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Instability of a thin viscous film flowing
under an inclined substrate: steady patterns

- CORRIGENDUM
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We recently published a paper (?) on the steady patterns of a thin viscous film flowing
under an inclined plane. We have noticed the presence of an error resulting from the
non-dimensionalization of the curvature eq. (3.7), which is performed with two different
characteristic lengths, the inlet thickness hN and the reduced capillary length ℓ∗c =√

γ
ρg sin θ along the normal and tangential to the substrate directions, respectively. The

correct non-dimensional expression of the full curvature reads:
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In ?, the presence of the pre-factor hN/ℓ
∗
c = 1/ℓ̃∗c was overlooked and we erroneously

assumed ℓ̃∗c = 1. This mistake does not influence the results of the linear analyses (where

the curvature was linearized, i.e. κ = ∂2h
∂x2 + ∂2h

∂y2 ), the experimental measurements, and
the comparisons in Figures 6, 7, where the difference is invisible to naked eye and does
not alter the excellent agreement between numerics and experiments. However, we need
to reconsider the claim done on the uniqueness of the rivulet profile in Section 5.

The procedure outlined in Sections 5.3 and 5.4 is correct, but it has been performed
only for ℓ̃∗c = 1, since in the one-dimensional lubrication equation (5.1) the full expression
of the curvature with ∂

∂x = 0 is employed. We thus rectify the claim in the last sentence
of Section 5.2: the profile is not unique, but there is a family of rivulet profiles. The
analysis performed in Section 5 with ℓ̃∗c = 1 is repeated for 1 < ℓ̃∗c < 10, with the results
reported in Figure 1 of this corrigendum. The rivulet profile indeed depends on ℓ̃∗c and
tends to the case of linearized curvature (already reported in the original manuscript) as
ℓ̃∗c → ∞ (i.e. the thickness goes to zero). These differences are small and hardly visible
in the experiments. In the procedure of Section 5.4, the equation in the text to retrieve
the thickness from ψ is wrong and should be dh/ds = −ℓ̃∗c sinψ. As seen in Figure 2 of
this corrigendum, the resulting family of static pendent rivulets is in excellent agreement
with the quasi steady state of the central lobe reached in the dynamic calculations. The
correct value of the initial curvature ψ′(0) depends now on ℓ̃∗c . We verified the faithfulness
of these results with the lubrication equation and Stokes simulations in their dimensional
form, the profiles of which were successively non-dimensionalized.

The main message of Section 5 remains valid, i.e. the rivulet profile is a one-dimensional
drop with imposed normal flow rate and thus a pure equilibrium between surface tension
and gravity. However, there is a family of rivulet profiles which depend weakly on ℓ̃∗c and
tend to the linearized curvature case as ℓ̃∗c increases.
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Figure 1. Evolution of the maximum and minimum thickness (on the left) and corresponding

rivulet profiles (on the right) for the open flow model of Section 5.3 for different ℓ̃∗c . The circles
denote the non-dimensionalized profiles of the 2D Stokes simulations with initial thickness that
ensures the correct flow rate. The black dashed lines denote the model with linearized curvature,
i.e. ℓ̃∗c → ∞.
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Figure 2. Results of the elastica procedure of Section 5.4 for different ℓ̃∗c . On the left: flow rate
qs as a function of the initial curvature ψ′(0). The red dashed line denotes the rivulet flow rate
to be imposed. On the right: comparison of the open flow model (solid lines) with the elastica
one (circles).
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