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Abstract

We investigate the reduction to global normal forms of second order Shu-
bin (or I') type differential operators P(x,D) in functional spaces on R"”. We
describe the isomorphism properties of normal form transformations, intro-
duced by L. Hérmander for the study of affine symplectic transformations
acting on pseudodifferential operators, in spaces like the Schwartz class, the
weighted Shubin-Sobolev spaces and the Gelfand-Shilov spaces. We prove
that the operator P(x,D) and the normal form Pyg(x,D) have the same
regularity /solvability and spectral properties. We also study the stability
of global properties of the normal forms under perturbations by zero order
Shubin type pseudodifferential operators and, more generally, by operators
acting on . (R") and admitting discrete representations. Finally, we study
Cauchy problems on R” globally in time for second order hyperbolic equations
97 + P(x,D) +R(x,D), where P(x,D) is a second or der self-adjoint globally
elliptic Shubin pseudodifferential operator and R(x,D) is a first order pseu-

dodifferential operator.
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Introduction

The main goal of the Ph.D. thesis is to address the issue of reduction to

global normal forms of operators of the type
—A+ (o (x),Dy) + #(x), xeR",

where 7 (x) = {7 o(x)}] ,_; (respectively, B(x) ={P; (x)}] ,_,) is a matrix
with entries 27j ¢(x) (respectively, %, /(x)) being real or complex polynomials
of degree k (respectively, 2k). In particular, if k=1, we recapture the second

order Shubin type differential operators of the type
P(x,D) = —A+ < Ax,Dy > + < Bx,x >+ <M,Dy >+ < N,x > +r,x € R"
where A, B are real or complex matrices, M, Ne C", re C, < &,n >=
"_16jMj, via conjugation with a normal form transformation (NFT) E
E 'oP(x,D)oE = Pyr(x,D),

In the case of symmetric Shubin type operators we classify the NFT given
by unitary maps E : L>(R") — L*>(R"), defined as composition of multiplica-
tion with ef(<@ux>+<ax>) (where Q € M,(R), Q' = Q, a € R"), translations
Tgu(x) = u(x+ B), the action of the orthogonal group SO(R") and global
Fourier integral operators with quadratic phase function @(x,n) generating

linear symplectic transformation in R
Jv(x) = /2 ei¢(x,§)—iy€v(y)dy dé.
R n

Vil



Such types of global maps have been introduced by Hérmander in the con-
text of the theory of the pseudodifferential operators on R” (cf. [37], Chapter
18, pp. 157-159), see also [23]. In order to demonstrate that the origi-
nal operator P(x,D) and the normal form operator Pyr(x,D) have the same
regularity /solvability and spectral properties, we have to investigate isomor-
phism properties of such type of NFT between function spaces on R”, like the
Schwartz class . (R"), the weighted Shubin-Sobolev spaces Q°(R"), s € R",
the Gelfand-Shilov spaces Sh (R"), u,v >0, u+v > 1. We are also interested
in the study of the stability of the properties of the normal forms under

perturbations

P(x,D)+b(x,D)

with zero order Shubin(I'-) pseudodifferential operators and we investigate

the corresponding reduction
E'ob(x,D)oE = byr(x,D).

We mention as another source of motivation an approach, based on using
different type of global normal forms of evolution PDEs on R" for deriving
global estimates in weighted spaces on R”, proposed by M. Ruzhansky and
M. Sugimoto [54]. We introduce discrete representations for the action of
Shubin type pseudo.differential operators based on eigenfunction expansions
associated to self-adjoint Shubin differential operators. We mention that in
a recent book Ruzhansky and Turunen [55] have proposed a series of fun-
damental new results on pseudodifferential operators on compact Lie groups
and homogeneous spaces based on discrete representations, see also [17], [56]

and the references therein.

We also investigate and classify completely self-adjoint anisotropic I el-
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liptic operators, which are given for n =1 by
k 2k
Di+ (Y ap* WD+ Y b7, k>2,x€R,
j=0 (=0
with NFT containing term of the type ei“xm, a € R if ag € R. However, in
contrast to the case of the Shubin type operators, we are not able to consider
perturbation with p.d.o. since one has to study FIO with phase functions
having at least cubic growth in x ( L k>2).
Clearly we are also inspired, at least indirectly, by ideas coming from
the celebrated Poincaré normal form theory, the Hamiltonian dynamics, the
integrability problems, semi-classical analysis. In fact, if we write the symbol

of the perturbation of the modified multidimensional harmonic oscillator
- 2
Z (67 +23) +p(x,€)

and consider the function above locally near the origin (0,0), we find in the
literature an impressive list of fundamental results, we cite [11], [48], [2],
[47] and the references therein. However, we are interested more in global
properties in the context of the theory of Shubin type p.d.o. on R" which
lead to different notion of normal form.

Next, we consider perturbations of some non self-adjoint I'—elliptic oper-
ators modeled on 1D complex harmonic oscillators D2 + @x?, ® € C, Rw > 0,
Sw # 0. Classes of such operators have been studied in the framework of the
theory of the spectral properties of non self-adjoint operator, for more details
(see [14],[15], [43]). Here we need to use NFT containing non unitary maps
of the type e(SC¥>H<&X>) where 30 £ 0 or 3a # 0. Such maps are not
defined on L?(R") and .#(R") and if 3Q = 0 and Sa # 0, the maps preserve
the Gelfand-Shilov spaces Sy (R") for 1/2 < u < 1 while for 3Q # 0 they do

1/2

not act even on S, /Z(R”) but on some scales of Banach spaces in Slfz(R”)



We mention that such maps belong to Bargmann-Fock type spaces of entire
functions, which play an important role in the realm of the time-frequency
analysis and Toeplitz operators, cf. see the recent work of Grochenig and
Toft [31] and Toft [63], and the references therein. The main novelty of
Chapter 3 is the detailed study of reduction to normal forms of multidimen-
sional complex anisotropic I' differential operators under suitable symmetry

and separation of variables type conditions. Finally, we investigate pertur-

bations with Shubin operators having symbols in S }ﬁ

pseudodifferential operators with S}?; (R™) type symbols have been studied

(R™). We mention that

in different context cf. [63] and [64]. As a consequence of our investigations
we are able to present new results on spectral properties of P(x,D).
We also investigate operators with real non negative principal symbol and

non empty (Shubin type) characteristic set

Tp={(x,&) ER¥\0; p2(x,§) := || &[>+ (Ax, ) + (Bx,x) =0} #0, &[> =(&.£).

We have two cases: first, the matrix A is symmetric. In that case we are able

to reduce P via unitary NF'T to
Py = —Au+i<M,D, > +(p +io)x; +itx, MeR" p,6,7€ R.

In the case T =0, we obtain Airy type normal form and we are able to describe
completely the hypoellipticity in .(R"). We observe that the symbol of the
Airy normal form is not hypoelliptic symbol if n > 2. It turns out that for
n > 2 the usual functional frame of Shubin spaces Q*(R") is not good for the
study of Pyr. We outline the notion of new type of spaces suitable for the Airy
type normal form operators and we derive new anisotropic type subelliptic
estimates in such spaces. In the case Tp # 0 we are not able to study the
global regularity or solvability on R" as we encounter serious difficulties for

deriving hypoellipticity-solvability results on R”, since the Fourier transform



x1

of the normal form becomes a polynomial perturbation of dz in C x R"2,
71 = X1 +ixo.

The second case is when A admits nonzero skew—symmetric part. In that
case, we are able, under suitable sharp conditions, to reduce to normal forms
given by multidimensional twisted Laplacian type operators

n 2
—A+]Zl <7j<x2jDXle —x2j-1Dx,;) + Zj(x%jfl —|—x%j)> +r, 1€ RireR.
and to show new results on regularity and solvability, generalizing previous
results of Dasgupta, Wong [13], Gramchev, Pilipovic and Rodino [23].

Finally, we investigate the Cauchy problem for the second order hyper-
bolic operator D? + P(x,D,) +R(x,D) globally on R", where P is a self-adjoint
globally elliptic or twisted Laplacian type Shubin operator and R is a first
order pseudodifferential operator. We derive new results on global in time
well posedness of the Cauchy problem in functional frame containing the
Schwartz class, the weighted Shubin spaces and the Gelfand—Shilov spaces.

The thesis is organized as follows: Chapter 1 is dedicated to some prelim-
inaries on I' p.d.o. It follows the exposition in the book of Nicola and Rodino
[50].

Chapter 2 is concerned with second order self-adjoint differential opera-
tors. We recall that Sjostrand [59] studied in details second order differential
operators of Shubin type (see also [38] and [4] and the references therein).
We start by proposing some refinements, namely, we derive a necessary and
sufficient condition for the reduction of P(x,D) to harmonic oscillators by
conjugations defined by multiplication with quadratic oscillation type maps
and orthogonal transformations. More precisely, we show that there are
two different patterns of behaviour, namely, the classification depends on

whether the matrix A = {a jk};? r—1 1s symmetric, or stated in an equivalent



way, whether the linear differential form
(Ax,dx) = Za jkXjdxy s closed.
Jik

Set A = Asymm +AskeWa Asymm :AT Askew = _AT

symm> sew- I Agkew = 0 we show

that all globally elliptic operator are reduced to
n
Hy=—-A+ Z w?x?—l—r, for some w; >0, j=1,...,n, r€ R,
j=1
using the NFT of the type
UV()C) _ e,—l%(<Q)c,x>-i-<0£7x>)V(SO)C)7

and U is an automorphism of each of the following spaces . (R"), Q*(R"),
s € R,SY(R"),u > v. Moreover, U preserves the Shubin type operators,
namely b(x,D) € OPT™ iff U*ob(x,D)oU € OPT™.

We also propose, motivated by the paper of Greendfield and Wallach on
global hypoellipticity of commuting differential operators on compact Rie-
mannian manifold cf [30], new discrete representation of the action of b(x,D)
provided b(x,D) commutes with P and the eigenvalues of P are simple, which

is equivalent to the non resonance condition
oy,..., o, are linearly independent over Q.

First, we derive easily the complete description of the centralizer P(x,D) in
the algebra of the I' pseudodifferential operators. However, replacing the
commutativity with less restrictive and more natural condition in the the

pseudodifferential operator theory
[P(x,D),b(x,D)] = R(x,D) € OPT=(R"),

OPI'(R") being the space of regularizing I" operators, small divisors type

problems arise and we have to impose Diophantine conditions on @ = (..., ®,),
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namely, there exist C > 0, T > 0, such that

C
, oeZ"\0,

o) >
(0.0)|> o

in order to demonstrate the decomposition
b(x,D) = beomm,p(x,D) +bes(x,D), where [P,beommp| =0, be(x,D) € OPT ™.

In the third chapter, we address the reduction to normal form for complex
second order Shubin type operators. We prove, using complex WKB methods
and the theory of complex ordinary differential equations, that one can find
a NFT U with quadratic exponential growth reducing P to the complex

harmonic oscillator
U loPoUce=D>+wx*+r, ®cC,3w+#0.

We describe completely the spectral properties of P. In particular, we reduce

our operator to three cases

Ly =D?+iexDy+ (1+i8)x* +ipDy +gx +, (1)
L. =D>+iexD;+ (—1+i8)x* +ipD, + gx+1, (2)
Lo = D? +iexD, +idx* +ipD; +qx+, (3)

where €,0 € R, ¢g,7 € C. Next, we investigate in details normal forms of
multidimensional anisotropic operators. Finally, perturbations with S iﬁ (R™)
Shubin type operators are discussed. As it concerns the one-dimensional
anisotropic Shubin operators, we mention a paper of Nicola and Rodino [51]
where the authors study global hypoellipticity in .(R). We stress the fact

that our proofs are based on the reduced to the normal form operators

2k—3
L2k,p = DJZC —|—x2k —+ Z pijk_3_]. (4)
j=0



where p € R%~2,

In Chapter 4, we study the normal form of classes of Shubin type degenerate
operators with non negative principal symbol. We stress that our classes
of degenerate operators is different from those studied in [34], [49]. Two
novelties appear: first, for the Airy type normal from operators we derive
global hypoellipticity in .#(R") and anisotropic subelliptic type estimates in
new spaces. Our proofs borrow ideas from the approach of F. Treves [65] for
showing local subelliptic estimates for first order p.d.o. of principal type.
Second novelty occurs in the global hypoellipticity result for twisted Lapla-
cian type operators: discrete phenomena appear for the zero order term, in
contrast with the hypoellipticity results in [49], where the estimates depend

only on the sub-principal symbol.

We have again two cases: when Ay, =0 and dim(Xp) > 1 we find the

Airy type operator and the 9 operator

Pyr = —A+i(M,Dy) + px) +iox; +iTx2.

In 7 =0 we obtain the multidimensional Airy type operator, while if Tp # 0
then we have that the Fourier transform of Pyg is written as polynomial
perturbation of @ type operator. We prove complete classification of the

Airy type normal form case.

In the second case Ag,,, # 0 we reduce to normal forms generalizations
of twisted Laplacian type operators and derive a complete description of the
spectral properties and the global hypoellipticity and solvability in . (R")
and the Gelfand-Shilov spaces Si (R"), u > 1/2.

In the last chapter we study the well-posedness for a second order of



XV

Cauchy problem

0?u+P(x,D)u-+R(x,D)u=0, >0, xcR"

u(0,x) = ug € §'(R"), u(0,x) = uy € S'(R").

We prove the well posedness in C*([0,00[: .7 (R")),C*([0,00[: Q*(R")),C*([0,oo]:

S4 (R")). One of the fundamental ingredients of the proofs is the systematic
use of discrete Fourier analysis defined by the eigenfunction expansions for
self-adjoint globally elliptic differential operators in functional spaces, follow-

ing the approach used by Gramchev, Pilipovic and Rodino [23].
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Chapter 1

Basic notions

In the first section of this chapter we recall some definitions and properties
of function and distribution spaces on R", which we shall use in this thesis (see
the book of Rodino [52]for details). In the second one we give an introduction
to the theory of pseudodifferential operators and its symbolic calculus (see
the book of Rodino e Nicola 2010 [50]). The last section is devoted to some

notions of the spectral theory.

1.1 Distribution and Function spaces

1.1.1 The spaces . and .7’

In this section, we introduce the Schwartz space . (R") and its dual

spaces the class of temperate(tempered) distribution 7' (R™).

Definition 1. The Schwartz class .7 (RY) is defined as the space of all smooth

functions in R such that

sup [P 9% f(x)| < oo, for all o, p € N%,

xeRd



1. Basic notions

Before recalling some properties of the Schwartz space, we need to define
the space &, the space of C* functions with polynomial growths at the
infinity.

Definition 2. We define 22°, as the set of all continuous functions @ such
that
lp(x)] < C(1+ )Y,

for some constants C and N. While we write ¢ € &2 if ¢ is a C* function
such that 0%@ € P°, for all o € Z4.

As explained by the following Lemma, (we refer the reader to Lemma 1.4
in [57] for more details), .7 is closed under the operations of differentiation

and multiplication by C* functions with polynomial growths at the infinity.
Lemma 1. One has

i) For any o € Z4 and ¢ € S (R?Y). Then %@ € 7 (R?) with

10%0lk < @1kt
for all ke Z;.

i1) For any y € & there exist two sequence Cy and Ny such that If ¢ €
S (RY) then oy € . (R?) with

9Vl < Cil @lesan;
for allk € Z.. In particular, if y|(x) =x% one has [x*@|; < 2k(oc!)\(p\k+‘a‘.
With |u|x we denote the inductive norm of the Schwartz class.

We point out that one motivation for the introduction of . (R¢) lies in the

fact that when dealing integrals of such function, all the difficult operations
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will be valid thanks to the decay of Schwartz functions at infinity. For this
reason we give the properties of this function class, (for more details see

Theorem 1.6 in [57]).

Proposition 1. Let 1 < p <o and ¢ € #(R?). One has.#(RY) C ﬂpLP(Rd)
with Normpp (@) < (27)"|@|2,. Moreover

i) For any 1 < p < oo, uc LP(R?Y) and ¢ € .7 (RY). Then ugp € L'(RY)
with
|(u, )| < (27)"Normpy (u)|@|2a-

ii) For any measurable u such that u@ € L'(R?) for all ¢ € .7 (RY)

(u, ) =0 for all  €.Z(RY) = u=0a.e.

i) If @ — U(@) is a semilinear form on .7 (R?) satisfying |U(¢)| < Clloll 2 (ray
then there exists a unique u € L>(R?) such that U(@) = (u, @) for ¢ €
S (RY), and ||ul| j2gay < C.

It is well known that the Fourier transform

Fo(&)=0(&) = [ O p((x) A, dr=(2m) - dx

defines an isomorphism of .#(R%) and an isometry of L?>(R¢). The inverse

Fourier transform is

7o) = [ 8 jE)ae.

The following Theorem, (see Theorem 1.8 in [57] for more details), estab-

lishes some properties of the Fourier transform in the Schwartz class.

Theorem 1. For any ¢ € .7 (RY), one has ¢ € .7(RY). Moreover, the
Fourier transform @ of ¢ € .7 (R?), satisfies
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i) DEQ(E) = E%P(E) and x¥@(E) = (—~1)I¥D*G(E), for any o € Z4.
i) (Parseval formula) (@, ) = (27)"(@,y), for all ¢ € .7 (RY).
Now we are able to define the space of temperate distributions.

Definition 3. We say that u is a temperate distribution, and we write u €
' (RY) if u is a semilinear form @ — (u, @) on ./ (R?), with two constants

CeR and N € Z4 such that

(u,0)| <Cloly  forp e 7 R).

It is well known that every Lebesgue space LP (Rd) is a subspace of
' (R%). Thus, we may construct the extension of the Fourier transform to
S (RY).

Theorem 2. Let u € .7'(R?). Then the formulas

(2,9) = (u,0), forpe S (RY),
defines distributions it € .7 (R?). Moreover if u € L*(R?) it implies it € L*(RY)
via Parseval formula:

(4,9) = (2m)"(u,v), foru,ve L*(RY).

We may also extend to the temperate distributions space the operator of

differentiation. Thus, if u € .7/(R?), the following formula

(D%, ) = (u,D%), for ¢ € .7 (R)

defines a distribution D%u € .7”(RY), for any « € Z4..
Remark 1. We note that this operation extends the usual differentiation
of functions. We remark the important fact that differentiation is always

possible in the space of distributions. We can now always differentiate a

function, even when it is not classically differentiable.



1.1 Distribution and Function spaces

Unfortunately, it has been proved that it is impossible to define in general
the product of two distributions with the usual properties of products of
functions. For example the operation of multiplication will be restrict to the

following two situations:
i) when u and y are functions;

ii) when v € & and u € ./ (R?), the formula

(yu,9) = (u,ye), forp e .7 (R?)

defines a distribution yu € .7/(R%).

1.1.2 The spaces ¥ and 2’

As explained by the previous section to have a good theory of Fourier
transformation, we need the control of growth at infinity of temperate distri-
butions. However, if one gives up the Fourier transformations to keep only
the operations of differentiation and multiplication by smooth functions, one
can consider much wider classes of distributions. Before introducing the def-

inition of this distribution class, we need to define the functional space of

2(Q).

Definition 4. Let Q CRY be an open set of RY. CF(Q) denotes the linear
subset consisting of those functions in Cg (RY) which have compact support

wn Q.
Now we are able to define the space 2'(Q).

Definition 5. Let Q@ CR? be an open set of RE. One can define a distribution

in Q as follows: ue 2'(Q) if u is a linear form on C§(Q) continuous in the
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sense that for each compact set K C Q, there exist two constants C, Ny such

that

|, @) < Cil@lny  for ¢ € G5 (Q) and supp ¢ C K,

where the notation supp@ means the support of @, and it is define as the
intersection of all closed subsets in whose complement @ vanishes.

The product yo € P'(Q) is defined by the formula (yu, @) = (u, y@) for any
ue 2'(Q) and y € C*(Q).

Remark 2. The obvious inclusion 2(RY) C .7 (RY), is strict. For example

the Gaussian e~ ®) byt it is not in 2(RY).

Finally, we recall the Paley- Wiener-Schwartz theorem, which shows that
distributions with compact support can be recognized by their Fourier trans-

form, (see for more details Theorem 1.13 in [57] or see [52])

1.1.3 Sobolev spaces H*®

One property of the Fourier transform states that for a temperate dis-
tribution u, u € L>(RY) is equivalent to 4 € L*(RY). Moreover, there is a
correspondence between differentiation of u and multiplication of @ by a poly-
nomial, there is also a correspondence between the smoothness of u and the
growth of @ at infinity. This fact is used to define the Sobolev spaces which

are more convenient than the classical C¥(R9).

Definition 6. Let s € R, and u € ' (RY). We will write u € H*(RY), if
(EVSi(E) € L*(RY). In other words, u € HS(RY) if

ey = [ (E)10E)PTE <o
where () = \/1+ &2
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We note that we have the following inclusions: H*(R?) c H'(R?) if s >t
and . (RY) C H*(RY) c H=(R?) ¢ .#/(R?), where H® = ,H* and
H™™ =JyH®. These inclusions are strict, for example it is not true that
& = H*. In fact if one take u(x) = (1+[x|>)"%, uc H* but u ¢ .7.
As explained by the following Proposition (we refer the reader to Proposition
1.14 in [57]), the Sobolev spaces measure the same smoothness as the C¥(R?)

up to a fixed shift of exponents.

Proposition 2. For all s € R one has
uc 'Y RY <  u,Dyu,...,Dyuc H(RY),

with the equality Hu|]12_1S+,(Rd) = Hquqs(Rd) +Y; HijuHI%IS(Rd). Moreover, for any

k€Z+U{°°}7
i) u€ HYRY) & D% € L*(RY), for all |a| < k.

i) If s> % +k and u € H*(RY) = D%u are bounded continuous functions

for |o] < k.

Using the Riesz’s representation theorem, the H* distributions can also be
characterized as the continuous semi-linear forms of H*. More precisely we

have the following Proposition, (for more details see Proposition 1.15 [57]).
Proposition 3. If u € H(R?Y) and ¢ € .7(R?), then
|, @) < ]l s ety [| @l -5 ey -

Conversely, if u € .7'(RY) satisfies |(u, @)| < Cllollg—s(ray for some constant
C and all ¢ € S (R?), then u € H(R?) with ]| s (mary < C.

When we study the linear partial differential equation with variable co-

efficients, using H*(R?) distributions, we will have to consider products of
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distributions with the coefficients of the equation. To measure the smooth-
ness of these products, we first compute the Fourier transforms, as explained
by the following Lemma, (we refer the reader to Lemma 1.17 in [57] for more

details).

Lemma 2. One has

(&) = [a€ ~mys(m) an = [a(¢) ac,

for any u,v € L*(R?), as well as for any u € H*(R?) and v € H~=(RY). More-
over the Leibniz formula
(uv) Z ( ) u) (D Py,
B
holds for any u,v € HI*F"(RY), r>n/2

From the Lemma 2 and the Peetre’s inequality we get the following con-
tinuity properties, as stated by the following Corollary, (for more detail see

Corollary 1.19 in [57])
Corollary 1. Let s € R and ¢ € H*(RY). Then
u € H'(R?) = gu € H (R )with || Qul| s ay < 2572 [[@]| a1l s e

Moreover, if

= ) aq(x)D*

|a|<m
is a linear partial differential operator of order m with coefficients ag(x) €

H”(RY) then a(x,D) maps continuously H*(R?) into H* ™ (RY), for any s € R.

1.1.4 Gelfand-Shilov spaces S,

If one would like to know more precisely how fast the decay of f € .7 (R%)

is at the infinity, then it is convenient to use the spaces SH (Rd), subspaces of



1.1 Distribution and Function spaces

13

7 (R4). We will define them in terms of simultaneous estimates of exponential

type for f(x) and f(&). We note the symmetrical role of the variables x and
E.

Definition 7. Let u >0 and v > 0. The function f(x) is in St (R?) if f(x) €

S (R?) and there exists a constant € >0 such that

] Seeh™, (1.1)

7(&)] S e elel, (1.2)

We note that we have the inclusions S (R?) C Sﬁ,/(]Rd) for u <p',v<v.
It is also well known that application of the Fourier transform interchanges
the indices g and v in the above definition. In fact we have the following

Proposition (see Theorem 6.1.2 in [50])

Proposition 4. For f € ./ (R%), we have f € Sk (RY) if and only if
feSyRY.

Remark 3. In particular the symmetric spaces Sﬁ (RY) , u>0, are invariant
under the action of the Fourier transform. It will be clear that Definition 7

does not change meaning, if referred to f € L>(R?), or f € ' (RY), provided
(1.1), (1.2) make sense.

Now we are interested in passing from the estimates (1.1), (1.2) to esti-
mates involving only f(x). The first step is to convert exponential bounds in
the factorial bounds. For this reason we recall the following Proposition (see

for more details Proposition 6.1.5 in [50])
Proposition 5. The following conditions are equivalent:

i) the condition (1.1) holds, i.e., there exists a constant € >0 such that

) S ee™, (1.3)
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ii) there exists a constant C >0 such that
X f(x)| S (@)Y, aeN (1.4)
The following Theorem, (we refer the reader to Theorem 6.1.6 in [50] for
more details), give us an equivalent definition of Sy (R?).

Theorem 3. Assume @ >0,v>0,u+v>1. For f € (R?) the following

conditions are equivalent:
i) feSy(RY).

it) There exists a constant C > 0 such that
X f ()] S C¥at)Y, aeN (1.5)
EPFE)ISCP(BYH, BeN. (1.6)

iii) There exists a constant C > 0 such that
(@)l ey S C¥ (@)Y, o€ N (1.7)
1P F(E) 2@a) SCPIBHE, B eN. (1.8)

iv) There exists a constant C > 0 such that
I £ () 2ray S C¥N (@)Y, e N (1.9)
19P £ ()| 2 ey S CPIBI*, B eN. (1.10)

v) There exists a constant C >0 such that

1x%0P £ ()| 2 ey S C1* Pl @) (BO*, o, € N (1.11)

vi) There exists a constant C >0 such that

x*0P f(x)| < ClHBl (o) (BY*, o, B e N (1.12)
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We note that the assumption g+ v > 1 in Theorem 3 is not restrictive.
In fact in the Theorem 4 we will prove that for g +v < 1 the spaces St (RY)
contain only the zero function. For this aim we give the following Propositions

(see Proposition 6.1.1, Proposition 6.1.8 and Proposition 6.1.9 in [50])

Proposition 6. Let 4 > 0,v >0 and f € .7 (R?). Then the estimates (vi)
in Theorem 3 are valid if and only if there exist positive constants C and €
such that

0P £(x)| S CIPL(BYEe M B e N, (1.13)

Hence, when [+v > 1 the estimates give an equivalent definition of Sk (Rd).

Proposition 7. Assume 0 < < 1,v >0 and f € S(R?). Let (1.13) be
satisfied for suitable constants C >0 and € > 0. Then f extends to an entire

function f(x+iy) in C¢, with
]f(x+iy)| < ef£|x|(1/v)+5|y|‘/(‘—u), (1.14>

where O is a suitable positive constant. In the case w =1,v >0, f extends

to an analytic function f(x-+iy) in the strip {x+iy € C¢: |y| < T} with
i) eIy <, (1.15)
for suitable T > 0.

Therefore, if g4 v > 1 and pu < 1 then every f € Sy (R?) extends to the
complex domain as an entire function satisfying (1.14), while if pu4+v > 1
and g = 1 then every f € Sh(R?) extends to the complex domain as an
holomorphic function in a strip satisfying (1.15).

The following Theorem, (see Theorem 6.1.10 in [50] for more details), answers
the question of the triviality of the classes S} (R¢), when u+v < 1. This
result can be expressed by the statement that a function f(x) and its Fourier

transform f(&) cannot both be small at infinity.
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Theorem 4. Let f € .7 (R?) satisfy

1/v

F) S e pE) S e,

for some € >0,u >0,v>0 and u+v <1. Then f=0. In other words,
according to the Definition, the classes St (R?) are trivial if u+v < 1.
Moreover, if u+v <1 each conditions (ii)-(vi) in the Theorem 3 and (1.13),
implies f=0.

We recall that the symmetric Gelfand-Shilov spaces S} (R?), u > 1/2, are
invariant under the Fourier transform (see Proposition 4). These spaces play
an important role in the applications to the study of Shubin operator. It is
convenient for Sy (RY) to reformulate (v), Theorem 3, in the following form,

(see Proposition 6.1.12 in [50]).

Proposition 8. Let u > % A function f € . (R?) belongs to Sﬁ (RY) if and

only if there exists a constant C >0 such that

1x%0P f(x)[| 2(ay S CYNN, - for o] +|B| <N, N=0,1,2,... .

1.2 Symbols and pseudodifferential operators

1.2.1 Symbol classes

Before introducing the definition of pseudodifferential operator we need
to define the general notion of symbol classes. We begin with the following

concepts of sub-linear weight and temperate weight

Definition 8. A positive continuous function ¢(x,&), (x,&) € R*?, is called

a sub-linear weight if

1<o(x6) S 1+ x| +[8], (1.16)
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A positive continuous function ¢(x,&) is called temperate weight, if there

exists s > 0, such that

x4+ +n) S o,E)(1+y[+[nl), (1.17)
Now we define the symbol classes S(M; ¢, v)

Definition 9. Let ¢(x,&) and y(x,&) be sub-linear and temperate weights.
Let M(x,&) be a temperate weight. With S(M;¢,y) we denote the space of
all smooth functions a(x,&), (x,&) € R* such that for every o, € N¢,

089 a(x,8)| S M(x,8)y(x,&) 1o (x,&) 1P (1.18)

In this thesis we will use a particular kind of symbols, the so called T-
symbols. They are defined by taking ¢ (z) = y(z) = (z), where z= (x,&) € R*,
in the Definition 9.

Definition 10. Let m € R. We define T™(R?), as the set of all function
a(z) € C*(R*?) satisfying,

|07a(z)| S ()", (1.19)
for all y e N?4.

For completeness, we also define the G-classes (introduced by Parenti
and Cordes). Note that, differently from the I'-classes, the symbols in the
G-classes have independent asymptotic behaviour in x and . However, they

can be seen as a special case of Definition 9 with y = (&) and ¢ = (x).

Definition 11. Let m,n € R. We define G™"(R?), as the set of all functions
a(x,&) € C=(R??) satisfying the estimates

0£0fa(x,&)| < (&)™ ()" P, (1.20)

for all o0, B € N¢,
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For the symbolic calculus in S(M; @, y), it is very important that the sub-

linear and temperate weights satisfy the following strong uncertainty princi-
ple:
Y(x,E)9(x,8) Z (1+ x| +[&])°  for some & > 0. (1.21)

It is well known (see [50]), that if (1.21) holds, then the symbols in S(Mh"; ¢, ),
where h(x,&) is the Plank function, decay at infinity, together with their
derivatives provided that n is large enough. Then, one can introduce a no-

tion of asymptotic expansion in S(M; @, y)

Definition 12. Let n € N and a € S(M;¢,vy), for any given sequence of
symbols a, € S(IMW*; ¢, y)), we write

a(x,&) ~ Y an(x,§) (1.22)

if, for every N > 1,
N—1
a(x,§) = Y aj(x,§) € S(M;¢,y). (1.23)
Jj=0
The right-hand side of (1.22) is called asymptotic expansion of a.

As explained by the following Proposition (we refer the reader to Propo-
sition 1.1.16 in [50] for more details), if the strong uncertainty principle is

satisfied we have an asymptotic expansion modulo a Schwartz function.

Proposition 9. Assume the strong uncertainty principle (1.21). Let a, €
S(MI";¢,y), n € N. Then there exists a symbol a(x,&) € S(M;9,y) such
that

a(xag) ~ Zan(xvé)

Moreover a is uniquely determined modulo Schwartz functions.
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1.2.2 Pseudodifferential operators
Oscillatory integrals

In this section we want to sketch a theory of oscillatory integrals which
will be used to define pseudodifferential operators. For more details we refer
the reader to [57]. Note that these integrals are in general not absolutely

convergent.

Definition 13. (Spaces of amplitudes) Let m > 0. With A™ we denote the
space of all functions a € C*(R") such that
sup (x) "|dfa(x)| <eo for allo € 7. (1.24)
xeR”
In this space we will use the following seminorms
m = Ina _maa oo (R - 1.25
[[allam k W&H@ al = (mn) (1.25)
The following Theorem (given by [57] Theorem 2.3) defines the notion of

oscillatory integrals

Theorem 5. Let g be a non degenerate real quadratic form on R" (i.e.
Vq(x) #0,for x #0) a € A" and @ € ./ (R"), such that ¢(0) = 1. Then the
limat

lim [ 9% a(x)@(ex)dx (1.26)

e—0
exists, is independent of @ (as long as @(0) = 1), and is equal to [ 9% a(x)dx,
when a € L'(R"). When a ¢ L'(R") the limit in (1.26) is still denoted by
[ 4™ a(x)dx, and fulfils

| [ éatx)dr| < Cpnllalanmiair, (1.27)

where the constant Cy, depends only on the quadratic form q and on the

order m.
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Some properties of oscillatory integrals are listed below (see Theorem 2.5

[57])
Proposition 10. -

i) Change of the variable: if A is an invertible real matriz, then
/eiq(Ay)a(Ay)|detA|dy= /eiq(x)a(x)dx.
i1) Integration by parts: if a € A™, b € Al and o € 7'}, then
/ 1) (x)9%b(x)dx = / b(x)(=9)% () a(x))dx.

ii) Differentiation under [ : if a € A"(R" x RP) then [ €4®a(x)dx € A™(RP)

and

8ya/e"1(x)a(x,y)dx = /elq(x)ay“a(x,y)dx for all a € ZE.

iv) Interchange of the [ : if a € A™(R" x RP) as in i) and if r is a non

degenerate real quadratic form on RP?,
/ eir<y>< / eiq(x)a(x,y)dx> dy = / AW+ O (x, y)dxdy.

Pseudodifferential operators

Definition 14. Let m € R. We say that a(x,&) belongs to the set of symbols
S™(R?") if and only if a(x,&) € C*(R**) and the following is satisfied

|00P a(x,&)| < (&)%), (1.28)
Va,B € N'. We also denote J,,S™ by S and N,,S™ by S™*.

We define, also, for these symbol classes the asymptotic expansion.
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Definition 15. Let m € R and a; € S™ (R*") for j € N, where
m=my>m| > ... > Ny —> —oo,

We say that }.;a;j is an asymptotic expansion of a and we write a ~3Y.7 yaj,

if
N-1
VN e Z7, a— ZajeSmN(RZ”).
j=0

The following Proposition, (we refer the reader to Theorem 10.9 in [18]
for more details), give us the conditions to have the asymptotic expansion

modulo a symbol in $™%.

Proposition 11. Let m € R and a; € S™(R*"), j € N, with mg=m and
m; N\, —oo. Then, there exists a € S™(R®") such that a ~ Yja;. The symbol a

18 unique modulo S~°.

Now we can introduce the adjoint symbol ¢* and the compound symbol

aftb (see Theorem 2.7 [57])

Theorem 6. Let a € S"(R*") and b € S‘(R*"). Then the oscillatory integrals
a'(5.8) = [ e MMalx—y.&—n)dyan.
@(x8) = [, e alr—y~E+m)dyan,

atb(,§) = [ ¢ MMa(x.& —mblx—y.E)dydn,
define symbols in S"(R*"), in S™(R™) and in S"TE(R™), respectively. Fur-

thermore, we have the following asymptotic expansion:
a* ~ Z agD“ ,€),

DO‘_

afib ~ Z 85 aD?%b.
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Now we can define pseudodifferential operators.

Definition 16. Let a € S"(R?*?). We call pseudodifferential operator of sym-
bol a the operator defined on ./ (R") as follows

aw.D)f(v) = | a(x.6)7(E) . (129

n

It is known that the pseudodifferential operator a(x,D) in (1.29) is a
continuous linear operator on the Schwartz class . (R"). In fact the following

Theorem (Theorem 3.1 in [57]) holds
Theorem 7. If a € S*(R?") and f € S(R") the formula
awD)f () = [ a(xE)F(E) TE.

defines a function a(x,D)f € S(R") and there exist constants N € ZI. and
Cy >0, for k€ Z", depending on a such that ||a(x,D)f ||y, < Cillflpin-

We note that the pseudodifferential operator a(x, D) (1.29) can be written
in the oscillatory integral form, in fact we recall the following (Proposition

10.7 [18])
Proposition 12. Let a € S"(R*") and u € S(R"). We have that
i) gy, &) :=—y& is a non degenerate real quadratic form,
ii) b(x,y,&) = e a(x,E)u(y) € A"(R! x R}) for all x € R".
i)
alwDu() = [ alx.E)a(E) a

_ o VE <ei’f5a(x,§)u(y))>dy dE.

R2n



1.2 Symbols and pseudodifferential operators

Now we want to extend the definition of pseudodifferential operator to
the space of Schwartz distribution ./(R"). For this reason we recall the
following Theorem (see Theorem 3.2 in [57])

Theorem 8. For any a,b € $*(R*") and f,g € /(R") one has
Z) (a* (X,D)f, g)Lz(Rzn) = (f7a<x7D)g)L2(]R2")'

ii) (ajjb(x,D)f,g) = (a(va)b(va)fag)'

We are now able to extend the operator a(x,D) : . (R") — . (R") as an
operator from .#/(R") into .#'(R").

Definition 17. Given a € S, we call pseudodifferential operator of symbol
a the operator a(x,D) : S'R") — ' (R") defined as follows

(a(x,D)u,v) = u(d' (x,D)v).

From the definition and elementary properties of Sobolev spaces H*(R") it
is well known that a pseudodifferential operator of order m maps continuously
H*(R") into H*™™(R") as stated by the following Theorem (see Theorem 3.6
[57])

Theorem 9. Let a € S™. Then for every s € R
a(x,D): H*(R") — H*"™(R"),

and there ezists a constant Cy such that ||a(x,D)u||gs < Cg||ul|gs—m.

Elliptic and hypoelliptic symbols

One of the main achievements of the symbol calculus is a construction
of an approximated inverse for elliptic operators. This has been done for
a general class of hypoelliptic symbols. For this reasons we need the other

particular symbol classes.
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Definition 18. Let m € R and ¢ < m. The symbol a € S™ is hypoelliptic, if

there exists a radius R > 0, such that
Jeo>0, VxeR", VE, [§| >R, a(x,§)] > co(§)", (1.30)
and

Vo, B €N >0 Vxe R, VE, [E] >R,
|0£0P a(x,8)| < cq pla(x,&)[(E) 1. (1.31)

If £ =m then a is an elliptic symbol of order m.

Remark 4. We note that, if the symbol a is elliptic then the bound from

below condition (1.30) implies the condition on the derivatives (1.31).
Now we define the notion of parametriz:

Definition 19. Let a(x,D) a pseudodifferential operator. a(x,D) has a left
parametriz (right parametriz, respectively) if there exists a pseudodifferential

operator p(x,D) such that
p(x,D)a(x,D) =1+ r(x,D) <resp. a(x,D)p(x,D) =1+ r(x,D)) ,

where r € S~ and I is the identity operator on #'(R"). If there exist
left and right parametriz then we call p(x,D) the parametriz of the operator

a(x,D).

We recall the following Theorem on the parametrix construction for ope-

rator with elliptic symbol, (see for details Theorem 2.10 [57])
Theorem 10. Let a € S™. Then the following statements are equivalent

i) There ezists a b € S™™ such that agb—1 € S™%;
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ii) There ezists a b € S~™ such that bfa—1 € S~
iii) There exists a by € S™™ such that aby—1 € s~

w) There exists an € > 0 such that |a(x,&)| > (&)™ for |E] > 1/e.

Now we may construct a parametrix for a hypoelliptic operator. This is
done by constructing formal series of symbols to whom to apply Proposition

11. For this reason, we recall the following Proposition (see [18])

Proposition 13. Let a be a hypoelliptic symbol of type (m,£). We set

po(x,&) =a ' (x,£)9(&),
with @ € C*(R™), (&) =0 for |E| > 2R.
i) po is an element of S~'(R?");
ii) for all a,p € N, poaé)‘&fa e slal,

iit) We define for h > 1,

_Hin
ph<x,é>:—( 3 (%aza@,é)agpj(x,é))po<x,é> (1.32)

Y1+ =h,j<h
Then pp(x,&) € STEHRY) for all h.
Now we are able to recall the following Theorem (Theorem 10.20 [18])

Theorem 11. Let a be a hypoelliptic symbol of type (m,f). Then there exists
p € STHR™) such that

p(x,D)a(x,D) =1+ r(x,D)
a(x,D)p(x,D) =1+ s(x,D),

where r(x,D) and s(x,D) are regularizing operators (i.e. r and s are symbols

m ST,
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1.3 [I- differential operators

1.3.1 TI- pseudodifferential operators

The main subject of this section, and in general of this thesis, is the
study of some properties for relevant classes of operators, including as basic

examples partial differential operators with polynomial coefficients in R4

cajﬁxBDO‘.
|al+|Bl<m

For this reason in this section, attention is confined to I'-pseudodifferential
operators corresponding to the '—symbols defined in Definition 10. More

generally we can introduce the following classes

Definition 20. Let m e R and 0 < p < 1. We define F;)”(]Rd), as the set of
all functions a(z) € C*(R*?) satisfying,

[07a(2)| S ()P, (1.33)
for all y e N?4,

In this definition we assume p > 0, so the strong uncertainty princi-
ple (1.21) is satisfied. Note that I''(RY) = I"™(RY), if a € I'}'(RY) and
b eTp*(RY), then ab € ng1+m2 (RY), 0%a € Fgl_plal(Rd) and for all a € N?¢

d d
TR =7 (RY).
m
One can also introduce a notion of asymptotic expansion in I'y.

Definition 21. Leta; € Ty’ (RY), j=1,2,...,m; — —o and a € C*(R"). We
will write

an~ Zaj, (1.34)
=1



1.3 I'- differential operators

27

if, for any integer r > 2,
r—1 ~
a—Y a;eTH(RY), (1.35)
j=1
where = maxj>,m;. The right-hand side of (1.34) is called asymptotic ex-

pansion of a.

As explained by the following Proposition (we refer the reader to Proposi-
tion 23.1 in [58] for more details), we have existence and uniqueness (modulo

a Schwartz function) of a symbol having a given asymptotic expansion.

Proposition 14. Let a; € FZ”(]R”’), j=1,2,...,mj— —ocoas j — 4oo. Then
there exists a function a such that a ~ Y7y aj. If another function b has the

same property, then a—b € % (R".)
Now we can define another symbol classes I (R?)

Definition 22. Let m € R. We define I',(R%), as the subset of I"™(R*?) of

all symbols a(z) which admit asymptotic expansion
a(z) ~ Y ami(2), (1.36)
k=0

for a sequence of functions an,_x € C*(R?*?\ 0) which are positively homoge-

neous of degree m — k.

We will denote by OPT™(RY), OPFZ’(Rd) and OPI™(RY) the classes of
pseudodifferential operators with symbols in I"(R9), Fg(Rd) and I (RY)

respectively. Note that the pseudodifferential operator

a(x.D)ux) = [ Ealx, £)alE) L.

maps .7 (R?) into .7 (R?) continuously and .#’(R?) into ./ (R?).
We now recall the composition formula: If a € T (RY), b € Iy?(R?) with
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0 < p < 1 then the operator ¢(x,D) = a(x,D)b(x, D) belongs to OPT' ™2 (R?)

with symbol
c(x,&) ~ Y (@)~ 0fa(x,&)Db(x,8),

For these operators we want to construct an approximate inverse for the

elliptic operators. For this reason we define the notion of I'-elliptic symbols:

Definition 23. Let m € R and a € I"(RY). We say that a is T-elliptic if
there exists R > 0 such that

2" Sla@)] - forlz] = R. (1.37)

When applying this definition in I (RY) C I"(R?), we shall rather rely
on the following equivalent notion of I-ellipticity (see for more details Propo-

sition 2.1.5 [50]).

Proposition 15. The symbol a € I, (R?) is T — elliptic if and only if the

principal part a, satisfies
a(z) 0  for every z#0. (1.38)

Now we may construct a parametrix for a I'-elliptic operator. For this

reason we recall the following Theorem (Theorem 2.1.6 [50])

Theorem 12. Let a € I"(RY) be T-elliptic. Then there exists b € T~(RY)

such that b(x,D) is a parametric of a(x,D), i.e.
a(x,D)b(x,D) =1+ S,(x,D) b(x,D)a(x,D) =1+ S,(x,D),

where Sy(x,D) and Sy(x,D) are regularizing operators. Hence a(x,D) is glo-

bally regular i.e. u € . (R?) and a(x,D)u € .7 (R?) imply u € .7 (R?).
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I'—operator in Q5(R")

The natural functional frameworks of I'-operators are weighted Sobolev
spaces, the Shubin spaces Q*(R"). We can define Q°(R") using arbitrary I'-
symbols, as stated the following Proposition (see for more details Proposition

2.1.9 [50]):
Proposition 16. Let T € OPT*(R?) have a T-elliptic symbol. Then
Q'R ={ue (R : Tue L*(RY)} (1.39)
We can provide Q°(R?) of the structure of Hilbert space by this scalar product
(u,v)Qs(Rd) = (Tu, TV)LZ(Rd) + (Ru,Rv)Lz(Rd), (1.40)

where R is a reqularizing operator associated to a parametriz T € OPT—*(RY)

of T, namely TT =1+R.

From the definition and elementary properties of Sobolev spaces, we have

the following Theorem (see Theorem 2.1.10 [50]).

Theorem 13. Every A € OPT"™(R?) defines, for all s € R, a continuous
operator

a(x,D) : O°(RY) — 0 ™(RY).

One of the properties of the Q*(R?) spaces is the compactness of the map
A : OPTS(RY) — OPT'(RY), for A € OPT™(RY) whenever s —¢ > m. In par-
ticular if A is regularizing, (A € OPT~=(R9) :=),, € OPT™(R?)), then it is
continuous and compact from Q°(R4) to Q'(R?), for any s, € R. Moreover,

for every s € R we have the continuous immersions

ji SR = FRY, O RY) = S (RY).
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The following equivalent definition, when s € N, is peculiar for the spaces
Q*(RY), as stated by the following Theorem (for more details see Theorem
2.1.12 [50])

Theorem 14. Let s € R. An equivalent definition of the space Q*(R?) is

given by
O (RY) = {u e .7 (RY) : XP D% € L2(RY), for || +|B| < s} (1.41)
with the equivalent norm
ull geray = Y HXBDOCHH(W)- (1.42)
o +|B|<m
We can give a more precise statement of Theorem 12, in the context of

weighted spaces Q°(R¢). This is the following Theorem 15 (we refer the reader
to Theorem 2.1.13 in [50] for more details).

Theorem 15. Let A € OPT™(RY) with T-elliptic symbol and assume u €
S (RY), Au€ Q°(RY). Then u € Q°T™(R?) and for every t < s+m,

[ P— c(uAuugx(Rd) + HuHQ[(Rd)) (1.43)
for a positive constant Cs;.
In particular if m is a positive integer, we may refer to equivalent norm (1.42)
and rewrite (1.43) fors=0,t=0:

Y WD gy < CIAullpgey + il 2e)  (144)
|| +|B|<m

If we denote by As the restriction of A : ./(RY) — ./ (R?) to Q*(RY),
s € R, or equivalently the extension of A : .7 (R?) — .7 (R?) to Q*(R?), then
the operator A; is a Fredholm operator and for this reason we recall the

following Theorem (for more details see Theorem 2.1.14 [50])
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Theorem 16. Consider A € OPT"™(R?) with T-elliptic symbol. Then:
i) Ay € Fred(QS(Rd), Qs_’"(Rd)> .

ii) indAs =dimKer(A) —dimKer(A*), indAs; = dimKer(A) —dimKer(A"), where
A* is the formal adjoint and A" is the transposed. Observe that the index

1s then independent of s.

iii) If T € OPT"(RY), with n < m, Then As+T, € Fred (QS(Rd ), QS_’”(R"))
and ind(As + Ty) = ind(Ay).

w) If A: Q°(RY) — Q™(RY), is invertible for some s € R; then it is in-

vertible for all s € R, and the inverse is an operator in OPF_m(]Rd).

We have denoted by indAg the index of the Fredholm operator Ag, (namely
indAs = dimKerAs — dimCoKerAy).

In conclusion, we consider the notion of hypoelliptic symbol in the frame

(R, 0<p <L

Definition 24. LetmeR. We saya(z) € F;)"(Rd), 0 <p <1, isTp-hypoelliptic,

if there exist m; € R, m;y <m and R > 0 such that
=™ Sla(z)], forlz| =R, (1.45)
and for every y€ N4,
07a(2)| < la(@)|(z) M, for|z > R. (1.46)

If my =m in (1.45) then (1.46) holds. It follows that if a symbol is I'-elliptic

then it is also I'p-elliptic

Now we may construct a parametrix for a hypoelliptic operator. For this

reason, we recall the following Theorem (see Theorem 2.1.16 [50])
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Theorem 17. Let a €Ty, 0 <p <1 be a I'p-hypoelliptic for some my <m
in (1.45). Then there exists b € T~ (R?) such that

a(x,D)b(x,D) =1+s1(x,D) b(x,D)a(x,D) =1+ s3(x,D),

where s1(x,D) and sy(x,D) are reqularizing operators. Hence a(x,D) is global
regular. Moreover, if we assume u € ' (R?), a(x,D)u € Q°(R?), then we have

u € QT (RY) and for every t < s+ my

HM‘|Qs+m1 (R9) < C<HAMHQS(Rd) + HuHQt(Rd)>7 (1.47)

for a positive constant C depending on s and t.

[-elliptic differential operator

It is well known that all differential operators in OPI” ’;}(Rd), 0<p<i
have polynomial coefficients. In fact we have the following Proposition (see

Proposition 2.2.1 [50])

Proposition 17. Assume p(x,&) € Fg(Rd) is of the form

P(x,é) = Z aa(x)€a>

|a|<m

for some ag(x) € C*(RY). Then ag(x) is a polynomial.

Let us then consider

P= Y caﬁxﬁDa, cap €C. (1.48)
|af+[B|<m
with symbols
p(x)= ), ¢z’ where y=(B,a), z= (x,). (1.49)

ly|<m
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The principal part is given by
pm(2) =Y, ¢y, (1.50)
[7l=m
and the equivalent I-ellipticity condition (1.38) is
pm(z) =Y, ¥ #0, for z#£0. (1.51)
[Yl=m
We may now consider the case of a generic ordinary differential operator with

polynomial coefficients in R. The I'-ellipticity condition (1.51) reads
pu(x,8)= Y. caplE*£0, for (x,§) €R*\0. (1.52)
oa+p=m

Factorizing we obtain

(6, &) =c(& —rx)(E—rpx)...(§ —rmx), (1.53)

with 3r; #0, j=1,...m,c #0. Hence we may write our operator P (after a
multiplication by ¢~ 1)
P = (Dy—r1x)(Dy—rax)...(Dy—rpx) + Z aa_ﬁxﬁDa, (1.54)
a+ﬁ<m

for some constants o g € C. We may regard P as a Fredholm operator
P:Q"(R) — L*(R).

Thus, we obtain the following result (see for more details Theorem 2.2.2 [50],

and the reference therein).

Theorem 18. Consider P in (1.53), (1.54) and assume Srj >0 for j =
1,...m", Srj <0 for j=m*+1,...m, m=m"+m~. Then P is a Fredholm
operator with

indP=m"—m".
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From this Theorem, concerning the existence of a non-trivial solution u €
<" (R), hence u € .¥(R), of Pu=0, we may obtain the following conclusions
(see [50]):

e If indP > 0 then dimKer(P) > 0 and a non trivial solution exists.

o If m" =0,m™ =m then indP =0 and a non trivial solution does not

exist.
A motivating example is the Harmonic oscillator of Quantum Mechanics:
H=—A+|x]>. (1.55)

We begin here to compute eigenvalues and eigenfunctions of H. We have the

following result (see Theorem 2.2.3 [50])
Theorem 19. The equation
Pu=Hu—du=—Au+|x2u—2Au=0, ucS R,
admits for

d
A=X=Y (2kj+1), k=(ki,....k) € Z,
j=1

the solution in S(R?),

QU

u(x) = HlPk,- (xj)exp(—[x%/2), (1.56)
j=

where P.(t) is the r—th Hermite polynomial. Note that the family uy, k € Zi,

forms an orthogonal system in L*>(RY).

Remark 5. Because of the completeness of the Hermite functions u, we know
from the spectral theory (for more details see the Theorem 24) that for A # A
the map

P=H-2:0*R’) — L*(R)
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18 an isomorphism, with inverse
Pl=H-21)"":L2(RY — Q*(RY),

belonging to OPT~2(R?) (see Theorem 16 (iv)).

I-operator in Gelfand-Shilov S} (R?)

Let us consider the liner partial differential operators with polynomial co-

efficients in R? (1.48) and assume the fulfilment of the [-ellipticity condition

pm(x,6) #0  for (x,6) # (0,0). (1.57)

The following result holds in Gelfand-Shilov spaces (see [20] and Theorem
6.2.1 in [50])

Theorem 20. Let P in (1.48) satisfy the T-ellipticity condition (1.57). If
u€ . (R?) is a solution of Pu= f with f € Sy(R?), u > 3 then u € Sy(RY).
1
In particular, the equation Pu=0, with u € .#'(RY) implies u € S? (R?).
2

Recently, Gramchev, Pilipovic and Rodino [24] have characterized the
Gelfand-Shilov spaces Sﬁ (RY) by the decay of the Fourier coefficients associ-
ated to the eigenvalues. For this reason we recall the following theorem (for

more details see Theorem 1.2 [24])

Theorem 21. Suppose that P in (1.48) is I'-elliptic and normal operator,
PP* = P*P. Then spec(PP*) = {A{ <...< A7 < ...}, 4; >0 with an or-
thonormal basis {@;}7_,. Let i > 1/2. Then for any u € " (RY) we have
ueShRY) = Y |a;2et "™ < oo, (1.58)
j=1
Jor some € >0 <= Y7 |aj|2€£jl/<mp) < oo, for some € > 0 <= there exist
C>0,€ >0 such that

,gjz/dﬂ

laj| < Ce , JEN, (1.59)
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where aj = u(Q;) are the Fourier coefficients of u.

1.4 Spectral Theory

1.4.1 Unbounded Operators in Hilbert spaces

In this section we recall some basic facts about unbounded operators in
Hilbert spaces.
Let H; and H, be Hilbert spaces and suppose we are given an unbounded
operator

A H — H,

The adjoint operator
A% H, — H;

is defined if the domain of A (denote by Dy4) is dense in H; and, in this case,
Dy~ is the set of all v € Hy, for which there exists g € H; such that

(Au,v) = (u,g), u€ Dy.

It is clear that g is uniquely defined and by definition A*v = g. In particular,
we have the identity

(Au7v) = (uvA*V), uc DA, Vv E Dy
Let H be a Hilbert space. An operator A : H — H is called symmetric if
(Au,v) = (u,Av), u,v € Dy,

while an operator A : H — H is called self-adjoint if A = A*. Note that a
self-adjoint operator is symmetric. The converse is in general not true.

Let A: Hy — Hy. We define the graph of A as the liner subspace {(u,Au) €
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HyxHy:u€ Dy} of H x Hy. A is called closed if its graph is a closed subspace
in Hy © H;.

A is called closable if the closure of its graph is still a graph of a linear
operator, which is then denoted by A.

Note that, any symmetric operator A : H — H has a closure if Dy is dense,
and its closure A is, also, symmetric, (see Proposition 4.1.1 in [50]).

A densely defined symmetric operator A is called essentially self-adjoint if A is
self-adjoint. Note that, it is equivalent to saying that A* = A, because for any

closable operator A we have A~ = A*. A criterion for essential self-adjointness

is given by the following Proposition (for more details see Theorem 26.1 [58])

Proposition 18. A symmetric operator A : H — H with dense domain is
essentially self-adjoint if and only if the following inclusions
Ker(A* —il) C Dy,

Ker(A* +il) C Dy.
hold.

Now we can introduce the resolvent set and the spectrum of an operator

A.

Definition 25. Let A be a closed densely defined operator on a complex
Hilbert space H. We define the resolvent set of A as the set p(A) of complex
numbers A such that A — Al is a bijection Dy — H, with a bounded inverse
RA(A) = (A—AI)~1. Ry(A) is called resolvent operator of A. The spectrum of

A is the complementary set of p(A) in C

o(A)=C\p(A).

It is well known that self-adjoint operators have a real spectrum. For this

reason we recall the following Proposition (see Proposition 4.1.2 [50])
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Proposition 19. If A is self-adjoint, then o(A) C R.

As explained by the following proposition (see for more details Proposition
4.13 in [50]), if there exists A € p(A) such that R4q(A) is compact then A has

a compact resolvent.

Proposition 20. If A has a compact resolvent, then Ra(A) is compact for
all A € p(A).

We note that self-adjoint operators with compact resolvent have very
simple spectrum. In order to show this, we recall the following theorem,
about the spectrum of compact operators, combined with the subsequent
lemma (we refer the reader to Theorem 4.1.4 and Lemma 4.1.5 in [50] for

more details).

Theorem 22. Let A be a compact operator on a complex Hilbert space H.
Then o(A) is at most countable set with no accumulation point from 0. Each
non zero A € 6(A) is an eigenvalue with finite multiplicity. If A is also self-
adjoint, then all eigenvalues are real and H has an orthonormal basis made

of eigenvectors of A.

Lemma 3. Let A be a closed densely defined operator on a complex Hilbert

space H such that p(A) # 0. Then for any Ay € p(A) we have

p(A) = {Ao} U{A € C: A # Ao and (A —A0) ™' € p(Ra(%0))}-

Now we are able to describe the spectrum of a self-adjoint operator with

compact resolvent (see Theorem 4.1.6 [50]).

Theorem 23. Let A be a densely defined self-adjoint operator on a complex
Hilbert space H. If A has compact resolvent, then 6(A) is a sequence of real
1solated eigenvalues, diverging to . Fach eigenvalue has finite multiplicity

and H has an orthonormal basis made of eigenfunctions of A.
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1.4.2 Spectrum of hypoelliptic symmetric operator

In this section we want to describe the spectrum of operators with hy-

poelliptic symbols. For this reason we recall the following definition.

Definition 26. A symbola € S(M; ¢, y) is called (global) hypoelliptic, if there

exist a temperate weight My(x,&) and a radius R > 0, such that
la(x,6)| 2 Mo(x,§)  for [x[+]5] = R, (1.60)

and, for every a, B € N4

0£0P a(x,6)| S la(x, &§)[w(x,&) 1Mo, &) P, x| +[E| >R (161)
We denote the class of such symbols by Hypo(M,M).

Now we study the spectrum of operators with hypoelliptic symbols. For
this reason we recall the following proposition (see for more details Proposi-

tion 4.2.5 [50])

Proposition 21. Assume the strong uncertainty principle (1.21). Consider
a pseudodifferential operator A with symbol in H(M,My), with My(x,&) — +oo
at infinity. Then its closure A in L* has either spectrum o(A) = C or has a

compact resolvent.

Now we can recall the main result: the spectral theorem for operators

with hypoelliptic symbols (see Theorem 4.2.9 [50])

Theorem 24. Assume the strong uncertainty principle (1.21). Consider
a pseudodifferential operator A with real-valued symbol in H(M,My), with
My(x,&E) — 400 at infinity. Its closure A in L has spectrum given by a se-
quence of real eigenvalues either diverging to 4o or —eo. The eigenvalues
have all finite multiplicity and the eigenfunctions belong to .7 (R?). Moreover

L>(RY) has an orthonormal basis made of eigenfunctions of A.
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1.4.3 Weyl Asymptotics

In this section, we consider the classes OPFZZ(]R‘I), m>0,0<p <1, (see
Definition 20), and we recall the asymptotic distribution of the eigenvalues
of some special classes of elliptic self-adjoint operators.

In particular, we denote by A; the eigenvalues of an operator A and we define

the so-called counting function
NA)=t{j: A <A}

We can describe the asymptotic behaviour of the N(A4). For this reason we

recall the following theorem (for more details see Theorem 4.6.3 [50])
Theorem 25. Let a € F;)”(Rd), m>0,0<p <1 be real valued,
a(x,6) = am(x,8) +am—p(x,8)  for|x|+|G] large,

where ay(x,&) is real value and satisfies 0 < ay(tx,1E) + 1" ay(x, &),
fort>0, (x,&) €R?, and ap—p(x,&) €Ty P(RY). Then the counting function

N(A)of the operator a(x,D) has the asymptotic behaviour

N(A)~CA®  as A — 4o, (1.62)
where C is given by
_ (en)H 2
c=2 (émqam«n a0, (1.63)

We note that, by using the homogeneity of a,,, we can rewrite the formula
(1.62) as
MMN/ AxdE as A s foo, (1.64)
am(x,8)<A

which is, up to the factor (2d)~!, the volume of the set

{(x,8) € R . am(x,&) < A}.
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We can also deduce the asymptotic behaviour of eigenvalues and we recall

the well known Theorem (for more details see Theorem 4.6.4 [50])
Theorem 26. Under the hypotheses of Theorem 25 we have
Aj~CT2j2 qs j— oo, (1.65)

where C is given in (1.63).
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Chapter 2

Normal forms and conjugations
for second order self-adjoint

globally elliptic operators

We consider second order self-adjoint differential operators generalizing

the harmonic oscillator
P(x,D) = —A+ < Ax,Dy > + < Bx,x >+ <M,Dy >+ <N,x>+r, (2.1)

where A,B € M,(R), B is symmetric, M,N € R", r € C. We decompose the

matrix A to symmetric and skew-symmetric components

1 1
A= Asymm +Askewv Asymm = E(A +AT>7 Askew = E(A _AT)7 (22)
with AT = Agymm and
Az;cew = _Askew- (23)

There exist non zero skew-symmetric matrices only for n > 2. We note

that (2.3) implies that the quadratic form
< Aggewx,x >=0, xeR", (2.4)

43
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and if A, is non singular it is called symplectic.
The hypothesis A = Agymm is equivalent to the closedness of the 1—form
Axdx, namely, there exists a quadratic form U(x) such that VU = Ax. One

notes that Ag,, # 0 is equivalent to Axdx is not closed.

Example 1. Consider the following symmetric Shubin operator on R?

L(x,D) = —A+0(x1Dx, +x2Dx, )+ T(x2Dy, —x1Dy,) +bi1x3+box3, 6,7,b1,by € R.
(2.5)
One checks easily that L is globally elliptic iff min{by,by} > o2 /4 + 1%/4,
Agiew 7 0 if T#0 while for 6 =0, by = by = |7|?/4 > 0 we recapture self
adjoint generalizations of the twisted Laplacian L (Tt = —1) and its transposed

L' (t=1), ¢f. [13], [25] and the references therein.

We also investigate perturbations P+ b(x,D) of (2.1) with zero order
pseudodifferential operators b(x,D) on R" of Shubin type

n

b Dy = [ b, E)alE) TE. (26)
Our goals could be summarized as follows

e To derive reductions of P (and P+ b) to simpler normal forms by means
of transformations associated to affine sympletic maps introduced by
Hormander [37] for general classes of p.d.o. on R”, namely, via unitary
maps of L?>(R") generated by ¢/<@*> O being real symmetric n x n
matrix, e <%*> a € R", translations, the action of SO(n) and global

FIO with quadratic phase functions. .

e To prove that the corresponding normal form transformations (NFT)
preserve the Schwartz class . (R") and and the Gelfand—Shilov spaces
Sﬁ (R™), o >1/2, and the classes of Shubin type pseudodifferential op-

erators.
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e To apply the normal forms for getting novel discrete representation of
the action of Shubin type p.d.o. and for the study of the spectral prop-
erties as well as the hypoellipticity and the solvability of P in .7 (R")
and S, (R").

The first set of new result of the thesis could be summarized as follows:
we show that the only obstruction to the reduction of the second order self-
adjoint globally elliptic operator P to a multidimensional harmonic oscillator
Hy, is the presence of non zero skew-symmetric mixed term in < Aggepx, Dy >.
More precisely, we solve completely the problems related to the reduction to
harmonic oscillator normal form of P and to aforementioned issues provided

there are no rotations in the mixed term perturbation < Ax,D >, namely
A is symmetric. (2.7)

Clearly the symmetry condition above is not superfluous if n > 2. We point
out that a globally elliptic self-adjoint operator in R? containing, as the
twisted Laplacian , a skew—symmetric part in A, is an example when no
separation of variables is possible as outlined above.
The second main goal is to study normal forms for anisotropic versions of
elliptic self-adjoint Shubin type operators which might be viewed as perturba-
n

tions of anisotropic harmonic oscillators of the type —A+ Z (D}x?k , @ >0,

k> 2. It turns out that it is not enough to ask for the Js:ylmmetry of the
mixed term. One needs additional separation of variables type hypothesis in
order to derive and classify the possible normal forms and the spectral and
hypoellipticity-solvability properties. However we do not consider perturba-
tions with zero order p.d.o. since the conjugation encounters nontrivial issues

like the appearance of global Fourier integral operators with phase functions

admitting superquadratic (at least cubic) growth for |x| — eo.
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operators

2.1 Preliminaries on symmetric Shubin type
second order operators

Using standard arguments on quadratic forms and integration by parts we

characterize completely the second order linear symmetric Shubin operators.

Proposition 22.
P = —A+ (Ax,Dy) + (Bx,x) + (L,Dy) + (M,x) + p, (2.8)

where A,B € M,(R) are symmetric matriz, and L, M € C", p € C. Then

following assertions are equivalent

i) P is symmetric,

(As ymm )

t
i) LMER", ptir 2 € R,

Finally, P is globally elliptic iff the symmetric matriz

A%ymm A?kew 1
T + T + Z (AsymmAskew _AsymmAskew) > 0. (2-9)

B—
Proof. One has, taking into account that tr (A) = tr (Asymm),

=~ — Tr (Asymm)

P*(x,D) = —A+ (Ax,Dy) + (Bx,x) + (L,Dy) + (M,x) + p— i TR (2.10)

which yields the equivalence i) < ii). As it concerns the global ellipticity, we

write explicitly the principal symbol and we obtain the hypothesis. O

Remark 6. We observe that if P is defined by (2.8) its transposed P' is
defined as follows

P'= —A— (Ax,Dy) + (Bx,x) — (L,Dy) + (M,x) + p. (2.11)

It is easy to check that if P = P* we have P' =P iff A=0.
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2.2 Reduction to a global normal form

Let P be a second order globally symmetric linear differential operator of
Shubin type in R”

TIr. Asymm

P=—A+ (Ax,Dy) + (Bx,x)+ (L,Dy) + (M ,x)+p —i R (2.12)

where A,B € M,(R), B is symmetric matrix, and L, M € R*, p € R.
We propose refinements of results of Sjostrand [59] on the classification

of second order Shubin differential operators.

Theorem 27. Suppose that
A =Agmm. (2.13)

Then the following assertions are equivalent for P defined by (2.12):
i) P is globally elliptic.
ii) There exists an unitary transformation U : L*(R") — L*(R"), where
Uv(x) = e '3 (SAwmm>t<a>) g0y - g e R, Sy € SO(RY),  (2.14)
such that

U*oPol = Hw:—A+Za)x +r=—A+<Dix,x>4r (2.15)
j=1

for some @ = (wy,...,0,), ®; >0, j=1,....n, reR.
The spectrum of P which coincides with the spectrum of Hg is given by

spec (Ho) = {Ao(k)+r:=Y 0;2kj+1)+r=2<w.k>+lo|+r, keZl}
=1
(2.16)

with an orthonormal basis of eigenfunctions

" 1/2 n
:<ij> Hy(DY?x) (Hw,-) HHk o’x).  (2.17)
j=1 j=1
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and setting
{(1)1,...,(1)”}:{9]': jZl,...,d,ej#eg,l §]<€§d}

with mult (0;) =nj, ny +ny+...+ng =n, we rewrite (2.16)

spec (Hy) :={se(q)+r: s(q Zns (2¢s+1)=2<0,g>+m1 6, +...+n,64, g€ 7%}
(2.18)
with the multiplicity of sg(q) +r expressed in the following way
mult (sg(q)) = ( Z 1)...( Z 1) (2.19)
K ez |k |=q, k1 eZ'd: |kl |=q,
provided that 0y,...,0,; are non resonant.
Finally, Hey +r is invariant under the linear action of the subgroup SOq(R™)
defined as follows:
SO (R") := @5_ | SORY). (2.20)
In particular, if ®; # oy, j# L, SOu(R") consist of 2" symmetries

x=(x1,..., %) = (&1x1,...,&xn), €€ {1,—1}, j=1,...,n

Next, we show that the NFT U is an automorphism in the scale of function

spaces in the theory of the Shubin type operators.

Theorem 28. Let U be a unitary transformation defined by (2.14). Then U

and the convolution map Ux defined by

U*v(x) _ e—i%(<Asymmx,x>+<oc,x>) *V(S()x)

= eil%(<Asymm(X7Y)a(x7y)>+<a’X7y>)V(Sy)dy (221)
Rﬂ

are automorphisms of B(R"), where
B(R") = (R"), B(R") = O’(R"),s € R,

B(R") = 8 (R"),u >v>1/2. (2.22)
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Finally, we show that the conjugation with U is an automorphism in the

space of Shubin class symbols and p.d.o. of fixed order m.

Theorem 29. Let b(x,D) be a Shubin p.d.o. of order m € R. Then
U*ob(x,D)oU = byp(x,D) (2.23)

where byr is a Shubin p.d.o. of order m whose symbol byp(x,&) = ENF(Sf)x, So&)
satisfies

byp(x,&)~ Y %(A&g)“ng(x,ﬁ%—M)H—a) (2.24)

aeZl
If we want summarize the results above, we can say that the spectrum of
the original perturbed operator P(x,D)+ b(x,D), the global solvability and
global hypoellipticity in function spaces .(R"), Q°(R"), Sﬁ (R™), is charac-

terized by the family of equivalent NF, using the action of SO4,(R")

ST oU* o (P(x,D) 4 b(x,D))oU oS = Hy +r+byr(Sx,ST D). (2.25)

In view of the fact that Hg + r is globally hypoelliptic in . (R") and
S (R) (e.g., see [58], [6]) and globally solvable iff

Ao(k)—r#0, keZl, (2.26)
we can derive the following perturbation result on the solvability of P+ b.

Proposition 23. Suppose that (2.26) holds. Then there exists a small posi-

tive constant C such that

3PP bnr(x,E)| < C min |Ag(k 2.27
a7ﬁem7‘a@§17lﬁ|§n+l(xg;lepRz"|x e br(x,8)) ,ge%l w(k)+rl  (2.27)

then P+ b is invertible in L>(R") and solvable in ./ (R").
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Next, we derive the one the main novel results, motivated by and bor-
rowing ideas from the fundamental paper Greendfield and Wallach [30]. In
this paper, they study the global hypoellipticity of commuting differential op-
erators on compact Riemannian manifold using discrete representations for
commuting normal differential operators. In fact, we derive perturbations
the discrete representation in the case when of commuting operators and
simple eigenvalues and application . We characterize completely the global
properties of P+ b, if the commutator [P,b] = 0, provided the eigenvalues of

P are simple.
Theorem 30. Suppose that the eigenvalues of P are simple, i.e.,
i,...,0, are non resonant. (2.28)
Then there is a unique map N> j— k(j) € Z' such that
Aj=Xjy =2 < 0,k(j) > +|o[+r,  JEN, Li<h<..<A<...(229)
(k(j)=j—1 whenn=1) and if
[P(x,D),b(x,D)] =0, (2.30)
then b(x,D) has the following discrete representation

CCLIE WICLICES WOC (231)

where ®; = U(H ) stands for the orthonormal basis of P, bj = b(k(j)),
@j(x) = Py(jy(x), j € N with by, b; satisfying

sup |bx| = sup |b;| < +oo. (2.32)
keZ’, JEN

Finally, we claim that

P(x,D)+b(x,D)is global hypoelliptic in Sy (R"), u > 1/2. (2.33)
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We stress the important point concerning (2.33): we do not require that
b(x,D) is Gelfand—Shilov Shubin type p.d.o. as in [5], [6], [7], [8]. For ex-
ample, if g(¢) is smooth bounded function which is not analytic, satisfying
18D = 0(|t| /), t = o, jeZy, g(P) is well defined Shubin p.d.o. with
principal symbol g(P(x,&)) which commutes with P.

One is led to conjecture, taking into account the fact that the p.d.o. cal-
culus rules are valid modulo smoothing operators, that if P and g commute
modulo regularizing operator we can assume that b equals commuting ope-

rator plus a regularizing one.

2.2.1 Proof of the NF result

In the proof of Theorem 27 we will make use of the following well known

lemmas:
Lemma 4. Let P be the operator

n
P=—A+Y ajxiDy;+ (Bx,x)+ (L,Dy) + (M,x) + p, (2.34)
j=1

where a = (ay,...,a,) € R", B € M,(R) is symmetric, L, M € R" and p € C.

. 1 &
Then u = e¥Y®y(x), where y(x) = I ajx% satisfies
=1

P(e"v(x)) = €™ (A~ (Cx,x) + (L, Dy) + (N,x) +q) v(x),
where C =B — %Z?:lajxﬁ; N =M + diag{ay,...an}LER", g=p— %Z’}:laj.
Lemma 5. Let P be the operator

n
P=D{+Y cixi+(L,Dy) +(M,x)+p, (2.35)
j=1
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where ¢ = (c1,...,n) €R", LLM € R" and p € R. Then u= ¢YWy(x), where
() = &0
Vi ==

satisfies

. . n L 2
wawwm>=aW”(D?+ka%+waw+p—ﬂ}L>ww.
j=1
Now we can prove Theorem 27.

Proof. First we reduce A to diagonal form diag {ay,...,a,} by orthogonal
transformation x — Syx, S| € SO(n), so the operator P becomes
n
D>+ Z a;jx;Dy; + (B'x,x) + (L', Dy) + (M',x) + p/, (2.36)
j=1
where B' = §\BS, L' = S{L and M' = S'M.

Now we apply Lemma 4 and reduce (2.36) to
D2+ (B"x,x) 4+ (L",D,) + (M" x) + p". (2.37)

with B” symmetric. Next, we reduce B” to diagonal form diag {by,...,b,},
by means of orthogonal transformation x — Syx, S» € SO(n), so the operator
(2.37) becomes
n
P" =D+ Y bjxj+(L", D)+ (M" x) +p", (2.38)
j=1
where L = S5L" and M"" = S5M”. We note hat the global ellipticity is in-
variant under the previous transformations which means that the global el-
lipticity is equivalent o b; >0 for j=1,...,n. Next, we apply Lemma 5 and

transform the operator (2.38) to

n
P=D7+Y bjx;+(Lx)+1. (2.39)
j=1
. L .
Now we apply the translation Ty(x;) =x;+v;, where y; = 5= 1,...,n

and we obtain the normal form operator

; n
L‘
2.2 ; J
PNF_——A+jzlexj+r, Wj=+/bj, j=1,....n,r=14 jzl . (2.40)
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Ad it concerns the explicit form of the spectrum and the eigenfunctions,

n
. . —1/2 .
the dilations x; = o; / yj, j=1,...,n transform Pyr to Z'l a)j(Di. —|—y§) +r.

]_
The invariance under the action of SO®(R") follows from the definition of the

centralizer of matrices and the restriction to the corresponding orthogonal

groups. The proof is complete. n

2.3 Normal form transformations in Gelfand-
Shilov spaces

We introduce decreasing scales of Banach spaces defining Sk (R™):

I I P“ﬂ<ﬂ5,
HSy (LP(R");p,0) = f €Sy (R") : | fllerpvipo = sup Pl | 7,

LGV
apezr \ &: B!

(2.41)
If u <1 we will use the fact that the functions of S, (R") are restrictions
of entire functions f € &(C") belonging for some a,b > 0 to the following
Banach space of entire functions &S (R";a,b) =

{feﬁ(@”)z||f||ﬁ;u,v;a,b:= sup (|f(X+iy)|e“"“'1/v""y1/(1’”)<+oo}

7=x+iyeC"

(2.42)

Another useful S4 (R™) norms containing exponential decay are defined by

—laf
a 1/v
v p = sup ( ol " 8x°‘f(X)|Lw>, a,b> 0. (2.43)

acz!
Next we derive some estimates typical for decreasing scales of Banach

spaces.
Proposition 24. Let p > p,0 > 6. Then

HSy (LP(R");p,0) — HS\ (LP(R");p, 5).
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Moreover, the Gelfand—Shilov spaces are defined as inductive limits
YR = |J HSY(LP(R");p,0), 1< p< oo,
PNO,N0
forall u,v>0, u+v>1 and
SSRY = |J OSy(R%a,b),
aN\0,b\0

provided 0 < u <1, u+v >1.

Proof. The proof for the L*(R") based norms is well known, while for the

LP(R") based norm we use the Sobolev embedding type theorems. O

We recall that by the Sobolev embedding theorem we get that if f €
HIM2HL (R we have

1/2
i 1
)l < %"\/ LA+ Y 105" FIP, x e R o0 o= (/ dé) (2:44)
kg’l k Rr 1"‘22:1 ékZWZHZ

Next, we derive L?> Sobolev type embedding theorem in the Gelfand-

Shilov spaces. We write for brevity || f{lp.c := || fll12,4,v p.s for fixed p,v > 0.

Theorem 31. Let v >0, u+v>1. Then HS, (L*(R");p,0) — HSY (L*>(R");p,0)

and the following estimates hold:

Hf“L“;/,t,v;sp,SG S%nKy,v(P,0,8,5>Hpr,6, f € HS!\}L(L2<Rn);p7G)7 (2'45)

where

Kuv(p.6,€.8) =\/1+(p~1 +021/22C]  (€,5), Cyvle.8) >0, (2.46)
forp,6>0,0<e<1,0=1ifv>1,0<o<1lifv<l.

Proof. We will make use of the following lemma:
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Lemma 6. Let u,v>0, u+v>1,p,06>0,7y€Z1\0,0<e<1,0<6<1,
with 8 < 1 if v < 1. Then the following estimates hold:

10 llep 56 < (P + )" Kyu(e, V) Kimax (0.1} (8, W) lullp.or  (2:47)

where

K[(O), S

){Supk>0(wk<(k+1)...(k+s))’)<+oo if  0<w<l, seN.

1 if t=00<w<1
(2.48)

Proof. We have

107 (P d%u(x))|(ep)* (85) P!
alHBv
Y ﬁ! |xﬁ*7+jax(x+ju(x)|(gp)|a|(66)\ﬁ|
jg}(J) B—v+))! alHBIY

_ a5ﬁ|};y() ij—ﬂ(ﬁyw(W)u

la+j| 51 B—71+l

GRS Ry
"
< ([Tl +5) ugw(nqmﬂ))max{m vy <])p il gl7—i
s=1

s=1 <y
(x

platilglB=r+il )
which, in view of the identity Z (Y)p—ljoy—jl =(p '+ G)m yields the

i 50lx) =

IN

B=rtigotiy(x)

X

B=r+igo+iy(x)

X

(a+ (B +y— )"
J<y

desired estimates. O

Now we get immediately (2.45), (2.46). Indeed, taking into account the
identity

4

14 , .
a)fk <Xﬁaxau) - Z ( ] ) ﬁk- e (Bk _J+ 1>xﬁijekaxa+(gij)ekf7 k= 1; <N,

J=0



2. Normal forms and conjugations for second order self-adjoint globally elliptic
56 operators

(2.44) for xPa%f(x)

xeR?

sup P % f(x) |<%n\/||xﬁ8“f||2+2||9"/2+] (xBogf)|2

and (2.47), (2.48), we obtain

n
||u||Lm;ﬂ7v;gp750s%n¢1+n<p—l+c>2["/21+21<ﬁ< 514 DR 01y (8 51+ Dl

which yields (2.45) with Cy v(&,8) = v/nKy (&, [5] 4+ 1)Knax{0,1-v} (8, [5] +1).
O]

Next, we classify the action of quadratic oscillations on Banach spaces in
the full scale of Gelfand-Shilov spaces Sk (R™), u,v>0, u+v > 1, recapturing
as a particular case the automorphism of the NFT in the symmetric Gelfand—
Shilov spaces S}, (R"), tt > 1/2. Since the Fourier transform . is isomorphism
F :Sh(R") Sy (R") one readily obtains that a map U : S (R™) — Sp(R") is
isomorphism iff the convolution map Ux : S (R") S4 (R") is isomorphism.

Hence it is enough to study the map U.

Theorem 32. Let E : L*(R") — L*>(R") be the unitary map defined by Eu(x) =

A=y (x), x ER", A being real symmetric matriz. We have.

1. LetO<v<u, u+v=>1. Then

E is an automorphism of b (R"). (2.49)

2. Let now 0<u<v, u+v=>1. Then
E : SY(R™) = SY(R™). (2.50)

and (2.50) is sharp. In particular, E does not preserve Sy (R").
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Proof. In view of the invariance of 4 (R") under linear maps x — Sx and the
reduction to the case A diagonal, it is enough to consider the one-dimensional
case and E = . Let f € S45(R). Then one can find positive constants Cp, a

and b such that
‘f(k) (X)| < C()akk!‘ueibh'l/va keZy,xeR. (2.51)

We get by the Faa’ di Bruno type formula

ix? . k d ix? —Jj
(e fE)™ = Y (U )5 (x)
=0\ J
_ Y ®) (x) + o 1 () (2.52)
where
k
f[kfl}(x) _ eiXZZ @lj’giexzzfjf(kfj)(x) (2.53)
J=1j2<t<
k ¢ ,
e, = (j—0)12¥. (2.54)
’ j 20— j
Clearly

©%,| < 2P0 kjleNj/2<t<j<k  (2.55)

In view of (2.53) and (2.54) we get that for every € €]0,b[ the following

estimates hold

k
PO (6 () D] < ("k"“Z Y @’;,ea"—%k—j>!“|x|2“€‘g'xll/)'

j=1jj2<<
(2.56)
Since sup(tfe ¥) =s'e¢ %e™*, s >0, € > 0, we obtain that
t>0
sup (t%_fe‘g’l/v> = e VP (v (20— )Y D VD) = (g) R (20— j)vC®I),
e

>0

(2.57)
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for j,¢ € N, j/2 << j. By the Stirling formula we can find C = Cy, > 0 such
that

sup (r”‘f'e—“””) <CHIg VRN —j 2, jlEN,j/2<E< .
t>0

(2.58)

Plugging (2.58) into (2.56) we show, taking into account (2.51) and (2.54),
that

akkm i

e(b*8)|x|l/v |Dk(eix2f(x))| <Cy (1 +4k i Z afj(gfvc>2€fj (.] _E)'(E_ ]/2)'2v

J=1j/2<0<j

(2.59)
Now we see that the hypotheses 0 < v <t is necessary and sufficient condition
for estimating the RHS in (2.59) by C¥, k € N. Indeed, g > v and g +v > 1

implies 2u > 1 and therefore

(G=0NE=j/2) _ G=OVG=0M=3/2)0* (/20" |
j - j* S o

which implies that

. C v
1D (e £(x))] <Cola+ 8—v)’<k!“e—<b—8>|xl” , keZi0<e<1. (2.60)

The proof in the case v > u follows from the fact 2v > 1 (otherwise
U <Vv<1/2contradicts 4+ v > 1) by the estimates

(j—ﬂ)!(lf—j/Z)!zv < (j—ﬂ)!(lf—j/Z)!zv - G/an*»

[ T

We propose another proof if u < 1. We use the norms of the spaces
OSY (R";a,b), namely f € St (R"), u < 1 means that f is an entire function

in C" and there exist positive constants Cp,a,b such that

|f(x+yi)| < Coe*"'x'l/ub'y‘]/(lf“), x,y € R". (2.61)

)
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Without loss of generality we consider the onedimensional case n = 1.

One notes that

O fpyi)| = e 2 f (x+ i)

! 1(1-u)
< Coe a2 e R (2.62)

If v < u, by the Holder inequality we get
2[xy| = 2|e"x||le7y| < 2(ve|x|‘/ Y (1—v)e /)y '/(1—v>),

by which, combined with (2.62), we derive the following exponential decay in
x estimate for all x,y € R, 0 < € < 1. One observes that 1/(1—v) <1/(1—u)
if v < u which yields [y|/0=V) < |y[V/0-#) £ 1,y e R, and therefore

O £ (g yi)| < Coe2 1 VE /7Y g (am2ve)al 4 (p42(1-v)e /(=) /10

Y

(2.63)
for x,y € R. O]

We stress the fact that the transformation ¢/*% does not preserves the

H9152(RM), with s, €N, 55 > 0

2.4 NFT representation of pseudodifferential
operators

Without loss of generality we assume Sy =1, and @ =0 in the NFT U
which yields b(x,&) = b(x,&). Hence, setting Q = 471 A gymm, we have

bup(e D)= [ [ e 0ne <002 £)y(y)dy ag

:/ / e"(x_y)é+<Qx’x>_<Qy’y>b(x,5)(/R/Re"(y_z)"v(z)dndz)dyﬂé.

(2.64)
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Taking into account the standard oscillatory integral methods and the iden-
tity
S HO=IN — ile—2)n filx—y)(E 1)

we exchange the integration and get
bup(e D)y = [ [ I (xm)v(e)dz an, (2.65)
where
bue(em) = [ [ e ieone <Oy fyayag. (2.60)

Since Q is symmetric we can write
<Oxx>—<Qpy> = <(x—y),0(x+y)>. (2.67)

Indeed, if S € SO(R") diagonalizes Q, i.e., STQS = diag {q1,...,q,}, setting

x = S%, y=_5¥, we obtain that < Qx,x > — < Qy,y > is equal to

n
<STQSx > — <8085, 5>=Y q;(& -5
j=1

=< (¥—y),diag{q1,-..,qn} (F+7) >
= < (F—5,8T0S(F+7F) >=< (x—y),0(x+y) > .
(2.68)

Hence we can rewrite (2.66) as follows:
bue(em) = [ [ oGm0 )y ag
= [ [ b e en—20vrondyaE (269

after the change of the variables & — & —n+Q(x+y) =& —n+20x—0(x—y),
y+— x—y. Next, following the approach of Shubin used in [58], we apply the
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Taylor formula to

b7 -20v 1 0y) = ¥ 2 ab(r.n 20+ 0y) + Ru(x.E.y)

|a|<N
(2.70)
e N,B
RvwEmy) = ¥ o [ (=00 b(xig +n-20v+0y)as
B P
(2.71)

We have

zyéé ORb(x.m —20x -+ Oy)dy ¢

\

lyé

a“b(x N —20x+ Qy)dy d&
|

D (9y'b(x,m —20x+ Qy)) dy d&

L L
e

[ Lot

// ’yé (QDyn)“ao‘b(xn 20x+ Qy)dyd§
- |

lal
& d5)< (D) 3 205+ 0)dy

(2.72)
We recall that
r) " [ hdE=5()
0(y) being the Dirac delta function centered in 0. Therefore
S -
Batem) = 00Dy 3 (e 200, (2.73)

On the other hand, for the same arguments in [58], we derive that

Bua(en) i= [ [ Ry (om0 E)dy e (2.74)

belongs to I"N=1(R?"). We have shown that

—1)lel
o)~ ¥ S0 0Dy 19bem —203) € TV ()
[1I<N '
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for every N € N.

We observe that

PagBy el = [P ((0Dy)705 Tb(xn—209) | (275)

We plug the identity
9P (a(x,n —20x)) =(: =200 )P a(x,&) ey —20x

Z( ) 2)91(09;)2 8 %alx.&) ey 20. (2.76)

5<B

n (2.75) for a(x,§) = (QD¢) 8a+yb( ,&), and readily obtain the estimate

0P o By(x,m)| < Z( )
y8</3

x 2091](Qa )PP A (x,£) ey a0,

1 p
- 2| 21+
V's<p\ &

X Copyposrary < (x,1—20x) > 21=lel=Bl (2 77)

IN

for all (x,&) € R?", a, B,y € Z", with C,, defined by

Cop = swp (< (08) > P oforpe))  (278)
(x,&)eR2n
and || Q|| :=max; x—1....n |q ;|-

Combining (2.78) with the estimates

—2 —2
0< inf SHNM—200> sup <n-200>

(cmern ((x,1)) T wmern (1))

we obtain that byr(x,n) € I"™(R?"). The proof is complete.
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2.5 Discrete representation of pseudodifferen-

tial operators

In this section P will stand for a globally elliptic self-adjoint Shubin pse-
udodifferential operator of order m > 0, semibounded from below. We recall
that (for more details see [58], [50]) the operator P has a discrete spectrum
diverging to —+oo.

spec(P) ={ A <A <... < <...— +oo}, (2.79)

and one can choose an orthonormal basis of L?(R") the eigenfunctions {¢ JIyay
We recall several notions on discrete representations of onedimensional

Shubin operators developed by Chodosh [10].

Definition 27. If we define the discrete difference operator A on a function

KZNOXNO—>R by

(writing A%* to signify applying the difference operator a times), then we will
say that a function K is a symbol matriz of order r if for all ®,N € Ny there

is CoqN >0 such that
[(A%K) (m,n)| < Can(1+m+n)"*(1+|m—n|)™, m,necNy.
We denote the set of symbol matrices of order r, SM"(Ny).

We introduce discrete representation depending on the basis {@;}7_, of
P. One of our motivations comes from the methods on Fourier analysis

relative to elliptic differential operators on compact manifolds developed by

Greenfield and Wallach in 1973 cf. [30].
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Definition 28. For every Shubin type pseudodifferential operator Q of order

m on , we define the following infinite dimensional matrix:

K2 :Nox Ny - R

(avﬁ) _>K1g<a7ﬁ) = <Q(pa7(Pﬁ>'

We note that if P is the onedimensional harmonic oscillator and {@q},
a € Ny, are the Hermite functions, we recapture the definition of matrices of
order m in [10].

Moreover, one is led to ask the following question: can we characterize
the action of the operator Q via the infinite matrix Kg for larger classes of
operators?

Our normal form result yields an easy generalization for second order self-

adjoint Shubin differential operators with symmetric mixed term.

Proposition 25. Let n =1 and P be as in Theorem 27. We denote by
{@a}ty_, the basis of eigenfunctions of P. Then Q(x,D) € I iff KIQ belongs
to SM™/2(Ny).

Proof. 1t follows from the application of the NFT U in Theorem 27, and the
fact that ¢o = UHy, namely

K8 (o, B) = (09, 95) = (QUHq, UHg) = (U*QUHq, Hg),

where {Hy}7 | are the Hermite functions. By Theorem 28 we know that
Q eI if and only if U*oQoU € I™. Hence we obtain

0 _ gU"0QoU _
Ka,B;P_fo,B;ffl =K(a,p),

with K(a,B) being the matrix of Qnr(x,D) = U* o Q(,D)oU according to

Definition 27 and we can apply the result in [10]. O
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Next, motivated and inspired again by the paper [30], where global hy-
poellipticity results for commuting differential operators with a normal el-
liptic operator on a compact manifold have been derived, we propose a new
result in the context of the theory of the Shubin type p.d.o. under a Dio-

phantine type condition on the eigenvalues of P.

Theorem 33. Assume that the spectrum of P consists of simple eigenvalues

and there exist C > 01 >0 such that

Ay~ A > j# L. (2.80)

_c
(il +1en®

Let Q be a Shubin pseudodifferential operator of order m such that
[P,Q] € OPT 7 (R"). (2.81)

Then the matriz Kg = {Kj’g};"gzl admits the following uniquely determined

splitting
K§ = diag{k; j}7-, + &, &jo=(1—8;)kjy, j,LEN. (2.82)
with &j0 = O((|j] +¢))™N), j+€— 4o, YN € N.

Proof. From the Theorem 25 we have K5 = diag {4;}7.1. Moreover using
standard linear algebra matrix arguments we obtain that the matrix repre-

sentation of the commutator [P, Q]
kPO = kOkP — KPKS =R € SM~(N). (2.83)
Clearly R; j =0 while R; ; = (4; — A)K ¢, when j # {. Hence
K ! R j # L
=7 R, JFE
! A=A

Here occurs the necessity to use the condition (2.80), because it is well known

that R;; = O((]j|+]¢|) =) and so we need the conditions (2.80) to avoid that
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(Aj—Ar) becomes O((j+¢)~*) for some subsequence of (k,£), k,l € N, k#¢.
One notes that if [P,Q] =0, one gets that (A; —2,)K;, =0 for j# ¢ and so

we have K; , = 0 without any additional condition. O

Remark 7. Let Pyrp = 5 +r, with @ = (@y,...,0,) being Diophantine.
Then A # Aj, j # k and the Diophantine type condition, We can consider
a zero order Shubin operator b(x,D) (not necessarily self-adjoint) such that
[b,P| € T~=. The the spectrum of P+ b is discrete and we can write b(x,D) =
baiag(x,D) +b_co(x,D), with [P,bgjug) =0 and b_. € T,

2.6 Discrete representation of centralizers of
operators via eigenfunction expansions

Let H be a separable Hilbert spaces. Let P be a self-adjoint unbounded
operator, semibounded from below. It is well known that P has a discrete
spectrum and we can write the eigenvalues of P like a sequence {; < tp <

. Mg <— oo}, We denote by m; the multiplicity of p; and set B™(u;) the
eigenspace corresponding to i, j € N. We choose and fix an orthonormal ba-
sis of double index 6y ;, j=1,...my, £=1,2..., and define the eigenfunctions

expansion of u € D(P)

-L Z up 6=y (u',6"),,
-
where ué = (uf,la"'auf,m[> € Cnv 8( = (6&17"'79&"1[) S (Bmé(.uf))mZ? Upj =

(u,0y j), Moreover, we have
H =&/ B" (1)

and
(<) mg (]

T 5
Pu= Z Zuﬁjlugegj Z<H€Iméu 79 >Rm57
(=1 j= (=1
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%
where 6! = (6¢1;--.,0m,), are the eigenfunctions associated to the eigenvalue
%

u, with multiplicity my and u’ = (g g, . upm,) and £=1,... 0. If Ay €

SO(R™) (or Ay € SU(RY)) we set
— - = —
QZ 2:Age_é, l/tZ :Agu_é.

So we obtain the invariance of P under the action of the infinite matrix

A=A (2.84)

namely

Remark 8. Note that if the eigenvalues are simple (my =1), the choice of
the eigenfunctions 6y = 6y 1 is unique modulo multiplied by il(eiﬁ, B ER, if

H is a complex space)
We consider the centralizer of P
Z(P)={Q:PQ = QP} (2.85)

the set of all linear operators Q : D(Q) — C, where D(Q) contains all eigen-
function, commuting with P on D(Q)ND(P) C H. Then we have recall a well

known assertion

Proposition 26. Let Q € Z(P). Then

where M* € M,,,(C) and M* = (M*)*, if 0* = Q.



2. Normal forms and conjugations for second order self-adjoint globally elliptic

68

operators
Proof. We know that since Q is invariant on B™(uy), £ € N, we have
S AN
QM:Z<M u 79 >Rm[7 (286)
(=1
(_ gyt ol 7
WheI‘e M - {uj,k}J7k:17>ml E Mm/(C)) 0 - (9[71 9y 6&””/)7 = (MZJ P 7”(7"’1@)'
— — — —

Next, we consider the action of AMore precisely, if 8¢ = A‘@* and u’ =A‘u’,

we have
o - =
QoAu=Y (M'A'u’,A'0")
/=1
o0 - —
~ Y ((ahmiatid o). (2.87)
/=1
We complete the proof by standard linear algebra arguments. OJ

Remark 9. In general we can not reduce a matriz M in a diagonal form by
congugation with S € SU(my), if M is not normal (i.e. M*M # M*M ). More-
over, we can reduce M* to a lower triangular form (upper-triangular form,)
by a conjugation with a matriz S € SU(my). In general, case one encounters

famalies matrices with non trivial Jordan blocks.

2.7 Representation of Shubin Operators

We describe completely the discrete representation of the centralizer of P

in the space of pseudodifferential operators defined by the continuous action

on . (R").

Theorem 34. Suppose that Q : S (R") — . (R") is a linear continuous ope-
rator, that commutes with a globally elliptic self-adjoint operator P. Then we

have

i) the following decomposition

L*(R") = B™ (1) ®B"™ (1) ® ... G B™ (1) © ...
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where [y < tp <... < Wy < ... are the eigenvalues, mj is the multiplicity
of the eigenvalue j, j=1,2,..., further B"i(l;) is the eigenspace of the

etgenvalue Wj, j=1,2,... with a orthonormal basis of eigenfunctions

6, such that POy j = 6y; (eN,j=1,...,my;

i) Qm, = Q|Bmz(,l) is invariant on B™(L);

iii) There exist matrices T = {y,}™_, € My, (K), where K=R or K=C,

r,s=1
such that
006y, N1 o Ym, .1 .1
: — : : : B, :
Q6 m, ’ylf’l/g,l YVC;lg,mg Ot,m, ,m,
and the family of matrices {FE}?:l satisfies
sup  max <£*N||F£§||> < oo,  for some N> 0. (2.89)
e>1E€R™ |E[=1

In particular, if Q is a symmetric Shubin operator the matrices T,
¢ €N, are symmetric (respetively, Hermitian) if H is real (respectively,

complex) Hilbert space.
Proof. Set yy j = Q6 ;. We get

Py i =PQO; ; = QP6y ; = QU6 ; = WQO j = Wy y.

Hence yj = Q0;, € B" (), j=1,...,m; and since Q is invariant on
5 (ty) we deduce 1), ii) and iii) (2.88).
We prove (2.89) using the topology on . (R") and ./(R".) Finally, the

last sentence is proved by standard linear algebra. O]
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2.8 Anisotropic form of the 1D harmonic os-
cillator

The main goal of this section is to investigate the reduction to normal
forms and to classify the normal forms of second order self-adjoint anisotropic

1D differential operators. In this section we consider the following operator:
Pu=D>u+a(x)Deu+b(x)u = —u" +ia(x)u' +b(x)u, x€eR, (2.90)

where a(x) (resp. b(x)) is polynomial of degree k (resp. 2k). Since P = P*

necessarily
k
a(_x) = Zajxkij, (ZOER, ajER,jzly-"7k7 (291)
j=0
2%k ,
bx) = Y bp®l boER b;EC j=1,....2k (292
Jj=0

We recall the global anisotropic ellipticity condition (cf. [3], [6])

p2(x,&) = E* +apx*E +box™* #£0,  for (x,€) # (0,0). (2.93)
Straightforward calculations imply that the operator P defined in (2.90)
is symmetric iff b; € R, j=0,1,... ,kand
2%k o
Z bk — Ea'(x) is real valued. (2.94)

j=k+1
This polynomial have real coefficients, while the global anisotropic ellipticity

condition is equivalent to

1
q0 :=bo— Za(z) > 0. (2.95)

We define a “canonical” normal form operator depending on 2k — 2 real
parameters, which will generate all globally elliptic self-adjoint operators de-
fined above. Given k > 1 and p = (po, ..., pxn—3) € R?*72 if k > 2 we set

2k—3
Lowp =Di+x*+ Y pp®* 371, (2.96)
j=0
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Recall that by well known result on the spectral theory of the Schédinger
operators (e.g., cf. [58], [3] and the references therein) we know that the

operator Ly p is essentially self-adjoint with discrete spectrum

spec (Loxp) = {A1(p) <... <Aj(p)... = oo}, (2.97)

with the corresponding orthonormal basis of eigenfunctions {(p}) ()} €

k/(k+1)
1/(k+1)(R)'

Moreover the entire function extensions ¢;(z), z=x+yi € C satisfy the fol-

L*(R). The eigenfunctions belong to the limiting Gelfand-Shilov space §

lowing property:
there exists absolute constants co = co(k), € = €(k) > 0 and positive numbers

M;, j € N such that
19(2)| < Mjeeb!™ Heob] eV (2.98)
We have
Proposition 27. The following properties are equivalent:
i) P is globally elliptic self-adjoint operator.
ii) there exists a unitary map
U:L*R) = L2(R), U := T, 0 Egv(x) = e AW 2(x 4 ¢),

X

where A(x) = / a(t)dt, c € R, dilation Drv(x) =v(t~'x), 7> 0, and
0

reR, such that

U’ ngl oPoUoDgv(x) = 12L2k7p +r. (2.99)

Clearly (2.99) implies that

spec(P) = {A; = T*A;(p) +r}
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and the eigenfunctions are
_ 2 i
{yj(x) = Kje 40T (x4¢), 17

where Kj are constants such that ||y;| = 1.
Proof. We have

o~ 2k .

P=EjoPoEu=D;+Y g™/, q;€R,q>0,g;€R, j=1,...,2k

=0

Next, we set y=x+ %(110 and reduce P to
B 2%-3 '
P =D +qpy*+ Y Gy > +r G €R,j=0,..2k-3reR.
j=0

1 2k+2 n

We conclude the proof by applying the dilation y=1""x, T=qo
Next we investigate the multidimensional anisotropic case

P=—A+(A(x),D,)+B(x), xeR", (2.100)

where A(x) = (A1(x),...,Ax(x)),

k
Ajx) =Y A ), A= Y Ajax (2.101)
(=0 |ot|=k—£
2k
B(x) = Z sz_g(x), sz_g(x) = Z Baxa, (2102)
=0 |ot|=2k—¢
with
Ar(x) = (A% (x), ..., AR (%)), Bok(x)  real valued. (2.103)

Here we impose a symmetry type condition (an analogue to A, =0 or
its geometric version). We suppose that < A(x),dx > is closed form i.e. there

exist

V(x) € C*(R": R) such that VV(x)=A(x) (2.104)
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with V(x) = Z?’S&l Vak41—j(x), Vagq1—j(x) real homogeneous polynomial of de-
gree 2k+1—j, j=0,1,... 2k+1.
Under the hypothesis (2.104) we have

Theorem 35. The operator P is symmetric iff

IAV (x)

1
Q(x) :=B(x) — Z“VVZkH x))*+ is real for x € R" (2.105)

Moreover, P is self-addoint globally elliptic operator iff
1 1
Boy(x) — ZHVVzkH(X)Hz = B (x) — ;tHAk(X)H2 >0, xeR"\0. (2.106)

Suppose now that (2.105) and (2.106) hold. We assume in addition that

there exist S € SO(n) and n polynomials of degree 2k
2k _
qjt) =Y qpt™* 7, g €RL=0,1,...2kq;y>0,j=1,....n, (2.107)
£=0

such that
o(Sy) =Y q4j())- (2.108)
j=l1

Then we can find n positive numbers ®;, r € R, y € R" such that there
exists a unitary map U : L*(R) = L2(R), U := Tyo Eyu(x) = e~V &)/ 2y (Sx 4-
Y), p € R", dilation Dgv(x) = v(a)l_lxl,...,a),flxn), >0, and r € R, such
that

n
D(Bl oS oU'oPolUoSoDgv(x) = Z’l w}sz’cj +r. (2.109)
]:
Proof. After the conjugation with ¢=2V() and the change x — Sx we are
reduced to the sum of n 1D model anisotropic operators and we conclude as
in the previous assertion.

We conclude the proof by applying the following well known assertions.
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Lemma 7. Let P; be unbounded self-adjoint operator in a Hilbert spaces
H; j=1,...,n, and semi-bounded from below. Let H=H|®...®H,. The

operator P

spec(P;) ={Ajr: £=1,2,...},

with bases {Qj ¢}y, Jj=1,....n. Then
P=P&...®P,
has a discrete spectrum defined by
spec (P) ={ ¢+l +...+ A, 00 € N},

with
{(Pé}zozhz {(pl,Z ®...Q0 ¢n,€}'



Chapter 3

Normal forms for classes of
second order non self-adjoint

Shubin operators

The main goal of this chapter is to investigate the reduction and the
classification of the normal forms of classes of second order non self-adjoint
Shubin type differential operators.

We start with the one dimensional case. As a model (and a candidate
for a complex NF) we have in mind the non self-adjoint (complex) harmonic

oscillator

Pu= Hy = Du+ ox’u=—u"(x) + ox’u(x), ®=z>z¢€C\0,arg(z) <
(3.1)

YIS

If arg(z) < m/4 we have an example of the classes of globally elliptic
quadratic Shubin operators with non negative real part, which are subject of
recent intensive investigations in the context of semiclassical analysis, subel-
liptic estimates, partial regularity, existence of symmetries etc. (cf. [4], [59]

and the references therein). A part from the interest "per se” in the theory of

75



76

3. NF for classes of second order non self-adjoint Shubin operators

the pseudodifferential operators on R”, we mention another motivation from
recent papers on the spectral properties of non self-adjoint differential opera-
tors (cf. [14], [15], [44] and the references therein). It is well known that .77,
has a discrete spectrum, the set of eigenfunctions is complete in the sense that
its linear span is dense in L?>(R), but it does not form a Riesz basis, namely,
one can not find a bounded invertible linear operator K : L?(R) — L?(R) such
that K~! 0%, 0 K becomes a normal operator ( for more details see [15]
and the references therein). In fact, one may choose complex eigenfunctions
@ (x) (complex Hermite functions) ®(x) = o'/*Hy(@'/*x)o(x), H(t) being
the Hermite polynomials of degree k, k € Z, and o (x) = e_#ﬁ is a complex

weight function, which form a (pseudo) orthogonal basis, or bi—orthogonal in

L?>(R), namely

[ @i0@(dx = (@ ®)2 = 8, jkEN. 32

where 6, stands for the Kronecker symbol, while ®*(x) = ®;(x). Note that
the integral in the LHS of (3.2) is without any conjugation. One defines the

(non-orthogonal) projector as Pt = (u,®;);2Pi. The authors prove that

In(||P,
lim ||PkH1/k =c¢ > 1 or in equivalent form lim In(lIPll) =d>0 (3.3)
k—oo k—>oo
where the norm of the projector P, defined by
1B = [ |@c(oPdx, ke, (34

and apply this estimates to show that there exists t, > 0, proportional to d,
such that

(o)

e P = Z e_tlf'Pj is norm convergent if ¢ > f, and divergent if 0 <1 <t.
j=0
(3.5)
Recently, Mityagin, Siegel and Viola (see [44]) have studied operators T,

in a separable Hilbert space H, which are unbounded, densely defined, and



have compact resolvent. It is well known that the spectrum of 7' consists of
at most countable number of isolated eigenvalues accumulating at infinity.

They define the spectral projection P, via the Cauchy integral formula

P= [T

where € > 0 is smaller than the distance from A to any other eigenvalue.

It is well known, in contrast with the case when T is normal, the spectral
projection of a non normal operator T are, in general, not orthogonal. As
a consequence in the study of simple differential operators on the real line
which admit minimal complete system of eigenvectors {uy};_, which is not a
Riesz basis. The authors have proved the existence of a natural class of non
self-adjoint operators for which

1
lim —log|P| = ¢ >0, (3.6)

k—oo kKO

where ¢ can take any value in (0, 1), (see for more details Theorems 2.6 and
3.7 in [44]). These operators arise as non self-adjoint perturbations B of a

self-adjoint Schrodinger operator T. They study the non self-adjoint operator
Meu = D*u+x*u+ i2exDyu = —u" (x) + x°u(x) + 2exu’ (x), €€ R\0. (3.7)

a skew-adjoint perturbation B = 2iax, a € R\ {0} of the harmonic oscillator
D2 +x?. We point out that both operators %, and M. are I elliptic.
Finally, we mention that in [15] the authors show growth more rapid
than any power of k for the norms of spectral projections {P};", for the
anisotropic operators ,
G0 = —57 + ox™,
acting on L*(R), @ € C\R and arg(®) < C(m), for more details see Theorem

3 in [15].



78

3. NF for classes of second order non self-adjoint Shubin operators

Coming back to the issue of NF for non self-adjoint operators, taking into
account that in the one dimensional case all solutions of Pu— Au =0 are
entire functions (restricted on the real line), it is easy to show that, if P is I'-
elliptic, we can reduce P to .74, modulo composition under a transformation
of the type u(x) = e(“x2+bx)v(x+c), for some a,b,c € C, Sa#0 and /or 3b #£0,
which acts in the space of the entire functions on C. The main challenge is to
describe completely the spectral properties. Here the Gelfand-Shilov spaces
Sﬁ (R), p < 1, shall play a fundamental role, since all functions from these
these spaces are extended as entire functions and all possible eigenfunctions

of complex harmonic oscillators on the real line
P=D>+0oxDy+ Bx*+yD,+6x+r, o,B,7,8 €C, (3.8)

belong to Siﬁ(R) (see [6]).

We show that if @) := 9?([3 — %2) > 0 then all perturbations which keep
the I' ellipticity have discrete spectrum and compact resolvent while in the
case @ < 0 there exists a threshold & depending on @, =S (B — %2) such
that if [So| < g the spectrum is discrete and we find explicitly the eigen-
functions whereas |3¢a| > & implies that the spectrum of P coincides with
C. For the critical value |So| = g the operator is not globally elliptic. The
crucial ingredient of our proofs is the use of the complex JWKB method.

One easy consequence of our NF is the extension of some of the results
in the aforementioned works for a slightly larger classes of operators.

We also consider non self-adjoint globally elliptic operators in the multi-

dimensional case
P = —A+ (Ax,Dy) + (Bx,x) + (g,Dy) + (h,x) +r. (3.9)

where B,A € M,,(C), g,h€ C", r€ C. Here ({,n) =& ,m+...+&EMw, E,n €
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C". Clearly RB and 3B are symmetric, i.e., Bl = B with respect to the
complex pseudo inner product above.

We derive reductions via conjugations with NFT of operators given by
(3.9) to multidimensional complex harmonic oscillator modulo complex trans-

lations
n
Hou:=—Au+ Y opiu, o;€C\0,Rw; >0, (3.10)
j=1

provided RA, SA, RB, 3B satisfy suitable commutator and separation of
variables type conditions. Thus we are able to classify the spectral properties
of (3.9).

Next, we investigate the reduction to NF of anisotropic versions of (3.7)

k 2k
P=D;+Y ap* D+ Y bt (3.11)
j=0 (=0

where a; € C, ag # 0, by € C, by #0. We are able to classify completely
the spectral properties of (3.11). Here again we rely heavily on the complex
JWKB methods but unlike the quadratic harmonic oscillator we are not able
to write down explicitly the eigenvalues and the eigenfunctions. However,
under additional restrictions on the complex coefficients, we show that the
spectrum and the bi-orthogonal eigenfunctions are generated by the canonical
self-adjoint NF anisotropic operator Ly, ¢ € R?=2 (defined in the previous
chapter) by means of complex dilations and translation and multiplication
by exponential terms of the type enxk+l+0(‘x‘k), Rn #£0. We take advantage of
the hypoellipticity in ST;E]]:[B(R) of anisotropic elliptic operators of the type
—A+ (Jlx[|*)¥, see [5].

The major novelty of our investigations this section concerns the case of

multidimensional anisotropic non self-adjoint operators. We derive normal

forms via transformations acting in Gelfand-Shilov spaces of entire functions
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of operators defined by
P =D+ (A(x),D,) +B(x), x€R", (3.12)

where A(x) = (A1(x),...,Ax(x)), Aj are polynomials with complex coefficients
of degree k, B is polynomial with complex coefficients of degree 2k, (A(x),dx)
is closed 1 form, with A(x) and B(x) rather restrictive satisfying symmetry
and separation of variables type conditions.

Finally, we study perturbations of complex quadratic harmonic oscillators

with some regularizing pseudodifferential operators b(x,D), whose symbols

1/2

belong to the limit Gelfand-Shilov space S, 2

(R™) and show that despite the
quadratic exponential growth of the NFT we can still conjugate b(x,D) with
&% | provided le| < 1.

The chapter is organized as follows: Section 1 is concerned with the classi-
fication of the NF and the study of the spectral properties of the perturbations
of the complex harmonic oscillator. In the second section we study NF and
spectral properties of perturbations of multidimensional complex harmonic
oscillators. The classification of the NF and the study of the spectral proper-
ties of non-self-adjoint 1D anisotropic operators is done in Section 3 whereas
in Section 4 we address the same issues for some classes of multidimensional
anisotropic operators. In the final section we demonstrate a result on the

/2

conjugation of classes of § } /Z(R”) operators via quadratic exponential NFT.

3.1 NF of perturbations of 1D complex har-
monic oscillators

We consider the second order Shubin differential operator on the real line

P =D?+ axD,+ Bx* + YD, + Sx+r. (3.13)
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with o, 3,7,6 € C.
We assume, without loss of generality, that R =0, Ry =0 - otherwise,
as in Chapter 2, we apply the conjugation with a unitary NFT

ei(Rez(la)XZJr%x) oPo efi(%x%%x). (3.14)

Therefore, we consider the operator P in this form as a perturbation of a

non self-adjoint operator
L=D?+iexD,+ wx*+ipDy +qx+r, (3.15)

where @ =0+ @i € C\0, 0; >0,if 0, =0,€,peR, g=q1+¢qi€C, g1 =0
ifw#0,g=0if 0 =0, reC.
We derive reductions to normal forms taking advantage of the limiting

Gelfand-Shilov §'/2

1 /Z(R) regularity of the eigenfunctions of second order glo-

bally elliptic differential operators.
We introduce, following the arguments used in [14], [15], complex inner

product with complex weight function o(x), o(x) #0, x € R,

f.8)ca= [ F0sx)0* (W) (3.16)
One checks easily that if for some s€ R, t >0, C >0

lo(x)] < Ce M xeR (3.17)

then (3.16) is well defined for all f,g € S%g(R) (respectively, f,g € Si(R),

1/2 < p < 1), decaying exponentially
2
max{|f(x)],|g(x)[} =0(e™ ™", x — eo)
(respectively, O(e_mx'l/“), x—o), keN, (3.18)

for all 0 < s < n (respectively, n > 0), provided s > 0 (respectively, s <0).

We consider first the simpler case of € = 0.
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Proposition 28. Suppose that € =0. Then there exists a transformation
T=T,q/00WX) = e%xw(x— iwi), p,q €C, (3.19)
Tajbl =T_4_p such that
T p/2—a/20) Lo Ty 2 4/ 020) = Dy + 0x* + F, (3.20)

where ¥ =r— %2 + %. L has a discrete spectrum and the eigenvalues are
given by
=0"?k+1)+r, keZs, (3.21)

with eigenfunctions defined by

o) = ke B H (- L)), ken, (3.22)

with k™! :/ H,?(a)l/4(x— %i))dx: w~'*, forming bi-orthogonal basis with
R

respect to the complex weighted inner product (3.16)
o(x) = e Bro =507 e, (3.23)

Finally, we claim that the spaces Sﬁ (R), 1/2 < u <1, are invariant under

the action of Ty/3 4/(20) and there exist C >0 such that

(17”)(%)#/(1*#) (3.24)

C
72,4/ c0)Ulup—5.6+5 < € ;.

forueBS,(R;p,0),0<8<1,1/2<u<1.

Proof. We have

2

= et <D)ZC +ox* fgxtr— %)v(x) = egxiv(x),
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and the translation x — x+ 5L transforms L into (3.20). We conclude by

observing that for every u € BSﬁ (R;p,0), p,6>0,1/2<pu<1 we get

e u(x+ay + (y+ar)i)| < CoePhrarlitolytal by
< Cle—P\X\l/“JrG\y\l/“JrCl(IXIHyD
< Cre~ (PO (o 8) Vi =S (x|t V) +Cy (1)
1 1
< Cl%ﬁe*(l)*&\x\ MM t(a+6))y] /“, (3.25)
where
c{‘/“‘“)
_5¢! 1-u)C
s, = sup (e o /#JrCl’) _ M I (3.26)
t>0
which implies (3.25). O

Remark 10. We note that if Rp #0 or Rq # 0 the transformation T is not
defined on L*(R) or Sy (R) for u > 1. The crucial point for the requirement
w <1 is the fact that the all f € Sﬁ (R) are restrictions on R of entire func-
tions and T acts continuously in Sﬁ (R) using equivalent topology for entire

functions. For more details see [20],[5].

Let us consider the second order operator
L =D?+iexD, + ox* 4 ipDy + qx + T, (3.27)

where @ =0+ i€ C, 0w #0, e,peR, g,7€C.

Actually, using dilation x = |e;|'/4y, if @, is different from zero, we can
consider 3 classes of operators (modulo multiplication with |e;|'/?, when
) # 0), reducing to 3 cases: @) =1, @) = —1, @; =0, namely

Ly =D?+iexD,+ (14i8)x* +ipD; +qx+1, (3.28)
L =D>+iexDy+ (—1+i8)x* +ipD, + gx+1, (3.29)

Lo = D 4 iexD, +i6x> +ipD, + qx + T, (3.30)
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for ,6,peR, g, € C, d #0 in (3.30).

We classify completely the class of operators (3.27) when € # 0.

Theorem 36. The operator L (3.27) is globally elliptic iff
either @; >0 or @ <0 and 03 + o> # 0, (3.31)

or stated equivalently

L. is globally elliptic for all §,€ € R, (3.32)
L_ is globally elliptic iff 8> +# €2, (3.33)
Ly is globally elliptic iff 6 # 0. (3.34)

Furthermore, there exist a,b € C such that the transformation T,
u(x) = e_%(Hb)zTa,bv(x) = e_%(Hb)zeaxv(x—f— b) (3.35)
transforms L to
Hov(y) +rv(y) = —V'(y) 4+ 0x*v(y) +r, 6 € C\0,2RV0 #|e|re C. (3.36)
Under the assumption (3.31) the following properties are equivalent:

i) P has a discrete spectrum with simple eigenvalues in Rz > 0 with eigen-

functions forming a Schauder basis (but not Riesz basis) and compact

resolvent.
i) Either @ >0 or @ <0, an #0 and |e| < & = — w3/ o
iii) The normal form operator Hg in (3.36) satisfies

2RVO > |g]. (3.37)
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In particular, if i) or ii) holds, the eigenvalues are given by

2
A= 022k —1)+r, 9:w1+%+ia)2,keN (3.38)

with eigenfunctions forming bi-orthogonal basis with respect to the complex

weight inner product (3.23)

o (x) = edr e, (3.39)
defined by
O(x) = ke 5% e H (/4 (x— b)), keEN, (3.40)
with
1/2
K= (/RH,S(GI/“(x—b))dx) =0/
Finally,

if @ <0, |g| > &, then spec(L) = C. (3.41)

Remark 11. We can rewrite the result in Theorem 36 for Ly, L_ and Ly

under the hypothesis of global hypoellipticity:

Ly and Ly have discrete spectrum and eigenfunctions defined in (3.21), (3.40)
(3.42)

L_ has discrete spectrum as (3.42) iff 8% > &> and spec (L_) = C for §* < €2,

3.1.1 Proof of the complex harmonic oscillator NF
First we study the I ellipticity. Since the principal symbol of P is
pa(x,6) = &%+ 13 + ix(e§ + ). (3.43)

one checks easily that that py(x,&) # 0 for (x,&) # (0,0) iff @3 + w;€% # 0.



86

3. NF for classes of second order non self-adjoint Shubin operators

The idea of the proof is quite natural. We know by the theory of complex
ODE that all solutions of

Pu—Au=0, AeC, (3.44)

are extended to entire functions. Therefore, straightforward calculations
show that u(x) solves (3.44) iff v(x), defined by

b)2 b
el plats)

ux)=e v(x+b) (3.45)

solves
A+ (r—A)w=0, A€C, (3.46)

where
w=PB—¢/4, a=p/2, b:%. (3.47)

The spectrum of %, is discrete, with eigenvalues A; = @'/ 22k —1) +r,
and basis the complex Hermite functions Hy(®'/*y). One checks immediately
(returning to u via (3.35))

gt px

Oe(x) :=e & T 2T H(0"*(x+b)) € L*(R) if (3.37) holds. (3.48)

In order to complete the proof we have to apply complex WKB methods
(cf. [66]). .

Lemma 8. Let A € C. Then all solutions of
Lu—Au=0 (3.49)

are restrictions on the real line of entire functions. Moreover, we can find a

basis (pej;p(x;?t), 0.5 A), x € C satisfying

2 X
X .
0y x) =ty (exp (65 + [ \J(@r+ion)dr+0(x)), x €Tl o
X0
+ + X *
03, () = a () exp (657 / V(@ +i@)di+0(x)), xeTa, x| = e
X0
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with Ty being a complex conic neighbourhood of RY, and the amplitudes

afec(x),aeixp(x) are holomorphic in T and are O(|x|~'/?), x e TF, |x| — co.

Proof. We consider the following transformation
Eu(x) := e*gxu(x),
So the operator L in (3.15) becomes

E*oLoE =L =D?+iexD, + <w1 +ia)2>x2+hx+€,

2
where h:q—ie‘l—z7 andﬁzr—%.

We can apply the transformation
Eev(x) = ¢ /u(x),

so we have

EglolioEEZZ:DﬁJr(@1+i@)x2+ﬁx+ﬂ (3.50)

where @1 = 0 + 82—2, and @ =y, h="h, I — % The equation (3.49) is equiv-
alent to

Lv—2v=—V"+ (x> +hx+7—A)v=0 (3.51)

Now we can apply the complex WKB method for the equation above.
More precisely, we can find two linearly independent solutions for x — +oo

(respectively, —oo), namely

< /(@) +i@) 2+ 1
Vi, (G A) = b, (x)el V/(@r-tidn) 2+ T-Adr

Wi (A) = b (x)e o V(@tid)Rtherl-Adi

’

(3.52)
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for x € 'y (respectively,

ll/ejcp(X;)V) = be_xp(x)e_fg \/(®1+i@)t2+ﬁl+g—ldt

Y

v (6 A) = by (x)eld V(@tion)e thitl=Adr

(3.53)

for x e I'_) and the amplitudes b;,te (%), bgcp (x) are holomorphic in I'* and are

O(|x|='/?), x e TF, |x| = oo. We point out that (3.52) (respectively, (3.53))

implies
|W:)_cp (x)l -~ %;i)—cp|x|—1/ZefécRe\/((Dl+id)2)t2+/~lt+l7—ldt
i ~1)2 Re (\/(d)l+id)2)x2/2> +0(|x|)
= %exp|x| €
W/j (x)| ~ %;r ‘x‘fl/Zef févRE\/((D[+ia~)2)t2+ill+g*)Ldt
ec ec
—Re @+i@)x*/2 | +0(|x
~1/2 (\/( 1 +idh) />+ (Ix1)
= 5, x| 712 (3.54)
for x e 'y, |x| — oo, where %;;p/dec cRT,
(respectively,

712 Ji Re(\/(@1+i@n)12+hi+I—Ad1)
|Wd_ec(x)| ~ %d_ec|x|_l/ze-nge\/(d)l+id)2)t2+f~zt+l7—ldz

a2
’x’1/26+R€<\/ (@) +idn)x /2> +0(|x]) (3.55)

|Weup (0)] ~ 2200 |x

explX

= dec

for xe'_, |x| — o and *pep/dec € RT).

Let C$ be the transition matrix from Foo to deo. Thus

+
II]+ = ll]exp = Ci_llj_ = Ci—

+ —
Il/dec lI/dec

Vexp -
) Ci_ = <C+) 1‘
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One observes that

X ~ ~ 2
/0 V(@ + i) 4+t +7— Ade = /(@ + i)+ O(Jx).

Coming back to the operator P, and using the fact that the solutions of

Pu— Au =0 are entire functions we obtain

and so we can find a solution of our equation (3.49).

]

Now we are able to prove Theorem 36. We study the spectral properties

using the previous Lemma. We have three cases:

o Ife< —Re\/(a)l + ‘2—2 +ian) then Ker(P—AI) C S}g(R) for any A € C,
so spec(P) = C.

o Ife> Re\/(w1 + i—z +ian) then Ker(P— AlI) = {0}, so the indP # 0, so
the spec(P) = C.

o If |g| < Re\/(a)1 + ‘1—2 +ian) then we have a compact resolvent so the

spectrum of P is discrete.

If oy > 0, the operator P is a globally elliptic, so we can reduce P to normal

form in the operator

P=Vo(D2+2+ o).
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That operator has compact resolvent and its eigenvalues are

M =+Vo(2k+1)+r, k € Z,. We write the eigenfunctions
ik(2) = GHi(z)e ™2,

where Hy are the Hermite functions. So for the operator P (3.13) a basis of

eigenfunctions is defined as follows:
2 (x+8)/(2w)?

up (%) = cre T TDH(Va(x+ 8/ 2w))e 2

The proof is complete.

3.2 Normal forms of 1D anisotropic non self—
adjoint operators

In view of the results in Chapter 2 for self-adjoint anisotropic operators
without loss of generality, applying first the unitary NFT, used in Chapter

2, we consider operators of the following form
Pu=D*u+ia(x)Dyu+b(x)u = —u" +a(x)u' +b(x)u, x€eR, (3.56)
where

k
a(x) = Y a7 a;eR,j=0,1,... K, (3.57)
j=0

2%
b(x) = Y b/ b;eC,j=0,1,...,2k by #0 (3.58)
J=0
We recall the global anisotropic ellipticity condition (cf. [3], [6])

P2(x, &) = E2 +iagx* € +box®* #£0, for (x,&) #(0,0). (3.59)

It is well known that if u € .7/(R"), Pu= f € S (R), with

> k Vv > !
b SR
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then also u € Sy (R) cf. [6].

We recall that all solutions of
Pu—Au=0, xeR, A eC (3.60)

are extended to entire functions in C because the coefficients are polynomi-
als. Therefore, applying the transformation E_4 = e A®)/2 where A(x) =

Jo a(t)dt, to the operator (3.56) we get

P=E ' oPoEy=D2+Q(x), (3.61)
where
0(x) = b(x)+ “(1)2 - a"(“z(x)) i= sz gi2I q,eCj=0,1,...,2k (3.62)
j=0
We require that
Rgo >0, if Sgo =0. (3.63)

Then one checks easily that P is globally (anisotropically) elliptic iff
1
3b§+ Zagim;o 40 if Rby < 0. (3.64)

We note that Q(x) = go(x + Zlqcﬁ)zk plus polynomial of degree < 2k — 2.

Hence
~ q kS
Q(y>:Q(y_TqO):q0y +Zq~]x _J+r7 quC,j:O,l,...,2k—3,r€C.
j=0
(3.65)

which leads to

T-) oPoT ¢ = —A+0(x) (3.66)

2kqq 2kqq

Proposition 29. Set J =Ej oT a4 ODql/(2k+2)- Then
0

2kqq

J Y oPoJ =1Ly, (x,Dy) + 1w = j=0,1,....2k—3.  (3.67)

4
2k’
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Assume now that

wi=p;eR, j=0,...,2k—3. (3.68)

Then every solution of Pu— Au=0 is given by

91

<<qo>‘/ (2+2) (foZ—O»)
2

u(x) = e V(@)@ - 10)) (3.69)

2kq

with v solving

r—A
L2k7pv+ 2 v=0. (370)

Proof. One observes that

JloPoJ = T7Y oPoT

- 2kq0 quo

= D yyu20T g oPoT—4 oD /a2
qy 2kqq 2%qq 4o

— D;ﬂ/(m o(=A+Q)o D 1ok = TLop+r.  (3.71)
0

Next, we study the spectral properties.
Theorem 37. Suppose that
1/2
lao| > 2R (q). (3.72)

Then
spec (P) = C.

Finally, in the case k odd we have

Ker(P—2)( )" (R)={u€ 6(C): Pu—Au=0},
Ker(P*—2)( )" (R) = {0}
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(respectively

Ker(P* =)' (R) ={u € O(C): Pu—Au=0},
Ker(P— 1)) (R) ={0})

provided ap < —29?(6](1)/2) (respectively ag > 29?(61(1)/2)) while for k even
Ker(P—A)(.7'(R) = Ker(P* — 1) ). (R) = {0}.

Remark 12. We note that under the hypothesis (3.72) we do not require the

zero imaginary part condition.
Next, we investigate the case of discrete spectrum.
Theorem 38. Suppose that that
lao| < 2%(gy%). (3.73)

Then P has compact resolvent and discrete spectrum. Moreover, if the

zero condition holds, we have:
e The spectrum of P is discrete and given by
spec(P) ={Aj: Aj= q(l)/(k+l))uj(ﬁ) +rjeN} (3.74)
with a basis of eigenfunctions Y, j € N defined by

V() = cje A2 (gl /2H2) %;O)), jeN (3.75)

with cj > 0 defined by HV’J'HH =1

3.2.1 Proof of the assertions on the spectral properties

The first ingredient of our proof consists of the use of the complex WKB

(or JWKB) method. We derive an important auxiliary assertion
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Lemma 9. Let A € C. Then all solutions of
Pu—Au=0 (3.76)

are restrictions on the real line of entire functions. Moreover, we can find

two basis Qg (X3 1), 0. (x;A), x € C of Ker(P— L) satisfying

anx*t1

X
0k (x) = at, (¥)exp ( + / qor?tdr +O(")), x €T, x| =,
Xi

2k+ 1) Jy,

apxkt1 /x 2% k
t#kdt + O(|x ), x€el'g, x| = oo.
s a0t e

0e () = (x) exp (

with Ty being a complex conic neighbourhood of RY, and the amplitudes

aﬁec(x),aej;p(x) are holomorphic in TF and are O(|x| %/2), x e T*F, |x| — oo.

Proof. We can apply the transformation Ey () = e AW/2 where A(x) = [} a(t)dt,
to the operator (3.56) and we are reduced to the study of P (3.61). Thus the

equation (3.76) is equivalent to
Pv—2Av=—"4+0(x)v=0, (3.77)

where O(x) = Q(x) — 4.
Now we can apply the complex WKB method for the equation above.
More precisely, we can find two linearly independent solutions for x — 4o

(respectively, —eo), namely

X 2k 2k—1 _
ll/:)_cp(X;A) _ b;,;p(x)efo \/qot +q1t +.t g —A dt,

; ~h * 2=l —Ad
V[dtc(x’l):b;%(x)e Jo \/‘Iof +q1t ook t’

(3.78)
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for x € I'y (respectively,

Verp () = Dop (x)e*(*l)k’l I/ qor* g1tk 4o —A i

k— —
Vo (6A) = b (x)e ™V LGV a0 i gy dr

(3.79)

for x € T'_) and the amplitudes b o (%), beixp( ) are holomorphic in I'* and are
O(Ix| /%), x e TF, [x] — oo,
We point out that the WKB method and (3.78) (respectively, (3.79))

imply

|W;cp(x)| -~ %;—Cp|x|—k/Zenge\/q0t2k+q1t2k*1+...+q2k—/'l dt

= 35I| —k/2 jRe(\/qox**" / (k+1))+0(|x")

exp

’V/dtc (x)] ~ %jec\x\fk/ze*fo Rer/qot™ +q1t%* "+ +qu—A dt

FREE —Re(\/Gox !/ (k41))+0(|x[*) (3.80)

- %dec

for x € I'y, |x| — oo, where eR*,

exp/dec

(respectively,

- —k/2 k=1 x 2k %11 “1d
W’exp (x)’ ~ explx’ / |€ Do \/th +q1= T gk I|
= s || K2 D R (et 1) +O(

explX

. - —k/2) ,fo 2k 2k—14 —
|ll/dec(x)|N%dec|x| k/ |€f0 \/q()t 17 gk /'ldt|

= 3¢ x| K2 (D RV et 1) +O(f) (3.81)

forxel'_, |x| = o and s € RT), taking into account that

exp/dec

X xk—H
/0 Vo + @2 4t gy — Adr (=DM or +0(l), xeT.
Set C;Ft * {C% (jk)}jk=12 to be the transition matrix from F to =+, namely

:F
I//:t _ lI/exp _ Ci l//¢ Ci ll/exp 7

+ ¥
lI/dec lVdec
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with C* = (C3)~".

Coming back to the operator P, we obtain that

Pip(x) = A2y (),
Piec(¥) = ¢ A2y (),
(p;tvp(x) -~ %e—xpyx|—k/28—a0xk“(2(k+1))+Re(\/%|x|k+1/(k+1))+0(|x|k), xR, x| = oo,
(chec(x) ~ e%;ec|x|—k/28—aoxk+l(2(k+1))—Re(\/qT)|x|k+1/(k+1))+0(|x|k)7 X ER, x| = oo

and @F = C$ oT, ot = ((péip, ¢7..)- Evidently the estimates above, combined
with standard arguments in the spectral theory and the explicit formulas for
the eigenvalues of the complex harmonic oscillator complete the proof of both

theorems. N

3.3 Normal forms and spectral properties of

multidimensional Shubin operators

We consider the operator in (3.12). Set A=A +iAy, B=B;+iBy,Aj,B; €
M,(R), Bj, j =1,2 are symmetric. We assume that

By >0, (3.82)

AT =4, namely, A; and A, are symmetric, (3.83)

B) — AZ% >0 (3.84)

®,:=B|— A—% + A—% and O, :=B;+ Aids + A4 are commuting. (3.85)

4 4 4 4

We note that (3.83) implies that @) and ®; are symmetric. By well known

classical theorems on the centralizers of finite matrices we obtain that (3.85)
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is equivalent to the existence of § € SO(n) which diagonalizes simultaneously

®; and O,
§T@;S = diag {®;.1,..., 00}, @ €R, j=1,24=1,....,n. (3.86)

One checks easily that (3.84) yields w; >0, £ =1,...,n. Under the hypoth-

esis above we have

Theorem 39. The operator P defined by (3.12) is T elliptic and one can find

o € C", r € C such that the transformation
_iyqT
J =e 4<S ASX,X>+<OC,X> TB (387)
reduces P to a multidimensional complex harmonic oscillator
n
T loPol=—A+Y (0 + @i)x; +r. (3.88)
/=1

Moreover, the spectrum is discrete and we can express explicitly the eigenval-

ues and the eigenfunctions of P via J and the Hermite functions.

The proof follows from the fact that

. n
_iyqT
e~ (STASEY) o p o (ST ASKY) _ _ Z 1 ¢+ W.00)x —|— lower order terms.

- (3.89)
So we have separation of the variables and we apply the results for the oned-
imensional harmonic oscillator n times.

Finally, we outline a strategy for the study of normal forms in the multi-

dimensional anisotropic case
P=—A+{a(x),Dy) +b(x), xeR" (3.90)

where

a(x) = (ai(x),...,an(x)), (3.91)
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with
aj= Z ajﬁxﬁ, ap e C,
IBI<k
b(x) = Z bﬁxﬁ bg € C.
B<2k

We have to require in the multidimensional case, in order to be able to
cancel the mixed term by transformation of the type e 3U0) o (3.90), the
existence of global polynomial potential U(x) of the linear form < a(x),dx >,

namely VU (x) = a(x), or equivalently the form
aj(x)dx; + ...+ ay(x)dx, is closed in C". (3.92)

Under the assumption above we get

P=etV0opoe iVl = —A+ B(x), (3.93)
where
- 1 ]
B(x) = b(x)—la(x).a(x))+3AU()
= ) bax” (3.94)
o<2k

Now we need a symmetry type condition yielding to separation of the

variables: there exists § € SO(n) and n polynomials of degree 2k

2k
bi(t)=Y bpjt™ 7, by €C,j=0,1,...2k,Rbpo>0,{=1,....n, (3.95)
j=0

such that
n
B(Sy) =Y be(ye). (3.96)
=1
So (3.93) becomes
= ~ L.
P=S"oPoS=—Ay+Y bi(y). (3.97)
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Finally, we assume that for each ¢ the zero imaginary part condition holds
and thus translations y, — yy —|—l~)g;1/(2kl~7(;o) and dilations y; — E;é/(Z(k+1)y£

reduce to the normal form

n
Pyr =Y 0Ly pe(ye,Dy,) +7, pP€R* 2 0=1,...n,reC.  (3.98)
/=1

7—1/(2(k+1 . . .
where @y = b£~0/ 2+ ), and Ly, stands for the canonical one dimensional

anisotropic NF of order 2k , p = (po, ..., pu—3) € R*2. We recall (see in
Chapter 2) the A;(p) <... <A;(p) <— +oo are the eigenvalues of Ly ,r with
a basis of eigenfunctions {(pf (X))o € L*(R).

Set T to be the composition of the maps e_%U(x), S, the translations and
the dilations defined for the last reduction, Under the hypotheses (3.95),
(3.98) we have

Theorem 40. P admits compact resolvent and discrete spectrum which co-

incides with the spectrum of
Pyr =T 'oPoT,

and

spec (Pyr) = { M) = Z Mo, +1,00 € N}
(=1

with Age, = COg}Lae(pz), (=1,....,n, a € N" and a complete system of eigen-

functions {¥q(x) = caTCIDg (%) }oen (which is not a Riesz basis), where

—

DY) = Qo (P (31) ® ... @ P, (") (),

cy! = ||IT®glll|;2, & € N". The eigenfunctions belong to the limiting Gelfand-

k/(k+1)(Rn)

Shilov space Sl/(k+l)

The proof is straightforward since the compact resolvent property and the

global ellipticity follow from (3.95). Furthermore, (3.95) and (3.98) imply
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that Wy € L2(R"), while the global hypoellipticity yields ¥ € S’jjgiﬁg(ﬂ@"),
aN"*. The completeness of the system of eigenfunctions is obtained by the

general results on the spectrum of unbounded operators
P=P&...®B,

in the separable Hilbert space H = H| ® ... ® H,, with P; being unbounded
operator on a separable Hilbert space H; having discrete spectrum, j =

1,...,n.

Remark 13. We are not able to construct in the multidimensional case ex-
plicit examples of globally elliptic Shubin operators whose spectrum coincides

with C since there are no multidimensional analogues to the complexr WBK

methods for linear ODE.

1/2

3.4 Perturbation with S 12

(R") smoothing ope-
rator

The main goal of this section is to show that despite of the presence
of quadratic exponential growth in the NFT for perturbations of complex
harmonic oscillators we can conjugate classes of Shubin p.d.o. with sym-
bols p(x,&) € Sig(R“) provided the quadratic growth of the NFT is smaller
than the quadratic exponential decay of the Schwartz kernel canceled by the
quadratic decay of p.d.o. (see [63] where such symbols appear in different
context).

We consider a p.d.o. P(x,D) whose symbol is defined by

p(x,E) = 0(x,E)e 8 (x,E) eR¥ a>0,b>0. (3.99)
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where

0(x, &) = Z Qaﬁxaéﬁ

| +|Bl<m
is polynomial. Let A be a non zero n X n symmetric matrix and set

€= max (£<Ax,x>)>0 (3.100)
x€RMx]=1

Then we have
Proposition 30. The conjugation
P(x,D) = e~ o P(x,D) 0 e~ <A (3.101)

1s well defined in the Schwartz class and ﬁ(x,D) 15 smoothing operator with

/2 (R?") given by

Schwartz kernel Kz(x,y) € 1)

Klg(x,y) _ Q(x,x _y)e—<Ax,x>—ax2—4—lb(x—y)2+<Ay,y> (3'102)
where é(x, z) is polynomial of degree m, provided

1 — (4ba —4be_ +1)(1 —4be, ) =

—dab +4be_ + 16bag, — 16b°e e+ O(max{|es|+]e_|}) <0, (3.103)

for |e_|,|e+| small enough. In particular, ifn=1, A= —¢, we have €, = *+¢€
and we can find sharp estimates on the range of €:

2ab —\/5ab 2ab+/5ab
S T

a a
=] - —2)—,(2 —. 104
- (5=, VAL (3100)
Proof. Recall formula for the inverse Fourier transform of e~ &

/ e e b gE = g/ 22w (3.105)

Next, we observe that we can calculate explicitly the Schwartz kernel K (x,y) =

Kp(x,x—y) € Siﬁ(RZ”). Indeed,

Kolx2) = [ &p(x.6)ag = "x.D,) [ e s ag
2

7227 O(x,D.) (e %) = Q(x,z)e ™ %% (3.106)
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where

~ 1
O(x,z) = 7272 Y qupx®(20)"*hg(—=2)  (3.107)
jol-+1B|<m V2b

with hg(t) = hg, (t1) ... hg,(tn), hi(t) = etz/z(e_lz/z)(k) standing for the Hermite

polynomial of degree k. Next, since e<4**> o P(x,D) 0 e~ <A**>y
_ <Ax,x> —<Ay,y>
= [ M Rn(xx—y) e u(y)dy

— w2 [ Gl y)e APy )y (3,109

We estimate ®(x,y) :=< Ax,x > —ax® — ﬁ(x—y)z— < Ay,y > using (3.100).

1

1
Oxy) < (e —a— )+ Wyl + (e ?

1
—@)y

1
= 4 (b —4ba— 1) +2|x|[[y]| + (4be; — 1)y?) (3.109)

1 1
Clearly the RHS of (3.109) is negative quadratic form iff e_ <a+ 1 e < o

and
1—(4ab+1—4be_)(1—4bey) = —4ab+ O(|ex | +1e-|) <O, (3.110)

which yields (3.103). In the case €1 = € we have optimal bound for |€| since

we are reduced to
1 — (4ab + 1 — 4be)(1 + 4be) = —4ab — 16ab*e 4 4b*€* < 0, (3.111)

which is true if and only if

2ab —/5ab 2ab++/5ab
€] 4p2 T 4b2

== (V5-2) . @+VE) o[ (3112)
O

Remark 14. If a =b and < Ax,x >= &l||x||> we get that the necessary and

sufficient condition in order the conjugation (3.101) to be well defined is given

by
V5-2 V542
6]_ 4 3 4 [

and €] <a. (3.113)



Chapter 4

Normal forms and global
hypoellipticity for degenerate

Shubin operator

The main goal of the present chapter is to study reduction to normal
forms, the global hypoellipticity and the global solvability of classes of degen-
erate ( second order differential operators of Shubin type P = —A+ (Bx,Dy) +
(Cx,x)+ lower order terms, with non-negative principal symbol. Such opera-
tors do not fall in the classes of second order operators satisfying subelliptic
estimates in Shubin spaces cf. [34], [49]. Few results on the global regularity
and solvability in .(R") for general classes of Shubin operators with non

hypoelliptic symbols are available in the literature.

First we study the operator P when B is symmetric. The main body
of new results covers the case when the zero set of the principal symbol
pa(x, &) is n—dimensional, which turns out to be equivalent to the property

that the zero set is a Lagrangian linear subspace of R** with respect to the

103
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n

canonical symplectic form @ = Z d&jAdxj. The first main result could be
j=1

summarized as follows: broadly speaking, such operators are reduced to a

generalized multidimensional Airy operator
A=—-A+(p+io)x;, p,0€R,
or to Fourier d type normal form
D=—-A+(p+io)x;+1x, TER,pt#0.

We call the operator A a generalized Airy one, because for n =1 we recapture
a modified Airy equation Au(x;) = —u"(x1)+ (p + 6i)x1u(x;), while the use of
the term Fourier d normal form is motivated from the fact that Du is Fourier

transform (modulo some constants) of

poa(E) + (Ja1f” +1E"1%)a(&)

forp=—1#0,0=0,71 =& +i&, &' = (&,..., &), if n > 3. We recall that
the Airy functions were one of the fundamental tools for the mathematical
study of diffraction problems and initial boundary value problems for strictly
hyperbolic equations, when the smooth boundary of the domain is convex
with respect to the characteristics of the hyperbolic operator cf. [62], [26]
and the references therein.

We propose complete classification of the hypoellipticity and solvability
in .Z(R") for the generalized Airy NF. Moreover, outline a natural func-
tional scale of seemingly new function spaces which are essentially a direct
sum of anisotropic Shubin spaces Q% (Ry,), A(x1,&r) = (1+x3 +EH/4, with
norm |A(xy, Dy, )ul;2, and SG or G weighted Sobolev spaces H'!""2 (]R;’,_]) in

/

X' = (xp,...,x%;,). We do not dwell upon generalizations in Gelfand-Shilov

spaces since highly non has to use complicated functional-analytic arguments
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on anisotropic Gelfand-Shilov spaces. Concerning the Fourier d NF, the
problems become quite involved and challenging since we enter in the realm
of the complex analysis and global properties of perturbations of dz. One
is led to conjecture, in view of the fact that @ is not globally hypoelliptic in
7 (R"), the same is true for the Fourier d NF. We can describe the kernel of
D in C*(R") and a possible result on non hypoellipticity depends on whether
or not one can find an entire function on the complex plane with suitable
cubic decay properties in a half plane.

We point out to another problem here: since the spectrum of the NF is
not discrete it is not possible to use the discrete approach.

The second case is when By, # 0. We mention as a motivating example

the twisted Laplacian L on R?:

1
L=—A+xDy, —x2D,, +Z(x%—|—x%). (4.1)

The twisted Laplacian appears in harmonic analysis naturally in the context
of Wigner transforms and Weyl transforms [67], [13], [25] and also in physics.
The transpose L' of the twisted Laplacian L is given by

1
L=—-A+ Z(x% +x3) +x2Dx, — X1 Dy, (4.2)

In the paper [16], it is shown that L is globally hypoelliptic in the Schwartz
space .7 (R?), while global hypoellipticity and global solvability in Gelfand-
Shilov spaces Sy (R?) has been shown in [23], [25], [22] for more general
operators of the type

2
T T T
Lf(vax) =—-A+ T(xszl _xlez) + Z(x% +X%) = (Dxl + §x2)2 + (sz - Exl )2>
(4.3)
where T € R, 7# 0. In our notation (4.3) corresponds to a homogeneous
-7 Z
operator in R? with B = By, = and C = 4

2
T 0 0 %
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First, we focus our attention the the case when the characteristic set is a
Lagrangian set, with respect to the standard canonical form in T*R", namely,
when the matrix B in the mixed term (Bx,D,), is symmetric, namely By, =
1/2(B—BT) =0. This case corresponds to (global) involutive characteristics.

We note that the characteristic set of L and L' is two dimensional and
has double characteristics which are symplectic.

Our main result in the skew-symmetric case could be summarized as
follows: if the space dimension in even 2n and the rank(Bg,,,) is maximal we
reduce our operator to multidimensional twisted Laplacian perturbed by first
order terms, and classify completely the spectral properties and derive sharp
necessary and sufficient conditions for the global hypoellipticity and global
solvability of the operator. Stability under perturbations by zero order p.d.o.

is studied as well.

4.1 Generalized Airy and Fourier o type nor-
mal form

We consider the operator P = —A+ (Bx, D) + (Cx,x) +1.0.t., when B, =

0. We require that the characteristic set is not empty
Tp={(x.§) e R\ 0; pa(x,&) := [|§]* + (Bx, &) + (Cx,x) =0} #0,  (4.4)
and
p2(x,E) >0, (x,&) €R*\0 and B=Bgyum iec.,B=H. (4.5)

Theorem 41. Suppose that (4.5) holds. Then the following properties are

equivalent

i) dimXp = n;
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1 2
i) C = -B%;
v /L) 4 )

ii1) Lp is Lagrangian with respect to the canonical symplectic form

n
déj/\dx]',’
=1

w =
J

w) There exists a unitary operator T : L>(R") — L2(R"), which is a linear
automorphism in & (R"), Q°(R"), Sﬁ(R"), seR, u >0, defined, for
some S € SO(n), a,B € R, by

TV()C) _ ei%(S’BSerZoc,x)v(Stx_f_B) (46)
such that
T 'oPoT =P =—A+i(M,D)+px; +iox| +itxy +r(p,0,7) (4.7)

for some M eR", p, 6, T€R, and r(p,0,t) € C. In particular, we have
T=0ifp=0orn=1and r(p,0,7) =0 if pt #£0, Rr(p,0,7) =0 if
t=0,p#0, 3r(p,0,7) =0 if p=0. Moreover,

=0 iff 2SRqg+ARp and 25'3qg+AS3p are linearly dependent.
(4.8)

Proof. First we rewrite the principal symbol, taking into account that B is

symmetric:

pa(x.8) = (64 5B+ 5B +(Crx) — (B, BY)
1

1
— H§+EBxH2+(C'x,x>, C’:C—ZBZ. (4.9)
Since C’ is symmetric, we can diagonalized C’, x = Spy, with Sp € SO(n),
such that S{C'Sp = diag {c1,...,c,}, with signature (ny,n_),0<ny <n,ny+
n_-<n,ci=u;>0,j=1,....ny,¢c;=-v; <0, j=ny +1,...,n_, ¢; =0,
j=ny+n_+1,....n. Set n=2¢& —%Bx. Hence we get

ny +n_

n ny
p2(x,&) = paSoyn—BSoy) =Y. n7+ Y myi— Y, viy3, (4.10)
j=1 k=1 k=ny+1
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with the convention Y¥~!. =0.
We need a well known fact from the theory of the quadratic forms (see

[41] for more details).

Lemma 10. Let p; be the quadratic form defined by (4.9). Then

2n—1 4 ->0
gimgp = § L0 (4.11)
n—ny if n_=0

In particular,
. . . / 1 2
dimYXp=n iffny=n_=0, ie, C :C_ZB =0. (4.12)

Proof. Let n— > 0. The zero set of the quadratic form (4.9) is a union of

graphs of two functions of 2n — 1 variables,

n ny ny+n_
Ynit1 ==+ NI+ Y wyi— Y, Vi
V41 \| /=1 k=1 k=n4+2
In the case n_ =0 the zero set is the n —ny dimensional linear subspace
defined by Ny =...n, =y1 =...y5, =0. O

Since the dimension of a Lagrangian manifold in R?" is n, and B is sym-
metric, the lemma above yields the equivalence relations i) < ii) < iii),
where the Lagrangian manifold is defined by & = Bx, B symmetric (e.g., see

Hoérmander, [37]).

Suppose now that C' = 0. Then we have that

+1 +1
pP— e—@(Bx,x} oPoelf<Bx’x>

becomes

Pu(x) = (—A+<a,Dx) —H(B,Dx>+(M,x>+i(N,x>+r>u(x), (4.13)
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where G = a+iff and F = M +iN with a,B,M,N € R".
Now we consider the transformation u(x) = e?®v(x), where @(x) = —i({o,x))/2
so we have:

P(e?@v(x)) = 2 (Vo ()2 = 2(Vo(x), D) +i89(x) ~ A+ (@, Dy)
+(a,Vo(x)) +i(B,Dx) +i(B,Vo(x)) + (M,x)
+i(N,x) +r>v(x).

So our operator becomes

e ) o Poe?t) — Lv(x) = (_ A+i{B,Dy) + (M,x) +i(N,x) +£>v(x). (4.14)

We consider a matrix S| € SO(n), we apply the orthogonal transformation

x — S1x such that

M= (my,...,my) > M=(p,0,...,0), with p€eR,
which transforms L to:
Lo(x) = <—A+ i(B,Dy) + px1 + iV, x) +e) 5(x), (4.15)
where 7(x) = v(S1x), N=S"INp = S;'B. We consider a matrix Sp € SO(n),
0 Oixn—1

preserving (1,0,...,0), i.e., S = ~ , with S, € SO(n—1),
Op—1x1 $2

we apply the orthogonal transformation in R”~! x' — S»x such that

N = (iy,7ip,...,i,) = N = (0,7,0,...,0), where o = i1y, with 0,7 € R,
so our operator L becomes:

LV(x) = (—A+i<[5’,Dx) +pxy +iox +m2+e) v (%), (4.16)

where V/(x) = ¥(Sx), B’ = S, ' B. Setting S = S1$,, we have shown that each

the normal form, we prove that iv) leads to i), ii), iii). O
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Remark 15. We call the NF generalized Airy NF (respectively, generalized
Fourier ) if (4.7) holds, namely T =0 (respectively, pT #0).

4.2 Weighted spaces

Let s1,71,72 € Zy with s; even. We define HSC'"1"2(R x R"!) as the
spaces such that
HSC (xR ) = { £ €SB fllognn <o} (417

where x = (x1,x), x; €R, ¥ = (x2,...,x,) € R* 1,

2 . 2
1= X D fI g
2B1+01<s1

+ Y IR g, (4.18)

IB'|<rlod [<ry
We can extend this definition for s,r;,r, € [0,4e0) by interpolation and by

duality arguments for arbitrary si,s2,7].

Proposition 31. Let sy,ry,rp € Z, with s even. Then the following norms

are equivalent to the norm (4.17)
i)
y y P DU D £ oy (4.19)
51/S1+71/r1+72/r2§1Zﬁl-‘ra]§§1;|ﬁ/|§72;‘06/‘§71
2 \s1/2 F F
11 D2 )2 fll 2oy + 1) (D)™ £l 2 ey (4.20)
where §1 < 81,7 < ry,7 < rp.
Lemma 11. Let s1,r1,r2 € Z, and let u € HSC:U172) - Then

(x1,D2)5 (Y (D) 2u € L(R™). (4.21)

We recall that (x1,E) = /1+x3+ &}
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The proofs are based on standard arguments for L? estimates of p.d.o.

4.3 Multidimensional Airy operator

We derive the main result on hypoellipticity and solvability in . (R") for
degenerate second order Shubin operators P, with symmetric matrix B in the
mixed term, and Lagrangian characteristic set. It is reduced to generalized
Airy type normal form. We consider the operator P in the Airy form. With-
out loss of generality we suppose that M = 0 and so we want to study the
equation

Pu=(—A+ox))u=f, (4.22)
where f € .7 (R").
Theorem 42. Suppose that o :=p +ci#0. Then we have

i) The symbol p(x,&) = E% + axy is not hypoelliptic symbol in the sense of
Shubin iff n >2 orn=1 and o =0.

it) The operator P is globally hypoelliptic in .7 (R"™) provided ¢ # 0
We propose more precise estimates in the weighted spaces HSC*""2(R").
Theorem 43. We consider the operator P, then
i) Let 3(a) #0, then spec(P) = spec(P*) =0 and

(P—A)~ 1 HSCSE2 (R — HSCSI T2t 2(RY) YA e €. (4.23)

ii) Suppose now that S(a) =0. Then spec(P) = spec(P*) =R and

Ker(P= 1)1 (R") = {u € S (R")| u=J(), € 7R},
(4.24)
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where

2
[ it Eraenagge _ [ e (2 8T A e
R i A A
(4.25)

where 232
e3*

N

Proof. We apply the Fourier transform and the problem (4.22) becomes:

Ai(z) ~

Pi= (E*+iadg )i=f. (4.26)
The problem whether (4.26) is hypoelliptic and solvable in .(R") is, as
far as we know, open if n > 2. Even the one dimensional case of Airy equation
seems not be covered explicitly in the works on anisotropic pseudodifferential
equations.
We observe that the symbol of the operator (4.26) is not hypoelliptic in
the sense of Shubin, in fact it does not satisfy the hypoellipticity condition

100.6P (0. 8)| < Clp(x,E)[((x, &))", forlx +|§] = R. (4.27)

Moreover it doesn’t fall in the class of the SG- operators.

Dividing the equation (4.26) by ia, we get

S~

Li= (Jg, +a(&§f +&7))i=g =+, (4.28)

where a = %. We note that we have
S(a) #0 <= R(a) #0.

Let R(a) # 0, and without loss of generality we can consider R(a) > 0. For-

mally we can write the solution of the problem (4.28)

3
p= Ll = e Frae?) / g

—o0

t3 /
(5 HE ) (1, &t (4.29)
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We put s; =r; = r, =0 and we want to prove that

)y |I€"“Dﬁ1vll+ Y vl < Cligllp) (4.30)
2B1+on<2 IB'1<0,]a|<2

where v is the solution of (L — l)v = g, so we have

:
|§/2V’§/ l‘e—a[
S/gl‘ea[c@, PHENEHEDE g £ dr.

So we can write the last integral like

1€ z(e) < /HQrKlgl,é',r)g(r,&')\dr,

:/RH(g-l—t)e a

We bound the last integral, putting s = (& —1)&?, by

3
*° —Ra(-L—-+s
c/ ¢ i )ds, c>0
0

O E g 1, &) i

where

HE-NE+ED] g2y

Now we can apply the Schur lemma and we have

16"Vl 2y < Cllglr2(mny:

In the same way we have

&3 P &1 B n
] < [gge- +aiE b / S 1,8
/lKZ 517 N 5)|dt
where
51’ /H a[ 3 +(§1 —t)( +é/2]€2dl‘

We have two cases, the first when —N < & < N and so we can apply the

Schur’s lemma and we found

1€V 2y < Callgll (ery-
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If |€;| > N then we use de 'Hopital theorem and the Schur lemma and we
have
1€Vl 2@y < Csllgll 2.
The proof of i) is complete.
Let now 3(a) =0. We consider the homogeneous equation (P —A4)u = 0.

We can apply the Fourier transform, only for the variable ¥ € R"™!, to the

problem and we obtain

(=05 +&%)i(x1,E") + (ax) = A)ii(x1,8') = 0
2 A

(8D - atn+ - i, )) =0 (4.31)

Now we put t = x| + %2 —% and we have
—(v"(t,gf) - atv(;,z;')) —0,

" n A
where v(¢,&") = ii(r — % +2.8").
We put z = /at, and our problem becomes

~Va2 (7(2,8') - 27(z, &) =0, (4:32)

where 7(2,£') = v( 5. &)
From the theory of the Airy function the solutions are given by

#(z,E") = C1Ai(z) + C1Bi(z). (4.33)
More details shall be given in the next section. O

4.3.1 The one dimensional case: Airy operator

If we are in the one dimensional case we recapture the Airy type operator

Au=—u +oxu, xcR. (4.34)
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We recall that the symbol of the operator A (4.34) is hypoelliptic if

10],.6P (6. &) < Clp(x, &) {(x. &))", (4.35)

(see [58], [3] and the references therein).
We have

Theorem 44. The operator A (4.34) is hypoelliptic iff the S(a) #0
Proof. The hypoellipticity condition is
100, £)a(x, )| < Cla(x,&)[((x, &))", for x| +|&] > R, (4.36)

where a(x,&) = E2 4+ ax. If (x,€) # (0,0) then a(x,&) = 0 iff 3(a) = 0, this
concludes the proof. O

We consider now the following problem:
Au = —u" (x) + oxu(x) = —(u(x)" — axu(x)) = 0. (4.37)
We put x = a’%z, and our problem becomes
— a3 (V' (2) —w(2)) =0, (4.38)

where v(z) = u(a_%z). From the theory of the Airy function the solution of
(4.38) is

v(z) = C1Ai(z) + C2Bi(2), (4.39)
where
61223/2 2302
Ai(z) ~ - and Bi(z) ~ - for z— oo (4.40)
2\/Tz4 2\/mz#
3/2 3/2
Ai(—7) ~ M Bi(—z) ~ M forz— —co.  (4.41)
2Tz 2Tz
For the problem (4.37) the solutions are:
u(x) = —as <C1AZ(T)+C2B1(T)) (4.42)

We prove the following theorem:
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Theorem 45. If 3(a) # 0 then the spec(A) =0
Proof. We apply the Fourier transform to our operator A and we obtain:
A= 52 + iOCaé.

Dividing the last equation for iox we get

L= %A = ¢ +ak?, (4.43)
where a = %. We note that we have
S(a) #0 <= R(a) #0.
So we have, if we suppose that R(a) >0
(L+iR) 1 =e~ a5 +iES) / C S gy

_ /R K(E,1)g(1)dt, (4.44)

where K(&,1) = H (& —t)e_%(étﬁ)_’%(g_t) < e FHEHS(GED ] And so if

we put s = & —¢, our problem becomes

c‘JK3(a) s3_‘_3(é)sds,

K(é,t)g/me‘

0
and if we put 1 ng Js = s the last integral becomes
() /we_53+”sds,
3 Jo

where = 3(%) ciK( 7- We have two cases:

if u <1, we put s = |u|~'r and the integral becomes

lE
Jul
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If u > 1 we consider
3 3
eZ ‘;3/ e—s3+us— %ds,
0
now we put T=s— \/g So we have
2 % ® —(t+/5)+u(r+ %)72\/@
e V3 / € ; ; ¥drt.
V53
O

4.4 On the global Jd type normal form

In this section we dwell upon the global regularity and the solvability

properties of the Fourier d normal form operator
Dy = —A+ (a+if)x; +iyxs, (4.45)
where a, B,y € R with o,y # 0. We want to study the following equation
Dyu = (—A+(a+iﬁ)x1+i7x2+r>u:f, (4.46)

in the framework of weighted spaces like H*12(R") (Cordes type), Q°(R")
(Shubin type) or .7 (R").
First of all, in view of the well known properties of the action of the Fourier

transform operator in the aforementioned spaces, we are reduced to study

Dyii= (&2~ (B—i0)d, — I, +r) = (E2+&" ~ (B ia)d, 1, +7)i =,

(4.47)
where &' = (§1,&), &" = (&3,...&4).

If oo #0, we apply a linear transformation M~! : Rél 5 R?

. such that

(&1,6) — (ém?—o%m — %,nz), so we have

Pw= (é”2+<M’Mn,n>+i(3m —ianz))w=g, (4.48)
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where w(n,§) = a(M~'&',£") and g(n,§") = f(M~'&".&").
Hence setting z =11 +iny € C, we need to study a perturbation of the 9,
operator depending polynomially on " =&E2+...,+&2. If n > 3, we demon-

strate the following lemma.
Lemma 12. We have

(M'Mn,n) = AZ* +2B|z|* + CZ* = R(AZ%) + 3 (AZ%) +2B|z], (4.49)
where BER, A,C € C, such that A= C and 7z # 0.

Proof. In view of the well known fact that

_2+z 72—z
Ty T

m

we get

(M'Mn, 1) = ang +2bminy +cny
—a(5) () () (%)
= AZ* +2B|z|* + CZ
= R(A) (N7 — 15 +2imm2) —iS(A) (N — N3 +2imny)
+R(A) (] — 3 —2imm2) +iS(A) (7 — 13 —2imm2) + 2B
= 2R(AZ%) + 3(AZ?) +2Blz*.

,C=§—§—i%’ and B= ¢+ 7.

N1

WhereA:f‘T— 4+

T
T
]

So we can write the operator (4.48) as
Pw= (iaz+ E 4 R(A) +23(A) + zB|z\2)w —g. (4.50)

Unlike the generalized Airy normal form, apparently there is no hope for
showing global hypoellipticity in S(R") of the Fourier d-operator. Indeed, it
is well known that

Ju=f
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is locally hypoelliptic and solvable for every f € Cy (R?), namely any solution
is in C*(IR?). One checks easily that 9 is not globally hypoelliptic in .7 (R2).

Let us consider the perturbed oz
(9:+5 LEm L i RAD) + 3(A2) + B 2))w=¢. (4.51)
We can write (formally) the solutions

w(z)=e (42°7+5E"2+i(R(Az 2)+3(Az2)2)q)(z)+w(z)

VT/(Z) — ef(£22+%§//2+i(9{(A22)+5 (AZZ)Z)

/ (G828 THRATDHS (AL o ¢ 5//)‘1(:/\‘1; (4.52)
R? ¢
where @ is entire function in z and (we can choose) compactly supported
in " if n >3 and g € ¥ (R"), compactly supported in (&,&). The main
problem is whether one can find a nonzero entire function in z; such that the
first u belongs to .#/(R?) in (&;,&) but is not in .7 (R?).

One is led naturally to conjecture that the perturbed operator is neither

globally hypoelliptic nor globally solvable in . (R?) but it seems that one

has to overcome nontrivial technical difficulties.

4.5 Splitting to globally elliptic and Airy or
0 type normal forms

The main goal of the present section is to study the reduction to normal
form for non globally elliptic operators with non negative principal symbol,
with B symmetric, i.e. (4.5) holds, and the characteristic set Xp is not La-

grangian, namely its dimension is different from n.

Theorem 46. Let n > 2 and suppose that (4.5) holds. Then the following

properties are equivalent
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i) dimZp # n;

ii) dimXp < n;
1 5. .
iii) C— é_lB is non zero and non negative;

w) There exists a unitary operator T : L*>(R") — L*(R"), which is a linear
automorphism in . (R"),Q*(R"), s € R, Sy(R"), u > 1/2 defined, for
some S € SO(n), a € R", by

Ty(x) = e 2(SBSH20) (g1 4 B) (4.53)
and splitting x = (x',x"), ¥ e RY, ¥ e R"*, 1 <0 <n—1, such that

T*oPoT =P =P (X ,Dy)+P"(X",Dy) (4.54)
P(X,Dy)=—A +i(B ,Dy) + px +iox| +itxs (4.55)
ﬁ”<x”7Dx”) =—A"+ <dlag {CZ—H? ce acn}xllax”> + i(B”,Dx">

+i(N" X"y +F, (4.56)
for some M e R*, p,o,t € R, with p,0,T being as in Theorem 41.

Proof. The lemma on quadratic forms in Section 4.1 and the hypothesis on
the principal symbol we deduce that C' # 0. Then we can reduce this matrix

to diagonal form D, = diag{cy,...,cn}, where
cir=cp=...=¢c;=0 and0<cpy; <...<cy. (4.57)

by means of orthogonal transformation x — Rx, where R € SO(n). Hence the

operator becomes

e I RBRY) 6 po o (RBRYY) — A (D x x)+ (00, Dy) +ilB, D) + (M, x) +i(N,x) +L.
(4.58)
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Without loss of generality, we may assume that o =0, by conjugation with

ez (@) (as in Chapter 2), so we consider the operator
L=—A+ (Dcx,x)+i(B,Dy) + (M,x) +i(N,x)+ ¢ (4.59)

Next, we split the variables x as follows

X1 X1 X0+1
/
X2 X X2 Xp42
X= = , where x = and x” =
: 7 :
x

We can write

L=Li+Ly=-AN+i(B',Dy)+ (M x')+i(N x)
—AN"+i(B" D) + (diag {coi1,- - cn }X" X7 + (M7 XY +i(N" XY + 4.
(4.60)

First of all we investigate the operator L; and considering a matrix S’ € SO(¢),

we apply the orthogonal transformation x’ — §'x such that

M' = (my,...,my) =M = (p,0,...,0), with p=|M'|| >0,
so Li becomes:

Ly = —A+i(B',Dy) +px; +i(N',X') +r, (4.61)

where N' =8N, B/ =S
If £ > 2, we consider a matrix 7/ € SO(¢ — 1), we apply the orthogonal trans-

formation in R/™! x — T’x such that
N' = (fiy,fia, ..., iiy) = N = (0,1,0,...,0), where 6 = /iy, with 0,7 € R,
which transforms L; to

L =—A+i(B . Dy)+pxi +iox, +itx, +r, (4.62)
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where B =T'~!B. Now for L, we consider the following translation

"
_J

7 7
Xj = X + 2cj

So we have
Ly =—A"+i(B" D)+ (diag {cos1,...,ca )X X" +i(N" X"y + 7. (4.63)
So the operator L (4.60) becomes:

+ Y~ . .
L=—AN+i(B Dy)+px;+iox;+itxy+r

A (B, D)+ (diag {crats. .o} X+ XY 4 F. (4.64)

Remark 16. We can summarize the result above as follows: we have reduced
the study of the solvability and hypoellipticity of Pu= f to the study of the
following decomposed equation

Pu = P Dy)u+P' (X" Dy)u=f(x), xeR" (4.65)

where P is an Airy type operator and P" is a globally elliptic operator As
far as we know, such equations have not been studied in the literature on
pseudodifferential operators for solvability and hypoellipticity in functional
spaces on R"™. Clearly one needs to combine different techniques in order to
deal with the challenging problem. At least the normal form equation serves

as model case to test new techniques. We leave this study for the future.
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4.6 Multidimensional twisted Laplacian type
normal form

We recall that the twisted Laplacian L on R? is the second-order partial

differential operator given by

1
L= —A+xDy, —x2Dy, + Z(x% +x3). (4.66)

The twisted Laplacian appears in harmonic analysis naturally in the context
of Wigner transforms and Weyl transforms [67], and also in physics. The

transpose L' of the twisted Laplacian L is given by

1
L=—-A+ Z(x% +x3) + x2Dx, — x1Dy,. (4.67)

In the paper [16], it is shown that L is globally hypoelliptic in the Schwartz
space .7 (R?), while global hypoellipticity and global solvability in Gelfand-

Shilov spaces S}, has been shown in [23], [25], [22] for more general operators

of the type
L) T o\ T 2
Lz(x,Dx) = _A+T<XZDX1 _xlez) + Z(xl +x3) = (Dxl + EXZ) + (sz - Exl) )
(4.68)
where 7 € R, 7 # 0. In our notation (4.67) corresponds to a homogeneous
. 2
operator in R? with A = A = and B = 4 5
T 0 0 T

We note that the characteristic set of L and L' is two dimensional and
has double characteristics which are symplectic.

We require in this chapter the non degeneracy condition
Aoy has a maximal rank n. (4.69)

Note that the hypothesis (4.69) holds for the twisted Laplacian and its

transpose L.



124 4. Normal forms and global hypoellipticity for degenerate Shubin operator

Clearly this implies that n is even. So we write 2n instead of n and

consider the linear operator

P=—A+(Ax,D,) + (Bx,x) + (M,Dy) + (N, x) +r, (4.70)

where A € Mp,(R), B is symmetric, and M,N € C", r € C. We recall the

definition of the characteristic set
Tp={(x,&) ERY\0; pa(x,&) == | €[> + (Ax,&) + (Bx,x) =0}.  (4.71)
In view of the identity

(0x.3) = 3((0+0 e

for all O € M,,(R) one readily obtains that

1
<Askewx 7Asymmx> :<AsymmAskewx ,X) = 5 <AsymmAskew - AskewAsymmx 7x>-

(4.72)

We note that AgyumAskew — AskewAsymm 18 symmetric.
We recall that real skew-symmetric matrices are normal matrices (they com-
mute with their adjoint ones). The hypothesis (4.69) and the spectral theo-
rem on 2n X 2n real skew-symmetric matrices show that there exist n non-zero
real numbers 7, > 17 > ... > 1,, j=1,...,n, two non negative integers ny,n_,
ny+n_=n,such that 7,, >0> 1, 4 ifnyn_ >0 with the conventionn, =0
(respectively, n_ = 0) if 1) < 0 (respectively, 7, > 0) and an orthogonal ma-

trix Sp which transforms the skew-symmetric matrix to the following block
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diagonal form

0 -7 0 0 0 0
770 0 0 0 0
0 0 0 —-m» 0 0

StAgenSo=1 0 0 1w 0 0 0 (4.73)
0 0 0 0 .. 0 -1
0O 0 0 0 .. 17 O

We need to recall that we can define an explicit symplectic transformation
KR xRy — R2 xRE,
defined by the generating function
Po(x,M) = [@[(M M2 + (x1x2) /2 + X211 +x172)
via
§j=0Pu(x,n), j=12
yj=0nP0(x,n), j=12,

which leads to explicit formulas for k

yi =|olx; +[o[n;
y2 =|@lx1 +[o[n;
m =&/|o]—x1/2
m =&/|o|—x2/2.

Theorem 47. Suppose that (4.69) holds. Then the following properties are

equivalent
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i) dimEp = 2n;

i) the matrices B, Asymm, Askew Satisfy the identity

1

1
2

C:=B——A},m+

1
4 AsymmAskew AskewAsymm) + Askew 0; (4'74)

4

i4i) There exists a unitary operator T : L*(R*") — L*(R?"), which is a linear

automorphism in Y(RZ”),QS(Rz”),Sﬁ (R?"),s € R, u > 1/2, defined by
Tv(x) = e’%<SIA“>’"’"’SX+ZO"X>V(S’X+ B) (4.75)

for some a, B € R*" and S € SO(R*") in (4.73), such that

~ n T
T*oPOT:P:Z <(Dx2‘,~_, _fszf) + (Dxy; + 2x2j 1)2)
i=1

e T & T
+i Z pj(szjq - 5]X2j) +1 Z Gj(szj + ijzjfl)

J=
‘L' /! T
+ Z ’)/] X2j— x2] Z x2] 2 xz./ 1)

]:
+F, (4.76)

fO?”pj,GjER, yj,BjG(C, j=1,...,n, FeC.

o There exists a unitary operator U : L*(R*") — L*(R?"), which is a linear
automorphism in . (R*"), 0*(R*"), Sy (R*"),s € R, u > 1/2, defined by
U=1I/, |Tj|Jzo T, where T=(71,...,%,), T, >0, j=1,...,n4, 7, <0,
j=ny+1,...onp4+n_, T is as in i) and J; is the FIO given by

Jov(x) =Jg 0...0dg v(x) == /RZn X1 17l (x2j—1,%25,62j-1,82) v(E) déE
(4.77)

Jav(y) = [ 190 o(n) an, (4.78)
R
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such that
< 212 2 L 212 2
U*oPoU:Z(Tijzj—f—xzj)—f— Z (Tijzj,l‘szjfl)
j=1 J=ny+l1

ny n
—f—iZ(ijij—f—iGjTjXQj)-f— Z (ijij71+GjTjX2j,1)
= =t

ny n
+ Y (WDsy, + 0jTixzj-1)+ Y, (VjDxy + ©;Tjx2))

j=1 j=ng+1
(4.79)
forp,c eR", yocC" FeC.
Moreover,
P is symmetric iff p,6 =0, v,0 € R", FER (4.80)

and T has a discrete spectrum iff y= @ = 0.

Proof. First we rewrite the principal symbol as follows, taking into account

that B is symmetric, the

Pa(,8) = (E+ gAx &+ 2AN) + (Br.x) — | (AnAx)

4
1 1 —
= €+ S Asymmx + EAskewaZ + (Cx,x), (4.81)
— 1 1 1
¢ = B- ZA%ymm + Z (AsymmAskew _AskewAsymm> + ZA?kew- (482)

Since B is symmetric, we can diagonalize with some matrix from with
SO(2n) and by the lemma on quadratic forms (replacing n by 2n) we get that
i) is equivalent to ii). As a by product we obtain that the characteristic set

of p; is defined as

1 1 1
Pz(xa 5) = {(x,é) € RM\O;(@ = EAX = EAsymmx‘f' EAskewx} (4'83)

which is not Lagrangian since Age,, # 0. Now we show the equivalence of ii)

with iii).
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Step 1. Using the diagonalization matrix Sp, by the linear change x — Spx we

may assume that Age, is in the canonical block—diagonal form (4.73).

Step 2. Using the conjugation

pP— e—i%(Asymmx,x> Opoei%(Asymmx,)Q

we are reduced to the case

~ 1 -
P = —A+ <Askewx7Dx> + <<B - EAskewAsymm)x;x> +P
n
= Z X2j—1 'xz.]) + (DXZJ + 2x2] 1)
j=1
“ 1 -
- Z ij 1 +x2]) + <(B - EAskewAsymm)x,X> + P
]:
n ~
= Z X2j—1 'xz.]) +(Dx2]+ le ]> +<Cx7x>+P1

2

~.

(4.84)
where

1
—OAgymm,X) +i(N,x)+r,  (4.85)

P = (a,Dy)+i(B,Dy)+(M+ >

and G = o+ if and F = M +iN with o,,M,N € R*". Clearly, ii) implies
C=0.

Step 3. Using conjugation with eP* and translation we reduce to purely

imaginary coefficients. m
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4.7 Normal form transformation

The normal form transformation reduces the original operator P to the
following normal form

n

j=1 j= 1
+ Z YeDy, + Sy )u+ru= f, (4.86)
{=n+1

with aj,b; e R for j=1,...,n, ¥,0;,r€C, for { =n+1,...2n.
We note that the same holds for the perturbation P(x,D)+ b(x, D), with zero

order Shubin p.d.o b(x,D). We study the perturbed normal form equation

Enr (3, Dy)u+b(y,Dy)u = f.
We have
Theorem 48. The following properties are equivalent:
i) P(x,D) is symmetric;
i) Pyr(y,Dy) is symmetric;
i) aj=b;j=0, for j=1,...,n 3y; =306, =0, for j=n+1,....2n, reR.

Proof. The NFT preserves the symmetry properties, i.e. i) < ii), the equiv-

alence i) < iii) straight forwards. O

Next we derive complete description of the global hypoellipticity and the
global solvability of the twisted Laplacian type operators. We prove the

following theorem:

Theorem 49. Let P (or equivalently Pyr ) be symmetric. Then the following

properties are equivalent:
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i) Pyr(y,Dy) is globally hypoelliptic in . (R*");
it) = =0, k=n+1,...,2n and

ryé—zn"|rj|(2kj+1); (4.87)
j=1

iii) Pyr(y,Dy) is globally solvable in . (R*");
iv) Pyr(y,Dy) is globally hypoelliptic in Sk (R*");
v) Pyr(y,Dy) is globally solvable in Sy (R*").

Finally, if ii) holds the operator Pyr (and P) is essentially self-adjoint with

discrete spectrum

spec(PNp){lk : lk =2 .

n
j=

n
Tilki+ Y |t +r K = (K],....k,) € Z}, (4.88)
1 j=1

and the multiplicity of each eigenvalue is infinity. More precisely
Ker(P— ) NL*(R*") = {Hp (¥ )y ("), w € L*(R")}. (4.89)

Moreover, as for the twisted Laplacian in R?, the operator Pyr (and P) have

no compact resolvent.

Proof. Suppose that ii) holds. We use the multidimensional Hermite func-

tions expansion

u(y) = Z uHe(y) = Z uk/7kqu/(y')Hkn(y”) (4.90)
kezAn K KL,

Clearly Pu = f is equivalent to

n n
(Y Iglki+ Yol +r)u= i k= K K) €22 (401)
=1 j=1
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One derives, in view of (4.87),

min (2 Z [7jlk; + Z %l +r)

kezZ?"

— min (22 |r,|k’+z|r,|+ )=3O>o (4.92)

ez =
which leads to

i
2Y iy Tilk + Xy [T 4 r

|fk| (4.93)

|ug| =

The characterization of . (R*") and S}, (R?") by the eigenfunction expansions
yields that ii) implies i),iii),iv),v).
Suppose, now, that ii) is not true: Let o=@ =0, k=n+1,...,2n but

n n
2Y Itk + ) [Tl 4+r=0
= =1

Then ker(Pyr) is infinite dimensional and as a consequence i),ii),iv),v) are

not true.

Suppose, now, that Zk a1 Yl # 0. Without loss of generality (using linear

change of the variables x”) we assume Y41 #0, 7j =0 for j=n+2,...,2n.

We use the partial Hermite expansion with respect the variable y, namely
u(y ,y') =Y, we(y")Hp(Y). (4.94)

Kezn
Thus Pu = f is equivalent to

Y (Yn+1Dyn+l+(i @gye)up (y") + Mg (¥ ))Hk’( =Y fe)He()

Kez’ Kez”

(4.95)

1.e.

2n

Yo 1Dy, i+ (Y, @yo)ug + Aougr = fr. (4.96)
l=n+1
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If fir =0, we find explicit solutions (4.96), using the fact that Dy, = %ay ;> and
(4.96) becomes for fir =0

2n
Ys10y, +i( Y, Oy)up + il =0 (4.97)
l=n+1
and we write explicit solutions,
i W 2 ayn _wp _ Yn+1
Uy (y//) :ek’ (yl//)e lZyn+1yn+l l):g:nJrz Tt YeYn+1 Tt 1 /lk/ (498)

where y"' = (Yni2,---,Y2m), O (") € L' (R 1) and k' € Z%.

Clearly (4.98) implies dim(KerP) = oo, and we conclude as before that i),iii),iv),v)
do not hold.

Finally, if =0, £ =n—+1,...,2n and Zﬁinﬂ |ay| # 0, we conclude that
dim(KerP) = oo, constructing infinite dimensional kernels. More precisely, if

011 7 0 we get

-5 o Wy lk’ 0 "
U = 6(ypy1+ Z . ye+ )0k (y™)
(=n+2 Yn+l Yat1

where 6 (y") € S'(R"1) and 8(y,.1 —q(y"")) stands for the delta function

on the hypersurface y,1 = q(y"""). The proof is complete O

We derive also perturbation result

Proposition 32. Suppose that ii) of the Theorem 49 holds. Then there
exists a constant co > 0, depending only on n, such that if the normal form

byr(y,Dy) of the p.d.o b(x,D) satisfies

. Ak b (y,1)| < cod, (4.99)
y,n)eR" |a|<n+1,|B|<n+1

where & is defined in (4.92). Then Pyp +byr and P+ b are globally hypoel-
liptic and globally solvable in .7 (R?").

Proof. We use the fact that if co <<'1 then [|byr||;2(rer) < 8o, and we have

-1
<P+b> =P '(1+P'p)~1. This completes the proof. O



Chapter 5

Applications to global Cauchy

problems

The main goal of the chapter is to investigate the well-posedness in
weighted Shubin spaces Q°(R") and in the Gelfand-Shilov classes S (R")
of the following second order hyperbolic Cauchy problem

?u+P(x,D)u+R(x,D)u=0, t>0,x€cR"
u(0,x) =up € .7 (R"), u(0,x) = uy € L' (R"),
where
Px.Du= [ &Ep(r&aE)as, dg = (2m)"de
is a second order self-adjoint globally elliptic (namely I-elliptic) pseudo—
differential operator (p.d.o.) of Shubin type (namely I'-pseudodifferential

operator) and semi-bounded from below, (for more details cf. M. Shubin [58]

and the Chapter 1 of this thesis), where

Ry = [ er(x,£)al8) 7

is a first order Shubin type p.d.o. If n =2, we also consider a second order

symmetric Shubin degenerate operator, modeled by the twisted Laplacian.

133



134 5. Applications to global Cauchy problems

We recall that the twisted Laplacian L; and its transposed L, = LY are not
globally elliptic operators in R? (see [16], [23]) and they admit rotation terms,

namely

1
P=L; = —A+Z(x%+x§)+(—1)k(x2Dxl—xlez), k=1,2. (5.2)

The fundamental role of the study of the global Cauchy problem for L; and its
perturbations will play the conjugation of L; with the global Fourier integral

operator

Jov = / #TOCM) () g, (5.3)

where @(x,n) is homogeneous quadratic function cf. [24], see also the section
dedicated to the twisted Laplacian.

We also mention the paper of Popivanov [47], where another class of de-
generate Shubin operators has been studied in the presence of Diophantine
phenomena.

The functional frame for the Cauchy problem is given by the weighted Shu-
bin type spaces Q°(R") cf. [58], [50] and the Gelfand-Shilov spaces Sy (R"),
1> 1/2, see [20], [43]. We recall that the spectrum of P(x,D) is discrete

spec(P) = {4 <A...<A4< ...,klim Ay = oo}, (5.4)
—>00

with all eigenvalues having finite multiplicity and with orthonormal basis of

associated eigenfunctions {(pj};":1 yielding Fourier eigenfunction expansions

u= Z uj@j, uc . (R"), uj= (u,@;) == u(@;). For more details see Theorem
j=1

24.

Remark 17. We note that we can write the spectrum of P as
spec(P) = {pj st <. < p <., lim g = oo,

where the eigenvalues W; have the multiplicity m;, with j=1,... 0.
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5.1 Previous results

More general results have been proved in the book of Boggiatto, Buzano
and Rodino [3], (for more details see also [33]).
Broadly speaking, they consider more general higher order, strictly hyper-
bolic equations of anisotropic generalizations of Shubin operators but the
solution is local in time.
The crucial ingredient is the reduction of the Cauchy problem to a first order

problem

{ DlAt: p(tax7Dx)Al‘7 (5 5)

A‘t:() - I;
where p(t,x,Dy) is a C* map from an open interval | — T, T] of the real line
to the fé,f) P’ class of pseudodifferential operators of order 2p, p < % and A;
is sought in the form of a family of Fourier integral operators also depending

on the parameter 7, like

Au(x) = / EMa(r x,m) dn,

where ¢(z,x,m) is the phase function, smooth real valued function, and
a(t,x,n) stand for the amplitude. The goal is to construct a parametrix
(approximate solution) of the problem (5.5) determining the phase func-
tion ¢(z,x,m) and the amplitude a(z,x,n). The phase function satisfies the

Hamilton-Jacobi equation

P2p (tax7 VX(P(tax?n))a
xm,

{ at¢(t7x7n) (56)

o(t,x,m)

where pjp is the principal part of p. Typically, if n =1, pyp = (1 + E2 +
K@K with p = 1/(2k) and if k = 1 we recapture the case of Shubin

operators. Here the importance of the condition of at most linear growth
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at infinity p < % (i.e. 2p < 1) appears, namely, it guaranties the existence
of global solution of the bi-characteristic equations and the boundless of the
Hessian of ¢, . After that, in order to compute the symbol a(t,x,n) by
giving an asymptotic expansion. Their results are being with a review of

Hamilton—Jacobi theory in 87, p—frame. For this reason, we recall that
fe Cm(I,Sf"@p), I=]-T,T[, T >0,

meaning that for any integer v and any multi-index 7, there exists a positive

constant ky y such that:
19/ 9Lf(2,0)| < ky yA(S)" P, (5.7)

for { = (x,&) € R?", t €1, and A({) is anisotropic symbol of the type (x** +
£2) 1/(2K) et pop(t,x,6) e C(I, S’}}’p) be real valued and consider the Hamilton—

Jacobi system

&= Oy, t,x,&),
{ téj x‘,PZp( 5) (5.8)
atxj = _aéip2p (I,X,g),
with j=1,...,n and the following initial condition
x(0) =y,
{ 0)=» (5.9
§(0)=n

They prove that the unique solution of this system can be expressed in terms
of the class C*(] - T’, T/[’SPWJ)) with 0 < T’ <T. Thanks to the symmetry of

S{;Z,p the system becomes:

{ dCi= dipp(t,C),

(0= o (5.10)

where § = (x,&), @ = (y,n), éj:—8§j, j=1,...,n, 9j:8xj, j=n+1,...,2n.

Now we recall the main theorem (for more details see Theorem 12.5 [3]).
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Theorem 50. Let p(t,x,&) =D2p (t,x,&)+p(t,x,&), with P2p € c=(-T1', T/[7S23§7p)
be real valued, p € C=(|—T', T’[,S?g},’p). There exists a T' >0 with T' <T, and
a linear map A;, depending on the parameter t €] —T', T'| with distribution
kernel A(t,x,y) € C*(] =T',T'[,.7' (R} x RY})) such that for allt €] —T',T'[:

A L (RY) — L (R,

A S (RY — S (RY),

A; H%(R") — HH(R"), for alls € R.

with continuous action, and

(Dt —P(t>anx))A(tax7y) = R(t7x7y)

A(O,X,y) = S(X_y) +R()C,y),
where R(t,x,y) € C*(| =T, T'[,. (R} x RY), R(x,y) € (R} xR}}). More pre-
cisely A; can be expressed as a Fourier integral operator depending on the

parametert €] —T',T'[ with phase function

¢ (t,x,m) = x1 + 9o (2, x, 1),
where @o belongs to C* (] - T’,T’[,S%%), and amplitude
a(t.xm) e (]-1,1',5%,).

Remark 18. We stress the fact that the phase function depends on the time.
For this reason the results of Boggiato, Buzano and Rodino are more general
but local, while with our approach we propose global results for a particular

class of operators.

5.2 Equivalent norms

One of the crucial ingredients of our proofs is the use of suitable new

(semi)norms defined in Q°(R") and in Sﬁ (R")) depending on the operator
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P(x,D). We are able to define the following norm in Q°(R").

Definition 29. If P is a self-adjoint globally elliptic operator of order m > 0,
with O ¢ spec(P) (i.e. P is a invertible), we define

2 R+ 2,9
ullps = llull§ := Y (A7 [uj|* < oo, (5.11)
j=1

where spec(P) = {A < Ap... < A <. limy 00 A = oo}, and uj are the

Fourier coefficients.

Now we prove that the norm ||-||p; is equivalent to the usual norm in

o' (R™).

Proposition 33. Let s € R. Then ||-||p;s is equivalent to || - ||gs(wn), defined

in(1.42), for every self-adjoint invertible operator P of order m > 0.

Proof. 1t is well known (for more details we refer the reader to [58] and [50]),

that u € Q*(R") if and only if Pnu € L>(R"). Let n € N then

e = Y DU = ¥ (D xPDlu)

la]+|BI<s lat|+|B|<s
= Y (DX DYu),u) = (Asu,u).
loe|+|BI<s

Hence there exists a positive operator Ay := \/Aps. Then

2s 2
’|uH2Qs(Rn) :<Asu7Asu> = <A2suau> = <PmP mAZsuau>

— [1bCe, D) P ul s gy < ClIPI ] 2y

where b(x,D) is a pseudodifferential operator of order zero, with C standing
for the operator norm of b(x,D) in L?(R"), (see for [50], [58]). This concludes
the proof. n
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We use this equivalent norm in the second section of this chapter. In fact,
let 6 > —A; (A1 is the smallest eigenvalue of the operator P), then P+ & is
positive globally elliptic, invertible and Q°(R") is defined, independently of
6 > —Ay cf. [58], as follows: Q*(R") is the set of all u € .#/(R") such that

2 [
Jul?i= | P+ 82|, = ¥ (At 8P < 4o (5.12)
j=1

Motivated by the study of the well-posedness of our Cauchy problem in the
Gelfand—Shilov symmetric spaces, we introduce a new scale of Banach spaces
depending on two parameters defining the Gelfand—Shilov space Sﬁ (R"), u>
1/2 using the operator P+ 9, § > —A;. We recall that, by Theorem 1.2 [24]
on the characterization of the symmetric Gelfand-Shilov spaces S (R"), we

have: u € Sy, (R") iff for some € >0

oo €1
LE(P8)/) Z ujPPE RO < oo (5.13)

2 _
HuH,u;s_ H,ueP+6

We propose refinement of the semi-norms above, defining the Hilbert spaces
HSL(R" : 5,€) as

Definition 30. We define the spaces HSﬁ(R" :8,€) as the set of all u €
S (R") such that

_ H (P+8)"% e(P+8)/m) Z P4+ §)%e 7L+‘o‘)2L < oo,

(5.14)

2
eallyysse =

oo 1
with the inner product < u,v >= Z uvi(Aj+ 8)se?e i o)
=

One get readily the following properties:
Proposition 34. HSﬁ (R":51,8) < HSﬁ (R": 50,8) iff s1 > 52, & > & and

Su(R") is double inductive limit of HS} (R":5,€) € \, 0, s\, —oo, i.c.,

|J HSE(R":s5,€) = Sh(RY).

seR,e>0
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5.3 Well-posedness in Q°

First we show global well-posedness for the unperturbed inhomogeneous

Cauchy problem for P(x,D)

dPu+P(x,Du=f¢c ﬂ " 0C/([0,4o0[: OTIT/(RM)), >0, x€R",

u(0,x) = up € Q°H1(R"), u(0,x) = uy € O°(R").
(5.15)
Set Jp:={j € N: £A; >0}, J:={j € N: £1;=0}. Clearly J, and J}

are finite or empty sets. We have

Theorem 51. There exists a unique solution u € C'([0,4o0: ' (R")) of
(5.15) defined by

u=0;S(t)[uo] +S(t)[u1] + /Ot 9, S(t —1)[f(z,")]|dT, (5.16)
where the Green function type operator S(t) =S~ (t) +S°(t) + S+ (1),
_ sinh(\/—Ajt)
ST(0lgh = (%), (5.17)
8lk JGZJ‘; 7 5 8j%j
SOleh = 1Y g9, (5.18)
jeJO
S0k = X (5.19)

/— J(Pj(X),
JGJP
with the convention S~ (t) =0 (resp. S°(t) =0) if 41 >0 (resp. 0 & spec(P)).
In particular, if up,u; € .7 (R") and f € C*(]0,4o=[;.7 (R")),
then u € C*([0,4-co[;.7'(R")).
Proof. We consider the Fourier expansion Z uj(t)@; (resp. Z fi(t)e;) in x

J=1 J=1
of u (resp. f). Then our problem is reduced to the following systems of ODE:

llij(l‘) —{—),juj(t) :fj(t)7

Ltj(()) = up,j, u(O) =uyj.

(5.20)
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The solutions of (5.20) are written explicitly as follows:

uj(t) = ug jcosh <\/7jt>+ul,jsmh\(/_}fjt)
j

. /Ot sinh( \/l_i‘itr)) pyayn o1

ifJp #0, jeJp (ie, 4;<0).

I/tj(l) = Lt()jj+1/t1’jl‘+/0t(l‘—T)fj(T)dT (5.22)

provided J3 # 0, j € JY (i.e., A; =0).

uj(t) = uO,jCOS(\/IjZ‘)—l—u]’j%_i_
]

4 /Ot sin /lj(;jr)) fi(n)dx, (5.23)

for j€Jg (e, A;>0). Clearly (5.21), (5.22), (5.23) yield (5.17), (5.18),
(5.19). O

Set u"" = 9,S(t)[uo] + S(t)[w1], u™ = [} 3,S(t — T)[f(7,")]dT, and U™ =
(W ™), Ui = (i gyt
Now we are able to enunciate the main result of this section. We note that
this result recaptures a particular case of the global well-posedness results
in [52] and derives new precise estimates and conservation of energy type
estimates in the chosen norm for Q°(R"), defined by the powers of P+ d.
We recall that a crucial ingredient of the following proofs is the choice of the

norms (5.12).

Theorem 52. There exist constants co > 0, Cop > 0, depending on Ay, 8 and

the norm Rgs+1(gny_sgs(rny such that for every uj € QF1=I(R"), j=0,1, one
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can find a unique solution u € i_oC*([0, 4-oo[: Q*F17K(R")) of (5.1) satisfying

the energy estimate

lae(e, Y131+ N (25) 15 < Coe (luoll3 1y + flun [13). (5.24)
Moreover,
ue () CH([0,+eo[: T H(RM)). (5.25)
k=0

which implies the well-posedness in .7 (R"). Finally, if R(x,D) =0, 4; >0

and 6 =0, we have the conservation of energy type phenomenon, namely
2 2 2 2
(s Msr + e @5 = Mwollsyy + lalls, 2= 0. (5.26)

The proof of this theorem is given by the following propositions. The
next assertion implies the proof of the first result in the unperturbed case,
R=0.

lj—i-(s

< +oo. Then we have
A,

Proposition 35. Set Cs:= sup
JEIp UIE

2 2
uhom () H+Ha,uh°m(t) < max{2Cs,e2V M (241)2,C5)
S

N

2 2
< (luollyr +llwl5), =0 (5.27)

Proof. We note that

sinh(y/—A;t)
cosh(y/—A;t) —Y_ o, ;
U () = ' VA 7] (528)

\/—Ajsinh(y/—Ajt) cosh(y/—Ajt) “Lj

for j € Jp when J, # 0;

uren(e) = , (5.29)
0 1 ul,j
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for j € J9 if J3 # 0; and

cos(~/Ajt) M uo |

Un(e) = VA . (5.30)
VAjsin(\/Ajt) cos(y/Ajt) “1,j
for j€J3. Given ve C? A > 0 we set
912 = 2 oy P 2 . (531)
Then one observes that (5.28), (5.29), (5.30) lead to
2
HUj?m(t) <2Cse?V ! ((Aj +68)" ug 2 (5.32)
S;lj+3 ’
+ (A4 8"l 412),
for j € Jp when J, # 0,
2
|oiem @, < @0 (87 o P 8w 7). (5.33)

for j € J9 if JS £ 0, and

2
h
|utem o)

s S ColA+8) ™ Huo P+ (A4 8) | i), (5:34)
SiAj

for jeJi.
In particular, taking into account that the rotation matrices preserve the

Euclidean norm in R?, if § =0 in (5.34) we obtain the equality

2
|t = Ao P Al P e gs (5.39)
)
Summation in j completes the proof. O

In order to show the global well-posedness for the perturbed operator
P(x,D) + R(x,D) we need precise estimates on U, Without loss of gener-
ality we may assume A; > 0, and we write P(x,D)+R(x,D) = P(x,D)+ 0 +
(R(x,D)—6). We point out the fact that R(x, D) — & remains first order p.d.o.

perturbation.
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Proposition 36. Suppose that f € ﬂ]]yzo([07+oo[: Q" /(R")) for some N > 0.
Then u™ € ﬂN+2([ 0,+oo[: Q°/(R")) and one can find ¢y > 0 such that the

following estimates hold

Proof. We use the the assumption A — 1 > 0 and apply the same arguments

. 2 . 2
ean s+1+H‘9f”mh( = c1/||f NPdr, >0, (5.36)

as in the previous proposition combined with the Schwartz inequality. ]

Now we conclude the proof for the well-posedness in the spaces Q*(R")

for the perturbed equation. We write u = uhom 4y, g:= R(x,D)uhom, and
reduce the perturbed Cauchy problem to
0?v+P(x,D)v=f:=g—R(x,D)v, t>0x€cR"
(5.37)

v(0,x) =0, v(0,x) = 0.

One notes that since R(x,D) is first order Shubin p.d.o. and
uhom € r2_o CF([0, +o0[: QST 7F(R™)) we obtain that the source term

¢ = R(x,D)u"" ¢ ﬁ C*([0, +oof: 0K (RM)).
k=0

Moreover, if the unknown solution v is required to be in ﬂCk<[O,+oo[:

k=0
Q”l*k(]R”)), then R(x,D)ve ) C*(]0,4+o0[: Q°K(R™)) as well. Now we apply
k=0
the Green type function S(f — 7) and reduce (5.37) to
t
— / S(t—7) dr+/ S(t — 7)[R(x, D)|v(z,-)dz, 1>0, (5.38)
0

The first term h(z,x) : /0 S(t—17)[g(7,-)]dT belongs to Mo C*([0, +oo[: QT 17K (R"))

while the linear operator

K[V](t,x) = /0 'St — )[R, D)Jv(z, )z, 130, (5.39)
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satisfies for some ¢, > 0 depending only on the norm HR(x,D) 051 (R")— 05 (R7)

the following estimates

1
() L £<c22/ (T, lgaypdT, 120, (5.40)

for all v € (}_y CY ([0, +oo[: Q°H1E(R™)).

We write the following Picard scheme

visi(t,) =h(t,) +K[v)(,-), t>0,j=0,1,...,v

0, (5.41)
In fact we have
vt = villeerp =IKW ) — Ky () oo p < Coll KD —vimi] o
t
=Goll [ St =R.D) vy = vy )de]irr
t
< oV A [ R = v )l
!
< oV P [ vt =7) =y =) g de

. t t
< Gye?V MffcR/ it =)l psrpde < €5 (5.42)
0 J!
Moreover from the same reasons we have

t
19, (vjr1 =vi)lls.p SCaII/O %St = T)[R(x, D)|(vj —vj-1)dt|sp

t tj
Cov/ —MAeV )thKR/() HVj _Vj—lus—f—ldf < Cﬁ (5.43)

Hence we have shown the convergence of v; in ()}_ C*([0, +-oo[: Q1= (R"))
to a solution v of the perturbed Cauchy problem, taking into account (5.40)
and applying the Gronwall inequality. We obtain that v € N7, C*([0,+oo]:
Qt1=Y(R")) via standard regularity methods for second order hyperbolic

equations.
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Remark 19. We point out the fact that the solution of our problem is well-
posed for all t > 0, while in the book of Boggiatto, Buzano and Rodino [3],

the Cauchy problem is studied only fort << 1.

Remark 20. We note that it is an interesting problem to study second order
hyperbolic equations for Shubin type operators, depending on the time vari-
able, and to find global analogues to local results for second order hyperbolic
equations, either strictly hyperbolic but with non smooth time depending co-
efficients and/or weakly hyperbolic equations (e.g. see the recent paper [19]

and the references therein).

5.4 Well-posedness in Sﬁ

In this section we prove the global well-posedness in Gelfand—Shilov

spaces.

Theorem 53. Let P be differential operator and R=0. Then Cauchy problem
is globally well posed in Sﬁ (R™) for u>1/2.
Actually, we demonstrate an assertion that is more general, and we es-

tablish precise estimates using suitable semi norms (5.14) in S} (R") defined

by P. We have
Theorem 54. Consider the Cauchy problem

d?u+P(x,D)u=0, tcR, xcR"
(5.44)

u(0,x) =up € HS(R" : s+ 1,€), u,(0,x) =uy € HS(R": 5,€),
for some s € R, € >0. Then there exists a unique solution u of (5.44) belong-
ing to Mi_oC*([0, +ool: HSﬁ (R":s4+1—k, &) and satisfying for some co > 0,

Co > 1 the estimates

2 2 2 2
||u(t7 ')Hu;s—i—l,e + ||uf(ta ')||/,L;s7£ < COeCOt(HuO“u;s—i—l,s + ||ul ||u;s,8)7 t= 0(545)
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Moreover, we have the reqularizing result
we () CH([0,+oo: HS(R" : s+ 1 —k,€)) C C([0,+eo[: S (R")).
k=0
Finally, if A1 >0 and 6 =0, we have the conservation of energy type phe-

nomenon, namely

2 2 2 2
||M(I, ')H/,L;s—i—l,g + Hul(t? ')”u;s,g = HMOH/J;S—!—I,E + ||bt1 Hp,;s,£7 t= 0(546)

Proof. The choice of the Banach spaces HSy(R" : s+ 1 —k,€)) depending
on two parameters allows a simple proof as in the Q°(R") framework us-

ing homogeneity arguments. Indeed, multiplying in (5.32), (5.33), (5.34) by

S\ )
(A +9) /e we obtain

2
HUjhom(t) 823(/1j+6)1/<2“) < 2C662\/—ljtezf(lj-i-(s)l/(z“)

S;).j-i-(s

X (A +8) " uo > + (A + 8)ur ), (5.47)

for j € Jp when J, #0,

2 1/(2u) 1/(2u)
6286 H < (2—|—l)2€286 H

Uhom(s
H J () 5;0

X (A +8)* Huo j1? ++8%|u ), (5.48)
for j € JS if JS #£0,
p2e(A48)1 /1) < C6623(1j+5)1/(2u)

oo
J $;Aj+0

X (A4 8)" Muo j* + (A +8)’|ur ;7). (5.49)
for j e J;“ and similarly with the conservation of energy if A; >0, 6 =0.

2
|ty e =g o, 2 (5.50)

s;Aj

1/(e)
+(4)) [y j P2 R) T

for j € N. Summation in j leads to the end of the proof. O]
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5.5 The twisted Laplacian case

We recall that both L and L, are essentially self-adjoint, their spectrum is
given by a sequence of eigenvalues, which are odd natural numbers. It should
be noted, however, that each eigenvalue has infinite multiplicity. Moreover,
Ly and L, are globally hypoelliptic in .%(R?) and i, (R?), u >1/2, cf. [16],
[23]. On the other hand, it was shown in [23] that there exists a Fourier
integral operator (FIO) J, associated to linear symplectic transformation in
R4,

J(x) = (2m) 2 / OPE) (£ g (5.51)

R2

where
XX
D(x,8)=E&16+ % +x261 +x1&,

and J reduces L; to simple normal form, the one dimensional harmonic os-

cillator in R?, namely
T oLiodv(y) = (@°D5 +ypv(y), y=01,y2) €R? k=1,2, (552)

with k=1 if @ >0 and with k=2 if ® <0, as in [23]. Moreover, KJ is an
automorphism of S(R?) and Sﬁ (R?), u > 1/2. Applying the same arguments,
as in [23], one shows that J preserves Q*(R?), s € R as well. Therefore, we

are reduced to the Cauchy problem for

(—w®d) +)1)®1y,, f@>0 or 1y, ®(—?d] +y3), if© <O0.

1

As in [24], we choose as orthonormal basis of eigenfunctions of (—8y21 +3) x

1,, the Hermite functions in R2:

Hi(y) := Hi, (y1)H, (v2), with (=95, +yD)Hi(y) = (2ki + 1)Hi(y), k € Z3..

1

Now we are able to reduce the study of our Cauchy problem to the study of

tensor type Cauchy problem, by using the reduction to global normal form.
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Proposition 37. Let @ > 0 and set

(0] (0] (0]
—x1)2 4 0 (Dy, + =x2) + 0(Dy, — 5x1) + 7,

RY)
L:(Dxl—i_axz) +(Dx2_2 2

with o, 0,r € R. Then
i) there exists a transformation

J= Ta1/2 OEiaz/(Za)) oJ,

Ty, j2v(x) = v<x+ %)

with J is the transformation (5.51), such that

L=J" oLol,

where

L= o2 43247
ii) The transformation J is an isomorphism in Q*(R") and in S} (R").
Proof. i) We consider only the case with @ > 0, the other case is similar.

Ly =JoL= oD} +y{ +0ouy| + Dy, +r (5.53)

ii) Jis an isomorphism because is a composition of isomorphisms in Q* (R")
Gl
and in S, (R").

]

We introduce scale of anisotropic Hilbert spaces defining Sﬁ (R?) with

Shubin space index with respect to y;, namely AHSﬁ (R?:51,¢€).
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Definition 31. We define the spaces AHS} (R? : s1,€) as the set of all u €
S(R?), u= Z upHy(x) such that
keZ?
oo 1
Wi e = Xl (21 + 1" @HH < oo (5.54)
kez?
These spaces satisfy the following properties:
Proposition 38. AHSﬁ(R” 1 51,8) (—>AHSﬁ(R" 1 r1,&) if and only if s; >
r, €& > & and Sﬁ(R’l) is double inductive limit ofAHSﬁ(R" :51,€), € (0,
S1 \( —o9, i.e.,
U AHSLR":s51,€) =Su(RY).
s1eER,e>0

Without loss of generality, we may assume that @ = 1, indeed using a

dilation transformation. We are able to show the main result
Theorem 55. Consider the Cauchy problem
OPv(t,y) + (=07 +yi+rv(t,y) =0 teR, yeR?

v(0,y) =vg EAHSﬁ(]R2 cs1+1,€),  u(0,y) =v; GAHSLL(R2 1 S1,€),

(5.55)
for some s; € R, € > 0. Then there exists a unique solution
ve ﬂc" ,+ool: AHSY (R? : 51 +1—k,€)
of (5.55) satisfying for some co >0, Cop > 1 the energy estimate
(t, ) F et )Py, 2 < Coe (ol W1l e) (5.56)
s Mgy 1,e TV s e S CoE Vol 11,6 TV 1lss, e )- :

Moreover v € (e_o C*([0, +oo[: AHS} (R? : 51 +1—k,€)) C C([0, +oo[: S}, (R?)).
Nezt, if A > —1 and 6 =0, we have the conservation of energy type phe-
nomenon, namely

(Wi 1e TV sy e = Wolisyp1e FW1lg 60 120, (5.57)

Finally, the Cauchy problem is not well posed in Q*(R?).
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Proof. We use exactly the same arguments as in the proof of Theorem 54

replacing the Fourier expansion Z u;(t)@;j(x) with the double indexed Fourier
j=l1

y) =Y, v(t)H(y)

2
keZs

expansion

and obtaining the following system of ODE

(1) + (ki + 1+r)w(1) =0 (5.58)

vi(0) = vox, Ve (0) = vik.

For the sake of simplicity, we consider the case r > 0. Hence the solutions

are written explicitly

sin(v/2k; + 1 +rt)
t) = cos(v/2ki+14rt + , 5.59
vi(t) (V/ 2k rE)Vvo S (5.59)

fort >0, k= (k1,ks) € Zi. Straightforward computations lead to to the proof
of the positive result.

As it concerns the non well-posedness in the scales Q°(R"), in contrast to
the globally elliptic case, we choose vg = 0 and v; € Q*(R?) in the following
way: vix =0, for ky > N+1, N €N and

1

— (2(ky + ko) 4+ 1)75/271/2 k= (ki.k)) € 72
Vlyk ( ( l+ 2)+ ) (ln<2(kl+k2)+2))1/2+507 ( 1, 2)6 =+
(5.60)

k1 =0,1,...n and & > 0. It is easy to check that vy is in Q°(R")

) 1
Ivilly = ZOIQZ o)+ ) e Ty sy
<w+D Y :

<
K= (2ka +1)(In(2ky +2)) 1 +2%

Next, we show that the solution v(z,y) defined by : w(¢) =0, for kj > N+ 1
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and
- (s in((v/2k1 +147r)t)
vi(t) = (ki +141) 2@k + ko) + 1) 702 (1n?2(k1 )2
(5.61)

t€R, k= (ki,ky) €Z%,k =0,1,...,N, does not belong to @t (R?), (n > 0)

for 0 < |t] < \/TTIH fact
N
VI3 = Z Z Vil (2(k1 + k) + 1)1
=0ky=

_ Z sin? (VIR FTT 7)) & (ki k) + 1)
2k +1+r Pl (2(ky + ko) + 1)+ (In(2(ky + ko) + 2))1+260

i T
Since for 0 < t| < SN One has

sin?((v/2ky 4+ 14 r)t) > (2k; + 11?2 cos?((v/2k; + 14 r)t) > cos? (V2N +r+ 1)t)t> > 0,

we have
N 1 1
V115 > COSZ((VzN“”)I)ZZkIZO% Q1+ k) + D) (n(2(k; + ka) +2))1728
> 1 1
> (N+1)COSZ((V2N—|—1+I”)Z‘)lZZ (Z(N—l—kz)—{—l)l_n (In(2(N + kp) +2))1+2%
> (N4 1)cos® (V2N +r+ 1)t)t csNi =00

2£+2N+1)1 n+te

. . ¢ €
ifn>e>0and ceny = lnfgz()((ln(2(5+212\1i2)1))1+250) > 0.

Sov(t) ¢ @**1(R?), for 0 < |t| < Nﬁ, in fact the arguments of the proof

imply that v(r) ¢ Q**"(R?) for all t # 0. O
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