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1. Introduction

Transverse momentum dependent parton distribution and fragmentation functions (TMDs) are
fundamental objects that encode information on the intrinsic motion of quarks and gluons inside
hadrons. As such, they provide a three-dimensional picture of hadrons in momentum space. In
analogy to the more common collinear parton distribution and fragmentation functions (integrated
over transverse momentum), TMDs are not purely perturbative quantities, which could be fully
derivable from first principles. Only their dependence on the energy scale can be calculated in per-
turbative QCD. However, in contrast to DGLAP equations which govern the evolution of collinear
distributions, the TMD evolution kernels contain a nonperturbative part as well. Hence, the com-
plete determination of TMDs is not at all trivial, and requires a continuos interplay between theory
and experiment.

In this contribution to the proceedings, based on Ref. [1] to which we refer for further details,
we present a first attempt to extract unpolarized quark TMDs through a global fit. To this aim,
we consider only those processes for which factorization has been established [2] and data are
already available, namely semi-inclusive deep-inelastic scattering (SIDIS), Drell-Yan (DY) and Z
boson production in proton-proton collisions. We note that electron-positron annihilation into two
hadrons is an important reaction that is, however, currently missing. Its future analysis could allow
for an independent study of transverse momentum dependent fragmentation functions [3].

Since the data included in the present study come from many experiments, carried out at
different energies, our results not only shed light on the partonic transverse momentum dependence,
but they represent a test of TMD evolution over a large energy range. Furthermore, at the same time,
we are able to probe the universality properties of the TMDs among different processes.

This contribution is organized as follows. In section 2, we briefly outline the adopted TMD
framework. In section 3 we clarify our approximations in the phenomenological implementation
of TMD evolution equations and describe the nonperturbative input of the fit. Our results are
presented and discussed in section 4. A summary and suggestions for future possible improvements
are provided in section 5.

2. Theoretical Framework

The cross section σh
N and transverse structure function FUU,T for the SIDIS process `(l) +

N(P)→ `(l′)+h(Ph)+X are commonly expressed in terms of the variables

x =
Q2

2P ·q
, y =

P ·q
P · l

, z =
P ·Ph

P ·q
, (2.1)

with Q2 =−q2 =−(l− l′)2. If we denote the corresponding quantities for the fully inclusive DIS
process `(l)+N(P)→ `(l′)+X by σDIS and FT , it is possible to define the hadron multiplicity as
follows,

mh
N(x,z, |PPPhT |,Q2) =

dσh
N/(dxdzd|PPPhT |dQ2)

dσDIS/(dxdQ2)
≈ 2π |PPPhT |FUU,T (x,z,PPP2

hT ,Q
2)

FT (x,Q2)
. (2.2)

We point out that the last approximation in (2.2) is only valid in the kinematic region under study,
i.e PPP2

hT � Q2 and M2� Q2, with PPPhT being the component of the three-momentum PPPh transverse
to qqq and M the nucleon mass.
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The structure function FUU,T can be conveniently expressed in terms of Fourier transforms of
the distribution f a

1

(
x,kkk2
⊥;Q2

)
and fragmentation function Da~ h

1

(
z,PPP2
⊥;Q2

)
for a quark with flavor a

and electric charge ea in units of the proton charge, which are defined by

f̃ a
1
(
x,ξ 2

T ;Q2)= ∫ ∞

0
d|kkk⊥||kkk⊥|J0

(
ξT |kkk⊥|

)
f a
1
(
x,kkk2
⊥;Q2) , (2.3)

D̃a~ h
1
(
z,ξ 2

T ;Q2)= ∫ ∞

0

d|PPP⊥|
z2 |PPP⊥|J0

(
ξT |PPP⊥|/z

)
Da~ h

1
(
z,PPP2
⊥;Q2) . (2.4)

To leading order (LO) in perturbative QCD and in the region PPP2
hT � Q2, FUU,T reads

FUU,T (x,z,PPP2
hT ,Q

2)≈ 2π ∑
a

e2
ax
∫

∞

0
dξT ξT J0

(
ξT |PPPhT |/z

)
f̃ a
1
(
x,ξ 2

T ;Q2)D̃a~ h
1
(
z,ξ 2

T ;Q2) . (2.5)

Similarly, the cross sections for the DY and Z production processes, hA(PA) + hB(PB) →
`+(l)+ `−(l′)+X , can be written as

dσ

dQ2 dq2
T dη

= σ
γ,Z
0

(
F1

UU +
1
2

F2
UU

)
, (2.6)

where q and η are respectively the four-momentum and rapidity (w.r.t. the direction defined by PA)
of the virtual photon or Z boson exchanged in the reaction, while Q2 = q2. The explicit expressions
for the elementary cross sections σ

γ,Z
0 can be found in Ref. [1]. At LO, in the kinematic limit

q2
T � Q2, F2

UU ≈ 0 and

F1
UU(xA,xB,qqq2

T ,Q
2)≈ 2π ∑

a
H 1a

UU

∫
∞

0
dξT ξT J0

(
ξT |qqqT |

)
f̃ a
1
(
xA,ξ

2
T ;Q2) f̃ ā

1
(
xB,ξ

2
T ;Q2) , (2.7)

where H 1a
UU,γ(Q

2) ≈ e2
a/Nc, H 1a

UU,Z(Q
2) ≈ [(I3a−2ea sin2

θW )2 + I2
3a]/Nc, with Nc being the num-

ber of colors, θW the Weinberg angle, and I3a the weak isospin. The longitudinal momentum
fractions xA, xB can be expressed in terms of the rapidity η by the relation xA/B = Q/

√
se±η .

3. TMD evolution

The Fourier transforms of the TMDs, evolved at the scale Q2, at LO can be written as [1, 2]

f̃ a
1 (x,ξ

2
T ;Q2) = f a

1 (x; µ
2
b ) eS(µ2

b ,Q
2) egK(ξT ) ln(Q2/Q2

0) f̃ a
1NP(x,ξ

2
T ) , (3.1)

D̃a→h
1 (z,ξ 2

T ;Q2) = Da→h
1 (z; µ

2
b ) eS(µ2

b ,Q
2) egK(ξT ) ln(Q2/Q2

0) D̃a→h
1NP (z,ξ

2
T ) , (3.2)

where f a
1 (x; µ2

b ) and Da→h
1 (z; µ2

b ) are the common collinear distribution and fragmentation func-
tions, evaluated at an initial scale µb. The evolution is driven by the Sudakov exponent1

S(µ2
b ,Q

2) =−1
2

∫ Q2

µ2
b

dµ2

µ2

[
A
(

αS(µ
2)
)

ln
(

Q2

µ2

)
+B
(

αS(µ
2)
)]

, (3.3)

where, at the next-to-leading logarithmic (NLL) accuracy,

A =CF

(
αS

π

)
+

1
2

CF

(
αS

π

)2[
CA

(
67
18
− π2

6

)
− 5

9
N f

]
, B =−3

2
CF

(
αS

π

)
, (3.4)

1We point out that a factor 1/2 is missing in the definition of the Sudakov factor in (2.3) of [1].
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TMD f a
1 g1 α σ λ

[GeV2] [GeV−2]
All replicas 0.28±0.06 2.95±0.05 0.17±0.02 0.86±0.78

TMD Da
1 g3 β δ γ λF g4

[GeV2] [GeV−2] [GeV2]
All replicas 0.21±0.02 1.65±0.49 2.28±0.46 0.14±0.07 5.50±1.23 0.13±0.01

Table 1: Best-fit values for the input parameters of the TMDs at the scale Q = 1 GeV.

with CF = (N2
c −1)/2Nc, CA = Nc and N f the number of active flavors.

The initial scale is chosen to be µb = 2e−γE/ξ̄∗, where γE is the Euler constant and

ξ̄∗ ≡ ξ̄∗(ξT ;ξmin,ξmax) = ξmax

(
1− e−ξ 4

T /ξ 4
max

1− e−ξ 4
T /ξ 4

min

)1/4

. (3.5)

When performing the integrals in (2.5) and (2.7), the variable ξ̄∗ replaces ξT in the perturbative
parts of the TMDs defined in (3.1)-(3.2), because at large ξT perturbative calculations are not
reliable any more. The ξ̄∗ is assumed to saturate on the maximum value ξmax, as suggested also in
Refs. [2, 4]. Numerical values are taken to be

ξmax = 2e−γE GeV−1 ≈ 1.123 GeV−1, ξmin = 2e−γE/Q . (3.6)

In this way, the scale µb is constrained to be always between 1 GeV and Q, such that the collinear
distributions and fragmentation functions are never computed at a scale lower than 1 GeV. Further-
more, in the definition of the perturbative Sudakov exponent (3.3), the lower integration bound is
always smaller than the upper one. When Q = Q0 = 1 GeV, ξmin = ξmax and no evolution effects
are present: at this scale TMDs are simply given by the corresponding collinear function multiplied
by a nonperturbative contribution.

In (3.1) and (3.2), the nonperturbative Sudakov factor is chosen to be gK(ξT ) = −g2ξ 2
T/4,

where g2 is a free parameter.
The nonperturbative part of the distribution function in (3.1) is parametrized as

f̃ a
1NP(x,ξ

2
T ) =

1
2π

e−g1a
ξ 2
T
4

(
1−

λg2
1a

1+λg1a

ξ 2
T

4

)
, (3.7)

where λ is a free parameter and the Gaussian width g1 is taken to be dependent on the longitudinal
momentum fraction x as follows,

g1(x) = N1
(1− x)α xσ

(1− x̂)α x̂σ
, (3.8)

with x̂ = 0.1, while α, σ , N1 ≡ g1(x̂) are also free parameters. Similarly, the nonperturbative
fragmentation function in (3.2) is given by the combination of two Gaussians,

D̃a→h
1NP (z,ξ

2
T ) =

g3a→h e−g3a→h
ξ 2
T

4z2 +
(
λF/z2

)
g2

4a→h

(
1−g4a→h

ξ 2
T

4z2

)
e−g4a→h

ξ 2
T

4z2

2πz2
(

g3a→h +
(
λF/z2

)
g2

4a→h

) , (3.9)
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Figure 1: Multiplicities for the process ep→ eπ+X at HERMES, shown as a function of the transverse
momentum of the detected pion PhT in different bins of 〈x〉 , 〈z〉, 〈Q2〉. For clarity, each 〈z〉 bin has been
shifted by an offset as indicated in the legend.

with λF has to be fitted to the data. The z-dependent Gaussian widths g3,4 are parametrized accord-
ing to

g3,4(z) = N3,4
(zβ +δ ) (1− z)γ

(ẑβ +δ ) (1− ẑ)γ
, (3.10)

where ẑ = 0.5, and β , γ, δ , N3,4 ≡ g3,4(ẑ) are the free parameters. Hence, the average transverse
momentum squared of the distribution and fragmentation functions at the initial scale Q = Q0 read,
respectively,

〈
kkk2
⊥
〉
(x) =

g1(x)+2λg2
1(x)

1+λg1(x)
,

〈
PPP2
⊥
〉
(z) =

g2
3(z)+2λFg3

4(z)
g3(z)+λFg2

4(z)
. (3.11)

4. Numerical results

The following data sets are included in our analysis: SIDIS events off proton [5] and deuteron
targets [5, 6], DY bins at low energy [7, 8] and Z boson production at the Tevatron [9, 10, 11, 12].

Concerning the kinematical cuts applied, we impose Q2 > 1.4 GeV2 and consider only the
small transverse momentum region by selecting the maximum value of the transverse momenta
measured in each process on the basis of phenomenological considerations [1]. In this way, it is
possible to identify two different momentum scales, as required by TMD factorization. Further-
more, the current fragmentation region in SIDIS is isolated by implementing the cut 0.2 < z < 0.7.
After this selection, the total number of analyzed experimental bins is 8059.

For the collinear distributions f a
1 in (3.1) we adopt the GJR08FFnloE parametrization [13],

while for the collinear fragmentation functions Da→h
1 in (3.2) the DSS14 NLO set for pions [14]

and the DSS07 NLO set for kaons [15] are used.
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Figure 2: Multiplicities for the process eD→ eh+X at COMPASS, shown as a function of the transverse
momentum of the detected hadron PhT at different 〈x〉 , 〈z〉, 〈Q2〉 bins. For each value of 〈z〉, multiplicities
are normalized to the first bin in PhT . For clarity, each 〈z〉 bin has been shifted by an offset as indicated in
the legend.

The ten nonperturbative parameters of the TMDs f a
1 and Da→h

1 at Q = 1 GeV are fitted to the
data using a replica methodology [1, 16]. The outcome is presented in Table 1, where we give the
avarage values of the parameters over the full set of 200 replicas, with a standard deviation based
on the 68% confidence level (C.L.) [1]. In addition, we find that the nonperturbative parameter of
the evolution, also fitted to the data, is g2 = (0.13±0.01) GeV2.

The average χ2/d.o.f = 1.55±0.05 is rather good. This value can be further reduced to 1.02
without changing any free parameter, just by restricting the kinematical cuts such that it is possible
to better identify the region where TMD factorization is supposed to hold.

For illustration, our resulting multiplicities for the SIDIS process ep→ eπ+X at HERMES are
presented in Fig. 1 as a function of the transverse momentum of the detected pion PhT , at different
values of the 〈x〉, 〈z〉, 〈Q2〉 bins. The bands are computed as the 68% C.L. envelope of the full sets
of curves from all the replicas. Similarly, in Fig. 2 we show the multiplicities for positive hadron
production off a deuteron target at COMPASS. Notice that, since COMPASS measurements are
affected by normalization errors [6], we have fitted normalized multiplicities. These are obtained
by dividing the data in each bin in (x,z,Q2) by the data point with the lowest PhT in the bin, which
is not included in the analysis.

In Figs. 3 and 4 we compare, respectively, the cross sections for the DY and Z boson production
processes with the measurements from different experiments. The results are differential in the
transverse momentum of the exchanged virtual boson qT . It is interesting to note that the position
of the peak moves from qT ∼ 1 GeV for DY events to qT ∼ 7 GeV for Z boson production, as an
effect of TMD evolution.

Finally, we comment on the average transverse momentum squared obtained for the incoming
parton,

〈
kkk2
⊥
〉
, and the one acquired during the fragmentation process,

〈
PPP2
⊥
〉
. They are defined

by (3.11) at the initial scale Q = 1 GeV, where the TMDs coincide with their nonperturbative

5
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Figure 3: DY cross section for several experiments, shown as a function of qT at different values of
√

s, η

and 〈Q〉. For clarity, each 〈Q〉 bin has been normalized in such a way that the first data point is always one,
and then shifted by an offset as indicated in the legend.
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Figure 4: Cross section for the process pp̄→ Z X for the CDF and D0 experiments at the Tevatron, shown
as a function of the transverse momentum qT of the Z boson.

input, in terms of the fit parameters. Their dependence on the longitudinal momentum fractions,
respectively x and z, are presented in Fig. 5.

In Fig. 6 we show the values of
〈
kkk2
⊥
〉

at x = 0.1 in the horizontal axis, and of
〈
PPP2
⊥
〉

at z = 0.5
in the vertical axis. The white square (label 1) denotes the average values of these two quantities
obtained in the present analysis, both calculated at the same scale Q = 1 GeV, while each black dot
around the white square is the outcome of one replica. The red region represents the envelope of
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Figure 5:
〈
kkk2
⊥
〉

in the TMD distributions as a function of x (a), and
〈
PPP2
⊥
〉

in the TMD fragmentations as a
function of z (b), both calculated at Q2 = 1 GeV2. The fitted data cover the kinematic regions 5× 10−3 .
x . 0.5 and 0.2 . z . 0.7.

the 68% of the replicas that are closest to the average value. In the figure, our results are compared
with other extractions. In particular, the white circle and the orange region around it (label 2)
refer to the flavor-independent scenario in [16], which was obtained neglecting TMD evolution and
fitting only SIDIS data from the HERMES experiment at an average 〈Q2〉 = 2.4 GeV2. The older
analysis shows a strong anticorrelation between the transverse momenta, which is reduced in the
present study. This effect is due to the inclusion of Drell–Yan and Z production data, that add
new physical information about TMD parton distributions without the influence of fragmentation
functions. In the two analyses, the average values of

〈
kkk2
⊥
〉

at x = 0.1 are similar and compatible
within error bands, while the present values of

〈
PPP2
⊥
〉

at z = 0.5 turn out to be larger than in the
older study, mainly as a consequence of the COMPASS data. In general, the x and z dependence of
the transverse momentum squared are also different in the two extractions.

5. Conclusions

We have performed the first extraction of unpolarized quark TMDs from a simultaneous fit of
SIDIS, Drell-Yan and Z boson production data, taken in several experiments at different energies.
Our analysis is restricted to the the small transverse momentum region and implements TMD evo-
lution effects up to the NLL accuracy. Our χ2/d.o.f. = 1.55±0.05 can be further improved to 1.02
without changing the parameters, only by restricting the kinematic cuts. It turns out that most of the
discrepancies with the measurements come from the normalization rather than from the transverse
momentum shape. Hopefully, this tension could be reduced by a more precise treatment from the
perturbative point view [20].

In future studies, we plan to improve our analysis by exploring different functional forms for
all the nonperturbative quantities, possibly including a flavor dependence of the intrinsic transverse
momenta. Furthermore, one should try to properly match the description at low transverse momen-
tum with the fixed-order results at high transverse momentum, obtained within the framework of
collinear factorization.
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Figure 6: Correlation between the transverse momenta in the TMD fragmentation functions, 〈P2
⊥〉(z = 0.5),

and in the TMD distribution functions, 〈k2
⊥〉(x = 0.1), according to different phenomenological extractions:

(1) average values obtained in the present analysis [shown together with the values from each replica (black
dots) and the 68% C.L. area (red)]; (2) results from [16], (3) from [17], (4) from [18] for HERMES data,
(5) from [18] for HERMES data at high z, (6) from [18] for normalized COMPASS data, (7) from [18] for
normalized COMPASS data at high z, (8) from [19].
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