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Abstract

The Snyder spacetime represents the first proposal of noncommutative geometry. It still
retains a significant role because of its property of preserving Lorentz invariance. In the
thesis, several different aspects of the model are investigated. In particular, the results
include: a calculation of the orbits of a particle in Schwarzschild spacetime in the set-
ting of the relativistic Snyder geometry; the definition of the path integral in one- and
two-dimensional Snyder space, in the traditional setting and using the Faddeev-Jackiw
formalism; a study of the representations of the three-dimensional Euclidean Snyder-de
Sitter algebra (namely, the extension of the Snyder model to a spacetime background of
constant curvature) with the calculation of the spectrum of the operators of position and
momentum squared; a generalisation of the Snyder model, which includes all possible
deformations compatible with Lorentz invariance, and an investigation of it within the
Hopf algebroid setting, including the discussion of the twist operator, the R-matrix and

the deformed addition of momenta.
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Chapter 1

Introduction

The structure of spacetime at Planck scale lengths, where quantum gravitational effects
cannot be ignored, is still unknown since this is an area of physics where it is practically
impossible to obtain physical data. Already in 1854 Riemann suggested that, at these
lengths, the known concept of spacetime should be changed. Heisenberg proposed the
idea of noncommutative spaces as a solution to the problem of ultraviolet divergences
in his letter to Peierls and through Pauli this idea reached Oppenheimer. It was Oppen-
heimer’s student Snyder who in 1947 for the first time formulated the idea mathematically

[S6].

In his paper, Snyder has shown that the introduction of a minimal unit of length nec-
essarily leads to a noncommutative algebra of spacetime coordinates, but also that the
assumption of Lorentz covariance does not impose a requirement for the spacetime to be

continuous.

Because of the success of the renormalisation theory, the idea of noncommutative
spaces had been disregarded until the 80’s, when mathematicians Connes and Woronow-
icz introduced the notion of a differential structure within the noncommutative frame-
work. At that time motives for studying noncommutative spaces came also from string
theory, which gave similar predictions for the structure of spacetime at small length scales.

Furthermore, different approaches to the unification of all physical interactions into one



8 CHAPTER 1. INTRODUCTION

renormalisable quantum field theory also pointed to the need of introducing a natural unit
of length. The motivation for studying them came from several different approaches to

quantum gravity as well, like for example, loop quantum gravity.

However, regardless of the renewed interest, most work carried out so far has been
related to the so called Moyal plane, the most simple type of noncommutative space where
the commutator of the spacetime coordinates is given by a constant tensor or, for example,
the k-Minkowski spacetime, a Lie-algebra type deformation of the Minkowski spacetime.
Less interest has been devoted to Snyder’s original proposal, even though, contrary to the

before mentioned examples, it has the property that it preserves Lorentz invariance.

In his paper, Snyder has shown that if one assumes that the spectra of the spacetime co-
ordinate operators are invariant under Lorentz transformations, there exists a solution that
admits a natural unit of length. Lorentz invariant commutation relations for the spacetime

coordinates %, and momenta p, are then given by
(8 8] = BT [P DI =0, [8 pul = i (M + Dby - (1.1)

where /32 is a coupling constant, usually assumed to be of the scale of the square of the
Planck length and fw are the generators of the Lorentz algebra, which satisfy the usual

commutation relations

[f/lV9 fpcr] = i(nvpf,u(r - nupfwr - 770'/1ij + no'vfp,u) » (12)
[fyv, ﬁu] = i(nv/lﬁ/t - nﬂ/lﬁv) s [j,uv, )’e/,t] = i(nv/ljey - 77;1/1561/) . (13)

The Snyder algebra is defined by the commutation relations (I.1]) - (I.3) and is nonlin-
ear. Since it can be obtained by constraining the momenta to lie on a hypersphere in a
(4+1)-dimensional space, the Snyder model can be viewed as the equivalent of de Sitter
spacetime for momentum space. In the limit 8> — 0, one retrieves the usual commutation

relations of quantum mechanics.

Restricting the model to three-dimensional Euclidean space, i.e. to its spatial sec-



tion, gives its nonrelativistic limit, which still contains the main features of the model,
but for example allows the implementation of quantum mechanics. In its classical limit,
the model is described by a noncanonical symplectic structure and its study requires the
methods for treating constrained Hamiltonian systems [12]. The model implies a gen-
eralisation of the uncertainty relations [29, 8], which gives rise to a lower bound in the
uncertainty of the position, and the discreteness of the spectra of area and volume [52].

The new results of the thesis come from [48, 49, 50, 25] and [37/] and are presented
in sections [2.3] [3.3] @4.2] [5.2] and [5.3] respectively. The thesis is structured as follows:
The second chapter deals with the classical limit of the Snyder model and hence starts
with a review of the Dirac method for constrained Hamiltonian systems [[12]]. After that,
some known results [47] on the classical dynamics of the Snyder model, which display
the formalism, are surveyed. The concluding section gives the results of [48]], where the
orbit of a particle in Schwarzschild spacetime was calculated, assuming that the dynamics
is governed by the Snyder symplectic structure.

The third chapter is devoted to the problem of the construction of the path integral for
the Snyder space, which was discussed in [49]], following the traditional procedure and in
the first-order formalism of Faddeev and Jackiw. Before presenting the results a review
of the methods used [53} 14} 23] is given.

The fourth chapter concerns the Snyder-de Sitter model, a generalisation of the Snyder
model to a spacetime of constant curvature. First, some of the known properties of the
model [45] are revised and following that new results concerning the spectrum of the
operators of position and momentum squared from [S0] are given.

In the fifth chapter a generalisation of the Snyder model is considered using Hopf al-
gebroid techniques. Before discussing the results on the generalised Snyder model [37]],
a short survey of Hopf algebras and of the twist operator [1] is given and the Hopf alge-
broid structure of noncommutative space, which was elaborated in [25] for the case of the
k-Minkowski spacetime, is explained.

Throughout the thesis, we have set 77 = ¢ = 1, and the usual convention of summation

over repeated indices is understood. The scalar product between a and b is denoted as
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a - b, a* stands for a* = a - a, and the flat metric 1, = diag(-1,1,1,1). Greek indices

U, v, ... take the value in {0, 1, 2, 3}, while the Latin ones, i, j, k, ..., run from 1 to 3.



Chapter 2

The classical limit of the Snyder model

A useful starting point for studying the Snyder spacetime is to consider its classical limit.
Since it is described by a phase space with noncanonical symplectic structure, its dynam-

ics need to be investigated using Hamiltonian methods.

Studying the classical motion of a nonrelativistic particle in Snyder space within this
framework, it is possible to find exact solutions of the equations of motion for a free
particle and for the case of a harmonic potential [44]. It results that the free motion is
trivial, but in the presence of external forces the classical dynamics is modified. E.g.,
in the case of the harmonic oscillator, while the motion is periodic, it is not given by a
simple trigonometric function like in classical mechanics and the frequency of oscillation

depends on the energy, as in special relativity.

Whether these features can be extended to the relativistic dynamics is a nontrivial
question, since Hamiltonian dynamics of a particle in the relativistic domain is con-
strained and it is necessary to use the Dirac formalism. Another point to make is that,
because the relativistic Snyder model has nontrivial Poisson brackets between time and
spatial coordinates, its nonrelativistic limit doesn’t necessarily coincide with the nonrela-

tivistic theory.

The chapter begins with a short review of the Dirac formalism [12]] for treating con-

strained Hamiltonian systems. It then presents the main results of [47], where these
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methods were used to study the classical dynamics of the relativistic Snyder model. It
concludes with presenting the work of [48], which follows the previous approach when
calculating the orbits of a particle in Schwarzschild spacetime, under the assumption that

the dynamics is governed by a Snyder symplectic structure.

2.1 Dirac’s method for constrained Hamiltonian systems

Starting from an action functional

S[X,'([)] = fdtL(X,',fCi), (21)

where x;(¢) are canonical coordinates, X; = dx;/dt are canonical momenta, the Lagrangian
L(x;, ;) has no explicit z-dependence, the canonical momenta are defined as p’ = dL/0%;,

and requiring that the variation of the action is stationary, gives the Euler equations

dp’ oL
—-—=0. 2.2
dt (9x,- ( )
Choosing the Poisson brackets as
0A 0B 0A OB
AB= ——— ——, 2.3
{ } ox; dp'  dp' 0x; 23)

gives {p', x;} = —6;, with 63. the Kronecker delta, and then the canonical Hamiltonian
Hc(pia xi) = pixi - L(-xi’ pi), (24)

generates the Hamiltonian equations of motion

. 0H. - ;
X ={xi, He} = e p={p H}=
P

O0H,
(9x,- '

(2.5)

A Lagrangian L(x;, x;) is defined as being singular if the velocities x; cannot be ex-
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pressed uniquely in terms of the canonical coordinates and momenta. A necessary and
sufficient condition that L be singular is
&L

Det = 0. 2.6
“ ox0%; (26)

The above is a consequence of the existence of certain primary constrains
P, p) =0, m=1,..M (2.7)

following from the form of the Lagrangian alone. ~, read as weakly zero, means that ¥,

may have nonvanishing canonical Poisson brackets with some canonical variables.

In this case the canonical Hamiltonian is not unique and can be replaced by the effec-
tive Hamiltonian

H= H, + n,9,,(x, P) ~ H,, (2.8)
which generates new equations of motion

. ( FI} OH, N oY,
Xi = X, a2 b (" Sl
ap ap'

o OH. o9
5 — ,H ~— c m_m‘
p'={p,H} I, n I,

(2.9)

(2.10)

To have a consistent system, it must be required that the 7-derivatives of the constraints
(2.7) are zero or weakly zero, which is the case if they are linear combinations of the
constraints

O = (0, HY ~ {8, H} + nn{d, 9} = 0. (2.11)

The above equation can be true as a consequence of the original primary constraints. If
it is not, it can either impose conditions on the form of n,,, or it can imply new relations
among the canonical coordinates and momenta, independent of n,,. These relations are
then secondary constraints, which must be added to the original ones. The process is re-

peated until all independent constraints and conditions on n,, are found. For K additional
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constraints, the complete set is
T, p) =0, m=1,., M+ K =T, (2.12)

and the consistency of all the constraints with the equations of motion requires that there
exists a solution for n,, as a function of the canonical coordinates and momenta. Hence,

H can also be expressed in terms of x and p, H = H(x, p).

Functions of x and p are defined as first class quantities if their Poisson bracket with
all the constraints (2.12)) is weakly equal to 0 and as second class if at least one of them
is not. From here, all the constraints (2.12) can be divided into a set of all the linearly

independent first class constraints
hilx,p) =0, i=1,.,1, (2.13)
and the set of the remaining N = T — [ second class constraints
hi(x,p) =0, i=1,.,N. (2.14)
The second class constraints give rise to a nonsingular N x N matrix of Poisson brackets
Cop = (D20, Dp}- (2.15)

Its inverse C;[‘; exists and satisfies CQBCEV‘ = gy

For a given dynamical variable A, it can be shown that a new variable A" defined by
A" = A —{A, 02, )C 50 (2.16)
has vanishing brackets with all second class constraints. Defining the Dirac bracket as

{A,BY' = (A, B} — {A, 024 }C 4 {0, B}, (2.17)
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it follows that
{A,B) ~ {A",B'} ~ {A’, B} ~ {A, B'}. (2.18)

Since the Dirac bracket of anything with a second class constraint vanishes, if all Pois-
son brackets are replaced with Dirac brackets, all second class constraints can be be set
strongly to zero. It can also be shown that the Dirac brackets will satisfy the Jacobi iden-
tity.

Setting the effective Hamiltonian H to

H=H = H.-{H,, ﬂZa}CglﬂZﬁ» (2.19)

so thatn,,(x, p) = —{H,, ﬁza}C;é, H will be first class. Since the equations of motion aren’t
altered by adding any linear combination of the [ first class constraints to this choice of
H, the Hamiltonian is still not completely determined, so the total Hamiltonian is taken
to be

H = H' + [;9y(x, p). (2.20)

H will have vanishing brackets with all the constraints and will lead to new equations
of motion which will explicitly involve the functions /;. These functions appear in the
Hamiltonian because the original Lagrangian possessed / gauge degrees of freedom as-
sociated with the first class constraints ;. The values of the /; can be fixed by choosing
explicit forms for each gauge and imposing them as constraints that do not follow from

the Lagrangian.

2.2 C(Classical dynamics on Snyder spacetime

The formalism of the previous section can be applied to study the classical dynamics of
a relativistic particle in Snyder spacetime, both for a free particle and for the case of a

particle subject to an external force generated by a harmonic potential [47].
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2.2.1 Free particle

In (1+1)-dimensional spacetime, which is considered for simplicity, the Snyder funda-

mental Poisson brackets are defined by

{x;u pv} = TI#V +ﬁzpypw {x;u xV} :ﬁz*];lv’ {p,u’ pV} = 0’ /l’ 4 e {Oa l}a (221)

where 7, s the flat metric, J,,, = x,p, — p,x, is the generator of the Lorentz transforma-

tions.

Since Lorentz invariance is preserved, the Hamiltonian can be chosen as in special
relativity

H = %(;;2 —m?), (2.22)

with p? = pJ — p? and A a Lagrange multiplier enforcing the mass shell constraint y; =

p? —m? = 0. The Hamiltonian equations that follow are

= X HY = A1+ B2p°)p, = A+ Bm’)py, Py = {pu, HY = 0, (2.23)

with the dot denoting the derivative with respect to the evolution parameter. Since the
constraint y; = 0 is first class, a further constraint must be imposed to eliminate the
redundant degrees of freedom x; and py and reduce the system to motion in one spatial

dimension with external time.

The standard choice is to identify the evolution parameter with the time coordinate,

X2 = xp—t =0, and it gives
C = a1} = (1 +Bm)p. (2.24)

From the requirement that y, = 0, it follows that 1 = 1/C.

The Dirac brackets are defined as

{A’B}* = {AaB} A /\/2 {Xla A Xl C {/Y27 ’ (225)
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and for the independent variables x;, p;, they read
AE{xl’pl}* :_17 (226)

as in special relativity.

The reduced Hamiltonian K reads

K = po = 4 ’p% + mz, (227)

and results in the Hamiltonian equations

d d
S~ Pi_o, (2.28)

dt /p% 2 dt

which coincide with the equations of motion of a free particle in special relativity, showing

that for the case of a free particle motion in Snyder spacetime is trivial.

Another possible gauge could be given by a constant rescaling of time, t =

V1 +B2m?xy = /1 + B2p?xy, motivated by the fact that the natural metric of spacetime,

invariant under Snyder transformations is ds* = (1 + 82p*)dx?, with dx* the Minkowski

metric.

For this choice of gauge, {x2,x1} = (1 +8*m?)*?p,, with the Dirac brackets still given
by (2.26). The reduced Hamiltonian is given by

ko Do _ [Pt (2.29)
T+ Bm? 1 +pB2m?’ .

and the Hamiltonian equations are

dx; D1 dpl
= = =0. 2.30
7 (2.30)

Ja sy emty 4
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2.2.2 Harmonic oscillator

For the case of a harmonic potential, that depends only on the spatial position of the

particle, V = V(x;), the Hamiltonian considered [46]
H=2 (P> - m+Vvy) =0, (2.31)
2

enforces the constraint y; = p?> — (m + V)? = 0. The equations of motion that follow are

given by

i = A((1+B2pP)po + BI(m+ VIV'). po = Apopi(m+ V)V,

&= A1+ BpP)pi, pr=—A1=Fp)m+ V)V, (2.32)

with the prime denoting a derivative with respect to x; and J = Jy( the generator of

Lorentz transformations.

One finds that in the interacting case finding a gauge compatible with the nontrivial
symplectic structure is not easy and it is necessary to chose time that depends on the
dynamics of the model

X=Sx—-1t=0, (2.33)

with

S = \1+Bm+ V)32 =+1+pp2 (2.34)

It follows that

C = {x2.x1) S +BpHpo + LS Im+ V)V + S (1 + B2p>)J(m + V)V pixo

S(S?+ (m+ V)V x)po, (2.35)

the Lagrange multiplier is given by 4 = 1/C and the Dirac bracket of x; and p, reads

SZ
S22+ (m+ V)Vix,

{xi, p1}" = (2.36)
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The form of the reduced Hamiltonian K that generates motion on the reduced phase space

induced by these Dirac brackets is given by

Do \/p%+(m+V)2

K===\|——m—, 2.37
S 1 +pB>(m+V)? (2.37)
and the equations of motion that follow are
d 1 d 1-3p; %4
dyi _1pi o dpi_ Fri n+V) (2.38)

dt  BK dt (1-m»B K

with B = S2+(m+V)V’x,. The system of equations can be solved by defining an auxiliary
time variable 7, such that df = Bdt and using the conservation of the reduced Hamiltonian
K, which gives

P =K —(1-BK)m+ V). (2.39)

After redefining the energy, for the case of the harmonic oscillator with potential V = £x7,

it follows that

E2_ 2
X = ™ sd(wr, ), (2.40)
kE
where
,  k _ kyl1-pK? _E-m _K-m+l-pK? (2.41)
“TEg~ 7 kx 17k T 2K ’ '

and sd(wr, g) is a Jacobian elliptic function. The period of oscillation Ty can be written

in terms of the complete elliptic integral K(gq)

4 2 3E -
Tp = ~K(g) ~ — (1 - ——m), (2.42)
w Wy 8 m
where wy = \/% is the frequency of the nonrelativistic oscillator.
The solution for the momentum is given by
E2 2
P " cd(wr, qnd(wr, g), (2.43)

T 1+pE2
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where cd(wrt, g) and nd(wr, g) are Jacobian elliptic functions.

In terms of the physical time variable ¢, the solution reads

BE - m?)

t=(1+ ﬁzEZ)T sd(wr, g)cd(wT, g)nd(wt, q), (2.44)

and the period of oscillation, given by T = #(T),

_ 4 + BE?)

T K(g) = K(9), (2.45)

(1-pK)w

contains energy-dependent contributions coming from both special relativity and Snyder

dynamics.

2.3 Snyder dynamics in a Schwarzschild spacetime

The validity of noncommutative geometry is presumably limited to Planck-scale physics,
so it would be reasonable to assume that its effects cannot be extended to macroscopic

systems, where the classical limit holds, e.g. the solar system.

This was confirmed by previous studies of planetary motion based on Snyder dynam-
ics [10], which, when confronted with observations, predict for the coupling constant of
the model a scale well bellow the Planck scale, which would be expected on dimensional

grounds.

These estimates have however been obtained from a Newtonian theory, while the ef-
fect of general relativity cannot be neglected at these scales. Because of this, in [48]] we
have repeated the calculations in a relativistic setting. The results have partially confirmed
those of previous works [10], since the corrections to relativistic dynamics due to Sny-
der mechanics turn out to be of the same order of magnitude as the ones obtained in the

Newtonian approximation, although numerically different.

Our starting point is the classical limit of the Snyder model, which is based on the
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noncanonical Poisson brackets

{x,u’ pv} = Ny +ﬁ2pypv’ {x,u, X} = ﬁzJ,uva {p;u pv} =0, (246)
where J,, = x,p, — x,p,, and 1,,, is the flat metric with signature (-1, 1, 1, 1).

The approach to the problem of planetary orbits is rather conservative: the Hamil-
tonian equation of a free particle in a Schwarzschild background is written down and it
is assumed that the only changes in the dynamics are due to the Snyder noncanonical
symplectic structure (2.46). In particular, the same Hamiltonian as in general relativity is

chosen, even though the Snyder symmetries may allow for more general choices.

2.3.1 Particle motion in flat spacetime

The formalism is set by considering first the free motion of a particle in three-dimensional
flat Snyder spacetime. The spatial sections are parametrized with polar coordinates, de-
fined in terms of cartesian coordinates as
2
0

t=xpo=—-x, p=+N&H?+&?)? 6= arctanx—]. (2.47)
X

The corresponding momentum components read

xlpl + X2P2

Pp = (x‘)2+(x2)2,

Pr = Pos Do = J12 = X1p2 — X2p1. (2.48)
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With these definitions, the Poisson brackets for polar coordinates in Snyder space follow-

ing from (2.40)) are

2
p
{t.p}=-1+pp;, {p,pp}=1+ﬁ2(pi+p—§), {6, pey = 1, (2.49)

p tp
0.0V ==, (t.p}=p(tp,—pp). (1.6} =B,
p p?

2
p:p
(Prepy} = B=5E {prepol = Py pad = (1. po) = lp. pal = 0.

1, pip ppD
{t,pp}:ﬁz(pt,pﬁ—f), (0. pit =B pipp 0.0} =50, {6, p} = B
p p p

Here, contrary to the canonical case, the choice of polar coordinates changes the symplec-
tic structure.
The Hamiltonian is chosen as in special relativity,
H—£_2+ 2+p_§+ 2—() (250)
=3 p; +p, p2 m-1 =0, .
with A a Lagrange multiplier enforcing the mass shell constraint. The choice of the Hamil-

tonian is not unique, but (2.50) seems to be the most reasonable in this context.

The Hamiltonian equations derived from (2.49) and (2.50)) are

Po

i=AAp, p=AAp, 0= AAE,

2
. . ;.
pi=0, p,= ﬂAp—ﬁ, po =0, (2.51)

with A = 1 — 8?m?. Hence, as in special relativity, the momenta py and p, are constants
of motion, that according to the standard notations, are denoted as ml and E respectively.
They can be identified with the angular momentum and energy of the particle. As in the
case of 1+1 dimensions [47], which was discussed in Sec. [2.2.1] all the equations are
identical to those of classical relativity, except that they are multiplied by the common
factor A. Their solution can therefore be obtained as in special relativity, after a redefini-

tion of proper time.
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In particular one should choose a gauge by fixing the time variable, in order to elimi-
nate the Hamiltonian constraint (2.50)) by means of the Dirac formalism. However, if one
is only interested in the equation of the orbits, it is not necessary to fix the gauge since,
like in special relativity,

o
DLl (2.52)

do @ Do

does not depend on A. From the Hamiltonian constraint (2.50), it follows that in flat space

2
Pp = \/E2 - m? (1 + 1—2) (2.53)
o
and hence
do p |(E?
= — === =-1]|p% -1, 2.54
Pr=0=7 \/(m2 )p (2.54)
which is solved by
[ 1
o= (2.55)

[E2/m? — 1 cos(0 = 60)’
which describes a straight line in polar coordinates and coincides with the solution of

classical special relativity.

2.3.2 Particle motion in Schwarzschild spacetime

We consider next the motion of a planet in the Schwarzschild spacetime with metric

ds* = —A(p)dt* + A\ (p)dp* + p*dQ?, (2.56)
where
2M

and M is the mass of the sun. As in special relativity, due to the conservation of the

angular momentum, the problem can be reduced to 2+1 dimensions.
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The Hamiltonian is chosen as in standard relativity,

Al p PZ 2
H = 5(_Kl +Ap ,02 +m~ ]| =0, (2.58)

where m is the mass of the planet.

The field equations derived from (2.49) and (2.58)) are

_ M p? Mtp p? s
i=A|p A = B2m? - = p2 + L ||+ p2—L [ p? + =L — 22|,
[p;( 0 Pp A2 0 Pp A2 02

2 2M 2 2M 2
p:/l[A—ﬂzmz——'B pg]pp, 0 = ﬂpe[l—ﬂzmz—ﬁ—(p2+p—t)],
P’ p

p3 P A2
2M . 2 2 t2
)
| e

The equation of the orbit is obtained as in the case of particle motion in flat spacetime.
Now, while pj is still a constant, p, is no longer conserved. Instead, it can be checked that

the quantity

E= P (2.60)

\/ 1+ B4(=p; + P2+ py/p?)

is conserved and plays the role of the energy. It follows that

2 ’ 2,2
P IR |1+ () + ile?)]. (2.61)

Moreover, (2.58) and (2.61)) imply that
»  EX(1+BmPP[p*) —m*(1 + BE*)(1 + IP/pH)A
Pp = 2EVA2 _ 22 ’ (2.62)
(1 +B2E*)A? - B°E

where [ = py/m is defined.
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The equation of the orbits is conveniently written in terms of the variable u = 1/p as

du _ 1p _ A-pmP(1+2MPW) 2.63)
6 p*o  1-pm*—Mu(p?+ p/Ami '

Substituting in (2.63) the values of p, and p, deduced from (2.61)) and (2.62), one can

write down a differential equation for the single variable u(6).

The calculations are very involved and the equation can only be solved perturbatively.
One can first expand in the Snyder parameter 8%m? and then adopt the usual expansion
used in standard textbooks on general relativity to solve for the Schwarzschild orbits. To
this end, it is useful to define the dimensionless quantities v = %u and € = Al”—; The
parameter € is small for planetary orbits, and can be taken as an expansion parameter.
Moreover, it is assumed that f*m? < €, since the Snyder corrections are expected to
be small with respect to those of general relativity. Also, by the viral theorem, and the

definition (2.60) of E, E*> — m?> ~ m*(eq + 5*E?), with g a parameter of order unity.

The first-order expansion in both 52m? and € gives, after lengthy calculations,
V2 =g+ 2v =V + 26V + BPmP (v + de(gv + V). (2.64)
It is convenient to take the derivative of this expression, which gives
V=14 82m? — v + €3V + BPm*(2q + 4v)). (2.65)

Expanding v = vy + €v; + ..., at zeroth order one obtains a Newtonian approximation of

the solution

P(E* - m?)

s (2.66)

v0:1+ﬁ2m2+ecos0, e=1+g
€

while v, satisfies

vi+vi=3+(10+ 29)8°m* + 2(3 + 5B*m*)e cosO + 3e*cos>b, (2.67)
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which is solved by
e e?
vi=3 (1 + 3) + 2/32m2(5 + q2) +e(3+ 5,82m2)9 sinf — ECOSZQ. (2.68)
The solution at first order is therefore

v =~ (1 +/32m2) +€ +ecos [(1 —e(3+ 5/32m2))9]

2
3 (1 + %) +28°m*(5 + ¢%)

—gezcos%. (2.69)

From this expression one can easily obtain the perihelion shift as

86 = 2e(3 + 58°m?) ~

67M? - 5
3

7 —B2m2) : (2.70)
The first term is of course the one predicted by general relativity, while the second depends
on the mass of the planet. This dependence is of course a consequence of the breaking of

the equivalence principle in Snyder mechanics.

It turns out that the Schwarzschild geodesics are slightly deformed. In particular, a
shift of the perihelion arises in addition to that predicted by general relativity. In a New-
tonian setting, the shift due to Snyder mechanics is given by 66 = —2x8>m*M?/1*> [10].
While the order of magnitude of the Snyder correction is the same as that obtained from
the relativistic model, its sign is opposite. Therefore, calculations based on Newtonian
mechanics are not very reliable in this context. In any case, it has been shown [10] that
for these corrections to be compatible with the observed discrepancy of the perihelion
shift of Mercury from the predictions of general relativity, 8 must be less than 107 in

Planck units. This estimate remains true in the relativistic case.

Another important outcome of the investigation is that the principle of equivalence
is broken in Snyder mechanics, since the corrections to the equation of the geodesics
depend on a parameter 5?m?, which is a function of the mass m of the particle. This

effect is a consequence of the nontrivial dependence of the dynamics on the momenta of
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the particles, and it also puts strong limits on the value of the coupling constant 3 if the
validity of Snyder mechanics at planetary scale is assumed. Experimental data show that
violation of the equivalence principle are less than one part in 10'? [58]. It follows that
B < 10726 in Planck units for planetary masses of order 10**kg = 1032 Mp,. This bound is
even stronger than the previous one.

These results seem to indicate that if one assumes that Snyder mechanics holds at
scales compatible with the orbit of planets, the coupling constant 8 must be less than its
natural value of order 1 in Planck units by many orders of magnitude.

This is expected, as the limitation of the validity of Snyder mechanics to microscopic
physics should be justified. This problem can be related to the soccer-ball problem of
doubly special relativity [33]. In fact, in Snyder spacetime the summation rules for the
momenta must be nonlinear, since the translation invariance is deformed [7]], and, follow-
ing a reasoning analogous to that of [33], should be arranged in such a way that classical
mechanics holds at macroscopic scales. A related argument, that has not been thoroughly
investigated yet, is that passing from the quantum-gravity regime to its classical limit
some kind of decoherence should occur so that classical mechanics is recovered, as in the
classical limit of quantum mechanics. However, the detailed mechanism of this transition

from the Plank to the larger scales has not been figured out yet.



28

CHAPTER 2. THE CLASSICAL LIMIT OF THE SNYDER MODEL



Chapter 3

Path integral in Snyder space

The Feynman path integral provides an alternative formulation of quantum mechanics
and it rests on the idea that the integral kernel (i.e. the propagator) of the time-evolution
operator, which is the amplitude for a particle to get from the point a to the point b,
can be expressed as a sum over all possible paths connecting the two points, where each
path’s contribution is weighed by a factor which is proportional to the action. Hence, the
probability P(b, a) to go from a point x, at the time ¢, to the point x;, at ¢, is the absolute
square P(b,a) = |K(b,a)|* of an amplitude K(b, a) to go from a to b, and this amplitude is

the sum of contributions ®[x(7)] from each path

K(b7 Cl) = zoverallpathsq)[x(t)]’ (31)

where the contribution of a path has a phase proportional to the action S (of the corre-
sponding classical system)

®[x(1)] = const. ¥, (3.2)

A characteristic of noncommutative spaces is that the corresponding classical phase space
18 not canonical, i.e. the Poisson brackets do not have the usual form. However, since the
standard definition of the path integral assumes a canonical phase space, it is necessary to

extend the standard formalism to include this more general situation.
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This problem has been afforded in a variety of ways and several different approaches
have been proposed for the definition of the path integral on noncommutative spaces. The
first is based on the noncanonical structure of the phase space: Darboux’s theorem ensures
that it is always possible to find a transformation to canonical (and hence commutative)
coordinates, which will deform the measure of the integral, but otherwise allow the use
of the standard formulation of the path integral [36, 3} [13]. A different approach uses
the standard integration measure, but treats the products in the integrand as star prod-
ucts between functions of noncommutative coordinates [[16]. This second framework is
more suitable for a generalisation to field theory. Alternatively, some authors propose the
adoption of smeared (coherent state) bases for the Hilbert space to avoid the use of non-
commutative coordinates in the computation of the path integral [55)]. However, most of
the work on this subject has been developed for the so-called Moyal plane [51], the most

simple type of noncommutative space, whose Poisson brackets are constant tensors.

The chapter begins with a brief survey of the usual procedure for the reduction of
Lagrange’s equations to the Hamiltonian form, following the presentation of [S3]], after
which the Faddeev-Jackiw formalism for the Hamiltonian reduction of unconstrained and
constrained systems is reviewed. It ends with a presentation of the results obtained in

[49], where these methods have been used for the Snyder model.

3.1 Reduction of Lagrange’s equations to the Hamilto-

nian form

The usual procedure [53] for the reduction of Lagrange’s equations to the Hamiltonian

form starts with the prescription for the canonical momenta

oL

= 75 i=1,..,n (3.3)

Pi
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Assuming that the Lagrangian is not singular

PL
det 0, 34
¢ (axiaxj) 7 (34)

the velocities X;, and hence also the Hamiltonian, can be expressed in terms of the canon-

ical variables, and from the Lagrange’s equations, one gets the Hamiltonian equations in

the usual form
OH ) OH

=, Pi= = 1, ceag Il 3-5
6p,~ p (9xl- ! " ( )

X;
These can be written in a unified form

oH

'i - Qi'_ =

0, i,j=1,...2n (3.6)

where

& = { ' 3.7)

pi, i=n+1,..2n,

Ouxn L

Q;j = (3.8)
_1n><n Onxn
An equivalent form of these equations is given by
. OH
Q)é - — =0, 3.9
Q7)7¢; 9, (3.9)
where
. On n _ln n
QYi=| ™ * (3.10)

1n><n OV!XVZ
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The action can also be written in a unified way

S = fdt(p"x,-—H) (3.11)

f dt (d(©é - HE)), (3.12)

with

a = (3.13)
0, i=n+1,..,2n.

From the variational principle, one then gets Hamilton’s equations in the following form

oa’ aa'\ . OH B il OH _
(8_&_6_@)5_5_@:(9 6= 56 =0 (3.14)

where the following identity has been used

da’  Od .
— - — =@, ij=1,..2n. (3.15)
ag 0

3.2 The Faddeev-Jackiw formalism

An alternative approach to the Dirac method for the Hamiltonian reduction of uncon-
strained and constrained systems, which is based on Darboux’s theorem, has been devel-

oped by L. Faddeev and R. Jackiw [14}23].

The starting point of this method is a first-order Lagrangian, i.e., one that is linear in
time derivatives, noting that this does not necessarily imply the existence of constraints.
In fact, using the same Legendre transform which is used to pass from a Lagrangian to
Hamiltonian, a second-order Lagrangian can be transformed into a first-order one. This
means that, for a given Hamiltonian description of dynamics, one can always construct a
first-order Lagrangian whose configuration space coincides with the Hamiltonian phase

space.
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Thus, the starting point is a general first-order Lagrangian

L=d @& - V), (3.16)

where a' has the character of a vector potential for an Abelian gauge theory, as modifying
a'(¢) by a total derivative does not affect the dynamics, because it would change the La-
grangian by a total time derivative. Furthermore, since the Lagrangian is first-order in &;,
velocities don’t appear in the combination g—g.f,-, so if the Hamiltonian is defined with the

usual Legendre transform, it can be identified with V

H:a—.Lg'i—sz, (3.17)
3

and the Lagrangian can be written as

L=d (@&~ HE), (3.18)

where the first term of the right side defines the canonical one-form a'(€)dé; = a(é).

An introduction to the method is given by considering the special case of its simplest

realisation, in which a/(¢) is linear in &;
i L, i
a¢ = E‘fjw > (3.19)
where the constant matrix "/ is antisymmetric, since any symmetric part would only

contribute a total time derivative to L. The Euler-Lagrange equations that follow are

. 0H
W, = 85 ). (3.20)

If the antisymmetric matrix "/ possesses an inverse, (w™');;, in which case it has to be
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even-dimensional, i.e. i, j = 1,..., N = 2n, it follows that &; satisfy the evolution equation

OH(&)
0&;

éi = ( _1)11 (321)
and there are no constraints. With the identification " < (Q7 1), egs. (3.20) and (3.21)
coincide with (3.9) and (3.6) respectively.

The classical Poisson brackets are defined in such a way that they reproduce these

equations by commutation with the Hamiltonian

H(¢)
0¢;
OH(¢)
0&;

éi = ( _1)11 {H(‘f)’é‘:l}

{€, &1} (3.22)

which implies that
(.6} = (@, (3.23)

and for general functions of &

9A(E)
;i

0B(&)
0

(A, BE)) = — (™) (3.24)

In the more general case, where a'(€) is an arbitrary function of &;, that does not depend

on time, the Euler-Lagrange equations of (3.18)) are

0H()

(951 (3.25)

Q&) =

where

da’(§)  9d'(é)
‘fl ag} .

(Q1(£) behaves as a gauge invariant field strength and is called the symplectic two-

@ HeE = (3.26)

form, 2(QU(&)dédé; = Q7'(€). Since Q7' = da it is exact and hence also closed
dQ ' =0.

For the non-singular, unconstrained case, the antisymmetric N X N, (N = 2n), matrix
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(1" has an inverse and the Euler-Lagrange equations imply

OH(&)
o0&l

& = Q&) (3.27)
In order to reproduce this evolution equation by commutation with H, the bracket needs

to be chosen as

{6 &5} = Qij(6). (3.28)

Even though the case of an arbitrary a'(¢) and unconstrained dynamics seems more gen-
eral, it is actually included in the special case where @'(¢) is linear in & Using Darboux’s
theorem, it can be shown that an arbitrary vector potential (one-form a'd¢;) whose associ-
ated field strength (two-form d(a'd&;) = 3(Q")/dé;dé; is non-singular (the matrix (Q")V
possesses an inverse), can be mapped by a coordinate transformation onto (3.19) with w"/

non-singular. Because of this, apart from a gauge term, a;(£) can always be expressed as

d©) = 36" agf) (3.29)
and (Q71)(¢&) as

é:t 8§ Jj
In terms of the new coordinates /; the field strength is w/, a constant and non-singular
matrix. Furthermore, modifying the Gram-Schmidt argument, it is possible to construct a

basis in which the antisymmetric N X N matrix w;; takes the block-off-diagonal form

0 I
], (3.31)

W' =

-1 0

where I is the n-dimensional unit matrix (N = 2n).

When writing down the path integral for the non-singular, first-order dynamics, the
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action corresponding to the Lagrangian (3.18)) is simply given by

5 = f (@(E)de - HE)dr, (332)

but the measure is not minimal, instead the path integral is given by
L
A= f DE;|det Q| * €. (3.33)

_1
The reason for the factor |det Q jk| * is that when going from the canonical variables ¢; to

the coordinates &;, the Jacobian of the transformation appears in the path integral measure,

[ |04 = det

0¢; i

3.3 Construction of the path integral for the Snyder

space

We discuss the definition of path integrals, both in the traditional setting, which was re-
called in Sec. [3.1} and in the first-order formalism of Faddeev and Jackiw, described in
Sec. [3.2] for one- and two-dimensional Snyder space [49]. In its nonrelativistic version

the Snyder space commutation relations are given by
[Xi, p;1 = i(64) +ﬁ2ﬁiﬁj)’ [Xi, X1 = i,32fij, [Pi, Pj] = 0. (3.35)

Following the Hamiltonian formalism of the two previous sections, we consider non-

canonical Poisson brackets of the type

{€i. &5} = Qi(8), (3.36)

with & denoting the phase space variables x; and p;, and €;; an invertible matrix. The
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Hamiltonian equations for the Hamiltonian H(¢) are then still given by (3.6) or equiva-
lently (3.9), but for the Snyder space ©;;(£) is no longer given by (3.8).

If one wants to obtain these equations from the variation of a first-order action of the
form (3.12)), the condition (3.15)) still needs to hold, however, a’ will now not be given by
(3.13). Going in the other direction, knowing the form of the matrix €; j» one can solve

(3-T3) for the @' and thus write down the action that generates the Hamiltonian equations

(3.6).

3.3.1 One-dimensional Snyder path integral

Even though noncommutativity is absent in the case of the one-dimensional Snyder
model, the symplectic structure is still noncanonical, and thus an investigation of the
one-dimensional Snyder model is useful for understanding the higher-dimensional case.
When investigating the Snyder model, it is necessary to use the phase space formula-
tion of the path integral. For a particle satisfying canonical Poisson brackets, moving in a

one-dimensional space, the path integral is defined as

A= f DpDx e, (3.37)

where

S :fdet:ff(px—H(x,p))dt (3.38)

is the action and DpPDx is a measure on the space of paths in phase space that will be
defined bellow.

It can be shown that in a momentum basis the transition amplitude A(py, p;) from an
initial state of momentum p; at time ¢ to a final state of momentum p at time 7, is given

by

—iI:I(If’—[i)

Awrp) = (ps | ). (3.39)

A momentum basis is chosen because, when considering Snyder space, the standard po-

sition variables do not commute and hence do not form a complete set of observables.
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The aim is to generalise this formula to the one-dimensional Snyder phase space,

whose only nontrivial Poisson bracket is

{x,p} =1+ 5°p. (3.40)

Given the Hamiltonian H = p?/2 + V(x), the Hamiltonian equations in Snyder space read
ov

i=(1+ppp, p=-(1+5p)o- (3.41)
X

These equations can be obtained from an action principle following the procedure of the

previous section. Defining & = x, & = p, the inverse of the symplectic matrix associated
to (3.40) is
@hyi-— |77 (342)
Bl 1+ ,32 p2 1 0 ' .

Inserting into (3.15]), one can get the particular solution

—X

= 4
e (3.43)

ap = O, ay
from where follows the action

_ __ _ arctanfp
5_f( e H)d;_f( e H)dt, (3.44)

where the two expressions are related by an integration by parts. It is next shown that

inserting (3.44) into (3.37) gives the correct expression for the path integral.

When considering the quantum mechanics of the one-dimensional Snyder model [26],

the Poisson bracket (3.40) goes into the commutator

[% p] = i(1 + B*p*). (3.45)
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The operators £ and p satisfying (3.45) can be represented in a momentum basis by [22]
A s 2 2, 0

p=p, x=i1+pp )a—. (3.46)
P
These operators are hermitian with respect to the scalar product

T dp .
W= [ L (347

(9]

The identity operator can therefore be expanded in terms of momentum eigenstates |p) as
[26]

—+00 dp
IZIm TWU?)(PL (3.48)

with (plp’y = (1 + B p*)S(p - p').
The eigenvalue equation for the position operator, X |x) = x|x), has formal solutions

(which are not physical, because they have infinite energy [26], but are sufficiently regular

to adopt them in this setting)

. _arctanf3p

(plxy cce™™ 5. (3.49)

These states form an overcomplete set. However, one can choose a discrete basis with

x = 28n, n integer, which satisfies the completeness relation [26]

lzfdx|x> (x|, (3.50)

with (x|x") = ., and, for simplicity of notation, an integral sign is used for the infinite

sum OVver n.

Going back to the path integral, splitting the interval ¢; — 1; into N intervals of equal

length € = #; — #;_1, the Trotter product formula gives

. p? o\ Ve
(6—157 e—teV(x)>

A= lir% <pf p,->. (3.51)

This follows from the Baker-Campbell-Hausdorff formula and the fact that the commu-
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tator terms are higher order in 1/N and then vanish for N — oo, independently from the

deformation of the symplectic structure [54].

Inserting the completeness relations (3.48)) and (3.50) between each pair of operators,

this reduces to
= lim f 1—[ dp(f f l—[dx(k)l_[<p(k)|x(k)> <x(k)' g'l?(k-1>>. (3.52)
Recalling that

7 i
2 P(k—1)> = e "7 (xplpu-1) »
eV {paylxa) (3.53)

<X(k) e

< P | e—ieV(fc)| X(k)>

and taking into account (3.49),one then obtains

= lim fl_[ dp(zk) fndx(k)e tZk I[ Ep(k l)+eV(x(k))+ Xk (arctan Bpgy—arctan Bp - 1))]
N—co 1 +ﬁ p(k)

(3.54)
Finally, in the limit € — oo,
arctan arctan - D) E
Bpw _ Bpu-1) ~ D _ (3.55)
B B 1+Bp2,
and hence one recovers for A the form (3.37) with S given by (3.44) and
N-1 dp N
PDp = lim ——— Dx=lim dx), (3.56)
N—)oo . 1 +ﬁ2p(k) N—oo lk:][

which proves the claim. This result was previously obtained in [S7], but with an incorrect

measure for the path integral.
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3.3.2 Two-dimensional Snyder path integral

In higher dimensions the problem is more difficult since the position operators X; do not
commute and their eigenfunctions cannot be taken as a basis for the Hilbert space. The

Poisson brackets in D dimensions are
{xi, pj} = 6y +ﬁzpipj, {xi,xj} = szija {pipjt =0, (3.57)

where J,'j = pjXi — DiXj, i= 1, ,D

However, most problems in higher dimensions are most conveniently addressed using
(hyper-)spherical coordinates. In particular, the D = 2 is discussed, for which polar coor-
dinates are chosen to parametrise the momentum space, and their canonically conjugate

variables for the position space. More precisely, it is defined

Pp = +[P:+ D5, pe=arctan %, (3.58)

and
_Dix1+ poxo

NI

The position coordinates p and J essentially correspond to the parallel and orthogonal

J=Jin = px1 — pr1xa. (3.59)

components of the position vector with respect to the momentum of the particle. The

phase space polar coordinates defined above obey the Poisson brackets

{Pp’pﬁ}:()’ { ’J}:O’ {vaj}:(),

o.ppy =1+pp). {lpet=1. {pe.p}=0. (3.60)

Since the Poisson bracket of p and J vanishes, the corresponding quantum operators com-
mute and form a basis for the position space. An alternative basis would be constituted
by the operators 7% and J, where 7 = %2 + %2 [32]. These coordinates however give rise

to more complicated formulas.
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Defining &, = p, & = J, & = p, and &4 = py, the symplectic matrix associated with
the Poisson brackets (3.60) takes the simple form

0 0 1 +,82p£ 0
0 0 0 1
Qij = , (361)
-1 +ﬁ2p,2,) 0 0 0
0 -1 0 0
with inverse
0 0 -1 0
» 1 0 0 0 —(1+p8%p?
QY = ——— 2N (3.62)
L+l 1 o 0 0
0 1 +,82pﬁ 0 0

A solution of eq. (3.13)) for this symplectic structure is then

—p

- 1—+ﬁ2p§’ a, = —J, (3.63)

a 2612:0, as

from which one can write the action that generates the classical Hamilton equations. This
is

| t |
s :—I(%ZZ#+JP9+H)dt:f(ar”;#Pﬂ%J—H i,  (3.64)
P

2
where the two expressions are related by an integration by part, and H = % + V.

When considering the quantum theory, the quantum operators must be defined care-
fully, because of ordering ambiguities. The ordering that is adopted is the one with p;

always on the left. The commutation relations are

[Xi, p;1 = i(64) +,32ﬁiﬁj), [Xi, X1 = i,szija [Pi, Pj]1 = 0. (3.65)
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A representation of (3.63) is given by [22]

(6 , 8 )
ﬁi = Di, )’e[ =1|— +,8 piPi—|- (366)
(api "ap;

The hermitian operators corresponding to the classical polar coordinates are

o= P2 = P Po= arctan% = pe. (3.67)
2
and
0 1 . 0
b =i(1 +5° 2)(—+—), J=i—, (3.68)
P ﬁpp 8pp 2pp Ope

where the scalar product

t° p dp.d
Wig) = f PolPolPo 1 o) (3.69)

w 1+6°p3

is understood. The completeness relations for momentum eigenstates are therefore

* pdp, (7
I . #ﬁz;g fo dpo|pys po) (Pp po| = 1. (3.70)

The eigenvalue equations for the position operators read (in this case as well, the eigen-

functions are not physical because their energy diverges)

. arctanBpp

e, (3.71)

ploy=plod. (polo)
14

and

JIy=Jy, (peld)y oc e P, (3.72)

with integer J.

Defining a basis |p, J) = |p) |J), one has

—i(p acrtanpp +pr)

(pppolp. Ty = —=e V), (3.73)

1
VPo
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with

fmdpfoodjlp,J)(p,Jl = 1. (3.74)
0 —c0

Proceeding as in the one-dimensional case, one can show that for infinitesimal €

l(p arctan Bpp +Jp9—EH)

el 7’ , (3.75)

< 0,7 | o ieH

o) ~
s o)~

p i
and hence one obtains in the limit € — 0 the formula (3.37) with action (3.64), and the

measure adapted to two dimensions

N
*Pay .
op=po | [ripte. oem [ [
k=1

where d’puy = powdppwdposy and d*xg = dpwdJw ! Po.
2
In terms of the previous coordinates, the classical Hamiltonian H = p—; +V(r?) takes the

form H = p” +V (p + = ) However, it is known that in order to obtain the correct result

p
for the path integral in polar coordinates, that takes into account the hermitian nature of
the operator p?, an additional term —1/2 pﬁ must be added to the classical two-dimensional

action [[15)]. Hence, the correct effective potential will be V = V(p + L pl/ 2).

P

3.3.3 Faddeev-Jackiw formalism

The previous results can also be obtained in an easier way just assuming the validity of the
canonical path integral framework and employing the first-order formalism introduced by
Faddeev and Jackiw. As it was shown in Sec. [3.2] using a Darboux transformation from
the original variables & to new canonical variables, that for noncanonical variables the
path integral can be written in the form of (3.33)), and S is given by (3.32) [23]].

For the Poisson brackets (3.57), it can be shown by induction that for the Snyder model
in any dimension

|detQ;| = (1 + B7p)*, (3.77)

from where the measures (3.536) and (3.76)) follow.
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In this framework the explicit form of the Darboux’s transformation is not needed.
However, several possibilities are known for the Snyder model, e.g., in terms of canonical
variables P; and X;, one may choose p; = P;, x; = X + B*X;P;P; [56]. A different
transformation was proposed in [44} 45]], with p; = P;/ \/1_7:32132’ x; = 1 —pB2P2X;. All
these choices give equivalent results, as it also follows from the study of the Schrodinger

equation [44, 45, 132]].

3.3.4 Two-dimensional examples

If the formalism is applied to the case of a free particle, integration over the angular

variables p, and J simply yields a delta function ¢ (pg) péf )) and one is left with an

integral over the radial coordinates,

f@pf@ppexp[ f( ng’p l;p)dt}, (3.78)
0

dp,
Dp, = lim [ | f Py (3.79)
k=

Performing a change of variablesP, = 8~'arctan8p,, one gets

. . tan’P,
fi)prPpexp [zf(pPp+ 7 )dt], (3.80)

DP, = lim ]_[f dP®. (3.81)

The integration on p gives in turn a delta function 6 (P,(f) - Pg .)) and one is left with

f DP, exp[% f tanZdetl. (3.82)

: : . . 2_
In the harmonic oscillator case, the classical potential is V = w?r? — w? (p2 + Jp_21/4).
0

where

with
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It is convenient to integrate first in py, getting the conservation of angular momentum,

) (J O — g )). The integral then reduces to a sum on different J sectors

D . 2 JZ —1/4
e AL
1 +B2p2 L+pp; 2 Pp

Defining a new variable P, as before, one gets

. . tan*P JP-1/4
f@pr)Pp exp [zf(pPp + W’ + 7 Lo’ ran’P, )dt] , (3.84)
and the gaussian integration over p yields
P> tan’P J2—1/4
P - £ —w? dt|. 3.85
fﬂ exp[ lf[4w2 2 “ tan 2P, (3:83)

This path integral can be evaluated at least perturbatively by standard methods and is

similar to the one obtained for the one-dimensional case in [57]].

Adopting the approach of [3]], which is based on the noncanonical structure of phase
space, we have discussed the formulation of one-particle nonrelativistic quantum me-
chanics through path integral techniques for the Snyder model. A detailed derivation was
given starting from the definition of the path integral and using a representation of the
operators in terms of canonical coordinates. We have also shown that the same results can
be obtained in a more formal way using the techniques introduced in [14] for the study
of first-order systems, taking for granted the definition of the path integral for canonical

variables.



Chapter 4

The Snyder-de Sitter model

The Snyder model can be considered as an example of doubly special relativity (DSR),
a theory where a new fundamental scale is introduced by deforming special relativity
[4, 5]. Models of this sort can be described in terms of a curved momentum space [29],
which in the Snyder case is a 3-sphere S3. In general, the non-trivial geometry of the
momentum space entails some remarkable consequences on the definition of locality, that
loses its absolute meaning and becomes observer dependent, suggesting the possibility

that locality is a relative property [6]].

The Snyder-de Sitter (SdS) model is a generalisation of the Snyder model to a space-
time background of constant curvature. It is an example of a noncommutative spacetime
admitting two fundamental scales besides the speed of light, and is invariant under the

action of the de Sitter group.

The extension of the Snyder model to a spacetime background of constant curvature
was proposed in [30], motivated by the necessity to include the cosmological constant A ~
@’ among the bare parameters of a theory of quantum gravity. Because it includes three
fundamental constants, the theory was originally called triply special relativity (TSR).

The most relevant feature of this generalisation is its duality for the interchange between

position and momenta, that realises the Born reciprocity principle [[11].

In the first section, a review of the classical and quantum mechanics of the non-
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relativistic Snyder model in curved space, which was investigated in [45] is given. Fol-
lowing that, the results of [50]], where the representations of the 3-dimensional Euclidean
Snyder-de Sitter algebra and the spectrum of the position and momentum operators were

studied, are presented.

4.1 Dynamics of the non-relativistic Snyder model in

curved space

The non-relativistic version of the SdS model, i.e. the Snyder model restricted to a three-
dimensional sphere, can be studied by means of a nonlinear transformation relating the
SdS phase space variables to canonical ones, allowing one to investigate both the dynam-
ics of a free particle and the harmonic oscillator case [435]].

The starting point is the TSR algebra, which is generated by the position X » momenta

ﬁl and Lorentz generators J,

Lv» which satisfy

[X,u’ {\,}v] = iﬁzf,uva [¢,m ?A)v] = iazfyv’
(X P =i (o + XK, + BPP, + B XP, + PuX, - J))

[j,uva X/l] = i(n/MXv - nvﬂ)eu), [ij 7,\)/1] = i(ny/]f)v - 771//17,\)/1)’ (41)

and the usual Lorentz algebra commutation relations satisfied by the fw. The fw and
73# generate a de Sitter or anti-de Sitter subalgebra (depending on the sign of @?) that
describes the spacetime symmetries of the model. Asin DSR, the action of the translations
on the spatial coordinates is nonlinear. The coupling constants @ and 8 have dimensions
of inverse length and inverse mass respectively and are usually identified with the square
root of the cosmological constant (@) and the inverse of the Planck length (8). In the
following it is required that ¢ < 1. The limit @ — 0 gives the flat Snyder model,
while the limit 8 — 0O yields the Heisenberg algebra of quantum mechanics in a de Sitter

background endowed with projective coordinates.
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From (4.1) it follows that in TSR both position and momentum components do not
commute among themselves. While the noncommutativity of position coordinates in (4.1
characterises Snyder spaces, the noncommutativity of momenta is typical of curved space-

times. What can also be noted is the duality of the model under position and momentum

interchange through X s ﬁ,, o B.

4.1.1 Classical mechanics

In classical mechanics, motion in the non-relativistic SdS model can be described by
postulating a non-canonical symplectic structure of the phase space, with fundamental

Poisson brackets given by [42]

{Xi,Xj} :ﬁz-]ij, {Pi’?j} = 0’2]1‘]',
{X,‘,Pj} = 5,‘j + Q’ZX,'XJ' +ﬁ27)ipj + a’ﬁPin, (42)

where 7, j = 1,2,3. These Poisson brackets are obtained from (4.1)) by introducing the
standard expression J;; = X;P; — X;P; for the generators of rotation.

In the notation that is adopted, a? and ,82 are allowed to be negative, but, in order
for the Jacobi identities to hold, they must have the same sign. When they are both
negative, af is also taken to be negative, while for expressions linear in @ and S it is

defined @ = |a/2

, B = \/@ The case of positive coupling constants corresponds to
the Snyder model on a spherical background, while the model with o and * negative
gives rise to the anti-Snyder model on a pseudosphere, the so-called anti-Snyder-de Sitter
(aSdS) model.

The Poisson brackets (4.2)) can be obtained from those of the flat Snyder model, with

position variables x; and momentum variables p; obeying
i, x;8 = B2(xipj — xip)),  {pipit =0, {xi,pj} =6 +Bpip, (4.3)

by performing a linear unimodular, but non-symplectic transformation of the phase space
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coordinates

Xi=xi+Bap, Pi=(1-0p-2x, (44)
” B

where A is a free parameter, that can be chosen arbitrarily.

It can be shown that the phase space variables x; and p; can be written in terms of
the coordinates X; and P;, that satisfy canonical Poisson brackets, through the nonlinear

transformation [44]]

P;
pi= ————, x;=+1-B3PX,. (4.5)
/1 —,82P2

Combining (4.4) and (&.3), the coordinates X; and P;, that satisfy the SdS Poisson brackets

can be written in terms of the canonical coordinates X;,P;, as

5P
X, = L

F N
P, = \/l—ﬁZPZX (1= ) (4.6)

m

with the inverse transformations

(1 - /I)QX,' - /1,87),

a1+ @Xy + PO@X; + fPy)

_ ,87), + aX; - @7

B+ (@Xy + BP(aXi + PP

Xi:

If o, B* < 0, it is necessary to impose |aX; + 8P| < 1, and hence the range of definition
of the coordinates depends on the value of the momentum. A possible interpretation for
this is that the radius of the pseudosphere is a function of the momentum of the particle,
which is a common situation in DSR theories defined on curved spaces, where the metric

properties are momentum dependent (43 134].

While the full phase space is invariant under the S O(5) or S O(4, 1) group, depending
on the sign of the coupling constant, the symmetries of the configuration space are de-

scribed by the S O(4) or S O(3, 1) groups, which leave invariant a three-dimensional space
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of constant, positive or negative curvature, respectively, and which are generated by the

angular momentum J;; = X;#; — X;#; and momentum #;.

Since the phase space coordinates transform as vectors under the action of the gener-

ators of rotation J;;,

{Jijs Xi} = 0uXj— 0, Xi,  {Jij P} = 6aPj — 0P, (4.8)

the symmetry under rotations is realised in the usual way.

The action of the translation generators #; on phase space variables can be read from
#.2): the momenta transform according to the standard law for a constant curvature space,

but the action on the position coordinates is deformed and is nonlinear.

Because of the Jacobi identities, the fundamental Poisson brackets (.2)) transform

covariantly under the action of the symmetry group.

For the Hamiltonian of a free particle defined in the usual way, H = %, the deformed

Poisson structure leads to the following Hamiltonian equations

X,' (1 +,32¢)2 + ZCY,BX/(P]() Pi + azz\’ksz\’i,

P = - (PXi - XiPP). (4.9)

Since the relation between velocity and momentum is no longer linear, the equations are

in general difficult to solve. However, in one dimension the Poisson brackets reduce to
(X,P} =1+ (aX +BP)*, (4.10)
leading to the Hamilton equations

X:(1+(a2<+,3¢>)2)%, P = 0. (4.11)
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In this case, the momentum is constant = P, and integrating the first equation gives

X = étan ‘%Dot - gSDO, a* >0,

X = Ltanh Lot - Epy, o? < 0. (4.12)

3

It can also be seen that in the second case, the condition X + 8P| < 1, is fulfilled as

required.

When considering the example of the one-dimensional harmonic oscillator, the Hamil-

tonian is given by
P2 mwiX?

2m 2 ( )
In the case of @2, 52 > 0, and for unit mass, the Hamilton equations are given by
X=(1+@X+pPY)P. P=-wj(l+@X+pP))X. (4.14)
From here, it follows that the Hamiltonian is conserved,
P2 WiX?
— 4+ = E, 4.15
7 7 (4.15)
with E the total energy of the oscillator.
After some work, the equations can be solved to find
X - z_Ea%Osinwt—ﬁ\/1+2yEc0swt
Y wo 1+ 2yE cos’wt
P 2E,8sinwt+a%0«/1+2yEc0swt 16
= L\ ; (4.16)
Y V1 + 2yE cos?wt
where
2
a
y=p+ = W= V1 + 2yEw. 4.17)

0

The solutions are periodic, but not sinusoidal, and the frequency now depends on the
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energy of the oscillator. In order for the frequency to be real, the energy must be such
that 1 + 2yE > 0, which is always true if the energy is positive. In the limit @ — 0, one
recovers the flat Snyder oscillator.

In the aSdS case, the same relation between the frequency and the energy is recovered,

but with with negative v, and the solutions of the Hamilton equations are given by

¥ 2F wiosinwt—ﬁ\/1+2yEc0swt
= ‘/|_7| ,

wo /1 + 2yE cos’wt

Q_E,Bsina)t+ w%)‘/l + 2vE cos wt
\ b '

V1 + 2yE cos?wt

(4.18)

The condition imposed on the energy in order for the solutions to be real now gives rise
to an upper bound for the energy, 2E < wj/(|8*|lwf + |@?]), consistently with the bound

laX + BP| < 1.

4.1.2 Quantum mechanics

An equivalent form of the (a)SdS commutation relations (4.1]), between the position and

momentum operators, X; and #;, is given by

X &)| =820y [P )] = ie?dy, (4.19)
(% 2)] = (5, + PR&; + PP, + PPk, + R P~ P04 x7)).

where the last equation is obtained from (4.1) after substituting the representation J; ;=
%(@,X i+ XPi—PiX - XP j) for the angular momentum. The lower degree of sym-
metry of (.19) with respect to the classical expression (4.1) is due to operator ordering
problems.

The deformed commutation relations imply a modification of the Heisenberg uncer-
tainty relations and give rise to minimal uncertainty of both position and momentum. In

the simple case in which <Sbi> = <X ,-> = 0, the uncertainty relations that follow from (4.1))
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for states with vanishing angular momentum are

AXAP;

\%

5 ) = 5o (059 (7))

> % 6, + PAXAX PAPAP; - af (AXAP; + AX AP, (4.20)
where the last step follows after using the Schwartz inequality.
In the one-dimensional case, the algebra (4.19) simplifies
[X.P]=i(1+ X + °P* + o (XP + PR)). 4.21)
and the uncertainty relations (4.20) reduce to
AXAP > %|1 e (Alea-;ﬁz (AP)2|. (4.22)

If a?, 8% > 0, they imply the existence of both minimal position and momentum uncer-

tainties, given by

Ay = —L p—ap). APy =—2 a(l—ap). (4.23)

1 +2ap V1 +2ap

For o2, 8% < 0, no minimal uncertainties emerge.

Using the relation between the SAS coordinates and the canonical ones (4.0), it is
possible to define a realisation of the position and momentum operators X; and P; that
satisfies the algebra (4.19). The action of the operators on a Hilbert space of functions of

a variable P; are then given by

o o B 0o B P
i it A=pi =iV =P — + A ———,
X ol ap : p OP; " a |1 -p2P?

@ UL - TR N B
_Exi+(1—/l)p,~— l,B 1 '82P26Pi+(1 /l)\/l—i,BZPZ' (4.24)

For a2, 82 > 0, the range of allowed values of P; is bounded by P? < 1/32. Otherwise, if

=
|
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a?, B? < 0, all real values of P; are allowed, but the upper bound of the eigenstates of the

operator (a/)% © + ﬁfz’k) (az\A’ © + ﬁfbk) is 1, as in the classical limit.

A simple example of the action of the operators can be given by considering a particle
in one dimension. For this case, it is convenient to set A = 0 in @#@24)). If o2, * > 0, in

order to get symmetric operators, i.e.

(Pu.0) = (v P¢).  (Xv.g) = (v.X9). (4.25)

the scalar product must be defined as
VB 4P
-1/8 /1 — B*P?

and the wave functions have to satisfy periodic boundary conditions, ¥(—1/8) = ¢(1/8).

W.¢) = Y (P)p(P), (4.26)

For o?, 2 < 0, the scalar product is defined by

W, ¢) Y (P)p(P), (4.27)

3 f ® dP
oo /1 — ﬁz P2
and only the convergence of the integral is required.

When studying the spectrum of the position and momentum operators, certain diffi-

culties arise. Starting for example from the eigenvalue equation
Xyy = Xy, (4.28)

the solutions are given by

l//X — Ce—% arcsinﬁP’ (429)

with C a normalisation constant and X = 2n8. While the eigenstates (4.29) have vanishing
position uncertainty, their energy diverges, and hence they cannot be accepted as physi-
cal. Here however, unlike in ordinary quantum mechanics, position eigenstates cannot be

obtained as a limit of states with finite energy. This is because the existence of a minimal



56 CHAPTER 4. THE SNYDER-DE SITTER MODEL

indetermination of the positions implies that no exactly localised states can exist. One can
then, considering that [{\A’ , S‘A’] = [®, p], guess that the functions that minimise the commu-
tator expectation value are the same as the ones that give rise to minimal uncertainty in
flat Snyder space, i.e.

WX — C 1 _ﬁzpz e—% arcsinﬁP. (430)

The functions (#.30) satisfy the boundary conditions without the need of quantising the

parameter X. For these functions,

AX =B, AP=, /Biz va  AXAP = T+, “31)

and AX is close to its minimal value (4.23)), while AP is extremely large due to the small-

ness of S.

The properties of the momentum operator % are similar to those of X. The eigenvalue
equation

Purp = Pip, (4.32)

has the solution

lr//P — C(l _ﬁZPZ)ﬁ e%arcsinﬁP, (433)

with P = 2na, and it exhibits problems analogous to those affecting the position operator
eigenstates. Here, AP = 0, but the expectation value of X? diverges. As before, it is

possible to define a basis,
WP — C(l —ﬁsz)%+ﬁ e% arcsinﬁP’ (434)

in which P is not quantised, and the expectation value of X? is finite. The uncertainties in

this basis are

1
AX = [ +B AP =a, AXAP = l+a’B. (4.35)
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Hence, a basis of states more physical then the formal eigenstates (4.29) and @.33)), is

given by smeared functions like (4.30) and (4.34)), which describe a fuzzy phase space,

with no sharply defined values of positions and momenta.
In the aSdS case, since no minimal indetermination arises, the situation is analogous
to ordinary quantum mechanics and the formal eigenfunctions are limits of states with

finite AX and AP. For the position operator, the eigenfunctions are
l//X — Ce—% arcsinhﬁP’ (436)

and for the momentum

wp — C(l _ﬁZPZ)ﬁ e% arcsinhﬂP. (437)

The invariance of the configuration space of the classical model under the S O(4) or
S O(3,1) group can be extended to the quantum case.

The rotations are generated by

A 1

A s oa A A 0 0
Jij = 5 (Xing +PiXi — XjPi - Pin) = piki— piX; = i(P

2 _p L 4.
"8P,~ [0Pj)’ ( 38)

and act in the standard way. The spectrum of J ; 1s the same as in ordinary quantum
mechanics, and defining J =€ J-kf jk» the eigenfunctions in spherical coordinates in the

momentum representation are given by the standard spherical harmonics
PYiu(Po, Pg) = I(L+ 1)Y1(Pg, Py),  J3Y3(Pg, Pg) = mY, (P, Py). (4.39)

The translations are generated by the momentum operators ?;, that act according to (#.19)).
Their action on momenta is the usual one for a space of constant curvature, but the one
on position variables is deformed and takes a nonlinear form. The commutation relations

@.19) transform covariantly under these symmetries.

As a simple example of one-dimensional dynamics, one can consider the Schrodinger
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equation for a free particle. In the representation (4.24)), with A = 0 and for unit mass, it

reads

1 -BP2dP o?

dz_l//_(ﬁ Zi) BP  dy ,BZ(PZ—ia//,B 2E

dp? a (1-B2P2)2 1-p2P?

)¢ = 0. (4.40)

In the SdS case, the solutions of this equation, that vanish at P = +1/ are

i E
W = const. X (1 —,BZPZ)M cos ( arcsin[o’P), 4.41)
with E = 1e?n?, for odd integer n. These solutions have finite values of AX.
In the case of aSdS, the solutions are given by the momentum eigenfunctions (4.37))

and the energy is not quantised.

If one wants to consider the case of the one-dimensional harmonic oscillator, with the

Hamiltonian given by
P2 mw%X 2
= — + s
2m 2

H (4.42)

it is convenient to choose the coefficient A in (@24)) such that the cross term PX + XP in
the Hamiltonian vanishes. This is achieved with the choice of the gauge

a,2

= 4.43
PPwi + o2 (443)
The Schrodinger equation for unit mass now reads
1 B . 202 + a2 .
—%( 2+ (ﬂa—z)xz)w = Ey. (4.44)
2w + @ Brw;
Using the realisation (4.24)), this equation becomes
& pody 1 P 2
v _FP Ay 1 =% _Jy=o, (4.45)
dP?  1-gPdP  w?\(1-p2P22 1-p°P?

where w = (1 +ﬂ§%)wo and € = (1 + 2 )E
0

20,2
Brwy
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After certain redefinitions of variables and requiring that  vanish at P = +1/f, one

finds the solution in terms of Gegenbauer polynomials C¢ [2]
¥ = const. x (1 — B2PH)* CY(BP), (4.46)

with @ = 2(1 + /1 +4p), and

- __ (4.47)
H= (Bl + a?)? '
The spectrum of energy is given by
1 (BPw} + a?)? 5 1\ BPwj + a?
E:(n+§)w0\/1+4—a)é+ n +I’l+§ T, (448)

and it exhibits corrections of order (8w, + a?/w,) with respect to the standard case and a

duality for Bwy < a*/wy.

For the case of @?, B* < 0, the energy spectrum is the analytic continuation of (#.48)
to negative values of @ and 2. Since the energy becomes negative for great n, it is

necessary to impose an upper bound on the allowed values of n.

The previous considerations can also be generalised to three dimensions.

4.2 Spectrum of position and momentum squared

The representations of the three-dimensional Euclidean SdS algebra can be studied start-
ing from those of the Snyder algebra and exploiting the geometrical properties of the

phase space that can be identified with a Grassmannian manifold [S0].

For the given problem, it is more convenient to consider as generators of rotation

Ji = Lejd;, which satisfy

[j,', fj] = ifijkjka [fl,/\sj] = —l'Eiijk, [j,,ﬁj] = —l'E[jkﬁk. (449)
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The rest of the commutation relations of the SdS algebra are then given by

where f,-j = % ()2',-731- + ¢>j)€,- - ij’\)j - f),-/?j).

The SdS algebra can be considered as a nonlinear realisation of a model proposed
by Yang [39], which differs from SdS only in the assumption of a standard Heisenberg
algebra for positions and momenta, [z\A’i,S‘A’j] = if(é,j, K being a central charge for the
rotation group, satisfying [k z\A’l] = iafzﬁ-, [k ¢’l] = —i,Bzz\A’i. With the identifications
fij = f,»j, oz)ei = Ju, ,873,- = Js;, K = Jus, the Yang model reproduces an S O(5) algebra

with generators fw, wv=1,..,5.

The three-dimensional nonrelativistic SdS model also enjoys an S O(5) symmetry. Its
phase space can be realised on the six-dimensional Grassmanian coset space Gr(3,5) =

SO)/SO(3) x S O(2), with S O(3) generated by the .fij and SO(2) by Jus.

The space Gr(3, 5) can be parametrised by homogeneous coordinates X, and #,, that

satisfy the constraints [[17]]
X, =1, pP,=1, X,P,=0. (4.51)

This parametrisation associates a one-parameter set of matrices to each coset. One can
then identify the variables X, and #, with canonical coordinates of a ten-dimensional
phase space and hence reduce it to a six-dimensional phase space parametrised by X
and P; by eliminating the constraints (4.51)), using the Dirac formalism [12], which was
recalled in Sec. [2.1] However, in order to obtain a one-to-one parametrisation, it is
necessary to impose a further constraint on the parameters X4, Xs, P4, Ps. This is also
required by the Dirac formalism since the constraints split into one first class and
two second class constraints [42]. Unfortunately, not every constraint leads to the SdS

algebra and it is therefore necessary to choose a suitable gauge [42]]. In particular, the
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choice aXs + BPs = 0 yields the algebra (#.50).

4.2.1 The nonrelativistic Snyder algebra

Before considering the SdS case, it is useful to review some results on the representation

of the Snyder algebra from [44, 32].

The Snyder algebra, as the limit of the SdS algebra for @ — 0, contains an S O(4)
subalgebra of S O(5) generated by %; = Jy and J; = %e,- jkf x> while the momentum space
is realised as the coset space S° = SO(4)/S O(3).

The representations of the S O(4) algebra can be labelled by the eigenvalues of A2, J?
and J3, where A, is the operator defined as A; = 3 (JAI + ,B‘Ifci), so that £% = 2 (4142 — JAz),

Pl Lmy = I+ Dj1,m),
LljpLmy = mlj1,m),
BlpLmy = 4G+ 1) =11+ D))j,1,m), (4.52)

with 0 < [ < 2j, and j(j + 1) being the eigenvalue of A2. The eigenvalues of > have
degeneration 2/ + 1.

The momentum space can be realised as a 3-sphere, obtained by imposing the con-
straint p? + p? = 1/B% on a four-vector p. This can be shown algebraically [32], or from

a Dirac reduction of phase space [[18]].

The representation I

It is possible to define different representations of the Snyder algebra on a Hilbert space
and they are usually given in a momentum representation. One possibility is [32, 22]]

L0, ( 0 ) : 0
i=pi, Ki=i— +ifpi|pi=—+u|, Ji=-ieppj—, (4.53)
bi=p o B°pi|p; ap; TH i

1
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with the operators X;, p;, J, acting on functions /(p;) of the Hilbert space, u an arbitrary

real parameter and —oo < p; < co. The operators are symmetric for the measure

&3 p
(+ B @9

u=1)2
provided that the functions y(p;) go to infinity like (ﬁ) .
P

In this representation the operator £> takes the form

2= prr (L 20 (a4 oo, 4 (1 43|+ L
P2 \op:  pydp, PP op, ’ P
(4.55)
For u = 0, the equation *¢ = x*¢ has eigenfunctions [32]
Gpm = const. X sinl)(Cff“)(cosx)Kln(pg,p¢), (4.56)

where the polar coordinates p,, ps, p, have been used, and y is defined as y = arctanfp,,.
The functions C are Gegenbauer polynomials with n a nonnegative integer parameter
and Y! (py, p,,) are spherical harmonics.

For u # 0, the eigenfunctions (#.56)) are simply multiplied by cos*y. The eigenvalues

are independent of u and read
2 _ 20,2
x*=p(n"+2nl+2n+1), 4.57)

with 0 </ < n. They can be identified with (¢.52) by settingn = 2 — [.

The operator p* = f)ﬁ is trivial and its spectrum extends to the positive real line.

The representation I1

An alternative representation is given by [44]

i 0
ﬁi = p )’ei =1i4/1 _ﬁzpza_, (458)

\/1 —,szz’ Di
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with p? < 1/B2. In this representation the operators are symmetric for the measure

d.’a
A (4.59)
1= p2p?

and the operator % takes the form

) ¥ 2-38p 0 (-Fp)f

#2=-( —ﬁzpz)zﬁ - — (4.60)

P, Po Opp r;

Its eigenfunctions are given by

Ggim = const. X sinln cos nP(q]/Z’ H12(cos 277)Y,§1(pg,p¢), 4.61)

where n = arcsinp, and Pg’b) are Jacobi polynomials with g a nonnegative integer. The
eigenvalues are given by 52((2g +[+2)*> —I(I+1)—1). Taking ¢ = (n— 1)/2, one recovers
the eigenvalues (4.57).

4.2.2 The nonrelativistic SdS algebra

As in the previous section, the representations of the operators X; and #; that satisfy the
SdS algebra can be obtained from the operators X; and p; of the Snyder algebra by taking

the linear combinations [45]]

Xo= 54 2p, Pi=(1-p -2, (4.62)
@ B
with the inverse
%= (1- DX - /lgf)i, pi=Pi+ %Xi, (4.63)

where A is a free parameter. Since representations with different values of A are related
by unitary transformations [45], for simplicity only the case 4 = 0 is considered in the
following.

The relation between Snyder and SdS representations can be understood by con-
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sidering the embedding of S3 into Gr(3,5), corresponding to the branching S O(5) —
S O(4). The vectors of Gr(3,5) satisfy the constraints (#.51)), while those of S° satisfy
ﬁz(pl + p4) = 1. Taking into account the SdS gauge constraint aX5 + fP5 = 0, one can
see that the combination p, = #, + 5X defined as in (4.2.2) satisfies the same constraints

as the vectors of S O(4)/S O(3) and then transforms as the Snyder momentum.

The momentum representation I

Setting A = 0, from (@.62) and (#.53)), one obtains the representation

>
I

0 aop(p 9
‘op, THEE ’ap TH]

i@ 0 KA

As for the Snyder model, the eigenfunctions can be written in terms of X2, J? and J;.

S
!

Since X? = #2, the equation

X2y = Xy (4.65)
has the same eigenfunctions (4.56) and eigenvalues as in the Snyder model.

The calculation of the operator #? is more involved. From [@#.62), setting 1 = 0, one
gets

A N (025N A a”
P> = p* - E(xipi + piki) + Exz. (4.66)

The second term of the right hand side can be written as

a
Ripi+ Piki = 2i(1 + B2 P)Py—— + 3i + iB*(1 + 2u)P>. (4.67)
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From (4.55)) and it then follows

2 2 72
R 22 07 22( 22-@2)£i_1_
P = 7 ((1 +p°P,) 6P§+(1 +B°P)1+p Pp+laPp PP, Pﬁ
a(,. .
—IE (31 + (1,82 — 'g)P/%)
+ua? (2(1 +PIPDPy + (14 OB P, +3 - z/fPﬁ) : (4.68)
p a

As for the Snyder model, it is straightforward to check that the solutions with u # 0 can
be obtained by multiplying those with vanishing u by cos*y, so only the 4 = 0 case is
considered. Then the solutions of the eigenvalue equation P2¢ = P%¢ can be deduced
from those of (#.63)) by noting that the substitution ¢ = (1 + B>P2)"**Py brings the
equation to the same form as (#.53)), with x> — (82/a?)%?, and hence its eigenfunctions

differ only by a phase from those of X2, and are given by
Gim = const. X sin'y cosi/“ﬁ/\/C,(11+1)(COS)()Y,$1(P9, P,). (4.69)

The operators X> and #? are therefore related by a unitary transformation, and the eigen-

values of $? are the same as those of X2, except for a multiplicative constant
P = P(n* + 2nl + 2n + ). (4.70)

This could have been predicted on the ground of the duality between X; and ;. It follows
that in the SAS model the eigenvalues of the momentum squared (and hence of the energy)

are also quantised and they do not depend on g.
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The momentum representation I1

The prescription (.58) along with the relation between the SdS and Snyder algebras gives

an alternative representation of the SdS algebra. For A = 0, one obtains

N 0
i = ] 1 - 2P2 )
X = iNI=FPap
N P; 10 0
P = ———— —i— 1 - P2 —. 4.71
P 1= p2p? lﬁ F OP; @.71)

As before, the operator X? coincides with £? and its eigenfunctions and eigenvalues are

given by (@.61) and (#.57) respectively.
On the other hand, the operator $? is given by

o A o P 2= (BF +2iB/a)P) )
Po= 32 [(1 F Pf’)anJr P, oP,
(1 +2iap)P2 + 3i(@/B) o J?

. 472
1-pP Wz (72)

This result has been obtained in [43] for a sightly different operator.
In analogy to the previous calculations, the eigenvalue equation for #2 can be reduced
to the form (#.60) by introducing a function ¢ such that ¢ = (1 —*P3)">**#y. The solution

is therefore
Ggmi = const. X sin'n cosl”/z"ﬂnPEIl“/z’1/2)(cos 2n)Y! (P, P,), 4.73)

with n = arcsinfP,. As in the Snyder case, taking g = (n + 1)/2, one recovers the

eigenvalues (4.70).

The position representation

The duality of the SdS algebra for the interchange of X; and P; permits to define position
representations by simply exchanging the roles of the phase space coordinates. Alterna-

tively, such representations can be obtained starting from those of the symmetries of S
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in Beltrami coordinates and using transformations analogous to (4.62).
From (4.64) and one can in this way obtain the action of the momentum and

position operators on the Hilbert space of functions of X;. For A = 0, they take the form

A .0 0
Pi > +ia”X; (Xk— +,u) ,

i an

. B0 ) 0

= Xi—i—|— X | Xi— 4.74
Xl i la(aX[+a i kan+,u > ( )

and

N 0

= iV = a2x?

P, i a X

N X

X = —5_ _Pyitenel 4.75)

V1-—a2x2 «a o0X;

respectively. Position representations can be useful in some problems, like the hydrogen
atom, where the potential is a nontrivial function of X;.

All the results could also be extended to the case of negative coupling constants. In
this case the algebra would no longer be compact and it is expected that the spectra of

position and momentum be continuous [435]].

With the aim of generalising the results on the algebraic structure of the three-
dimensional nonrelativistic Snyder model investigated in [32], to the case of a curved
background, we have studied the representations of the three-dimensional Euclidean SdS
algebra. In the SdS case, the algebraic structure is less useful than in the Snyder case,
because for SdS the spectrum of the position operator cannot be derived directly from the
algebraic structure of the theory. However, since it is possible to find a relation between
the representations of the Snyder and the SdS algebra, one can find the spectrum of the

square of the position and momentum operators analytically.
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Chapter 5

Snyder-type spaces from the Hopf

algebroid point of view

From the noncommutative geometry point of view, relatively few investigations have been
performed on the Snyder model. Except for a series of papers [8, 9, 139], where the model
was generalised and the star product, coproduct and antipodes were calculated, the model
was also investigated in [[19], where it was considered from a geometrical point of view
as a coset in momentum space, with results equivalent to those of [8,19]. The construction

of a quantum field theory on Snyder spacetime was also started in these papers.

The chapter begins with a short review of Hopf algebras and the twist operator [1]
and follows with explaining the Hopf algebroid structure of (noncommutative) spacetime

[25]]. In the last section, the results on the Snyder space from [37] are presented.
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5.1 Hopf algebras and the twist operator

5.1.1 Hopf algebras

An associative algebra with unit is a vector space A over a field K equipped with two

linear maps

m:AQ®A — A, the product 5.1
n:K—A, the unit, 5.2)
such that Va, b € A
mm®1l) = m(l®m), (5.3)
mmel) = m(len), (5.4)

where ® is the tensor product, m(a ® b) = ab is the product of a and b, the mapping 7 is
determined by its value n(1x) € A, which is the unit element in A, for 1k the unit element

in K. The identity map 1 : A — A, is such that 1(a) = a, Va € A.

A coalgebra is a vector space over a field K equipped with two linear mappings

A:A—>AQ®A, thecoproduct, (5.5
e:A—> K, the counit, (5.6)
such that
ADA = (1®AA, 5.7
e®@DA= 1 =({®eA. (5.8)

Eq. (5.3) is the associativity condition and (5.8) is referred to as the coassociativity of the
comultiplication A. In eqs. (5.4) and (5.8) the isomorphism of algebras K ® A and A is
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understood, so that the objects @ ® @ and a, Ya € K, Ya € A, can be identified.

A bialgebra A is a vector space which is an algebra and a coalgebra such that Va, b € A

the following conditions hold

Aab) = Ma)Ab),

eab) = e(a)e(b),

Ad) = 181,

el) = 1k (5.9

A bialgebra A is a Hopf algebra if there exists an additional mapping
S:A—-A, (5.10)
called the antipode, such that

m(S ® DA =ne =m(1 ® S)A. (5.11)

If A is an algebra with generators g; and relations R : g;g; — 8,8 — ici.‘jgk = 0, the
universal enveloping algebra U(A) of A is the free algebra generated by the elements g;

and divided by the ideal generated by the relations R.

The universal enveloping algebra of the Poincaré algebra, which is generated by the
momenta P, and the Lorentz generators J,,, provides an example of a Hopf algebra if the

coproducts, counits and antipodes are given by the following

AP)=P,®1+1®P,, €P,)=0, S(P,)=-P, (5.12)

AUw) =Jp®1+1®J,, €elJ,) =0, SU,)=-Jy. (5.13)
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5.1.2 The twist operator

The twist operator ¥ is in invertible element ¥ € U(A) ® U(A) that satisfies

1. the cocycle condition

FeeDADF = (1F)1’ANF, (5.14)
FleDADF ™ = 1eF H1eANF ', (5.15)
2. the normalisation condition

me®@ N)F =1=m(l®e)7F. (5.16)

For the primitive coproduct A, defined as
Ao(g)=gi®1+1Q®g;, g €A, (5.17)

one can define the twisted coproduct A, as
Ai(g)) = Fho(g)F . (5.18)

If U(A) is a Hopf algebra with the coproduct (5.17)), then U,(A), defined such that the
algebraic sector is the same as that of U(A), but the coproduct is replaced with (5.18),

will also have all the properties of a Hopf algebra.

5.2 Hopf algebroid structure of (deformed) phase space

The Hopf algebra formalism is a useful tool for dealing with the symmetries of noncom-
mutative spaces, but it cannot be used for describing the phase space, as the universal
enveloping algebra of the Heisenberg algebra does not satisfy the properties of a Hopf

algebra. Considering a different type of noncommutative spacetime, the x-Minkowski
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spacetime, it was shown that the proper framework for describing the (deformed) phase

space is that of Hopf algebroids [25].

5.2.1 The undeformed Hopf algebroid

The Heisenberg algebra H (i.e. quantum phase space) is generated by the commutative

coordinates x,, and momenta p, that satisfy the following relations

[x,, x,] = x,x, — x,x, =0,
[Pu> Pv] = pupy — PP = 0,

[Pﬂ, x,] = PuXy — XyPy = _inpvl- (5.19)

The quantum phase space H is defined as the free unital algebra generated by x, and p,,
divided by the ideal generated by the relations (5.19). The bases elements in H are chosen
to be normally ordered monomials, i.e. the coordinates x, are left from the momenta p,,.
H can symbolically be written as H = AT, where A is the unital commutative algebra
generated by x, and 7 is the unital commutative algebra generated by p,, 7" = C[[p]].

The coproducts of the generators are given by

Aox, =x,®1, Aopy=p,®1+1®p,, (5.20)

where an equivalence class in H ® H is generated by the ideal 7o = U, (Ro)(A® 1)AT .
Here, U, (Ry) is the universal enveloping algebra generated by (Ro), = x,® 1 — 1 ® x,, but
without the unit element [40], and A7 = C[[Aop]] CT @7 isthe image of 7 in 7T ® 7.

The elements R, satisfy the following properties

[Aox, Rol =0, [Aopu, Rol =0,  [(Ro)u, (Ro)y] = 0. (5.21)

Since the Heisenberg algebra H can be written as H = AT, it can be shown that AgH =
URp)(AQ DAT /Iy =[(A® 1)AT + L]/, is an algebra isomorphic to H, and that
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AA=(ARL+1y)/Top=(AA+ 1y)/11is an algebra isomorphic to A.

For every generator & € H, the counit € can be defined by the action of 2 on 1. The

coproduct Ay and the counit lead to a bialgebroid structure of the quantum phase space.

The undeformed Hopf algebroid is defined by the total algebra H (quantum phase
space), base algebra A, multiplication m, coproduct Ay, antipode S, counit €, source

map a, and target map ;.

The coproduct is a mapping
Ao : H - UR)ASAANT /1o, (5.22)
defined by (5.20). It is a homomorphism and satisfies the coassociativity condition
(A ® DA = (1 ® Ag)Ap. (5.23)

The antipode S is a mapping Sy : H +— H and an antihomomorphism S o(hh,) =
So(h)So(hy), Yhy, hy, € H. For the generators of the Heisenberg algebra it is given by

So(x) = Xy, So(pu) = =Py (5.24)

The counit gy : H +— Ais defined by €(h) = h>1 € A C H, Yh € H, where the action

> is defined by

0
5o F0) = S0, p f) = i,

(5.25)

It can be seen that (H) = A. The target map oy : A +— H and the source map
Bo: A H are equal and for f(x) € A are given by ao(f(x)) = Bo(f(x)) = f(x).

The coproduct Ay, antipode S and counit ¢, satisfy the following relations

m(E() ® I)AO = m(l ® Eo)AQ = 1,

m(So® 1Ay =m(1 ® Sy)Ay = e, (5.26)
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and hence are highly related through (5.23)-(5.26). For example, in the momentum rep-

resentation
66110111(17#) — p;u e(l)nom(x#) — O’ (527)
and then
A" (P = pu® 1, AFT() = X @ 1+ 18, (5.28)
and
S0 (Pu) = P S0 (X)) = =Xy (5:29)

5.2.2 The twisted Hopf algebroid

When dealing with noncommutative spaces, the spacetime is generated by a set of coordi-
nates %, which no longer commute, i.e. the relations (Ry) no longer hold, but are replaced
by a different set which determines the type of noncommutative spacetime.

For a large class of spacetimes it is possible to find an isomorphism between the
noncommutative algebra A, generated by the %, and the algebra A,, which is generated
by the commutative coordinates x,,, but the multiplication is replaced with the star product.

The star product between two elements f(x), g(x) € A. is defined by

f(x)* g(x) = f(DEE) > 1, (5.30)

where f (%) and g(X) are elements of A, the action » is defined by (5.25)) and in order to
calculate the right hand side of (5.30) one needs to choose a specific realisation of the
noncommutative coordinates £, in terms of the commutative phase space variables x,, p,,.

The deformed phase space, generated by £, and p,, can be denoted as the deformed
Heisenberg algebra H. 1t is convenient to define the action [27] »: H ® A — A, where
symbolically H = AT, A being the subalgebra of H generated by the %, and 7 the
subalgebra of H generated by p,

x> (%) =x,8%), p,»1=0, p,»3x =—in,. (5.31)
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From the Leibniz rule
20> fFDI®) = 2./ (DRX), (5.32)
follows the coproduct of A%,

A%, =%,01. (5.33)

For any choice of realisation, one way of constructing the corresponding coproducts A
for x, and p,, is using the Leibniz rules for p, > (f * g) and x,, > (f * g) obtained from the

property hihy > f(x) = hy > (hy > f(x)), where hy, h, € H [40].

The relation between the deformed coproducts A and the undeformed ones A, defines

the corresponding twist operator
Ah = FAhF ™, (5.34)
for every h € H. Hence,
Ax, = Fhox, ', Apy=FNopF . (5.35)
The star product can also be written in terms of the twist operator

F@) g0 = m. (f(x) @ g() =m(F ' > (f® ), (5.36)

with m the multiplication map m(h; ®h,) = h;h,, and m, the multiplication map defined by
m.(hy ® hy) = hy x hy, Yhy, hy € H. The star product does not change if # ! — F 1 + 7,
where Jo = U, (Ro)H ® H is the right ideal with the property m (Jo»> (f ® g)) = 0. On
the other hand, f(x)g(x) = m(f ® g) = m. (¥ » (f ® g)) does not change if ¥ — ¥ + 7,
where 7 is also a right ideal defined by J = U, (RYHQH = F Jo, with R, = F(Ro)F .
The right ideal 7 has the property m..(J > (f ® g)) = 0. The right ideals J, and J also
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satisfy

Jo(H @ H) = Yo,

JHeH) =7,

I =FIF ' =FTo

JIocT, JoIJ < Jo. (5.37)

It can be shown that AH = U(R)(A ® 1)#AT /I is an algebra isomorphic to H, where
ARy = FADF 'and I = F(T)F ' = U (R(A® 1)7AT. It can also be
shown that AA = F(AGA)F ! = (A® )& + 1) /T is an algebra isomorphic to A. The

elements R, satisfy the following properties
[Ax,, R =0, [Ap,,RI=0, [R,R]=0. (5.38)
The ideals 7, and 7 satisfy

Ivo'}{ = A07'(]0 :IOa
IANH =AHI =1,
IIO cY, I()ICJ(). (539)

The twist F € (H ® H)/J is a mapping F : AgH — AH, while its inverse F~! €
(H ®H)/Jois amapping F~! : AH — AyH.

The twisted Hopf algebroid is defined by the total algebra H (quantum phase space),
the base algebra A (where the elements of A are taken in a particular realisation), multi-
plication m, twisted coproduct A = A, antipode S# = S, counit e = €, source map &

and target map 3. The twisted structure also satisfies the axioms of a Hopf algebroid.

Using the twist  and its inverse ', that satisfy the cocycle condition (5.14) and the
normalisation condition (3.16), the twisted coproduct defined as Ah = FAhF ', Vh € H
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will satisfy the coassociativity condition

(A® DA = (1 ® A)A. (5.40)

The antipode S : H +— ‘H is an antihomomorphism defined by
S(h) = xSolhx ™", (5.41)

where y ™! = m ((So ® 1)7‘1).

The counit & : H — A c H is defined by
e(h) =m (7:_1(> ® 1)(&(h) ® 1)). (5.42)

So it follows that

A

& =1 ef)=71
&f+g=rfa efe)=rxg
() =Ff, ea@)) =7, (5.43)

Vf, ge A and Vf, g € A.

The source and the target map can also be reconstructed from the twist. One first

defines the maps @ : A, - AcC HandB: A, — H by

o(f(x) =m(F' e De(f() @),  ao(f(x) = f(x).
B =m(F'e0 DB(f) D), Bolf(1) = f(), (5.44)

where ¥ = 70F 1o and 7 is the flip operator 7o(h; ® hy) = hy ® hy, Yhy, hy € H. The

source and target map are then given by

a=aels B=Pels. (5.45)



5.2. HOPF ALGEBROID STRUCTURE OF (DEFORMED) PHASE SPACE 79

The coproduct A, antipode S and counit € satisfy the following relations

mE® A = m(1 ®S‘1€S)A ~1,
m(S @ DA = S71&s,

m(l®S)A =g, (5.46)

which are compatible with the Hopf algebroid structure in [31]. The relation between
the presented approach and Lu’s paper [31] is @e +— & and Be +— S~'&, since in the
present case & : H — A c H. In the undeformed case the relation is ae — ¢ and

Pe — Saleo = €.

5.2.3 The Hopf algebroid structure of H

The deformed phase space H, generated by the noncommutative coordinates %, and the
momenta p, also has a Hopf algebroid structure which is defined by the total algebra H,
base algebra A C H, multiplication map m, coproduct A (which is for the coordinates
%, given by (5.33)), and for a given realisation needs to be calculated for the momenta),

antipode S, counit &, source map & and target map 3. The counit is defined by
ey=hw1, YheH. (5.47)

It is useful to introduce §,, as the right multiplication by X,

Fu > f(2) = f(D)2,, (5.48)
from where it follows
Aj}/t =1 ®§’u- (5.49)

The relation QA,, =$,®1-1® %,, which has the property QAH » A® A = 0, generates the
right ideal J = U,(Q)H ® H, which satisfies 7 » A® A = 0.
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The antipode § is then defined by S (§,) = X, and satisfies

mERDA=m(1®S7'eS)A =1,
mS ® DA = S~'eS

m(l®S)A =é. (5.50)

The antipode for p,, S(p,) follows from m(S ® 1)A(p,) = m(1 ® §)A(p,) = 0. The
source map & : A H is a homomorphism and the target map 3 : A — H is an

antihomomorphism defined by 8 = S ~'a.

5.3 Snyder-type spaces, twisted Poincaré algebra and ad-

dition of momenta

5.3.1 Snyder-type spaces

We define generalised Snyder spaces as deformations of ordinary phase space, generated
by noncommutative coordinates %, and momenta p, that span a deformed Heisenberg

algebra H(%, p) of the type
[)2/1’ )ACV] = iﬁzj,uvlp(ﬂzﬁz)a [ﬁ/u ﬁv] = O» [ﬁ/b -fev] = _iQD,uv(ﬁzﬁz)' (55 l)
The algebra also includes the Lorentz generators fw that satisfy the standard relations

[j,uva fp,(r] = i(nﬂvfwr - T]/la'fvp + nvpf/w' - nvo'jpp),
[j,uw ﬁ/l] = i(nyv - 77/11/5&;1)’ [jyv’ Xl = i(n,uv - 77/11/5&/1)-
(5.52)

The functions ¥(8?p?*) and ¢, (3>p?) are constrained by the requirement that the Jacobi
identities hold and 7,, = diag(-1,1,1,1). The commutation relations (5.51)-(5.52)) gen-
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eralise those originally investigated in [56], that are recovered for i =const.

The commutative coordinates x, and momenta p,, that generate the undeformed

Heisenberg algebra H(x, p), satisfy

[x;u xv] = Oa [p;u pv] = 0’ [p,ua-xv] = _in/dl/' (553)

The action of x, and p, on functions f(x) belonging to the enveloping algebra A generated

by the x, is defined by

0
Xy > f(0) = x,f(X),  puv> f(x)=—i g)(cf)

(5.54)

~

The noncommutative coordinates X,, the momenta p, and the Lorentz generators J,, in

(5.51)-(5.52) can be expressed in terms of commutative coordinates x, and p,, as [8, 9]

R = x,018°p%) + Bx - ppupr(Bp°) + B pux (B pP), (5.55)
ﬁ,u = Pus j,uv = J,uv = XuDv — X% Pyu- (556)

The function y does not appear in the defining relations (5.51)-(5.52)), but takes into ac-

count ambiguities arising from operator ordering of x, and p,, in eq.(5.53).

In terms of the realisation (5.55)), the functions ¢, in (5.51) read

Cuv = NP1 +ﬁ2pppv‘102» (5.57)

while the Jacobi identities are satisfied if

Y = =201¢) + @192 — 287 p ¢l pa, (5.58)

where the prime denotes a derivative with respect to 82p?. In particular, the function v

does not depend on the function y.

2¢ 1

From eq.(5.58), it follows that the coordinates £, are commutative for ¢» = ——5>5—,
1
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and correspond to the Snyder space for ¢, = %. In particular, the Snyder realisation
of the Snyder space is recovered for ¢; = ¢, = 1, and the Maggiore realisation for
o1 = 1 —=pB%p?, ¢ = 0[8,19]. There is also another interesting realisation of the Snyder
space for ¥ = s =const., given by

. B

Xy = X + ZC/D (5.59)

where C, = x,p? —2x- pp, are the generators of conformal transformations in momentum

space, with [C,,,C,] = 0.

The algebra (5.57)) unifies commutative space ¢ = 0, and Snyder space ¥ = 1. Since

the Lorentz transformations are not deformed, the Casimir operator of the algebra (5.5T))-
G352isC = p*.
It can be shown that [27, 41} 28]]
eik-fc >1 = eiK(k)~x+ig(k), (560)

and

ek d 5 g% = piPUg)rx+iQlg) (5.61)

where eqs. (5.60) and (5.61I) can be seen as the defining relations for the functions
K(k), g(k), P(k,q) and Q(k, q). It is easily seen that

Puk,0) = K, (k), Pu0,q9) = qu, (5.62)
and it can be checked that
e Wi KT b 1Y = P (A, g)e' T, (5.63)

with A a real parameter. Differentiating both sides of the last equation by A4, it follows that
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the function $,(4k, g) satisfies the differential equation

dPu(Ak,q) o
—a ko, (P(Ak, q)), (5.64)

where the relation (5.57) was used to write the realisation (5.53) in terms of ¢,,.

The generalised addition of momenta k, and g, is then defined as [9} 39, 24]]
k., ® q, = D,(k,q), (5.65)

where O, (k,0) = k,, D,(0,q) = g,, and the function D, (k, g) can be calculated in terms
of ¢, as

Dyk, q) = Pu(K™' (), 9), (5.66)

with K '(k) the inverse map of K, (k), i.e. K,'(K(k)) = k,. From (5.64) and (3.57) it
follows that $,(k, g) and hence also D, (k, ¢) do not depend on the function y in (5.55).

Writing the inverse of eq.(5.60)),
eik-x — ez’K’l(k)-fc—ig(K’l(k)) > 1 (5.67)

it follows that the star product of two plane waves is given by

ik-x ig-x

=1 o T—] .
e % e iK™ (k)-x—ig(K~" (k) > equ

= €

P K™ ()9 x+iQEK (0),q)=ig(K™' (k) (5.68)

Using (5.66)), noting that g(k) = Q(k, 0), and defining the function G(k, ¢) by

Gk, q) = QK™ (k), @) — QK™ (k), 0), (5.69)
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it follows that the star product can be written as

ok ¥ g pitx — Dk x+iGlkg) (5.70)

It should be noted that G vanishes if y(k) = 0. Defining & = x*¢}, and using (5.57) when

writing down the realisation (5.55) for £,, one can check that the following equality holds
e—i/lk-fc(o)pﬂei/lkv? > eiq-x — P‘u(/lk, q)eiq-x+iQ(/lk,q), (571)

with A a real parameter. Differentiating both sides of (5.71)) by A and using (5.64)), it

follows that Q(k, g) satisfies the differential equation

dQ(ik,q) _

i1 kox* (P(k, q)) , (5.72)

with Q(0, ¢) = 0 and y* = p°x(8*p?).

We next follow the approach of Sec. [5.2] Since the coproduct for the Snyder space
does not satisfy the coassociativity condition, the structure corresponding to the phase
space will be that of a quasi-Hopf algebroid. Hence,the algebra A, generated by the
commutative coordinates x,, can be extended to the quasi-Hopf algebroid H generated by
the x, and the p,, symbolically indicated as H = AT, where 7 is the algebra generated
by the p, [25]. In this approach, the coproduct for the momenta Ap, is obtained from
D, (k,q) as

Ap,=D,(p®1,11 p). (5.73)

From this definition it follows that the addition of momenta and the coproduct do not
depend on y(5>p?).

From the coproduct one can then define the twist 7, such that Ah = F Agh# ! for any
h € H, as [25,20]

Fl=exp{i(1 @ x)A - Ag)pa +G(p@ 1,10 p)} :, (5.74)
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where Agp, = p,® 1 +1® p,, and : : denotes normal ordering in which the coordinates

X, stand on the left of the momenta p,.

In this approach, the star product f * g can be defined as

(f+) =m(F'Cor)(feyg). fgeA (5.75)

withm : AQ H — H the multiplication map of A.

The relation (5.55) between %, and x,, can also be written in terms of the twist as
Ro=m(Fe-0 Dx, ® 1) = x.05(p) + B2pux(p). (5.76)
It follows for consistency
Apy = F(Bop)F ', Bopu=pu®1+18p,, (.77

in accordance with (5.73]).

The coproducts of the momenta were found for special cases in [9]. For the Snyder

realisation, it reads

1 ﬁz
Apy= ————|pu®l———F——p,p.®p* + V1 +B2p*®@p,.|, (5.78)
F1-Bpeepr " 1+ AT+82p2 g

and for the Maggiore realisation

_BF
N

The coproducts of the Lorentz generators are given by

Ap, =p,® 1 -p*p? - PuPa® P +1® p,. (5.79)

Ay = F A )F, Aodyy = ®1+10J,,. (5.80)

Because of the commutation relations (5.52)), the coproduct of J,, will be trivial, i.e.
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A,y = Aodyy [9].

For the coordinates, the coproducts are given by
Ax, =%,®1+1, (5.81)

where 7 is the right ideal of H with the property m. (Z (> ® »)(f ® g)) = 0, where m..(f ®
g) = f = gfor f,g € A. Hence,

Ax, = Fhox, F ' = F(x,® DF . (5.82)
The antipodes for the Snyder space are trivial [9]

S(pu) = —Du> S(Juv) = _Juv' (583)

5.3.2 First order expansion

The study of the general form of the deformed Heisenberg algebra (5.51) is difficult,
however it can be studied perturbatively, by expanding the realisation (5.55) of the non-

commutative coordinates in powers of 52
X, =x, +ﬁ2(s1x/,p2 + $2X - ppu +cpy) + 0(B%), (5.84)

with parameters sy, s,, c. It can be seen that the commutation relations do not depend on

the parameter ¢ and up to the first order are given by

(2, 2] = iB 5Ty + OB), [P &1 = —i(mw(l +B2s1p%) +,3252Pypv) +0(B"), (5.85)

where s = s, — 2s5].
The models of [8, 9] are recovered for s, = 1 + 2s;. Furthermore, for s; = 0, 5, = 1,
eqs.(5.84)-(5.85) reproduce the exact Snyder realisation, while for s; = —1/2, s, = 0, they

give the first order expansion of the Maggiore realisation. For s, = 2sy, the spacetime is
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commutative to first order in 52, and for s; = —s/4, s, = s/2, ¢ = 0, one gets the exact

realisation (5.59).

The first order expression for the function $,(k, g) is given by

1
Puk,q) = qu+ f dA{k, + B |1k, Ak + g)* + 52(A* + k- @)Xk, + q,)]} + O(BY)
0

+ K
k,+q,+ B (s1q2+(sl + %)k-q+ %kz)kﬂ + sz(k-q+ E)q”]

+0(8Y (5.86)

from where it follows that
2

K.'(k) =k, — %(s1 + 52)k%k, + O(BY). (5.87)

Using these results, it is possible to write down the generalised addition law of the mo-

menta k, and g, at first order

k@) = Dulk, q) = ky + g+ (szk g + 5167k, + (sl + %)k gk, + %kzqﬂ)Jr 03").
(5.88)
In particular, for the "conformal” case s; = —s/4, 5, = 5/2,
k _ B’s 2 2 4
( EBq)#—kﬂ+qﬂ+T(2k-qqﬂ—qkﬂ+kqﬂ)+0(ﬂ). (5.89)

Another interesting outcome is that for s, = 2s; # 0, s = 0, although spacetime is

commutative up to the first order in 52, the addition of momenta is deformed

(k@ q), # ky + q,. (5.90)

The Lorentz transformations of momenta are not deformed and, denoting them by

A(é, p), with ¢ the rapidity parameter, the law of addition of momenta implies that

A& k® q) = A&1, k) @ A&, ) (5.91)
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is satisfied for & = & = £. Hence, there are no backreaction factors in the sense of
[21} 135], meaning that in composite systems the boosted momenta of the single particles

are independent of the momenta of the other particles in the system.

The coproduct up to the first order can be read from (5.88)) and is given by

S S
Ap, = Dopu +B° (Slpu ® p* + 520 ® PPy + (Sl + f)pypa ®p"+ 5192 ® p,,) +0(B").
(5.92)
The corresponding twist operator F ! is
Fl=1®1+i(1®x,)A—Ag)p® +icBpa ® p* + OBY). (5.93)

From this, it is possible to calculate the coproducts AJ,,, Ax, and the antipodes S(p,),

S (Juw), S (x,) in the Hopf algebroid sense.

In general, the exact twist will not satisfy the cocycle condition, the corresponding star
product will be non-associative and the coproducts Ap,, AJ,, will be non-coassociative
[9]], hence the corresponding phase space will have a quasi-Hopf algebroid structure. An
exception is given in the commutative case s, = 2s;, when the star product is associative

and the corresponding coproduct Ap,, is cocommutative and coassociative.

Using the twist (5.93) to calculate the coproduct of p, as in (5.77), one gets again
(5.92), the same result as when using the function D, while using (5.80) to calculate the
coproduct of J,,, gives AJ,, = AgJ,, + OB*).

In the special case s, = 2s;, s = 0, which corresponds to commutative space, it is
easily seen from (5.92) that

Apﬂ = 10Ap,To = Apy, (5.94)

i.e. the coproduct is left-right symmetric, with the flip operator 7y defined in the usual
way as

T0(A® B) = B A. (5.95)

The coproduct will also be cocommutative and the corresponding star product will be
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commutative, but not local.

The flip operator, T = F7,F ', is relevant in the discussion of the twisted statistics of
particles in quantum field theory on noncommutative spaces [40, 20]. Another important
operator in this context is the R—matrix, which satisfies the relation RAop,R™' = Apﬂ.

Defining F = 70F To, it can be written as
R=FF'=1®1+R,+ 0B, (5.96)
where the classical R—matrix R,; reads
R = (xa ® DA = Ag)p™ = (1 ® xa)(A = Ag)p”, (5.97)
where Ap,, is given by (5.92)). For commutative spaces, R, is given by
Riy=(x,®1—-1Qx,)(A—-Ap)p” € 1y, (5.98)

where 7 is the right ideal of H with the property m (Zo»> (f ® g)) = 0. Its relation with
the right ideal 7 is given by 7 = F I F .

5.3.3 Twist for the Snyder realisation

As it turns out, for the case of the Snyder realisation of the Snyder space, it is possible
to find the exact twist operator using the perturbative approach introduced in [25], by
expanding the coproduct in powers of 82. The Snyder realisation corresponds to the case
pr=¢,=1,x=0,1.e.

X =x, +B%x - PPu- (5.99)

The coproduct of the momenta is given by (5.78). It is expanded with respect to the
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deformation parameter 5% as Ap, = Y.;20 Acpy, With Agp,, o B

2 1 o @ 1 2
Apy = p.®1+1®p,+p Epupa®p +Pe®p Pu+t 5P ® Py

1 i i 1 1
+5* (Epupapﬁ ® PP’ + papp ® P PPpu + gpﬂpap2 ®p* - gp“ ® pu

1 a 1 a (04
+§pap2 ®p py) +5° (Ep,upapﬁpy ® p"PPp” + papsp, ® PP P P4

1 (04 1 a 1 1 a
——puPal’ ® P+ =puPapsp” @ PP’ + —p° ® Py — =pap® ® ppy

16 8 16 8
1
+Epapﬁp2 ® p"pﬁpu) +O0(B%) (5.100)

and the twist is assumed to take the form

F = efiththite. (5.101)

where f; o« (6%)*. From (5.77) follow the equations satisfied by the f;, order by order

/i Bopu] = Aip, (5.102)
[ Bop] = Bapu =3[ [ o] (5.103)
o] = dspy= 3 ([ osBopa] + [ [ 80ma])

—% (£ [ fie [ i o] ] (5.104)

and so on. To calculate f; one writes down the ansatz

fi=B P> ®x P+ arpapp ® X PP + 03pa @ x - p P + apa ® x°p?),  (5.105)

and inserts it into (5.102) to determine the unknown coefficients ;. The resulting expres-

sion for f is

) 1 1 N o
fi = —ip? (5p2®x-p+§papﬁ®xpﬁ+pa®x-pp). (5.106)
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Inserting this and the ansatz

£ o= Baip*®x-p+ arpapsp’ ® X PP + asp.p’ @ x- p p°

+@uPap” ® X + Aspapsp, ® X PPpY), (5.107)

into (5.103), one finds

B (1 1
h= l% (—p4®x P+ =Palpp’ ® X PP + pop® ®x'pp“)- (5.108)

2 2

An analogous procedure for the third order gives

6
f3:—i'B—

1 1
3 (—pﬁ@x-p+ =papsp’ ® x*p’ +pap4®x-pp")- (5.109)

2 2

Inductively, it follows that the closed form for the twist is given by
1 1 2 .2
og( +2,3 P 1)}
p

(5.110)

1 1
F = exp{—i(§p2®x-p+ Epapﬁ®xapﬂ +Pa®X'PPQ)(
One can check that (5.110) gives the correct twist for the Snyder space by calculating

m (76 © 1)(x,® 1) = x, + f2x - pp,. (5.111)

An independent verification is to start from (5.74). One gets

. 2 /1+ 2 12
Fl o= :exp{ 21 a['B Fp pﬁp7®xﬁpy+(\/1+/32p2—1)®x.p
1 =Bpa®p| 1+ /1 +p2p?

+/32pﬁ®x-pp"]} : (5.112)
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which expanded up to the second order gives

1 1
F! = 1®1+i,82(§p“pﬁ®xapﬁ+—p2®x-p+pa®x-pp”)

2
iﬁ4 1 4 1 2 a 2 a a 0%
— S|P ®x P qpepsp’ @ P’ = pap® ® x - pp® — papppy ® X°pp

4 4
2 (07 ﬁ4 1 4 a 1 2 (03
—2papp® x - pp°p° =S| gP @ XX ppat SPapsp’ ® X x-pp’

(04 1 a o
+pap” ® Xpx - ppPpT + 1PaPsPyPs ® X Xp°p?’ + pappp, ® xx - ppPp?

+PaPp ® XyX - ppyp“pﬁ) +0(B°). (5.113)

The expression in eq.(5.113) agrees exactly with what one would get from (5.106) and
(5-108) using the fact that F ' = 1 ®@ 1 — f; — fo + 5 f7 + O(B°).

Using the exact twist (5.1T0) to calculate the coproduct of J,, one can verify that the

coproduct of the Lorentz generators is undeformed to all orders, i.e.

Ay = Ao,y (5.114)

5.3.4 Twist for the Maggiore realisation

The same procedure can be performed for the Maggiore realisation (5.79). The coproduct

when expanded up to the third order, takes the following form

2

B o
Apu = pu®1+1®pu == (pupa® "+ pu® ) (5.115)

6

B o B o
~ (Pu®P" + pupar” @ p°) = T2 (P ® P° + pupap’ © 1°) + OB°).
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Using the same procedure as in the previous subsection, one finds

-2
I
o= L(peoxp+ pupso ), (5.116)

f o= g(pa ® x"p* + pop® ® X p* + 2pappp, ® X PP p?
+2papp ® X PP’ + 2pappp” ® X 1),

fio= g(%pa ® x"p° + gpapgp“ ®x'p’ + %papﬁ ® x"ppt
+17—2pap4 ®x"p’ + 11:’-—2100[192 ®x"p* + ;papﬁpy ® x'pfp’p?

5 4

+3PaDsD” ® X PP+ 2 papspyps ® X PP D’ + 2papspy” ® X PP

In this case it doesn’t seem to be possible to find a closed form for the twist. How-
ever, the perturbative result, when used to calculate the coproduct of J,,, gives again the

primitive coproduct, as it should.

We have extended the previous investigations on the noncommutative geometry of
the Snyder model in several directions. It was first generalised further to include in the
defining commutations relations all terms compatible with undeformed Lorentz invari-
ance. The corresponding deformed addition of momenta was also obtained and analysed.
Adopting the formalism of Hopf algebroids [25], recalled in Sec. [5.2] the twist and the
R-matrix were calculated to first order in the deformation parameter in the general case
and the exact expression for the twist for the case of the so-called Snyder realisation was
obtained. It should be noted however that because of the non-coassociativity of the co-
product, the twist for the Snyder space will not satisfy the cocycle condition in the sense
of Hopf algebras (5.1.2)), as can be checked directly order by order, and the structure asso-
ciated to the phase space will be that of a quasi-Hopf algebroid. The formal definition and
elaboration of the quasi-Hopf algebroid corresponding to the Snyder space is non-trivial

and will be presented in future work.
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Chapter 6

Concluding remarks

In this thesis we have studied the Snyder model from several points of view. As we have
seen, this model is an example of noncommutative geometry based on a deformation
of the Heisenberg algebra, and can also be considered as an example of doubly special
relativity. Its relevance is due to its distinctive property of preserving Lorentz invariance,
in contrast with analogous models. We list below the original results discussed in this

thesis:

We have calculated the orbits of a particle in Schwarzschild spacetime, assuming that
the dynamics is governed by a Snyder symplectic structure in a relativistic setting. We
found that the perihelion shift of the planets acquires an additional contribution with re-
spect to that predicted by general relativity and that the equivalence principle is violated.
Another outcome of our assumptions is that the coupling constant 8 has to be less than
its natural value of order 1 in Planck units by many orders of magnitude. Therefore, the
calculations are in accordance with the natural starting presumption that the validity of

Snyder mechanics is limited to Planck-scale physics.

The definition of path integrals in one- and two-dimensional Snyder space was dis-
cussed in detail, first using the standard techniques and it was then shown how the same
results follow, in a much simpler way, employing the formalism introduced by Faddeev

and Jackiw.
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We have studied the realisations of the three-dimensional Euclidean Snyder-de Sit-
ter algebra and used them to find the spectra of the position and momentum operators
squared. Since position and momentum are related by duality, the obtained spectra turn
out to be the same, apart from a multiplicative constant. Due to the compactness of the
algebra, the spectra are discrete.

We have analysed the Snyder model in the Hopf algebroid framework. We have also
introduced a generalisation of the model that includes all possible deformations com-
patible with Lorentz invariance. The corresponding deformed addition of momenta was
obtained and analysed, as well as the twist and the R-matrix up to the first order in the de-
formation parameter. For the case of the Snyder realisation, we were able to find a closed
form for the twist.

An important development of the present work that we started to investigate is the
study of quantum field theory in Snyder spaces. We recall that the original motivation
of Snyder for introducing his model was to remove the divergences from quantum field
theory. In a recent paper [38] we have shown that the free scalar theory, in analogy with
other noncommutative models, is equivalent to the commutative theory. This however
changes when one considers the interacting theory. It is likely that the modification of the
vertices with respect to the commutative theory improve the ultraviolet behaviour, and we

plan to study this possibility in the future
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