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Figure S1. A series 

of small-spot size S 2p angle-resolved XPS spectra inside the rubbed region taken using a pass 

energy of 112 eV after rubbing the copper sample after the completion of a run-in period in the 

presence of a background pressure of 5×10
-8

 Torr of dimethyl disulfide for (a) 40 and (b) 80 

scans at a load of 0.44 N and a sliding speed of 4 mm/s at a sample temperature of 290 K. The 

spectra were collected at various emission angles, referenced to the surface normal, where the 

angles are displayed adjacent to the corresponding spectrum. 

 

S.1 Experimental Protocols  

Measurement of Total Subsurface Sulfur: The total amount of sulfur in the subsurface region 

was measured using a previously developed strategy,
1
 which takes advantage of the fact that 

sulfur is more stable on the surface than in the subsurface region so that heating the sulfur-

containing sample in vacuo will cause any subsurface sulfur to diffuse to the surface. This 

experiment was carried out after rubbing the sample a number of times in the presence of 5×10
-8

 

Torr of DMDS at a load of 0.44 N and a sliding speed of 4mm/s at a sample temperature of 290 

K. Initially, any surface sulfur is carefully removed by Argon ion bombardment until no sulfur 

was detected on the unworn region of the sample by Auger spectroscopy (~120 s with a beam 

energy of 3 keV, 1 µA/cm
2
). The sample was then heated to ~750 K and then allowed to cool to 

~300 K, a process which took approximately 300 s. This caused sulfur to diffuse to the surface 

and spread outside the unrubbed region. The S(KLL)/Cu(LMM) Auger ratio was measured at 

various points across this region and integrated to yield the total amount of subsurface sulfur. 
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This was calibrated with respect to the integrated area of the decrease in sulfur signal profile for 

a monolayer of methyl thiolate species on the surface, obtained by saturating it with DMDS, 

after having rubbed the sample 70 times at a load of 0.44 N at a speed of 4 mm/s. This has 

previously been shown to transport all the sulfur from the methyl thiolate species into the bulk of 

the sample.
1
 

XPS Measurements.  The sample was transferred into the XPS vacuum chamber via a nitrogen-

filled glove bag. The sample was mounted in a glove box using a PHI sample holder and 

attached to a transfer vessel that was stored in an external vacuum line until a pressure of ~8×10
-

10
 Torr was achieved. The sample was then transferred to the spectrometer minimizing the 

exposure to air. Spectra were acquired with a Quantera
SXM

 (ULVAC-PHI, Chanhassen, MN, 

USA). This spectrometer allows small-area XP spectra to be collected in angle-resolved XPS 

mode with a spatial resolution ≤ 9 µm. In this work, the beam size was ~50 µm in diameter (Al 

K 1486.6 eV, X-ray power, 10.3W) and is much smaller than the rubbed region. Angle-

resolved XPS (ARXPS) spectra were collected at various emission angles, measured with respect 

to the surface normal, from 20° to 70°. The PHI Quantera
SXM

 provides eucentric tilt at the 

analysis point, which simplifies the automation of angle-resolved experiments by maintaining the 

analysis area at the focal point of the X-ray source and analyzer for all emission angles. The 

calibration of the eucentric was performed immediately before spectral acquisition. The spectra 

were acquired in constant-analyzer-transmission mode, the pass-energy being set to 112 eV and 

the step size to 0.1 eV. The full-width at half-maximum (FWHM) of the peak height for Ag 3d5/2 

signal was 0.9 eV under this condition. The XPS spectra were fitted using Gaussian–Lorentzian 

profiles after non-linear background subtraction
2-3

 using CASA XPS software (CASAsoftware 

Ltd., UK). The asymmetry due to spin–orbit splitting was also taken into account when 
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processing the S 2p spectra. The areas of the photoelectron peaks (intensities) were corrected for 

photoionization cross-section,
4
 angular asymmetry function,

5
 and Quantera

SXM
 intensity/energy 

response function (IERF) for the quantitative analysis; the corrected intensities were normalized 

to unity for each angle and plotted versus the emission angle: this diagram is called apparent 

concentration diagram.  

Depth Profiles and the Maximum Entropy Method.  The aim of the maximum entropy method 

is to reconstruct a concentration versus depth profile that reflects the experimental ARXPS data, 

but contains the minimum amount of information required for it. The reconstruction of a depth 

profile from ARXPS data is an ill-posed mathematical problem, but the entropy can be used as a 

regularizing function (which must be maximized) to constrain the solution in order to obtain the 

simplest possible depth profile that matches the experimental data.  A more detailed description 

is provided elsewhere.
6
 As input to the MEM algorithm, the intensities, corrected for the 

photoionization cross-sections, the asymmetry function, and the transmission function were used. 

The electron inelastic mean free paths were calculated for each element following Seah and 

Dench semi-empirical approach.
7
  The resulting depth profile is shown in Figure S2. 

 This reveals that sulfur has penetrated the subsurface region of the copper to form Cu(I) 

species. However, in order to compare more directly with the mechanochemical model, the 

variation in integrated intensities of the S 2p features was plotted against emission angle and 

directly compared with the predictions of the kinetic model described in Section S3 (Figure 7). 

To take account of differences in the absolute detection intensities for spectra measured on 

different portions of the surface, the signal intensities collected after 40 scans were scaled by a 

factor of 1.31 and those collected after 80 scans by a factor of 0.84 relative to the intensities 

measured after 160 scans. 
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Figure S2:  Calculated depth distribution of sulfur, Cu(I) and Cu(0) from the angle-resolved 

XPS data collected after rubbing a clean copper sample after the completion of a run-in period in 

the presence of a background pressure of 5×10
-8

 Torr of dimethyl disulfide for 160 scans at a 

load of 0.44 N and a sliding speed of 4 mm/s and T = 290 K. 
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Figure S3: Plot of the methyl thiolate coverage inside a previously rubbed region of the sample 

as a function of dimethyl disulfide exposure in Langmuirs (1 L (Langmuir) = 1×10
-6

 Torr·s) at a 

sample temperature of 290 K, where the pressures are not corrected for ionization gauge 

sensitivity.  The methyl thiolate coverage is measured from the S KLL Auger peak-to-peak 

intensity and the data are fit to Langmuir adsorption kinetics to obtain the relative methyl thiolate 

coverage.  The top axis plots the dosing time at a background pressure of 5×10
-8

 Torr required to 

obtain the exposures shown on the bottom axis. 

 

S2. Modeling Mechanochemical Reaction Kinetics 

The sample is dosed after the completion of the run-in period in which the clean surface is 

rubbed at a normal load of 0.44 N at a sliding speed of 4×10
-3

 m/s at a sample temperature of 

~290 K, leading to the formation of a wear track. This results in a decrease in friction coefficient 

of the clean surface from ~0.8 to a value of ~0.5 after ~70 passes over the surface, which remains 

constant at this value thereafter. This is accompanied by the formation of a wear track which 

grows in width during this initial run-in period to reach a constant value of ~100 µm. Assuming 
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that the contact deforms elastically leads to a contact pressure of ~100 MPa, while assuming 

plastic deformation at the contact asperities leads to a contact pressure of ~450 MPa.
8
 

 After completion of the run-in period, the sample was exposed to a background pressure 

of 5×10
-8

 Torr of DMDS while rubbing was continued and the friction coefficient monitored 

during each scan. DMDS reacts on the surface to form methyl thiolate species. The initial methyl 

thiolate coverage during the first scan is given by Θ𝑡ℎ
0  and the initial sulfur coverage is zero. The 

value of Θ𝑡ℎ
0  depends on the DMDS pressure and the interval between the time that the gas is 

introduced and the first pass of the pin over the surface, and is taken to be an adjustable 

parameter. To explore the adsorption kinetics of methyl thiolate species on the rubbed region, a 

wear track was formed on a clean copper sample, which was then exposed to gas-phase DMDS 

at a sample temperature of 290 K and the relative coverage of the resulting methyl thiolate 

species measured using Auger spectroscopy within the wear track from the S(KLL)/Cu(LMM) 

Auger intensities. The results are plotted in Figure S3 as a function of the exposure (DMDS 

Pressure (in Torr) × Exposure time (in seconds)), displayed in units of Langmuir (L, 1L = 1×10
-6

 

Torr·s). The data were fit to Langmuir adsorption kinetics in which the sticking probability at 

some coverage Θ, 𝑆(Θ) is given by 𝑆(Θ) = 𝑆0(1 − Θ), where 𝑆0 is the initial sticking probability 

of methyl thiolate species on a clean surface. If the gas-phase pressure is 𝐺, then the DMDS 

collision frequency on the surface is proportional to 𝐺, so that for adsorption onto the clean 

surface: 

     
𝑑Θ𝑡ℎ

𝑑𝑡
= 𝐾(1 − Θ𝑡ℎ)𝐺     (S1), 

where Θ𝑡ℎ is the methyl thiolate coverage and 𝐾is a constant. For a DMDS exposure time, 𝑡𝑒𝑥𝑝, 

the total exposure 𝐸 = 𝐺𝑡𝑒𝑥𝑝 and: 

     ∫
𝑑Θ𝑡ℎ

1−Θ𝑡ℎ
= 𝐾𝐺 ∫ 𝑑𝑡

𝑡𝑒𝑥𝑝

0

Θ𝑡ℎ
0

0
    (S2), 
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and integration yields Θ𝑡ℎ
0 = 1 − exp⁡(−𝐾𝐸). This function is fit to the data in Fig. S3, and the 

good fit indicates that methyl thiolate adsorbate via Langmuir kinetics. Based on the data shown 

in Fig. S3, Θ𝑡ℎ
0  is expected to lie between ~0.2 and 0.4 

 As the surface is rubbed, adsorbate coverages will evolve as a function of the number of 

passes p. It has been found that methyl thiolates decompose under shear via a first-order 

reaction:
8-9

 

    Θ𝑡ℎ(𝑝) = Θ𝑡ℎ
0 exp⁡(−𝑘1

′𝑝)    (S3), 

where 𝑘1
′ = 𝑘1𝑡𝐶, where 𝑘1 (with units of s

-1
) is the first-order rate constant for sliding-induced 

methyl thiolate decomposition. Since a mechanochemical reaction can only occur when the tip is 

in contact with a point on the surface, 𝑡𝐶 is defined as the time that a point on the surface spends 

in the contact during each pass and will depend on the contact area and sliding velocity. Both 

values are kept constant for all experiments carried out in this work, and are identical to those 

used to measure the rate constants for experiments on the methyl thiolate monolayer.  

 The mechanochemical decomposition of methyl thiolates results in the formation of gas-

phase hydrocarbons and deposits adsorbed sulfur on the surface, which is also removed from the 

surface by surface-to-bulk transport. Surface-to-bulk transport of sulfur is modeled by a first-

order reaction with rate constant 𝑘2.
9-10

 The rate equation is therefore: 

     
𝑑Θ𝑆

𝑑𝑡
= 𝑘1Θ𝑡ℎ

0 exp(−𝑘1𝑡) − 𝑘2Θ𝑆   (S4). 

The first term on the right-hand side is due to the addition of sulfur formed by methyl thiolate 

decomposition, and the second term is due to the removal of adsorbed sulfur by surface-to-bulk 

transport. This equation is solved to give: 

   Θ𝑆(𝑝) = Θ𝑆
0 exp(−𝑘2

′𝑝) +
Θ𝑡ℎ
0 𝑘1

′

(𝑘2
′−𝑘1

′ )
(exp(−𝑘1

′𝑝) − exp(−𝑘2
′𝑝)) (S5) 
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where 𝑘2
′ = 𝑘2𝑡𝐶. These kinetic equations for an adsorbed overlayer of methyl thiolates are used 

to model the steady-state kinetics during gas-phase dosing to establish whether these two 

elementary-step processes, namely mechanochemical methyl thiolate decomposition and surface-

to-bulk transport can correctly account for the steady-state reaction. 

 This is carried out by sequentially applying the equations for each rubbing cycle as 

outlined below. The initial sulfur coverage for the first pass is zero, but after the first pass (𝑝 =

1), from Eqn. S5 it becomes: 

    Θ𝑆(𝑝 = 1) =
Θ𝑡ℎ
0 𝑘1

′

(𝑘2
′−𝑘1

′)
(exp(−𝑘1

′ ) − exp(−𝑘2
′ ))   (S6). 

From Eqn. S1, the corresponding methyl thiolate coverage after the first pass is given by: 

     Θ𝑡ℎ(𝑝 = 1) = Θ𝑡ℎ
0 exp⁡(−𝑘1

′ )    (S7). 

The total concentration of sulfur that has been transported into the subsurface of the copper 

sample during this first pass (𝜒𝑆(𝑠𝑢𝑏)) is the difference between the initial coverage of methyl 

thiolate (Θ𝑡ℎ
0 ) and the total coverage of sulfur-containing species after the first pass, Θ𝑡ℎ(𝑝 =

1) + Θ𝑆(𝑝 = 1). As a consequence, the subsurface sulfur concentration after the first pass is 

given by: 

   χ𝑆(𝑠𝑢𝑏)(𝑝 = 1) = Θ𝑡ℎ
0 − Θ𝑡ℎ(𝑝 = 1) − Θ𝑆(𝑝 = 1)   (S8). 

Sliding during the first pass causes the sulfur to penetrate a distance 𝑑𝑝 below the surface. 

Taking 𝑑0 to be the thickness of the sulfur overlayer gives: 

    Θ𝑆(𝑠𝑢𝑏)(𝑝 = 1) =
𝜒𝑆(𝑠𝑢𝑏)(𝑝=1)

𝑘2
′      (S9), 

where 𝑘2
′ =

𝑑𝑝

𝑑0
.
9
 Here, Θ𝑆(𝑠𝑢𝑏) is the proportion of the surface that contains sulfur in the layer 

below the first layer of copper. This is distinguished from copper sites which have no sulfur 

atoms in the layer below to take account of the possibility that subsurface sulfur modifies its 
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friction. Thus, we distinguish four chemical states of the surface; sites covered either by sulfur or 

methyl thiolate species, which block subsequent methyl thiolate adsorption, and vacant surface 

sites, some of which have sulfur in the layer below, where DMDS can react to form additional 

methyl thiolates. The total coverage of sites where methyl thiolate can adsorb is designated 

Θ𝑐𝑙𝑒𝑎𝑛.  

 This sets the stage for applying the kinetic model to analyzing the state of the surface 

during the second pass. Accordingly, the corresponding clean surface coverage after the first 

pass, Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 1) is given by: 

   Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 1) = 1 − Θ𝑡ℎ(𝑝 = 1) − Θ𝑆(𝑝 = 1)   (S10). 

The pin then comes out of contact for a period of ~20 seconds, during which additional methyl 

thiolate adsorbs onto the vacant sites to increase the initial thiolate coverage for the second pass. 

From Eqns. S1and S10, the uptake of additional methyl thiolate species during the second pass, 

again assuming Langmuir adsorption kinetics, is given by: 

    
𝑑Θ𝑡ℎ

𝑑𝑡
= 𝐾(1 − Θ𝑆(𝑝 = 1) − Θ𝑡ℎ)𝐺    (S11). 

Integrating, as in Eqn. S2, yields: 

    ∫
𝑑Θ𝑡ℎ

(1−Θ𝑆(𝑝=1)−Θ𝑡ℎ)
= 𝐾𝐺 ∫ 𝑑𝑡

𝑡𝑒𝑥𝑝

0

Θ𝑡ℎ
0 (𝑝=2)

Θ𝑡ℎ(𝑝=1)
   (S12), 

which gives: 

   Θ𝑡ℎ
0 (𝑝 = 2) = Θ𝑡ℎ(𝑝 = 1) + Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 1)(1 − exp(−𝐾𝐸)) (S13). 

The term (1 − exp(−𝐾𝐸)) is just the coverage that would form on the clean surface after a 

DMDS exposure of E (Langmuir), so that the methyl thiolate coverage increases by an amount 

𝑃Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 1). P is taken to be an adjustable parameter, and from Fig. S3 is expected to lie 

between ~0.4 and 0.6. Thus, the initial methyl thiolate coverage at the beginning of the second 

pass Θ𝑡ℎ
0 (𝑝 = 2) = Θ𝑡ℎ(𝑝 = 1) + 𝑃Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 1). This provides the starting methyl thiolate 
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coverage for calculating coverages during the second pass, where the surface also contains 

adsorbed and subsurface sulfur from the first pass.  From Eqn. S3, the thiolate coverage during 

the second pass is given by: 

    Θ𝑡ℎ(𝑝 = 2) = Θ𝑡ℎ
0 (p = 2)exp⁡(−𝑘1

′ )   (S14), and the 

sulfur coverage, from Eqn. S5, during the second pass is: 

 Θ𝑆(𝑝 = 2) = Θ𝑆(𝑝 = 1) exp(−𝑘2
′ ) +

Θ𝑡ℎ
0 (𝑝=2)𝑘1

′

(𝑘2
′−𝑘1

′ )
(exp(−𝑘1

′ ) − exp(−𝑘2
′ ))  (S15). 

Again, similarly to Eqn. S8, the subsurface sulfur concentration formed during the second pass is 

calculated from: 

   χ𝑆(𝑠𝑢𝑏)(𝑝 = 2) = Θ𝑡ℎ
0 (𝑝 = 2) − Θ𝑡ℎ(𝑝 = 2) − Θ𝑆(𝑝 = 2)  (S16), 

and the clean-surface coverage, as in Eqn. S10, gives: 

    Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 2) = 1 − Θ𝑡ℎ(𝑝 = 2) − Θ𝑆(𝑝 = 2)  (S17). 

Now the subsurface coverage includes two contributions; (i) the subsurface sulfur from the first 

pass that penetrates further into the subsurface region during the second pass, and (ii) subsurface 

sulfur from the sulfur overlayer that penetrates the subsurface region. It has been shown 

previously that the distance that the subsurface sulfur penetrates the subsurface region is directly 

proportional to p, so that by analogy to Eqn. S9: 

    Θ𝑆(𝑠𝑢𝑏)(𝑝 = 2) =
𝜒𝑆(𝑠𝑢𝑏)(𝑝=2)

𝑘2
′ +

𝜒𝑆(𝑠𝑢𝑏)

2𝑘2
′    (S18). 

These equations can be extended straightforwardly to the n
th

 pass. Based on the equations for p = 

2, the initial thiolate coverage before the pin comes into contact for the n
th

 pass becomes: 

   Θ𝑡ℎ
0 (𝑝 = 𝑛) = Θ𝑡ℎ(𝑝 = 𝑛 − 1) + 𝑃Θ𝑐𝑙𝑒𝑎𝑛(𝑝 = 𝑛 − 1)  (S19), 

and the corresponding methyl thiolate coverage after sliding during the n
th

 pass is: 

    Θ𝑡ℎ(𝑝 = 𝑛) = Θ𝑡ℎ
0 (𝑝 = 𝑛 − 1)exp⁡(−𝑘1

′ )   (S20), 
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and the sulfur coverage after the n
th

 pass is: 

 Θ𝑆(𝑝 = 𝑛) = Θ𝑆(𝑝 = 𝑛 − 1) exp(−𝑘2
′ ) +

Θ𝑡ℎ
0 (𝑝=𝑛−1)𝑘1

′

(𝑘2
′−𝑘1

′)
(exp(−𝑘1

′ ) − exp(−𝑘2
′ )) (S21). 

Again, the subsurface sulfur concentration is: 

 χ𝑆(𝑠𝑢𝑏)(𝑝 = 𝑛) = Θ𝑡ℎ
0 (𝑝 = 𝑛) − Θ𝑡ℎ(𝑝 = 𝑛 − 1) − Θ𝑆(𝑝 = 𝑛 − 1)  (S22). 

Thus, the total concentration of subsurface sulfur that has accumulated after a total of p passes is: 

    𝜒𝑆(𝑠𝑢𝑏)
𝑡𝑜𝑡 (𝑝) = ∑ 𝜒𝑆(𝑠𝑢𝑏)(𝑛)

𝑝
𝑛=1     (S22). 

By analogy with Eqn. S18, the subsurface sulfur coverage after a total of p passes is given by: 

    Θ𝑆(𝑠𝑢𝑏)(𝑝) =
1

𝑘2
′ ∑

𝜒𝑆(𝑠𝑢𝑏)(𝑝−𝑚)

(𝑚+1)

𝑝
𝑚=1     (S23). 

Since the rate constant 𝑘1
′  and 𝑘2

′  are known,
9
 the only unknown fitting parameters are the initial 

coverage of the methyl thiolate species that form as DMDS dosing is started (Θ𝑡ℎ
0 ) and the value 

of P. Changes in the value of Θ𝑡ℎ
0  will predominantly influence the behavior during the first few 

scans and the subsequent evolution of the surface depends primarily on the value of P. However, 

the uptake curve in Figure S3 allows the values to be constrained to a reasonably narrow range. 

The kinetic model is tested by calculating the friction coefficient as a function of the number of 

passes 𝜇(𝑝) as a function of Θ𝑡ℎ
0  and P from Eqn. 1 as: 

𝜇(𝑝) = ⁡𝜇𝑡ℎΘ𝑡ℎ(𝑝) + 𝜇𝑆Θ𝑆(𝑝) + 𝜇𝑐𝑙𝑒𝑎𝑛(Θ𝑐𝑙𝑒𝑎𝑛(𝑝) − Θ𝑆(𝑠𝑢𝑏)) + 𝜇𝑆(𝑠𝑢𝑏)Θ𝑆(𝑠𝑢𝑏)(𝑝) (S24), 

which is compared with the experimental results to obtain best-fit values of P, Θ𝑡ℎ
0  and 𝜇𝑆(𝑠𝑢𝑏). 

S3. Subsurface Sulfur Depth Distribution.  

In order to calculate the shear-induced sulfur depth profile, the same kinetic model as above is 

used, which assumes that the film penetrates a distance dp into the bulk for each pass of the 

tribopin over the surface. It is assumed that there has been a total of p passes over the surface. 

Since the adsorbed coverages evolve rapidly to a steady-state value (Figure 5), the surface sulfur 
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coverage is taken to have constant value of Θ𝑆. The model is illustrated in Figure S4 which 

shows that a sulfur-covered surface that has been rubbed p times will penetrate a distance 𝑝𝑑𝑝 

into the sample.  Since the amount of sulfur deposited during each cycle is constant, as it spreads 

through the sample, its concentration (measured in units of sulfur monolayers) decreases. As 

illustrated in Figure S4, a layer that was rubbed after the sulfur was adsorbed onto the surface 

during the first pass will have moved a distance 𝑝𝑑𝑝 and the concentration will be Θ𝑆/

(
𝑑𝑝
𝑑0
⁄ 𝑝) monolayers, where 𝑑0 is the thickness of a sulfur overlayer. 

 

 

Figure S4. Schematic diagram illustrating the model for surface-to-bulk transport used to 

calculate the sulfur depth profile. 

 

Correspondingly, a sulfur layer on the surface that is rubbed during the second cycle will 

have penetrated a distance (𝑝 − 1)𝑑𝑝 and its concentration will be Θ𝑆/(
𝑑𝑝
𝑑0
⁄ (𝑝 − 1)), and a 
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sulfur overlayer that was rubbed during the n
th

 cycle will have penetrated a distance (𝑝 − 𝑛)𝑑𝑝 

and its concentration will be Θ𝑆/(
𝑑𝑝
𝑑0
⁄ (𝑝 − 𝑛)), and so on. 

In order to calculate the sulfur concentration at some depth z below the surface, only 

those sulfur overlayers that have been rubbed enough times to have penetrated a distance further 

than z will contribute to the sulfur concentration at this depth, which will have occurred for a 

number of passes over the surface given by 𝑧 = (𝑝 − 𝑛)𝑑𝑝. Thus, all rubbing cycles from 𝑛 = 1 

to 𝑛 = 𝑝 −
𝑧

𝑑𝑝
 will contribute to the sulfur coverage, so that the sulfur concentration 𝐶𝑆(𝑧)⁡is 

given by: 

    𝐶𝑆(𝑧) = ∑
Θ𝑠

(

 
 𝑑𝑝

𝑑0
⁄ (𝑝−𝑛)

)

 
 

𝑝−
𝑧

𝑑𝑝

𝑛=1      (S25). 

Since Θ𝑆 is taken to be constant, this gives: 

    𝐶𝑆(𝑧) =
Θ𝑠

(

 
 𝑑𝑝

𝑑0
⁄

)

 
 

∑
1

(𝑝−𝑛)

𝑝−
𝑧

𝑑𝑝

𝑛=1      (S26). 

Putting 𝛼 = (𝑝 − 𝑛) gives: 

    𝐶(𝑧) =
Θ𝑠

(

 
 𝑑𝑝

𝑑0
⁄

)

 
 

∑
1

𝛼

𝑧

𝑑𝑝

𝛼=𝑝−1      (S27). 

As shown previously,
10

 this can be summed using the Harmonic number 𝐻𝑛 = ∑
1

𝑝

𝑛
𝑝=1 , so that 

Eqn. S27 is rewritten as: 

    𝐶𝑆(𝑧) =
Θ𝑠

(

 
 𝑑𝑝

𝑑0
⁄

)

 
 

(∑
1

𝛼

𝑧

𝑑𝑝

𝛼=1 − ∑
1

𝛼

𝑝−1
𝛼=1 )    (S28), 
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and      𝐶𝑆(𝑧) =
Θ𝑠

(

 
 𝑑𝑝

𝑑0
⁄

)

 
 

(𝐻 𝑧

𝑑𝑝

− 𝐻𝑝)    (S29), 

where it is assumed that 𝑝 ≫ 1.  This function has been evaluated in Ref. 10 and gives: 

    𝐶𝑆(𝑝, 𝑧
′) =

Θ𝑆

(𝑘𝑠
′)
(𝑙𝑛 (

𝑝

𝑧′
) −

1

2
(
1

𝑝
−

1

𝑧′
))   (S30), 

where 𝑧′ =
𝑧

𝑑𝑝
, where  

𝑑𝑝

𝑑0
= ⁡𝑘2

′ .   
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