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TWO SOLUTIONS FOR FRACTIONAL p-LAPLACIAN
INCLUSIONS UNDER NONRESONANCE

ANTONIO IANNIZZOTTO, EUGENIO M. ROCHA, SANDRINA SANTOS

ABSTRACT. We study a pseudo-differential inclusion driven by the fractional
p-Laplacian operator and involving a nonsmooth potential, which satisfies non-
resonance conditions both at the origin and at infinity. Using variational meth-
ods based on nonsmooth critical point theory (Clarke’s subdifferential), we
establish existence of at least two constant sign solutions (one positive, the
other negative), enjoying Holder regularity

1. INTRODUCTION AND MAIN RESULT

In this article we study the problem
(=A)pu € dj(z,u) in

1.1
u=0 1in Q°. (1.1)

Here Q ¢ RY (N > 1) is a bounded domain with a C? boundary 99, p > 1 and
s € (0,1) are real numbers such that ps < N, and (—~A); denotes the fractional
p-Laplacian, namely the nonlinear, nonlocal operator defined for all v : RN — R
smooth enough and all z € RN by

ot =2ty [ A= ag)

(which in the linear case p = 2 reduces to the fractional Laplacian up to a di-
mensional constant C(N,p,s) > 0, see [0, 14]). Moreover, Jj(x,-) denotes the
generalized subdifferential (in the sense of Clarke [I0]) of a potential j : @ xR — R
which is assumed to be measurable in €} and locally Lipschitz continuous in R.
Thus, problem can be referred to as a pseudo-differential inclusion in €2, cou-
pled with a Dirichlet-type condition in Q¢ = R™ \ © (due to the nonlocal nature of
the operator (—A)7).

Nonsmooth problems driven by linear and nonlinear operators, such as the p-
Laplacian, have been extensively studied in a variational perspective, since the
pioneering work [9]. The use of variational methods based on nonsmooth critical
point theory allows to establish several existence and multiplicity results for prob-
lems related to locally Lipschitz potentials, which can be equivalently formulated
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as either differential inclusions or hemivariational inequalities, see [2], [1T], 18] 20, 23]
277, 131, 34, 35, [36] and the monographs [16, 32], B3].

The study of nonlocal problems driven by fractional-type operators (both linear
and nonlinear) is more recent but rapidly expanding, because of both the important
applications of nonlocal diffusion in several disciplines (for instance, in mechanics,
game theory, population dynamics, and probability) and to the intrinsic mathe-
matical interest: indeed, fractional operators induce a class of integral equations,
exhibiting many common features with partial differential equations. Out of a vast
literature, let us mention the results of [Il [ 6, [7, 177, 211, 24, 40], 42 43] (linear
case) [3, 5l 13} 151 19l 221 25] 26, 28|, B0} 38, B9, 41] (p-case), as well as [8], 14}, 29]
for a general introduction to fractional operators.

Our work stands at the conjunction of these two branches of research. By apply-
ing nonsmooth critical point theory, we shall prove the existence of two constant
sign, smooth weak solutions for problem . Precisely, on the nonsmooth poten-
tial 7 we will assume the following:

(H1) j: Q@ x R — R is a function such that j(-,0) = 0, j(-,¢) is measurable in
Q for all t € R, j(x,-) is locally Lipschitz continuous in R for a.e. z € Q.
Moreover,

(H2) for all p > 0 there exists a, € L>(2)4 such that for a.e. z € Q, all |t| < p,
and all £ € 0j(x,t), [£] < ay(z);

(H3) there exists § € L ()4 such that § < Ay, § £ Ay, and uniformly for a.e.
r €€,

lim sup —_—
|t|— o0 EEB](;C o) |t[P—2t —

0(x);

(H4) there exist 1,12 € L®(Q)4 such that Ay <1y <19, m1 Z A1, and uniformly

for a.e. z € Q)
m(z) <liminf min L < limsup ¢ < ma(z);
t—0 ¢€0j(z,t) |t|p 2t~ 0 568] act) |t|p 2t —

(H5) for a.e. x € Q, allt € R, and all £ € 9j(x,t) & > 0.

In (H3) and (H4), A\; > 0 denotes the principal eigenvalue of (—A)?5 with Dirichlet
conditions in  (see Section [2 below), so these conditions conjure a nonresonance
phenomenon both at infinity and at the origin. Here we present an example of a
potential satisfying (H1):

Example 1.1. Let 8,7 € L>(Q) be such that 6 < Ay <7n,and j: 2 xR — R be
defined for all (z,t) € Q x R by

28 e if [¢] < 1

j(l’,t) = 0(:10 6(x)

[tP + In([t]?) + 220D ff) > 1,

Then j satisfies (H1)—(H5).

To the best of our knowledge, this is the first existence/multiplicity result for a
nonlocal problem involving fractional operators and set-valued reactions in higher
dimension, while we should mention [44], [45] for the ordinary case (the first based
on fixed point methods, the second on nonsmooth variational methods). We also
recall a nice application of nonsmooth analysis to a single-valued nonlocal equation
n [12]. Our main result is as follows:
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Theorem 1.2. If hypotheses (H1)—(H5) hold, then problem (1.1) admits at least
two solutions uy,u_ € C*(Q) (o € (0,1)) such that u_(x) < 0 < uy(x) for all
x €.

This article has the following structure: in Section [2] we recall some basic notions

from nonsmooth critical point theory, as well as some useful results on the fractional
p-Laplacian; and in Section [3| we prove our main result.
Notation: Throughout the paper, for any A C RY we shall set A° = RV \ A.
For any two measurable functions f,g: Q — R, f < g will mean that f(z) < g(z)
for a.e. z € Q (and similar expressions). The positive (resp., negative) part of f
is denoted fT (resp., f~). If X is an ordered Banach space, X, will denote its
non-negative order cone. For all ¢ € [1,00], || - ||; denotes the standard norm of
L(Q) (or LY(RY), which will be clear from the context). Every function u defined
in  will be identified with its 0-extension to RY.

2. PRELIMINARIES

We begin this section by recalling some basic definitions and results of nonsmooth
critical point theory. For the details, we refer to [10, 16, B2]. Let (X, ]| -||) be a real
Banach space and (X*, || - ||«) its topological dual. A functional ¢ : X — R is said
to be locally Lipschitz continuous if for every u € X there exist a neighborhood U
of v and L > 0 such that

lp(v) — o(w)| < L|jlv — w|| for all v,w € U.

From now on we assume ¢ to be locally Lipschitz continuous. The generalized
directional derivative of ¢ at v along v € X is

©°(u;v) = limsup plw +tv) = go(w).

w—u, t—0t+ t

The generalized subdifferential of p at u is the set
dp(u) = {u* € X*: (u*,v) < ¢°(u;v) for allv e X }.

We say that u is a critical point of ¢ if 0 € Op(u). The following Lemmas display
some useful properties of the notions introduced above, see [16, Propositions 1.3.7-
1.3.12]:

Lemma 2.1. If ¢, ¥ : X — R are locally Lipschitz continuous, then

(i) ¢°(u;-) is positively homogeneous, sub-additive and continuous for all u €
X;

(ii) @°(u; —v) = (—p)°(u;v) for all u,v € X;

(iii) if ¢ € CH(X), then ©°(u;v) = (¢'(u),v) for all u,v € X;

(i) (p+ ) (usv) < @°(usv) + ¥°(uiv) for all u,v € X
Lemma 2.2. If p,9 : X — R are locally Lipschitz continuous, then

(i) Op(u) is convez, closed and weakly* compact for allu € X ;
(ii) the multifunction Op : X — 2X" is upper semicontinuous with respect to
the weak® topology on X*;
) if p € CH(X), then Op(u) = {¢'(u)} for allu € X;
) O(Ap)(u) = Ndp(u) for all X e R, u € X;
v) O(¢ +¢)(u) C 0p(u) + 0Y(u) for allu € X;
)

if w is a local minimizer (or mazximizer) of ¢, then 0 € Op(u).
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Now we deal with integral functionals defined on LP-spaces by means of locally
Lipschitz continuous potentials. Let Q C RY be as in the Introduction and jy be a
potential satisfying

(H6) jo : & x R — R is a function such that jy(-,¢) is measurable in € for all
t € R, jo(z,-) is locally Lipschitz continuous in R for a.e. x € Q. Moreover,
there exists ap > 0 such that for a.e. z € Q, all t € R, and all £ € 9jy(z,t)

€] < aoltfP~.
For u € LP(Q)), we set
Jo(u) = /Qjo(:z:,u) dz,
and define the set-valued Nemytzkij operator
No(u) ={w € LP(Q) : w(z) € djo(x, u(x)) for a.e. € Q}.
From [I0, Theorem 2.7.5] we have the following statement.

Lemma 2.3. If jo satisfies (H6), then Jy : LP(Q) — R is Lipschitz continuous on
any bounded subset of LP(Y). Moreover, for all u € LP(Q)), w € dJy(u) one has
w e No(u)

Now we collect some useful results related to the fractional p-Laplacian defined
in (L.2). First we fix a functional-analytical framework, following [I4, 19]. For all
measurable u : RV — R we define the Gagliardo seminorm [u], , by setting

// |u(z) —uly)P d dy
o RN xRN |fl7*y|N+pS 7

then we introduce the fractional Sobolev space
WeP(RN) = {u e LP(RN) : [u],, < oo},

endowed with the norm [[ul|% , = [lul[}+[u]% ,. Letting Q be as in the Introduction,
and taking into account the Dirichlet-type condition, we restrict ourselves to the
space

WeP(Q) = {ue WHP(RY) : u(z) =0 for a.e. z € Q°}.

Because of the fractional Poincaré inequality (see [14, Theorem 7.1]), W;'?(2) can

be normed by means of ||u| = [u]s,. With such a norm, (Wy*(Q),[ - |) is a
separable, uniformly convex (hence, reflexive) Banach space. We set
ot = Np
$ N —ps

Then the embedding W?(Q) < L9() is continuous for all ¢ € [1, p*] and compact
for all ¢ € [1,p%) (in particular, for ¢ = p), see [14, Corollary 7.2]. Moreover, we
denote by (WP (2)*,] - ||+) the topological dual of (W (), ] - ).

The operator (—A)3 can be represented by a duality mapping A : W;P(Q) —

p
WyP(2)* defined for all u,v € Wi (Q) by

. u(e) — wly) P> 0(z) — u) (o) ~ o)
0 o iody

|z — y|NFps

which satisfies the (S)-property, namely, whenever u,, — u in W5"*(Q2) and

lm(A(up), un, — uy =0,
n
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then we have u, — u in W;*(Q) (see [19, B37]). Now we consider the (L.I))-type

problem
(=A)ju € djo(w,u) in Q

u=0 1in Q°,
where jo satisfies (H6). We introduce the following notion of weak (or variational)
solution.

Definition 2.4. A function u € W;'P(Q) is a (weak) solution of (2.1)) if there exists
w € Ny(u) such that for all v € WP (Q)

(A(u),v) = / wv dx.
Q
Recalling that WP (Q) — LP(Q), conversely we have L?' () — WSP(Q)*, so
Definition can be rephrased by
A(u) =w in WP (Q)*. (2.2)

By means of , problem is somewhat reduced to a pseudodifferential equa-
tion (with single-valued right hand side), to which we can apply most recent results
from fractional calculus of variations. We begin with uniform L°°-bounds, whose
proof closely follows that of [I9, Theorem 3.1]:

(2.1)

Lemma 2.5. If jo satisfies (H6), then there exists Cy > 0 such that for all solution
ue WP (Q) of (2.1) one has uw € L>(Q) and

[ulloe < Co(1 + [lull)-

Proof. Without loss of generality we may assume u®™ # 0 (the case u~ # 0 is
analogous). By Definition there exists w € Np(u) such that (2.2)) holds. By
(H6) we have for a.e. x € Q

()] < aglu(z)P~". (2.3)

Choose p > max{1,||ul|,;'} (to be determined later) and set v = (p|lull,) 'u €

WeP(Q), so that [loll, = p~' < 1 and A@) = (pllull;)» " A(w) by (p — 1)-
homogeneity of the fractional p-Laplacian. For all n € N set
1\t s
v, = (v 1+ 27) e WP (),
in particular vg = v™. The sequence (v,,) is pointwise nonincreasing as for all n € N,
a.e. z € Q we have 0 < v,,11(z) < v,(z), and v, (z) — (v(z) — 1) as n — oo for
a.e. x € §). Moreover we have for all n € N,

{opp1 >0} C{o<v< (@ = 1v,} N {vn > (2.4)

1
2n+1 }
Indeed, for a.e. z € 2 such that v,41(z) > 0 we have v(z) >1—2"""1 > 1 -2,
hence v(x) > 0 and v, (x) > 27"~!. Further, we have

2" = Dou(z) —v(z) = 2" = 2)o(z) + (2" - 1)(2% - 1>

n 1
= (2 +1—2)<v(ac)—1+ 2n+1) >0,

which proves (2.4)). Set R, = [[v,[|}, so (R,) is a nonincreasing sequence in (0, 1).
We claim that

lim R, = 0. (2.5)
n
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Indeed, for all n € N, we have

Rn+1 - / v£+1 d.fL'
{vn41>0}
1

{vn > TS }’PPJ (by Hoélder’s inequality and )

< ol

< ”vnﬂHZ; (2p(n+1)/

{U”>277L—1}

pi—p

P dz) " (by Chebyshev’s inequality)

*

PE—P

< cil|vpg|? (2p("+1)Rn> v (by the fractional Sobolev inequality, ¢; > 0).
Besides, testing (2.2) with v,+1 € W3P(Q2) we have

[onsa[|” < (A(v), vni1)

=l [ w2 do

< (pllull,)*? / aolu? v dz (by (@3))

{vp4+1>0}

~1
= ao/ [v]P™ g1 dae
{vn+4+1>0}

< ao/ (2" = 1)v, )P Mg dz (by ([24))
{vn4+1>0}

< ap(2"tt —1)P! / vl dz (by monotonicity of (vy))
{'Un>0}

=ag(2" —1)P7IR,.

Concatenating the above inequalities, we obtain the recursive formula

Rn+l < HW'+1R:L+B7 (26)
where the constants H > 1, 8 € (0,1) (independent of u) are given by
H = max{1,apc; }2771, g = ]757:]?
Ps

Now we fix
—1 148 1
p=max {1,|lull,*, H#* }, n=H"75€(0,1).
We have for that all n € N,
,r]n
R, < e (2.7)

We argue by induction on n € N. Clearly Ry < p~P. If (2.7) holds for some n > 1,
then by (2.6 we have

n+1

n\ 148
Ry < H™ (%) < o
p P
Recalling that n € (0,1), from (2.7) we deduce (2.5). Thus we have v, — 0 in
LP(Q). Passing if necessary to a subsequence we have v,(z) — 0 for a.e. x € Q,
which, along with v,(x) — (v(z) — 1), implies v(z) < 1 for a.e. z € Q. An
analogous argument applies to —v, therefore we have v € L>(Q) with ||v]e < 1.
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Going back to u and recalling the definition of p, we have v € L% () with

[ullso < pllullp
1
= max{||ull, 1, H 75 [ul|,}

< Co(1 + [[ul])

for some Cjy > 0 which does not depend on u. O

Remark 2.6. If in (H6) the exponent p—1 is replaced by ¢—1 for some ¢ € (1, p%),
some uniform L>-bounds still hold (see [19]). We kept this special assumption for
the sake of simplicity.

Weak solutions exhibit Holder regularity up to the boundary. For a € (0,1), we

shall use the function space C*(£2), endowed with the norm

|u(z) — u(y)]
lull ey = lt]loo +  sup ————25.
oy = il +sup MO
Lemma 2.7. If jo satisfies (H6), then there exist a € (0,s], Ko > 0 such that for
all solution u € W3'P(Q) of [2.1) one has u € C*(Q) and

[ull oo @y < KoL+ JJul]).

Proof. By Lemma [2.5| we have u € L*(Q) and ||ul| < Co(1 4+ ||ul|), with Cy > 0
independent of u. Let w € Ny(u) be as in Definition then by (H6) we have

lwlloo < aollull5 < (1 + [lul”™)

for some ¢z > 0 independent of u. Now [22, Theorem 1.1] implies u € C*(Q) and

1

[ullgamy < eallwllE™ < Ko(L+[|ull),
with ¢3, Koy > 0 independent of wu. |

No regularity higher than C* can be expected in the fractional framework, as
was pointed out in [40] even for the linear case (fractional Laplacian). In particular,
solutions do not, in general, admit an outward normal derivative at the points of
09 and, as a consequence, the Hopf property is stated in terms of a Holder-type
quotient (see [I3] and Lemmas [3.1] and [3.2] below).

Similarly to the case of the p-Laplacian (s = 1), the spectrum of (—A); includes
a sequence 0 < A\ < A < ... < A; < ... of variational eigenvalues with min-
max characterizations (see [5, [15] 25], 28] [38] 4] for a detailed description of such
eigenvalues). Here we shall only use the following properties of A;:

Lemma 2.8. The principal eigenvalue Ay of (=A)s in W5*(Q) is simple and
isolated (as en element of the spectrum), with the following variational characteri-
zation:

[l

wewg P(@\{o} [[ullp’

A =

The corresponding positive, LP(Q)-normalized eigenfunction is uy € C%(Q).

The following result is crucial in obtaining the constant sign solutions of (|1.1)),
exploiting hypothesis (H1) (H2) (nonresonance at infinity):
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Proposition 2.9. Let § € L*(Q)y be such that 8 < A\, 0 £ A1, and ¢ €
CHWSP(Q)) be defined by

wi) = Jull? = | ofa)up de.
Then there exists 0y € (0,00) such that for all u € WP (Q)
P(u) = bol|ull”.
Proof. By Lemma [2.8) we have for all u € WP (Q)
P(u) = Jull” = Adflull; = 0.

To complete the proof, we argue by contradiction: we assume that there exists a
sequence (uy) in Wy"*(Q2) such that [ju,| =1 for all n € N, and ¢(u,) — 0. By
reflexivity of Wi(€Q) and the compact embedding W (Q2) — LP(f2), passing if
necessary to a subsequence we have u, — u in W;*(Q2) and u,, — u in LP(Q), as
well as u,,(z) — u(x) for a.e. z € Q. By convexity

tsn nf | > [Ju]”

while by the dominated convergence theorem

lim/9(x)|un|pdx:/0(:c)|u|pdx.
n Ja Q

Thus we obtain ¢ (u) = 0. Two cases may occur:
(a) if u =0, then we obtain

lll? = () + / () un P dx — 0,

against ||u,| = 1;

(b) if u # 0, then w is a minimizer of the Rayleigh quotient in Lemma
hence by simplicity of the principal eigenvalue we can find p € R such that
u = puq, in particular |u(x)| > 0 for all z € , which in turn implies

JulP = /Q 6(a)ul? dz < Ay Jul,

against the variational characterization of A;.

So we have
f ’lﬁ(u) =0y >0,

in
flull=1
and noting that 1 is p-homogeneous we complete the proof. O

3. PROOF OF THE MAIN RESULT

In this section we prove Theorem First we establish a variational framework
for problem introducing two truncated, nonsmooth energy functionals. For
all (z,t) € Q x R set

Jx (JC, t) = ](.ZE, iti)a
and for all u € W;(Q) set
_ul

o+ (u) ) /jS(a:, u) dz.

The functionals ¢y select constant sign solutions of (L.1)), as explained by the
following lemmas:
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Lemma 3.1. The functional o4 : WP () — R is locally Lipschitz continuous.
Moreover, if u € WyP(2) \ {0} is a critical point of o, then u € C*(Q) is a
solution of (L.1) such that
(i) u(z) >0 for all x €
(ii) for ally € 002
- u(z)
1 f————— > 0.
G55y dist(z, Q)5
Proof. First we note that ji(-,t) is measurable in € for all t € R and ji(x,-) is

locally Lipschitz continuous in R for a.e. x € 2, with generalized subdifferential
07+ (x,-) such that for all t € R,

= {0} ift<0
Dji () { C {u: e [0,1], € € j(x,0)} it =0 (3.1)
= 9j(z, 1) if t > 0.

Moreover, there exists ¢4 > 0 such that for a.e. z € Q, allt € R, and all £ € 9j(x,t)
€] < calt”" (3.2)

Indeed, by (3.1)), the inequality above holds if ¢ < 0. Now fix ¢ > 0. By (H3) (H5)
we can find p > 0 such that for a.e. x € Q, all t > p, and all £ € 9j(x,t) we have

0< &< (|0l +e)t",

while by (H4) (H5) we can find § € (0, p) such that for a.e. z € Q, all 0 < ¢t < 4,
and all £ € 9j(x,t) we have

0<&< (Il +e)tP,

and by (H2) (H5) for a.e. z € Q, all § <t < p, and all £ € 9j(z,t) we have
laplloo p—
0<¢&< laplloo < 5;_1 -1

Finally, for ¢ = 0, by Lemma (ii), (3.1) and the computations above we have
for a.e. x € Q, € € 9j4(x,0),

€] < (In2llee + )"~

So (3.2) is achieved. Now we see that j; satisfies hypothesis (H6). So, by Lemma
the functional Jy : LP(2) — R defined by

T4 (u) = / Ji(@,t) da

is locally Lipschitz continuous and for all v € LP(Q?), w € 0J;(u) we have w €
N4 (u), where

N (u) = {w e LY (Q) : w(z) € 0j4 (z,u(z)) for ae. z € Q).

The continuous embedding WP (Q) < LP(Q), with reverse embedding L* (Q) <
WyP(€2)*, implies that J is locally Lipschitz continuous in W;"*(€2) and the in-
clusion dJ4 (u) € Ny (u) still holds for all u € WP(Q). By Lemma (iil)—(v),
then, ¢ is locally Lipschitz continuous in Wy*(2) and for all u € W ()

Oy (u) € A(u) — Ny (u). (3-3)
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Now let u € WP (2)\ {0} be a critical point of ¢. By (3.3)) we can find w € N, (u)
such that A(u) = w in W5 (Q)*. By (3.2) we have for a.e. z € Q

w(z)| < equ(z)[P~".

By Lemma we have u € C%(Q)). Moreover, by the previous estimate and the
strong maximum principle for the fractional p-Laplacian (see [I3], Theorem 1.4]) we
have u(z) > 0 for all = € €2, which proves (i).

By (3.1)), the latter estimate implies w(z) € 9j(z,u(z)) for a.e. z € 2, hence by

Definition u solves (|1.1)).

Finally, by the Hopf lemma for the fractional p-Laplacian [13, Theorem 1.5], we
have for all y € 02
lim inf we)

Qdz—y diSt(l‘, QC)S
which yields (ii) and completes the proof. O

>0,

An analogous argument leads to the following result.

Lemma 3.2. The functional o_ : WP (2) — R is locally Lipschitz continuous.
Moreover, if u € WyP(Q) \ {0} is a critical point of p_, then u € C*(Q) is a
solution of such that

(i) u(z) <0 for all x €

(i) for ally € 00

lim sup u(z) < 0.

Q3z—y dlSt(.’E, QC)S
We can now prove our main result.
Proof of Theorem[I.4 We deal first with the positive solution, which is detected

as a global minimizer of the truncated functional ¢ . By (H1) (H3), for any € > 0
we can find p > 0 such that for a.e. z € Q, all t > p and all £ € 95 (z,1)

€] < (0(z) +e)t? ™!
(recall that 0j4(z,t) = 0j(x,t) by (3.1)). By (H2) and (3.1) again, there exists
a, € L>®(Q); such that for a.e. 2 € Q, all t < p and all £ € 954 (x, 1)
€l < a,(2).
So, for a.e. x € Q, all t € R and all £ € 95, (x,t) we have
€] < ap(@) + (0(x) +e)|t[P~". (3-4)

By the Rademacher theorem and [I0] Proposition 2.2.2], for a.e. x € £ the mapping
J+(x,-) is differentiable for a.e. t € R with

d . )
% j+(x7 t) € 8_j+(l‘, t)
So, integrating and using (3.4) we obtain for a.e. x € Q and all t € R
. t|P
(o) < @)l + (00) + )1 (35)
For all u € W;"*(Q2), we have
[l

p

pr = [ (ol + 0w + 0 e 0y @)
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1 5
> p_ p _ Sl
_p(llu\l /Qﬁ(af)IUI dx) laploollullx pIIUHp

1 €
> = _ p_
>~ (00— ) Il = eslfull - (8o, ¢5 > 0),

where in the final passage we have used Lemmas and the continuous
embedding Wy (Q) — L'(2). If we choose € € (0,0p\1), the latter tends to oo as
|lul| — oo, hence ¢ is coercive in Wy (Q).

Moreover, the functional u — ||u||P? /p is convex, hence weakly lower semi continu-
ous in W;P(€), while J; is continuous in L?(£2), which, by the compact embedding
WP (Q) — LP(Q) and the Eberlein-Smulyan theorem, implies that Jy is sequen-
tially weakly continuous in Wy (2). So, ¢ is sequentially weakly Ls.c. in WP ().
As a consequence, there exists uy € Wy?(€) such that

uy) = inf u) = my. 3.6
o (uy) WEWEP (@) P+ (u) + (3.6)

By Lemma (vi), uy is a critical point of ¢ . We claim now that
my < 0. (3.7

Indeed, by (H4), for any € > 0 we can find § > 0 such that for a.e. z € Q, all
t €10,0), and all € € 954 (z,t)
€2 (m(z) — )t
As above, integrating we have
jalz,t) > %t?. (3.8)

Let up € W3'P(Q) N C%(Q) be defined as in Lemma We can find g > 0 such
that 0 < puy(x) <9 for all x € Q. Then we have

p P
o) < ol = 2 / (m(z) — ey dr (by GF))

P
= %(/ (A1 —m(z))ul do + 6) (by Lemma 2.8).
Q

Recalling that 7, > Ay with n;(z) > Ay for all = in a subset of Q with positive
measure, and that uq(z) > 0 for all z € 2, we see that

/Q()\l —m(x))ul dz < 0.

So, for £ > 0 small enough, the estimates above imply ¢ (pu1) < 0. Thus, we have
(3-7).

In particular, from (3.6)) we have u; # 0. Now Lemma implies that uy €
C*(Q), uy(z) >0 for all z € Q, for all y € ON

S u ()
| f———
05wy dist (z,Qe°)
and finally that u, is a solution of ([1.1J).
An analogous argument, applied to ¢_ with the support of Lemma 3.2} proves
the existence of another solution u_ € C*(€Q) such that u_(z) < 0 for all z € Q,

lmsup 4= (&)
ngﬂg dist (z, 2¢)

>0,

<0
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for all y € 9€2. So the proof is concluded. d
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