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"A witty saying proves nothing.”
Voltaire






Abstract

The present work introduces a new class of nets which aims to give a more compact
non-sequential semantics to safe Petri nets, namely unravel nets. As causal nets
can be a representation of runs of a safe Petri net, i.e. its unfolding, unravel nets
can be regarded as a succinct version of these unfoldings. The main contributions

of the thesis, beside the definition of this class of nets, are:

e their close connection with a brand of event structures, namely bundle event
structures, and we show that configurations of the former can be mapped

into the ones of the latter and vice versa,

e the encodings, in terms of unravel nets, of the existing approaches for merging

unfoldings,

e the definition of a general notion of merging relation which can, under certain
constraints, preserve some properties of a net, in particular we introduce the
notion of conflict conditions which can force a net to be an unravel one after

the merging,

e the addition of conteztual arcs (in our approach read arcs) to unravel nets,
which allow to model new kinds of causality. We consider various kind of
event structure with non-standard causality, namely dynamic causality event
structure, and prove that they are related to contextual unravel nets simi-
larly to what happens to bundle event structures and unravel nets without

contexts.
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Chapter 1

Introduction

1.1 Scenario

Petri nets [Pet66, Rei85, Reil3] are a well-known model for describing distributed

systems.

In order to represent how a system evolves, i.e. to model the behavior of the
system, the semantics are essentially of two kind: sequential and non-sequential.
The former takes into account how different markings changes from the initial
one, and are based on the analysis of the so called reachability graph. Each node
represents a marking and there is a directed arc from one node to another if from
that marking it is possible to fire a transition which marks the correspondent
places of the second node. The reachability graph is often related to the state
space explosion problem: graph size is, in general, exponentially larger than the
original net. This growth in size can be attributed to the concurrency that can
can arise among transitions. Also each execution assumes a total order among

transitions fired.

Non-sequential semantics instead models causal dependencies among transi-
tions by casting their possible executions onto partial order of events (concurrency

means absence of order). This allows in part to reduce the state space explosion:
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runs of the system do not take into account all possible interleaves of transitions,
which can be deduced directly from the relations of conflict and dependency, and

concurrency is handled by allowing the execution of events in any order.

Although non-sequential semantics give a larger structure than the original
net, they have in general a better performance. Another aspect that makes them
attractive is that partial order are strongly tied to a specific class of Petri nets,
the causal ones. Causal nets are acyclic safe nets (for each execution at most one
token can be found in a place), where places have at most an incoming arc and

where the events can be partially ordered.

Thus, it is possible, given a Petri net, to associate a causal net, with a suitable
labeling for events and conditions, in which each run is mapped into a run of
the starting net. Such causal nets are called unfoldings. From the fact that an
unfolding can be naturally equipped with a partial order (among its events) it
follows a fundamental result in the field of Petri net semantics: the connection

between causal nets and prime event structures [NPWS81l Win8&7, Win&§|.

Indeed, the relations of dependency and conflict among events in a causal net

can be easily defined and they satisfy the requirements for a prime event structure.

The use of unfoldings for net semantics in practical applications needs to face
with the infinite or too large size that they can often have. Techniques exists to
generate a finite representation of an unfolding which contains enough information.
Nonetheless it may happen that this finite net can be still exponential with respect

to the size of the original net.

To cope with this problems two known methods exist which condense an un-
folding by merging places and transitions: trellis processes |[FabQ7] and merged
processes [KKKV06|. Driven by different motivations and with similar but sub-
stantially different results they achieve the goal by finding equivalences among
places and transitions. Those equivalences are found by considering as equal suf-

fixes of conflicting computations that satisfy certain properties, which is, roughly
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speaking, the fact that these suffixes are originated at the same state.

Although such techniques have proven their usefulness into practice, the result-
ing nets loses the property of being causal,i.e. cycles (syntactic or semantic) can
arise after the merging, thus removing any connection with prime event structures.

Moreover it is not clear if other kind of event structures can be related to them.

1.2 Contribution and outline of the thesis

This work is centered on the notion of unravel net. Unravel nets are defined as
safe Petri nets where each execution, intended as the set of transitions that can be
fired starting from the initial marking, identifies a causal net. Unravel nets try to
capture the idea of acyclic runs of a net whereas the unravel nets themselves, are
not, in general, acyclic. The aim is to use them to represent compact behaviors
of Petri nets on the one hand, and to relate them to event structures on the other
hand. Many authors have considered suitable classes of nets and have related them
to suitable notions of event structures. We may recall, among others, the flow nets
and flow event structures|Bou90| , contextual nets|[MR95| and asymmetric event
structures, inhibitor nets and inhibitor event structure or the I-occurrence net
and their corresponding notion of event and configuration structures [vP09]. The
event structures brand taken into consideration here as counterpart of unravel nets
are the bundle event structures [Lan93]. Due to the syntactical properties of the
unravel nets, it is easy to associate a bundle event structure (BES). They allows
to model structural features of the nets such has cycles (not executable) which
are not allowed in causal nets. Furthermore there is a one to one correspondence
between traces of an unravel nets and those of bundle event structures. In [CP14]
we introduced an early characterization of unravel nets which we tied to the flow
event structures. Unfortunately we faced some issues when extending the notion
to any kind of safe nets different from multi-clock nets.

In addition, we show how from a BES an unravel net can be built, maintaining
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the correspondence between traces.

We observe that existing techniques for compacting nets do not build, in gen-
eral, an unravel net. The problem arises because merging histories leads to for-
getting past conflicts, and this allows places to be marked again in certain com-
putations, i.e. syntactic cycles can be traversed, which is not allowed in unravel
nets. Given that, we introduce a way to force such nets to be unravel. We in-
troduce the idea of adding suitable places that have the purpose of maintaining
lost conflicts among transitions. We show that although trellises are unravel nets
by themselves, merged process can indeed be turned into them and that there is
a bijection between the configurations, i.e. enriching those nets does not change

their behaviors.

Additionally we give a generalization of the merging operation on nets. Both
techniques use a criterion for making places equivalent based on their mutual in-
compatibility. We extend this notion by defining the merging relations. With those
relations we present a general framework for compacting nets: given an labeled un-
ravel net, where the label represent an existing total net morphism, it is possible
to compact it giving a merging relation. We distinguish those relations by pointing
out when they can lead to unravel nets, thus preserving the unravelness property
of the original net, or when they need to be enriched. Moreover we prove that
trellises and merged processes can be defined as merging relations. This part is an

extension of |[CP16| and [CP17al.

The last piece of work is based on [CP17b|. At the beginning of the '90s the
idea that a partial order was the unique way to represent dependencies has been
somehow abandoned. Bundle event structures have been introduced to give se-
mantics to LOTOS (|BB87]) and may model or-causality and their generalization
dual event structures ([Kat96]) gain expressivity dropping the assumption that or-
causality implies that either one or the other cause happens, but not both. These

event structures have a more operational flavour with respect to prime event struc-
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tures ([Win87]), flow event structures, asymmetric event structures ([ BCMO1]) or
inhibitor event structure ([BBCP04]), as the possibility of adding an event is pre-
scribed by bundles that may be sets of events of any kind. This change in perspec-
tive has been driven by the observation that the same event (observable activity
producing observable changes) could have totally different histories (pasts) and
from these histories it was not possible to find a common pattern (see, for in-
stance, the possible events in the event automata [PP95| or the notion of events in
causal automata), and it has been further pursued with the notions of asymmet-
ric and inhibitor event structures. However either these phenomena are due to the
presence of contexts or inhibitions, that may be added or removed by the happening
of events, or they are represented in a logical way, like in [Gun92| or [vP09]. Event
structure with dynamic causality are introduced in [AKPN15a] by stipulating that
the happening of certain events, called modifiers, may add or remove causal de-
pendencies for a certain event, so that the phenomena of shrinking or growing
causality may be captured. They compare their new notion of event structure to

many other presented in the literature with respect to their expressiveness.

The intuition behind all these approaches has always followed a common pat-
tern: to each transition of the net it should be possible to associate an event in
the corresponding event structure and from the net structure the relations among

events may be deduced.

Since an unravel net can model a bundle event structure and vice versa, we
extend unravel nets to cope with the higher expressivity of dynamic event structures
compared to the one of bundle event structures. To do so we consider contextual

unravel nets, i.e. we add read arcs [BBCP04, [Bal00].

As we have did with bundle event structures, we prove several propositions
and theorems relating contextual unravel nets and dynamic event structures, their

traces, and how to build one from another.
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1.2.1 Outline

e In Chapter 2| we recall basic definitions and notions related to Petri nets,

event structures and unfoldings,

e In Chapter 3| we introduce the unravel nets and discuss their relationships

with bundle event structures,

e In Chapter |4 the known methods for compacting nets are casted into unravel
nets’ world. We introduce conflict places and show how they can be used to
turn merged process into unravel nets. For trellis processes we discuss their

tight relationship with unravel nets,

e Merging relations are defined in Chapter Merged and trellis processes
are proved to be the result of proper merging relations. A general notion of

enrichment of nets is also presented,

e Chapter [] is aimed to introduce contextual unravel nets and how they can
model dynamic event structures. As we did for BES, we prove how traces are

preserved when are built from one another.



Chapter 2

Preliminaries

In this chapter we recall the basic definitions, propositions and theorems that we

will use in the rest of our work. With N we denote the set of natural numbers.

2.1 Multiset

Let X be a set, |X| denotes its cardinality. Let A be a set, a multiset of A
is a function n : A — N. The set of multisets of A is denoted by pA. The
usual operations on multisets, like multiset union + or multiset difference — are,
with overloading of notation, defined as usual, hence (n + n')(s) = n(s) + n'(s),
(n—n')(s) = n(s) —n'(s) if n(s) = n'(s) and (n — n')(s) = 0 otherwise. We
write n € n’ if n(a) < n'(a) for all a € A. If n € pA, we denote by [n] the
multiset defined as [n]](a) = 1 if n(a) > 0 and [[n]](a) = 0 otherwise; and we
will use [[n] also as the denotation of the subset {a € A | n(a) = 1} of A. Finally,
when a multiset n of A is a set, i.e. m = [[n], we write a € n to denote that
n(a) # 0, namely that a € [[n], and often confuse the multi set n with [n], the

empty multiset will be confused with the empty set.

7
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2.2 Petri nets

Definition 2.1. A Petri net is a 4-tuple N = {S,T, F,m), where
e S is a set of places and T is a set of transitions such that S n'T = &,
e Fc (SxT)u (T xS)— N is the flow relation, and
e m e uS is called the initial marking.

Petri nets are depicted as usual: places are circles, transitions are boxes and
the flow relation is represented by arcs from x to y whenever F(x,y) is greater
than 0.

We will consider always labeled nets, namely nets such that to each place or

transition a label is associated.

Definition 2.2. A labeled Petri net is N is the pair (N,1), where N = (S, T, F,m)

is a Petri net and l: S T — A a total mapping such that [(T) N 1(S) = &.

When the label is not relevant, we assume that the labeling function is the
identity, and often we will omit it. Sometimes we will write (S, T, F, m,[) instead
of ((S,T,F,m),1).

The flow relation of a net can be seen as a multiset on (S x T') u (S x T') with
the constraint that {z,y} €S = F(z,y) =0 and {z,y} €T = F(x,y) = 0.

We will consider Petri nets where the flow relation F' is constrained to be a set,

ie. Va,y. F(z,y) < 1.

Preset and postset: Given anet N = (S, T, F,m) and z € S U T, we define the
following multisets: *z = F'(—,x), which we call the preset of x, and z* = F(z, —),
which we call the postset of x.

A transition ¢t € T is enabled at a marking m € S, denoted with m[t),

whenever *t € m. A transition ¢ enabled at a marking m can fire and its firing
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produces the marking m’ = m — *t+¢*. The firing of a transition ¢ at a marking m
is denoted with m [t) m’. We assume that each transition ¢ of a net N is such that
*t # & # t*, which implies that no transition may fire spontaneously and that the

firing of a transition may have observable effects.

Firing sequences: Given a marking m, the firing sequence (fs) starting at m of

the net N = (S, T, F,m), is defined as usually:
a) mis a fs, and

b) if m[ti)my -+ my,_1[t,)m, is a firing sequence and m, [t)m’ then also

m[tyymy - my_1 [ty m, [t)ym is a fs.

The set of firing sequences of a net N starting at a marking m is denoted with RY
and it is ranged over by o, and we may omit the index denoting the net when it is
clear from the context, and the initial marking of the set of firing sequence when it
coincides with the initial marking of the net. Given fs ¢ = m[t,) o’ [t,) m,, with
start(o) we denote the marking m, with lead (o) the marking m,, and with tail(o)
the fs o [t,,) m,.

Given a set of markings M, with P(M) we denote the set of places that are
marked at some marking in M, namely {s€ .S | I3m € M. m(s) > 0}, and given a
fs 0, M(0) are the markings associated to the fs o, where M(o) is M(o) = {m} if

o =m and M(o) = {start(c)} U M(tail(c)) otherwise.

Reachable markings: Given a net N = (S, T, F,m), a marking m is reachable
iff there exists a fs 0 € RY such thats lead(c) is m, and the set of reachable
markings of N is My = (J, gy M(0). Observe that the same marking can be

reached with different firing sequences.

States of a net: Given afs o = m[t;)my - m,_ [t,)m/, with X, = > {t;}

we denote the multiset of transitions associated to this fs. We call this multiset
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a state of the net. The set of states of a Petri net is then St(N) = {X, € uT |

o€ RYY. Again different firing sequences may give the same state.

Traces: We introduce the notion of trace for a Petri net, which is just the se-

quence of the labels associated to the transitions in a firing sequence.

Definition 2.3. Let N = ((S,T,F,m),l) be a labeled net and let o € RY be
fs, with o = m[tyymy [ta)ymo - My _1 [tn) My, then a trace of N is the sequence

[(t1ta - - - t,,) and it is denoted with run(o).

Observe that if o = m then to this fs the empty word is associated, i.e. run(c) =

e. The set of traces of a net is Tr(N) = {run(c) | o € RY}.

Safe nets: A net is said safe whenever the flow relation has value in {0, 1} and

its places hold at most one token in all possible evolutions.

Definition 2.4. A Petri net N = (S, T, F,m) is said safe if [F]| = F and each

marking m € My is such that m = [m].

When it is not stated differently, we will consider only safe nets N = (S, T, F, m)

where each transition can be fired, i.e. Vt € T. Im € My. m[t).

Subnet: A subnet of a net is a net obtained restricting places and transitions,

and correspondingly also the multirelation F' and, possibly, the initial marking.

Definition 2.5. Let N = (S, T, F,m) be a Petri net and let T" < T. Then the

subnet generated by T" is the net N|p = {(S',T', F',m"), where
o S =Upr ([t UN*t]) U {s€S|m(s) >0},
o F' is restriction of F to S" and T', and
e m’ is the multiset on S’ obtained by m restricting to places in S’.

Observe that N|p may have isolated places and it may be not connected.

Analogously we can restrict the net to a subset of places.
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o | Sy [
< S
D\% O O

C

/[

O\D\g/

Figure 2.1: A net and two of its subnets.

Definition 2.6. Let N = (S,T,F,m) be a Petri net and let S’ < S. Then the

subnet generated by S’ is the net N|g = (S",T", F',m"), where

o I"={teT | F(t,s) >0 or F(s,t) >0 forseS'},

o F' is restriction of F to S" and T",

e m’ is the multiset on S’ obtained by m restricting to places in S’.

Acyclicity: Given a net N = (S, T, F,m), we can associate to it a relation <y
associated to the flow relation and defined as the reflexive and transitive closure

of the relation = <y y iff F(z,y) = 0.

Definition 2.7. Let N = (S,T, F,m) be a Petri net and let S’ < S and T" < T.
N s said to be acyclic with respect to S" and T" whenever <y is a partial order,

where <y 1s the transitive and reflexive closure of <y n(S" v T") x (S v T").

We say that N = (S, T, F, m) is acyclic if it is acyclic with respect to S and T.
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@
O/E\A

N

Figure 2.2: An occurrence net.

a a

.y
oS OO0

q

S

Figure 2.3: A multi-clock net and its two components.

Occurrence Nets: The notion of occurrence net we use here is the one called
l-occurrence net in [vP09] and the intuition behind it is the following: regardless
how tokens are produced or consumed, an occurrence net guarantees that each

transition can occur only once.

Definition 2.8. An occurrence net O = (S,T, F,m) is a Petri net where each

state is a set, i.e. VX € St(O) it holds that X = [ X]].

Example 2.1. An example of occurrence net is shown in Fig|[2.3

Multi-clock nets: Safe nets can be seen as formed by various sequential com-
ponents (automata) synchronizing on common transitions. This intuition is for-

malized in the notion of multi-clock nets, introduced by E. Fabre in [Fab07].

Definition 2.9. A multi-clock net N is a safe net (S,T,F,m) such that there

exists a mapping v : S — m such that

o for all s,s' € [m], it holds that s # s implies v (s) nv7(s') = &,
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® Usepmi vi(s) =S,
o vy, is the identity, and
e forallteT. v is injective on [ °t]] and on t*, and v(°t) = v(t°*).

Given a safe net N it can easily turned in a multi-clock one by adding comple-
mentary places to all the places of the net beside the ones involved in self loop and
defining the trivial partition mapping as the one mapping the unmarked comple-
mentary place to the marked original one and each unmarked place to the marked
complementary one. It is trivial to observe that the partition mapping is not nec-
essarily unique. We will often denote multi-clock nets as a pair explicitly adding
the partition mapping: (N,v), and the partition mapping will be denoted with
v(N)

Given s € S, with 5 we denote the subset of places defined by v~!(v(s)). The
consequences of the two requirements, namely (a) v|, is the identity and (b) v
is injective on the preset (postset) of each transition, is that for each s € m, the
net (S, T, F,m)|z = (3,T%, F5, mz) is a state-machine net, i.e. the preset and the
postset of each transition has at most one element. State-machine nets can be
considered as finite state automata, and the net (S, T, F,m) can be seen as the

union of the various components.

Example 2.2. Consider the net in figure the two partitions are identified by

the following partition mapping v(s) = s, v(r) = s, v(p) = p and v(q) = p.

2.3 Causal nets and prime event structure

The notion of occurrence net is a semantical one, as it requires that the states
of the net enjoy a suitable property, whereas the one of causal net is much more
syntax oriented. For denoting places and transitions of a causal net we use B and

E (see [Win87]) and call them conditions and events respectively. A causal net
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is acyclic, when the whole set of conditions is considered, and equipped with a

conflict relation.

Definition 2.10. A causal net C' = (B, E,G,c) is a safe net satisfying the follow-

ing restrictions:
1. Vbe[c], b=y,
2. Ybe B. 3 € [[c] such thatV/ <c b,
3. Ybe B. °b is either empty or a singleton,
4. for all e € E the set {e' € E | € <¢ e} is finite, and
5. # 1s an wrreflexive and symmetric relation defined as follows:

a) e#.€ iffee e E, e#¢€ and *en *¢ # J,

b) x#2’ iff Jy,y' € E such that y#,y' and y <¢ = and ¢y <c .

The intuition behind this notion is the following: each condition b represents
the occurrence of a token, which is produced by the unique event in °b, unless
b belongs to the initial marking, and it is used by only one transition (hence if
e,€ € b*, then e # ¢€’). Furthermore each event has a finite number of predecessors
and the immediate conflict relation, stipulating that two events are in conflict if
they compete on a common resource, is inherited along the flow relation.

On causal net it is natural to define a notion of causality among elements of
the net: we say that x is causally dependent from y iff y <o x. Given a causal net
C ={(B,FE,G,c), if ¥b € B it holds that b* is at most a singleton, we say that it
is a conflict-free causal net (the relation # is empty). The following proposition is

obvious.

Proposition 2.1. Let C = (B, E,G,c) be a causal net. Then C is also an occur-

rence net.
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Definition 2.11. Let C = (B,E,G,c) be a causal net. We say that C' =
(B",E',G",c) if a prefiz of C (C < C") whenever

G'(x,y) =1 iff G(x,y) =1, with z,y € B' U E’, and

Vbe B',Vax <g b it holds v € B' U E'.
It follows that:

Proposition 2.2. Let C be a causal net and let C' be a net such that C' < C.

Then C" is a causal net.

Prime event structures (PES) [NPWS8I1], [Win8&7| are a simple event-based model
of concurrent computations in which events are considered as atomic and instan-
taneous steps, which can appear only once in a computation. The relationships
between events are expressed by two binary relations: causality and conflict. The
relevance of the notion of prime event structure is rooted in the well known relation

with another central notion for modeling computations, namely the one of domain.

Definition 2.12. A prime event structure (PES) is a tuple P = (E, <, #), where
E is a set of events and <, # are binary relations on E called causality relation

and conflict relation respectively, such that:

1. the relation < is a partial order and the set |e| = {€' | ¢/ < e} is finite for all

ee F, and

2. the relation # 1is wrreflexive, symmetric and hereditary with respect to <, i.e.,

e#e and € < € imply e#te” for all e e’ " € E.
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An event can occur only after some other events (its causes) have taken place,
and the execution of an event can prevent the execution of other events. This
is formalized via the notion of configuration of a PES P = (F,<,#), which is a
subset of events C' € E such that for all e, e’ € C' —(e#te) (conflict-freeness) and
le] < C (left-closedness).

Causal nets and PES are closely related: let C' = (B, E,G, m) be a causal net.
Then & (C) = (E, <, #) is a PES, where <=<¢ n(F x E) and # are the causality
and conflict relations obtained by the causal net (see [Win87]). To a configuration

of the associated PES it is possible to associate a marking in the causal net.

Proposition 2.3. Let C = (B, E,G,c) be a causal net, and let X < E be a
configuration of Eups(C) = (E,<,#). Then X € St(C) and, given o € RS such
that X = X,, mark(X) = lead (o) is the marking reached executing the events in
X.

We observe that, given a configuration X of the PES associated to a causal net
C, the subnet C|x is a causal conflict-free net, i.e. each condition b is such that

[0°] is a singleton.

2.4 Unfoldings and branching processes

The behavior of a Petri net can be described in many ways, e.g using the marking
graph, or the set of firing sequences, or its unfolding (see [DR15, Reil3] among
many others). The notion of unfolding (|[Win87, [Eng91]) is particularly relevant as
it allows to record conflicts and dependencies among the activities modeled with
a Petri net, and the possibility of finding a finite representation of it (the prefix),
has given profitability to the notion, otherwise confined to the purely theoretical
modeling realm ([McM93| [ERV02]).

Given a net N = (S, T, F,m), the unfolding is a labeled causal net where the

labeling enjoys some additional requirement.
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Figure 2.4

Definition 2.13. Let N = (S, T, F,m) be a safe net and let C = (C,p) be labeled
causal net, with C = (B, E,G,c), where p: B U E — S U T is a labeling mapping

such that
e p(B)c S, p(E)<T,
e there are bijections between *e and °p(e), e* and p(e)*®,

e there is a bijection between c and m, and

/

o foralle e e E, if *e= *¢ and p(e) = p(e’) then e = ¢'.
We call C a branching process of N, and we call p a folding.

It is shown in [Eng91] that there is a unique maximal branching process, w.r.t.
prefix relation. The uniqueness is up to isomorphism. It is called unfolding of the
net. For a complete overview of branching processes and unfoldings see ([Win87|

and [Eng91]).

Example 2.3. Consider the nets in Fig. [2.4 The one on the left is a branching
process of the one on the right. The dashed lines represent the images of the

conditions and events of the branching process through the labeling p. Fach event
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of the branching process represents a transition of the safe net, and each condition

represents a token in a place of the net.

The causal net represents the non sequential behaviour of the safe net, and in

particular the followings hold (let C' be the unfolding of N):

e to each reachable markings m € M there exists a reachable marking m' €

M such that p(m') = m,

e cach reachable marking m € M is mapped to a reachable marking of IV,

and

e for each reachable markings m € M and for each e € E such that m[e),
there exist a marking m” € M and a transition ¢ of N such that p(m) [t)m”,
p(e) =t and and p(m’) = m”, where m’ is the marking reached executing e,

i.e. mleym'.

Since a net can have one (or more) infinite firing sequence(s), like the one in Fig. [2.4]
the resulting unfolding is, in general, an infinite causal net.
A folding can be seen as a morphism between nets. We recall a definition of

morphism that applies in this case.

Definition 2.14. Let N = (S,T,F,m) and N’ = {(S",T', F',m") be two nets. A
morphism h : N — N’ is a pair (hy, hgy, where hy : T — T' is a partial function

and hg < S x S is a relation such that
e for each s’ € m’ there exists a unique s € m and s hg s,

e if s hg s then the restriction hy: *s — °s’ and hy: s* — §'* are total

functions, and

o if t' = hr(t) then hY: *t' — *t and hg: t'* — t* are total functions, where

h& is the opposite relation to hg.
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If s € S we denote with hg(s) the set {s' € S" | s hg '} and, if t € T, with hp(t)
the set {t' € T' | hp(t) = t'}.

Morphisms between nets enjoy the following property:

Proposition 2.4. Let N = (ST, F,m) and N' = {(S",T', F',m") be two nets, let

(hr,hsy: N — N’ be a morphism, and let t € T' be a transition. Then
a) *hr(t) = hs(*t)
b) hr(t)* = hs(t*)

Proof. a) Let s € *hp(t). Consider the set hg(*t) = {s' € S| 35 € *t. 5 hg §'}.
By definition of morphism A% : *hp(t) — °t is a total function, hence there exists
s" € *t such that s hg s’. Thus *hp(t) < hg(°t). Take now s € *t and consider
s’ such that s hy &', i.e. s’ € hg(*t). Now, hy: s* — §'* is a total function, and
hr(t) € s'*. Hence s’ € *hp(t). But this means that hg(*t) < *hr(t).

b) Let s € hp(t)*. Consider again the set hg(t*) = {s' € S’ | 35 € t*. 5§ hg §'}.
By definition of morphism A% : hr(t)* — t* is a total function, hence there exists
s" € t* such that s hg s’. Thus hr(t)* < hg(t*). Take now s € ¢* and consider
s’ such that s hg s, i.e. s € hg(t®). Now, hy: *s — °§' is a total function, and

hr(t) € *s’. Hence s’ € hy(t)®. But this means that hg(t*) < hr(t)°. |
Net morphisms preserve the firing of transitions.

Theorem 2.1. Let N = (S,T,F,m) and N' = {(S',T',F',m’) be two nets, let
(hpyhsy: N — N’ be a morphism, let m,m’ € My be two markings of N, and
teT. If m[t)ym’, then hg(m) [hr(t)) hs(m').

Proof. As m[t)ym’ we know that °t < m. Using Prop. [2.4] we have that hg(*t) =
*hr(t), hence °*hr(t) < hg(m). Using the same proposition we have also that

hs(t) = hy(t)", thus hg(m') = hs(m) — *he(t) + he(t)". n

Theorem can be trivially lifted to firing sequences, as the following corollary

shows.
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Corollary 2.1. Let N and N’ be two nets, let h = (hp,hsy: N — N’ be a net
morphism, let m,mq,...m, € My, let ti,... t, a set of transitions of N, and let
o=mltiymi...m,_1 [ty m, be a firing sequence, i.e. o € RY. Then also h(c) =
hg(m) [hy(t1)) hg(my) ... hg(my—1) [hyp(tn)) hg(my) is a firing sequence and h(c) €
RN

As a consequence of Th. 2.1)and Cor. 2.1] we have that net morphisms preserve

firing sequences and thus they preserve reachable markings.
The composition of two net morphisms is again a net morphism.
Let hg and hy two relations, hgoh'y < S'x.S” is the relation defined as s hgohly s”

iff 35’ such that s hg s and s’ by s".

Definition 2.15. Let (hp,hsy: N — N' (bl hs): N' — N", h = (hy, hg) be two

nets morphisms. We define their composition as (h'y o hg, h’p o hr).

Proposition 2.5. Let N = (S, T, F,m), N' ={(S"T', F',m"), and N" ={S", T", F" m")

be three nets. Let (hr,hgy: N — N', (b hlsy: N' — N”) let h = (hyp, hg) be two

net morphisms. Then (hs o hg, b o hy)y is a morphism from N to N”.

Proof. Take s” e m". As b/ = (h/p, hy) is a morphism, there exist a unique s € m’
such that s’ hly s”. Also h = (hr, hs) is a morphism, hence there exists a unique
s € m such that s hg s’. Hence there exists a unique s hg o hly s".

Take now s hg o hly s”. There exists s’ € §' such that s hg " and s’ hYy s”. We
have that both hy: *s — *s’ and h%.: °s" — *s” are total function, ad h and b’ are
morphisms, hence also i/, o hy: *s — *s” is total. Similarly for h}. o hy: s* — s"°.

Finally consider t” = hl.(hy(t)). As b/ is a morphism, /'Y : *t” — *hp(t) is a
total function, and, as h is a morphism, also he : *hr(t) — °t is a total function.
Their composition (bl o hg)? = hg o K'Y : *t” — *t is a total function as well. By
reasoning in the same way we have that also (hg o hg)?: t"* — t* is total. This

concludes the proof. [ |
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Given a branching process C = (C,p) of a safe net N = (S, T, F,m), where
C ={(B,E,G,c), with define the morphism h”: C'— N as follows:

o h.: E — T is p|g, and
e (b,s)ehiiff p(b) =s

Proposition 2.6. Let N = (S, T, F,m) and let C = (C,p) be a branching process

of N. Then h?: C — N is a net morphism.

Proof. Clearly if b € C there is just one s € m such that p(b) = s, as there is a
bijection between c and m.

As there are bijection between °®e and °p(e), e* and p(e)*, we have that
(h%)P: *p(e) — *e and (h%)°: p(e)® — e® are total.

Finally consider b, p(b), and h%.: *b — °*p(b). As p is a labeling, it is total,

hence the thesis. |

2.5 Finite Prefix

In this section we briefly recall one the main techniques that permits to cope with

infinite structures like unfoldings.

Definition 2.16. Let C = (C,p) and C' = (C',p’) two branching processes of a net
N. Then C' is a prefix of C if C\or satisfies:

1) if ' € B', then Ye € *V such that e € E it holds that e € F,

2) if e’ € E, then Yb e *¢’ such that b€ B and Vb € €'* such that b € B, it holds
that be B, and

3) p' is the restriction of p to conditions and events in C'.

Although unfoldings, in general, cannot be easily treated (due to the existence

of infinite runs in the original net), it is possible to identify a suitable finite subnet
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of an unfolding where all the relevant informations about sependencies and conflicts
are preserved: the complete prefiz.

Complete prefixes have been introduced in [McM93| where a general algorithm
for truncating nets is presented along the applications of prefixes to model checking.
Subsequently, in [ERV02], the authors refines the McMillan’s algorithm.

We now recall some basic definitions.

Definition 2.17. Let C = (B, E,G,c) be a causal net, two conditions b,b' € B

are in co relation, denoted with b co V', iff =(b < V') A —=(b' <b) A —(b # V).

In this definition the conflict relation and the partial order are those of the
causal net C.
A set of conditions of a branching process is a co-set if its elements are pairwise

in co relation. A maximal co set with respect to set inclusion is called a cut.

Definition 2.18. Let C be a branching process. A finite configuration X of C is a
subset of events which is conflict-free and left closed, i.e. if e € C' and ¢’ < e then

eeC.

From now on we will consider finite configurations only (thus the adjective finite
will be omitted). Let X be a configuration of C' = (B, E,G,c), we denote with
Cut(X) the set

Cut(X) =(cu X°)\*X

Cut(X) is a cut that includes all conditions marked by executing the events in X
and the remaining conditions of the initial marking ¢ not consumed by X. Cut(X)
represents a reachable marking of the original net (p(Cut C)), and we denoted the
latter with M(X).

Definition 2.19. A branching process C of a net N is said complete if for every

reachable marking m € My there exists a configuration X in C such that:

1) M(X) =m, and
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2) for every transition t enabled at m (m [ty ) there exists a configuration X u{e}

such that e ¢ X and e is labeled by t.

Condition 1) says that every marking of N must be represented in C and con-
dition 2) is the so called preservation of firings, it means that a branching process
must contain at least one instance of all events that can be fired from a marking
M.

The number of reachable markings of a safe Petri net is finite so there always

exists a finite complete branching process.
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Chapter 3

Unravel nets

In this chapter we introduce a new class of nets, unravel nets, which can be con-
sidered as a generalization of causal nets. The idea is rather simple: in each
executions it must be possible to extract dependencies among transitions syntac-
tically, whereas the conflict is confined to the semantic level, as the syntactically
definable conflicts are just a part of the whole set of conflicts.

We do two sanity checks on this notion. First we show that a causal net is
indeed an unravel net (which is rather obvious) and then we will show that unravel
nets are tightly related to bundle event structure (BES) |[Lan92, Lan93|. We will
show how, given an unravel net, it is possible to associate a bundle event structure,
and how to construct an unravel net from a bundle event structure, in such a way
that the states of an unravel net and the configurations of the related BES coincide.

Causal nets (Def. of subsection capture dependencies and conflicts
among transitions (events) whereas occurrence nets capture the unique occurrence
property of each transition. Dependencies are inferred using the partial order
obtained from the flow relation whereas conflicts are obtained using the notion
of immediate conflicts (two events share a condition in their preset) and adding
conflicts involving all the events that depends on the initial ones.

We define a net which will turn to be, so to say, in between occurrence and

causal nets. Like in occurrence nets we require that each transition happens just

25
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Figure 3.1: An unravel but not causal net, and two of its subnets (causal nets).

once in a configuration, and similarly to causal nets we still want to be able to
retrieve dependencies among the firings of transitions, though in a more semantical

way.
Definition 3.1. An unravel net R = (S, T, F,m,l) is an occurrence net such that
a) R is safe,
b) for each state X € St(R) the net R|jxy is a conflict-free causal net, and
c) for each transition t € T there exists a state X € St(R) such that t € X.

The idea here is that if we focus on each single execution, the restriction of the
net to the events in this execution is an acyclic net where each condition has at
most one incoming arc and one outgoing arc (thus is a conflict free causal net). The
fact that a safe net is an occurrence net can be easily enforced by adding, for each
transition ¢ a place s; in the preset of ¢, marking it initially and such that *s;, = .
The last condition has two consequences. One is that each transition of the net
may really represents the firing of a transition in the net of which the unravel net
may represent the behavior, and the second one is that initial conditions may be
easily identified as they have an empty preset.

We first show that unravel nets are a conservative extension of the notion of
causal net. Indeed, it is straightforward to observe that if C' = (B, E,G,c) is a

causal net then it is an unravel net as well.
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Proposition 3.1. Let C' = (B, E,G,c) be a causal net. Then C' is an unravel net

as well.

Proof. The first two conditions are trivial. It remains to prove that for each
transition e € FE there exists a state X € St(C) such that e € X. Consider
le] = {¢'€e E | ¢ <¢ e}, it is trivial to observe that |e|] € St(C'), hence the the-

sis. |
The contrary does not hold as the following example shows:

Example 3.1. Consider the net in figure [3.1d. Clearly it is not a causal net, as
the place Q) has two incoming arcs. The states of the net are {a}, {d}, {a, c}, {a, d},
{d,e},{a,d, e}, {a,c,e},{d, e b}. The net is safe, and each state induces a conflict-
free causal net so, by definition, it is an unravel net. Figures and [3.1d depict

the nets that correspond to states {a,c,e} and {d, e, b}.

We list some properties of unravel nets. First of all, like in causal nets, places

in the initial marking have no incoming arc.

Proposition 3.2. Let R = (S, T, F,m) be an unravel net and let s € S such that
s € [m] then *s = &.

Proof. Assume °s # (J, then there exists a transition ¢ € T such that ¢ € °s.
Now, as R is an unravel net, t can be executed, hence there exists a fs o such that

o [tym’. we have two cases:

a) each transition ¢’ in o is such that s ¢ *t/, but then m/(s) = 2, contradicting

the safeness of R,

b) there is a transition ¢ in o such that s € °t, but then R|fy,j is cyclic,

contradicting the hypothesis that R is an unravel net. |

The main difference between unravel nets and causal nets is that conflicts among
transitions in unravel nets have to be defined semantically whereas in causal nets

they are syntax driven.
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Definition 3.2. Let R = (S,T,F,m) be an unravel net. We define the conflict

relation # € T x T as follows: t # ' whenevert # t' and YX € St(R) it holds that
{t.t'} € X.

Though the definition of conflict is a semantic one, some conflicting transitions

can be characterized syntactically.

Proposition 3.3. Let R = (S, T, F,m) be an unravel net, let s€ S and t,t' € T.

Ift* nt'* # & thent # t'.

Proof. Let s € t* nt’*. Assume that —(f # t’), then exists a fs ¢ such that

o=0[tyo"[t')c"” with

or o =o' [t)o"[t)o" with

| [t 6
Then lead (o’ [t)m)(s) = 1 and lead (o’ [t) 0" [t')m) = 1. If lead (o’ [t) 0" [t') 1) = 2

we violate the safeness, if lead(o’ [t) o” [t') ) = 1 the net has a cycle. [

Proposition 3.4. Let R = (S, T,F,m) be an unravel net, and let t,t' € T. If

‘tn*t'# O thent # .

Proof. Assume that —(t # t') and let s € *¢t n *t’. Then exists a fs ¢ such that

o [tyo" [t')ya” or o' [t'yo" [t)o”. With the same argument of Prop. [3.3] we have

that s would get marked twice violating the acyclicity of N|x, . [

3.1 Bundle event structures

Prime event structure are tightly connected with causal nets. We show that a

similar relationship exists between unravel nets and bundle event structures.
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Figure 3.2: A graphical representation of a BES.

In bundle event structures |[Lan93| causality is represented by pairs (X, e), the
bundles, where X is a non empty set of events and e an event. The meaning of
a bundle (X, e) is that if e happens then one (and only one) event of X has to
have happened before (events in X are pairwise conflicting). An event e can be
caused by several bundles, in that case, for each bundle an event in it should have

happened.
Definition 3.3. A bundle event structure is a triple § = (E, —, #), where

e E is a set of events,
o # is an irreflexive and symmetric binary relation on E (the conflict relation),

o — C 2En x E is the enabling relation such that if X — e then for all

€1,€ € X. €] # €9 Zmplzes €1 # €9, and

e for each e € E it holds that the set | J{X | X — e} is finite.

The final condition is an analogous of the finite cause requirement for prime
event structures. Indeed this requirement rules out situations like the following
one. Consider an event s such that Vi € N there is a bundle {e;} — e. Then the
event e has infinite causes which we want to rule out.

To draw a BES we adopt the usual convention: the conflict relation is depicted as
a dotted line, and bundles are depicted as arrows connected together by a straight
line.

The configurations of a BES are defined as follows.

Definition 3.4. Let § = (E,—,#) be a BES and X < E be a set of events. Then

X is a configuration of 5 iff
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1. it is conflict free, i.e. Ye,e' € X. e# € = —(e #¢€), and

2. there exists a linearization {ey, ..., e,,...} of the events in X such that¥i e N

and for all bundles X, — e; it holds that X;, n {e1,...,e;_1} # .

The requirements are the usual ones: it must be conflict free and each event
must have all of its causes. The causes of an event in a BES, as said before, have
to be chosen using all the bundles involving the event.

We first show that BES are a conservative extension of PES. Indeed each PES

P = (E, <, #) can be seen as the BES, as the following proposition shows.

Proposition 3.5. Let P = (E,<,#) be a PES, then B(P) = (E,—,#) where
—={({€'},e) | & < e} is a BES, and Conf(P) = Conf(B(P)).

Proof. Clearly | J{X | X — e} is finite as |e] is finite, then the bundles of B(P)
are well defined, hence it remains to show that the set of configurations are indeed
the same.

Take X € Conf(P), then it is clearly conflict free. It remain to show that there
exists a linearization {ej,...,e,,...} of the events in X such that Vi € N and for
all bundles X; — e; it holds that X; n {e1,...,e;_1} # . For each event e of X,
consider a linearization of X compatible with the ordering |e|. This linearization
clearly satisfies the second condition of Def. 3.4} and then X € Conf(B(P)).

For the converse, consider X € Conf(B(P)). Again X is conflict free, hence it
remains to show that for each e € X it holds that |e] € X. As X € Conf(B(P)),
there exists a linearization {ej,...,e,,...} of elements of X and, given e;, it holds
that each bundle X; — e; is such that X; n {e;,...,e;_1} # . But as the X, are
singletons we have that X; < {e1,...,e;_1} and as we have a bundle for each event

strictly smaller than e;, it holds that |e] € X, hence X € Conf(P). |

BES are more expressive than PES, as they are able to model or-causality. In
fact we may have the following BES a # b (symmetric pair omitted) and {a, b} —

c stipulating that the same event may have two different and alternative pasts,
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namely one containing a and the other b. The two maximal traces of this BES are
ac and bc (see Figure [3.2).

For our purpose finite configurations will suffice, as we will consider mostly
finite computations, which are precisely represented by finite configurations. To
characterize finite configurations we resort to the notion of events trace. Consider
a set of events E, p = e;---e, is a sequence of events in E. With overloading of
notation we denote € as the empty sequence. Given a sequence p = e;---¢e, of
events, with p we denote the set {ej,...,e,} and clearly the set associated to the
empty sequence is the empty set. Given a sequence p of events, its length is |p|
and it is denoted with len(p) and for each 1 < i < len(p) with p; we denote the

sequence ey - - - ¢;, and with pg we denote the empty sequence.

Definition 3.5. Let § = (E,—,#) be a BES. A trace is a sequence of distinct

events p = ey - - - e, such that

e pCE,

o V1 <i,j<len(p). —(e; # €j), and

e Vi<i<len(p)VXCE X—e=p1nX +#J.
The set of traces of a BES 3 is denoted Tr(f).

Traces, as they are defined, are finite, and they characterize linearized finite

configurations.

Definition 3.6. Let § = (E,—,#) be a BES. Then X Cy;, E is a finite con-
figuration iff there exists a trace p € Tr(S) such that o = X. The set of finite

configurations of B is denoted with Conf ¢, (5).

3.2 Unravel net and BES

In this section we relate unravel nets and BES. We define how to construct a BES

from a given unravel net and viceversa. We will relate the states of an unravel net
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Figure 3.3: An unravel net and its associated BES.

to the traces of a BES, showing that there is an 1-1 correspondence.

We first show how to associate a BES to an unravel net. The intuition is rather
simple: to each place in the preset of a transition ¢ we associate a bundle X for
the correspondent event ¢ in the event structure, and the bundle is formed by the

transitions putting a token in that place.

Proposition 3.6. Let N = (S, T, F,m) be an unravel net, then E(N) = (T, —, #)

i$ a BES, where
et H#t mEN)ifft# tinN, and
o for eachte T, for each s € *t, we have *s — e.

Proof. We show that £(N) is indeed an BES. The conflict relation in E(N) is
antisymmetric and irreflexive because it is so in V. Since we are are dealing with

unravel nets, all the transitions putting tokens in the same place are in conflict, so

the bundles respect Def. [3.3 [ |

Example 3.2. Consider the net in Fig. and its associated event structure
[3.30. The bundles are {c,d} — e and {a,b} — e, and are obtained syntactically,
whereas the conflicts ¢ #d, a #b, a #c and b #c are obtained using all the possible
executions, though in this example they are syntactically deducible as they share a

condition in their preset.
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We show that the sets of traces of the unravel net N and of the associated BES

E(N) coincide.

Theorem 3.1. Let N = (S, T, F,m) be an unravel net and E(N) = (T,#,—) be

the associated BES. Then

TETr(N) « 7€ Tr(E(N)).

Proof. (<) By induction on the length of the trace. For the empty trace it is trivial
to observe that the fs 0 = m is precisely the one we are looking for as run(o) is
indeed the empty trace.

Assume it holds for traces of length n. Consider 7 = t;---t,t,,1, we know,
by induction hypothesis, that 7/ = ¢ -- - ¢, is a trace of N, hence there exists a fs
o such that run(c) = 7" and lead(o) is the marking reached executing this firing
sequence. We show that °¢,.1 < lead(o) (hence lead(o) [tn+1)). Take s € *t,41,

we must show that lead(o)(s) = 1. We distinguish two cases:

a) *s = ¢J, then s must belong to the initial marking, otherwise no transition
with s as precondition could be executed, contradicting the fact that N is an
unravel net. Assume lead(o)(s) = 0, there exists t; € 7/ with j < n such that
s € *t;, but then, for Prop. tnt1 # t;, contradicting the conflict freeness

of 7,

b) *s # &, then it has been marked by a ¢; € 7/ and *s — t,.1. Again assume
lead(o)(s) = 0, then there exists t;, € 7/ with j < k < n such that s € *t,

but then, for Prop. 8.4} t; # t,+1, contradicting the conflict freeness of 7.

Then lead(o) [t,+1) and we have the thesis.
(=) Assume that 7 is a trace of N, then there exists a fs o such that run(o) = 7.

To show that it is also a trace of £(IV) we have to prove that

1) it is conflict free and
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2) V1 <i,j < len(r). —(e; # ¢j) and V1 < i < len(1)VY < T. Y — ¢ =

TinY #J.

Conflict freeness is trivial, by definition of # for unravel nets (Def. 3.1). For 2), we
must prove, by induction on the length of 7, that each transition ¢ of 7 either has
a bundle in £(V) enabling it or it is such that *t € m. If len(7) = 1 then 7 = {t}
and the transition ¢ is enabled at initial marking. By Prop.[3.2] each s € [m]| has
an empty preset, hence there is no bundle associate to ¢, thus 7 is a trace of £(V).

Assume that for n = len(7) 2) is satisfied.

Consider 7t,,1 € Tr(N). We have lead(o) [t,+1) where lead(o) is the marking
reached executing the firing sequence o such that run(c) = 7. Thus Vs € *t,1,
lead(o)(s) = 1. We have to prove that each bundle *s — ¢, is satisfied, for each

s € *tpy1. We again distinguish two cases:
1) if *s = (J, as there is no bundle associated to it the thesis follows, and

2) if *s # ¢, then s is marked in lead(o) by a transition ¢; with j < n and the

bundle °s — t,, 1 is satisfied.

It follows that ¢, can be added to 7 and 7t,,1 € Tr(E(N)). [

We show now how to associate an unravel net to a BES. We consider only BES
where all the events may be executed, namely such that Ve € E there is a finite
configuration X such that e € X. This assumption is required for generating nets
without impossible transitions (see Def. [.1). The unravel net associated to the
event structure J = (E,—,#) has as transitions the events of 3, and places are
defined by bundles, by the conflict relations and, in order to guarantee that the

preset of each transition is non empty, also by a place guaranteeing this.

Proposition 3.7. Let § = (E, —, #) be a BES such that Ve € E 3X € Conf;,(3). e €
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X. Then N (B) = (S, E,F,S,,) where S = S,, uSg U S, with

Sm=1{(e,i) |ec E} u{e e |e # €}
Sp={(Y,e) [ Y — ¢}

So = {(e,0) | e € E}
and F is defined as follows

1 ifs=(ei) ors=(eé€) ors=(ee)
F(s,e) = 1 ifs=(Y,e)

0 otherwise

1 if(s=(Y,¢) andeeY ) or s = (e, o)
F(e,s) = <

0 otherwise

1s an unravel net.

Proof. The safeness of N'(3) results from the fact that the places (e, ) allows only
one execution of each transitions e as they have no incoming arc, and the places
with more that one incoming arc, the Sp ones, cannot be marked by more than
one transition because of the conflicts in the bundle set, finally the places {e, €’}
does not allow the execution of conflicting transitions in the same run.

Let o be a fs of N(f) and be 7 = ey -- e, = run(o) the associated trace. By

induction on len(7) we show that N| is a conflict-free causal net.

run(o)

e The empty trace is a conflict-free causal net (a net of marked places only and

no transitions),

e consider the trace 7 = e;---e,_1e, and let T be the state {e1,...,e,_1€,}

associated to 7. As 7' = ey ---e,_1 is a trace as well, by inductive hypothesis



36 CHAPTER 3. UNRAVEL NETS

NB)z=T7ur* U8, 7 F, S, is a conflict-free causal net. Consider
N ()| and assume that a place s in e,* already belongs to *7’ U 7’*. Then s
must be a place of the kind (Y, e;), for some e; € 7/, but then there must be a
e; in 7/ such that e; € Y, which this contradicts the fact that 7/ is conflict-free
as e; # e,. So e, cannot mark places already marked in the past, hence the

subnet N'(8)|- is a conflict-free causal net. |

This proposition just establishes that the construction gives an unravel net. In
Fig. 3.4 we see an unravel net built from a BES. We show now that the construction
is indeed correct as the set of traces of the BES and of the associated net are the

salne

Theorem 3.2. Let 3 = (E,—,#) be a BES such that Ve € E 3X € Confy;,(5). e€

X, and N'(B) the associated unravel net. Then

TeTr(B) = 7€ Tr(N(B))

Proof. (=) By induction on the length of a trace 7. If 7 is the empty trace, then
7 is also a trace of N(B). If len(r) = 1 and 7 = {e} then e has no bundle and
*e © S, i.e. hence e is also a trace of N ().

Assume that, for len(7) = n, it holds 7 € Tr(N(8)), and consider the trace
Ten1 € Tr(B). If e,41 requires no bundle then, by construction, the transition in
en+1 is enabled at the marking lead(o) where o is the fs associated to the trace
7, as the preset of e, 1 just contains (e,.1,?) and {e,.1,e} for each e in conflict
with e,,;. But as e,,; has not been executed and 7 does not contain any event
in conflict with e,,1, they are still marked in lead(c). If it requires bundles, by
Def. 7T N B is a singleton {e;}, for some ¢ < n and for all bundles B +— e, .
Each e; can be fired in A(f) by inductive hypothesis and each bundle B +— e, 1)
is a place in *e, 1, hence *e, 1 € lead (o), with ¢ being the fs associated to 7, is

satisfied.
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Figure 3.4: A BES with its associated unravel net.

(«) Again we do the proof by induction on the length of the trace. For the
empty trace the thesis is trivial. Let 7 =e;---e,_1 € Tr(N(3)). Then there exists
a fs o such that run(o) = 7. Consider the trace 7 - e, € Tr(N(f)). By inductive
hypothesis e; - - - e,,_1 is a trace of 3, and that e,, is enabled at the marking lead(()o).
We show that, for each bundle B — e,, B {e1,...,e,_1} # . As e, is enabled
at the marking lead(()o), it means that the place (B, e,) is marked lead(()o), but
then a transition e; € B belongs to 7, hence B n {ey,...,e,_1} # . Clearly 7€,

is conflict free. [
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Chapter 4

Unravel nets and Unfoldings

In the previous chapter we have introduced unravel nets and we have shown that
they are closely related to a particular class of event structures. As bundle event
structures model disjunctive causality without duplicating events, they may be the
proper kind of event structure for representing the behaviors of a net in a more
compact way. In this chapter we review the two known techniques for compacting
the unfolding of a net and show how they fit into the framework we are trying to
develop. The next two sections are dedicated to recall the basic definitions and
properties of those approaches, then we discuss whether they do give unravel nets

and in the case they don’t, if this can be easily enforced.

4.1 Merged processes

Although the existence of a finite representation of an unfolding, the complete
prefix, makes it usable in practical applications, the size of the finite prefix can
still be too large. In [KKKV06| the authors developed a technique, called merged
processes, that allows to compress the behavior of a Petri net. The idea behind
the merged processes is to merge two or more nodes of a branching process that,
in some sense, represent the same resource, and then consider as the same the

transitions that, after the fusion, share the preset and postset. In this section we

39
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will recall some basic definitions and propositions that we will use in the following
chapters.

The idea of being the same resource in the case of safe nets is quite simple: the
execution of transition ¢ putting a token in a place s just produce the resource in
that place for the i-th time, hence to know if two conditions in a branching process
represent the same resource it is enough to determine the occurrence-depth of this
condition, namely how many conditions with the same label are less or equal to it.
Clearly conditions with the same occurrence-depth and the same label must be in

conflict.

Definition 4.1. Let b = (C,p) be a branching process of a safe net N and x one
of its nodes (condition or event). The occurrence-depth of = is defined as the
mazimum number of p(x)-labelled nodes on any directed path starting at a minimal

(w.r.t <) condition and terminating at x in the directed graph representing b.

The above notion is well-defined since there is always at least one directed path
starting at a minimal (w.r.¢. <) condition and terminating at x, and the number
of all such paths is finite.

Once the occurrence-depth of conflicting conditions has been determined, we
can merge these conditions and after that merge also the events having the same
label, the same preset and the same postset (thus the events representing the same

transition in alternative executions).

Definition 4.2. Let N be a safe net and (C,p) be a branching process of N,
where C' = (B, E,F,m) is a causal net and p is a labeling mapping satisfying the
requirements of Def. [2.15.  The merged process of (C,p) is the net Merge(C, p)

defined by the following steps:

1. all the conditions bearing the same label and having the same occurrence-
depth are merged together, and these conditions, called mp-conditions, in-
herits the same incoming and outgoing arcs of the conditions that are fused,

finally an mp-condition inherits the same label as the fused conditions,
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2. after performing the previous step, all the events with the same label, the
same preset and the same postset are fused together, giving an mp-event,
and they inherit the label from the fused events as well as the incoming and

outgoing arcs, and

3. the wnitial marking is given by the mp-conditions which are originated by

conditions that were minimal in the causal net C.

If (C,p) is a branching process of a net N and Merge(C, p) its merged process,
we denote by C' the net obtained by fusing the conditions and the events and, in
correspondence with this operation, adapting the flow relation, the initial marking
and the labeling. The latter is well defined as conditions and events are merged only
when they bear the same labels. By p we denote the labeling (the net morphism
D E— N ) of fused conditions and events on the place and transition of N, and
with B, E, F and m we denote respectively the set of its mp-events, the set of its
mp-conditions, its flow relation and its initial marking. The merged process of the

whole unfolding of the net N will be denoted by Mterge(N).

4.1.1 Properties

We point out some properties of merged processes. Let (C, p) be a merged process

of N.

1) There is at most one mp-condition s, resulting from the fusion of conditions

labelled by place s of N occurring at depth k > 1,

2) two distinct conditions in (C, p) having the same label and occurrence-depth
are in conflict (it is true for safe Petri nets only, otherwise they can be

concurrent),

3) for two mp-conditions, s and s, there is a directed path from the former

to latter. Moreover, if s, is present and k£ > 1 then s is also present,
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Figure 4.1: The net N running example of [KKKV06]

A

4) in general, C' is not acyclic (cycles can arise due to criss-cross fusions of

conditions),
5) there can be events consuming conditions in the postset of a cut-off mp-event,

6) there is a strong correspondence between the runs of N and those of Mterge(N):

o is arun of N iff o = h(6) for some run & of Merge(N).

Given a merged process Merge(C, p), a multiset X of mp-events, it is an mp-
configuration if X = p(X’) for some configuration X’ of Merge(N). Note that
there is a subtlety in this definition: we have to use the whole unfolding of
N rather than an arbitrary branching process (C’,p’) such that Mterge(C,p) =
Merge(C’,p')), since Merge(C, p) may contain mp-configurations which are not p-
images of any configurations in such a branching process, i.e., the mp-configurations
of Merge(C, p) might be ill-defined if it can arise from several different branching

processes.

Example 4.1. Consider the net in Fig i its finite prefix there are two con-
ditions labeled with py, both with occurrence depth equal to 1, and similarly for the
two conditions labeled with ps. Hence these two pairs of conditions can be merged
giving the merged process in Fig. [{.4 Observe that this is not an unravel net. In

fact the executions involving the two events e, e’ labeled with t3 and t4 respectively,
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mark twice one of the p}, with i € {4,5} (depending whether the event labeled with

t1 or the one labeled with ty has been executed).

The previous example shows that in general the notion of merged process does
not enforce that the resulting net is an unravel one. We will see later how to enforce

this property.

4.2 Trellis processes

Instead of the token occurrence, the time can be taken into account when merging
conflicting conditions of a branching process.

To formalize this idea, on which the notion of trellis process is based (see [Fab07]),
we do need to guarantee that the proper time can be identified for each condition.
To do so we resort to multi-clock nets, introduced by E. Fabre ([Fab07]). First of
all we observe that if N is a multi-clock net then also any branching process of N
is a causal net as well and the partition mapping is induced by the the one for N.

Let C = (C, p) be a branching process of the multi-clock N, with v as partition
mapping. Given a condition b of C, the height of b, denoted with height(b), is
Ve B |V <cband v(p(b)) =v(p(t))}|, where B are the conditions of C'. The
height of a condition is well defined in a casual net which is a multi-clock as well,

as in the case of branching processes arising from multi-clock nets.

Figure 4.2: Merged process of the net in Fig
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We first recall the notion of trellis.

Definition 4.3. A trellis 7 = (B, E,G,c,v) is a (multi-clock) net satisfying:
1)c={be B| b=},

2) for every b e B, the automaton T‘W is acyclic (i.e. its flow relation defines

a partial order), and

3) each event belongs to at least one finite state of T, i.e. Ye € E. 3IX €
St(7). ee X.

The notion of trellis has, like the one of unravel net, an acyclicity requirement,
and this is local and also syntactic, as it depends on the partition mapping only.
Trellis nets are indeed unravel net, as conditions 2 and 3 of the definition ensure

that each state is acyclic and each event is at least in a state.

Proposition 4.1. Let T a trellis net, then T is an unravel net.

Proof. See Lemma 2 in [Fab07]. |
We can recall the notion of trellis process.

Definition 4.4. Let N = (S, T, F,m,v) be a multi-clock net. Then a trellis process
of N s the pair (T,p) where T ={(B,E,G,c,v) is a trellis net and p a labeling

mapping p: B U E — S UT such that
1) p is a folding,
2) Ve,e' € E if *e = *¢' A p(e) =p(e) then e =€, and
3) ¥b,b' € B if height(b) = height(b') A p(b) = p(V') then b =1'.
Example 4.2. Consider the multi-clock net in Fig. [{.3(a). The net has three

components (one has places {a,b}, another the places {c, g} and the last one places

{d,e, f}. The initial part of the trellis is the one in Fig. [{.3(b). The condition c
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Figure 4.3: A multi-clock net and one of its trellis process.

belonging to the second component is fused as it belongs either to the computatione
where the first two automata do synchronize on t; or to the one where the first

automata does a ty followed by t3 before synchronizing on t;.

Trellis processes of a multi-clock net N can be obtained by a branching process
fusing conditions belonging to the same partition, having the same label and the

same height.

4.3 Turning merged processes into unravel nets

Merged processes are not, in general, unravel nets, as we shown in the Ex.[£.1} The
main reason is that whenever two or more transitions are marked as equivalent,
it may happen that conflicts in the past are forgotten, allowing executions that
would be otherwise forbidden.

For instance, consider the net in Fig. [4.4f The branching process which is the
prefix is the one in Fig. and the corresponding merged process is the one in
Fig. 4.6l This is not an unravel net. In fact, consider the runs abcd and bed.

After the merging, the postset of ¢, (¢1°*) contains d, d, which have the same label
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Figure 4.5: The prefix (C, p) of the net N in Fig. |4.4

(thus they represent the happening of the same transitions of the safe net N in two
different context). It is clear that only one of them should be executable, depending
on the path we followed to mark q; because d # a but —(d#a). However this can
be turned into an unravel net by suitably adding some places to rule out unwanted
executions. This has to be done with some criteria and in the following we propose

a criterion.
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4.3.1 Conflict conditions

The idea is rather simple: for each place in the original net NV, we add a condition
in the representation of the behaviors of the net N with the aim of representing
that the 7 — th token has been produced that place. Then the idea is to make sure
that all the events producing the i —th token in that place (which is a condition or
a set of conditions) produce this condition and use the conditions stating that the
(i — 1) — th token was produced before in that place. This intuition is formalized

as follows:

Definition 4.5. Let N be a safe net, (C,p) a branching process of N, and (C’,ﬁ)
be the merged process of (C,p), where C = <J§’,E,G,é>. We define Ng(é’) =

P2 O O s3

Figure 4.6: The merged process of the net N in Fig. corresponding to the
branching process in Fig. .
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Figure 4.7: The enriched merged process of Fig

<B U By, E,G,z, D) as the net where:

By = {(b,#.1) | be B A the occurrence depth of b is i} U {(b,#,0) | b ¢ c}
(

G(r,y) if{z,yy<BUE

G(z,y) =11 if v = (b,#,1), be y* A the occurrence depth of b is i+ 1
1 if y = (b,#,1), be x* A the occurrence depth of b is i
.
1 ifx=(b,#,0)

m(z) =11 ifx=bandbec

0 otherwise

\

The conditions in By are called no-gap or conflict conditions.

Example 4.3. Consider the merged process of the Ex.[{.1. The result of enriching
the net in Fig. is shown in Fig. [{.7], where conflict conditions are depicted as

circles filled in red.

The result of this construction is an unravel net.

Theorem 4.1. Let N be a safe net, (C,p) a branching process of N, and Merge(C, p)

be the corresponding merged process. Then Ng(Merge(C,p)) is an unravel net.
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Proof. We first show that this is indeed a safe net, and then we prove that each

execution gives an acyclic net.

e We first show that Ng(erge(C, p)) is a safe net. To this aim we recall that
the merged process of a safe net is a safe net (see [KKKV06]). By adding
conflict conditions between two events we syntactically states that they are
images of two conflict events of the branching process. To show this consider
two transition e and e’ of (C, p) such that —(e# ¢€'), with {b} < t* n¢’*, and
assume that the occurrence-depth of the conflicting conditions that are fused
in b is k, and assume that, after the enrichment with conflict conditions, they
are still not conflicting, i.e. there is a state X of Ng(9erge(C, p)) such that
{e,e'} < X.

If k is one, then both events use the same initially marked condition (b, #,0),

then e#e’ are in conflict, contradicting the assumption.

Suppose k > 2. An event of X putting a token in (b, #, k — 1) needs a token
from (b, #,k — 2) and so on, thus a state X of Ng(9terge(C,p)) in which
(b, #, k) is marked will contain all conflict conditions (b, #,7), 0 < i < k.
The only way to mark (b, #, k) in the same state is to enable the preset of
(b, #,k — 1) two times (at least). By repeating the reasoning till (b, #,1),
using the fact that *(b,#, 1) is composed by a set of conflicting events, and
the impossibility to mark (b, #,0) again in a state, it follows that if e is
enabled in a state then ¢’ cannot be enabled as well. Hence the enriched net

is safe.

e In the previous item we have shown the impossibility to obtain an executable
loop in the merged process enriched with conflict condition (it would violate
the safeness). We also showed that two (or more) events putting a token in
the same (resource or conflict) place are in conflict. To summarize states of

this net are sets of events (the net Ng(9terge(C,p)) is an occurrence net),
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and no place is marked again (the net Ng(Mterge(C,p)) is acyclic). Hence

the thesis.

We now prove that states of this unravel net are precisely those we are interested

n.

Theorem 4.2. Let N a safe net, (C,p) a branching process of N, Merge(C, p)
be the merged process of (C,p) and Ng(Merge(C,p)) the corresponding enriched

net. Then X is a configuration of Ng(9Merge(C,p)) iff o is a mp-configuration of
Merge(C,p).

Proof. (=)

We must prove that:
1. X € St(Ng(Merge(C,p))) = X € St(Merge(C,p)),
2. Ng(Merge(C, p))|x is acyclic,

3. denote with B; the conditions of Ng(Mterge(C, p))|x and consider b € B; such
that b is the merged condition corresponding to conditions & of (C,p) such
that the occurrence depth of ¥’ is k, then all conditions b corresponding to
conditions b” of (C,p), bearing the same label as b, such that the occurrence

depth of &’ is i, 0 < i < k, are present in B; as well,

Removing places (conditions) from a Petri net can only increase the number of
firing sequences, so is trivially true. To prove it should be noted that, since
the events of X identify an acyclic subnet in the enriched net Ng(9terge(C, p)), that
subnet still enjoys the property of being acyclic if we remove a subset of conditions
(the no-gap one).

If a condition b € B; corresponding to conditions with token occurrence k (by)

is present in X, this means the event e such that b, € e®, consume the token
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(b, #,k — 1) marked by e’ with by_; € €’* . Since Ng(Mterge(C, p))|x is acyclic, we
can proceed backward till we encounter by, if the place p(b) ¢ m or p; otherwise,
hence the thesis.

(<)

Let X be a mp-configuration of Merge(C, p). We show that it is a configuration
of Ng(Mterge(C, p)). (by induction on the size of the mp conf?)

Assume X = {e}. The preset of e in Ng(Mterge(C,p)) contains only marked
conditions (no-gap and resources) so its is firable in Ng(9terge(C, p)), hence {t} is
a configuration of Ng(Merge(C, p)) as well.

Assume that a mp-configuration X, with size n — 1, is a also a configuration
of Ng(Merge(C, p)). Consider the extended mp-configuration X’ = X u {e}. Let
e* be composed by conditions with token occurrence toky, ..., toky. By definition
of mp-configuration there is a set of events in X which marks a set of conditions
that are the fusion of conditions with token occurrence tok; — 1, ..., tok, — 1 (if
tok;, — 1 = 0 then that condition is initially marked). After the execution of X
in Ng(Mterge(C, p)) the conflict condition (b, #,tok; — 1),..., (b, #,tok; — 1) are
marked. Assume that one of them is not marked, then there would be an event
€ # ¢ which consumed that token and has marked the condition b corresponding
to conditions with occurrence-depth tok;, 1 < ¢ < k. But this would violate the
safeness of the mp-configuration since e marks b too. To summarize X marks all
the conflict condition of ¢’ and thus X’ is also a configuration of Ng(Mterge(C, p)).

[ |

4.4 Conflict conditions and trellises

Trellis processes executions are acyclic, then it may sound useless to enrich them
with the conflict conditions. But, since we aim to use unravel nets to build a
general theory for compacting net behaviors, it may be useful to show how to add

conflict conditions in a setting where token occurrence does not play a role.
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241

Figure 4.8: The enriched trellis obtained from the one in Fig. [4.3b

From the merged process point of view a conflict condition (b, #, k) is added to
the preset of an event e if it put a token in b € B; with occurrence depth of b equal
to k, an arc from (b, #,k — 1) to e is also set. For trellises we have to take into
account the height of each condition, which depends on the automaton it belongs
to. The set of conflict conditions By is then defined as follows (and has no relation
with the order in which some resources are produced but with the local time of
production):

By = {(v(b), #,1) | be B A height(b) = i}

The flow relation connecting these new conditions to events is defined in the obvious
way, and it is also trivial to establish which ones are the initial conditions. The
whole net is not any longer a multi clock net as now conflict conditions belonging
to a partition are together with the conditions of this partition, thus violating one
of the requirements for being a multi clock net. Still, if we restrict to resource

conditions or conflict conditions we obtain again a multi clock net.
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Example 4.4. In Fig[4.8 we see how to enrich a trellis process in Fig. of the
multi-clock net in Fig. [{.3d. It should be stressed that, since trellis processes are
already unravel nets, conflict places are somehow superfluous, but they stress which

events belonging to the same component are in conflict.
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Chapter 5

Merging relations

In this chapter we propose a simple and general framework to compact labeled
unravel nets. We assume that labeled unravel net represent the behavior of the
system (in general a net), and the labeling mapping is the one relating the places
and transitions of the unravel net to the one of the system.

We introduce the notion of incompatibility among places which can be used to
identify the places that can be fused. Then we define the notion of merging relation
which can be used to compact Petri nets where incompatible places have been
identified. We show that this framework includes the notion of merged processes
and trellis processes, as we will show that the criteria for identifying places are
indeed merging relations. As it should be clear, merging an unravel net does not
necessarily gives an unravel net. We investigate under which conditions a merging
relation gives an unravel net from another one, or similarly to what we have done
with merging process, how to enrich the merged unravel net to guarantee that the

result is still an unravel net.

5.1 Merging contexts

We first introduce a semantic notion of incompatibility between places, capturing

the idea that, if a place is akin to a resource, two resources are incompatible if

95
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they never appear in the same computation, even at different stages. Then we
show that, given a suitable equivalence relation, related to places incompatibility,
a more succinct version of the net we started with can be obtained.

Let N = (N,l) be a labeled net where N = (S, T, F,m) and let ¢,t' € T be
two transitions. We say that ¢ and t' are identifiable whenever °t = °t’, t* = t'*
and [(t) = [(¢'). Thus on T it is possible to define an equivalence relation ~ such
that t ~ ¢ iff t and ¢ are identifiable. The set of transitions can be quotiented
through this equivalence relation obtaining the set {[t]~ | t € T'}. Observe that
the transitions in [t]~ are such that they cannot be executed together at the same

marking.

Definition 5.1. Let (N,l) = ((S,T,F,m),l) be a labeled net and let ~ be the
equivalence relation induced by transitions identifiability. Then we can construct
the labeled net N = (N, 1) where N is the Petri net (S, T, F,m) with T = {[t]~ |
te T}, F(s,[t]=) = F(s,t) and F([t]~,s) = F(t,s), and | is the mapping defined
as [(s) = I(s) and [([t]=) = I(t).

Let 0 € RY, then ¢ is constructed as follows: ¢ = m if ¢ = m and ¢ =

o' [[t]o)m if o = o’ [t)m. The firing sequences of N and of N are clearly related, as

the following proposition shows. Observe that run(c) = I([t1]~- - -[tn]~) = Tun(o).

Lemma 5.1. Let (N,l) = ((S,T, F,m),l) be a labeled net, and let ~ be the equiv-
alence relation induced by transitions identifiability. Let N = (N, f) as in Def. .
Then {hg,hry: N — N defined as hr(t) = [t]~, hs = is is a net morphism.

Proof. Since hg is the identity relation, each place of the initial marking of N is
related to itself. By definition each transition belong to an equivalence class, so hr
is total, in particular also its restriction to °s and s°®, for each s, is total as well
(since s hg s). As hg is the identity relation, h%, which is the identity function, is

total. Then, by Def. [2.14] (hg, hr) is a net morphism. |
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b b d q c p d q
2@ - @[} @@
c1 c3 cy c7
@ -@—{- @0

Figure 5.1: A labeled unravel net N.

Proposition 5.1. Let (N,1) = ((S,T,F,m),l) be a labeled net, and let ~ be the
equivalence relation induced by transitions identifiability. Let o € RY be a fs, then

there exists a fs o' € RJHY such that o = o'.

Proof. Follows from Prop. and Th. as firing sequences are preserved. W

5.1.1 Places Incompatibility

Here we introduce a notion of place incompatibility (i.e. resources of the safe net).

The notion is semantical as it depends on all the firing sequences.

Definition 5.2. Let N = (S, T, F,m), we say that two places s,s' € S are incom-
patible iff for each firing sequence o € RY it holds that {s,s'} € P(M(0)), and we

denote it with s > s

Observe that this notion is quite similar to the one of conflict we introduced on
unravel nets.

Clearly > is a symmetric relation. Observe that if s € [m] and s = s’ then
Vo e R,,. s ¢ P(M(0)). We are interested in a conflict relation on places that

implies incompatibility, but does not necessarily coincide with it.

Example 5.1. Consider the labeled net N = (N, 1) in Fig. with initial marking
m = {co}. The relation > contains the pairs (c¢;,c;) such that i,j > 0 and if i is

odd then j is even and vice versa as well. Thus cq ™ c7 and c; ™ cg but cg K cy.
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5.1.2 Merging relation

We introduce now the main notion of the chapter, namely the one of merging rela-
tion. A merging relation is any equivalence relation induced by another arbitrary

relation which is included in the incompatible one.

Definition 5.3. Let N = (N, 1) be a labeled net where N = (S, T, F,m), let ® <
be a transitive relation, and let ~ be an equivalent relation such that s ~ s’ <

(s ® s v s=5) A l(s)=1(s"). Then ~ is a merging relation for N.

Thus a merging relation is any equivalence relation respecting labeling and
incompatibility. Observe that the identity on places is a trivial merging relation.
Furthermore if s is initially marked then [s]. = {s}.

The merging relation is used to compress the net. Similarly to what is done in
[IKKKV06], we first merge places by identifying equivalent ones, thus the merged
places will be S” = {[s]. | s€ S}. Then, when needed, we may identify also

transitions.

Definition 5.4. Let N = (N,1) be a labeled unravel net where N = (S, T, F,m),

~

and let ~ be a merging relation. Then we construct the labeled net N = (]V, ), where
N s the Petri net (S, T, F,m) defined as S = {[s]. | s€ S}, F([s]-,t) = F(s,1),
F(t,[s]2) = F(t,s) and f([s].) = X

~ ~

defined as l([s]~) = I(s) and I(t) = [(t).

m(s), and 1 is the labeling mapping

s€[s]~

The flow relation is well defined, as Vt € T. [[ *t] n [s]~| < 1 and Vt € T |[[t*] n
[s]~] <1 as well, and the same for the initial marking, as the equivalence class of

each place in the initial marking contains just that place.

Example 5.2. Consider the net of the Ex. [5.1. A suitable merging relation can
be ¢y ~ ¢4, co ~ c3, Cg ~ 7 and c; ~ cg and the result of the merging of these
places is the net in Fig.[5.9. Another merging relations could be ¢; ~' cg, ca ~' 3,
cg ~' c7 and c5 ~' ¢y, or simply ¢y ~" ¢4. Clearly the resulting more compact net is

different from the one depicted before.
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5.1.3 Preserving behaviours

The construction can be lifted to the reachable markings and firing sequence.
Let m € My, then i € uS is the mapping from S to N defined as m([s].) =
2sefs]. M(s). Observe that, as places in [s]. are in conflict, hence incompatible, at
most one may contain a token. We then lift the construction to firing sequences,
and we use the same ‘> to denote it. Consider o € RY, then & is obtained as
follows: if ¢ = m then & = m, if 0 = ¢’ [t)m then & = o’ [t) M, i.e. the new firing
sequence comprises the same transitions, which still are enabled at each marking.

The following proposition points out the obvious relation among the firing se-

quences of both nets.

Proposition 5.2. Let N = (N,[) be a labeled unravel net where N = (S, T, F,m),
and let ~ be a merging relation. Let hp: T — T be the identity and hg < S X S
be the relation defined as follows: s hg [s]. Then {(hy,hs)>: N — N is a net

morphism.

Proof. First of all we observe that if s € m we have that Vs’ € S. s’ # 5. = —(s
s'). Clearly if s € m then [s]. is just {s}, hence the thesis.
Consider now s hg [s]~, hr: *s — °[s]. is the identity, hence it is total.

Finally take ¢ € T then h%: {[s]. € S | s € *t} — °t is total (it maps [s]. to

o @—{a)e

¢ p

Figure 5.2: The compact representation of the net N in Fig.|5.1
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the s in *¢). Similarly hg: {[s]~ € S|set} —t*is total. |

Proposition 5.3. Let N = (N, 1) be a labeled net, let ~ be a merging relation and
(N, 1) be the labeled net of Def. . Then Yo e RY 30’ € ng og=o.

Proof. An obvious consequence of Prop. [5.2] Th. 2.T]and Cor. 2.1} |

By merging places it may happen that two equally labeled transitions have the
same preset and the same postset. Hence the equivalence relation ~ induced by
transition identifiability may be non trivial, i.e. different from the identity. We
can then apply the construction of Def. and identify these transitions as well.
The executions of the original net and the ones of the compact version are related

as follows.

Proposition 5.4. Let N = (N, 1) be a labeled net and let ~ be a merging relation.
Then (N, 1) is the labeled net obtained applying first the construction of Def.
and then the one of Def. and, Yo € RY 30’ € RY. run(o) = run(o’).

Proof. Before identifying transitions we have that to each fs o of N a fs 7 in N
corresponds. Clearly run(o) = run(g). Observing that the identified transitions
have the same preset, the same postset and have the same label, we have the

thesis. m

We stress again that by identifying places and transitions we do not lose any
behavior, but the obtained net may have more behaviors than the one we started

with.

5.2 Merging causal nets

In chapter 4] we recalled two methods for compacting Petri nets, merged processes
and trellis processes. Both start from a causal net as the representation of a net

behavior (a branching process) and then merge places and transitions according
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to two different criteria. Here we show a quite obvious result: each of two criteria

defined on causal nets clearly induces a merging relation.

Merged processes. The merging criteria is the occurrence depth of a transition.
Let C = (C,p) be a branching process of the safe net N, we define the token
occurrence of a condition as tok(b) = {0’ € B | V' <¢ b A p(b) — p(V')}. We define

a relation ~,, between two conditions b, € B such that:

b~, b < tok(b) = tok(b') A p(b) = p(t)

The fact that b > o’ is implied by the fact that C' is a causal net, hence two condi-
tions with the same token occurrence should belong to two alternative branches of
C, and the conflict relation chosen is precisely . The following proposition states

that ~, is indeed a merging relation.
Proposition 5.5. ~, is a merging relation.

Proof. By property (2) of merged processes (see subsection , two distinct
conditions with the same token occurrence are in conflict and have the same label,
namely Vb, .tok(b) = tok(b') A p(b) = p(b') = b # V. The conflict relation on
conditions in a causal nets implies incompatibility, i.e. # <. Let us prove that

~, is an equivalence relation.

o reflexivity

Vb, tok(b) = tok(b) A p(b) = p(b), then b ~, ¥/,

e symmetry
Vb, b" such that b ~, ', tok(b) = tok(d') A p(b) = p(b') and = is symmetric,

hence O’ ~, b,

o transitivity

Vb, b, b" such that b ~, V' AV ~, b", tok(b) = tok(V') A p(b) = p(b') and
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tok(t') = tok(d”) A p(t/) = p(b”). From the transitivity of the = relation

follows the thesis.

To summarize b ~, b' < (b# V' v b=10) A p(b) =pl'). |

Trellis processes. For trellises the relation between two conditions of the branch-

ing process is defined as:
b ~7 U < height(b) = height(') A p(b) = p(V)

As before, the following proposition holds:
Proposition 5.6. ~7 is a merging relation.
Proof. The proof is the same of Prop. |

We can conclude this section observing that the two criteria introduced for

trellis and merged processes give two merging relations.

5.3 Merging unravel nets

The framework we have devised in the previous sections can be applied to any
kind of labeled net representing the behavior of a Petri net. In particular it may
be applied to unravel nets where causal dependencies can still be dug out, as well
as a conflict relation. Indeed, the only requirement we pose on the net representing
the behavior of the net is that a conflict relation on places can be identified, but
still we may imagine that each state of the net corresponds to a reachable marking
of the net whose behavior is represented by the unravel net.

When compacting behaviors we start from a labeled unravel net, but the pro-
duced net is not necessarily an unravel one (as we have seen in the previous chapter
when dealing with merged processes), and in the compaction we may lose the tight

correspondence among nets and event structures. In fact cycles may be introduced
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G2/

Figure 5.3: Unravel net in which a strictly increasing measure has been defined.

when merging places and transitions, and in some case the cycles may be exe-
cutable, and thus the associated event structure would have a configuration where
dependencies are not a partial order, or even some places may be marked twice
(see Ex. [.1), contrasting the intuition that resources are produced just once (at
least in a computation).

We follow closely the approaches in [Fab07, KKKV06| and we try to introduce
abstractedly a measure on places, on which we base the merging relation. The
possibility of preserving the property of being an unravel net after the merging

may be then connected with the notion of measure associated to places.

Definition 5.5. Let R = (R, 1) with R = (S, T, F,m) be a labeled unravel net, and
let § be a function such § : S — N such that §(s) = d(s") implies s = s'. We say
that 0 is strictly increasing measure if for each state X € St(R), and each pair of

places s, 8" of the net R|[x7, it holds that s < s' = d(s) < 6(s').

We state some properties of unravel nets equipped with a strictly increasing

measure.

Proposition 5.7. Let R = (S, T, F,m,[) be a labeled unravel net, and let 6 : S — N
be a strictly increasing measure, then Vs,s' € S such that s* n *s’ # & it holds

d(s) < d(s)
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Proof. Let t € s* n *s’. In any subnet R|y that contains ¢ (such X exists because
each transition is executable in an unravel net) then {s, s’} are places of R|x, s < ¢’

and then §(s) < §(s’) as the measure § is strictly increasing. |

Proposition 5.8. Let R = (S, T, F,m, ) be a labeled unravel net, and let sys9 - - - sp,
be a sequence of places with {s1, $a,...,8,} S S be such thatVi < mn,s;*N°s;41 # &,

i.e. there is a path from si to s,. Let 0 : S — N be a strictly increasing measure,

then §(s1) < d(sn).

Proof. As for each i such that 1 < i < n we have that d(s;) < d(s;41) we have that

d(s1) < 0(sp). |

Note that Prop. does not imply that there exists a state which define a
subnet containing {si, o, ..., $,}. The following proposition says if the measure is

strictly increasing then the net is acyclic.

Proposition 5.9. Let R = (S, T, F,m,[) be a labeled unravel net, and letd : S — N

be a strictly increasing measure, then R is acyclic.

Proof. Assume there is a cycle s183---s,81. By Prop[5.§ we would have that

d(s1) < 0(s1), leading to a contradiction. |

The following theorem states that the property of being an acyclic unravel net

is preserved when a strictly increasing measure is considered.

Theorem 5.1. Let R = (R, ) where R = {S,T, F,m) be a labeled unravel net, let
0 : S — N be strictly increasing and let ~ be the equivalence relation induced by 0,
le. s~ iff (0(s) =0(s") and l(s) =1(s")) or s = s'. Then the resulting compact

labeled net R = (R, 1) is a labeled unravel net.

Proof. We prove something stronger, namely that R is acyclic. Suppose there
exists a fs o = m[toymy [t1) - [tiodma [t - [tj1)m;[t;) € RE such that
m; nm; # & and 3[s]. € m; N m; such that my([s].) =0 fori < k < j, i.e. [s]~

is marked twice in o.
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Consider a s’ € [s]., V[s;_1]~ € m;_ it holds that §(s)_;) < 6(s'), s}, € [sj-1]~
because they share a transition (see Prop. . By proceeding backward till m; we
define a chain of places of R, s"--- s’ where d(s') < --- < §(s’), which is impossible.
Since 6(s}_;) < d(s'), s_; € [sj-1]~ holds for each representant of [s]. then there

can be no path from [s]. to itself, hence the thesis. |

The requirement of being an acyclic unravel net is too strong to ask: cyclic
unravel nets would be impossible to merge if we allow strictly increasing measures
only, if we want to preserve the property of being an unravel net. We then have
to use a weaker criterion for merging nets. For this purposes we consider a special
class of unravel nets. We take unravel nets that can be decomposed in smaller
parts satisfying some properties, a sort of generalization of multi-clock nets (see
the subsection . In these nets if a transition puts a token in a place s of a
partition v then it must have consumed a token from another place (at least one)

of the same partition. This is formalized in the following definition:

Definition 5.6. Let R = (R, 1) be a labeled unravel net, where R = (S, T, F,m). Let
S1,..., Sk be a partition of S such that ¥t € T, Vs € t*. s € S; implies that s’ € S;
and s' € °t, for some i € {1,...,k}, and for each i € {1,... k}, R; = {S;, *S; u
S:*, Fi,m;, 1y = R|s, is a connected Petri net. We call R a labeled partitioned

unravel net and we denote the partition asv : S — {1,... k} such that S; = v=1(i).

We observe that R = {|J, S;, |J,(*Si v S:*),U; £, U; ms, U, li). The notion of
partition is clearly inspired to the one of multi-clock net and the unique requirement
we pose is that a token is produced in a place belonging to a transition, then there
must be a place belonging to the same partition in the preset, which implies that
a partition cannot mowve just receiving a token from another one, but is should be

able to move independently.

Definition 5.7. Let (R,v) = ((R,1),v), with R = (S, T, F,m), be a labeled parti-

tioned unravel net. We say that 6 : S — N is a locally strictly increasing measure



66 CHAPTER 5. MERGING RELATIONS

if for each state X € St(R), and each pair of places s,s" of the net R|xy, it holds

that s < s Av(s) =v(s') = 0(s) < 0(s).

Propositions and[5.9)can be lifted to partitioned unravel nets and locally

strictly increasing measures.

Proposition 5.10. Let (R,v) = ((R,l),v) with R = {(S,T,F,m) be a labeled
partitioned unravel net, and let 6 : S — N be a locally strictly increasing measure,

then Vs, s € S such that (s* n *s" # ) A (v(s) = v(s')) it holds §(s) < 0(s').

Proof. Let t € s* n *s’. In any subnet R|y that contains ¢ (such X exists because

each transition is executable in an unravel net) s < s, then, by the hypothesis

v(s) = v(s') and by Def. 5.7}, 6(s) < (). |

Proposition 5.11. Let (R,v) = ((R,l),v) with R = {(S,T,F,m) be a labeled
partitioned unravel net, and let s18o---s,} a sequence of places such that Yi <
n,(s;* N *sip1 #= ) Av(s) = v(siy1), le. there is a path from sy to s,. Let

d: S — N be a locally strictly increasing measure, then §(s1) < d(sn).

Proposition 5.12. Let (R,v) = ((R,l),v) with R = {(S,T,F,m) be a labeled
partitioned unravel net, and let 6 : S — N be a locally strictly increasing measure,

then for each partition S; of S it holds R|s, is acyclic.

Proof. Assume there is a cycle s18s - - - s,51, from Prop/5.11] it would happen that

d(s1) < 0(s1), which is an absurd. |

The following theorem shows that if we have a partitioned unravel net, where we
defined a locally strictly increasing measure, we can merge it and obtain faithfully

another unravel net.

Theorem 5.2. Let (R,v) = ((R,1),v) with R = (S, T, F,m) be a labeled partitioned

unravel net, let § : S — N be a locally strictly increasing measure and let ~ be the

equivalence relation induced by 6, i.e. s ~ s iff (6(s) =(s") Al(s) =1U(s') Anv(s) =
/

v(s')) or s = s'. Then the resulting compact labeled net R = (R,1) is a labeled

unravel net.
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Figure 5.4: A partitioned unravel net.

Proof. Suppose there exists afso = m [to)mq [t1) -+ [tici) ma [t) -+ [ti—1)ymy[t;) -

RR

such that m; nm; # & and 3[s|]. € m; n m; such that my([s].) = 0 for
i <k <j,i.e [s].is marked twice in o.

Since (R, v) is a partitioned then, Vs’ € [s]. we can find in *¢;_; an equivalence
class with a representant s” such that v(s”) = v(s’), hence d(s") < d0(s’). By
repeating the process from s” till 5 € ¢;° we eventually find again s’ € °t; with
v(5 = vs'. The chain of places S = s's” - - - 55’ satisfies the hypotheses of Prop.|5.11}
then d(s") < d(s’) which is impossible, then there is no firing sequence in (R, v)
which allows to mark twice a place. This prove that (R, v) restricted to a state
is safe and acyclic. That subnet is also causal because a place with two incoming

arcs would violate the safeness or the acyclicity, then it is as unravel net. [

When the measure is not strictly increasing or locally strictly increasing we may
still obtain an unravel net, but sometimes at the price of enriching it in order to
forbid certain unwanted executions in the compact version. The notion of measure

we consider now is inspired from the one of occurrence depth.

Definition 5.8. Given a labeled unravel net R = (R,1) with R = (S, T, F,m), we
say that a measure 6 : S — N is homogeneous iff for each X € St(R) and each
subset of places S of R|x = (S', X, F',m) such that there ezists a label a such that

@) n 8" = S, it holds that S can be totally ordered with respect to the reflexive
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Figure 5.5: A labeled net.
and transitive closure of F', 6(S") = {1,...,15"|} and s <’ = &(s) < d(s').

An homogeneous measure on causal nets is the token count of merged process.
Again, as done before, we may introduce an equivalence relation which is based
on an homogeneous measure § by stipulating that s ~ s iff either s = s or
(I(s) = U(s') ~ d(s) = 0(s')). As the measure is an homogeneous one, we do
not have to require that the two places are incompatible as it is implied by the
definition of the measure itself. When compacting using this merging relation the
result may be not an unravel net (a merged process with executable cycles, for
instance). However this net may be turned into an unravel one without losing
behaviors of the original net by adding some places which sole purpose is to forbid
unwanted executions.

Take an unravel net R = ((S,T, F,m),[) and an homogeneous measure § on
S. We can add to the net R = (S, T, F,m) a set of places S,, = {({(s),d(s), ng) |
se St u{(l(s),0,ng) | se€S\m}, and connect them to the transitions in 7" as
follows: F,,((I(s),n,ng),t) = 1 whenever 3s’ € t*. I(s) = I(s') and §(s') = n + 1,

and Fy, (¢, (I(s),n,ng)) = 1 whenever 35" € t*. I(s) = [(s') and 0(s") = n; finally

(
the places (I(s),0,ng) are initially marked as well as (I(s),1,ng) if b € m (and are
the multiset m,,).

We call these places no-gap as in the case that the 0 is precisely the token count

and R = (R, () is a branching process of a safe net N, they assure that the tokens in
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Figure 5.6: The enriched branching process of the net in Fig.

a place of the original net N are produced in the proper sequence. The net obtained
by adding these new places S,,, namely Ng(R) = (S U Sy, T, F U Fyy,m+m,,), is
an unravel net such that to each fs o of Ng(R) a fs ¢’ of R corresponds and they are

such that run(o) = run(o’) but also the vice versa holds, thus to each fs 6 € RE a

. Ng(R
fs o' e Rmi(m)

ng

corresponds such that run(d) = run(run(c)’), hence both unravel
nets have exactly the same states, which means that this enriching does not change
the behaviors of the net. The following theorem states that merging an enriched

unravel net generates an unravel net. This somehow generalizes Theorem

Theorem 5.3. Let R = (R,l) be a labeled unravel net, where R = (S, T, F,m).
Let Ng(R) = (Ng(R),Ng(l)) where Ng(l)(s) = I(s) if s€ S and l((s,n,ng)) = l(n)

obtained with respect to an homogeneous measure 6. Let ~ be the equivalence

relation induced by this measure on the places in S. Then Ng(R) = (Ng(R), Ng(l))

1s an unravel net.

Proof. Merging relations preserve safeness. The proof that Ng(R) is indeed an

unravel net is the same as the one of Theorem (.11 [ ]

As a corollary of this theorem we have the following.
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Figure 5.7: The resulting unravel net of the compaction of Ng(C) in Fig.

Corollary 5.1. Let C = (C,p) be a branching process of the safe net N, where
C = (B,E,F,m). Let Ng(C) = (Ng(C),Ng(p)) be the unravel net obtained by

applying Ng to C' and p and consider the equivalence relation ~ induced by ~ i,

where ~r 15 defined on conditions in B. Ng(C) = (Ng(C),Ng(p)) in a labeled
unravel net and furthermore Ng(C)|B~mk is a merging process of N, where B, ,

are the merged resource conditions.



Chapter 6

Contextual unravel nets and event

structures

Event structures are one of the main ways to represent computations in service
oriented computations, thus the quest for event structures where the new kind of
dependencies may be easily represented.

Consider a seller behaving as follows. When he receives a request for delivering
a good, he sends a confirmation if the good is immediately available, but if it is
not (hence the not-available event happens) he sends a confirmation only after
being sure that the good is available in some other places and he may eventually
get it. Furthermore he delivers the good only after receiving the payment unless
the one requesting the good is a premium user. In this scenario the event confirm
may happens after the event request has happened unless the not-available
event has happened. In this case the event confirm depends not only on request,
but also on the event available signalling that the good is somewhere available.
The dependency pattern of confirm may augment in presence of a certain event
(in this case not-available). The event deliver depends on the event pay, but
if the event premUser is present then this dependency is dropped.

Event structures have generally a relation to represent the dependencies among

events and another relation to stipulate which events cannot happen in the same

71
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computation under certain conditions. A computation is then a subset of events
such that there is no pair of events in conflict and each event is such that all of its
causes are contained in the configuration. The dependencies are often represented
as a partial order or a relation that should be a partial order when confined to

configuration, like in flow event structures.

In this chapter we give a Petri net counterpart to the notions of shrinking and
growing causality that, as the example shows, can be one of the relevant ingredients
for service oriented computations. The authors in [AKPNI5a] state that in the
usual notion of event structures the dependencies have a static flavour, whereas,
in the case of shrinking and growing causality, the dependencies to be dropped
or added give a more dynamic account. However in the shrinking and growing
causality relations it is somehow hardwired which dependencies are involved. Thus
an event may have several histories, depending on the combination of modifiers
that have happened so far. Our idea is rather simple. We introduce a transition
(with the same label) for each possible history (similarly to what happens when
considering labelled causal nets like the notion of unfolding [Win87| or branching
processes |[Eng91|) and we use contextual arcs to understand which is the set of
modifiers that have happened so far. The kind of nets we devise should still have
some characteristics similar to the ones of causal nets, hence we require that the
restriction of the net to a specific subset of transitions (a computation) gives an
acyclic net, 7.e. a net where dependencies are easily understandable and conflicts

are absent. We call this notion unravel net.

The notion of unravel net with contextual arcs turns out to be powerful enough
to represent shrinking and dynamic causality, but it should be stressed that we
actually give an implementation of how the executions of the event structures may

be performed. For this reason we focus on traces rather than on configurations.

By exploiting the relationship between dynamic event structures and labeled

unravel nets with contextual arcs where the contextual arcs are not inhibitor ones,
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we remain in the classes of nets where many properties can be easily and efficiently

verified.

6.1 Contextual Petri nets

We recall the main definitions about labeled Petri nets with contextual arcs.

Definition 6.1. A Petri net with conteztual arcs is a 5-tuple N = (S, T, F,C,m),
where S is a set of places and T is a set of transitions (with SnT = &), F <
(SxT)u (T xS) is the flow relation, C < (T x S) is the context relation and

m e 1S s called the initial marking.

We require that (t,s) € C implies (¢, s) ¢ F'. Contextual Petri nets are depicted
as usual: places are circles, transitions are boxes, the flow relation is represented
by arcs from z to y whenever (z,y) € F' and the read arcs are depicted as a straight
lines.

Since we are not interested anymore on identifying places, the labeling mapping

will be defined for transitions only.

Definition 6.2. A labeled Petri net over L is the pair N = (N,l) where N =

(S, T,F,C ,m) is a Petri net with contextual arcs and l: T — L is a total labeling

mapping.

Given a transition ¢, its context ist = {s € S | (t,s) € C'}. Also t may be seen as
a multiset on S: £(s) = 1 whenever (¢, s) € C and £(s) = 0 otherwise. A transition
t € T is enabled at a marking m € uS, denoted with m [t), whenever *t < m and
t < m. A transition ¢ enabled at a marking m can fire and its firing produces
the marking m’ = m — *t + t*. The firing of a transitions ¢ at a marking m is
denoted with m [t)m’. We stress that the context is used only to check whether
or not a transition is enabled at a given marking. °t +t # J (which means that

no transition may fire spontaneously).
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The other notions like firing sequences and reachable markings are the obvious

generalizations of the ones on safe nets without contextual arcs.

6.2 Contextual Unravel Nets

Definition 6.3. A contextual unravel net (c-unravel net) N = (S, T, F,C ,m,l)

over a set of label L is a safe occurrence net such that

1. for each state X e St(N) the net N|3 is acyclic and conflict-free, where

S'=*XuX'ulX,

2. for all t1,ta € T, if ty # to and l(t1) # [(t2) then for each t € I7*(I(t1)) and
for each t' € I7*(I(t3)) it holds that t # t/,

3. for each e € I(T') there exists a unique place s such that {s} = (N1 *t

*s = ¢ and m(s) = 1, and we denote that place with °e, and

4. for each e € I(T) there exists a unique place s such that {s} < ﬂtel_l(e) t°,

s* =, m(s) =0 and *s =1"'(e), and we denote that place with e°.

The whole unravel net is not constrained to be either acyclic or conflict-free,
but each of its execution gives an acyclic and conflict-free net. Condition (2)
guarantees that if two transitions are in conflict and have different labels, then any
pair of transitions with the same labels are in conflict as well. The other conditions
guarantee that two equally labeled transitions are in conflict, each transition can
happen just once and equally labeled transitions have some common places in their
preset. The two final conditions ensure that all equally labelled transitions are in
conflict (as they share a place in the preset which is initially marked and that
cannot be filled again), and all of them put in a place (where no other transition
beside the ones bearing that specific label can put a token). This place may be

redundant, unless it is connected to a transition with a contextual arc.
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As equally labeled transitions are in conflict in an unravel net all the transitions
in a firing sequence have different labels. The sequence of labels of a fs form a trace

of the net. Formally,

Definition 6.4. Let N = (S, T, F,C,m,l) be an unravel net over a set of labels L.
Let 0 € RY with o = m[ty)my [ta)ymy - mp_1 [tpym,. Then a trace of N is the
sequence of labels l(tity - - - t,) and it is denoted by run(c). The set of traces of a
net is Tr(N) = {w e L* | 3o € RY. run(o) = w}

Configurations are obtained by forgetting the sequence, as each state is obtained
by a firing sequence. Let N = (S,T, F,C,m,l) be an unravel net over a set of
labels L. Let X € St(N), then X = {i(t) | t € X} is a configuration of N. The set

of configuration of a net is denoted with Conf(N).

6.3 Beyond prime and bundle event structures

Event structures usually model concurrency systems by defining relationships among
events such as causality and conflict. We recall the definitions of various kind of
event structures (not of all possible variants). In order to describe the state of
those systems we will adopt the one of events trace which, besides some peculiar
cases, is enough to retrieve the the usual notion of configuration. Consider a set
of events E and let p = e;---e, be a sequence of distinct events in E and with
overloading of notation with ¢ we denote the empty sequence. With p we denote
the set {ej,...,e,} and the set associated to the empty sequence is the empty set.
Given a sequence p of events, its length is |p| and it is denoted with len(p) for each
1 <4 < len(p) with p; we denote the sequence e; - - - e;, and with py we denote the
empty sequence.

In Def. is the axiom of finite causes which states that events cannot
depend on an infinite number of other events, and , contains the conflict heredity

property, which says if two events are in conflict then each one conflicts with all of
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the other one’s successors.

In the following we will show several types of event structures defined as exten-
sions of PES. Since some of them can express a sort of dynamism in the structure
(e.g. adding or dropping causal dependencies), clauses and will be hard to
maintain. To cope with that limitation we will consider a different definition of

PES which is equivalent to Def. if finite configurations are considered.

6.3.1 Simple prime event structures

We start by defining the notion of simple prime event structure we will use in this
paper following [AKPN15al]. We consider only finite event structures, thus the set

of events should be always considered finite.

Definition 6.5. A simple prime event structure (SPES) is a triple P = (E, —, #),
where E is a finite set of events and —, # are two not intersecting binary relations
on E called causality relation and conflict relation respectively, such that # is

irreflexive and symmetric.

This notion differ substantially from the one given in [Win&87|, but both have
the same configurations and traces, as we are considering finite event structures,
as we will show.

Given a SPES P = (E,—,#) and an event e € E with ic(e) we denote the set

{¢/ | & — e}. A sequence of events p = e;---e, is a trace whenever 7 is conflict

free, i.e. for each e;,e; €, e; # e, = —(e; # ¢;) and for each i < n, ic(e;) < pi1.

Given a trace p the associated configuration is p.

6.3.2 Dual event structures

Definition 6.6. A Dual Event Structure (DES) is a triple § = (E,#,+—), where
E is a set of events, # < E? is an irreflexive symmetric relation (the conflict

relation), and —< P(E) x E is the enabling relation.
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The definitions of traces and configurations are the same as the ones of BES(Def.

and .

We now recall some notions of event structure where causality may change.

6.3.3 Shrinking Event Structures

Given a PES it is possible to add a suitable relation to model the removal of causal
dependencies [AKPN15a]. The idea is to introduce a ternary relation stipulating
that the happening of a specific event (the modifier) allows to drop a specific cause

for another event (the target).

Definition 6.7. A Shrinking Causality Event Structure (SES) is the quadruple
v = (E,—,#,>) where (E,—,#) is a PES and > € E x E x E is the shrinking

causality relation such that [e — €"] > € implies e — €” for all e, €', " € E.

The only extra requirement is that to have a cause to drop for an event, this
cause should be hardwired in the causality relation —. For [c — t] > m we call m
the modifier, t the target and c the contribution, and we denote with [c — t|> the
set of all modifiers dropping ¢ — t. The set of dropped causes of an event can be
defined w.r.to a specific history, i.e. a set of events, by the function dc: 28 xE — 2E,
which is defined as follows: dc(H,e) = {¢’ | 3d € H. [¢' — e| > d}. As for PES, we
have a function ic: E — 2F defined in the same way, i.c ic(e) = {€’ | & — e}, and

we say that ic(e) are the initial causes of the event e.

Definition 6.8. Traces for a SES are defined as follows. Let v = (E, —, #,1>) be
a SES. A trace of v is a sequence of distinct events p = ey ---e, with p < E such

that:

1. p is conflict-free and

2. V1 <i<len(p). (ic(e;) \de(pict, &) S pi1-
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The relevant difference with the notion of trace for PES is just that in the
enabling of each event, depending on the modifiers happened so far (hence the role

of the history), the set of the immediate causes may shrink.

Example 6.1. Consider the following SES, with just three events a,b and c, with
b — c and [b — c| > a. a is the modifier for the target c and its happening has the
effect that the cause b may be dropped. The maximal traces are: acb, abc, bca and

bac. It s worth to notice that in all but the trace bca the event c has no predecessor.

6.3.4 Growing Event Structures

Opposite to shrinking causality there is the notion of growing causality [AKPN15al,
in which a dependency between two events is added after the execution of a third

event.

Definition 6.9. A growing causality event structure (GES) is the quadruple 6 =
(E, —, #,») where (E,—,#) is a PES and »< E x E x E is the growing causality

relation such that Ve, e',e" e E. & » [e — '] = —(e — ¢’).

Here the requirement is that a dependency can be added only if it is not hard-
wired in —. For m » [c — t] we call m the modifier, t the target and c the
contribution, and we denote with » [c — t] the set of all modifiers adding ¢ — t.
The set of added causes of an event has to be defined w.r.t a specific history, i.e.
a set of events, and it is using the function ac: 28 x E — 2E, which is defined as
follows: ac(H,e) = {¢/ | 3d € H. d » [¢' — e]|}. The initial causes of an event are

defined as usual.

Definition 6.10. Let 6 = (E,—,#,») be a GES. A trace of § is a sequence of

distinct events p = ey - - - e, with p S E such that

1. p s conflict-free and

2. V1 <i<len(p). (ic(e;) v ac(pi_t,e)) S i1
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Example 6.2. Consider just three events a,b and c, and the unique non empty
relation is a » [b — c]. a is the modifier for the target ¢ and its happening has
the effect that the cause b should be added. The mazimal traces are: abc, bac, cab
and cba. It s worth to notice that in all but the traces abc, bac the event ¢ must

happen after b.

6.3.5 Dynamic causality event structure

In [AKPNI15a] it is shown that neither the shrinking causality relation can be
expressed with the growing causality relation or not the converse, hence SES and
GES are incomparable. Thus the two notions of shrinking and growing causality

can be put together in a definition.

Definition 6.11. A dynamic causality event structure (DCES) is a quintuple ¥ =
(E, —,#,>,»), where (E, —,#) is a PES > € E X E x E is the shrinking causality
relation, and »< E x E x E is the growing causality relation, and are such that for

alle,e’,e" € E
l. [e—e]penfmeE mple—e]=—=ce—¢,
2.¢ple—e]AfmeEle—e]|>m=— —(e —¢"), and
3. Ve, €E. fm,acE. ap [e — €] > m.

For detailed comments on this definition we refer to [AKPN15a], it should be
observed, however, that the definition we consider here is slightly less general of
the one presented there, as we add a further condition, the last one, which is
defined in the [AKPNI5D| and it does not allow that the same contribution can
be added and removed by two different modifiers. These are called in [AKPN15b|
single state dynamic causality event structures and rule out the fact that some
causality (or absence of) depends on the order of modifiers. Conditions (1) and (2)

simply rephrase the conditions under which the shrinking and growing relations
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are defined: in the case of the shrinking relation the dependency should be present
and in the case of the growing not; condition (3) says that if a dependency is added
then it cannot be removed.

The traces are defined accordingly.

Definition 6.12. Let ¥ = (E, —,#,>,») be a DCES. A trace of ¥ is a sequence

of distinct events p = e, ---e, with p < E such that

1. p is conflict-free and

2. V1 <i<len(p). ((ic(e;) v ac(piz1,e;))\ de(pi1,€:)) S Pic1-

—_

Example 6.3. Consider the set of events {a,b,c,d,e}, withb — ¢, [b — c|]>a
and d » [e — c|. a and d are the modifiers for the target c, the happening of a has
the effect that the cause b may be dropped, and the one of d that the cause e should
be added for c. If the prefix of the trace is bc (the target c is executed before of one
of its modifiers a and d) then the final part of the trace is any combination of a,e
and d. If the modifier a is executed before c then we have the traces ac followed by
any combination of the remaining three events, abcde and abced and finally if the
two modifiers happen before ¢ we have adecb or adebc and similarly we have daecb
and daebc. Clearly, after the happening of the two modifiers in any order, it not
prescribed that ¢ happens immediately, as it may happen after b which is not any

longer a cause for it.
We now recast in this setting the example discussed in the introduction.

Example 6.4. The events of the seller example illustrated in the introduction are
¢ corresponding to confirm, r to request, n to not-available, a to available
which means available somewhere else, p to pay, d to deliver, i that means that
the good is present in stock and finally u to premUser. The event structure has
Just a pair of events in conflict, namely i and n and the various relations are: the

causal relation is r — i,r — a,i —» ¢,p — d,c — d and u — d, the shrinking



6.4. UNRAVEL NETS AND EVENT STRUCTURES 81

relation is [p — d]>u, [i = c]>n and [u — d] > p and finally the growing relation
isn » [a — c]. Once that the event r happens then there is choice: the good is
present (i) or not (n). In the former situation the confirm message can be issued
(c) and after that the good can be delivered, either after a payment p or because the
one issuing the request is a premium user (u). A trace could be ricpd or ricud. A
premium user can also pay, but this has no influence on the delivering of the good.
In the latter situation (the good is not in stock) the c depends on the availability of
the good at some place (n » [a — c|) and it should not depend any longer from i

(Ii = c]>n). A trace is rnacpd.

6.4 Unravel nets and event structures

In this section we relate unravel nets and event structures. We characterize some
unravel nets and we show how to associate an event structure to them, and then

we will directly consider DCES and associate to a DCES a suitable unravel net.

6.4.1 From unravel nets to event structures

Given an unravel net N = (S, T, F,C, m,[) over a set of labels L, a transition ¢’ € T,
with Pred(t') we denote the set {t € T | t* n *t' # J}. Two different labels e and
¢ in [(T) are said to be in conflict, denoted e % ¢ iff 3t € [7(e) and I’ € I71(¢)
and t # t'. Observe that due to condition (b) of Def. this is well defined.

We start characterizing unravel nets representing event structures where no

modifier is present.

Definition 6.13. Let N = (S, T, F,C,m,l) be an unravel net over the set of labels
L. We say that N is simple whenever [ is injective, C' is empty and for each s € S.

|*s] < 1.

Observe that a simple unravel net is indeed a causal net. To a simple unravel

net a PES can be easily associated. The intuition is the expected one: to each
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place s in the preset of a transition ¢ labeled with an event e we associate a causal
dependency for e, namely with the unique event associate to the transition *s. The

proof of the following proposition is obvious.

Proposition 6.1. Let N = (S, T, F,C,m,l) be a simple unravel net, then E,;(N) =
(I(T'), —,#) is a SPES, where the conflict relation is defined as follows: e # €' iff
e % €, and the causal relation is defined as follows: for each e € I(T), for each

se *I7Y(e) we have l(*s) — e.

The following theorem states that a simple net and the associate SPES have the

same traces.

Theorem 6.1. Let N = (S, T, F,J, m,l) be a simple unravel net and let E,;(N)

be the associated SPES. Then w is a trace of N iff w is a trace of Es(N).

Proof. Observe that a simple unravel net is a special case of unravel net as it is a

causal net. Hence the proof is as in Th. 3.1] |

The requirements for an unravel net to be simple are quite strong. We start in-
vestigating what happens if we drop injectivity of the labeling mapping. Intuitively
this means that we have various implementations of the same activity, as this one
may happen due to various causes which are not any longer in the exclusive or

relation.

Definition 6.14. Let N = (S, T, F,C,m,[) be an unravel net over the set of labels

L. We say that N is semi simple whenever C' is empty and | is not injective.

Consider the net in Fig. [6.1] the transitions t¢3,¢, and ¢5 represent the same
activity c. This activity may be executed after a only (¢3), or after b only (¢5)
and finally after both (¢4). Following the spirit of DES we do not implement a
maximal causal semantics, where the instance of the transition with more or-causes

is executed.
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Figure 6.1: A semi simple unravel net

To this kind of net a DES is associated, as the following proposition shows.
Observe that the bundle are formed in a slightly different way, with respect to the

previous notion.

Proposition 6.2. Let N = (S,T,F,C,m,l) be a semi simple unravel net, then
Ess(N) = (I(T), #,~) is a DES, where

e the conflict relation is defined as follows: e # € iff e % €', and

o the bundle relation is defined as follows: for each e € I(T), consider T, =

[71(e), then
— for each s € (,op, *t we have I(*s) — e, and
- l(UteTe(Use *t .S)) — €.

Proof. The conflict and the enabling relation satisfy Def. [6.6] |

Example 6.5. Consider the net N in Fig. the associated DES Ez(N) has
three events {a,b,c}, the conflict relation is empty (not the one of the net, where

the transitions ts,ty and ts are all pairwise in conflict), and the relation — is

{a,b} — c.

Theorem 6.2. Let N = (S, T, F,C,m,l) be a semi simple unravel net and Eys(N)

be the associated DES. Then w is a trace of N iff w is a trace of Ess(N).
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Proof. Since the traces and the configurations are similar of the ones of a BES the

proof follows the same pattern of the Th. [3.1] |

We introduce now the notion of stable unravel net. The intuition behind this
definition is the following: contextual conditions can be removed (they are initially
marked places, and there is no incoming arc connected to these conditions) or they
can established and they last forever (the places have no outgoing arcs). Given a
transition ¢ such that t # ¢, with Modifiers(¢) we denote the set of labels associated
to the contextual arcs and it is equal to {I(s*) | s €t} U {l(°s) | s € L}, i.e. the set

of transitions putting or removing tokens in t.

Definition 6.15. Let N = (S, T, F,C,m,l) be an unravel net over the set of labels

L. We say that N 1is stable whenever
1. C is not empty,
2. forallteTt+# O = Vset.’s=g v s* =,

3. for alle € I(T), for each marking m € My, for all t,t' € I"'(e) with t # t' if

m[t) then —=(m|[t")), and

4. for all e € I(T), for all t,t' € I7'(e) it holds that & # t # t # & and
Modifiers(t) = Modifiers(t').

In stable unravel nets contextual arcs are used to signal modifiers to a label,
by allowing to trigger the proper instance of that label (the one corresponding to
the proper combination of triggers), whereas in the classical theory of contextual
nets ([MR95| or [BCMOI1]) they are used to either enlarge concurrency or to model
asymmetric conflicts. The final conditions are introduced to assure that equally
labeled transitions cannot be simultaneously enabled at any marking and have
always a non empty context. Stability is not enough to capture shrinking or growing
causality. In fact we have to identify, among the various conflicting transitions

that are equally labeled which is the one representing the occurrence of the event
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Figure 6.2: A well formed unravel net with shrinking causality.

without that any modifiers has happened. Once that we have found that transition
representing the happening without any modifier, we may find out whether the

modifier is a shrinking or growing (or both, but for different labels).

Definition 6.16. Let N = (S,T,F,C,m,l) be a stable unravel net over the set
of labels L. We say that N is well formed (wfn) iff, for all e € I(T), one of the

following holds:
o if|I7'(e)| > 1 then 3 t € I"'(e) such that Vset. *s = & or

o ifI7'(e) = {t} thent = &.

This definition guarantees that among the transitions bearing the same label
there is one that may happen before that all the modifiers have happened. The
second condition say that if there is just one instance of a given label (event) then
there is no modifier for that event.

Due to the two definitions above it is possible to introduce the following set of
labels. Given a wfn N = (S, T, F,C,m,[) and a label e € [(T), with StableC(e) =
(U, «; °8), where ¢ is the unique transition in [~'(e) such that either Vs € t. *s = &
or t = ¢, we denote the set of stable causes of e. Observe that we are identifying,

in the net N, a subset of transitions with a specific label.

Example 6.6. Consider the stable N net in Fig. it 1s clearly a well formed,

the set of modifier for c contains just a and StableC(c) = {(t2,b)}. Instead of,
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Figure 6.3: A well formed unravel net with growing causality.

considering the wfn N’ in Fig. the set of modifier for f contains just d but
StableC(f) = &.

The following definition captures what is the usage of contextual arcs in the

case of removing causes.

Definition 6.17. Let N = (S, T, F,C,m,l) be a wfn over the set of labels L and

let €',e € I(T) such that € # e. We say that € is a shrinking modifier for e iff
o there 3t,t' € I71(e) such that t # ¢, (°¢/,t) € C' and (¢°,t') € C' and
e there exists " € StableC(e) such that €” ¢ (| .y *5).

The set of shrinking modifiers for e is denoted with ShrMod(e).

When the set ShrMod(e) is not empty, one has to identify what are the depen-
dencies that are dropped. These are captured as follows. Consider €' € ShrMod(e),
then there exists t € [7!(e) such that (°¢/,t) € C. The elements that are dropped

are

DropS = {I(7) | 3(°€,t),(e°, ) e C. I(t) =1(t') =e A Te *(*t)} n StableC(e)

Similarly we can define the growing modifier, using the contextual conditions

as well.
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®
(s Es (=

®

Figure 6.4: A wfn such that ShrMod(d) # ¢ and GroMod(d) # J. Contextual
arcs are drawn in red to avoid confusion.
Definition 6.18. Let N = (S, T, F,C ,m,l) be a wfn over the set of labels L and

let €',e € I(T) such that € # e. We say that € is a growing modifier for e iff

o there3t,t' € I7'(e) andt e 7' (&) such thatt # t', (°¢,t) € C and (¢°,t') € C

and

o there exists € € [(|J *s) such that " ¢ StableC(e).

se *t/
The set of growing modifiers for e is denoted with GroMod(e).

Again when the set GroMod(e) is not empty, one has to identify what are the
dependencies that are added. Consider again ¢ € GroMod(e), again there exists
t € [71(e) such that (°¢/,t) € C. The elements that are added are

AddS = {I(t) | ¢ %t A (€°,¢) € C}\I(StableC(t))

e T

Example 6.7. Consider again the nets of the Fig.[6.2 It has a shrinking modifier
a for the label ¢ (ShrMod(c) = {a}) and Drop; = {b}, whereas the one in the Fig.
has a growing modifier d for the label f (GroMod(f) = {d}) and Add} = {e}. In
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the case of the wfn in Fig. we have that the label d has two modifiers: e and f,

where e 1s both shrinking and growing, whereas f is only shrinking.

The following two propositions characterize event structures associated to wfns

where only one kind of modifier is present, either shrinking or growing.

Proposition 6.3. Let N = (S, T, F,C,m,l) be a wfn such that Ueel(T) ShrMod(e) #
& and Ueeyry GroMod(e) = &, then Eg(N) = (I(T), #, —,>) is a SES, where

1. the conflict relation is defined as follows: e # €' iff e % €,

2. the causality relation is defined as follows: for each e € I(T), for each s €

*I=Y(e), for each t € *s we have l(t) — e, and

3. the shrinking causality relation is defined as follows: for all e € [(T), for each

¢’ € ShrMod(e) define [ — e]| > € where ¢” € Dropg, .

Proof. We must prove that 3) implies 2), in particular ¢’ € Dropg, implies " — e.
Recall Dropg, = {I(t) | 3(°€/,t), (¢/°,t') € C.I(t) = (') = e n t € *(*t)}nStableC(e),
it holds I(t) = €” for some ¢ € *(*t) and, since €” is also a stable cause, then it

belongs to the set () of item 2), hence e’ — e. |

Proposition 6.4. Let N = (S, T, F,C,m,l) be a wfn such that | ] T) ShrMod(e) =

eel(

& and | Jeey(r) GroMod(e) # &, then £, (N) = (I(T), #, —,») is a GES, where
1. the conflict relation is defined as follows: e # €' iff e % €,

2. the causality relation is defined as follows: for each e € I(T), for each s €
*I=1(e), for each t € *s we have I(t) — e provided that for all € € GroMod(e)

it holds that I(t) ¢ AddS,, and

e’

3. the growing causality relation is defined as follows: for all e € [(T), for each

e’ € GroMod(e) define & » [¢" — e] where e” € Add;,.
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Proof. We prove that ¢ » [¢’ — e] implies —(e” — e). Suppose ¢’ — e then
[(t) = ¢ for each t € *s and for each s € *I~!(e) but I(t) ¢ AddS, which contradicts

the hypothesis on €e”. [ |

Example 6.8. The shrinking event structure associate to N in Fig. is [b —

c|t>a, whereas the growing event structure associated to N' in Fig. isd » [e — f]
As before we have the following two theorems.

Theorem 6.3. Let N = (S, T, F,C,m,l) be a wfn such that Ueel(T) ShrMod(e) # &
and ey GroMod(e) = &, and let Ex(N) = (I(T),#,—,1>) be the associated

SES. Then w is a trace of N iff w is a trace of Egn(N).

Proof. (=) Let 0 € RY with o = m[ty)my [tayma - my_1 [tn)m,, and let 7 =
[(tits - - - t,) the associated trace. We have [(t;) # [(t;) for all 0 < 4, j < n, otherwise
ti# t; would be in conflict against the hypothesis of belonging to the same net trace,
then the sequence of labels 7 = [(t1ty - - - t,,) contains no duplicates, as required by
Def. [6.8] Also no labels are in conflict, so the sequence is conflict free. It remains
to prove that V1 < i < len(7). (ic(e;) \de(Ti—1,€i)) € Timi. If len(r) = 0 then
the empty sequence of events of E,(N) is trivially a trace. Suppose that it is true
for net trace of length n. Let I(tits-- - t,tn41) the new trace of length (n + 1).
Let e = 7Y (t,41), we have lead(o) [t,y1) where lead(o) is the marking reached
executing the firing sequence o, and since m,, < *I7'(t,,1) and {t,} S °*m,, by
Prop. [6.3] I(t) — e.

(<) Again, by induction on the length of the trace. The proof is similar to the
(<) part of Theorem. but we must take into account that a trace of a SES is
a sequence of labels and each of these can map into several transitions of the net.
However, by condition 2) of Def at each marking only one transition bearing

the same label can be enabled, so there is no ambiguity in the trace of N. [ |

Theorem 6.4. Let N = (S, T, F,C,m,l) be a wfn such that Ueel(T) ShrMod(e) = &
and ey GroMod(e) # &, and let £, (N) = (I(T),#,—,») be the associated
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GES. Then w is a trace of N iff w is a trace of 4 (N).

Proof. (=) Let 0 € RY with o = m[ty)my [t2)ma - my_1 [t,)m,, and let 7 =
[(tyts - - - t,,) the associated trace. We have [(;) # [(t;) for all 0 < i, j < n, otherwise
ti# t; would be in conflict against the hypothesis of belonging to the same net trace,
then the sequence of labels 7 = [(t1t5 - - - t,,) contains no duplicates, as required by
Def. [6.8] Also no labels are in conflict, so the sequence is conflict free. It remains
to prove that V1 < i < len(r). (ic(e;) U ac(Ti—1,€;)) € Ti—1. If len(7) = 0 then
the empty sequence of events of E,(N) is trivially a trace. Suppose that it is true
for net trace of length n. Let [(tits---t,t,11) the new trace of length (n + 1).
Let e = [7'(t,41), we have lead (o) [t,41) where lead(c) is the marking reached
executing the firing sequence o, and since m, < *I"*(t,,1) and {t,} S °*m,, by
Prop. , [(t) — e because it is a stable cause of e, i.e. cannot belong to Add;g;l“).

(<) Again, by induction on the length of the trace. The proof is similar to the
(<) part of Theorem. but we must take into account that a trace of a SES is
a sequence of labels and each of these can map into several transitions of the net.
However, by condition 2) of Def at each marking only one transition bearing

the same label can be enabled, so there is no ambiguity in the trace of N. [

We can now put together what we have seen up to now obtaining a DCES.

Proposition 6.5. Let N = (S, T, F,C,m,l) be a wfn such that if &' € (Ueel(T) ShrMod(e)n
Ueci(r) GroMod(e) # &) it holds that Dropg nAddy = &, then E,y(N) = (I(T), #, —

,I>, ») is a DCES, where

e the conflict relation is defined as follows: e # € iff e % €,

e the causality relation is defined as follows: for each e € I(T), for each s €
*I=Y(e), for each t € *s we have I(t) — e provided that for all & € GroMod(e)

it holds that I(t) ¢ Adde

e

e the shrinking causality relation is defined as follows: for alle € [(T'), for each

¢’ € ShrMod(e) define [ — €| > € where €” € Drop,, and
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e the growing causality relation is defined as follows: for all e € I(T'), for each

e’ € GroMod(e) define &’ » [e — €'] where e” € Add;,.
Proof. Tt follows from Prop. and [6.4] [

Example 6.9. Consider the net in Fig. [6.4. The sets of modifiers for d are
ShrMod(d) = {e,f} and GroMod(d) = {e}, Drop? = {a}, Drop{ = {b} and Add¢ =
{c} and finally StableC(d) = ¢J. The associated DCES has the following enabling
relation: a — d and b — d, the conflict relation is empty, the shrinking causal-
ity relation is [a — d] > e and [b — d] > f and the growing causality relation is

ep [c—d].

Theorem 6.5. Let N = (S, T, F,C,m,[) be a wfn such that if e’ € (Ueel(T) ShrMod(e)n
Ueci(r) GroMod(e) # ) it holds that Dropy n Addg = &, and let E,(N) =
(I(T), #,—,>,») be the associated DCES. Then w is a trace of N iff w is a

trace of Es4(N).

Proof. 1t follows from Th. [6.3] and |

6.4.2 From DCES to unravel nets

The idea here to associate to each event of the event structure a set of equally
labeled transitions, each of them represent one of the possible enabling conditions
of the event.

We start defining a number of sets we will use in the following. Consider a

DCES X = (E, #, —, >, ») then, for each e € E

e Before(e) = {&/ | & > e v & » [¢ — e]} is the set of events that causally

are before e, also potentially, in the case of growing causality,

o After(e) = {e/ |e > & v €& » [e > €]} is the set of events that causally are

after e, also potentially, in the case of growing causality,
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e ModShr(e) = {e' | [¢" — e]| > €'} is the set of shrinking modifiers for a certain

event e,

e ModGro(e) = {&' | ¢ » [ — €]} is the set of shrinking modifiers for a certain

event e,

o Less(e, X) = {e'| 3" € X. [¢' —> e] > ¢€"} is the set of cause of e that may be

removed due to a modifier in the set X,

e More(e, X) = {¢' | 3" € X. &" » [¢/ — €]} is the set of cause of e that may

be added due to a modifier in the set X, and
e Solid(e) = {¢' | & — e}.

For each event e and each subset of modifiers ModShr(e) U ModGro(e) we will
introduce a transition labeled with e. Among all the transitions with the same
labels the one that should be executed is the one where all and only the modifiers

in the subset have been previously executed.

Proposition 6.6. Let ¥ = (E,#,—,>,») be a DCES. Then to X we associate the

win N(X) = (S, T, F,C,m,l) where
1. S = (Ex{+})U(Ex{o})u{(e,&,—) | ¢ € After(e)} u{(e, &, —) | e € Before(e’)}u
{({e.e'},#) [ e # €},
2. T={(e,X)|eeE A X < ModShr(e) u ModGro(e)},

3. (s,t) € F' whenever one the following holds:

(a) s =(e,) and t = (e, X), for any X,

(b) s = (¢,e,—) and t = (e, X) with either ¢ € Solid(e)\Less(e, X N
ModShr(e)) or €' € Solid(e)\More(e, X n ModGro(e)),

(c) s=(Y,#), witht = (e, X) ande€ Y, for any X,

4. (t,s) € F whenever one the following holds:
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(a) s =(e0) andt = (e, X), for any X,

(b) s=(ee,—) andt = (e X), for any X,
5. (s,t) € C whenever

(a) s =(€&,*) and t = (e, ), for all &€ € ModGro(e) U ModShr(e) # ¥,
(b) s=(€,%) and t = (e, X) if &’ ¢ X n ModShr(e),

(c) s=(€,0) andt = (e, X), if € € X n ModGro(e),

6. m(s) =1 iff s is equal to (e, *) or to (e,e',#) and it is equal to 0 otherwise,

and
7. l(e,X) =e.

Proof. We first prove that N (X) is stable (see [6.15). Requirements 1) and 2) of
Def. are trivially achieved by 5). To prove 3) of we notice the each
transition with the same label e, (e, X), differs by the subsets X of modifiers which
has been executed before e, this means that when one of transitions of [71(e) is
executed the preset of the others bearing the same label is partially marked because
the subset of modifier (which define the preset) is different (otherwise it would be
the same transition). Last requirement for being a stable unravel net says that all
transitions with the same label have a not empty context and the modifiers map in
the same sets of labels. This is true in A/ (X) because, by construction all transition

are built taking all possible subsets of modifiers of the same label.

Condition 5) captures the fact that A'(X) is a wfn (Def. [6.16]). [

Each target of modifiers has a number of different implementations depending
on the set of modifiers that has happened. The flow and contextual relation are

defined easily using the sets of labels defined before Prop. [6.6]

Example 6.10. Consider the DCES where the causal relation isa — d and b — d,

the empty conflict relation, the shrinking causality relation is [a — d] > e and
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Figure 6.5: The unravel net of the seller in example

[b — d]| > f and the growing causality relation is e » [c — d]. It is straightforward

to check that the synthesized wfn is the net in Fig. [6.4)

Theorem 6.6. Let ¥ = (E,#,—,>,») be a DCES, and let N(X) = (S, T, F,C,

m, [) be the associated unravel net. Then w is a trace of X iff w is a trace of N'(2).

Proof. (=) By induction on the length of a trace w.

If w is the empty trace, then w is also a trace of N(X). If len(w) = 1 and
w = {e} then [7'(e) is connected to the initial marking, i.e. *I~'(e) < S,,, hence
e is also a trace of N(X). Assume that, for len(w) = n, it holds w € Tr(N (X)),
w = e;---e, with w € E and consider the trace we,; € Tr(X). According to

Def. [6.12] we can have four cases:

L. ac(Wy, eny1)) = de(Wy, eny1)) = .
Then ic(e,;1) S w,. Hence when [7!(e,) is executed all places of the form

(¢/,e,41,—) are marked which coincide with *(e, 1, &),

2. dc<w_n7 en+1)) = @
The causes of e,,; are all the initial ones plus those added by the adding

modifiers, which lead to one of the presets of the transitions [=!(e, 1) to be
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satisfied (not more than one because it is a stable unravel net),

3. ac(Wy,eny1)) = G or & # ac(wW,, e,11)) # de(Wy, e,41)) # . This case can
be treated as 2), i.e. when [~!(e,) is executed (and only one of them is) only

one of the preset of [7!(e, 1) will be marked.

(<) Again we do the proof by induction on the length of the trace. For the empty
trace the thesis is trivial. Let u = I(tity---t,) € Tr(N(X)). Then there exists a
fs o such that run(o) = u. Consider the trace u - t,,1 € Tr(N(X2)). By inductive
hypothesis (t1ty---t,) is a trace of 3, and that ¢, is enabled at the marking
lead (o). We show that ((ic(I(tns1)) U ac(l(un), {(tne1))\de(l(tn), (tns1))) S Tn.
As t, 41 is enabled at the marking lead (o), we have that the places (¢/, e, —) are

marked, where e = I(t,,41) and each €' satisfies ((ic(e’)vac(l(u,—1),€" )\ de(l(uy—1),€')) <

Up—1. Then

1. € € u, for each €,

2. ¢ € ((ic(l(tns1)) U ac(l(tn), L(tns1))\ de(l(tn ), l(tay))) for each €,

From these two conditions it follows that (w,_7 N all the € defined above) < @,.

Clearly we is conflict free. [ |

Observe that &, (N(X)) gives indeed ¥ but this is not in general true if, starting
from a wfn NN satisfying all the condition in Prop. [6.5| we do not in general obtain

the same net after applying N (&, (N)).

Example 6.11. Consider the seller described in the introduction and formalized
as DCES X in Ex. [6.4 The associated net N'(X) is the one depicted in Fig. [6.5
The event s has four instances, as it has two modifiers (p and u), hence the four
transitions are (s, &), (s,{p}), (s,{u}) and (s,{p,u}), whereas the event c has just
two instances as there is just a modifier acting as a modifier letting the dependencies

grow and shrink at the same time.
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Chapter 7

Conclusion

We try to draw some conclusions that are more a way to settle what we have
reached and what we can imagine to do in the future development of the ideas we

have presented.

The unravel nets turned out to be a flexible tool for representing in a compact
way the non-sequential behavior of Petri nets. Furthermore, as in the case of causal

nets, they have a strong connection with the event structures domain.

We have shown that bundle event structures can model faithfully the behaviours
of unravel nets and vice versa, w.r.t event traces. Then they have been put into
the context of the classic non-sequential semantics for Petri nets, namely the one of
unfoldings, and they proved to capture their compact representations. From this
we developed a general framework which, through the notion of merging relation,
is capable of defining different criteria for merging places and transitions. Finally
we took a more expressive notion of event structure and shown that the unravel

nets with read arcs are the proper counterpart of some of these notions.

We foresee some developments that we briefly summarize.

97
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7.1 Causal conditions

The notion of unravel net allows one to obtain causal dependencies that have a
local flavour which, in the context of property verification, is of limited use. It
would instead be nice to be able to add some conditions to ensure that the whole

subnet identified by these conditions is acyclic.

An attempt in this direction is the one proposed in [CP14] where a notion of
causal condition is proposed. Roughly speaking a causal condition is associated
to the i — th resource with a certain label (hence, if the resource is b, tok(b) = )
and it records all the possible ways this token is produced. This information is
based on the notion of neighbourhood of a transition. Formally the neighbour-
hood is defined as follows: Let N = (ST, F,m) be a net, and let ¢t € T, with
O@) ={t' |t e *sort € ¢ with s € °t and ¢ € t*} U {t} we denote the
neighborhood of t, namely the transitions following and preceding t, including t.
The transitions in the neighborhood of ¢ are used to find the local name of the
occurrence of the transition in the unfolding, and the name is used to character-
ize also internal and control places. To this aim, we introduce an equivalence on
words (on alphabets containing the names of transitions in the net we have to
unfold). Let N = ({S,T, F,m),v) be a multi-clock net, and let 7" < T be a subset
of transitions, and let w,w’ two words on (7")*, the for all ¢t € T', we say that
w ~¢ w iff for all s € [*t]], |proj(w, *s)| = |proj(w’, *s)| and for all s € [[t*],
|proj(w, *s)| = |proj(w’, *s)|, where the operation proj(w, X) takes a word on an
alphabet containing X and deletes all the symbols that are not in X and with
(w)) ~, we denote the equivalence class of the word w. Control places and transi-
tions are pairs where the first component is an equivalence class of words on an
alphabet of transitions (restricted to the transitions of an automata forming the
multi-clock net) and the second component is a transition. The first component

of a control place, the equivalence class, encodes all the equivalent (local) histories
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leading to the same future, represented by the name of the transition in the second

component.

Unfortunately adding these conditions (connected to the events consuming the
resource they are associated to, or to the events producing that resource and that
are in the one of the local histories coded by the word) does not enforce acyclicity
when restricting to these places, for the same reason it does not in mergend pro-
cesses. Furthermore control places do not guarantee that the resulting net is an

unravel one.

Still it is worth investigating if a suitable subset of control places and conflict

places can lead to positive results.

7.2 Heterogeneous partitions

Merging criteria depends on which kind of information on places we consider to be
of any interest. For instance, merged processes take the token occurrences while
trellis processes take time occurrences of a labeled place. We can think of combining
those two or defining new ones, and, with or without conflict places we are able to
maintain the unravel net status. If we are able to partition unravel nets, one could
imagine to apply different criteria to different partitions. For example, consider a
net with three partitions vy, v, 3, where vy is a generic branching processes, vs
is a branching processes result of the unfolding of a multi-clock net, and v3 is an
unravel net with no specific characteristics. It would be interesting to study how
different merging criteria behave in such scenario:e.g. if we use occurrence depth
in vy, height in 5, and another proper measure in v3 will the unravelness property
preserved? if not, it is possible to enforce it? How do this merging would perform
with respect a suitable global merging relation? We do believe that the answer to

these questions is positive.
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7.3 Merging relation and contextual unravel nets

The kind of contextual unravel nets we have considered can be easily reduced to
unravel nets without read arcs. One may think to develop a way to define merging
relations to include contexts. In [RSK13| the authors introduce merged processes

for contextual Petri nets (CMP). From our point of view several questions arise:
e Are contextual merged processes also contextual unravel nets?

e If the answer to the previous question is negative, can they the property of

being an unravel net somehow forced as we did in this thesis?

e Since CMP configurations differ from classic mp-configurations, can we find

the same correspondence with configurations of contextual unravel nets?

7.4 Reveals relations vs merging relation

Reveals relations [BCHI3| [HKS13] are relations on transitions defined in causal
nets. A transition a reveals another transition b, a > b if for any maximal run
containing a, b is present. Reveal relations are neither symmetric nor antisymmet-
ric, but their symmetric closure turns them into equivalence relations. The set of
transitions partitioned in this way, called facets, are such that if one belongs to a
run, then all the equivalent transitions in the class are in it, which implies that
runs can be seen as set of facets. By quotienting the net under these relations one
obtain a more concise representation of the causal net called tight net. Since causal
nets are unravel nets, it is natural to think if the tight nets are and, if so, what

relationships can be find between reveal and merging relations.
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