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Abstract

We investigate the geometry of the energy-momentum space of the Snyder model of non-
commmutative geometry and of its generalizations, according to the postulates of relative
locality. These relate the geometric structures to the deformed composition law of mo-
menta. It turns out that the Snyder energy-momentum spaces are maximally symmetric,
with vanishing torsion and nonmetricity. However, one cannot apply straightforwardly
the phenomenological relations between the geometry and the dynamics postulated in the
standard prescription of relative locality, because they were obtained assuming that the
leading corrections to the composition law of momenta are quadratic, which is not the case
with the Snyder model and its generalizations.
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1. Introduction

Relative locality [1] is a framework originated from some interpretational issues con-
nected to the possibility that energy-momentum space be curved,! arisen in several con-
texts, as for example doubly special relativity (DSR) [2,3], some models of noncommutative
geometry [4] and 3D quantum gravity [5]. The theory is based on the assumption that
physics takes place in phase space and there is no invariant global projection that gives
a description of physical processes in spacetime. Therefore, local observers can construct
descriptions of particles interacting in spacetime, but different observers construct differ-
ent spacetimes, which correspond to different foliations of phase space. So, the notion of
locality becomes observer dependent, whence the name of the theory.

In particular, the energy-momentum space is assumed to be curved, as was first ob-
served in [6] to happen in some models of DSR [2] and their realizations in terms of
noncommutative spacetimes, as for example k-Poincaré [4] or Snyder [7] models. We recall
that DSR introduces in special relativity a new fundamental scale with the dimension of
mass (usually identified with the Planck mass) in addition to the speed of light. The new
scale gives rise to deformations of the action of the Lorentz group on phase space, and
consequently of the dispersion law of particles, of the addition law of momenta, and so on.
Although doubly special relativity is mainly concerned with energy-momentum space, it
is often realized in terms of noncommutative geometries that postulate a noncommutative
structure of spacetime with a fundamental length scale of the order of the Planck length,
and are in some sense dual to the DSR approach.

The theory of relative locality refines this picture, by introducing some additional
structures in the geometry of energy-momentum space, related to the properties of the
deformed addition law of momenta, as for example, its (lack of) commutativity or associa-
tivity.

In this paper we shall concentrate on the geometrical aspects of relative locality, rather
than on its effects on the dynamics of particles, that will be studied elsewhere. The nontriv-
ial geometric structure constructed on the energy-momentum manifold is characterized [1]
by a metric and by curvature, torsion and nonmetricity, which are related to the physical
properties of the model under study. Unfortunately, in the original paper [1] the defini-
tions concerning the geometry are given without any explanation of their motivations and
several statements are given without proofs. Consequently, some claims are rather du-
bious, especially those concerning the relations between the geometry and the dynamics,
and seem to hold only in special cases. This is probably due to implicit assumptions on
the addition law of momenta (corrections quadratic in the momenta, associativity, etc.)
that do not always hold. Some of these points are partially clarified in later works, as for
example [8].

The energy-momentum space geometry defined in [1] has been investigated in a specific
instance in ref. [9], where it has been applied to the case of the x-Poincaré model [4], one

L This space is usually called momentum space, however to emphasize its nontrivial
signature, we prefer to call it energy-momentum space, in analogy with space-time.
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of the favorite realization of DSR. This is a model of noncommutative geometry displaying
a deformed action of the Lorentz group on spacetime, whose energy-momentum space can
be identified with a hyperboloid embedded in a 5-dimensional flat space [6]. It turns out
that the definitions of ref. [1] lead to a geometry with nontrivial torsion and nonmetricity,
but vanishing curvature. As we shall see, this is in accordance with the fact that the
composition of momenta for this model is noncommutative but associative.

In this paper we investigate a different example of noncommutative geometry, namely
the Snyder model [7] and its generalizations [10,11]. The distinctive property of this class
of models is the preservation of the linear action of the Lorentz algebra on spacetime.
This implies that the leading-order corrections to the composition law of the momenta
must be cubic in the momenta, rather than quadratic. Moreover, the composition law is
not only noncommutative but also nonassocative. These properties modify some of the
hidden assumptions of [1], in particular those related to the perturbative expansions and to
the relations of the geometry of energy-momentum space with the dynamics of particles.
Nevertheless, we consider the results on the geometry of the Snyder energy-momentum
space still interesting in their own, since we find that the geometry emerging from the
definitions of ref. [1] is that of a maximally symmetric space, with trivial torsion and
nonmetricity, in agreement with the known physical properties of the Snyder dynamics
[12], and in opposition to the case of k-Poincaré [9]. We also give some generalization of
the results of [1] valid in our case.

It is known that the energy-momentum space of the Snyder model, like that of k-
Poincaré is curved and can be identified with a hyperboloid embedded in a five-dimensional
flat space [7]. In this paper, we show that also its generalizations can be constructed in
the same way, by only changing the parametrization of the hyperboloid.

Finally, we notice that a peculiar variant of the Snyder model has been discussed in
the literature from the point of view of relative locality in [13].

2. Snyder model and its generalizations

The classical Snyder algebra is generated by the standard Poincaré algebral
{Jpvs Jpo t = Nppdve — MuoJvp + Mpdue — MvoJups

{p,uapu} =0, {Juuapk} = NuAPv — MwvDPpu, (2'1)

with its usual linear action of the Lorentz generators on spacetime coordinates
{Juvs T2} = Nuads — My, (2.2)
together with the deformed Poisson brackets
{2}t = =B, {Zupv} = 1w — Boupy, (2.3)

where [ is a coupling constant, usually identified with the inverse of the square of the
Planck mass. For 8 > 0, the constraint p? < 1/ holds. In the case 8 < 0, there is no

T 'We adopt the following conventions: n** = (1,—1,—1,—1), p*> = n"p.p,, p = /P>
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constraint on p?, and the properties of the theory are rather different; this model has been
called anti-Snyder.

It is possible to generalize the Snyder algebra so that the Poincaré invariance is pre-
served [10]. The Poisson brackets are deformed according to

{xu,x,,} = _ﬁJ/w, {m;mpu} = P1Muv — 690217“27% (2'4)

where 1 and @9 are functions of 8p?, with s = (1—2p1¢})/(01+28p%¢}), and the prime
denotes differentiation with respect to 8p?. A further generalization has been proposed in
ref. [11]:

{ZL‘M,.I',,} = _5wt];w, {x;upu} = @1Mpv — 590213“]71,- (25)

where @1 and ¢y are both arbitrary, and 1 is defined as 1 = —2p1¢] + 102 + 28p% 2.

One can then investigate the generalized Hopf algebra associated with this structure.*
The addition law of momenta for the algebra (2.1-2.3) has been obtained geometrically
in [15] using the representation of the Snyder space as a coset space (hyperboloid), and
in [10,11] in an algebraic setting, using the method of realizations [16]. This consists in
the definition of the coordinates x, in terms of canonical coordinates z, and p, in such
a way to satisfy the Poisson brackets (2.1-2.3). The coproduct (and hence the generalized
addition law of momenta) is then obtained through the addition of plane waves in this
representation.

For example, for the original Snyder space, Z,, is given by

T, = i,u - B-iypvpm (2'6)
and the ensuing addition law is

1 Bp-q
®q,=—[p. + +/1-=Bp2q, |. 2.7
Pr e = T Bpg <p“ VI " v q”) @7)

In the generalized case, only a perturbative expression has been found for the addition
rule. This is obtained expanding in 3 the defining functions, as ¢; = 1 — Bs1p? + O(5?),
w2 = s2/24+O(B). To first order, the Poisson brackets (2.4) and (2.5) become respectively

{muyxu} = _BJMV7 {xuapu} = Wu(l - ﬁslpz) - 5(1 + 231)]9“]71/, (2'8)
and
{m,umxl/} = _26(82 - Sl)J/AIJ7 {xuapl/} = TIMV(]' - 581p2) - 2ﬂ82p,up’/' (29)

Note that for so > s1, one has a Snyder-type model, while for s; > ss it is anti-Snyder.
Defining now the realization

r =7, — B(s12,p* + 252 2-ppy) + O(B?), (2.10)

* As we shall see, the coalgebra is not coassociative, i.e. the law of addition of the
momenta is not associative, so we do not have strictly speaking a Hopf algebra.
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one can obtain the addition law of momenta to first order in 5 [10,11],

Pu® qu = Pu+ qu — B [516°pu + (51 + $2)P-qpp + 520 G + 252p°q ) - (2.11)

1

5, and the Snyder model to

The models (2.4) correspond to the special case sy = s1 +
S1 = 0, So = %

As in most models of noncommutative geometry, the addition law of momenta (2.7)
or (2.11) is not symmetric, p, @ ¢, # qu ® pu. A peculiar property of Snyder space
and its generalizations is that the composition law is also nonassociative, i.e. in general
(Pp ® qu) B kp # p ® (qu ® k).

Another important property that distinguishes the generalized Snyder models from for
example k-Poincaré models is the fact that the leading order corrections in the deformed
momentum addition law are cubic (rather than quadratic) in the momenta. This appears
to be in contrast with some implicit assumptions on which the geometric formalism of [1]
seems to be based.

In Hopf algebras, the antipode ©p of p is defined such that &p & p = 0. For all
generalized Snyder spaces, the antipode takes the simple form

op = —p. (2.12)

Moreover, in spite of nonassociativity, the relation ©p @& (p © q) = ¢ is always valid.

Using general arguments of invariance and relativity, the most general addition law
for generic Lorentz-invariant models, was obtained in [17], and was shown to depend on
four parameters. However, if one makes the additional request that ©p = —p and (©p) ®
(p ® q) = q, one recovers the two-parameter law (2.11).

3. The geometry of relative locality

As shown in [6], DSR theories can be described by a curved energy-momentum space.
However, some additional properties of these models, related to the modified composition
law of momenta, are not captured in this geometrical picture.

The geometry of relative locality introduces further geometric structures, like torsion
and nonmetricity, and connects them to the properties related to the modified composition
law of momenta. This framework has been introduced in ref. [1], but unfortunately the
assumptions on which the formalism is based are not clearly stated there, and hence it is
not clear to which cases it can be safely applied.

The leading principles used for associating a geometry to the momentum manifold
appear to be the identification of the geodesic distance with the dispersion relation of
particles and the definition of the connection in such a way that to leading order the
parallel transport coincides with the addition rule of the momenta, at least for quadratic
leading-order deformations. In detail, the definitions are as follows.

The energy-momentum manifold of a particle, parametrized by the coordinates p,,, is
endowed with a metric?

ds* = g (p) dp,, dp, (3.1)

3 The position of the indices is always opposite to that adopted in spacetime manifolds,
so that 4-momentum components retain lower indices.
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such that the square of the geodesics distance of a point from the origin, D?(p), can be
identified with the mass square of the particle. Hence, the dispersion relation for a particle
is given by

D2(p) = m?, (3.2)

and the metric of the energy-momentum space is related to the kinematical properties of
a single particle.
The connection at a point k is defined in terms of the addition law of momenta as

0 0
(k) = —— ® , 3.3
p (k) v, Oa, (P &k @)y s (3:3)
where
p@rLe=ko (ekdp) & (Sk®q)) (3.4)

is the composition law translated at the point k. The idea is that, given two vectors p
and ¢ at a point k of the energy-momentum manifold, the connection is computed by first
translating them to the origin, adding them and then translating back to the point k. For
leading quadratic correction, the connection is a constant at leading order. Alternative
definitions are possible for the connection [8], but we shall not discuss them here.

The torsion is defined as usual as the antisymmetric part of the connection,

THY = Thv TV, (3.5)

and is related to the noncommutativity of the composition law. Notice however that the
vanishing of torsion is a necessary but not sufficient condition for the commutativity of the
composition law [8].

The curvature tensor is defined as

o 0 0
nvp = — _— —
RGP (k) apy, 0q,) O, [((p®r q) DT —p Br (¢ B 7”)}0 R ) (3.6)

and is related to the nonassociativity of the composition law. Also in this case, the def-
inition implies that the sums are calculated at the origin of the energy-momentum space
and then translated back to k.

Finally, the nonmetricity is defined as

NHP = 7P ghv (3.7)

and, according to [18], can be related to time-delay effects in the arrival of photons from
distant sources.

Also important for the relation between physics and geometry is the definition of left
and right parallel transport operators R}, and L}, introduced in [18], such that

Pu D qu =Ppu + LZ(p) dqy, dp,u Daqu=pu+ RZ(p) dp, . (3'8)



Their explicit form is

5(19@61)“ 5(]9@(])“
Ly , RV —~ . 39
u(p) 9qy =0 ,u(q) a y b0 ( )

In [1] a perturbative relation between the connection and the left transport operators
is given,
L, = 8~ T(0) p, + OGP, (3.10)

From this, a perturbative expression for the conservation law for a system of particles,
labelled by latin indices, was derived,

Ky =3 7= 2 T 0)pup, + Op") = 0. (3.11)

/L'Lj

These relations are useful for connecting the geometry with the dynamics of relative local-
ity, but appear to hold only in special cases.

Hamiltonian spacetime coordinates y*(p) can then be defined for each value of the
momentum as canonically conjugate to the coordinates of energy-momentum space, so that
they satisfy canonical Poisson brackets with the momenta, {y,,p,} = n,.. Of course, the
definition of y* depends on the value of the momentum. It may be useful to define instead
spacetime coordinates z# that are independent of the value of p. It has been proposed that
this can be achieved using the parallel transport operator as [1],

A= Ly, (3.12)

i.e. by taking the coordinates of the cotangent space at the origin.

The coordinates z* in general satisfy noncanonical Poisson brackets , {z#, 2} # 0. In
fact,

{z, 2"} = [L’; 0’Ly — LY 8PL’;} Yy’ = [L’/j 0’Lg — L 8”Lg] (L7172 7. (3.13)

In some cases, as for example k-Poincaré geometry [9], these Poisson brackets coincide
with those obeyed by the noncommutative coordinates x#, with which the z# can then be
identified, but this is not true in general. The origin of this property is not clear to us, nor
the reason why L rather than R appears in (3.12). An interesting remark is that, if one
assumes the validity of (3.10), a perturbative calculation gives

{2}y = (TF + REPp, +...) 2°. (3.14)

4. Geometry of Snyder space in relative locality

In this section, we construct the geometry of Snyder energy-momentum space accord-
ing to the definitions of ref. [1]. In fact, although in the case of the Snyder model these
definitions do not satisfy the relations with the perturbative expansion of the phenomeno-
logical quantities postulated in ref. [1] (presumably because of the nonstandard composition
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law of momenta), they still show interesting properties and the phenomenological relations
can be obtained by slightly modifications of those of ref. [1].

Since the original paper of Snyder, it is known that the energy-momentum space can
be identified with a hyperboloid n% = —1/8, 8 > 0, embedded in a flat five-dimensional
space with signature (+, —, —, —, —) and coordinates n4 (A =0, ...,4). The Snyder model
is obtained parametrizing the hyperboloid with the coordinates p, = 1,/v/Bns. It is easy
to see from the embedding that

, (1= 8p*)n" + Bptp”

g’u’ = , 41
(1—pp?)? (1)
with inverse
Guv = (1 - Bp2)<77,uu - Bpupu)' (42)
It follows that the geodesic distance from the origin is given by
D2(p) = arctan? \/Bp (4.3)

B

This can be shown taking into account the embedding of the Snyder hyperboloid in five
dimensions. Because of the isotropy, one can simply consider a one-dimensional section
in a two-dimensional embedding space. For timelike geodesics, this is a hyperbola, that
can be parametrized by n9 = S /2sinh@, m, = B /?coshf. The arc length is then
D= [\iZ=7%d0=p"Y2[+/cosh? —sinh? 0 df = B~1/26, from which (4.3) readily
follows.

Denoting M ap the generators of the five-dimensional Lorentz algebra, the Snyder
algebra can be completed by identifying the position coordinates with the generators M4,
as

Ty = M4, (4.4)

and the generators J,, of the four dimensional Lorentz group with M, .
Using the definition (3.3) for the connection and the addition rule (2.6), a lengthy
calculation gives

pHo¥ + p¥ o
1 — Bp?

The connection coincides with the Levi-Civita connection of the metric (4.1) and is there-
fore symmetric in the upper indices, with vanishing torsion, in spite of the fact that the
composition law is not commutative. As noticed in [8], in fact, the vanishing of the tor-
sion is a necessary but not sufficient condition for the commutativity of the addition of
momenta. Contrary to the x-Poincaré case, where it is constant, at leading order the
connection is linear in p.

Moreover, from the definition (3.7) follows that the nonmetricity vanishes, N#*? = 0.
This is in accordance with the fact that no time-delay effects occur in Snyder spacetime
[12].

Y =3 ~ B(p"S5 +p”ok) + O(p®). (4.5)



We were not able to calculate explicitly the curvature from the definition (3.6). How-
ever, if the previous definitions are consistent, the curvature must be the one associated
to the metric (4.1), i.e.

RI® = §(35g" — 84"?), (1.6)

which is nontrivial. This is in accordance with the well-known fact that the composition
of momenta in Snyder space is nonassociative [10,15].

We conclude that the Snyder energy-momentum space is an example of maximally
symmetric Lorentzian space, endowed with a Levi-Civita connection. This property is a
consequence of its high symmetry.

One may also calculate the transport operators defined in (3.9), obtaining

) Bp!'py
Lllj = 1- BPQ (55 - ) RLL = 61/; - Bquqy- 4.7
< 1++/1- ﬂpQ) .7

Notably, the defining noncommutative coordinates z* of sect. 2 are related to the Hamil-
tonian coordinates y* by the right transport operators,

o' = RMy, (4.8)

which is in contrast with (3.12), if the z,, are identified with the z,. Instead, eq. (3.14) is
still valid. The reason of the appearance of R in place of L in the present case is not clear
to us.

To conclude, we recall that in the anti-Snyder model, the energy-momentum hyper-
boloid is given by n% = 1/8, 8 > 0, embedded in a flat five-dimensional space with
signature (+,—,—, —,+). In spite of this difference, all result coincide with those ex-
posed above, with the simple replacement 8 — —f3. In particular, the curvature of the
energy-momentum space is negative. We shall not discuss this case in detail.

5. Geometry of generalized Snyder spaces

The geometry of the generalized Snyder spaces can be constructed in analogy with
that of the Snyder model, simply changing the parametrization of the Snyder hyperboloid
in such a way to maintain the isotropy, so that Lorentz invariance is preserved. In general,
we can assume that

Pu=FO )0 = 9(0") Mya. (5.1)

We shall find the parametrization corresponding to the different models comparing

the Poisson brackets obtained from the different parametrizations with the defining ones.

As in sect. 2, it is convenient to investigate the problem using perturbative meth-

ods. We start studying the one-parameter model (2.8). At leading order, an isotropic
parametrization of the Snyder hyperboloid is given by

pu = nu(1 = Ban?) (5.2)

with a real parameter a. Maintaining the identification (4.4) for z*, we obtain the Poisson
brackets

{x/upl/} = |:1 - ﬁ (CL - %) p2:| nul/ - 2ﬁapupw {.TH,IEV} = _BJMV (53)
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Comparing with (2.8) yields a = % + s1.
From (5.2) it follows that

Ny = pu(l+ Bap?), M= % (1 + §p2) (5.4)

It is then easy to compute the metric to first order. One has

g"" = (14 2Bap* )™ + B(4a — 1)p/'p" (5.5)
with inverse

Juv = (1 - 2Bap2)77u1/ - ﬁ(4a - 1)17#291/ (56)
The geodesics distance is then

_ o 1Y) e
D—ﬁamtann4 p[l—i—ﬁ(a 6)p} (5.7)

In order to obtain the more general model (2.9) at leading order one has simply to
rescale p,, and x* as p, — %“, x# — Ax*, for constant A. Repeating the previous analysis,
one gets

1
{xlmpu} = |:1 - 6 (CL - 5) A2p2:| 77,u1/ - 260/14229“271/7 {xuvwl/} - _6A2Jw/ (58)

It follows that a = s2/(s2 — s1), A2 = 2(s3 — 51). In terms of the parameters s; and so,
the metric and geodesic distance turn out to be

g" = 4(s1 — 52)°[(1 4 2Bs2p” )" + 2B(s1 + 52)p"'p" ] (5.9)
with inverse )
_ 2
Juv = m [(1 — 23s2p )W;w - 25(81 + S2)pupu] (5~10)
and )
D? = 4(s1 — 59)*p? |1 + 55(81 + 259)p* (5.11)

To evaluate the connection, we first write down the translated composition law of
momenta,

(P& @)p=—ku+pu+qu
— B[ = s2p® — s51¢° + (51 — 3s2)p-q — (51 — 3s2)kp + (51 + s2)k-q Ky,
- B[(Zsl — 32)k2 + 31q2 + (s1 4+ s2)p-q — (s1 + s2)k-p— (3s1 — 32)k~q}pu

— B [s2k® + s9p® + 280p-q — 252k p — 252k-q|q,
(5.12)
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The connection derived from the definition (3.3) is then
Y =2 [slpm]‘“’ + so(pHdy +p”5§f)}, (5.13)

and for s; =0, sy = % coincides with the linearized form of (4.5). Since the connection is
symmetric, the torsion vanishes at leading order.

The curvature tensor computed from (3.6) gives
REVP = 20(sy — s1) [0un* — dknY], (5.14)

corresponding to a maximally symmetric space. Finally, using the results for the metric
and the connection, it is easy to see that the nonmetricity vanishes at leading order.
Hence, also in the generalized case the geometry is almost trivial at leading order. We
guess this is a consequence of the Lorentz invariance. In particular, the vanishing of the
nonmetricity can be related to the absence of time-delay effects. This has been shown to
be a consequence of Lorentz invariance in [19].

The computation of the transport operators (3.9) yields

LY =6 — B [s2p?0k + (s1+ s2)p"py],  RE =60 — B [s14°08 + 2s2¢"q, ] . (5.15)

As in the Snyder model, also in the generalized case the relation (4.8) between noncom-
mutative and Hamiltonian coordinates holds. Moreover, R}, = 4}, — %F‘;V}f‘ + O(p?).
This formula recalls (3.10), but differs from it. In spite of this fact, it can be checked by
inspection that (3.14) is still valid, when z, is identified with x,.

These results are of course in accordance with the exact result obtained in the previous
section for s1 =0, so = %
6. Conclusions

In this paper, we have considered the energy-momentum space geometry of the Snyder
model and of its generalizations from the point of view of relative locality. Although several
results of the original paper concerning the relation between geometry and dynamics do not
hold in our case, the geometrical results still have interest. In particular, the generalized
Snyder models possess a maximally symmetric energy-momentum space, with vanishing
torsion and nonmetricity. The simplicity of this geometry is a consequence of the high
symmetry of the model, due to the occurrence of an undeformed Lorentz invariance.

Moreover, some of the results of ref. [1] are still valid, like the relation (3.14) between
the Poisson brackets of the noncommutative model and torsion and curvature of the energy-
momentum space, or are only slightly modified.

From the results of this paper, it follows that the investigation of the dynamical and
phenomenological aspects of relative locality for the Snyder model must be adapted to its
peculiar properties and are currently under study.
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Appendix. The Maggiore model

Among the generalized Snyder models, a particular interesting one is obtained by
choosing embedding coordinates for parametrizing the momentum hyperboloid, defined
simply as p, = 7,. Its noncovariant version was introduced by Maggiore [20], and was
studied in [10]. The linearized version corresponds to parameters s; = —1, so = 0, and
coincides with the linearization of the model studied in [13]. The Poisson brackets are

J v T
{33“,5(,‘,/} = _\/16%72927 {x,uapu} =v1+ 6172 Nuv- (Al)

The metric induced on the hyperboloid reads

v v Bp,upy
gt =0t — 1+ Bp2 (A2)
and the geodesic distance
arcsinh? v/Bp
D(p) = HEENEL, (4.3)

The Poisson brackets (A.1) can be realized by defining

ot = §\/1 + Bp? (A.4)

and the addition rule of momenta reads [10]

pu@qH:(\/1+ﬂq2_1+%>pu+qlu (AS)

or, in linearized form, p, ® q, = p, + q. + g(q2 +p-q)p, + O(5?)
Unfortunately, it is not possible to calculate the exact expressions of the geometric
quantities, except for the transport operators,

Bpup”
LY =46V — , RY =\/1+ Bp?d~. A6
1+ 1+ pp? 8 v (48)

Like in the case of the Snyder parametrization, the noncommutative coordinates are ob-
tained for z# = RY y¥, with y,, the Hamiltonian coordinates.

We recall however that at the linearized level, REVP = B(64nPH* — 0HnPY), while torsion
and nonmetricity vanish, as in all models of this family.
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