
  

Università degli Studi di Cagliari 

DOTTORATO DI RICERCA

ECONOMIA

Ciclo XXVII

TITOLO TESI

OPTIMAL LABOR INCOME TAXATION WITH PERKS 

Settore/i scientifco disciplinari di afferenza

SECS-P/01, SECS-P/06

Presentata da: UNALI VALERIA

Coordinatore Dottorato PROF. PIRAS ROMANO

Tutor PROF. DEIDDA LUCA GABRIELE

Esame fnale anno accademico 2014 – 2015





1.6 3.2

7

15

45





b,q [U ]













=
´
ωiW (ui(c(yi)))dF (i),

ωi

W (·)
ui yi

i

µi =
ωiW ′(·)u′

i(·)
λ

λ µi

i



µi

T ′(y)

1− T ′(y)
=

1

ϵyτ

(
1− F (y)

yf(y)

)[
1− µ(y)

]

µ(y)

yi y ϵy ≡ ∂y

∂(1− T ′(y))

1− T ′(y)

y
F (y) y f(y)

µ(y)

ϵ ≡ ∂y

∂(1− τ)

1− τ

y
µ

yi

τ =
1− µ

1− µ+ ϵ

y µ =
1

y

ˆ
µiyidF (i)

µi

y

W (·) E
[
ui(·)

]



y⋆ τb

dτ bi y⋆ i

(bi − y⋆)dτ

−µi · (bi − y⋆)dτ µi

i dbi

dbi · τb
i

yb

τb
1− τb

=
(1− gb)(yb/y⋆ − 1)

ϵb ·
( yb
y⋆

)

gb

bi ϵb

yb 1 − τb

yb

a =
yb/y⋆( yb
y⋆

− 1
) = yb/(yb − y⋆) > 1

τb =
1− gb

1− gb + a · ϵb



gb

τb =
1

1 + a · ϵb

ϵb

a y⋆

a → 0 τb → 0 ϵb = 0



n = 0, ..., N

i n ui(cn, n)

cn = yn − T (yn)

{cn} pn({cn})
n pn

n− 1

n n

i τn =
Tn − Tn−1

yn − yn−1

yn−1 yn ϵn =
1− τn
pn

∂pn
∂1− τn

1−τn pn n {Tn}

τn
1− τn

=
1

ϵn

[∑
m≥n(1− µm)pm

pn

]



N

q = (c, q1..., qN−1) k = (1, k1, ..., kN−1)

i q y

ui(y, q)

q y ui(·, ·)
q ui(y, q) = Ui(y, g(q))

q

q



























cs(ys) s
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ys

⟨p0, p1; ∀θ ∈
Θ⟩ n

ps(n, θ)

θ ys ps(n, θ) ≡ {y = ys|n, θ}

p1(n, θ) = α(n+ θ) α ∈ (0, 1]
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kFB
1 (n, c̄) kSB

1 > kFB
1

k2 > k1



1 G

0.5 y1 [1, 3]

15 − 50

y0 = 0.3 α = 0.5 θ = 0

0.5

(σ, γ) = (2, 1) δ a

k− 1

η = 2

1.2

1 0.3

0.7

y1

k−

y1 k k2

k1

k−



y1

η = 2

y1

k−

∂n

∂c1

n c1

















⋆ ≡ {n⋆, q⋆}

( ⋆, ξ⋆) ξ

q ≥ 0

|H2( ⋆)| > 0

|H2| =

∣∣∣∣∣∣∣

0 0 1

0 Lnn Lnq

1 Lnq Lqq

∣∣∣∣∣∣∣
= −Lnn > 0

Lnn = −|ucc(c̄)|α2(y1 − y0)2 −
δσnσ−1

(1 + aq)γ
< 0 {c̄, n, q}
⋆

H2

H = −Lnn g(q)

q

g(q) q⋆FB = 0

β ≡ α(y1 − y0)

∂n

∂β
=

∣∣∣∣∣
0 −Lnβ

1 −Lqβ

∣∣∣∣∣
H

=
Lnβ

H
< 0

Lqβ = |ucc|k(n+ θ) > 0

Lnβ = uc(c̄)− α(y1 − y0)(n+ θ)|ucc(c̄)| =

= |ucc(c̄)|
(uc − c|ucc|

|ucc|
− (G+ kq⋆ − y0)

)



Lnβ < 0 y0 < G u(·) η ≥ 1

0 < η < 1 η ∈
[ 1

1 + (G− y0)/c̄
, 1
]

Lnβ ≤ 0

θ

∂n

∂θ
=

∣∣∣∣∣
0 −Lnθ

1 −Lqθ

∣∣∣∣∣
H

=
Lnθ

H
< 0

Lqθ = |ucc|kα(y1 − y0) > 0 Lnθ = −|ucc|α2(y1 − y0)2 < 0

k

∂n

∂k
=

∣∣∣∣∣
0 −Lnk

1 −Lqk

∣∣∣∣∣
H

=
Lnk

H
= 0

Lqk = −|ucc|
(
kq⋆ +

uc

|ucc|

)
> 0 Lnk = |ucc|α(y1 − y0)q⋆ = 0

q

n q

β ≡ α(y1 − y0)

∂n

∂β
=

1

H

(
LnqLqβ − |Lnβ ||Lqq|

)
> 0 |ucc|

∂q

∂β
=

1

H

(
|Lnn|Lqβ − |Lnβ |Lnq

)
> 0 θ ≤ 0

θ

∂q

∂θ
=

1

H

(
|Lnn|Lqθ − |Lnθ|Lnq

)
=

1

H

|ucc|α2(y1 − y0)2δnσγa

(1 + σ)(1 + aq)γ+1
< 0

∂n

∂θ
=

∂q

∂θ

n

( 1a + q)
< 0

∂n

∂θ
<

∂q

∂θ
q⋆ < n⋆ − 1

a

k

∂n

∂k
=

1

H

(
|Lqq|Lnk + LqkLnq

)
< 0

∂q

∂k
=

1

H

(
|Lnn|Lqk + LnkLnq

)
< 0 σ > γ



Lnβ ,Lqβ

Lqq = −k2|ucc|−
γ(γ + 1)a2δn1+σ

(1 + σ)(1 + aq)γ+2
< 0

Lnn = −α2(y1 − y0)2|ucc|−
δσnσ−1

(1 + aq)γ
< 0

Lnq = α(y1 − y0)k|ucc|+
γaδnσ

(1 + aq)γ+1
> 0

k > α(y1− y0) |Lnn| < Lnq < |Lqq|

1 + γ

γ
k < α(y1−y0) |Lnn| > Lnq > |Lqq|

|Lnn| |Lqq| Lnq

∂n

∂β
− ∂q

∂β
< 0

∂n

∂θ
− ∂q

∂θ
< 0

∂n

∂k
− ∂q

∂k
> 0

dn

dx
n x x = {cs, q, n}

∂n

∂x

dn

dcs
=

p′suc(s)

σδnσ−1
(1 + aq)γ = +(p′s)

dn

dq
=

γa

σ

n

(1 + aq)
> 0

d2n

dcsdn
=

⎧
⎨

⎩
− (σ − 1)

σ

p′suc(s)

δnσ
(1 + aq)γ σ ≥ 2

0 σ = 1

d2n

dqdn
=

γ

σ

a

(1 + aq)
>

0

∂2n

∂c2s
=

p′succ(s)

σδnσ−1
(1 + aq)γ

∂2n

∂q2
= −γ

σ

na2

(1 + aq)2



d2n

dc2s
=

⎧
⎪⎨

⎪⎩

− p′s
σδnσ−1

(1 + aq)γ
[
(σ − 1)p′su

2
c(s)

σδnσ
(1 + aq)γ + |ucc(s)|

]
σ ≥ 2

p′succ(s)

δ
(1 + aq)γ σ = 1

σ = 1 p′s < 0
d2n

dc2s
> 0 q γ σ ≥ 2

δ
d2n

dc2s
< 0

q p′s < 0

d2n

dq2
=

γna2

σ(1 + aq)2

[γ
σ
− 1
]

γ < σ

d2n

dcsdcs′
=

⎧
⎨

⎩
−γ2(σ − 1)p′sp

′
s′uc(s)uc(s′)

σ2δ2n2σ−1
(1 + aq)2γ > 0 σ ≥ 2

0 σ = 1

d2n

dcsdq
=

γ2ap′suc(s)

δσ2nσ−1
(1 + aq)γ−1

r = {c0, c1, q,λ}
x = {c0, c1, q,λ}

Lrx =
∂Lr

∂n

dn

dx
+

∂Lr

∂x

Lcsλ =
∑

s

p′s(ys − cs)
dn

dcs
− ps Lqλ =

∑

s

p′s(ys − cs)
dn

dq
− k

Lcsc′ =
dn

dc′

[
Ln

dn

dcsdn
+ p′s

[
uc(s)− λ

]]
+Lnc′

dn

dcs
+Ln

∂2n

∂cs∂c′
+1cs=c′psucc(c′)

Lc1c0 =

−p′0p
′
1uc(c1)γ(1 + aq)γλ

σδnσ−1

[
1 +

uc(c0)∆γ(1 + aq)γ

nσ

(
σ − 1 +

n

n+ θ

1

σδ

)]
> 0

Lcscs = −p′2s uc(1 + aq)γ

σδnσ−1
λ

[
(1 + aq)γ∆uc(cs)

σδnσ

(
σ − 1 +

n

n+ θ

)
+

2uc(1)− uc(0)

uc(1)

]

−ps|ucc(cs)|λ
[

1

uc(1)
− ∆

δσnσ−1

(
γ(1 + aq)γ

(n+ θ)
− p′s

ps

)]

c1 c0 δ



Lqq =
dn

dq

[
Ln

dn

dqdn
+

aδnσ

(t+ aq)2

]
+ Ln

∂2n

∂q∂q
− δn1+σ

1 + σ

γ(γ + 1)a2

(1 + aq)γ+2

Lqq = Ln

[
γa2n

σ(1 + aq)2

(γ
σ
− 1
)]

+
a2δn1+σ

(1 + aq)γ+2

(
γ

σ
− 1 + γ

1 + σ

)

γ < σ

Lcsq =
p′suc(cs)aλ∆γ2(1 + aq)γ−1

δσ2nσ−1

[
θ

n+ θ
+

σδnσ

∆γ(1 + aq)γ

(
1

uc(c1)
− 1

uc(cs)

)]

= +(p′s)

λ = {ξq,λ} xi = {c1, c0, q}
|H3| < 0

|H3( ; ξq,λ)| =

∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 1

0 0 Lc1λ Lc0λ Lqλ

0 Lc1λ Lc1c1 Lc1c0 Lc1q

0 Lc0λ Lc1c0 Lc0c0 Lc0q

1 Lqλ Lc1q Lc0q Lqq

∣∣∣∣∣∣∣∣∣∣∣∣

=

= −
(
2Lc1λLc1c0Lc0λ − L2

c0λLc1c1 − L2
c1λLc0c0

)
< 0

⋆

E1 = {(GBC)} E2 = {(GBC), q = 0}











pθ ≡ ⟨ps : Θ × N → S(Y)⟩
θ ∈ Θ ≡ (θ, θ̄) ⊂ R n ∈ N ≡ [0, n̄]

ys ∈ Y ≡ {y0, y1}
0 ≤ y0 < y1 ≤ ȳ n̄ ȳ

k > 0

q ∈ Q ≡ [0, q̄] q̄ < ȳ

θ

ys

Ts(ws) < ys s = {0, 1}
ws ∈ R+



ws

Ts(·)

ps(n, θ) θ n

ys ps(n, θ) ≡ {y = ys|n, θ}
θ

ps(n)

ps(n, θ)

⟨pθs⟩

p1(n) = α(n+ θ) α ∈ (0, 1]

0 < p1(n) < 1 θ ∈ Θ n ∈ N̄ ≡ [0, n̄] ⊂ N
p0(n) = 1− p1(n)

p′ ≡ ∂p1(n)

∂n
= α > 0 p′0 ≡ ∂p0(n)

∂n
= −α < 0

ys

n θ, θ′ ∈ Θ θ′ > θ ⟨pθ′⟩
⟨pθ⟩ n p0(n, θ′) < p0(n, θ)

α
p′s
ps

p′0
p0

p′

p1
n θ ps

n n

p1
p1
p′

= n+ θ n

p1(n̄) = 1 − ε

p0(n̄) = ε

ε E ≡ (1 − α, 1)

n̄ ≡ 1− ε

α
− θ θ ∈ Θ ≡

(
−(1− 1− ε

α
),
1− ε

α

)

û ∈ R
ŝ > 0



= {ws}1s=0

ws ∈ R+ q ∈ [0, q̄] n ∈ [0, n̄]

U ⟨p⟩( , q;n) =
1∑

s=0

ps(n) u(ws)− g(n, q)

u : R+ → R
uc > 0 > ucc ws

R+ g : [0, n̄] × [0, q̄] → R+

n q

gn > 0 < gnn gq < 0 < gqq n q

u

g n q g(n, q) ≡ g̃(n)h(q)

n ⟨pθ⟩
⟨{w}, q⟩

n∈N̄
U ⟨p⟩( , q;n)

n

p′(u(w1)− u(w0))− gn(n, q) ≥ 0 > n = n̄

s ≡ w0 b ≡ w1

n ∈ [0, n̄]

∂n

∂s
= − p′uc(s)

g̃(n)h(q)

∂n

∂b
=

p′uc(b)

g̃(n)h(q)

∂n

∂q
=

g̃n|hq|
g̃nnh(q)



g̃(n) =
δn1+σ

1 + σ
δ > 0 σ ≥ 1

h(q) =
1

(1 + aq)γ
{γ, a} ≫ 0

∂n

∂s
= −αuc(s)(1 + aq)γ

δσnσ−1

∂n

∂b
=

αuc(b)(1 + aq)γ

δσnσ−1

∂n

∂q
=

γan

σ(1 + aq)

n b q s

σ = 1

∂2n

∂w2
=

p′succ(ws)(1 + aq)γ

δ

∂2n

∂ws∂q
=

p′suc(ws)

δ

γa

(1 + aq)1−γ

ws q
∂n

∂ws
ws q

1

σ



q = 0

q

ws ≥ ŝ s = {0, 1}
{ws} q n

{ws},q,n∈N̄
Es(ys − ws − T (ws))− kq

Es(u(ws))− g(n, q) ≥ û

∀s ws ≥ ŝ

q ≥ 0



L =
n,s,b,q

p0(n)(y0 − s− T (s)) + p1(n)(y1 − b− T (b))− kq+

λ
[
E(u(ws))− g(n, q)− û

]
+
∑

s χs(ws − ŝ) + χqq + χn(n̄− n)

λ ≥ 0

{χs}
χs(ws − ŝ) = 0 χq

q ≥ 0 χn ≥ 0

n ∈ N̄

Ln : p′∆+ λ
[
p′
(
u(b)− u(s)

)
− gn(n, q)

]
− χn = 0 χn > 0

n = n̄

∆ ≡ y1 − y0 − b+ s− T (b) + T (s)

Lb : −p1(n)(1 + T ′(b)) + λp1(n)uc(b) + χb = 0

Ls : −p0(n)(1 + T ′(s)) + λp0(n)uc(s) + χs = 0

Lq : −k − λgq(n, q) + χq = 0

E(u(ws))− g(n, q)− û ≥ 0 > λ = 0

λ = 0

χb,χs,χq

s = b = ŝ q = 0 Ln = p′(y1 − y0) >

0 ŝ

n = n̄ q = 0

Π = y0 + p̄1(y1 − y0)− ŝ− T (ŝ) p̄1 ≡ p1(n̄)

u(ŝ)− g(n̄, 0) > û



θ

λ > 0

λ > 0 p1(n)u(b) + p0(n)u(s) = û +

g(n, q) b s

λuc(b) + χ̃b = (1 + T ′(b)) λuc(s) + χ̃s = (1 + T ′(s))

χ̃s =
χs

ps
ps > 0 λ =

1 + T ′(ws)− χ̃s

uc(ws)

b s
uc(b)

uc(s)
=

1 + T ′(b)− χ̃b

1 + T ′(s)− χ̃s

T ′′(·) ≥ 0 b =

s = ŝ b = s > ŝ

T ′
b(·) > T ′

s(·)

s > b > ŝ

b s
1 + T ′

b(b)

uc(b)
=

1 + T ′
s(s)

uc(s)
b b = ŝ s > b = ŝ s = b = ŝ

b = s ≥ ŝ

s > b ≥ ŝ s > b ≥ ŝ

b = s = ŝ b = s > ŝ

ŝ

χb = χs χs > 0 χs = 0
s = ŝ χs > 0 b > s = ŝ

b < s = ŝ



u(b) =

û + g(n, q)

gn(n, q) =
(1 + σ)

n
g(n, q) =

1 + σ

n

[
u(b)− û

]

u(b)− û
1

1 + σ

n0 =

{
n̄,

[
1 + σ

δ

(
u(b0) − û

)] 1
1+σ
}

q = 0

n0

q

k

γa
>

p′(y1 − y0)n0

1 + σ

b = s = ŝ ŝ = {s̃ : u(s̃) = û + g(n̄, 0)} n0 = n̄

n = n̄
k

γa
>

p′(y1 − y0)n̄

1 + σ
{b⋆, n⋆, q⋆} = {ŝ, n̄, 0}

ŝ = {s̃ : u(s̃) > û} n0 < n̄

n0

n̄

n0 < n̄

b = s > ŝ λ =
1 + T ′(b)

uc(b)
n0

ñ



p′(y1 − y0)

1 + T ′(s)
− gn(ñ)

uc(b0)
≥ 0 > n0 = n̄

b0 = u−1

[
g(ñ) + û

]
u−1

q = 0 n0 = ñ q = 0

b⋆ > ŝ

{b⋆, q⋆, n⋆} Lq,Ln λ =
1 + T ′(b)

uc(b)
ŝ

⟨{s, b}, q⟩

u(c)
gn(ñ)

uc(b0)
= δñσ

[
−
( η − 1

1 + σ

)(
δñ1+σ + û(1 +

σ)
)] η

1−η

Q ≡
1 + T ′(b)

p′(y1 − y0)
( η − 1

1 + σ

) η
η−1

n0

Ln :

[
−
(
δñ1+σ + û(1 + σ)

)] η
η−1

δñσ
≤ Q < n0 = n̄

σ = 1 η = 2 û < 0 Q =
4(1 + T ′(b))

p′(y1 − y0)

Ln :
δn4

4
≤ n2|û|+

Q

4
n−

û2

δ
< n0 = n̄



θ θ

⟨pθ⟩

θ

θ

p1(n)

θ)

q



b

y1

b q

b q

b q

q

s, b ≥ ŝ

{T (s), T (b)}



s,b,q
p0(n⋆)(y0 − s− T (s)) + p1(n⋆)(y1 − b− T (b))− kq

n⋆ =
{
n ∈ N̄ | p′(u(b)− u(s)) = g(n, q)

}

s, b ≥ ŝ

q ≥ 0

n⋆ n(s, b, q)

L = y0−s−T (s)+α(n+θ)(y1−y0−b+s−T (b)+T (s))−kq+
∑

s

χs(ws−ŝ)+χqq

{χs}
χq q

s, b, q

W ≡ ⟨{s, b}, q⟩

⟨W, n⋆⟩
W n⋆ {T (·)}

k ⟨p⟩ ⟨{s, b}, q, n⋆⟩
q W

n⋆

n > 0

b u s ≥ ŝ n > 0

b > ŝ

s > ŝ

s b

s = ŝ

T (·)



ŝ

Ln : p′
[
y1 − y0 − b+ s− (T (b)− T (s))

]

p′

Ln = 0

Ln > 0

Ln < 0

b q

⟨s, b, q, n⟩ Ln < 0

Ln

⟨s, b, q, n⟩ Ln > 0

p′ Ln

n p1 p′

Ln : ∆
/
∆u
gn

∆ ≡ y1 − y0 − b+ s− (T (b)− T (s))

∆u = u(b)− u(s)

∆

q

∆u



g(n, q)

Ls : Ln
∂n

∂s
+

∂L
∂s

Lb : Ln
∂n

∂b
+

∂L
∂b

Lq : Ln
∂n

∂q
+

∂L
∂q

s

Ls : −p′2uc(s)∆

gnn(n, q)
− p0(n)(1 + T ′(s)) + χs ≤ 0 < s = ŝ

T ′(ŝ) < 0 |T ′(ŝ)| > 1

s

s = ŝ q⋆ {y} u(·) T (·)
T ′(·) ≥ 0 s = ŝ

ŝ s = ŝ ≥ 0

n > 0

b > ŝ

Lb :
p′uc(b)p′∆

gnn(n, q)
= p1(n)(1 + T ′(b))

p′∆ =
∆

∆u/gn(n,q)
ps ≡ ps(n)

Lb :
∆

∆u
/
uc(b)

= (1 + T ′(b))
p1
p′1

g̃nn
g̃n

Lb

∆

(1 + T ′(b)) ∆u
uc(b)

= p1

p′
1

/
g̃n
g̃nn

b

⟨p⟩
∂2n

∂ws∂n
= 0 =

∂2n

∂q∂n
σ = 1 Ls,Lb Lq



n

p1(1 + T ′(b)) ∆u
uc(b)

p′∆
=

g̃n
g̃nn

b

(1 + T ′(b)) ∆u
uc(b)

∆
=

p′

p1

g̃n
g̃nn

=
g̃n
g̃nn

/
p1
p′

b n

b

n

gn p1

⟨p⟩ q

g(n, q) b n

n q

q = 0

b

s T ′′(b) ≥ 0

T ′′(b) < 0

b |T ′′(b)|



T (ws) j = {s, b}

T ′(j) ≡ dT (j)

dj
= τj > 0

T ′′(j) ≡ d2T (j)

dj2
= 0

g(·) ⟨pθ⟩

g̃(n) =
δn1+σ

1 + σ
p1(n, θ) = α(n + θ)

b

b
p′

p1

g̃n
g̃nn

g̃(n) ⟨pθ⟩ T (·)

1

σ

[
∆

∆u/uc(b)

]
= (1 + τb)

(
1 +

θ

n

)

θ = 0
∆

(1+τb)∆u/uc(b)
= σ

y1
∆

∆u/uc(b)

gn(n, q) q

gn(n, q) b

gn(n, q) g̃n(n)

h(q)

θ > 0
∆

(1+τb)∆u/uc(b)
= σ

(
1 +

θ

n

)
n



θ > 0 nθ < 0

θ < 0
∆

(1+τb)∆u/uc(b)
= σ

(
1 − |θ|

n

)
n

θ n

b n

⟨pθ⟩ ⟨p−θ⟩
θ < 0

⟨p0⟩
θ > 0

θ < 0

q n g(·)
θ = 0 θ ∈ Θ

θ = 0

θ = 0

p′

p1

g̃n
g̃nn

=
1

σ

n

n+ θ

ε ≡ n

n+ θ
> 0

∂ε

∂n
=

θ

(n+ θ)2

( ∂ε
∂n

)
=

(
θ
)

A ≡ y1 − y0 + s(1 + τs) A > b(1 + τb)

Ln > 0

[u(b)− u(s)

uc(b)

]

[
A

1 + τb
− b

] =
ε

σ



j

N ≡ ∆u

uc(b)
D ≡ ∆

1 + τb

j ∈ {a, δ, γ, k} j = α

db

dj
= 0

∂ε

∂n
= 0 θ = 0

db

dj

∂ε

∂n

dn

dj

db

dj
=

D2

σ(D ·Nb +N)

(
∂ε

∂n
· dn
dj

)

θ > 0
(db
dj

)
=

(dn
dj

)
θ < 0

j = y1

db

dy1
=

1

D ·Nb +N

[
D2

σ

(
∂ε

∂n
· dn

dy1

)
+

N

1 + τb

]

dn

dy1
≥ 0

db

dy1
> 0 θ ≥ 0

∂ε

∂n
≥ 0

θ < 0
db

dy1
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∣∣∣∣∣
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s0 = ŝ q > 0

k < k̄ ≡ γa
αn0

σ

[
y1 − y0 − b0(1 + τb) + ŝ(1 + τs)

]

0

q = 0

k

γa
<

1

σ

(
nLn

)

q=0

1

σ
Ln

Ln b

b n

σ = 1 q = 0

n0 =
α ·∆u

∣∣
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∣∣
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+
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+
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ŝ
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∆
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=
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=
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=
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uc(b)

b b y1 θ ≥ 0 Uq
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=
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=
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[
u(ws)

]
− g(n) = û+R(n)
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1
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√
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ŝ
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ŝ
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ŝ
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θ = 0

η = 2 y0 = ŝ = 1 τs = 0

ϵb,τ ≡ ∂b

∂τb

τb
b
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2

τb
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(√
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[
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]
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[
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g(n, q)
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q

k
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q

x
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[
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=
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[
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θ
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y1
q

y1

n

n̄
b

y1



η θ σ

y1 n = n̄
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G
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G
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G
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=
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=

=
|hq|
h(q)

[
1− gngnnn

g2nn

]
=
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=
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=
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=
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=
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=
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+

θδ

p′

) 1
2

n0

n0 =
p′

δ

[
1

s
−
√(1

s
+

θδ

p′

)/
Ã
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