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Abstract: We study a Dirichlet-type boundary value problem for a pseudodifferential equation driven by the
fractional Laplacian, proving the existence of three non-zero solutions. When the reaction term is sublinear at
infinity, we apply the second deformation theorem and spectral theory. When the reaction term is superlinear
at infinity, we apply the mountain pass theorem and Morse theory.
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1 Introduction

The present paper deals with the following Dirichlet-type boundary value problem for a nonlinear equation
driven by the fractional Laplacian:

{ (-A)u=f(x,u) inQ, (1.1)

u=0 in Q°F,

where Q ¢ RN (N > 1) is a bounded domain with a C2 boundary, Q€ = RV \ Q,s € (0,1),andf: QxR —» R
is a Carathéodory function. The fractional Laplacian operator is defined for any sufficiently smooth function
u:RY - Randall x € RN by

u(x) —u(y)

|X y|N+25 dy’ (1'2)

(=A)Su(x) = CNshm J
N\B¢(

where Cy,s > O is a suitable normalization constant. Throughout the paper we will always assume Cy,s = 1
(for a precise evaluation of Cy g, consistent with alternative definitions of the fractional Laplacian, see
[10, Remark 3.11]).

Fractional operators have gained increasing popularity in recent years. This is both due to the intrin-
sic mathematical interest of such subject and to the various applications that they allow. Indeed, nonlocal
pseudodifferential operators such as (-A)° are naturally involved in continuum mechanics, population
dynamics, game theory and other phenomena, as the infinitesimal generators of Lévy-type stochastical
processes (see [12]).

Roughly speaking, the outstanding feature of operators like (—A) is nonlocality, i.e., the dependence of
(-A)Su(x) on the values of u(y) not only for y conveniently near to x, but for all y € RY. While such nonlocality
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makes our operator particularly suitable to describe phenomena allowing “jumps”, it makes things delicate

in dealing with regularity, sign, and other typically local attributes of solutions. This is one reason why the

study of nonlinear equations involving (-A)S (or closely related operators) started with the case in which
the domain is RY, providing existence of solutions, regularity, a priori bounds and maximum principles (see

[10, 11], and [3] for some existence results). The natural functional setting for such study is provided by

fractional Sobolev spaces (see [17]).

On the other hand, nonlocality obviously produces some difficulties in finding an analogous to Dirichlet-
type boundary conditions on bounded domains. The standard formulation of the Dirichlet problem for
fractional equations in a bounded domain Q was set in the series of papers [35-37], simply by requiring that
the solution u vanishes a.e. outside Q. Our problem (1.1) follows such a standard. While interior regularity of
solutions of (1.1) can be handled just as in the unbounded case, boundary regularity and behavior of
solutions (e.g., the Hopf property) came forth as a serious difficulty, which was mostly overcome by means
of weighted Holder-type function spaces (see [4, 22, 25, 34]).

Once provided with the appropriate functional formulation, problem (1.1) becomes variational, in the
sense that its weak solutions can be detected as critical points of a C! energy functional ¢, defined on a frac-
tional Sobolev space. So we can prove existence and multiplicity of such solutions by applying to ¢ several
abstract results of critical point theory, such as minimax principles (see [33]) and Morse theory (see [13]).
Some results of this type can be found, for instance, in [6, 14, 18, 26, 28, 30, 39].

In the present paper, we will employ much of the research accomplished so far in order to prove the
existence of three non-zero solutions for problem (1.1) (one positive, one negative, and the third with indef-
inite sign), when f(x, -) has a subcritical growth and satisfies convenient conditions at zero and at infinity.
Precisely, we will consider the following two cases:

(@) Iff(x,-)is sublinear at infinity, and at most linear at zero, then we apply the second deformation theorem
and some spectral properties of (—~A)S (namely, a characterization of the second eigenvalue which, for the
local case, goes back to [16]).

(b) If f(x, -) is superlinear at infinity, and satisfies a mild version of the Ambrosetti—Rabinowitz condition,
then we apply the mountain pass theorem and the Poincaré—Hopf identity based on the computation of
critical groups (thus proving a nonlocal analogous of the result of [38]).

In both cases, truncations of the energy functional ¢ will be an essential tool, so we will make use of a topo-

logical result established in [25], which relates local minimizers of the truncated and uncut functionals,

respectively.

Our work strongly relies on the joint application of mutually independent results, and we decided to priv-
ilege simplicity rather than generality. One possible generalization of our results is towards linear nonlocal
operators of the type

u(x) — u(y)

Lxul) = lim, J Ky

RN\B, (x)
where K : RN x RN — R, is a weight function exhibiting an asymptotic behavior similar to that of the stan-

dard weight |x — y|¥+25 (see [35]). Another possible extension may deal with the fractional p-Laplacian,
namely the nonlinear nonlocal operator defined by

lu(x) — u(y)IP~2(u(x) — u(y))
Ix - y|N+25 dy,

(=A)yu(x) = 2 lim J
£—-0"
RN\B¢(x)

where p € (1, c0). Some existence and multiplicity results for fractional p-Laplacian problems, obtained
through critical point theory and Morse theory, can be found in [23]. Nevertheless, the methods used in the
present paper cannot be easily extended to (-A);, due to the lack of a complete boundary regularity theory
like that developed in [34] for (-A)® (some results in this direction are proved in [24]).

The paper has the following structure: In Section 2 we recall the variational formulation of our problem
and some basic properties of solutions, together with some results from critical point theory. In Section 3 we
prove our multiplicity result for the sublinear case. And in Section 4 we deal with the superlinear case.
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2 Preliminary results

In this section we recall some results that will be used in our arguments.

2.1 Variational formulation and some properties of problem (1.1)

For all measurable functions u : RN — R we set

2 (u(x) - u(y))?
[ll]s,z = RN'[‘LN |X—— y|N+ZS dx dy

Then we define the fractional Sobolev space
HYRY) = {u € L*(RY) : [uls,> < oo}
(see [17]). We restrict ourselves to the subspace
H§(Q)={ue HS(RN) : u(x) = 0 fora.e. x € Q°},

which is a separable Hilbert space under the norm [lu|| = [u]s,> (see [35]). We denote by H~*(Q) the topological
dual of Hj(Q) and by (-, -) the scalar product of H5(Q) (or the duality pairing between H~5(Q) and H(Q)).
In this connection we mention the following useful inequality, holding for all u € H3(Q):

” () —uy)(u (x) —u (y))

PEIEE dxdy < -u”||?, (2.1)

RNxRN

where u~ stands for the negative part of u (see [25]). The critical exponent is defined as 2} = Nz_—l\z’s, and the

embedding H}(Q) — LP(Q) is continuous and compact for all p € [1, 27) (see [17, Lemma 8]). Moreover, we
introduce the positive order cone

H3(Q)4 = {u € HY(Q) : u(x) > 0fora.e. x € Q},

which has an empty interior with respect to the Hj (Q)-topology. The space H{ (Q) provides the natural frame-
work for the study of problem (1.1).

Definition 2.1. A function u € H}(Q) is a (weak) solution of (1.1) if for all v € H3(Q), we have

” (ux) —uy)(v(x) - v(y))

|X _ y|N+2$

dxdy = Jf(x, u)vdx.
RN xRN Q
In all the forthcoming results we will assume the following subcritical growth condition on the nonlinearity f:
(HO) f: Q xR — Ris a Carathéodory mapping, satisfying
If(x, t)] < ap(1 +|t|P~!) fora.e.x e Qandallt € R(ap >0, p € (1,2%)).

Under such assumption, we are able to extend to problem (1.1) some basic results holding for elliptic bound-
ary value problems, starting with a simple a priori bound.

Proposition 2.2 ([25, Theorem 3.2]). Let (HO) hold. Then there exists a continuous, nondecreasing function
M : R, — R, such that for every weak solution u € H3(Q) of (1.1) one has u € L*°(Q) and

lulleo < M(Jlull2;)-

While solutions of fractional equations exhibit good interior regularity properties, they may have a singular
behavior on the boundary. So, instead of the usual space C 1(5), they are better embedded in the following
weighted Holder-type spaces: Set §(x) = dist(x, Q) for all x € RN and define

Q@ ={ueC®@: 5 e @}, CG@={ue®@: 5 cC*@} (@O 1),
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endowed with the norms

[u(x)/8%(x) — u(y)/6°(y)l
Ix - yl|*

u
lullos = | 55]»  Telas = o6+ sup :
©o X+y

respectively. For all 0 < a < 8 < 1 the embedding Cg(ﬁ) — Cg(ﬁ) is continuous and compact. In this case,
the positive cone Cg (Q), has a nonempty interior given by

int (C3(Q),) = {u € CY(Q): % >0forall x € 5}.

From Proposition 2.2 and [34, Theorem 1.2] we have the following global regularity result.

Proposition 2.3. Let (HO) hold. Then there exist a € (0, min{s, 1 —s}) and C > O such that for all solutions
u € H)(Q) of (1.1) one has u € Cg‘(ﬁ) and

lulla,s < C(1 + flull2;).
We now turn to sign properties of solutions of (1.1). We begin with a weak maximum principle.

Proposition 2.4 ([25, Theorem 2.4]). Let (HO) hold and f(x, t) > 0 fora.e.x € Q and all t € R. If u € H}(Q) is
a solution of (1.1), then u is lower semicontinuous and u(x) = O for all x € Q.

Moreover, we have the following fractional Hopf lemma.

Proposition 2.5 ([22, Lemma 1.2]). Let (HO) hold and f(x,t) > —ct for a.e. x€ Q and all t € R (¢ >0). If
u € H)(Q), is a solution of (1.1), where u is lower semicontinuous, then either u(x) =0 for all x € Q or
u € int (CY(Q),).

Remark 2.6. In its original version from [22], the above Hopf lemma requires that u satisfies (-A)Su = f(x, u)
pointwisely in Q, while we deal with weak solutions. In fact, any weak solution u of (1.1) has a higher
interior regularity than that displayed in Proposition 2.3, as u € C1-A(Q) for any € (max{0, 2s — 1}, 2s) (see
[34, Corollary 5.6]). Hence, also recalling that u = 0 in Q¢, one can see that the limit in (1.2) exists in R and
the equation is satisfied pointwisely (see [24, Proposition 2.12]).

Now we introduce an energy functional for problem (1.1). For all (x, t) € Q x R set
t
Fix,0) = [ foemydr,
0

and for all u € H§(Q) set

w2

() 5

JF(X, u) dx. (2.2)
Q

By the continuous embedding H§(Q) — LP(Q), we have ¢ € C'(H§(Q)), and for all u, v € H5(Q) we have
o' (W)(v) = j J ©() - Uy V() - v(y))

|X _ y|N+25

dx dy - Jf(x, u)vdx.
Q

RVXRN

So recalling Definition 2.1, we have that u is a solution of (1.1) if and only if ¢’(u) = 0 in H™5(Q). Among
critical points of ¢, local minimizers play a preeminent role. We recall, in this connection, a useful topolog-
ical result relating such minimizers in the H§(Q)-topology and in Cg(ﬁ)-topology, respectively (a fractional
version of the classical result of [9]).

Proposition 2.7 ([25, Theorem 1.1]). Let (HO) hold, ¢ be defined as above, and u € H}(Q). Then the following
conditions are equivalent:

(i) There exists r > 0 such that p(u + v)
(ii) There exists p > O such that @(u +v)

@(u) forallv e Hi(Q), vl <.
@(u) for all v € Hy(Q) N CH(Q), [v]o,s < p.

2
2
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In the proof of our result we will need some spectral properties of (—A)S. Let us consider the following eigen-
value problem:
(-A)u=Au inQ
. (2.3)
u=0 inQF¢.
Just as in the local case, we say that A > 0 is an eigenvalue of (—A)? if problem (2.3) has a non-zero solution
u € H}(Q), whichis called a A-eigenfunction. From the current literature we have rather complete information
about the first two eigenvalues of (-A)S.

Proposition 2.8. The spectrum of (-A)® consists of a nondecreasing sequence 0 < A}(Q) < A2(Q) < --- of posi-

tive numbers, in particular:

(i) (See [36, Proposition 9]) The eigenvalue A%(Q) is simple and the unique L?(Q)-normalized eigenfunction is
i1 €int (Cg(§)+) such that |1 ||, = 1, moreover A}(Q) admits the variational characterization

Jlull?

/\1 (Q) — —_—.
s ueH3(Q\(0} [Jul|2

(i) (See[21, Proposition 2.8]) The eigenvalue A2(Q) is the smallest eigenvalue in the interval (A1(Q), co), the
/\E(Q)-eigenfunctions are nodal, moreover /\3(9) admits the variational characterization

A2(Q) = inf ma I,
5(Q) ylgrlfer[lo,’f]"y( |

where
I'y ={y € C([0, 1], H}(Q)) : y(0) = i1, y(1) = —ut1, lly(t)l2 = 1 forall t € [0, 1]}.

Note that (ii) above is a fractional version of a classical result of [16], and that Proposition 2.8 holds as well
for (-A)y, (see [7, 20]). For further information about the spectra of (-A)S and (—A);, see also [27,31, 37].

2.2 Some recalls of critical point theory

Variational methods are based on abstract critical point theory, and the latter includes many results, depicting
the rich topology that nonlinear and nonconvex functionals may exhibit. We recall here some well-known
results which will be our major tools, mainly following [29] (see also [33]).
Let (X, || - ||) be a reflexive Banach space, (X*, || - |.) be its topological dual, and ¢ € C!(X) be a functional.
By K(¢p) we denote the set of all critical points of ¢, i.e., those points u € X such that ¢'(u) = 0 in X*, while
forall c € R we set
Ke(p) = {u € K(p) : p(u) = c},

besides we set
P ={ueX:pu)<cl

Most results require the following Cerami compactness condition (a weaker version of the Palais—Smale
condition):

{ Any sequence (uy) in X, such that (¢(uy)) is bounded in R and (1 + [lun[)@(u,) — 0in X* ©

admits a (strongly) convergent subsequence.
We recall a version of the mountain pass theorem (see [2, 32] for the original result).

Theorem 2.9 ([29, Theorem 5.40]). Let ¢ € C'(X) satisfy (C), ug, uy € X, r € (0, ||uy — uo|) be such that

max{@(up), (u1)} < n,:= inf @(u),
lu-uoll=r
moreover, let

T ={y e C([0, 1], X) : y(0) = ug, y(1) =u1}, ¢ =inf max @(y(t)).
yel te[0,1]

Then ¢ = n, and K.(¢p) # 0.
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We will also use the second deformation theorem.

Theorem 2.10 ([29, Theorem 5.34]). Let ¢ € CY(X) satisfy (C), let a < b be real numbers such that K.(p) = 0
forall c € (a, b) and K4(¢) is a finite set. Then, there exists a continuous deformation

h:[0,1] x (@ \ Kp(@)) — (@ \ Kp(9))

such that the following hold:

() h(,u)=u, h(1,u) € ° forallu € (@° \ Kp(¢)),

(i) h(t,u)=uforall(t,u) € [0, 1] x @*,

(iii) t — ¢@(h(t, u)) is decreasing in [0, 1] for all u € @b \ Kp(9)).

In particular, (i)-(ii) above mean that @“ is a strong deformation retract of @b (see [29, Definition 5.33 (b)]).
Note that, if a is the global minimum of ¢ and is attained at a unique point u, € X, and there are no critical
levels of ¢ in (a, b), then by Theorem 2.10 the set Eb \ Kp(¢) is contractible (see [29, Definition 6.22]).

We conclude this section by recalling some basic notions from Morse theory (see [5, 13] for details). Let
@ € CY(X) satisfy (C) and u € K.(¢) (c € R) be an isolated critical point of ¢, i.e., there exists a neighborhood
U c X of u such that K(¢) n U = {u}. Then, for all integers k > O the k-th critical group of ¢ at u is defined as

C(p, u) = H(@ N U, 9 N U\ {u}), (2.4)

where Hy (-, -) is the k-th (singular) homology group of a topological pair (see [29, Definition 6.9]). All these
groups are real linear spaces. Note that, by the excision property of homology groups, (2.4) is invariant with
respect to U. In particular, if u € K(¢) is a strict local minimizer and an isolated critical point, then for all
k > 0 we have

Cr(@, u) = i, 0R, (2.5)
where 8y, is the Kronecker symbol (see [29, Example 6.45 (a)]). Critical groups describe the homology of
sublevel sets.

Proposition 2.11 ([29, Lemma 6.55]). Let ¢ € C1(X) satisfy (C), let a < ¢ < b be real numbers such that c is the
only critical value of ¢ in [a, b] and K.(@) is a finite set. Then for all k € N we have

H(@", 9= P Clo,w.
uek ()

Now assume that

inf u) =: ¢ > —oo.
ueK(wqo( )

Then we can as well define the k-th critical group of ¢ at infinity as
Ck((pr OO) =Hk(X,$C), (2.6)

with ¢ < ¢ (this definition is also invariant with respect to c¢). Critical groups at critical points and at infinity
are related by the Poincaré—Hopf formula (one of the Morse relations).

Theorem 2.12 ([29, Remark 6.58]). Let ¢ € C'(X) satisfy (C), let a < b be real numbers such that the set
Kb(@) = {u € K(9) : a < p(u) < b}
is finite. Then

Y Y DFdim(Cilp, w) = Y (-1)* dim(Cr(g, c0)).
k=0 ueKs () k=0

Notation

Throughout the paper, B,(x) will denote the open ball of radius r > 0 centered at x ¢ RY and C > 0 will be a
constant whose value may change from line to line.
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3 The sublinear case

In this section we prove the existence of three non-zero solutions of problem (1.1) when f(x, - ) is sublinear at
infinity, by means of the second deformation theorem and spectral theory. Precisely, we make on the nonlin-
earity of f the following assumptions:
(H1) f: Q xR — Ris a Carathéodory mapping, satisfying

i) If(x, O <ao(1 +|tPt)forae.x e Qandallt € R(ap >0, p € (2,2})),

(i) fix,t)t>0fora.e.x € Qandallt e R,

(iii) limsup_q, F(x, t)/ t? < 0 uniformly for a.e. x € Q,

(iv) liminf; o F(x, t)/t* > B uniformly for a.e. x € Q (8 > 0).

Example 3.1. Let a € L*°(Q) be a function such that a(x) > 28 > 0 for a.e. x € Q. Forall (x, t) € Q x R set
flx, t) = a(x) sign(t) In(1 + [t]).
Then f satisfies hypotheses (H1).

Clearly, by hypothesis (H1) (ii), problem (1.1) always has the zero solution. First we prove that, for 8 > 0 big
enough, problem (1.1) has two constant sign solutions.

Proposition 3.2. Let (H1) hold with B > AL(Q)/2. Then problem (1.1) admits at least two non-zero solutions
us € £int (C(Q),).

Proof. We define ¢ as in (2.2). Besides, we introduce two truncated energy functionals by setting

Q+(u) = — - JFi(x, u) dx (3.1)
Q

for all u € H}(Q), where for all (x, t) € Q x R we have set
t
fox,6) = fx, 8, Pl 0= [ fatx,m)dr.
0

We focus on the functional ¢,. Clearly, ¢, € C! (H3(Q)). We now prove that ¢, is coercive in H}(Q), i.e.,

lim @, (u) = co. (3.2)

lull—0c0

Indeed, by hypotheses (H1) (i)—(iii), for all £ > O we can find C, > 0 such that for a.e. x € Q and all t € R we
have

0 < Fi(x, t) < Ce + 2. (3.3)
By Proposition 2.8 (i) and (3.3), we have
flul|? ) 1 € N
o) > J(Cg+eu )dx;(z Aé(g))llull CelQ

for all u € H§(Q). If we choose € < A}(Q)/Z, the latter tends to co as ||u]| — oo, so (3.2) follows. Moreover,
@, is sequentially weakly lower semicontinuous in H}(Q). Indeed, let u, — u in H§(Q). Passing if necessary
to a subsequence, we may assume u, — u in LP(Q) and u,(x) — u(x) for a.e. x € Q, moreover, there exists
g € LP(Q) such that |u,(x)| < g(x) fora.e. x € Q and all n € N (see [8, Theorem 4.9]). Hence,

lirrln j F.(x,uy)dx = JF+(X, u) dx.
Q Q

Besides, by convexity we have
2 2
u u
lim ing 1l 1l
n 2 2
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S0
limninf @+ (un) = @+ (u).
Then we easily go back to the original sequence. Thus, there exists u, € Hg(Q) such that

= inf . 3.4
@4 (uy) uelHr%(Q)(er(u) (3.4)

In particular, u, € K(¢p.). We note that u, is a solution of the (1.1)-type problem

(-A)’uy =fi(x,uy) inQ,
u, =0 in Q€.
By (H1) (ii) and Proposition 2.4 we have u,. € H;(Q),. It remains to prove that u, # 0. Here we use our assump-
tion on B: let B’ € (0, B) be such that 8’ > A1(Q)/2. By (H1) (iv), we can find ¢ > 0 such that F, (x, t) > p't? for

a.e.x € Qandall |t| < 0.Letut; € int (Cg (Q),) be defined as in Proposition 2.8 (i), then for u > 0 small enough
we have ||uil1 |« < 0, hence

!

-2
puuy < HE —Jﬁ’(uﬂl)z ax= (5 - Aﬁm il <.
By (3.4) we have ¢, (u;) < 0, hence u, # 0. By Proposition 2.5 we deduce u, ¢ int(C2(§)+). Noting that
@(u) = @ (u) forall u > 0, we see that u, is a local minimizer of ¢ in Cg (Q), hence by Proposition 2.7 alocal
minimizer of ¢ in H{(Q). In particular, u, € K(¢), hence u, is a positive solution of (1.1).

Similarly, we find another local minimizer u_ € —int (Cg (Q),) of ¢, which turns out to be a negative solu-
tion of (1.1). O

Now, taking 8 > O even bigger, we achieve a third non-zero solution.

Theorem 3.3. Let (H1) hold with B > A2(Q)/2. Then problem (1.1) admits at least three non-zero solutions
ux € +int(CY(Q),), & € CY(Q) \ {0}.

Proof. First we note, arguing as in the proof of (3.2), that

lim ¢(u) = co. (3.5)
llull =00

Now we prove that ¢ satisfies (C) (which in this case is equivalent to the Palais—-Smale condition). Let (uy)
be a sequence in H§(Q) such that |@(uy,)| < Cforalln € Nand (1 + [[uxl)¢'(un) — 0in H5(Q). By (3.5), the
sequence (uy) is bounded in H}(Q). Hence, passing if necessary to a subsequence, we may assume u, — u
in H3(Q), up — u in LP(Q) and L1(Q), and u,(x) — u(x) for a.e. x € Q, with some u € H(Q). Moreover, by
[8, Theorem 4.9] there exists g € LP(Q) such that |u,(x)| < g(x) for all n € N and a.e. x € Q. Using such rela-
tions along with (H1) (i), we have

lun = ull® = (up, tn — u) = (U, Uy — u)

= @' (Un)(un - u) + Jf(x, Up)(Up — u) dx — (U, up — u)
Q
< " (un)llellun — ull + J ao(1 + [unlP™Hlun — ul dx — (u, un - u)
Q
< " (un)llellun — ull + ao(llun — ully + IIunllﬁ_lllun —ullp) - (u, up —u)

for all n € N and the latter tends to 0 as n — co. Thus, u, — uin H§(Q).
By (H1) (ii) we have O € K(¢), while from Proposition 3.2 we know that u. € K(¢) \ {0}. We aim at proving
the existence of a further critical point &t € H§(Q). We argue by contradiction, assuming

K(p) = {0, uy, u_}. (3.6)
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DE GRUYTER F. G. Diizgiin and A. lannizzotto, Nonlinear fractional Laplacian equations =— 9

It is not restrictive to assume that ¢ (u,) > @(u-) and that u, is a strict local minimizer of ¢, so we can find
r € (0, luy — u_|) such that @(u) > @(u,) forall u € Hj(Q), 0 < [lu — u,|| < r. Moreover, we have

nr:= inf @) > @u,). 3.7)

llu—u.l=r

Otherwise, we could find a sequence (uy,) in H}(Q) such that |u, —u.| =r for all n € N, @(un) — ¢(u,)
and ¢'(u,) — 0 in H5(Q) (see [29, Corollary 5.12]). Then by (C) we would have u, — @ in H§(Q) for some
i € H}(Q), [t — us| = r, hence in turn ¢(&t) = ¢(u,), which is a contradiction.

Now set

I ={y € C([0, 1], H}(Q)) : y(0) = uy, y(1) =u-}, c =inf max @(y(t)).
yel te[0,1]

By Theorem 2.9 we have ¢ > 1, and there exists it € K.(¢). By (3.7) we have & # u.. So, (3.6) implies & = 0,
hence ¢ = 0. To reach a contradiction, we will construct a path y € T such that

ax, p(y(6) <0, (3.8)

so that ¢ < 0. Let B’ € (0, B), 6 > 0 be such that

A2(Q)+6
! S

B > -
By (H1) (iv) there exists o > 0 such that F(x, t) > B't? for a.e. x € Q and all |t| < ¢. Besides, by Proposition
2.8 (ii) there exists y; € I'; such that

(3.9)

max [ly1 ()] < A2(Q) + 6. (3.10)
te[0,1]

Since C{°(Q) is dense in H§(Q) (see [19, Theorem 2]), we can choose y1(t) € L>°(Q) for all ¢ € [0, 1] and y;
continuous with respect to the L*°(Q)-topology. So, by choosing € > 0 small enough, we have |ey; ()]0 < O
forall t € [0, 1]. Thus, by (3.10) and recalling that |y (t)|l> = 1, we have for all ¢ € [0, 1] that

2 2 A3(Q)+6
£ ||y;(t>|| TP gz(% -p),

and the latter is negative by (3.9). Then €y, is a continuous path joining €i1; and —&ii; such that

p(ey1(t)) <

ax p(eya(t) <O. (3.11)

By (H1) (ii) and Proposition 2.4, it is easily seen that K(¢.) € K(p). More precisely, by (3.6), we have
K(py) =1{0,u;}.Seta = ¢, (uy), b = 0. Then Ef = {u,} and ¢, satisfies all assumptions of Theorem 2.10, so
there exists a continuous deformation h, : [0, 1] x (62 \ {0}) — @2 \ {0}) such that

h,(0,u)=u, h,(1,u)=u, forallue (@°\{0}),
h(t,uy)=uy, forallt € [0, 1],
t— @ (hi(t,u)) is decreasing for all u € @2 \ {0}).

In particular, the set ES \ {0} turns out to be contractible. Set
Y+(t) = hy(t, €liq)

for all t € [0, 1]. Then y. € C([0, 1], H{(Q)) is a path joining eit; and u., such that ¢.(y.(t)) <0 for all
t € [0, 1]. Note that (u) < ¢, (u) forall u € H(Q), indeed we have

0+) - 9w = | (Focw) - Fu0qw)dx= | Foxu)dx,
Q {u<0}

and the latter is non-negative by (H1) (ii). So we have

mmax @(y+() < 0. (3.12)
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10 — F.G.Diizgiin and A. lannizzotto, Nonlinear fractional Laplacian equations DE GRUYTER

Similarly, we construct a path y_ € C([0, 1], H}(Q)) joining —&it; and u_, such that

_(t 0. 3.13
ax, p(y-(b) < (3.13)
Concatenating y,, €y1, and y_ (with convenient changes of parameter) and considering (3.11)—(3.13), we
construct a path y € T satisfying (3.8), against (3.6) and the definition of the mountain pass level c.

So, we conclude that there exists a fourth critical point &t € K(¢) \ {0, u,, u_}, which turns out to be a
non-zero solution of (1.1), concluding the proof. O

4 The superlinear case

In this section we prove the existence of three non-zero solutions of problem (1.1) when f(x, - ) is superlinear
at infinity. Following an idea first appeared in [38], we will apply the mountain pass theorem and Morse
theory. Precisely, we make the following assumptions on the nonlinearity f:
(H2) f: QxR — Risa Carathéodory mapping, satisfying

(i)  Ifix, 0 <ao(l +|tlP~1)fora.e.x e Qandallt € R(ap > 0, p € (2, 2})),

(i) f(x,tit<Ofora.e.x € Qandallt € [-0, 0] (0 > 0),

(iii) f(x, t)t = —cot? fora.e.x € Qandall t € R(co > 0),

(iv) limyoeo F(x, t)/t? = oo uniformly for a.e. x € Q,

(v)  liminfye(flx, t)t — 2F(x, t))/|t|9 > 0 uniformly fora.e. x € Q(q € ((p_zi)N, 25)).
Condition (H2) (v) is a mild version of the classical Ambrosetti—-Rabinowitz condition (see [33]), and an easy
computation shows that we can always assume g < p in it. Such a condition was first introduced in [15].

Example 4.1. Leta, b € L*°(Q) be such that a(x) > a, b(x) > B fora.e. x € Q (a, B > 0), and set
fx, t) = —a(x)t + b(x)|t]P~>t

forall (x, t) € Q x R. Then f satisfies hypotheses (H2) with convenient ay, co, 0, and q. This choice of f belongs
in the class of concave-convex nonlinearities, whose study (in the classical case s = 1) started with [1].

By hypothesis (H2) (ii), problem (1.1) admits the zero solution. We focus now on constant sign solutions.
Proposition 4.2. Let (H2) hold. Then (1.1) admits at least two non-zero solutions u.. € +int (Cg(§)+).

Proof. We define ¢, ¢, asin (2.2), (3.1). We focus mainly on ¢,.
First we prove that ¢, satisfies (C). Let (uy) be a sequence in H}(Q) such that |@. (u,)| < Cforalln e N
and (1 + lunl) @} (uy) — 0in H=5(Q). Then we have

“lul? + [ £ unun dx < €,
Q
Iunl? - 2 [ Pt ) dx < €
Q
for all n € N, which imply
J(ﬂ,(x, Un)un — 2F (X, up)) dx < C. (4.1)
Q
Clearly, (H2) (v) yields

- 2F
lim felx, )t +(x, 1) S0
t—oo td

uniformly for a.e. x € Q. So we can find 8, M > 0 such that f,(x, t)t — 2F.(x, t) > Bt? for a.e. x € Q and
all t > M. We claim that (u,) is bounded in L4(Q). Indeed, for all n € IN we have

q q -119
lunllg = lugllg + luylg-
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By the previous inequality we have

Blluila = J Bult dx + J Bult dx

{0<u, <M} {un>M}
<BMUQL+ | (0 wnt - 2F. () dx
{un>M}
<C+ J(f+(X, Up)un — 2F, (x, un)) dx,
Q

and the latter is bounded by (4.1). Besides, using (2.1) and recalling that f, (x, t)t~ = O for all (x, t) € Q x R,
we get

2 (un(x) — un () (W5 () — Uy (y))
luzl? < RHR T dx dy
=~ (un)(uy)

' _
< llos un)ll« llugll,

which implies that ||u;,|| is bounded in R. By the continuous embedding H§(Q) — L4(Q), this yields [u,ll; — O
as n — oo. So we deduce that [lu,l4 is bounded in R.

Using this fact, we want to show that (u,) is bounded in H3(Q) as well. Since g < p < 27 in our assump-
tions, we can find T € (0, 1) such that

1 l—T+T
r q 2

By the interpolation inequality (see [8, p. 93]) and the continuous embedding H§(Q) — L% (Q), we have
lunllp < ||un||é_1"un"£; < Cllun|” (4.2)
for all n € N. Again by (1 + [lun[) ¢’} (uy) — 0in H=5(uy) and (H2) (i) we have

lunl? < jf+<x, Uy dx + C
Q

< I ao(1 + [unlP ™ Hlunl dx + C
Q
< C(L + llunlly + lunlp)

for all n € N. By (4.2) and the continuous embeddings H(S)(Q) — L1(Q), LP(Q) we see that
lunll® < CQA + llunll + lunl?7).

Since pt < 2 we deduce that (uy) is bounded in H§(Q). Now we conclude as in the proof of Theorem 3.3.

Now we prove that ¢, is unbounded from below. Indeed, let i1; be defined as in Proposition 2.8 (i), and
recall that [|41]|? = AL(Q), lla1]15 = 1. By (H2) (iv), given 6 > A1(Q)/2 we can find M > 0 such that F(x, t) > 0t?
fora.e. x € Q and all |[¢| > M. For all u > O we have

_ g ])? . N
Po(uity) = ——— - Fo(x, pity) dx - Fo(x, piy) dx
{uit; <M} {uity>M}
231
<K Az(m - j 022 dx + C
{uitt; >M}

1
< yz(@ -0)+6M2|0] + C,
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12 — F.G.Diizgiin and A. lannizzotto, Nonlinear fractional Laplacian equations DE GRUYTER

and the latter goes to —co as y — co. Thus,
Hli_{& @4+ (uity) = —co. (4.3)

We claim that 0 is a local minimizer for ¢,. By (H2) (ii) we have F.(x, t) < O for a.e. x € Q and all |{| < 0. For
allu e CY(Q) with

o
u S 57—
lullo,s diam(Q)°
we have |lu|, < 0, hence
flull?
o+(u) = > > 0.

So, 0 is a local minimizer of ¢, in Cg Q). By Proposition 2.7, 0 is as well a local minimizer of ¢, in H§(Q). As
usual, it is not restrictive to assume that 0 is a strict local minimizer for ¢, and (reasoning as in the proof of
(3.7)) there exists r > 0 such that

+

ny = ||ir"1f @+ (u) > 0. (4.4)
ufj=r

By (4.3) we can find y > 0 such that ||ut; || > r and ¢ (uii;) < 0. Set

I\ = {y € €10, 11, H3(Q)) : ¥(0) = 0, y(1) = piia}, ¢, = inf max . (y(1).

By Theorem 2.9 we have ¢, > n; and there exists u, € K, (¢,). From (4.4) we see that ¢, > 0, hence u, # 0.
Testing ¢ (u,) = 0 with (u,)” € H}(Q) and using (2.1), we get

)71 = @ (u)((ue)7) = 0,

i.e., uy € H3(Q), (note that Proposition 2.4 does not apply here). By (H2) (iii) we can apply Proposition 2.5
and deduce u, €int (C‘g (Q),), in particular, f, (x, uy) = f(x, u,) for a.e. x € Q. Thus we conclude that u, € K(¢p)
and it is a positive solution of (1.1).

A similar argument, applied to ¢_, leads to the existence of a negative solution u_ € —int (Cg(§)+) of
problem (1.1). O

Using the critical groups, we can improve the conclusion of Proposition 4.2 under the same assumptions.

Theorem 4.3. Let (H2) hold. Then problem (1.1) admits at least three non-zero solutions u. € +int (Cg(§)+),
e C3(Q)\ {0}

Proof. Reasoning as in the proof of Proposition 4.2 we see that ¢, ¢. satisfy (C), are unbounded from below
and have a strict local minimum at 0. Moreover, we know that 0, u. € K(¢). We aim at finding a further critical
point for ¢. We argue by contradiction, assuming

K(p) = {0, uy, u_}. (4.5)

In particular, all critical points of ¢ are isolated. Taking a < b in R such that all critical levels of ¢ liein (a, b),
from Theorem 2.12 we have

[ee] (o)

Y (-1)¥(dim Ci(p, 0) + dim Ci(@, u,) +dim Ci(g,u-)) = Y (-1)*dim Cr(g, c0). (4.6)
k=0 k=0

Now we will compute all critical groups of ¢ both at its critical points and at infinity, then we will plug the
results into (4.6) to get a contradiction. In doing so, we will also need to compute some critical groups of ¢..
We begin with critical groups at infinity. For all integers k > 0 we have

Ci(@, 00) = Ci(@+, c0) = 0. (4.7)
We focus on ¢ (the argument for ¢. is analogous). We recall from the proof of Proposition 4.2 that
min{p(u.), ¢(u-)} > ¢(0) = 0.
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We denote the unit sphere in Hj(Q) by
S={ueH}Q): |lull =1}.
Reasoning as in the proof of (4.3) we see that for all u € S we have
}}LIIOIO o(uu) = —co.
Moreover, since ¢ is sequentially weakly lower semicontinuous in Hg(Q), we have

inf @(u) =: k> —oco.
flul<1

We claim that there exists ¢ < x such that forall v € (p‘l (c) we have
o' (v)(v) < 0. (4.8)

Indeed, by (H2) (v) there exist 8, M > O such that f(x, t)t — 2F(x, t) > B|t|? for a.e. x € Q and all |¢| > M. Then,
using also (H2) (i), for all v € ¢~1(c) we have

o' MW) = vI? - j fx, v)v dx
Q

=2¢p(v) - J(f(x, v)v - 2F(x, v)) dx
Q
<2c- J BIv|? dx + J (a0(|v| +vIP) + a0(|v| + @)) dx
{lvl>M} {lvlsM} P
< 2¢ - BIvIg + BMIIQ| + C(M + MP)|Q|

<2c+ Cy,

with a constant Cy; > 0 only depending on M. So, choosing
. [ Cum
c< mm{—T, K},

we get (4.8). Now we apply the implicit function theorem [29, Theorem 7.3] to the function (u, u) — @(uu)
defined in (1, o) x S. By (4.8) we have for all (i, u) € (1, co) x S with ¢(uu) = c that

>

0 @' (uu)(pu)
afp(uu) ST <0

hence there exists a continuous mapping p : S — (1, co) such that for all (u, u) € (1, co) x S we have

>c ifu<p(u),
ouu) 1=c ifu=p)),
<c ifu>pu).

So we have
Q- = {yu tueS, pe [p(u),OO)}-

Set also
E={uu:ues, p>1}

We can define a continuous deformation h : [0, 1] x E — E by setting

<|(1 - tHuu + tp(u)u  if pu < p(u),
h(t’ Ilu) =
Hu if u > p(u)
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for all (¢, pu) € [0, 1] x E, so ¢ is a strong deformation retract of E. Besides, we define another continuous
deformation h : [0, 1] x E — E by setting

fz(t, pu) = (1 - Huu + tu

for all (t, uu) € [0, 1] x E, showing that S is also a strong deformation retract of E. By the choice of c, (2.6),
and [29, Corollary 6.15] we have for all k > 0 that

Ci(p, 00) = Hi(Hy(Q), 9°) = Hi(Hy(Q), E) = Hi(H5(Q), S),

and the latter is 0 by [29, Propositions 6.24, 6.25] (recall that S is contractible in itself, as dim H{(Q) = oo).
Thus we have (4.7).
We compute now the critical points at 0. For all k > O we have

Cr(@, 0) = Cx(@+, 0) = 6k 0R. (4.9)

Reasoning as in the proof of Proposition 4.2 and using (4.5), we see that 0 is a strict local minimizer of ¢,
so (4.9) follows from (2.5) (the argument for ¢, is analogous).
Finally, we compute the critical groups at u... For all k > 0 we have

Ci(p, us) = 6k,1R. (4.10)
We consider u, (the argument for u_ is analogous). First we note that

Cr(p,uy) = Cr(P4, uy). (4.11)

Indeed, for all 7 € [0, 1] we define Y, € C}(H§(Q)) by setting

Yr(u) =1 -1)p) + 19, (1)

forall u € H§(Q). Clearly, we have u, € K(i,) forall 7 € [0, 1]. Moreovet, u, is an isolated critical point of y,
uniformly with respect to 1, as we shall prove arguing by contradiction. Assume that there exist sequences
(up) in H5(Q) \ {us}, (t) in (0, 1) such that u, — u, in H(Q), T, — 7, and lp’T"(un) =0 in H5(Q) for all
n € N. Then, for all n € N, u, is a solution of the (1.1)-type problem

(=0)°un = (1 - T)f(x, up) + Tufr (X, up) inQ,
U, =0 in Q°,

with a reaction term satisfying (HO) uniformly (i.e., with ag, p independent of n). By Proposition 2.2 the
sequence (uy) is bounded in L*°(Q), and by Proposition 2.3 there exist a € (0, 1), C > 0 such that for all
n € N we have u, € C4(Q) and ||upla,s < C.

By the compact embedding C‘g‘(ﬁ) — Cg(ﬁ), passing if necessary to a subsequence, we have u, — u,
in Cg (Q), hence u, ¢ int (Cg (Q),) foralln e N large enough. This in turn implies that u, is a solution of (1.1),
i.e., a critical point of ¢ different from 0 and u., against (4.5).

So, by homotopy invariance of critical groups (see [13, Theorem 5.6]), we see that Cx (), u,) is indepen-
dent of T € [0, 1]. Noting that o = ¢ and ¥, = ¢, we achieve (4.11).

By (4.11), we are reduced to computing Ci(¢+, u.). Recall that K(¢,) = {0, u,} and fix a, b € R such that

a<@0)<b<@i(uy).

Then set A = 99, B = Ef. We have A ¢ B and the following long sequence is exact due to [29, Proposi-
tion 6.14]:

s H(H3(Q), A) 25 H(HS(Q), B) 25 Hiea (B, A) 5 Hi y (HS(Q), A) — - .

Here j., i. are the group homomorphisms induced by the inclusion mappings j : (H3(Q), A) — (H}(Q), B)
andi: (B,A) — (Hy(Q), A), respectively, and 0, is the boundary homomorphism (see [29, Definition 6.9]).
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By Proposition 2.11 and (2.6) we have
Hi(Hy(Q), A) = Ci(@+, 00),  Hi(Hp(Q), B) = Ci(@+, us), Hi-1(B, A) = Ci-1(9+, 0).
So, recalling (4.7), the exact sequence rephrases as
0 — Cx(@+, uy) = Cr1(9+,0) = 0,

which by (4.9) yields
Cr(@y4, uy) = 6(k-1),0R = 8,1 R.

By (4.11), we get (4.10).
Plugging (4.7), (4.9), and (4.10) into (4.6), we have

3 (=1)*(8k,0 + 26x,1) = 0,
k=0

namely -1 = 0, a contradiction. Therefore, (4.5) cannot hold, i.e., there exists a further critical point
it € K(p) \ {0, uy, u_}. By Proposition 2.3, we see that u € Cg(ﬁ) and it is a solution of (1.1). O

Remark 4.4. A comparison between Theorems 3.3 and 4.3 is now in order. Though formally the statements of
such results coincide, the underlying structure of the critical set K(¢) changes considerably in the two cases.
In the sublinear case we have two local minimizers u,, u_ and a third non-zero critical point i, typically of
mountain pass type, while in the superlinear case we have two mountain pass-type points u., u_ and a third
non-zero critical point of undetermined nature .

Funding: The second author is a member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e
le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
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