of axial forces, shear forces, and bending moments in the joint. This
enables the simultaneous evaluation of shear and peel stresses associated with the
interaction between the adherends. At the same time, the adhesive layer is de-
scribed in an energetically equivalent, averaged manner rather than through a de-
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tailed three-dimensional constitutive model. The formulation therefore captures
the global load-transfer mechanisms and the interfacial stress measures most rel-
evant for structural assessment, while the detailed through-thickness stress distri-
bution in the adhesive is not resolved explicitly.

The proposed model (Solution III) captures the asymmetric bending response of
single-lap joints and the associated non-symmetric peel stress fields observed in
numerical and experimental results, while remaining suitable for practical analy-
sis. The overlap is described using an effective composite-beam assumption, with
its validity governed by a dimensionless parameter # relating adhesive shear stift-
ness to adherend bending stiffness. The model is applicable for sufficiently slender
adherends (7/] < 1) and for an admissible range of adhesive thickness #;, which
ensures both the validity of the thin-layer assumption and a physically meaningful
shear transfer mechanism along the overlap. Due to the presence of a stress singu-
larity at the overlap edge, the stress field in its immediate vicinity is not physically
representative. Therefore, stresses are evaluated at a finite distance from the edge.
To this end, a reference distance /, is introduced to characterize the extent of the
edge-effect zone. This distance, dependent on the geometric characteristics of the
joint and the material contrast between its components, defines an exclusion region
within which the singular behavior dominates, ensuring that the reported stresses
reflect the global load transfer rather than local singular effects.

The original contributions of this work can be summarized as follows:

(i) development of a novel closed-form analytical solution (Solution III) that con-
sistently captures coupled shear—bending behavior in single-lap joints,

(i) derivation of new expressions for bending coefficients applicable to both sym-
metric and asymmetric configurations,

(i11) formulation of a unified framework enabling evaluation of effective structural
stresses in the presence of edge singularities,

(iv) comprehensive validation through FEM simulations and experimental mea-
surements.

2. Analytical solutions

Energy methods constitute one of the most effective and widely applied ana-
lytical approaches in structural mechanics, as well as in the theories of elasticity
and plasticity of mechanical systems [45]. Owing to their versatility and strong
theoretical foundations, these methods form the basis of the present study, which
focuses on the development of analytical models for bonded lap joints. The ap-
plication of the energy approach enables the derivation of closed-form solutions
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Figure 1: Typical examples of engineering adhesive joints.

that provide a rapid and effective means of preliminary assessment of the stress
distribution within the joint while ensuring clarity and physical interpretability.
This paper presents three analytically formulated solutions that progressively cap-
ture increasing levels of mechanical complexity in the behavior of bonded lap
joints. The first model (Solution I) neglects shear deformations in the adherends
but includes them in the adhesive layer, providing a simplified yet sufficiently ac-
curate approximation. The second model (Solution II) extends the formulation by
incorporating shear deformations in the adherends, resulting in a more accurate
representation of the joint response. Finally, the third and most comprehensive
model in this study (Solution III) accounts for bending effects and the associated
joint peeling stress caused by the eccentricity of the applied tensile force. As noted
earlier, all proposed analytical models were derived using the energy approach, in
which the total deformation energy V' is expressed as follows:

V=///%M®M, (1)

where local elastic stress-strain energy Vj, is defined as:
1

I/O = 5 (Gxex + Gyey + O-zez + Txyyxy + Tyzyyz + TXZyXZ> ’ (2)
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Figure 2: Schematic representation and notation of the single-lap joint.

which, considering Hooke’s law, can be expressed solely in terms of normal and
shear stresses as follows:

1 |2
Vo= E (cri + 0'}2) + O'f) ~E (axay +o,0,+ O'ZGX) + .. 3)

1
36 < L+ +r§z>,
where E is Young’s modulus, v is Poisson’s ratio, and G is the shear (Kirchhoft)
modulus.

By employing variational methods and the principle of stationary potential energy,
oV = 0, the differential equations and corresponding closed-form solutions are
obtained for each case analyzed [46]. It should be emphasized that all formulations
rely on the assumption of a physically realistic adhesive layer that is sufficiently
thin to justify the adopted analytical simplifications.

2.1. Solution I: Analytical model neglecting shear deformations in the adherends

To solve the problem of shear in a single-lap joint (Fig. 2), while neglecting
shear deformations in the adherends and considering them only in the adhesive
layer, several simplifying assumptions were adopted. The material is assumed to
be linearly elastic and isotropic. The adhesive layer undergoes only shear deforma-
tion, whereas the adherends are subjected exclusively to axial (tensile) deforma-
tion. The adhesive layer is assumed to be thin, and bending effects are neglected.
Moreover, a uniform stress distribution across the entire width of the joint is as-
sumed. In this case, the strain energy of the joint is given by:

V:///(VIO+V20+V30) dx dy dz, “4)
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where the local elastic strain-energy components of the individual elements (1 -
upper adherend, 2 - lower adherend, 3 - adhesive) are expressed in terms of stress
as follows:

1 1 1
Vio = Z—Elaz(x) Vy = 2_E20§(x), Vi = T 20 +v)r;®)],  (5)
where E, and E, are the Young’s moduli of the top and bottom adherends, respec-
tively, and E; and v, are the material constants describing the adhesive along the
length of the joint (x-axis).
The following relation is then obtained:

hoy 2 I
2 2

V51:b[[r_1/0 Tflodxdz+[2/0 Vzodxdz+t3/0 V30dx], ©6)
2 2

where 7, and ¢, are the thicknesses of the top and bottom adherends, respectively,
15 is the thickness of the adhesive, / and b is the length and the width of the joint,
respectively.

After integrating along the joint width b, one obtains:

I 2 2 2
b o, (x) 05(x) 7, (x)
Ve == t t t dx, 7
S 2/0<E1 1t E, 2t G, - X (7

and, after basic transformations, in which o,(x) and 7;(x) are expressed in terms
of o,(x), the strain energy can be written in the form:

Vs == P+ =+ — — + dx,
) /0 [G3 00 E1 iy )01 bE2t2 S0 e |
8)

where P is the tensile force applied to the joint.
In the transformations from (7) to (8), the following relationships derived from
equilibrium conditions are used:

0,0t + o,(X)t, = %, 73(x) = t,01(%). 9)

The relations in (9) are derived by assuming force equilibrium in the joint. Ad-
ditionally, based on Fig. 3, assuming that 7,(x) = 7;(x) at the lower surface of
the upper adherend (z = 0), the relationship between the normal stress and shear
stresses is given by:

to,(x)+17,(x)dx =t,0,(x)+t,do;(x), (10)

9
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Figure 3: Shear stress distribution on the top adherend joint section.

200

—— =10](x) — 73(x) = tlai(x). (1)

201 Next, using the principle of stationary potential energy and variational calculus,
202 one obtains the Euler-Lagrange differential equation:

2%t 2t,t, E, + 21°FE 2Pt
ol (x) — —————— 0 (x) + —= =0, (12)
203 and the corresponding solution:
P
0\(0) = T+ C,e™V* + CyeV® (13)
204 Where a = M, v = £y and C,, C, are constants that can be deter-
I3E111E212 E111+E212

20 mined from boundary conditions of the form:

x =0, 0'1(x=0)=%,

14
x=1, o(x=10)=0, (14)

P<t1w@"/;—tll//+l> Pe' Ve (—@1\/5+t11//@’\/3—t1w>
C,=- ,Cy=— . (15)

206 After substituting the constants C; and C, into Eq. (8), one obtains the normal
207 stress distribution in the top adherend:

1 — wt, sinh[(/ — x)y/a]  sinh[xy/a] }

(16)
Wi sinh[ly/a] sinh[/4/a]

o,(x) = %u/{ 1+

10
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and the corresponding shear-stress distribution in the adhesive is given by:

cosh[(/ — x)y/a] cosh[x4/a]
+yt

sinh{/1/a] " sinh{/1/a]

The analytical expression (17), which describes the shear-stress distribution in the
adhesive layer, corresponds to the solution originally proposed by Volkersen [1],
later independently derived by Sazhin [47], and subsequently examined by Adams
[13].

7y(x) = 1,6 (x) = —g\/a{(l _wt) } 17

2.2. Solution II: Analytical model including shear deformations in the adherends

In the second formulation, which incorporates shear deformations in the ad-
herends, the derivation follows an approach analogous to that used in the Solution
I. As aresult, the local elastic strain-energy components take the following form:

1

Vio= 5 o7 + 20+ wyri)].
1

Voo = TR [o2(x) + 2(1 + v) T3 (x)] , (18)
Vi = 1 [2(1 + v 7 (0)] -

2E,
After integrating over the joint width and applying (4), one obtains:

b ! ol(x)  TH(x) o;(x)  72(x) 2(x)
VSII - 54/0 { [ 2E1 + 2G1 zLl + 2E2 + 2—G2 12 + 7313 dx
(19)

By applying transformations analogous to those used in Solution I, the strain-
energy expression can be written as:

I 3 2 2 2
b o hHh hhy 4 h 2
V. =2 —_ -+ — + —+— +... (20
Si 2/0 KzGl 2G, G, () E, E, o) @

2 Pt 2
1 p l dx

_— + [
e Ot REL

Next, by applying variational methods, the Euler-Lagrange differential equation is
obtained:
11(t,G,G; + G Gy, + 21,G,G,) 21,1, E, + 21°E, 9 2Pt,
- +
G,G,G, e LEE, T b,

=0,
3y

11
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where the form of the stress function is nearly the same as that in Solution I:
o,(x) = %w +Ce™V? 4 G VP, (22)

The only difference is that the constant a is replaced by f, defined as: f =

2G,G,GA(E 1, +Eyty)

The constants C; and C, have the same form as in Solution I and are determined
using the same boundary conditions (14), with « replaced by f:

P(tlu/@’\/ﬁ—tllp+ 1> Pe!VP (—@1\/’_3+t1u/@"/ﬁ—t11//>
Clz— ,C2:— . (23)
b(@Z’\//_’— 1)r1 b(@ﬂﬁ— 1)11

As before, the solution yields the normal-stress distribution in the adherend:

— inh[(/ — inh
o,(x) = £l,l/{l + -y $in '[( X)\/E] - 51'n [X\/E] } (24)
b Wi sinh[l4/p] sinh[/4/p]
and the corresponding shear-stress distribution in the adhesive:
h[(l - h
70 = 100 =~ VA{ (1= yr) = (=P, vt coshlx VI b @)

sinh[/4/p] sinh[/+/6]

The analytical expression (25), which characterizes the shear-stress distribution
in the adhesive layer, is consistent with the solution presented and examined by
Adams [13] in the context of an analytical model that incorporates shear deforma-
tions in the adherends. This formulation provides a more accurate representation
of the joint’s mechanical behavior than the simplified model that neglects shear
deformation in the adherends. Goland & Reissner [3], with further elaboration by
Sneddon [48], demonstrated — based on strain-energy analysis — that shear defor-
mations in the adherends may be neglected relative to those in the adhesive layer
only if the condition 1% < 0.1 is satisfied.

The classical formulations presented in Solutions I and II neglect the fundamental
deformation that a single-lap joint typically experiences, namely bending. There-
fore, a key part of this study was devoted to developing a more comprehensive
model that incorporates the influence of bending while generalizing the formula-
tion so that all geometric and material parameters can be freely modified, subject
to two restrictions: elastic material behavior and a thin adhesive layer.

Numerical examples corresponding to Solutions I and II are presented in the Figs.
16 and 17 in section Numerical examples.

12
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Figure 4: Coordinate systems of the parts of the joint.
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Figure 5: Detailed view of the overlap region.

2.3. Solution Il1I: Comprehensive analytical model incorporating bending-induced
peeling

After a detailed — yet, in the authors’ view, necessary — introduction aimed
at presenting the energy-based approach through simple but essential cases, the
analysis now turns to the main analytical solution. In this formulation, the joint
is assumed to undergo bending during tensile loading, which results in the devel-
opment of peel stresses in the adhesive layer in addition to shear stresses. In this
approach, the potential energy of the joint is expressed through the local compo-
nents of the elastic strain energy written in terms of stresses:

1 — _
Vip=—{07.(x,2) + 67.(x,2)) = 2V,0,,(x, )0 (x, 2)) + 2[1 + V|]7]_ (x, 2]},
1

1 _ _
I/z() = — {ofx(x, Z2) + oﬁz(x, ZZ) - 2v262x(x’ ZZ)O-ZZ(X’ ZZ) + 2[1 + v2]722zx(x’ ZZ)} ’
2
(26)
1 _
Vg = — {03,(0) +2[1 + V3175, (0)} .
OF,
where Ei = 11%’ Ei = 2(1]iiv.)’ and v, = ﬁ for i=1, 2, 3, assuming that the ma-

terials are in a two-dimensional state, and where v, denotes the effective Poisson’s
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Figure 7: Equilibrium state of internal forces and stresses in the joint.

ratio under plane-strain conditions.
After integrating over the width of the joint, as shown Fig. 5, we obtain:

a I L l !
V5m=b[/2/ dexdzl+/2/V20dxdz2+t3/ V30dx] 27)
1 Jo -2 Jo 0
2 2

Next, taking into account the differing material properties of the adherends, it is
necessary to determine the position of the neutral axis of the joint, as illustrated in
Figs. 4, 5. The position of the neutral axis d is given by:

4 ntf — t§ -
= - = — =
TR St + 1) (28)

24nt) (1) +2;2) f
2(nty+1,) E,
This, in turn, allows the bendlng stiffness of the individual joint components to be

where z, =
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determined, as shown in Fig. 6:

1

— T 3
2b (= -
D= Z{E [ty - & + &+ E [ +dP =]} @9)
1= 3

It is very important at this point to note that formulas (28) and (29) are derived un-
der the assumption of perfect kinematic compatibility between the bonded layers,
implying identical longitudinal strains and a common elastic line. This assumption
is introduced to obtain a tractable closed-form expression for the global flexural
rigidity of the bonded structure and corresponds to the classical effective-beam
approach commonly employed in the analysis of layered and adhesively bonded
beams when the emphasis is placed on the global bending response rather than on
the detailed local stress state. The adhesive layer is assumed to be thin relative
to the thicknesses of the bonded load-bearing layers. Under this assumption, rel-
ative longitudinal displacements between the layers are significantly constrained
and the bending behavior of the structure approaches that of a monolithic beam
in an average energetic sense even when the elastic properties of the adhesive dif-
fer from those of the adherends. Consequently, the proposed formulation yields
an approximation of the global bending stiffness and the position of the neutral
axis while avoiding the additional complexity associated with more refined lay-
ered or shear-deformation models. Such effects however lie beyond the scope of
the present work which is restricted to the investigation of the global bending be-
havior of the bonded structure. Within the framework of the classical Bernoulli
beam theory adopted herein the normal stress component in the thickness direction
z 1s derived consistently with the assumed kinematics and equilibrium conditions.
It should therefore be interpreted as an effective stress measure resulting from the
adopted beam-level description rather than as a fully resolved three-dimensional
stress component, since the Bernoulli approximation is employed as a kinematic
constraint for the derivation of the overall bending response and not as a detailed
three-dimensional model of the adhesive layer; accordingly, this assumption is not
intended to reproduce the local interfacial kinematics near the overlap edge, but
rather to provide a consistent description of the global structural response.

By establishing the equilibrium of the internal forces, as illustrated in Fig. 7, the
values of the bending moments M, and M, — which depend on the coefficients k,

15



25 and k, — can be determined:

Q—Q—llp<t—1+t—2>—M—Ml (30)
1= 2_1 2 2 1 21>

206 where M, = k, %, M, = kz%. The bending moments in the three segments of
207 the joint, as shown in Fig. 4, can be described as follows:

!
MS‘:Pa(ll+u)—Pl§1+w(v)—d at 0<v<l, 31

t t

1+,
. 2L+ . : . :
200 Assuming small rotations (i.e., small displacements), three differential equations

s00 can be formulated, with their solutions given by:

208 Where a = tan[a] = sin[a] = «, and cos[a] = 1.

M o Ve _ave
w’l’(vl)=—D——>w1(vl)=aul+@mVV1+e VoL W,
1
M; o oowe _w/e
w”(v)z—F—>w(v)=a(ll+v)+d—5+@¢‘70ﬂ/3+@ VoW, (32)
0
" M; t1+t2 22VP —ﬁ
w2(02)=—D——>w2(U2)=a(ll+l+Uz)—T+@\@VVS+@ VP2 W
2

s The constants W, through W can be determined from the boundary conditions:

w,(v; =0)=0,
w (v, =1)=wl=0),
wi(v, =1)=uw@=0), (33)

w=1)=w,(v,=0),
W' = 1) = w(v, = 0),
w,(v, =1,) =0.

sz The constants W, through W, which result from these assumptions, are provided
s03 1n the Digital appendix due to their complexity (https://drive.pg.edu.pl/s/bUwBtzGuG3BgnDk).
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s+ By determining the forms of the functions w, (v,) and w,(v,), along with their sec-
ss ond derivatives, one can obtain the moments M, M,, and the coefficients k; and
306k, from the following relationships:

M, = —Dlw’l’(vl)‘vlzll, (34)

— "
Mz -_ —D2LU2 (Uz)‘uz=0.

/D, sinh(8,)
HE+4)

+\/Fz(t1 — 2d) sinh(f,) sinh(ﬁz)} , (35)

\/D, sinh(,)
1§+ &)

++/D, (t, + 2d) sinh(f,) sinh(ﬂl)} . (36)

7 where f, :l”/D%,ﬁo=l‘/D%,ﬁ2=12\/D%,and

¢ = cosh(B,) [DO cosh(4,) sinh(f,) + v/Dyy/D, cosh(B,) sinh(ﬁz)] . @37

{ VD, [t +2d + (t, — 2d) cosh(fy)] cosh(B,) + ...
k2

{ VD, [t, = 2d + (t, + 2d) cosh(By)] cosh(B,) + ..

3

=]

308

¢ = /D, sinh(8,) [\/Focosh(ﬁo)cosh(ﬂz) + /D, sinh(fy) sinh(ﬂz)] . (38)

300 The solution proposed in this paper for determining the moment factors k, and k,
si0 - was compared with the simplified formulations presented in [3] and [9], after being
su adapted to the assumptions used in those classical studies — namely, the symmetry
sz of the material properties and the joint geometry — which reduces to k, = k, = k,
s13  thereby ensuring a proper basis for comparison (see Fig. 8):

=

1
1+4tanh(%>

k1:k2:k: , (39)

siu where k depends on a certain parameter A [3, 9] and ¢ = %l .

sis The results of these comparisons are presented in Fig. 8. The original solution
sie  developed by the authors, given by Eqgs. (35) and (36) and further simplified in
a1z Eq. (39), falls within the expected range established by other researchers [3, 9].
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Figure 8: Plot of the moment factor k versus the product of 4 and ¢, compared with the proposals
formulated by Goland & Reissner [3] and Hart-Smith [9].

At this point, it should be emphasized once again that Egs. (28)-(29) and the re-
lations leading to Egs. (31)-(38) were derived under the assumption that, in the
central part of the joint, the cross-section behaves as a composite beam. Under
this assumption, normal strains due to bending dominate over the relative slip be-
tween the layers, and the cross-sections remain approximately plane. This does
not imply perfectly rigid bonding but rather a state in which the shear compliance
of the adhesive layer mainly affects the stress and moment distributions in the tran-
sition zones, while the global bending stiffness can be represented by an effective
cross-sectional stiffness.
The applicability range of this approximation depends on the relationship between
the shear stiffness of the adhesive layer and the bending stiffness of the adherends.
This relationship can be expressed using the dimensionless parameter
) £, " 40
=M, ) - (40)

G;b
where K, ~ t_3 is the shear stiffness of the adhesive layer per unit length of the

joint. The quaritity D, = D, + D, denotes the combined bending stiffness of the
adherends.

The magnitude of # provides a direct interpretation of the degree of mechanical
interaction between the adherends. For > 1, the shear stiffness of the adhesive
layer is large compared to the bending stiffness of the adherends over the charac-
teristic length /. In this case, the relative slip between the adherends is small, the
cross-sections remain approximately plane, and the joint behaves close to a mono-
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s lithic, fully composite beam. The effective bending stiffness and the associated
530 bending moments predicted by the present model provide an accurate description
so  of the global structural response. For # = 1, shear deformation in the adhesive
s layer becomes significant. Partial interaction between the adherends occurs, lead-
sz 1ng to noticeable but still moderate deviations from ideal composite-beam behav-
u3 1or. The proposed model remains applicable, however, larger differences may ap-
ss  pear locally, especially near the ends of the bonded region where shear stresses
us and slip gradients are highest. For # < 1, the adhesive layer is relatively compli-
us ant in shear and the adherends tend to bend more independently. The composite-
w7 beam assumption then loses accuracy, and the global bending stiffness predicted
us by the model may be overestimated. In this regime, models that explicitly account
s for large interfacial slip and shear deformation along the entire overlap length are
50 more appropriate. These effects can also be analyzed using FEM (see the Numer-
;1 ical examples section).

;52 The next step in the analysis is to determine the stress state of the joint. Accord-
3 1ng to classical beam-plate theory, the longitudinal normal stress o, (x, z;) in the
s« upper adherend of the joint is assumed to have the following form:

Z
a“@;A)=aﬁxy+a;@yf, (41)
1

s where the functions o7 (x) and afp(x) are unknowns that satisfy the following bound-
6 ary conditions:

ol(x = 0) = b—’;
) 6k, P
=0 =~
c/(x=0=0,
ai‘p(x =1)=0, (42)
Gf'(x =0)=0,
Y 6P(—t, + kyt, —t, + k,t,)
o (x=0)=— ,
' bit?
c'(x=10)=0,

1
ot (x=1)=0.

557 The assumed form of the function o,,(x, z,) in (41) and the boundary conditions
38 given in (42) are based on the assumed distributions of normal and shear stresses il-
30 lustrated in Fig. 9. At this point, it should be noted that Fig. 9 illustrates schematic
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Figure 9: Assumed normal and shear stress distributions in the upper and lower adherend.

beam-level distributions of normal and shear stresses within the adherends result-
ing from the adopted kinematic and equilibrium assumptions. The shown shear
stress distributions across the thickness of the adherends correspond to classi-
cal beam theory and are derived independently from the internal shear forces and
bending moments, with zero values at the free surfaces. The apparent vanishing of
shear stresses at the adhesive boundary should therefore not be interpreted as a rep-
resentation of the actual interfacial shear stresses transmitted by the adhesive layer.
In the analysis the load transfer between the bonded rods is accounted for implicitly
through the equilibrium of the bonded system and the imposed compatibility con-
ditions, rather than through an explicit resolution of the local three-dimensional
stress field in the adhesive. A realistic description of nonzero interfacial shear
stresses would require a refined layered or three-dimensional model explicitly in-
corporating the adhesive layer, which is beyond the scope of the present study
focused on the global bending behavior.
Similarly, for the lower adherend, one obtains:

05 (x. 2,) = 07 (x) + o—;p(x)‘:—j. 43)
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The corresponding boundary conditions are:

N P
o,(x=1= b_tz’
o. (x = = ,
2p bt,
o,(x=0)=0,
G;p(x =0)=0,
o)'(x=1=0, (44)
03,/ (x=1)= . :
blt;
a;'(x =0)=0,
oy (x =0)=0.

The conditions requiring the longitudinal derivatives of the stresses at the ends
of the bonded region to be zero in Eqgs. (42) and (44) follow directly from the as-
sumed form of the stress distributions along the connection length. The stresses are
approximated by smooth functions of the longitudinal coordinate x, derived from
beam-level equilibrium relations and expressed in terms of internal forces and mo-
ments that vary continuously along the beam. Since no concentrated loads or sin-
gularities are applied at the ends of the bonded region, the stress fields must remain
smooth there, which implies vanishing longitudinal stress gradients. The condi-
tions imposed on the stress derivatives therefore ensure a regular, non-singular
behavior of the assumed stress functions at the boundaries of the connection and
are necessary for the consistency of the adopted beam-theoretical approximation.
Next, by assuming equilibrium between the normal and shear stresses in adherend
the following equilibrium equation applies:

1ZX

0x 0z,

1

do;, (X) i 07;2,(%, 2) =0, (45)

where i = 1,2 (see Fig. 7). A function describing the shear stress in the upper
adherend, 7,,,(x, z,), along the length of the joint can be determined by applying

an additional boundary condition of the form 7, (x,z, = %‘) = 0. The resulting
expression is:

YA B
lex(x’zl)_<§_zl>o-1(x)+ §_2_t1 O-lp(x)- (46)
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Applying the same procedure, but with the boundary condition 7,,,(x, z, = —%) =
0, the shear stress function in the lower adherend can be determined. The resulting
expression is:

2
(Nt BN o
Ty,.(X,2,) = < > z2> o, (x) + < 3 2t2) Uzp(x). (

With the stress distributions 7,, (x, z;) now determined, equilibrium between the
shear and normal stresses can be expressed as follows:

a ) a i g ]
T, (X, Z; ) o, (x,z;) _o. 48)
ox 0z,

1

For the upper adherend, applying the boundary condition o, .(x, z; = %‘) = 0, the
normal stress in the z direction is given by:

t2 tz Z2 t2 tz Z3
1 1#1 1 % 1 1#1 >(<
O-lx(x’zl) = <§ — T + 7 o, N(X) + ﬂ - T + — 611 H(X) (49)

Similarly, for the lower adherend, by applying the boundary condition o,,(x, z, =
—%2) = 0, the following expression is obtained:

2 {7 72 2 {7 73
_ 2 242 2 sl _ 2 22 2 % M
02X 20) = <§+7+? o\ e, ) 09

Thus, the expression for the shear stress in the adhesive can be obtained either
from (46) for the upper adherend at z, = —%, or from (47) for the lower adherend

at z, = %2, and is given by:

Ty, (X) = tlai"(x) = —126;/()6). (@29
Next, the function describing the peel stress in the adhesive can be obtained from
Eq. (49) for z, = —%‘ as follows:

1 r

03:(X) = 5 7" (x) + —6* (). (52)
Of course, the peel stress in the adhesive can also be determined from Eq. (50) for
the lower adherend at z, = ’22
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a0 At this stage, it remains to formulate a system of differential equations to deter-
a0 mine the basis functions, such as o7 (x) and afp(x) for the upper adherend, using
a1 the previously described energy equation (27). However, to accomplish this, it is
a2 necessary to express all components describing the elastic strain energy of the in-
sz dividual layers (V), V5, and V;) solely in terms of the functions o7 (x) and afp(x).
a1 To obtain Vy[o7(x), a*p(x)] and V;y[o7 (x), afp(x)], it is sufficient to reorganize the
a5 previously derived functions (53), (58), (61), and (63). However, to determine
as Vaoloj(x), o7 (x)], it is also necessary to apply additional equilibrium conditions
a7 (see Fig. 7), given as follows:

1,6,(x) + 1,05(x) = 5 (53)
418
I 4
a9 to determine the following functions:
t, 61z, 6tz, 12t1:z
0,,.(x,z,) = <_t_l - 13 - 12 2 4 13 : 2) o] (x) + ...
2 tz H tz
+ _1_3 O-ikp(x) + [2 ; ] + ... (55)
t2 bl‘2
+ )

3
bit}

420

t, 3 31, 1z, 37z 3tz 613z
Tsz(x’zz):<__l__l+ D2y - 2 2 )W)+

4 4, 21 b n t% n
2 12z
1 172 '
Hl—=—+—=)o 'O +.. 56
3P [(ky — Dty + (ky — Dty + 213 (1 — 422)
+ :
4blt}
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426
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428

429

431

432

433

434

2 tt, titx tz, 3z, 3tt.z
O“zx(x,zZ)=<Zl+¥—l—3+”+ L= 1872,

2t, r 5 3

? o t’z, 1z
1 172 172 w1
+ (24 + 5 o )olp (x).
The final forms of the expressions for V,,, V,,, and V5, are provided in the Digital
appendix due to their complexity (https://drive.pg.edu.pl/s/bUwBtzGuG3BqnDk).
Subsequently, by applying the principle of stationary potential energy and the

methods of variational calculus, a system of Euler-Lagrange differential equations
is derived:

nz: £z 1z 244,z
R 2 ) 6t (x) + ... (57)

-

ay + ayx + a;07(x) + a407 (x) + as0}" (x) + ago

(x) + agai"p'"’(x) =0,

x 1

Iy x)+..

+ w1

ag + a;px + a”a;k(x) + alzai‘p(x) + 013O'T/,(X) + a146fp"

(x) + aléofp’”’(x) =0,

(x) + ...

<!
+a, 50,

\

where, for the first and second equations, the coefficients a, to a,, are listed in the
appendix at the end of the paper (see 75 and 76).

In order to obtain an analytical solution to the system of differential equations (58),
itis necessary to apply the superposition of the homogeneous (o7, (x), ofph(x)) and
particular (o7 (x), afps(x)) solutions.

First, attention should be given to the particular solution, under the assumption
that:

o), (x)=Hyx+ H|, (59)
oy, (X) = Iox + 1,

and by solving a system of equations of the following form:

(60)

a,+a3H, +a,l, +(ay+a3;Hy+ a,1))x =0,
ag+a H +ap,l +(ay+a,Hy+a,l,)x =0,
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436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

first with respect to H, and I,

a,+a;Hy+a,l,=0,

(61)
ao,+a,Hy+a,I,=0,
where H, = 222-910% ap{ [, = 220% "and then with respect to H, and I;:
a11a4—0a1293 a12a3—0a1194
a,+a;H, +a,l, =0, 62)
ag+a, H +a,l, =0,
where H, = 492709 gnq J = Qon=ad
X a11a4—0a1203 aj2a3—d1144 X .
From this, the particular part of the solution is given by:
a,,a, — a,pa a,a;, —a,a
‘ 1292 — Aoty 1912 — 449
o) (x) = x+ , (63)
ay1a4 — A1243 ay1a4 — dp243
a,;a, — a,,a a,a;, —asa
119 — 41043 1411 — 434y
O'Tps( )= X+ .
1203 — 4114y 1243 — a4y

Second, the solution to the homogeneous system is sought under the following
assumption:

O';kh(X) — C] @}“IX + Cze—ﬂlx + C3@/12X + C4@—}»2x’ (64)
o1 (X) = Cse™* + Coe™ + Cre™* + Cge™ ™,
02—4(1 a a2 —4ai1a
a EIES _(as) Vs TS
by specifying the values of 4, = \—(ﬁ)+ = A = \ <a:5)+ =
1 V2 > M2 V2 ’
\ _(”_6)_ \/ 2-4agag \ _(M)+ a},—dayparg
Ay = a “ and 4, = 216 7 -° . The values of 4, at i=1,

2,3, 4 are deterzmined by solving the characteiistic equations, which are algebraic
equations obtained by substituting the exponential solution (64) into the differen-
tial equation (58). Next, the constants C, to Cy are determined using the boundary
conditions given in (42). The expressions for the constants C; to Cg, which result
from these assumptions, are provided in the Digital appendix due to their com-
plexity (https://drive.pg.edu.pl/s/bUwBtzGuG3BgnDk).
Ultimately, the functions 67 (x) and oj“p(x) take the form of the sum of Egs. (64)
and (63):

o/ (x) =0}, (x) + o/, (%), (65)

ai"p(x) = ai"ph(x) + ai“ps(x).
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Substituting the function from Eq. (65) into Egs. (51) and (52) yields the desired
shear and normal stress distribution functions at the interface between the adhesive
and the bottom plate.

At this point, it should be emphasized that the proposed solution is subject to the
limitations inherent to Euler-Bernoulli beam theory. In particular, transverse shear
deformations in the adherends are neglected and plane sections are assumed to re-
main plane, which restricts the model to relatively slender elements. It should also
be noted that the adhesive layer is assumed to be thin and linearly elastic and there-
fore, thickness-wise stress gradients, material nonlinearity, and damage effects are
not explicitly taken into account. The limitations on the adhesive thickness 7 aris-
ing from the assumptions of the proposed model can be formulated as follows:

G,

tE

<t3<nt and 1/l <<1, (66)

where @, is a dimensionless parameter related to the characteristic decay rate of
shear stresses in the overlap, governing the extent of the edge-effect zone (typically
a, = 0.05-0.1), 7, is a dimensionless upper-bound parameter defining the admis-
sible ratio between the adhesive thickness and the adherend thickness, consistent
with the thin-layer assumption (typically 7, = 0.02—-0.05), E is the Young’s mod-
ulus of the adherend material, 7 is the thickness of a single adherend, and / denotes
the joint overlap length. It should be emphasized that the parameters @, and 1, are
not material constants but model parameters defining the admissible asymptotic
range of the beam-layer idealization. The parameter a, controls the relative extent
of the edge-effect zone with respect to the overlap length and is assumed to be of
the order of a few percent, which ensures that the boundary layer remains localized
and mechanically distinguishable from the regular overlap region. The parameter
1, defines the maximum admissible ratio between the adhesive thickness and the
adherend thickness, preserving the thin-layer assumption and ensuring mechanical
consistency of the beam model, in which the global response is governed primarily
by bending of the adherends, while the adhesive layer provides compatible shear
transfer between them. The proposed ranges should therefore be interpreted as
engineering order-of-magnitude estimates rather than strict thresholds. Further-
more, the formulation eq. (66) also assumes slender adherends, meaning that the
adherend thickness 7 remains much smaller than the overlap length /. In engineer-
ing practice this typically corresponds to thickness-to-overlap ratios in the range
of about 0.01-0.1, while a more restrictive interpretation consistent with the Euler-
Bernoulli beam assumption is below approximately 0.05.
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The two-sided limitation on the adhesive layer thickness eq. (66) defines a phys-
ically justified “operating window” of the beam—layer model, within which two
conditions are simultaneously satisfied: an accurate description of the global joint
response and a non-degenerate distribution of shear stresses along the overlap.
The upper bound #; < 7, ensures that the adhesive behaves as a thin interlayer
relative to the adherend thickness. This preserves the mechanical consistency of
the beam idealization and guarantees that the global response remains governed
primarily by bending of the adherends, while the adhesive layer provides shear
transfer between them. The lower bound 7; > a}%l 2G,/(tE) ensures that the char-
acteristic load-transfer length remains sufficiently large for edge effects to be phys-
ically meaningful and for the shear stress distribution to avoid degeneration into
an almost uniform profile.

Within the specified range, the model remains mechanically consistent, preserves
the interpretability of its parameters, and enables the simultaneous capture of the
global joint response and physically meaningful edge effects.

Numerical examples corresponding to Solutions III are presented in the Figs. 16,
17, and 18 in section Numerical examples.

3. Theoretical validation

First, the proposed analytical solution for Case III was validated by comparing
it with the solutions of Goland & Reissner [3] and Hart-Smith [9]. The simplified
solution developed by Goland & Reissner was adapted to the coordinate system
adopted in this paper, in which the longitudinal coordinate is measured from the
edge of the joint rather than from its center. It should be emphasized that the origi-
nal Goland & Reissner solution assumes symmetry with respect to the center of the
joint, which is why the corresponding formulations and illustrations are typically
presented only for the region extending from the edge to the center. The Goland
& Reissner solution, rewritten in the adopted coordinate system, is summarized
in Egs. (67-69). The following relations describe the relevant normal and shear
stress components in a single-lap adhesive joint according to the Goland & Reiss-
ner model. The term o, z(x) denotes the normal stresses developing in the upper
adherend as a result of the applied tensile load. The quantity o5 z(x) corresponds
to the peel stresses acting in the adhesive layer, i1.e., normal tensile stresses perpen-
dicular to the bond line. In turn, 7, z(x) denotes the shear stresses in the adhesive,
transferred parallel to the bonded interface. The expressions in Egs. (67-69) are
represented as infinite series over the integer index n, where n = 1,2,3,.... The
index n corresponds to successive modes of the analytical solution arising from
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the eigenvalue problem associated with the Goland & Reissner formulation. Each
term contributes a modal component to the stress field, characterized by an expo-
nential spatial variation and a weighting factor determined by the corresponding
eigenvalue @,. The complete stress field is obtained as a superposition of these
modal contributions. In practical computations, the infinite series is approximated
by truncating it to a finite number of terms N. The truncation parameter N is se-
lected using a tail - convergence test applied to partial sums evaluated on a spatial
grid that is densified near the boundaries of the interval. For each candidate value
of N, the series is computed using N, 2N, and optionally 4 N terms. The tail error
is estimated as the maximum absolute difference between successive partial sums
over the grid, i.e. max(lSZN(x) - Sy, |S,n(x) — SZN(x)l). The parameter N
is doubled iteratively until this error falls below a prescribed tolerance, or until a
prescribed upper limit N, is reached. Different spatial ranges are used depend-
ing on the symmetry properties of the solution. Details of the procedure can be
found in the Digital appendix (https://drive.pg.edu.pl/s/bUwBtzGuG3BqnDk).

o16e(x) = 5 + i cf %e"’"(x_’)[an (1= x)+11} cos <a%> 67)

X — é’ — é) } sin(a, t,), (68)

X — é‘ - é) + 1] } cos(a, t;), (69)

where
4p ( 12k
_p{ GR[ (—) — cos(mr)] Bkgr + 1)sm< ﬂ) },
nrw nrw

and

P 1 ) V nr
p_b_’l’ Ko = 1+2\/5tanh(uﬂ>’ fon = YW K A
42

The solutions proposed by Hart-Smith are shown in Egs. (70, 71). In contrast to
the Goland & Reissner formulation, where the stress components are expressed
as functions of the coordinate x, the Hart-Smith model provides closed-form ex-
pressions for the extreme stresses in the adhesive layer. The term 777 denotes the
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maximum shear stress that may develop in the adhesive joint, while 67377 corre-

sponds to the maximum peel stress acting perpendicular to the bond line. These
quantities define the critical stress levels that govern the onset of adhesive failure
and are therefore of particular importance in the strength assessment and design
of bonded joints.

A2 3k o(1=7°) t 1
e i 2 )
B3Hs Tav{ 4/1§ kb 1, tanh(Mp) ( )
. E3kHSPt1< 13
max _ 1+_>’ 71
63HS 4I3D1)(2 tl ( )
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& \/4 [ k,

12(1 =)
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T 43
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4. FEM validation

Secondly, FE models were developed to validate the proposed analytical so-
lutions. The simulations were carried out using the Abaqus software. The model
represents a three-dimensional single-lap adhesive joint, and its static scheme is
shown in Fig. 10. To reduce computational cost, only half of the joint was mod-
eled by introducing a symmetry plane along its longitudinal mid-plane. The model
was discretized using C3D8R elements, i.e., eight-node linear brick elements with
reduced integration and hourglass control. A graded mesh density was applied
to accurately capture stress gradients within the adhesive layer and in the adja-
cent adherend regions. In the adhesive layer (r; = 0.05 mm), the element di-
mensions were approximately 0.0125/0.025/0.1 mm; in the adherend region ad-
jacent to the adhesive, 0.025/0.025/0.1 mm; and in the outer adherend regions,
0.2/0.2/0.1 mm. The total number of elements for overlap lengths of 12.5 mm,
25.0 mm, and 37.5 mm was approximately 3.36 x 10°, 6.36 x 10°, and 9.90 x 10°,
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Figure 10: FEM model of the single-lap joint: a) geometry, b) static scheme, c¢) boundary condi-
tions, and d) FEM mesh
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Figure 11: Shear and peel stress distributions in the adhesive mid-layer (MA) and the top layer
at the adherend interface (TA) near the overlap edge for the FEML model with different mesh
densities for / = 25 mm, highlighting mesh-dependent edge effects associated with the singular
stress field: a) shear, b) peel (M4 — 4 elements, M2 — 2 elements, M1 — 1 element through the
adhesive thickness)
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respectively. Such a high mesh density was necessary to obtain accurate stress dis-
tributions in the critical regions of the joint. The boundary conditions were defined
by kinematically coupling the end surfaces of both adherends to reference points,
at which pinned supports were applied. The load was introduced as a concentrated
tensile force acting along the longitudinal axis of the joint at the reference point
of the left adherend. Two main types of FEM models were developed: linear and
nonlinear. In the linear models, both adherends and the adhesive were assumed to
be linearly elastic and isotropic. These models differed in the representation of the
adhesive edges: the basic model neglected adhesive spew fillets (FEML), whereas
the improved model explicitly included them (FEMLS). The nonlinear models in-
corporated material nonlinearity (FEMMNS), geometric nonlinearity (FEMGNS),
and their combined effect (FEMGMNS), with material properties determined from
the authors’ experimental studies [49, 38]. Models including adhesive fillets were
analyzed only for a single overlap length, / = 25 mm. A key issue in the FE analy-
sis arises from the significant mismatch in elastic properties between the aluminum
adherends and the adhesive layer, with the Young’s modulus ratio E, ,/E; ~ 39.
This leads to the classical bi-material singularity at the interface edge, where the
stress field follows a power-law form ¢ ~ r*»~!. For the considered material pa-
rameters (v; = v, = 0.37, v; = 0.33), the Dundurs parameters are a ~ 0.94 and
p = 0.30 (plane stress) or 0.19 (plane strain), corresponding to 4, = 0.64 and
Ap ~ 0.62, respectively. Consequently, the stress behaves as ¢ ~ r~%37, which
implies a strong, non-integrable singularity at the interface corner. This singular-
ity is further intensified by the presence of right-angle corners between dissimilar
materials. As aresult, the stress field in the immediate vicinity of the overlap edge
is governed by the singular solution and does not represent physically meaning-
ful structural stresses. In practice, this manifests as a lack of convergence of peak
stresses under mesh refinement, which is a characteristic feature of a mathematical
singularity rather than a numerical error. Therefore, further mesh refinement at the
overlap edges does not improve solution accuracy. Due to the singularity near the
overlap edge, both the stress magnitude and the exact location of extreme values
are inherently ambiguous and method-dependent [32, 50]. To obtain physically
meaningful results, stresses were evaluated at a finite distance from the overlap
edge rather than directly at the interface. In the present study, a reference distance
in the form /, ~ W was adopted, reflecting the geometric scaling. For the con-
sidered joint parameters, this yields /, ~ 0.765 mm (approximately 15 #5). It should
be noted that the value of /, also depends on the material mismatch between the
adherends and the adhesive, which, together with geometric discontinuities, deter-
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mines the extent of the bi-material singularity and the associated exclusion zone.
Although the region of pronounced stress gradients observed in the FEM results
may vary, it is generally confined to a finite distance from the edge - on the order of
approximately 1% for shear stresses and decreasing to about 0.5% for peel stresses
relative to the joint length (for / = 25 mm, i.e., approximately 0.7 mm for shear and
0.1 mm for peel, Fig. 11) - the influence of the singular stress field can be conser-
vatively described by the proposed parameter /,. Accordingly, a more conservative
reference distance was adopted to ensure that the evaluated stresses are governed
primarily by global load transfer rather than by local edge effects. The introduction
of a finite evaluation distance is a standard approach in the presence of interface
singularities and allows for a physically meaningful comparison between analyti-
cal and numerical results. To assess the influence of geometric modifications, an
improved model including adhesive fillets (FEMLS) was also analyzed. Although
rounding the adhesive edges modifies the local geometry and may reduce the ge-
ometric singularity, its effect on the overall stress distribution remains limited. In
the case of the thin adhesive layer considered here, the stress field is governed pri-
marily by the stiffness mismatch between the adherends and the adhesive, while
the local edge geometry plays a secondary, albeit non-negligible, role. It should
also be noted that introducing geometric features such as fillets or chamfers ef-
fectively alters the boundary conditions and corresponds to a different structural
configuration, in which the sharp bi-material corner is replaced by a finite-radius
transition. Although such modifications may reduce local stress concentrations,
their overall effect on the stress distribution remains limited and does not elimi-
nate the singularity problem, particularly for thin adhesive layers. For this reason,
the adopted methodology, based on the FEML model and the evaluation of stresses
at a finite distance from the edge (~ /,), is well justified. Finally, nonlinear models
(FEMGNS, FEMMNS, FEMGMNS) were employed to provide additional valida-
tion of the analytical solution (Solution III) in the nonlinear operating range of the
joint, particularly in the vicinity of the lap edge. While the inclusion of material
and geometric nonlinearities leads to a partial mitigation of singularity effects, it
does not eliminate them, even at the center of the adhesive layer (see Fig. 19). The
results of FEM analyses are presented in the Numerical Examples section.

5. Experimental validation

Thirdly, parallel experimental studies (Figs. 12, 13) were conducted to verify,
as far as possible, the accuracy of the proposed analytical solution (Solution III). It
should be emphasised that full experimental validation of the joint is not feasible
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or would be extremely difficult to implement. Therefore, the experimental com-
parisons should be regarded as supplementary yet highly important evidence. The
experimental programme constitutes a continuation of the authors’ earlier studies
[49, 38].

Single-lap joints were fabricated from aluminium alloy (6060-T6) adherends bonded
with DP490 epoxy adhesive. Prior to bonding, the adherend surfaces were me-
chanically prepared using low-grit abrasive paper in order to increase surface rough-
ness and promote mechanical interlocking. Subsequently, the surfaces were de-
greased to remove contaminants and ensure proper adhesion. The thickness of the
adhesive layer was controlled in an indirect but repeatable manner through the ap-
plication of a constant clamping force using a dedicated mechanical fixture. As a
result of the constant pressure and fixed bonded area, the adhesive thickness sta-
bilised within a narrow range, varying approximately between #; = 0.04 mm and
0.06 mm, with a nominal value of 0.05 mm assumed in the analytical and numeri-
cal models. This approach reflects typical engineering practice, where strict local
control of adhesive thickness is difficult, and the resulting thickness should be in-
terpreted as an effective parameter governing the global stiffness of the joint. As
part of the experiment, the strain state in the loading direction was measured at
selected external points: at the beginning of the overlap (x = 0, point 1) and at
mid-length (x = //2, point 2), on both sides of the joint. A total of nine speci-
mens were tested, corresponding to three overlap lengths: / = 12.5 mm, 25.0 mm,
and 37.5 mm. The tests were carried out using a Zwick Z100 universal testing
machine under displacement control at a constant rate of 1 mm/min. The applied
force was measured using a 5 kN load cell. Strains were recorded using electrical
resistance strain gauges (HBM 1-LY43-0.6/120) connected to an HBM amplifier
(1-MX840B). A strain gauge with a base length of 0.6 mm was selected as a prag-
matic compromise between spatial resolution and measurement reliability (13a).
On the one hand, a short gauge length is required to capture steep strain gradients,
particularly near the overlap edge. On the other hand, excessively small gauges in-
crease sensitivity to positioning errors and measurement noise. The adopted gauge
length therefore represents a balanced engineering choice enabling consistent and
repeatable measurements. It should be noted that the strain field near the overlap
edge is highly non-uniform, with stress values decreasing rapidly over a short dis-
tance (on the order of a few millimetres). In addition, precise identification of the
exact edge location introduces further uncertainty. Consequently, the measured
values in this region should be interpreted as spatially averaged quantities rather
than exact local extrema. This observation is consistent with the adopted ana-
lytical framework, in which stresses are interpreted as effective structural quanti-

34



676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

ties, particularly in regions influenced by edge effects. This approach is consistent
with the objective of the present study, which is not to resolve local singular stress
fields at the overlap edge, but rather to provide a physically meaningful and struc-
turally representative description of the global load transfer in the joint. In addi-
tion to the local strain measurements obtained using strain gauges, the global strain
of the joints was evaluated independently using a clamp-on extensometer with a
gauge length of L, = 50 mm. Due to geometric limitations and the placement
of strain gauges, it was not possible to perform extensometer measurements on
the same specimens. Therefore, the extensometer measurements were conducted
on an additional set of nine samples of three specimens per each length of overlap
with identical geometric and material parameters as the strain-gauge-instrumented
joints. The extensometer provided an averaged strain response representative of
the overall deformation of the joint, serving as a reference for the global structural
behavior. Although the local and global measurements were not obtained from the
same specimens, the adopted approach ensured consistency at the level of nominal
response by maintaining identical testing conditions and specimen configurations.
This enables a meaningful qualitative comparison between local strain measure-
ments and the global deformation characteristics of the joint. Such supplementary
global measurements are particularly important for bonded joints, where strong
strain gradients occur, and local measurements alone may not fully capture the
overall structural response.

Figure 13b shows an example specimen positioned in the grips of a universal test-
ing machine. Additionally, transverse strains were observed at x=/ (point 3). How-
ever, since this direction is not analyzed in the present study, these results are not
included in the paper. The measurement results, obtained after converting the av-
erage strain values into stresses, are presented in Fig. 16 for points x=0 (point 1)
and x=[/2 (point 2), for three different joint lengths: 12.5, 25.0, and 37.5 mm.

It should be emphasized that the experimental validation presented in this study
is subject to inherent limitations associated with the use of strain gauges for strain
and stress estimation. Strain gauges provide localized, spatially averaged measure-
ments and are therefore not well suited for capturing the highly non-uniform strain
fields that develop in adhesively bonded joints, particularly near the overlap edges
where steep gradients and stress singularities occur. Consequently, the experimen-
tal results should be interpreted primarily as qualitative support for the analytical
trends rather than as a full-field quantitative validation.

It is acknowledged that full-field optical measurement techniques based on Digi-
tal Image Correlation [51] can, in principle, provide more detailed information on
strain distributions in bonded joints. However, due to the very small characteris-
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tic dimensions of the investigated region - especially the adhesive layer thickness
(0.05 mm) and the narrow zones of stress concentration - the application of conven-
tional DIC is insufficient. A reliable experimental characterization would require
the use of micro-scale Digital Image Correlation (micro-DIC), which allows strain
measurements over very small fields of view with high spatial resolution.

Furthermore, the main FEML model used in the analysis was experimentally val-
idated by comparing the predicted and measured load-elongation responses of
single-lap joints over the loading range from O to 1 kN, as shown in Fig. 14. In
accordance with standard validation procedures for bonded joints, the global load-
elongation response was first examined in order to assess the consistency between
the experimental measurements and the numerical model. The elongation was
measured over a fixed gauge length of L, = 50 mm, while the numerical results
were obtained from the FEML model. The validation was carried out for three
overlap lengths, namely / = 12.5, 25, and 37.5 mm. The Pearson correlation coef-
ficients calculated between the experimental and numerical load-elongation (P—A)
curves over the full loading range are equal to 0.9990 for / = 12.5 mm, 0.9977 for
I =25 mm, and 0.9995 for / = 37.5 mm. These coefficients quantify the similarity
in the shape of the global load-elongation response and should not be interpreted
as a measure of agreement in local stress or strain fields. Thus, the high correla-
tion values indicate that the FEML model correctly reproduces the overall trend of
the structural response. However, they do not imply strict quantitative agreement
in terms of the absolute elongation values. Indeed, visible differences can be ob-
served between the experimental and FEM-predicted load-elongation curves, par-
ticularly at higher load levels, where the discrepancies in absolute elongation be-
come more pronounced. For this reason, within the scope of the present study, the
agreement between the experimental and numerical results should be interpreted
as qualitative rather than strictly quantitative. These differences can be attributed
to several factors, including (i) idealized boundary conditions in the FEM model,
(i) the simplified linear-elastic and averaged representation of the adhesive layer,
and (iii) the neglect of local compliance effects and experimental uncertainties.
In particular, the boundary conditions play a significant role. In the experiments,
the specimen ends were effectively clamped in the testing grips, which introduced
partial rotational restraint. In contrast, the FEM model employed idealized pinned
supports. As a result, the experimental configuration exhibited higher effective
stiffness, since clamping reduced the bending-induced deformations characteristic
of single-lap joints, whereas the FEM model predicted a more compliant response.
Additional differences may also arise from the inability of the FEML model to cap-
ture the nonlinear behavior and geometric imperfections of the adhesive.
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Following the verification of the global load-elongation response, the validation
was further extended to strain-gauge measurements, which provide additional in-
sight into the local deformation behavior and confirm the consistency of the pre-
dicted trends along the overlap. Specifically, the experimentally measured strains
were compared with the corresponding numerical predictions at selected locations,
namely at the beginning (x = 0) and at the mid-length (x = //2) of the overlap,
for the three joint lengths considered. The results are presented in Fig. 15. A
clear difference in the level of agreement between the FEML model and the ex-
perimental results is observed depending on the location within the overlap. At
the overlap edge (x = 0), a significant scatter of the experimental data is present,
with the measured strains ranging from compressive to slightly tensile values for
I = 12.5 mm and approaching near-zero values for longer overlaps. In this region,
the FEML model consistently predicts more compressive strains than the exper-
imental average and lies close to the lower bound of the experimental range. In
contrast, at the mid-length of the overlap (x = //2), the agreement is very good,
with minimal experimental scatter and FEML predictions closely matching the
experimental values. This confirms that the model accurately captures the global
load-transfer behavior in the central region of the joint. The pronounced scatter
observed at the overlap edge should be attributed primarily to the presence of a
singularity, which leads to strong localization of the stress and strain fields. In this
region, both experimental measurements and numerical predictions are highly sen-
sitive to the exact position and local geometry, which naturally results in significant
variability. Therefore, the observed discrepancies at x = 0 do not indicate a defi-
ciency of the FEML model, but rather reflect the inherent limitations in defining
representative strain values at the joint edge. In contrast, the excellent agreement
observed at the mid-length confirms that the model accurately captures the global
load-transfer mechanisms governing the joint behavior.

6. Numerical examples

The numerical examples consider a single-lap joint (see Figs. 2 and 10) com-
posed of two 6060-T6 aluminum-alloy adherends with a constant width (b=25 mm),
bonded with a 3M™ Scotch-Weld™ DP490 epoxy adhesive. The 6060-T6 alu-
minum alloy has a modulus of elasticity of 66,867 MPa and a Poisson’s ratio
of 0.33 [38], while the DP490 adhesive is characterized by E;=1715 MPa and
v3=0.37 [49]. The joint was subjected to a tensile load of 1 kN. The only variable
parameter in the numerical examples is the overlap length / (/=1/2b=12.5 mm,
[=b=25.0 mm, /=3/2b=37.5 mm), while the adherend thicknesses (t,=t,=1.9 mm),
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Figure 12: General view of the experimental test setup used for tensile testing with integrated
strain-gauge data acquisition

the adhesive-layer thickness (#;=0.05 mm), and the adherend extension lengths
(/,=1,=50 mm) were kept constant. In the numerically analyzed cases, for [=12.5,
25.0, and 37.5 mm, the parameter 7 (see Eq. (66)), taking into account the remain-
ing geometric and material variables, was equal to 7.7, 15.5, and 23.2, respectively.
In all analyzed cases, #>1, which means that the conditions for the applicability
of the proposed solution are satisfied.

Additionally, in order to quantitatively verify the assumption that the bonded struc-
ture behaves as a monolithic beam, a numerical analysis of interlayer slip was per-
formed using the FEM. The objective of this analysis was to evaluate the degree
of composite action between the load-carrying layers within the bonded overlap
region.

The relative longitudinal slip between the layers was defined as

$(x) = u; (x) — uy(x), (72)

where u,(x) and u,(x) denote the longitudinal displacements of points located at
the interfaces between each load-carrying layer and the adhesive layer. For each
configuration, the maximum absolute value of slip along the overlap length / was
determined as

s = max |s(x)|. (73)

max-— - xel0,]
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Figure 13: View of the test: a) diagram of the specimen with strain-gauge attachment points, b)
specimen positioned in the grips of a universal testing machine
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Figure 14: Experimental validation of the FEML model based on the load—elongation response of
single-lap joints for overlap lengths a) / = 12.5 mm, b) 25 mm, and ¢) 37.5 mm, measured using
a mechanical extensometer over a gauge length of Ly = 50 mm, showing a comparison between
experimental results and numerical predictions with corresponding correlation coefficients
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Figure 15: Comparison of experimentally measured and numerically predicted strains at selected
locations within the overlap, namely a) at the beginning (x = 0) and b) at the mid-length (x = [/2),
for overlap lengths / = 12.5, 25, and 37.5 mm

To obtain a dimensionless measure of the significance of interlayer slip, the fol-
lowing relative slip index was introduced

s
o, = r?ax - 100%. (74)
The parameter 6, expresses the maximum interlayer slip relative to the joint length
and therefore provides a direct measure of the degree of composite action. Values
of 6, close to 0% correspond to nearly full composite behavior (i.e., deformation
close to that of a monolithic beam), whereas increasing §, indicates progressive in-
terlayer decoupling and departure from the assumption of common cross-sectional
action. For practical interpretation, the following ranges of 6, may be adopted.
When 6, < 0.1%, the connection can be regarded as providing almost full com-
posite action (Effectively monolithic). Slip is negligible in this range, and the
structural response is very well represented by the solid (monolithic) beam model.
For 0.1% < 6, < 1%, a small but non-zero slip occurs (Partially composite). Nev-
ertheless, the interaction between layers remains high, and the assumption of fully
composite behavior is still justified as a reasonable engineering simplification. In
the range 1% < 6, < 5%, interlayer slip becomes noticeable. The solid beam
model may still be applied, but it should be treated as an approximation, since
partial interaction effects begin to influence the global structural response more
significantly. When 6, > 5%, the connection is considered weak and composite
action is substantially reduced (Slip-dominated). In this case, analytical or nu-
merical models that explicitly account for interlayer slip (e.g., shear-lag or partial
interaction models) are required to accurately describe the mechanical behavior of
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the system.

The analysis was carried out for three overlap lengths /=12.5, 25.0, and 37.5 mm
(see Tab. 1). For each case, the FEM model provided the longitudinal displace-
ment fields in both load-carrying layers, from which the slip distribution s(x) and
the maximum value s, were obtained.

The obtained values of the relative slip index 6, remain low for all analyzed overlap
lengths (see Tab. 1). This indicates that the longitudinal displacement differences
between the load-carrying layers are small compared to the characteristic length
of the joint. Consequently, the layers deform in a highly coordinated manner, and
the bonded structure exhibits behavior close to that of a monolithic beam.

At this point, it is also useful to clarify the interpretation of 4, in relation to #.
For large #n, shear transfer through the adhesive layer is efficient, interfacial slip is
strongly restrained, and §, remains small. In contrast, for low #, slip develops more
extensively along the overlap, resulting in higher &, values and a reduced degree
of composite action.

Furthermore, according to the criteria derived from equation (66), the constraints
required to ensure a physically consistent representation of edge effects and ad-
hesive thickness are generally satisfied for the geometric parameters adopted in
the numerical example. In particular, the admissible range of the adhesive thick-
ness 15, resulting from the inequality given in (66), is fulfilled for all considered
overlap lengths. For a constant adherend thickness # = 1.9 mm, this range can be
expressed as follows: for / = 12.5 mm (¢// = 0.152), 0.004 mm < #; < 0.05 mm;
for | = 25 mm (¢/I = 0.076), 0.015 mm < ¢, < 0.05 mm; and for / = 37.5 mm
(t/l = 0.051), 0.033 mm < #; < 0.05 mm. However, it should be emphasized
that the slenderness condition (t// < 1), which constitutes an additional require-
ment of the model, is not satisfied for the shortest overlap length (/ = 12.5 mm,
t/l = 0.152). Finally, the value adopted in the analysis, #; = 0.05 mm, lies within
the admissible range for all cases, although it is close to its upper bound. There-
fore, the results should be interpreted with this limitation in mind.

All results of the numerical examples were compiled in Wolfram Mathematica,
and a complete sample notebook (for /=b=25.0 mm) is included in the Digital ap-
pendix (https://drive.pg.edu.pl/s/lbUwBtzGuG3BqnDk). The results of the numer-
ical analysis are presented in Figs. 16—18, which show the distributions of normal,
shear, and peel stresses in single-lap adhesively bonded joints with various over-
lap lengths: [=1/2b=12.5 mm, [=b=25.0 mm, and /=3/2b=37.5 mm. The results
include a comparison of several analytical formulations — including the proposed
solutions (Solutions I-III) and the classical theoretical models of Goland & Reiss-
ner and Hart-Smith - with FEM simulations and experimental data. It should be
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Table 1: Maximum interlayer slip and relative slip index for different overlap lengths

Interpretation
of composite action
12.5 0.0020  0.016 Effectively monolithic
25.0 0.0018 0.007 Eftectively monolithic
37.5 0.0016 0.004 Effectively monolithic

[ [mm] s, [mm] &, [%]

max

noted that the original solution by Goland & Reissner was developed under the as-
sumption of symmetric adhesive behavior with respect to the center of the overlap
and using a coordinate system centered on the joint. However, in the equations
presented in this paper (see (68), (69)) the coordinate system has been shifted to
the beginning of the overlap region. Additionally, it should be noted that in the
linear elastic beam model with displacement continuity adopted in this work, the
adhesive layer corresponds, in the sense of the Goland & Reissner classification, to
a relatively inflexible adhesive, for which the shear stress naturally vanishes at the
overlap edges as a consequence of the assumed kinematics and equilibrium condi-
tions. The three proposed analytical variants (Solutions I-III) differ in the physical
effects they incorporate. Solution I neglects both bending and shear deformations
in the adhesive layer, Solution II accounts for shear effects but omits bending,
whereas Solution III includes both bending and shear deformations. Furthermore,
as previously emphasized, Solution III represents the most general formulation,
relying on only two primary assumptions: an elastic response of the joint and a
thin adhesive layer.

Figure 16 shows the distribution of normal stresses along the joint for different
overlap lengths. The results compare several analytical formulations and numeri-
cal data: Solution I (no bending/no shear deformations in the adhesive), Solution II
(shear deformations included, bending neglected), Solution III (both bending and
shear deformations included - shown at the top, middle, and bottom planes of the
adhesive layer), the classical Goland & Reissner model, FEM predictions (with
bending and shear deformations in the adhesive), and experimental measurements.
For Solution III and the FEM model, the stress distributions are presented at three
planes within the adhesive: the top, middle, and bottom. In contrast, Solutions I
and II, as well as the Goland & Reissner formulation, describe the stresses only
in the mid-plane of the upper adherend, which systematically underestimates the
true stress levels, particularly near the joint entrance. It should also be noted that
the Goland & Reissner solution describes only the average values of the normal
stresses and their trends within the overlap, rather than their exact distribution.
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Additionally, the experimental stresses in the direction of loading are shown for
the upper adherend surface at the joint edge (x=0) and at the joint center (x=[/2).
All approaches exhibit very similar global trends, with relatively small differences
primarily associated with the overlap length (/=12.5, 25.0, and 37.5 mm). The
largest discrepancies occur near the joint entrance (x=0, see Fig. 2). At the up-
per surface of the adherend, the normal stresses at x=0 are compressive and de-
crease from -31.3 MPa to -18 MPa (approximately 40%) as the overlap increases
from 12.5 mm to 37.5 mm. The experimental results in this region agree with the
predictions. Nevertheless, the discrepancies between Solution III or the FEM re-
sults and the experimental values arise from the sensitivity of the measurements
to the exact positioning of the strain gauges. As noted earlier, the stresses de-
crease rapidly near the contact boundary — from the peak to almost zero within
approximately 2 mm — and even with strain gauges of very small gauge length
(0.6 mm), capturing the absolute peak values is practically impossible. Therefore,
the experimental results shown in Fig. 16 represent average values at x = 0, rather
than the true extremes. Furthermore, the slight overprediction of peak stresses
by Solution III, relative to the FEM distributions, reflects the smoothing effects
of numerical discretization. In contrast, the bottom fibres of the adherend experi-
ence tension, with stresses decreasing from 73.5 MPa to 60.3 MPa (approximately
20%) as the overlap length increases. The clear asymmetry between compressive
stress at the upper fibres and tensile stress at the lower fibres results from bending
in the adherends caused by the eccentricity of the load path, a feature captured
only by Solution III and the FEM model. At the mid-plane of the adherend at
x=0, no significant differences (less than 4%) are observed either between the an-
alytical/numerical solutions (Solutions I-III, FEM) or with variations in overlap
length. In this case, only the Goland & Reissner solution differs from the other so-
lutions due to its inherent assumptions. The normal stresses at the midpoint of the
joint at x=[/2 are always tensile and, regardless of overlap length (12.5, 25.0, or
37.5 mm), stabilize at approximately 10 MPa, i.e., about half of the average stress
evaluated over the cross-section at x=0 (21.1 MPa). These mid-length values are
further confirmed experimentally, and the agreement between experimental mea-
surements and Solution III predictions is excellent. From a physical standpoint,
the stresses within the bonded region reach stable, nearly uniform values once the
load has been fully transferred between adherends. Interestingly, this stabilization
distance is approximately 3.5 mm from the joint entrance, independent of over-
lap length, and thus may be interpreted as the characteristic load-transfer zone.
Given the excellent agreement between Solution III and FEM predictions — both
locally and globally — the proposed analytical formulation (Solution III) provides a
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reliable and computationally efficient method suitable for preliminary design and
assessment of bonded joints.

Figure 17 shows the shear stress distributions in the adhesive layer along the joint
for different overlap lengths, as predicted by Solutions I, II, and III, and by the
classical models of Goland & Reissner and Hart-Smith. The results are also com-
pared with the FEM predictions. In general, the numerical results indicate that
when bending in the joint is taken into account, unlike in approaches neglecting
bending (Solutions I and II), increasing the overlap length reduces the extreme
shear stresses in the adhesive and results in a more uniform stress distribution in
the central region of the joint. Pronounced stress peaks remain at both ends of the
joint, although their magnitudes decrease slightly as the overlap length increases,
which is clearly visible in the FEM, Goland & Reissner and Solution III results.
Solution III provides shear stress distributions that are rather consistent with FEM
results and with the maximum values predicted by Hart-Smith’s formulas. In con-
trast, the Goland & Reissner model, because of its linear formulation and neglect
of adhesive thickness, significantly overestimates the peak stress values. For over-
lap lengths of 12.5, 25.0, and 37.5 mm, the FEM peak stresses are approximately
-7.4 MPa, -6.8 MPa, and -6.4 MPa, respectively. The corresponding predictions
by Goland & Reissner are approximately -23.6 MPa, -21.5 MPa, and -20.0 MPa,
which represent an overestimation of approximately 70% relative to the FEM re-
sults. Solution III predicts approximately -7.9 MPa, -7.1 MPa, and -6.4 MPa, cor-
responding to an underestimation of about 1 percent relative to the FEM results.
The Hart-Smith formulation predicts approximately -8.5 MPa, -8.2 MPa, and -
8.1 MPa, corresponding to an underestimation of about 18 percent relative to the
FEM results. This model is included in Fig. 17 in the form of the maximum shear
stress 1';“13’;, shown as a horizontal dashed line, and not as a shear stress distribution
along the overlap length.

It should be emphasized that the shear stress maxima in the classical analytical
solution of Goland & Reissner occur directly at the overlap edge, while in linear-
elastic FEM analyses they appear almost directly at the edge. This behavior results
from models idealizations, in particular the assumption of a perfectly sharp edge
and linear elastic material behavior, and in the case of the Goland & Reissner so-
lution additionally from the limiting assumption #; — 0. In real adhesive joints
such pointwise maxima do not occur because the stresses are distributed over a
finite region near the edge. Therefore, the physically meaningful maximum stress
should not be interpreted as the value at a single point, but rather as a maximum
occurring within a small zone in the vicinity of the overlap edge.

In the proposed analytical solution (Solution III), the maximum shear stresses con-
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sistently occur at a finite distance from the edge, equal to approximately 1 mm for
the analyzed numerical cases. This distance is close to one half of the adherend
thickness (about 1.9 mm) and remains independent of the overlap length. In the
model it increases with the adherend thickness and approximately corresponds
to one half of that thickness. This indicates that the shear stress distribution in
the edge region is governed primarily by the bending stiffness of the adherends
rather than by the very small but finite adhesive thickness (in the analyzed cases
1,=0.05 mm). As aresult, the proposed solution (Solution III) provides physically
realistic stress values representative of the actual edge region instead of the non-
physical pointwise extrema occurring exactly at the edge in the classical Goland
& Reissner formulation.

The proposed analytical model is formulated in terms of stresses averaged through
the adhesive thickness and therefore represents a structural rather than local de-
scription of load transfer in the joint. Consequently, it does not reproduce the
classical boundary-layer type stress singularity predicted by the Goland & Reiss-
ner solution or obtained in linear-elastic FEM models with an ideal sharp edge.
Instead, the bending stiffness of the adherends introduces a characteristic transfer
length of the order of the adherend thickness, which explains the finite position of
the stress maximum and its weak dependence on the adhesive thickness.

This behavior should be understood as an intrinsic limitation of the adopted kine-
matic assumptions: the model captures effective stresses responsible for global
force transfer but does not resolve local peak stresses associated with geometric
or material singularities at the very edge of the overlap. Therefore, the solution
is suitable for predicting overall load distribution and energetically relevant stress
levels in the joint, but it should not be used for direct evaluation of crack initiation
exactly at the edge or for phenomena governed by microscopic stress concentra-
tions.

Figure 18 presents peel stress distributions in the adhesive layer for three overlap
lengths, comparing Solution III with the classical models of Goland & Reissner
and Hart-Smith, as well as FEM predictions. Solution III produces a slightly asym-
metric distribution of peel stresses, which stems from the eccentric load transfer
characteristic of single-lap joints. The induced bending leads to different local
rotations of the adherends, so the peel stresses evaluated at the lower adhesive
surface (at z, = —t,/2, see Egs. 49 and 52, where the adhesive thickness , is ex-
plicitly included in subsequent derivation steps) are not perfectly symmetric, de-
spite geometric and material symmetry. A similar asymmetry appears in the FEM
model and symmetry is preserved only in the mid-plane of the adhesive, whereas
local bending effects near the interfaces break it. The influence of joint length is
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also evident. In Solution III, peak peel stresses decrease by approximately 12.5%
with increasing overlap length. For the Hart-Smith model, this reduction is nearly
50%, for the Goland & Reissner formulation, it is nearly 28%, and for FEM, it
is about 10%. Overall, Solution III - which accounts for both bending and shear
deformations in the adhesive layer - matches FEM trends well and reproduces the
qualitative behavior observed in the Hart-Smith model. It is worth emphasizing
that, also in the case of peel stress analysis, Solution III provides the most realis-
tic qualitative trends among all analysed approaches. Its ability to reproduce both
the magnitude and spatial variability of peel stresses at different overlap lengths
confirms its robustness and reliability. The inclusion of bending and shear defor-
mations in the adhesive layer - while maintaining a fully closed-form formulation
- makes Solution III a powerful analytical tool for the engineering assessment of
bonded joints, enabling accurate predictions without the computational costs as-
sociated with FEM analysis.

Next, Fig. 19 presents the distributions of shear and peel stresses in the adhesive
layer near the left overlap edge for / = 25 mm, highlighting the differences between
analytical predictions and various FEM models in the region affected by edge sin-
gularities. In the case of shear stresses (Fig. 19a), significant discrepancies are
observed in the immediate vicinity of the overlap edge, where both analytical and
numerical solutions are strongly influenced by the singular stress field. The FEM
results exhibit pronounced scatter and model-dependent variability in this region,
confirming the lack of convergence associated with the singularity. Beyond the
proposed exclusion zone (~ [,), however, the results obtained from different FEM
models converge and show very good agreement with Solution III, which closely
follows the reference values provided by the Hart-Smith model. It should be em-
phasized that the differences observed near the overlap edge arise from the fact
that Solution IIT provides effective structural stresses, whereas the FEM results
in this region reflect local singular stresses, which are not equivalent quantities.
In contrast, the Goland & Reissner solution noticeably deviates, overestimating
stress gradients and failing to capture the observed distribution. A similar trend
is observed for peel stresses (Fig. 19b), although the region affected by strong
gradients is more localized. The FEM results again reveal significant variability
near the edge, while outside the exclusion zone a consistent and smooth stress
distribution is obtained. Solution III provides an accurate representation of this
behavior, capturing both the magnitude and the decay of peel stresses with high
fidelity. The agreement between Solution III and FEM is particularly strong in the
region governed by global load transfer, whereas discrepancies near the edge are
attributable to the singular nature of the stress field rather than to deficiencies of
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the model. Overall, the results confirm that a meaningful comparison between an-
alytical and numerical solutions is only possible outside the singularity-dominated
region. When interpreted in this manner, Solution III demonstrates very good pre-
dictive capability and provides a physically consistent description of both shear
and peel stress distributions in the adhesive layer.

7. Conclusions

This paper examines the stress distribution in single-lap adhesive joints sub-
jected to tensile loading. The analysis is based on theoretical formulations that
account for variations in material properties, thickness, and joint length, under the
assumption of a very thin adhesive layer. The proposed analytical solutions were
validated using FEM simulations, experimental testing, and comparisons with es-
tablished analytical models (Goland & Reissner and Hart-Smith).

The proposed analytical solutions inherently include limitations resulting from
the assumptions of a very thin adhesive layer and linear-elastic material behavior.
The stress analysis is performed using two-dimensional elasticity theory combined
with the variational energy principle. Three analytical solutions (Solutions I, II,
and III) are derived, each providing a different mechanical description of the same
joint: initially, pure shear without deformation in the adhesive layer; subsequently,
shear with adhesive deformation; and finally, a comprehensive formulation that
also accounts for bending effects induced by eccentric tensile loading.

For the most general formulation (Solution III), an original expression was de-
veloped for the bending coefficients k, which depend on geometric and material
parameters. This distinguishes the present approach from earlier analytical for-
mulations. In addition, an original method was proposed to solve the governing
system of differential equations for adhesive joints subjected to combined shear
and bending. To the authors’ knowledge, this approach has not previously been
reported in the literature. Each solution is illustrated using numerical examples,
with selected cases involving different overlap lengths. These represent only a
subset of the potential applications of the general analytical formulation (Solution
III). Importantly, Solution III is expressed in a general form, has a clear physical
interpretation, and can be used for engineering design of single-lap adhesive joints
— an area of growing relevance in practice.

However, it should be emphasized that in Solution III the adhesive layer is rep-
resented in an averaged, energetically equivalent sense, and the stress field across
its thickness is not resolved explicitly. Consequently, the stresses predicted by this
formulation should be interpreted as effective structural stresses rather than exact
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Figure 16: Normal stress in the upper part of the joint along the bond length for different over-
lap length parameters, evaluated in the FEML model at a distance of /,=0.765 mm (~15¢3) from
the overlap edges to minimize edge singularity effects: a) l=%b:12.5 mm, b) /=b=25.0 mm, c)
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parameters, evaluated in the FEML model at a distance of /,=0.765 mm (~15¢3) from the overlap
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local adhesive stresses, particularly in the vicinity of the overlap edge where strong
gradients and bi-material singular effects occur. For this reason, a finite reference
distance from the overlap edge, denoted as /,, is introduced in the present study,
ensuring that the reported stresses are governed primarily by global load transfer
rather than by local singular behavior.

A notable limitation of the present analysis also lies in the assumption of linear
elastic behavior for both the adhesive layer and the adherends. While this sim-
plification enables closed-form solutions and facilitates parametric investigations,
it does not fully reflect the mechanical response of modern structural adhesives.
Contemporary adhesive systems are frequently toughened through the incorpora-
tion of elastomeric or particulate phases, leading to pronounced nonlinear and elas-
tic—plastic behavior accompanied by high fracture toughness. As a consequence,
adhesively bonded joints are capable of sustaining significantly higher load levels,
which may in turn induce nonlinear deformation not only within the adhesive layer
but also in the adherends themselves. The relevance of such nonlinear effects has
been recognized in the literature for several decades. Early nonlinear analysis were
reported by Grimes et al. [52], followed by the plastic-zone modeling approaches
introduced and subsequently extended by Fehrle et al. [53] and Goodwin [54].
More comprehensive contributions were later provided by Hart-Smith [55], who
developed bi-linear elastic-plastic adhesive models and systematically investigated
joint failure mechanisms associated with peel stresses, adhesive yielding, and ad-
herend delamination. These studies demonstrate that linear elastic formulations
may underestimate both the load-carrying capacity and the damage tolerance of
adhesively bonded joints, particularly for ductile or toughened adhesive systems.
Although the present study is intentionally restricted to elastic formulations, the
implications of this assumption should be carefully considered when interpreting
the results.

Linear and nonlinear FEM models were also developed to represent the behavior of
the adhesive joint and to address numerical stress concentrations arising from sin-
gularities. These FE models provide a robust platform for validating the analytical
predictions of Solution III and enable quantitative comparison with experimental
measurements. Their configuration and application constitute original contribu-
tions that form a foundation for further studies of bonded joints with varying ge-
ometry and stiffness. In particular, two linear models were considered: the basic
model without adhesive fillets (FEML) and the modified model including adhesive
fillets (FEMLS). These models are compatible with the analytical formulation and
provide a reliable basis for validating Solution III. A key issue in the FE analy-
sis is the presence of both geometric and bi-material singularities at the overlap
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edge, arising from the joint geometry and the strong mismatch in elastic proper-
ties between the adherends and the adhesive. This leads to mesh-dependent stress
variations and prevents a physically meaningful interpretation of local stresses di-
rectly at the interface and near the joint edge. To overcome this limitation, stresses
were evaluated at a finite distance from the edge, denoted as /,, which defines
an exclusion zone associated with the singular stress field. This approach ensures
that the reported stresses reflect the global load transfer within the joint rather than
local edge effects. In addition, nonlinear models incorporating geometric nonlin-
earity (FEMGNS), material nonlinearity (FEMMNS), and their combined effect
(FEMGMNS) were developed to further assess the analytical solution in the non-
linear operating range of the joint, particularly near the overlap edge. Although
nonlinear effects may partially reduce stress levels and mitigate the singularity,
they do not eliminate the influence of the singular stress field entirely. Overall, the
developed FEM models provide a physically consistent framework for validating
the analytical predictions of Solution III and form a foundation for further studies
of bonded joints with varying geometry, material properties, and nonlinear effects.
An important part of this work is the experimental testing, which - although funda-
mental in scope - provides basic validation of the analytical and numerical models.
The results offer a reliable benchmark for assessing the accuracy of the analytical
predictions and confirm their practical relevance. However, due to the complexity
of the phenomenon and inherent measurement limitations, they do not resolve all
underlying issues and should be regarded as complementary to the analytical and
numerical analyses.

The numerical and experimental results demonstrate that the proposed analytical
formulations, particularly Solution III, are capable of capturing the mechanical
response of single-lap adhesive joints with high fidelity. It was observed that in-
creasing the overlap length leads to a more uniform stress distribution and reduces
peak shear and peel stresses, thereby improving overall load transfer. Further-
more, while the classical Goland & Reissner model significantly overestimates
peak stress values, Hart-Smith’s formulation and, most importantly, Solution III
show good agreement with the FEM results, provided that regions affected by edge
singularities are excluded, and the resulting stress distributions, when evaluated
away from the immediate vicinity of the overlap edge, remain consistent with clas-
sical FEM and analytical results reported in the literature.

At the same time, it should be clearly stated - consistent with the assumptions of
the model - that in Solution III the adhesive layer is represented in an averaged, en-
ergetically equivalent sense, and the stress field across its thickness is not resolved
explicitly. Consequently, the stresses predicted by this formulation should be in-
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terpreted as effective structural stresses rather than exact local adhesive stresses,
particularly in the vicinity of the overlap edge, where geometric and bi-material
singular effects dominate. Accordingly, the model provides a physically consis-
tent description of global stress transfer but has limited capability in capturing
local stress fields in the immediate vicinity of the interface.

Thus, the proposed models offer a reliable and physically transparent representa-
tion of stress distributions, balancing theoretical simplicity with predictive capa-
bility when interpreted within the framework of these assumptions and limitations.
In conclusion, the analytical solutions developed in this work - particularly Solu-
tion III - represent original contributions that complement existing research on ad-
hesively bonded joints within the framework of classical analytical models. They
extend these models through the introduction of a new expression for the bend-
ing coefficients k and provide a consistent linear framework capable of predicting
effective stress distributions with satisfactory accuracy. An important aspect of
this study is the integration of analytical, numerical, and experimental approaches,
which is particularly valuable in the investigation of such complex phenomena.
Overall, the proposed solutions provide a coherent basis for further refinement of
analytical formulations and for their application in the design and optimization of
structural adhesive joints.
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