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Abstract

We discuss the impact on the study of gluon transverse momentum dependent distributions (TMDs) of 
the associated production of a lepton pair and a ϒ (or a J/ψ) in unpolarised proton–proton collisions, 
pp → Q ��̄X, at LHC energies, where one can assume that such final states are dominantly induced by 
gluon fusion. If the transverse momentum of the quarkonium–dilepton system – namely, the transverse 
momentum imbalance of the quarkonium state and the lepton pair – is small, the corresponding cross 
sections can be calculated within the framework of TMD factorisation. Using the helicity formalism, we 
show in detail how these cross sections are connected to the moments of two independent TMDs: the 
distribution of unpolarised gluons, f g

1 , and the distribution of linearly polarised gluons, h⊥g
1 . We complete 

our exhaustive derivation of these general relations with a phenomenological analysis of the feasibility of 
the TMD extraction, as well as some outlooks.
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1. Introduction

Three-dimensional momentum distributions of gluons in the nucleon – the so-called gluon 
transverse momentum dependent distributions (TMDs) – have attracted much attention re-
cently [1,2]. Theoretically, gluon TMDs appear in factorisation formulae that explicitly take the 
transverse momentum of gluons into account (TMD factorisation), see e.g. [3–6]. These formu-
lae apply to cross sections that are differential in the transverse momentum of the final state, qT , 
in a kinematical region where it is much smaller than the hard scale of the process Q, |qT | � Q. 
Typically, the hard scale refers to the virtuality of the exchanged gauge boson in lepton–nucleon 
collisions or the invariant mass of the final state in hadron–hadron collisions. Our understanding 
of the evolution with the hard scale of the gluon TMDs has recently significantly improved, see 
e.g. [7–10].

Several processes have been identified as sensitive probes of gluon TMDs. Probably, the the-
oretically cleanest one is the production of a pair of (almost) back-to-back heavy quark and 
antiquark or of a di-jet in lepton–nucleon collisions [11–13]. A measurement of such processes 
could however only be performed at a future Electron–Ion-Collider. On the other hand, reactions 
initiated by two protons can also provide insights on the gluon TMDs at the LHC or at RHIC. 
For instance, one possibility is to look at di-photon production, still with a large azimuthal sep-
aration [14]. This process, however, suffers from additional contributions from quark-induced 
channels, at RHIC energies in particular. As such, it is probably not the cleanest probe of gluon 
TMDs in hadron collisions that one could think of. Furthermore, the experimental detection of 
direct photons requires a specific isolation procedure which may be difficult to implement in a 
realistic measurement.

A handier probe of gluon TMDs is certainly to be found among the production of quarko-
nium states [15–21], built up of either charm or bottom quarks, since they are often dominantly 
produced through gluon fusion at proton–proton colliders and some of them, like the spin triplet 
vector states, are relatively easy to detect in their di-muons channels. As for now, the access 
to gluon TMDs has been investigated in [15,6] with single inclusive ηc,b or χc,b-production in 
proton collisions. One drawback of such single-particle analyses is that they are restricted to low 
transverse momenta, typically below half the quarkonium mass, which makes such experimental 
studies particularly challenging. Furthermore, in the case of χc,b-production [22], TMD factori-
sation may not hold because of infrared divergences specific to the P -wave production.1 Such 
issues do not appear for spin singlet S-wave state production, which however has so far only 
been studied for the ηc down to PT � 6 GeV by the LHCb Collaboration [26].

This restriction on the usable phase space for TMD factorisation to apply can be avoided by 
looking at two-particle final states. One example is the associated production of a J/ψ or a ϒ
with a direct photon [27]. Like for heavy-quark pair and di-jet electroproduction or di-photon 
hadroproduction, the large scale Q is set by the invariant mass of the system, which can be large 
when both the quarkonium and the photon are produced almost back to back with large individ-
ual transverse momentum, yet with a small transverse momentum for the pair (its imbalance). 
This is a rather convenient configuration to be studied experimentally. Moreover, in the case of 
quarkonium + photon production [27], one can enrich the event sample in colour-singlet con-
tributions, which are purely from gluonic interaction, by isolating the quarkonium, since it has 
a non-zero transverse momentum. This makes it a golden-plated probe to extract gluon TMDs 

1 For reviews, the reader is referred to [23–25].
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inside unpolarised protons at the LHC. However, along the lines of [28], it may be that colour-
octet contributions to quarkonium production associated with a colour singlet particle, like a SM 
boson (γ , W±, Z0 and H 0), could also be treated in the TMD factorisation framework. One of 
the crucial aspects yet to be fully understood in this case is whether an imbalance to be measured 
in the final state can be related to the transverse momentum of the initial partons. For this to be 
true, final-state gluon emissions should admittedly be suppressed at least to a tractable extent.

For unpolarised colliding protons at the LHC, there are two relevant gluon TMDs: the dis-
tribution of unpolarised gluons, f g

1 , and the distribution of linearly polarised gluons, h⊥g

1 . The 
latter is of particular interest as this distribution flips the helicity of the gluon entering the par-
tonic cross section. As a result, the linear polarisation of the gluon manifests itself in two ways: 
a modification of the transverse-momentum dependence of the cross section in a characteristic 
way, and an azimuthal modulation of the cross section. As a matter of fact, the linear polarisation 
may serve as a general new tool in particle physics. Examples of the usefulness of the linear 
gluon polarisation have been discussed in the context of H 0 boson production in [29,30], as well 
as for H 0 + jet production [28].

Like all other TMDs, f g

1 and h⊥ g

1 are affected by the presence of initial and final state interac-
tions, whose effects are encoded in the Wilson lines needed for their gauge-invariant definition. 
TMD factorisation may therefore fail for some processes, as we already mentioned above. More-
over, TMDs may become process dependent even in those cases where factorisation can be 
proven. The gluon TMDs appearing in all the proton–proton scattering reactions where only 
initial state interactions are present, like the ones under study here, correspond to the so called 
Weiszäcker–Williams distributions in the small x region. They can be related to gluon TMDs ex-
tracted, for example, in heavy quark pair and dijet production in deep-inelastic electron–proton 
scattering processes [13]. In particular, we expect to probe the same f g

1 and h⊥ g

1 distributions in 
all such processes, because they are T -even TMDs. This is a very important property that still 
needs to be confirmed by experiments. We refer to [21] for further details.

In this paper, we will explore the relevance of final states consisting of a heavy quarkonium, 
like ϒ or J/ψ , produced with a dilepton, be it from a Z boson or from a virtual photon, in 
the kinematical configuration already mentioned above, such that their transverse momenta are 
almost back to back. In such a case, we will show how they can help extracting information 
about the linear polarisation of gluons. Our proposal is motivated by the fact that the detection 
of a dilepton may experimentally be cleaner or easier compared to the detection of a photon. For 
instance, the cross section for J/ψ production in association with a Z boson has already been 
studied by the ATLAS Collaboration [31] and compared to theoretical predictions [32–34]. This 
showed that, in the ATLAS acceptance, a significant contribution from double parton scattering 
(DPS) is expected, which does not fall in the scope of this work. In what follows, we will assume 
that constraining both observed particles to be back to back makes the DPS yield small enough 
and we will not venture into the region of large rapidity separations where it can be dominant. 
Moreover, J/ψ + γ and ϒ + γ have only been investigated [35] – also by ATLAS – in the 
context of H 0 studies, thus at very large invariant mass where the yields are extremely small 
and the contributions we are after are a background to the H 0 signal. Studies in the kinematical 
region considered in [27] or in [36,37] have not yet been done. J/ψ(ϒ) + W± would also be 
an option since it has also been experimentally studied – still by ATLAS [38] – but it is not 
dominated by gluon induced reactions [39,40].

The paper is organised as follows: In Section 2 we discuss the gluon fusion process in the 
TMD factorisation approach for an arbitrary final state and analyse the general structure of the 
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differential cross section. We then analytically calculate the partonic cross sections for each of 
the azimuthal structures to leading order (LO) accuracy for the final state Q + ��̄ where Q is 
a spin-triplet vector quarkonium. In Section 3, we give our numerical results for the quarko-
nium + Z final state, while numerical results for a quarkonium + (��̄) final state are presented 
in Section 4. We draw our conclusions in Section 5.

2. Analytic calculation within the TMD approach

In this section we consider the process p(Pa) +p(Pb) → Q (PQ ) + �(l) + �̄(l̄) +X, where Q
denotes a heavy quarkonium bound state, in a kinematical regime where the final state momen-
tum qμ ≡ P

μ
Q + lμ + l̄μ ≡ P

μ
Q + P

μ
B has a small transverse component, qT , with respect to the 

beam axis in the proton centre-of-mass (c.m.) frame. To be precise, the transverse momentum 
has to be much smaller than the hard scale of the process, e.g. the invariant mass Q (q2 = Q2) 
of the final-state, namely qT � Q. This is the regime where TMD factorisation can be applied.

Furthermore, we assume that the underlying production mechanism of the heavy quarko-
nium + lepton pair is due to gluon interactions only. As such, this final state can be considered 
as a probe for gluon TMDs in proton collisions. In Ref. [27], we have shown that, at the LHC, 
this is indeed the case for the associated production of a heavy quarkonium and a real photon, 
instead of a lepton pair.

A second assumption we make here is that the heavy quarkonium is produced directly as a 
colour-singlet state. For the production of ϒ − γ at the LHC, this assumption is valid, but not 
necessarily for J/ψ − γ [27]. Where needed, such an assumption can be ensured by isolating 
the quarkonium (as done in [35]).

2.1. General structure of the cross section

In a first step we present the fully differential cross section in the TMD approach (cf. Refs. [14,
29,30,11,27,15,9,6]) in a general form as

dσTMD = (2π)4

S2
dPSn

1

(N2
c − 1)2

∑
a,b;I

Aab
μν;I (k̄a, k̄b; {Pi})Aab ∗

ρσ ;I (k̄a, k̄b; {Pi}) ×
∫

d2yT

(2π)2
eiqT ·yT �̃ρμ(xa,yT , ζa,μ) �̃σν(xb,yT , ζb,μ) + O(qT /Q) (1)

= (2π)4

S2
dPSn

1

(N2
c − 1)2

∑
a,b;I

Aab
μν;I (k̄a, k̄b; {Pi})Aab ∗

ρσ ;I (k̄a, k̄b; {Pi}) ×
∫

d2kaT

∫
d2kbT δ(2)(kaT + kbT − qT )�ρμ(xa,kaT , ζa,μ)�σν(xb,kbT , ζb,μ)

+ O(qT /Q) , (2)

where a and b are colour indices, Nc = 3 is the number of colours, and the sum 
∑

I denotes 
the summation over those indices that can identify the particles in the final state, like their he-

licity. The differential phase space factor reads dPSn = ∏n
i=1

d3pi

(2π)32Ei
, with Ei =

√
p2

i + m2
i . 

Moreover, A denotes the hard scattering amplitude for an arbitrary gluon-induced process 
gg → p1 + ... + pn, with n colour-singlet particles of momenta P1, ..., Pn in the final state. It is 
factorised from the soft part contained in the integral in the second line and can be perturbatively 
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calculated. The gluon momenta entering this amplitude are approximated as k̄μ
a/b = xa/bP

μ
a/b . 

The longitudinal momentum fractions are set to xa = q ·Pb/Pa ·Pb and xb = q ·Pa/Pa ·Pb , with 
q = P1 + P2 + ... + Pn.

The formula in (1) describes an arbitrary gluon-induced process with a colour-singlet final 
state in the TMD formalism. Here, the �̃s denote the non-perturbative gluonic TMD matrix ele-
ments that were properly defined in yT coordinate space in Ref. [9], including the renormalisation 
scale μ as well as an additional scale ζ . The evolution in ζ of the TMD correlator �̃ is governed 
by the Collins–Soper evolution equation (cf. Refs. [3,9]). When going from equations (1) to (2), 
a simple Fourier transform w.r.t. yT is performed. Hence, �̃ and � are related via a Fourier trans-
form. In particular, � depends on the longitudinal gluon momentum fraction x and the gluon 
transverse momentum kT .

The TMD correlator � can be parametrised in terms of gluon TMDs (cf. Refs. [1,41]). For an 
unpolarised nucleon one finds two structures of the following form,

�μν(x,kT ) = 1

2x

(
−g

μν
T f

g

1 (x,k2
T ) + k

μ
T kν

T + 1
2k2

T g
μν
T

M2
h

⊥g

1 (x,k2
T )

)
. (3)

The TMD distribution f g

1 can be interpreted as the distribution of unpolarised gluons in an un-

polarised nucleon, while the function h⊥g

1 is the distribution of linearly polarised gluons [1]. In 
addition, we have introduced the transverse projector gμν

T = gμν − P μnν − P νnμ, where P is 
the nucleon momentum and n is an adjoint light-cone vector such that n2 = 0 and P · n = 1. 
Moreover, in (3), M denotes the nucleon mass. We note that the parametrisation (3) is slightly 
different from the one in Ref. [9] where the M2 in (3) is replaced by 1

2k2
T . Also, we have an 

additional factor 1/x in (3).
Getting back to the expression for the cross section in (2), it is useful to consider it in the 

c.m. frame of both incoming protons, with Pa/b along the positive (negative) z-direction, e.g., 
P

μ
a/b = √

S/2n
μ
±, with nμ = (1, 0, 0, ±1)/

√
2. In this frame, we can work with simple polarisa-

tion vectors of the gluons (which are approximated to be collinear to the proton momenta in the 
amplitudes A in (2)). One can easily find that these polarisation vectors acquire the following 
form in terms of the gluon helicities λa/b = ±1,

ε
μ
λa

(k̄a) =
(

0,− λa√
2
,− i√

2
,0

)
; ε

μ
λb

(k̄b) =
(

0,
λb√

2
,− i√

2
,0

)
. (4)

These polarisation vectors lead to the common polarisation sum in the Feynman gauge,

−g
μν
T =

∑
λa/b

ε
μ
λa/b

(k̄a/b) εν ∗
λa/b

(k̄a/b). (5)

In addition, the polarisation vectors are transverse, i.e., k̄a ·ελa (k̄a) = k̄b ·ελa (k̄a) = k̄a ·ελb
(k̄b) =

k̄b · ελb
(k̄b) = 0. Of course, the polarisation vectors (4) are only determined up to a phase, there-

fore other realisations are possible as well.
Since the contraction of Minkowski indices μ, ν, ρ, σ in (2) is to be understood as a contrac-

tion in the transverse space, we can insert the polarisation sums (5) and rewrite (2) in terms of 
the helicity amplitudes,

dσTMD = (2π)4

S2
dPSn

∑
¯ ¯

1

(N2
c − 1)2

∑
a,b;I

Aab
λa,λb;I (k̄a, k̄b; {Pi}) ×
λa,λa,λb,λb=±1
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Aab ∗
λ̄a ,λ̄b;I (k̄a, k̄b; {Pi})

∫
d2kaT

∫
d2kbT δ(2)(kaT + kbT − qT )�λ̄a,λa

(xa,kaT , ζa,μ) ×
�λ̄b,λb

(xb,kbT , ζb,μ) + O(qT /Q). (6)

Here, we introduced the notation Aλa,λb
≡ ε

μ
λa

(k̄a) εν
λb

(k̄b) Aμν for the helicity amplitudes, and 
the helicity gluon correlator �λ̄,λ ≡ (ε

μ

λ̄
)(k̄) εν ∗

λ (k̄) �μν . For an unpolarised nucleon the parame-
terisation in terms of the gluon helicities then takes the following form,

�λ̄a,λa
(xa,kaT )

= 1

2xa

(
δλa,λ̄a

f
g

1 (xa,k
2
aT ) + k2

ax − k2
ay − 2iλakaxkay

2M2
δλa,−λ̄a

h
⊥g

1 (xa,k
2
aT )

)
, (7)

�λ̄b,λb
(xb,kbT )

= 1

2xb

(
δλb,λ̄b

f
g

1 (xb,k
2
bT ) + k2

bx − k2
by + 2iλbkbxkby

2M2
δλb,−λ̄b

h
⊥g

1 (xb,k
2
bT )

)
, (8)

with kaT = (kax, kay) and kbT = (kbx, kby). It is evident from (7), (8) that the gluon TMD f g

1
conserves the gluon helicity at the non-perturbative level, while the distribution of linearly po-
larised gluons, h⊥g

1 , flips it. We can insert the parameterisations (7), (8) into (6) and write the 
differential cross section in the general form

dσTMD = (2π)4

4xaxbS2
dPSn

{
F̂1(k̄a, k̄b; {Pi})C [f g

1 f
g

1 ] + F̂2(k̄a, k̄b; {Pi})C [w2 h
⊥g

1 h
⊥g

1 ]
+ F̂3a(k̄a, k̄b; {Pi})C [w3a h

⊥g

1 f
g

1 ] + F̂3b(k̄a, k̄b; {Pi})C [w3b f
g

1 h
⊥g

1 ]
+ F̂4(k̄a, k̄b; {Pi})C [w4 h

⊥g

1 h
⊥g

1 ]
}

+ O(qT /Q) , (9)

where the different transverse momentum convolutions of gluon TMDs are abbreviated as

C [w f g] ≡
∫

d2kaT

∫
d2kbT δ(2)(kaT + kbT − qT )w(kaT ,kbT ,qT ) ×

f (xa,k
2
aT ) g(xb,k

2
bT ) . (10)

Since the distribution of linearly polarised gluons carries gluon transverse-momentum-dependent 
prefactors in the parameterisations (7), (8), these prefactors emerge again in the convolutions 
in (9) in the weighting factors w. To be specific we have

w2 = 2(kaT · kbT )2 − k2
aT k2

bT

4M4
,

w4 = 2

[
kaT · kbT

2M2
− (kaT · qT )(kbT · qT )

M2q2
T

]2

− k2
aT k2

bT

4M4
,

w3a = k2
aT q2

T − 2(qT · kaT )2

2M2 q2
T

, w3b = k2
bT q2

T − 2(qT · kbT )2

2M2 q2
T

. (11)

We find five different structures in the cross section in (9): the first one is given by a convolution 
of two unpolarised gluon TMDs, while the second and fifth are given by the convolutions of 
two distributions of linearly polarised gluons. In the latter case the helicities of each gluon are 
flipped. We separated both these structures because the second typically provides azimuthally 
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isotropic contributions, while the fifth leads to azimuthal modulations (around the beam axis) 
of the differential cross section. The third and fourth structures are mixed convolutions of an 
unpolarised and a linearly polarised gluon TMD. Here, only one of the gluon helicities is flipped.

The factors F̂i in (9) can be calculated perturbatively since they are defined in terms of the 
partonic amplitudes A in the following way,

F̂1(k̄a, k̄b; {Pi}) =
∑

λa,λb,=±1

1

(N2
c − 1)2

∑
I

Aab
λa,λb;I (k̄a, k̄b; {Pi})Aab ∗

λa,λb;I (k̄a, k̄b; {Pi}) ,

F̂2(k̄a, k̄b; {Pi}) =
∑

λ=±1

1

(N2
c − 1)2

∑
I

Aab
λ,λ;I (k̄a, k̄b; {Pi})Aab ∗

−λ,−λ;I (k̄a, k̄b; {Pi}) ,

F̂3a(k̄a, k̄b; {Pi}) =
∑

λa,λb,=±1

1

(N2
c − 1)2

∑
I

Aab
λa,λb;I (k̄a, k̄b; {Pi})Aab ∗

−λa,λb;I (k̄a, k̄b; {Pi}) ,

F̂3b(k̄a, k̄b; {Pi}) =
∑

λa,λb,=±1

1

(N2
c − 1)2

∑
I

Aab
λa,λb;I (k̄a, k̄b; {Pi})Aab ∗

λa,−λb;I (k̄a, k̄b; {Pi}) ,

F̂4(k̄a, k̄b; {Pi}) =
∑

λ=±1

1

(N2
c − 1)2

∑
I

Aab
λ,−λ;I (k̄a, k̄b; {Pi})Aab ∗

−λ,λ;I (k̄a, k̄b; {Pi}) . (12)

The results in (9)–(12) are the main ones of this subsection, and are valid for an arbitrary 
process induced by the interaction of two gluons in the initial state, where a colour-singlet final 
state is produced. In the following, we will analyse a specific hadronic reaction in which a heavy 
quarkonium state and a lepton pair are produced back to back in transverse space.

2.2. The subprocess gg → Q � �̄

2.2.1. The helicity structure
We will now compute the amplitude A for the process gg → Q � �̄ and use these results to 

determine the explicit expressions of the F̂i in (9). The first observation we make is that the 
lepton pair is produced either through the decay of a virtual photon or a Z boson. Hence, we can 
decompose the amplitude further and write

Agg→Q � �̄
λa,λb

=
∑

j=γ ∗,Z
i Cj Agg→Q j ; μ

λa,λb

gμν − PBμPBν/M
2
B

M2
B − �j

ū(l, σ )γ ν(aj + bjγ5)v(l̄, σ̄ ).

(13)

Here, M2
B = P 2

B denotes the virtuality of the electroweak gauge boson. In addition, we intro-
duced the constants Cγ ∗ = −4παem, CZ = m2

ZGF /2/
√

2, where αem is the electromagnetic fine 
structure constant, GF Fermi’s constant, and mZ the mass of the Z boson. The poles of the elec-
troweak propagators are �γ ∗ = 0 and �Z = m2

Z − i�ZmZ , where �Z is the total width of the 
Z boson. The electroweak coupling to the leptons involves the constants aγ ∗ = 1, bγ ∗ = 0 for a 
virtual photon, and aZ = 3 − 4m2

Z/m2
W , bZ = 1 for a Z boson, where mW is the mass of the W

boson.
With the decomposition (13) at hand we can calculate the amplitude squared,
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Fλaλb;λ̄a λ̄b
≡ (2π)4

4xaxbS2

dPS3

(N2
c − 1)2

∑
I

Agg→Q � �̄

λa,λb;I A∗ gg→Q � �̄

λ̄a ,λ̄b;I

= 1

4(2π)5xaxbS2(N2
c − 1)2

d3PQ

2EQ

×
( ∑

j,j̄=γ ∗,Z

CjCj̄

∑
I

Agg→Q j ; μ

λa,λb;I A∗ gg→Q j̄ ; ρ

λ̄a,λ̄b;I
gμν − PBμPBν/M

2
B

(M2
B − �j)

×

gρσ − PBρPBσ /M2
B

(M2
B − �j̄ )

∗
[
Lνσ

jj̄
(l, l̄)d4l δ(l2) θ(l0)d4 l̄ δ(l̄2)θ(l̄0)

])
. (14)

We note that any explicit dependence on the single lepton momenta is hidden in the last line, 
where we have introduced the Lorentz-invariant leptonic tensor

Lνσ

jj̄
= 4(aj aj̄ + bjbj̄ )

(
lν l̄σ + lσ l̄ν − 1

2M2
Bgνσ

)
+ 4(aj bj̄ + bjaj̄ ) ενσηκ lηl̄κ . (15)

We now integrate over the momentum l̄ of the antilepton, keeping in mind that d4l d4 l̄ δ(l2) δ(l̄2) =
d4PB d4 l̄ δ(l̄2) δ((PB − l̄)2). Since the last line of (14) is Lorentz-invariant, this is conve-
niently done in the centre-of-mass frame of the lepton pair where the pair momentum takes 
the simple form P μ

B = (MB, 0, 0, 0). The delta functions are easily integrated out, and we 
find d4l d4 l̄ δ(l2) δ(l̄2) → 1

8 d4PB d�, with � the solid angle which determines the direction 

of the antilepton. Using an explicit form of the antilepton momentum l̄μ = MB

2 (1, 
→
e ) with 

→
e = (sin θ cosφ, sin θ sinφ, cos θ) in this specific dilepton c.m.-frame we can perform the solid 
angle integration and obtain∫

d�Lνσ

jj̄
=

∫
d�4

[
(aj aj̄ + bjbj̄ )

(
−2l̄ν l̄σ + P ν

B l̄σ + P σ
B l̄ν − 1

2M2
Bgνσ

)
+ (aj bj̄ + bjaj̄ ) ενσηκPBηl̄κ

]
= 16

3
π(ajaj̄ + bjbj̄ )

(
P ν

BP σ
B − M2

Bgνσ
)

. (16)

We insert this result into the quantity F in (14) and perform the contraction with the numerators 
of the weak boson-propagators. This leads to a factor −M2

B(gμρ − PBμPBρ/M2
B) coming from 

M2
B

∑
λB=0,±1 ε∗

μ,λB
(PB) ερ,λB

(PB) in the numerator, which we have indentified as the sum over 
the helicities of the polarisation vectors of the virtual electroweak boson. Note that, since the 
virtual electroweak boson is massive (formally carrying a mass P 2

B = M2
B ), three polarisations are 

necessary. Utilising the polarisation sum in this way allows us to work with helicity amplitudes 
when calculating the process gg → Q γ ∗/Z.

Finally, we also need to modify the remaining phase space d4PQ d4PB δ(P 2
Q − M2

Q )θ(P 0
Q )

where MQ is the mass of the heavy quarkonium state. We do so by considering the relative 
momenta qμ = P

μ
Q + P

μ
B and �qμ = P

μ
Q − P

μ
B and note that d4PB d4PQ = 1

16 d4q d4�q . 
It is most convenient to analyse these factors in a c.m.-frame of the heavy quarkonium and 
the virtual electroweak gauge boson, such as the Collins–Soper (CS) frame. In this frame the 
gluon momenta are along the z-axis whereas the heavy quarkonium and electroweak gauge 

boson momenta have an explicit representation in this frame, P μ =
(√

�2 + M2 ,�
→
e
)

and 
Q Q
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Fig. 1. Leading order diagrams for the subprocess gg → Q Z/γ ∗ . Diagrams where the direction of the quark lines are 
reversed also contribute. (For interpretation of the references to colour in this figure, the reader is referred to the web 
version of this article.)

P
μ
B =

(√
�2 + M2

B,−�
→
e

)
, with 

→
e = (sin θ cosφ, sin θ sinφ, cos θ) as before, where θ and 

φ are the Collins–Soper angles. From considering q2 = (PQ + PB)2 ≡ Q2 > 0 we find that 

� =
√

λ(Q2,M2
Q ,M2

B)/(2Q), with λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. Hence, the 

relative momenta take the explicit form qμ = (Q, 0, 0, 0) and �qμ = ((M2
Q − M2

B)/Q, 2�
→
e )

in the CS frame, and we conclude that d4PQ d4PB δ(P 2
Q − M2

Q )θ(P 0
Q ) → �/(4Q) d4q dM2

B d�. 
Collecting all the results above, we rewrite (14) as

Fλaλb;λ̄a λ̄b
= �M2

B

48 (2π)4 xaxbS2 Q(N2
c − 1)2

d4q dM2
B d� ×

( ∑
j,j̄=γ ∗,Z

CjCj̄ (aj aj̄ + bjbj̄ )

(M2
B − �j) (M2

B − �j̄ )
∗

∑
λB=0,±1;I

Agg→Q j

λa,λb;λB ;I A∗ gg→Q j̄

λ̄a ,λ̄b;λB ;I

)
.

(17)

2.2.2. The amplitude Agg→Q (Z/γ ∗)

As a final step, we need to calculate the amplitude Agg→Q (Z/γ ∗). We will do so to leading 
order accuracy in perturbative QCD and assume a colour-singlet heavy quarkonium state. The 
leading order diagrams are shown in Fig. 1. In the following we restrict ourselves to heavy 
quarkonium states without orbital angular momentum quantum numbers, in particular to a J/ψ

or ϒ state. In the colour-singlet model one typically neglects relative momenta of the heavy 
quark–antiquark pair in the hard part such that the wave function of the heavy quarkonium state 
shrinks to the origin, and the vertex of the transition of both heavy quarks forming a J/ψ or ϒ – 
the green blobs in Fig. 1 – reduces to a vertex 1/

√
4πNcMQ R0(0) (/P Q − MQ ) /ελQ (PQ ), where 

R0(0) is the radial wave function of the heavy quarkonium state at the origin in the quarkonium 
rest frame, and ελQ (PQ ) the polarisation vector of the J/ψ or ϒ (cf. Ref. [15]). Note that we have 
again three polarisations λQ = 0, ±1 for a massive spin-1 particle. We also note that the coupling 
of the electroweak gauge boson depends on the flavor of the quark, i.e., we have a quark-gauge 
boson vertex of the form γ μ(aq + bqγ5), with ac = −5/3 + (8/3)m2

W/m2
Z , bc = −1 for a charm 

quark coupling to a Z-boson, ab = 7/3 − (4/3)m2
W/m2

Z , bb = +1 for a bottom quark coupling 
to a Z-boson, and ac = ab = 1, bc = bb = 0 for a quark coupling to a photon.

The leading order diagrams can then be calculated in a straightforward way, and we will not 
elaborate on the details of the calculation. Once we have obtained the analytic expressions for 
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the helicity amplitudes Agg→J/ψ[ϒ] (Z/γ ∗) we insert them into (17). It is then only a minor step 
to extract the F̂i-prefactors in (12).

2.2.3. The azimuthal dependence of the differential cross section
To go further, we decompose, in the CS frame, the differential cross section in terms of fac-

tors F̂i :

dσ
pp→J/ψ[ϒ]��̄X
TMD, LO

d4q dM2
B d�

= F̂1(Q,α,β, θ)C [f g

1 f
g

1 ] + F̂2(Q,α,β, θ)C [w2 h
⊥g

1 h
⊥g

1 ]
+

{
F̂3a(Q,α,β, θ)C [w3a h

⊥g

1 f
g

1 ] + F̂3b(Q,α,β, θ)C [w3b f
g

1 h
⊥g

1 ]
}

cos 2φ

+ F̂4(Q,α,β, θ)C [w4 h
⊥g

1 h
⊥g

1 ] cos 4φ, (18)

where the F̂i are functions of the θ CS-angle, the parameters α ≡ MQ /Q and β = MB/Q. The 
prefactors F̂i have the form

F̂i = 4α2
s |R0(0)|2 �M2

B

3π3 xaxbS2 Q3 MQ Nc (N2
c − 1)2

∑
j,j̄=γ ∗,Z

C̃j C̃j̄ (aj aj̄ + bjbj̄ )

(M2
B − �j) (M2

B − �j̄ )
∗

f̂i (α,β, θ)

D̂(α,β, θ)
,

(19)

where C̃γ ∗ = −4παemeq and C̃Z = m2
ZGF aq/(2

√
2), and � = Q

2

√
λ(1, α2, β2). The functions 

f̂i , D̂ acquire the following form in terms of the auxiliary variables A ≡ 1 + α2 − β2 and B ≡√
A2 − 4α2 = √

λ(1, α2, β2) ≥ 0,

D̂(α,β, θ) = (2 − A)2
(
A2 − B2 cos2 θ

)2
, (20)

as well as

f̂1(α,β, θ) = a1,0 + a1,2 sin2 θ + a1,4 sin4 θ,

f̂2(α,β, θ) = a2,0,

f̂3a(α,β, θ) = a3,0 sin2 θ = f̂3b(α,β, θ),

f̂4(α,β, θ) = a4,0 sin4 θ, (21)

with

a1,0 = 16α2
[
2(1 − α2)(1 − α2 + β2) + α2β2

]
,

a1,2 = 8
[
(α − β)2 − 1

] [
(α + β)2 − 1

] [
(α2 − β2)2 − 2α2

]
,

a1,4 =
(

2α2 + β2
)[

1 − 2(α2 + β2) + (α2 − β2)2
]2

,

a2,0 = 48α4β2,

a3,0 = 8α2(α2 + 2β2)
[
1 − 2(α2 + β2) + (α2 − β2)2

]
,

a4,0 = a1,4. (22)
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Note that in the limit of real photon production, that is, MB → 0 or β → 0, we recover the 
results of the F̂i that were found in Ref. [27]. We find that the partonic prefactor f̂2 vanishes in 
the real photon limit – a unique feature of this particular final state.

At this point, we would like to remind the reader that, in a NLO calculation of the hard 
coefficients F̂i in Eq. (18), logarithms of the ratios α and β may appear (see, e.g., Refs. [42,43]
for a related study of the Higgs + jet final state). These logarithms may be large if the ratios 
α or β are small and may slow down the convergence of the perturbative series. While TMD 
factorisation mainly concerns a resummation procedure of logarithms of qT /Q, it in general does 
not include resummations of other logarithms. Since we are mainly interested in qT -distributions 
at fixed invariant mass Q, we will consider logarithms of α and β as fixed, unlike logarithms 
of qT /Q. A correct treatment of logarithms of α and β is however beyond the scope of this 
article and may be the subject of future investigations.

Eqs. (18)–(22) constitute the main analytical results of this work. It is however instructive to 
analyse the cross section that is integrated over the CS angles including a possible azimuthal 
weighting factor. These weighting factors may enable us to disentangle the various azimuthal 
contributions in (18). For example, analogously to Ref. [27], we can deduce the following 
weighted cross sections from (18),

N(0) ≡
∫

d�
dσ

pp→J/ψ[ϒ]��̄X
TMD, LO

d4q dM2
B d�

= dσ
pp→J/ψ[ϒ]��̄X
TMD, LO

d4q dM2
B

= F̂1(Q,α,β)C [f g

1 f
g

1 ] + F̂2(Q,α,β)C [w2 h
⊥g

1 h
⊥g

1 ] ,

N(2) ≡
∫

d� cos 2φ
dσ

pp→J/ψ[ϒ]��̄X
TMD, LO

d4q dM2
B d�

= F̂3(Q,α,β)
(

C [w3a h
⊥g

1 f
g

1 ] + C [w3b f
g

1 h
⊥g

1 ]
)

,

N(4) ≡
∫

d� cos 4φ
dσ

pp→J/ψ[ϒ]��̄X
TMD, LO

d4q dM2
B d�

= F̂4(Q,α,β)C [w4 h
⊥g

1 h
⊥g

1 ] . (23)

Note that we use the same symbols F̂i for the integrated or weighted partonic prefactors, i.e., 
F̂1,2(Q, α, β) = 2π

∫
dθ F̂1,2(Q, α, β, θ) and F̂3,4(Q, α, β) = π

∫
dθ F̂3a/b,4(Q, α, β, θ). The 

θ -integration can be performed analytically, and we find the following integrated partonic pref-
actors utilising Eqs. (19)–(22),

F̂1(Q,α,β) = F̂

(2 − A)2A2B4

[
B4 a1,0

4α2
− B2 a1,2 + (3A2 − B2) a1,4

+
(
B4 a1,0 + B2(A2 + B2) a1,2 − 4α2 (3A2 + B2) a1,4

) ln
(

A+B
A−B

)
2AB

⎤
⎦ ,

(24)

F̂2(Q,α,β) = F̂ a2,0

(2 − A)2A2

⎡
⎣ 1

4α2
+

ln
(

A+B
A−B

)
2AB

⎤
⎦ , (25)
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F̂3(Q,α,β) = − F̂ a3,0

2(2 − A)2A2B2

⎡
⎣1 − (A2 + B2)

ln
(

A+B
A−B

)
2AB

⎤
⎦ , (26)

F̂4(Q,α,β) = F̂ a4,0

2(2 − A)2A2B4

⎡
⎣3A2 − B2 − 4α2 (3A2 + B2)

ln
(

A+B
A−B

)
2AB

⎤
⎦ . (27)

where we have used the definition

F̂ ≡ 8α2
s |R0(0)|2 �M2

B

3π2 xaxbS2 Q3 MQ Nc (N2
c − 1)2

∑
j,j̄=γ ∗,Z

C̃j C̃j̄ (aj aj̄ + bjbj̄ )

(M2
B − �j) (M2

B − �j̄ )
∗ . (28)

The advantage of the quantities N(i) is that they are – in principle – Lorentz-invariant after having 
integrated out the CS-angles. Hence, they can be evaluated directly in the hadron c.m.-frame, i.e., 
the lab frame at the LHC.

However, there are three drawbacks in integrating in θ : first, at NLO, one may face large 
logarithms of sin(θ) for configurations with large rapidity separations for large pair invariant 
masses [42,43]. Another reason to avoid this region is that it may be populated by Double-
Parton-Scattering (DPS) contributions for which the quarkonium and the dilepton production is 
uncorrelated and can result in large-rapidity separation configurations along the z axis [44–46]. 
Finally, detectors like those of ATLAS and CMS, despite their wide rapidity coverage, would not 
allow for the detection of far forward or backward quarkonium and dileptons. That being said, 
for the purpose of our exploratory study, such an integration on θ , which provides cross-section 
upper limits, remains valuable.

Below we use these formulae to estimate the size of the effects from linearly polarised gluons 
that one can expect at the LHC by measuring the associated heavy-quarkonium + Z-final state.

3. Numerical predictions for an associated quarkonium + Z-final state

We can numerically compare the relative size of both contributions from unpolarised and 
linearly polarised gluons to the angular-integrated cross section N(0) in (23) by considering the 
LO ratios F̂2,3,4(Q, α, β)/F̂1(Q, α, β) from Eqs. (24)–(27). In this section, we focus on the 
production of a (quasi)-real Z-boson, i.e., dileptons with an invariant mass around the Z-pole 
mass MB � mZ . To this end, we consider a MB -bin around mZ with a bin size of, say, 2 GeV. 
Hence, we define cross sections for real Z-boson production in the following way,

dσpp→J/ψ[ϒ]ZX

d4q
≡

mZ+1 GeV∫
mZ−1 GeV

dMB

dσpp→J/ψ[ϒ]��̄X

d4q dM2
B

. (29)

The structures of the corresponding quantities N(i) in (23) remain valid for real Z-boson pro-
duction, but with integrated partonic prefactors

F̂ Z
i (Q,α) = 2Q2

mZ+1 GeV
Q∫

mZ−1 GeV
Q

dβ β F̂i(Q,α,β) . (30)
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Fig. 2. The ratios F̂ Z
2,3,4(Q)/F̂Z

1 (Q) from (30) plotted vs. the invariant final-state mass Q ≥ MQ + mZ for a ϒ (a) and 
a J/ψ (b).

The LO ratios F̂2,3,4(Q, α, β)/F̂1(Q, α, β) for real Z-boson productions are shown in Fig. 2. 
In the left plot we present our result for an associated ϒ state with mass mϒ = 9.46 GeV. In the 
right plot, we have shown it for a J/ψ state with mass mJ/ψ = 3.1 GeV. First of all, we observe 
that the ratios are rather small in general: the ratio F2/F1 is about half of a percent at most for 
ϒ -production and even smaller (≤ 10−3) for J/ψ production. One can expect that the convolu-
tion C [w2 h

⊥g

1 h
⊥g

1 ] in (23) from linearly polarised gluons does not exceed in size the convolution 
C [f g

1 f
g

1 ] [29,8]. For example, the models of Ref. [8] indicate that the (scale-dependent) ratio 

R = C [w2 h
⊥g

1 h
⊥g

1 ]/C [f g

1 f
g

1 ] is at most about 2/3 for a small scale Q ∼ 3 GeV, but typically 
(much) smaller for larger scales. Hence, it is not unreasonable to neglect the contribution from 
linearly polarised gluons for the quantity N(0) in (23) and approximate to good accuracy,

N(0) = dσ
pp→J/ψ[ϒ]��̄X
TMD, LO

d4q dM2
B

� F̂1(Q,α,β)C [f g

1 f
g

1 ]. (31)

In a next step we evaluate the quantities N(i)
Z for real Z-boson production in the hadron c.m.-

frame where P μ
a/b = (

√
S/2)(1, 0, 0, ±1) and qμ = (

√
Q2 + q2

T coshY, qT , 
√

Q2 + q2
T sinhY). 

Here, Y denotes the rapidity of quarkonium–dilepton pair, i.e., the rapidity of the final state. Also, 
d4q = Q dQ dY d2qT . We then investigate the following distributions (ratios) that were already 
proposed in Ref. [27],

S
(0)
Z (Q,Y,qT ) ≡ N

(0)
Z∫ Q2/4

0 dq2
T N

(0)
Z

= C [f g

1 f
g

1 ]∫ Q2/4
0 dq2

T C [f g

1 f
g

1 ]
, (32)

S
(2)
Z (Q,Y,qT ) ≡ N

(2)
Z∫ Q2/4

0 dq2
T N

(0)
Z

= F̂ Z
3 (Q,α)

F̂ Z
1 (Q,α)

C [w3a h
⊥g

1 f
g

1 ] + C [w3b f
g

1 h
⊥g

1 ]∫ Q2/4
0 dq2

T C [f g

1 f
g

1 ]
, (33)

S
(4)
Z (Q,Y,qT ) ≡ N

(4)
Z∫ Q2/4

0 dq2
T N

(0)
Z

= F̂ Z
4 (Q,α)

F̂ Z
1 (Q,α)

C [w4 h
⊥g

1 h
⊥g

1 ]∫ Q2/4
0 dq2

T C [f g

1 f
g

1 ]
. (34)

Note that, for these ratios, the transverse momentum of the final state qT – the quarkonium–
dilepton pair’s transverse momentum imbalance – is restricted to be smaller than Q/2 in order 
to roughly fulfil the TMD factorisation requirement |qT | � Q.

In order to estimate the size of the effects of the linearly polarised gluons hidden in the ob-
servables S(2) and S(4), it is instructive to first calculate the ratios of the perturbative prefactors 
Z Z
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Fig. 3. The azimuthally independent distribution S(0) (a) and the azimuthal distributions S(2) (b) and S(4) (c) at the LHC 
for 

√
S = 14 TeV for the ϒ + Z final state at midrapidity Y = 0 and an invariant mass Q = 120 GeV.

F̂ Z
3 /F̂ Z

1 and F̂ Z
4 /F̂ Z

1 . We show these ratios in Fig. 2 as well, plotted vs. the invariant mass Q
for a ϒ and J/ψ state. We find rather small ratios, around 10−4 for F̂ Z

3 /F̂ Z
1 and 5 × 10−5

for F̂ Z
4 /F̂ Z

1 at the peak around Q = 120 GeV for a ϒ -particle. The ratios for J/ψ -production 
are even smaller, of the order of 10−6. This is in contrast to the ϒ + γ final state discussed in 
Ref. [27] where the corresponding ratios are about 0.05 and 0.03, respectively, for an invariant 
mass Q = 20 GeV. This already suggests that the final state containing a heavy quarkonium state 
and a real Z-boson may not be sufficiently suitable to study the distribution of linearly polarised 
gluons, h⊥g

1 . A more quantitative statement about the feasibility of measurements of the az-
imuthal observables S(2) and S(4) can be given through an estimate of the convolution integrals in 
Eqs. (32), (33), (34). We use the same model Ansätze for the unpolarised gluon f g

1 that were also 
adopted in the predictions for a ϒ + γ state in Ref. [27], where two parameterisations of the un-
integrated gluon distribution (UGD) have been used as an input for the TMD gluon function f

g

1 . 
Although the UGD established for small-x physics may not be identified in general with the un-
polarised gluon TMD, such an input serves as a first numerical estimate of the size that can be 
expected for the distributions S(i). In particular, we use the Set B0 solution to the CCFM equation 
with an initial condition based on the HERA data from Refs. [47,48] and the KMR parameteri-
sation from Ref. [49] for the UGD. In Ref. [27] the saturation of the positivity bound [1] for the 
distribution of linearly polarised gluons was assumed, i.e., h⊥g

1 (x, k2
T ) = 2M2/k2

T f
g

1 (x, k2
T ). 

We rely on the same assumption in this work as well.
In Fig. 3 the azimuthal qT -distribution S(2) and S(4) from Eqs. (33), (34) are shown for real 

Z-bosons and are of the size of about 10−8, which is about four orders of magnitudes smaller than 
the corresponding contributions for a ϒ +γ final state. The qT -integrated azimuthal observables ∫

d2qT S(2) and 
∫

d2qT S(4) amount to roughly 0.007% and 0.001%, respectively – three orders 
of magnitude smaller than for ϒ + γ . Hence, we conclude that it will be very difficult to access 
the linearly polarised gluons with a ϒ + Z final state. Having said that, this particular final state 
might be a suitable candidate for studying experimentally the unpolarised gluon TMD on its 
own through the measurement of the azimuthally independent distribution S(0). The difference 
between this observable for a ϒ + Z final state and a ϒ + γ final state is that the invariant 
mass varies. In Ref. [27] the distribution S(0) was studied at Q = 20 GeV for a ϒ + γ final 
state, while in Fig. 3 this distribution is shown for Q = 120 GeV. The larger invariant mass is 
a consequence of the mass of the Z-boson. Hence, the qT -distribution S(0) is much broader 
for ϒ + Z. In addition, the detection of a dilepton pair at the Z-pole is experimentally much 
favourable in contrast to real photon detection because an isolation procedure is needed in the 
latter case.
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Fig. 4. The ratios F̂ ��̄
i

(Q)/F̂ ��̄
1 (Q) and F̂ Z

4 (Q)/F̂Z
1 (Q) from (30) plotted vs. the invariant final-state mass Q for a ϒ (a) 

and a J/ψ (b). The lepton pair is selected such that only small invariant masses MB ∈ [5 GeV, 7 GeV] are allowed.

Fig. 5. The azimuthally independent distribution S(0) (a) and the azimuthal distributions S(2) (b) and S(4) (c) for 
a ϒ + (��̄) final state at midrapidity Y = 0 and an invariant mass Q = 20 GeV. The dilepton mass range is MB ∈
[5 GeV, 7 GeV].

4. Numerical prediction for quarkonium + a dilepton from an off-shell photon

In this section we repeat the steps of the previous section but we consider lepton pairs with 
a relatively small invariant mass MB ∈ [5 GeV, 7 GeV] between the J/ψ and ϒ families. This 
mass range is far away from the Z-pole mass mZ , and dilepton creation from decays of virtual 
photons instead of Z-bosons should dominate.

The advantage is that we can investigate lower values of Q with a minimum final state invari-
ant mass Qmin = 7 GeV+MQ . In fact, we expect to observe some similarities with the associated 
Q +γ final state discussed in Ref. [27]. The theoretical formulae for this kinematic range are the 
same as for real Z-boson production of the last section, except that the integration region in (30)
is 5 GeV ≤ MB ≤ 7 GeV.

In Fig. 4, we plot the ratios Fi/F1 for associated quarkonium–dilepton production with small 
dilepton masses vs. the final state invariant mass Q. We observe that these ratios are considerably 
larger (by 1–2 orders of magnitude) than for real Z-boson production, but still smaller than 
for real photon production. Overall, one can say that the associated quarkonium–dilepton final 
state is rather sensitive to the dilepton mass MB . In particular, the ratio F2/F1 indicates that the 
prefactor F̂2 characterising the linearly polarised gluons may be a few percent of the factor F̂1
for lower Q. Nevertheless, we still consider the approximation (31) to be justified.

We then calculate the qT -distributions S(i) for small dilepton masses and show our results in 
Fig. 5. Since the distribution S(0) in the upper panel does not depend on the specific final state, we 
obtain the same result for a final state invariant mass Q = 20 GeV as for real photon production 
in Ref. [27]. The ratios F3,4/F1 are smaller compared to real photon production as mentioned 
before, and this results in smaller azimuthal qT -distributions S(2) and S(4). We estimate the 
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Fig. 6. Same as Fig. 4, but in the dilepton mass range MB ∈ [20 GeV,25 GeV].

Fig. 7. Same as Fig. 5, but in the dilepton mass range MB ∈ [20 GeV,25 GeV].

overall qT -integrated cos 2φ effect from linearly polarised gluons to be about 0.5%–0.6% in 
the dilepton mass range MB ∈ [5 GeV, 7 GeV] for an invariant mass Q = 20 GeV, while the 
cos 4φ modulation amounts to 0.04%–0.045%. Although these rates are smaller by an order of 
magnitude compared to real photon production, the experimental advantage of cleaner final state 
may outweigh the disadvantage of a smaller effect. This discussion is however beyond the scope 
of the present analysis.

Finally, we also investigate an intermediate dilepton mass range MB ∈ [20 GeV, 25 GeV]. The 
corresponding ratios of the LO prefactors Fi/F1 are shown in Fig. 6 where we observe a reduc-
tion of a factor of about 3–4 compared to the small dilepton mass range MB ∈ [5 GeV, 7 GeV], 
both for a ϒ and J/ψ . Consequently, also the azimuthal qT -distributions S(2) and S(4), taken 
at a larger invariant final state mass Q = 40 GeV and shown in Fig. 7, are smaller. The overall 
effect amounts to 0.13%–0.15% for the cos 2φ modulation and 0.01%–0.012% for the cos 4φ

modulation.

5. Conclusions

In this paper, we have presented the treatment of an arbitrary process induced by gluon–gluon 
fusion with a colour-singlet final state in the TMD approach. Using the helicity formalism, we 
have analysed the general structure of the fully differential, unpolarised cross section for this 
process in terms of TMD distributions of unpolarised and linearly polarised gluons inside an un-
polarised nucleon. We have then calculated the partonic cross sections underlying the azimuthally 
independent and dependent structures of the hadronic cross section for a specific final state: a 
heavy quarkonium in a colour-singlet state and a real Z-boson. We have found that, in contrast 
to quarkonium production associated with a photon, the azimuthally dependent contributions are 
strongly suppressed with respect to the azimuthally independent ones. Therefore, the distribution 
of linearly polarised gluons in the nucleon is most probably not experimentally accessible for a 
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quarkonium final state that is associated with a real Z-boson. The unpolarised gluon TMDs may 
however be studied by means of the azimuthally independent transverse momentum distribution 
of the process pp → ϒZX, which can be directly measured at the LHC.

We have also investigated the associated quarkonium + dilepton production for small and 
medium dilepton masses. These dileptons are predominantly generated from virtual photon de-
cays. Although the effects from linearly polarised gluons are still smaller than for the real-photon 
case, a TMD extraction might be done for dilepton masses between the J/ψ and ϒ masses at the 
LHC in view of the recent experimental studies of ϒ + ϒ [50] and J/ψ + ϒ [51] production.
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